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Iwasawa-type asymptotic formula for
Taelman class groups of Drinfeld modules

Takenori Kataoka and Yoshiaki Okumura

ABSTRACT. The Taelman class groups associated to Drinfeld modules over
function fields serve as an analogue of ideal class groups of number fields.
In this paper, we establish an analogue of Iwasawa’s asymptotic formula for
Z ,-extensions in the context of the Taelman class groups. For this purpose,
we naturally introduce and investigate Taelman class groups with moduli.
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1. Introduction

1.1. Iwasawa’s asymptotic formula for ideal class groups. We begin with
a quick review of Iwasawa’s asymptotic formula that describes the behavior of
the ideal class groups of number fields. For a number field K, let CI(K) be the
ideal class group, which is known to be a finite abelian group.

Let p be a fixed prime number. Let X /K be a Z ,-extension of number fields,
which can be regarded as a family of number fields {K,,},5¢ with

K=K CKiCK,C--Cck =K,

such that K, /K is a cyclic extension of degree p” for any n > 0. The intermedi-
ate field K, is called the n-th layer of X /K. Then Iwasawa’s asymptotic formula
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[Iwa59, Theorem 11] (see also Washington [Was97, Theorem 13.13]) states that
there exist integers 1 > 0, u > 0, v such that

lengchP(Zp ®z CI(K,)) =An+ up" +v

holds for n > 0. Here and henceforth, we write length (—) for the length of
modules over a commutative ring R. The left hand side is often written as the
p-adic valuation of the order of CI(K,), but this formalism using the length is
more suitable in this paper.

1.2. Taelman class groups. The main purpose of this paper is to establish an
analogue of Iwasawa’s asymptotic formula for Taelman class groups associated
to Drinfeld modules over function fields. See §B for comparison with the num-
ber field case.

We fix notation to be used throughout this paper. Let g be a power of a prime
number p. Let Q be a global function field with constant field [,. We fix a place
oo of Q and denote by A C Q the ring of elements regular outside oo. A typical
example is Q = [Fy(¢) with co corresponding to 1/¢, in which case we have
A =Fylt].

Let K be a global function field over [F,. We assume that K is a Q-algebra,
that is, K is equipped with a (necessarily injective) [ -algebra homomorphism
y . Q & K. We call such K a global Q-field for convenience. We define the
integer ring Ok of K as the integral closure of y(A) in K. The maximal ideals of
Ok are called finite places of K, and the other places are called infinite places.
For a finite place v of K, its restriction to A via y is a prime (i.e., a maximal
ideal) p of A, and in this case v is said to be a p-adic place.

Let E be a Drinfeld A-module over O (Definition 2.1). In [Tael0], Taelman
introduced a finite module H(E/Og) over A (not over Z), which we call the
Taelman class group. It is shown that the Taelman class groups serve as an
analogue of the ideal class groups of number fields. As a keystone result, we
have an analogue of the analytic class number formula [Tael2, Theorem 1],
which was subsequently generalized in various directions by several authors
(e.g., [AT15], [FGHP22]). Angles-Taelman [AT15] studied H(C/Ox) for the
Carlitz module C and Carlitz cyclotomic extensions K /Q, and showed results
analogous to the ideal class groups CI(K) for cyclotomic extensions K /Q.

More recently, Higgins [Hig21] studied the Taelman class groups from Iwa-
sawa theoretic perspective. In [Hig21], the inverse limit of the Taelman class
groups is studied as a module over the Iwasawa algebra (see §1.4 below), and an
Iwasawa main conjecture is formulated. However, an Iwasawa-type asymptotic
formula is not discussed.

1.3. Main theorem. Let X /K be a Z,-extension of global Q-fields in which
only finitely many places of K are ramified (see Example 4.1). We write K,, for
its n-th layer. Let E be a Drinfeld A-module over O.
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The Taelman class group, being a finite module over the Dedekind domain
A, decomposes into its p-parts as

H(E/0x,) ~ @P(A, ® 4 H(E/Ok,)),
P

where p runs over the primes of A and Ay, denotes the completion. This is
analogous to the decomposition of the ideal class group CI(K,,) ~ @p(Z » ®z

CI(K,,)), where p runs over the prime numbers.
The main result of this paper, Theorem 4.7, in the case S = @ reads as follows.

Theorem 1.1. Let p be a prime of A. Suppose that X /K is unramified at all
p-adic places. Then there are integers uy, > 0 and vy, such that

lengthAp(Ap ®4 H(E/O,)) = upp" + vy
holds for n > 0.

Indeed, we have p, = u(H(E/Ox)y), using Definitions 4.2 and A.2. In con-
trast to the number field case, the absence of the A-invariant seems to be no-
table. This results from a purely algebraic reason (§A).

By taking the sum with respect to the primes p, we will easily deduce the
following corollary.

Corollary 1.2. Suppose that X /K is unramified at all finite places. Then there
are integers u > 0 and v such that

length ,(H(E/Og ) = up" +v
holds for n > 0.

The unramified assumption sounds restrictive, though it was also assumed
in [Hig21]. In Theorem 4.7, we will remove the unramified assumption, but
instead deal with S-modified Taelman class groups with S a finite set of places
containing the ramified p-adic places.

1.4. Strategy of the proof. One of the main ingredients for the proof of our
main result is a module-theoretic version of Iwasawa’s asymptotic formula in
positive characteristic, which we establish in §A.

For a while, we discuss Theorem 1.1 when X /K is unramified at all finite
places. In the same way as Higgins [Hig21, Chapter 4], we study the projective
limit

H(E/Oﬂc)p = L@(Ap ®a H(E/OK,[))
n
as a module over the completed group ring Ap[[Gal(X/K)]]. Thanks to the
unramified condition, we have a Galois descent property

(H(E/Ox)p)caix /k,) = Ap ®4 H(E/Ok,)
for each n > 0. Then, Theorem 1.1 follows by applying the result in §A.
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However, if X /K is ramified at a (p-adic or non-p-adic) finite place, then
the Galois descent property fails. In order to resolve this issue, we introduce S-
modified Taelman class groups for a finite set S of places. We will show that the
S-modified Taelman class groups satisfy the Galois descent property as long as
S contains the ramified places. Finally, by comparing the S-modified Taelman
class groups with the original ones, we obtain Theorem 1.1 and its generaliza-
tion, Theorem 4.7.

1.5. Structure of this paper. In §2, we review basic notations concerning
Drinfeld modules. In §3, we introduce the unit groups and class groups & la
Taelman and their S-modifications. In §4, we prove the main theorems. In
§5, we give remarks on the sizes of S-modified Taelman class groups and their
Iwasawa-theoretic versions.

In §A, we show the module-theoretic version of Iwasawa’s asymptotic for-
mula. In §B, we review the ideal class groups to facilitate comparison with the
main theme of this paper.

2. Drinfeld modules

In this section, we review the basics of Drinfeld modules, introduced by Drin-
feld [Dri74] under the name of elliptic modules. We mainly refer the details to
the books of Goss [Gos96] and Papikian [Pap23]. Note that in the main text of
[Pap23] the author assumes A = [,[t], while the general case is discussed in
its Appendix A.

Let A C Q be asin §1.2. We write Q, and Qy, for the completions at co and a
prime p of A, respectively. For a global Q-field K, we use the following notation.
For a place v of K, we write v | co (resp. v | p) if v is an infinite place (resp. a
p-adic place). Let S, = S, (K) (resp. S, = S,(K)) denote the set of infinite
places (resp. p-adic places) of K. For each place v, let K,, denote the completion
of K atv. We write K, = Q,, Qg K = Huloo K,. When v is a finite place, we
also have the integer ring Ok, C K,,, the maximal ideal mg ;, C O ,, and the
residue field x,(K) = O, /mg .

2.1. Drinfeld modules. For a commutative [Fq—algebra R, we have the g-th
Frobenius map

T :R—>R, 7(a) = a4.
We write R{r} for the non-commutative polynomial ring. By definition, R{z}
consists of polynomials of 7 with coefficients in R, and the multiplication is
defined so that (at')(bt’) = at'(b)t't/ for a,b € R ([Pap23, Definition 3.1.8]).
We have an R-algebra homomorphism

0 : R{r} - R, ag+ a7+ -+ a,™ - ag,

which is called the derivative ([Pap23, Definition 3.1.12]).
Let K be a global Q-field with an [F;-homomorphismy : Q < K.
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Definition 2.1 ([Pap23, Definition 3.2.2, Definition A.2]). A Drinfeld A-module
E over O is an [ -algebra homomorphism

¢E A OK{T}

such that the composite map dogy : A - Ok coincides with y. Note that we
do not assume the usual extra condition that ¢5(A) ¢ Ok; see Remark 3.2.

In the rest of this section, let E be a Drinfeld A-module over Q. The scalar
restriction via ¢ gives us a functor

E : (left Og{r}-modules) — (A-modules).
Concretely, for each Og{r}-module M, we set E(M) := M on which A acts as
a-x=¢p(a)x

fora € A and x € M. Note that M and E(M) are identical as [F,-modules,
so the functor is exact. Since E is a functor, if M is equipped with an action of
a group G, then E(M) also has an action of G. Moreover, by the construction,
the FF;[G]-module structures of M and E(M) are identical. In particular, M is
G-cohomologically trivial (G-c.t., for short) if and only if so is E(M).

We also have a natural functor

(commutative Og-algebras) — (left Ox{r}-modules)

by considering each commutative Og-algebra R as a left Og{r}-module by using
the g-th Frobenius map 7 : R — R. The resulting composite functor

E
(commutative Og-algebras) — (left Ox{r}-modules) - (A-modules)

is also denoted by E.
It is known ([Pap23, Definition A.6]) that there is a non-negative integer r
such that for any a € A,

deg ¢p(a)=r- dim[Fq(A/aA),
where deg_¢g(a) is the degree as a polynomial in 7. We call r the rank of E.

Example 2.2. Suppose that Q = F,(¢) and oo is the place of uniformizer 1/t,
so A = [Fy[t]. We also write 6 = y(t) € K. We define the Carlitz module C,
which is a Drinfeld A-module over Ok of rank one, by

b A=Fylt] = Ot} ¢ =0+1.

For a commutative Og-algebra R, the A-module structure on C(R) is given by
t-a=06a+al
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2.2. Exponential maps. We write ¢, for the homomorphism
Prie, :=00pp =y : A — Ok.
This defines a functor
Lieg : (Og-modules) — (A-modules),

which is simply the scalar restriction from Oy to A via y.
It is known ([Gos96, Proposition 4.6.7]) that there is a unique power series,
called the exponential map,

expp(X) =X + Z e;X9 e K[[X]]
i=1
such that
pr(a)(expy (X)) = expg(y(a)X)
foralla € A.
Let v be an infinite place of K. Then it is known ([Gos96, Proof of Theorem
4.6.9]) that exp, is convergent on K,,, giving an A-homomorphism

expy . Lieg(K,) — E(Ky).
We write Ag(K,) for the kernel of this map. By taking the direct sum for v | oo,
we also have an A-homomorphism

expy . Lieg(Ky,) = E(K),
whose kernel is Ag(K) := ®v|oo Ag(Ky).

For each v, it is known that Ag(K,) is a finitely generated A-module of rank
< r, where r denotes the rank of E. Indeed, the kernel of exp,, : Lieg(K, ") —
E(K;®) is known to be finitely generated of rank r, where K, © denotes the
separable closure of K, (see [Gos96, Proof of Theorem 4.6.9]), so we have
rank, Ap(K,) = r if K, is large enough. We set

re(K) = rank, Ap(Ky),

sowe have rp(K) < r-#S,(K) and the equality holds if K is large enough. This
invariant rg(K) plays the role of the number of complex places, usually denoted
by r,(K) for a number field K, in the original Iwasawa theory; see §5.1 and §B.

Example 2.3. Let us consider the Carlitz module C as in Example 2.2. If we set
Dy=1andD; = (69 — G)D?_1 fori > 1, then it is known ([Pap23, Proposition
5.4.1]) that the exponential map of C is
expe(X) =X + ), 5 € F@IIX]] c K[IX]]
i=1 1
and the kernel of exp.. : Liec(F4((1/6))*P) — C(F,((1/6))*P) is a rank-one
free A-module generated by

1 ® 1 \!

i=1

i
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1
where (—8)a! is a (g — 1)-th root of —6 (see [Pap23, Corollary 5.4.9]). Thus, we
have

1
re(K) = #{v € So(K) | (=0)+ € K.}
2.3. Local rational points. For a finite place v of K, we have A-modules
E(mK,v) C E(OK,U) C E(Kv)
The quotient module E(Ok ,)/E(mg ;) =~ E(x,(K)) is finite, and E(my ;) has
the following property.

Proposition 2.4. Let p be a prime of A and v a p-adic place of K. Then E(mg ;)
is naturally equipped with a finitely generated A,-module structure of rank K, :
Qyl. Therefore, @Ulp E(mg ,) is a finitely generated Ay,-module of rank [K : Q].

Proof. The Ay-module structure on E(mg ) comes from the formal Drinfeld
Ay-module attached to E as explained in [Pap23, Text after Definition 6.5.1] and
Rosen [Ros03, p.247, Text before Definition]. Moreover, in [Ros03, Proposition
2.3], it is shown that the logarithm map gives an A,-isomorphism E(m%,v) -

m%)v for a large integer s > 1. Therefore, we have
rankAp(E(mK,v)) = rank AP(E(m%,U)) = rank Ap(m%p)
= rankAp(OK,U) = [Kv : Qp]
as claimed. The final assertion follows from va[KU tQpl=[K : Q] O

3. Taelman class groups

In this section, after reviewing the unit groups and class groups 4 1a Taelman,
we introduce its generalizations by considering moduli. See §B for analogues
in the number field setting. Then, we observe the behavior of the class groups
with respect to Galois descent, which plays the key role in the proof of the main
theorems.

Let K be a global Q-field and E a Drinfeld A-module over O.

3.1. The original unit groups and class groups. We first review the original
unit group and class group (without moduli), introduced by Taelman [Tael0]
(see also [ANDTR17]).

Definition 3.1. We define the Taelman class group H(E/Ox) as the quotient
A-module
H(E/Og) := EKo)

E(OK) + eXpE(Koo)
([Tael0, Definition 4]; one may refer to [Pap23, Theorem 7.6.17(1)]). Strictly
speaking, the term exp,(K) in the denominator should be written as
expy(Lieg(K,)), but this is unnecessarily complicated, so we adopt this sim-
pler notation.

We have two kinds of unit groups, denoted by U(E/Ok) and U’(E/Ox),
the latter being auxiliary in this paper. (Even the former is unnecessary for
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the proof of the main results themselves, but is needed to fully study the class
groups in §5.1.)
We define U(E/Ok) as the kernel of the natural A-homomorphism
E(K)
E(Or) - E(K _—,
(Ok) & E(Ky) » oxpy(K)

while we define U’(E/Ok) as the kernel of the A-homomorphism

E(Ky)

E(0g)’

The module U’(E/Og) appears in [Tael0, Theorem 1], while U(E/Ox) ap-

pears in [Tael0, Proposition 1] when E is the Carlitz module. One may refer to
[Pap23, The beginning of §7.6.3] for U(E/Ok) in general.

. eXpE
LleE(Koo) - E(Koo) -

By definition, we have an exact sequence

E(Ks)

E\Boo

—- H(E/Og) — 0

of A-modules.

Remark 3.2. In the definition of Drinfeld modules, we do not assume the stan-
dard extra condition that ¢z (A) ¢ Og. When ¢5(A) C O, the exponential map
expy . Lieg(K,) — E(K,)is simply the identity map, so we have H(E/Ok) = 0,
which is uninteresting.

The relation between U(E/Ok) and U’(E/Ok) is described as follows.
Lemma 3.3. We have an exact sequence
expg
0 - Ap(Ky) = U(E/Og) — U(E/Ok) — 0
of A-modules.

Proof. We obtain this lemma by applying the snake lemma to the diagram

LleE(Koo) — LleE(Koo)
‘expE LexpE
0 —— E(Og) —— E(K,) iig‘:; 0.

Proposition 3.4. The following hold.

(1) The A-module H(E /) is finite.
(2) The A-module U(E/Oy) is finitely generated of rank [K : Q] — rg(K).
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Proof. Take a non-constant element ¢t € A \ F,. Restricting E to the subring
Fqlt] of A, we can regard E as a Drinfeld F,[¢]-module over Og. Then its ex-
ponential map coincides with the original one by uniqueness. Hence, its Tael-
man class group and unit groups are also the same as H(E /Ox), U'(E / Ok ), and
U(E/Ok) viewed as [F4[t]-modules, respectively.

(1) By this argument, we may assume that A = [Fg[t]. Then the claim is
proved by Taelman [Tael0, Theorem 1], which is reproduced in [Pap23, Theo-
rem 7.6.17(1)].

(2) When E is the Carlitz module, this is proved in [Tael0, Proposition 1].
The general case can be shown in the same way, as follows. For E viewed as a
Drinfeld [F,[t]-module, Taelman [Tael0, Theorem 1] proved that U'(E/Ok) is
an [, [¢]-lattice of Lieg(K,) (i-., a discrete and co-compact [4[t]-submodule).
Therefore, it is also an A-lattice of Lieg(K,), so it is a projective A-module of
rank [K : Q] (one may refer to [Pap23, Theorem 7.6.17(2), Corollary 7.6.18]).
Then we obtain the claim by Lemma 3.3, noting that the A-rank of Ag(K,) is
rg(K) by definition. O

3.2. Modifications with moduli. We introduce the concept of unit groups
and class groups with moduli.

Definition 3.5. Let { be a nonzero ideal of Og. We regard { as a modulus
HU 014 (@ of K, where v runs over the finite places of K. Then we define the
unit group Us(E/Ok) and class group H;(E /O ) as, respectively, the kernel and
cokernel of the natural A-homomorphism

E(Ky) E(Ky)
expy(Ko) @ E(fOxk )

induced by the diagonal map. Therefore, we have an exact sequence

E(K) E(Ky)
expg(Ko) @ E(fOx,v)

EK) —

v

0 - Uy(E/Ok) — E(K) — - H{(E/Ok) =0

L
of A-modules.

Remark 3.6. We have another description of Uy(E/Ok) and H{(E/Ok). Let S
be a finite set of finite places of K that contains the support of f (i.e., ord,(f) = 0
unless v € S). Let Ok ¢ be the ring of S-integers of K. Then U;(E/Ok) and
H;(E/Ok) can be defined as the kernel and cokernel of the homomorphism
L) gy 2K

eXpE(Koo) veES E(TOK,U)

This is because the natural homomorphism

E(Oks) —
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is an isomorphism. In particular, when { = (1) is the trivial modulus, we may
take S = @, so U )(E/Ok) = U(E/Ok) and H(;y(E/Ok) = H(E/Ok). Simi-
L

fOK,U

larly, since the natural homomorphism ? - @ is an isomorphism, we
v

obtain yet another description

E(Ky)
E(f) + expp(Koo)
Let us study the effect of changing the moduli.

H{(E/Og) =

Proposition 3.7. For moduli f,g of K with g | { (i.e., g is a divisor of {), we have
an exact sequence

E(QOK,U)
E(fOK,v)
— Hy(E/Oxg) — Hy(E/Og) — 0.

0 — U(E/Ok) — Uy(E/0x) > P

v

Proof. Consider the natural commutative diagram

EKs) EK,)
0 — Ui(E/Og) = EK) — == @ D, g — Hi(E/0x) —0

N

0— U, (E/Og) = E(K) — —==) g 28 g (E/0g) — 0.

expE(Km) v E(QOK,U)
The map (x) is clearly surjective and its kernel is @v %. Then this diagram
K,v
yields the claimed exact sequence. O

Proposition 3.8. For a modulus f of K, the following hold.

(1) The A-module H{(E /Ok) is finite.

(2) The A-module Uy(E/Ok) is finitely generated of rank [K : Q] — rg(K).
Proof. The case f = (1) is the same as Proposition 3.4. Then the general case
follows from Proposition 3.7 applied to g = (1). O

3.3. S-modifications. Let A be the profinite completion of A. We have a canon-
ical isomorphism A ~ HP Ay, where p runs over the primes of A. For each
modulus f of K, we write Uf(E /O0x) = A®, Ui(E / Ok) for the profinite com-
pletion of U3(E/Ok).

Definition 3.9. Let S be a finite set of finite places of K. We set
Us(E/0k) = l(ﬂ ﬁf(E/OK): Hg(E/Ok) = l(iEHf(E/OK),
f f

where f runs over the moduli of K whose supports are contained in S. Here,
both Uf(E /Ox) and Hy(E / Ok ) are projective systems with respect to f by Propo-
sition 3.7.
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‘We have
Ug(E/Og) = A®4 U(E/Ok), Hy(E/Og) =H(E/Ok).

For each finite place v of K, we see that E(O ) is finitely generated over A by
Proposition 2.4.

Proposition 3.10. For finite sets S, T of finite places of K with T C S, we have an
exact sequence

0 — Us(E/Ox) > Ur(E/O) > €D E(Ox.)
veS\T

— Hg(E/Og) - Hr(E/Og) = 0
of A-modules.

Proof. First, we apply the exact functor A® 4(—) to the sequence in Proposition
3.7. The resulting sequence consists of finitely generated A-modules, so they
are all compact. Therefore, taking the projective limit also preserves exactness,
and we obtain the proposition. O

Proposition 3.11. Both Ug(E/Ox) and Hg(E / O) are finitely generated over A.

Proof. When S = {, the claim follows from Proposition 3.4; Hy(E/Ox) is
moreover finite. Then the general case follows from Proposition 3.10 applied
to T = (). More precisely, additional justification is needed to deduce the claim
for Ug(E/Ok) since the ring A is not noetherian. This is justified because any
closed submodule of a finitely generated A-module is again finitely generated.
This, in turn, follows from the fact that any closed ideal of A is finitely generated
(indeed, every such ideal is principal). O

Note that Hg(E/Ok) can be infinite if S is large; see Proposition 5.2 below.

3.4. Functoriality with respect to field extensions. Let K’ /K be a finite
extension. We regard K’ as a global Q-field in the obvious way. We also regard
the given Drinfeld A-module E over Ok as one over Og.

For each place v of K, we write K], = K, ¢ K’, which is isomorphic to the
product of the completions of K’ at places lying above v. When v is a finite place
of K, we also have my, , C Ogs,, C K}, and x,(K") = Ok, /mg:, in a similar
way (x,(K") is a product of finite fields).

We have the inclusion map g/ /g : K < K’ and trace map Trg/ JK - K' - K.
By base change, these maps also induce g/ /x : K, = K, and Trg/ ¢ : K}, = K,
for any place v of K. When K’ /K is inseparable, the trace map is the zero map.
When K’ /K is separable, the trace map is known to be surjective and, as a result,
for a nonzero ideal ' of Ok, the image Trg/ /K(f’ ) is again a nonzero ideal of O.

In this subsection, we observe that these maps tgs/x and Trgs /x induce maps
between the unit groups and class groups. We first deal with the setting of §3.2.

Definition 3.12. Let f and {' be moduli of K and K’, respectively.
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(1) When {Og C ¥, we define natural maps
U(E/Ok) < Up(E/Oks), HyE/Og) = Hy(E/Og)

by the commutative diagram

- - ' _EKL) E(K] ) -
0 Uf’(E/OK’) E(K ) expp(Kl) ® @v E(f O Hf'(E/OK’) 0

k! /K T e

E(Ko, E(K,
0 — Uy(E/0g) — E(K) — 250 @ @), poth — Hi(E/Og) —0.
E\Boo

(2) Suppose K’ /K is separable. When f D Trg//k(f'), we define natural
maps

Ufr(E/OKr) - Uf(E/OK), Hfr(E/OKr) e Hf(E/OK)

by the commutative diagram

(K - _EEw) E(K}) .
0— Uf/(E/OK/) E(K ) - eXpE(Kéo) (&) @U E(7 O ) - Hf/(E/OK/) 0

TI'K//K TrK//K i

E(K, E(K,
0— Ui(E/0x) — E(K) — 7= @ @), 50 — Hi(E/0x) —0.
PrKs

We now show a Galois descent property.

Proposition 3.13. Let K’ /K be a finite Galois extension and G its Galois group.
Let {' be a modulus of K’ that is G-stable. Set f = Trg/ /k(f'), which we regard as a
modulus of K. Then Hy(E /O/) is naturally a G-module, and its G-coinvariant
satisfies an isomorphism

Hf’(E/OK’)G =~ Hf(E/OK)
as A-modules, induced by the map in Definition 3.12(2).

Proof. By the existence of normal bases, the module K’ is G-cohomologically
trivial (G-c.t.). Therefore, for any place v of K, the localization K|, = K, ®¢ K’
is also G-c.t. This implies that the maps labeled (1), (2), (5), and (7) below are
all isomorphismes.

For each infinite place v of K, we have a commutative diagram

, expg , E(K{))
(KU)G —>E(K0)G (eXpE(K{))>G

@ @ (3)1

E(K,) E(Ky) 0

K
oo exp(Ky)
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induced by the trace maps. Therefore, the map (3) is an isomorphism.
For each finite place v of K, we have a commutative diagram

, , E(Kl’))
E(f' O »)o — E(K})g ) 0
v/
4 (5) (@l
E(Ky)
E(fOk ) E(K,) G0 0

induced by the trace maps. The map (4) is surjective by the definition of f.
Therefore, the map (6) is an isomorphism.
We now consider the following diagram

E(K' E(K}) E(K}) .
( )G — (@woo m @ ®U+oo m)G — f’( / KI)G -0
) (S)L o

E(K,) E(K,)
P @ — H{(E/Og) —0

oo exp(K) & Dot Bog L)

induced by the trace maps. The map (8) is the combination of (3) and (6), so it
is an isomorphism. As a consequence, (9) is an isomorphism, as claimed. [

The following well-known proposition (Noether’s theorem) is useful to han-
dle TrK//K(fl).

Proposition 3.14. For each finite place v of K, the trace map Try, /x K| — K,
satisfies

Trg )k (Og?) = Ok,
ifand only if K’ /K is tamely ramified at v.

Proof. See, e.g., [Ser79, Chap. III, Propositions 7 and 13]. O
We proceed to the setting of §3.3.

Definition 3.15. Let S and S’ be finite sets of finite places of K and K’, respec-
tively. We write Sk, for the set of places of K’ lying above places in S.

(1) When S, C S’, we define natural maps
Us(E/Ox) < Ug(E/Ox), Hg(E/Oxg) — Hg(E/Ok:)

as the projective limits of the maps in Definition 3.12(1).
(2) Suppose K’ /K is separable. When Sg D S’, we define natural maps

Us/(E/Og) — Us(E/Ok), Hg(E/Og:) » Hg(E/Ok)

as the projective limits of the maps in Definition 3.12(2).
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To ease the notation, for a finite set S of finite places of K, we set
US(E/OK’) = USK/ (E/Oks), H(E/Og)= HSK/ (E/Og).

The following Galois descent property plays the key role in the proof of the main
theorems.

Proposition 3.16. Let K’ /K be a finite Galois extension and G its Galois group.
Let S be a finite set of finite places of K. Suppose that K’ /K is tamely ramified at
any finite place v & S. Then we have an isomorphism

H4(E/Ogr)g =~ Hg(E/Ok)
as A-modules, induced by the map in Definition 3.15(2).

Proof. By Proposition 3.14 and the assumption, for any modulus ' of K’ whose
support is in S/, its trace Trg: /x(f') is a modulus of K whose support is in S.
Moreover, for any modulus f of K, there is a modulus { of K’ that is G-stable and
fD Trg /K(f’ ); for instance, f' = fOg, works. Therefore, the proposition follows
by taking the projective limit of the isomorphism in Proposition 3.13. O

4. Iwasawa-type asymptotic formula

Let I /K be a Z ,-extension of global Q-fields and K,, its n-th layer. SetT" =
Gal(X /K). Let S;am = Sram(X/K) denote the set of finite places v that are
ramified (necessarily wildly) in K /K. We assume that S.,,,(KX /K) is finite. Let
E be a Drinfeld A-module over O.

We first mention that there are many Z ,-extensions X /K that fit into this
setting (see also Higgins [Hig21, Example 4.1.1]):

Example 4.1. As in Example 2.2, let Q = Fy(f), oo = 1/¢t, and A = F,t].
Assume that K = Fg(6) and y : A — K is determined by y(¢t) = 6. There are
various kinds of Z ,-extensions of K with finite Sy, as follows.

By the Kronecker-Weber-type theorem [Hay74, Theorem 7.1], the maximal
abelian extension of K = [;(6) is the composite of three linearly disjoint fields
[F_q(e), Kc, and K. Here, [F_q is the algebraic closure of Fq in K%P and K =
K(C(K%P),.s), Wwhere C(K5¢P),. is the torsion A-submodule of C(K*P). The
remaining field K is given by adjoining C(K*%P),, for the Drinfeld Fql1/t]-
module C determined by ¢&(1/t) = 1/6 + 1. We get Z p-extensions along these
three directions:

« The family {K,},>o with K, = F(6) gives a Z,-extension of K un-
ramified at all places, so that S,,,, = @.

« For each prime p of A, the p-primary part C[p*] of C(K*P),,,s provides
the Carlitz p-cyclotomic extension K(C[p*])/K. It is an abelian exten-
sion with Galois group A; = (A/p)* x Z?O, in which all finite places
except p are unramified and oo is tamely ramified ([Ros02, Proposition
12.7, Theorem 12.14]). Thus, K(C[p*]) contains infinitely many Z -
extensions of K unramified at co with S, = {p}.



TAELMAN CLASS GROUPS 957

« The field K contains all Z ,-extensions of K unramified at all finite
places and totally ramified at co. For example, for each non-constant
polynomial f(0) € 4[], there is a tower of affine smooth curves C,
over [,

= C o Ch g =2 G :=Aé,
q
which is usually called the Artin-Schreier—Witt cover associated to f(6)

(cf. [DaWX16, §1] and [KW18, Example 4.10]), which forms a tower of
Galois covers of A; totally ramified at co with total Galois group Z,,.
q

Thus, writing K,, for the function field of C,,, we get a Z ,-extension of
K in Kz with S, = 0.

In general, Z ,-extensions of global function fields can be described by class
field theory (cf. [GK88, §1]) and Artin—-Schreier-Witt theory (see [KW18, §2]
for instance).

4.1. Iwasawa modules. We naturally define the Iwasawa modules.
Definition 4.2. For a finite set S of finite places of K, we define

Us(E/Ox) = lim Us(E/Ok,), Hs(E/Ox) = lim Hg(E/Ok,)

n n

by using Definition 3.15(2). For a prime p of A, we set Hg(E/Og )y = Ay ®4
Hg(E/Ok,) and define

Hg(E/Ox)p = lim Hg(E/ Ok, )y

n

similarly. Then Hg(E/O4) is a compact module over the completed group
ring A[[[']] = lim A[T/T?"], while Hg(E/Oy), is a compact module over
n
Apl[T]] = l(iEnAp[F/FP ]. When S = @, we write H(E/Oy) = Hyg(E/Ox)
and H(E/Og), = Hy(E/Ox)y-
This H(E/Ox)y is the same as the module introduced in [Hig21, §4.1]. In

fact, Propositions 4.4 and 4.5 below, specialized to the case where S = S, = 0,
are already obtained in [Hig21, §4.2].

Proposition 4.3. For finite sets S, T of finite places of K with T C S, we have an
exact sequence

0 — Ug(E/Ox) — Ur(E/Ox) — G? lim E(0, )
veS\T n

— Hg(E/Oyx) —» Hp(E/Ox) — 0
of A[[T']]-modules.

Proof. This is the projective limit of Proposition 3.10. Indeed, the exactness is
preserved by compactness. (|
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This proposition shows that the effect of S can be evaluated by {iﬁn E(Ok, v)-
It seems to be notable that l(iﬂn E(Ok, ) vanishes if v is ramified in X /K, so
the ramified places do not affect Hg(E/O«) (see §5.2). This observation is un-
necessary to prove the main theorem, Theorem 4.7.

Proposition 4.4. Let S be a finite set of finite places of K such thatS D Sy, (K /K).
Then we have an isomorphism

Hg(E/Og)rom ~ Hg(E/Ok,)
foranyn > 0.
Proof. This is the projective limit of Proposition 3.16. U

Proposition 4.5. For a finite set S of finite places of K, the module Hg(E /O«) is
finitely generated over A[[T]].

Proof. By the surjective homomorphism
Hgys,,(E/Ox) » Hg(E/Ox)

in Proposition 4.3, we may assume that S O S.,,(/K) by enlarging S if nec-
essary. Then by Proposition 4.4, we have Hg(E/ O« )r ~ Hg(E/Ok), which is
finitely generated over A by Proposition 3.11. By applying the topological ver-
sion of Nakayama’s lemma (see [NSWO08, Lemma (5.2.18)] or [Was97, Lemma
13.16]), the proposition follows. O

ram

Remark 4.6. More generally, for any Galois extension X of a global Q-field K,
we can define
Hg(E/Ox) = lim Hg(E/Og»),
KI

where K’ runs over the finite Galois extensions of K in K. Then the same ar-
gument shows that this is a finitely generated module over A[[Gal(X /K)]] as
long as S;., (% /K) is finite and Gal(X' /K) contains an open pro-p subgroup.
It seems to be natural to apply this framework to K(E[p*])/K, but then the
Galois group is so large (see Example 4.1) that the Twasawa algebra is not even
noetherian. We do not study this topic in this paper.

4.2. Iwasawa-type asymptotic formula. We now state and prove the main
theorem, from which Theorem 1.1 follows at once by setting S = @ (for the value
of uy, see the paragraph after the proof). Let Hg(E/Ok, )y tin be the maximal
finite Ay-submodule of Hg(E /O )y.

Theorem 4.7. Let p be a prime of A. Let S be a finite set of finite places of K such
that S O Sym(K/K) NSy, that is, S contains all ramified p-adic places. Then
there exist integers py, > 0 and vy, such that

length, (Hs(E/Ok,)pfin) = HpP" + 7y
holds for n > 0 with u, = p*(Hs(E/Ox)y,tors) as in Definition A.2.
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Proof. When S D S;u; = Sram(X /K), the claim follows at once from Propo-
sition 4.4 and Theorem A.3(3) applied to M = Hg(E/Oy),. Let us deduce the
general case by comparing Hg(E /O, ) with Hgg (E/Ok, ).

For each n, we have an exact sequence

P 4, ®4EOk,.) — Hyus,, (E/Ok,)y — Hs(E/Og,)y — 0
UESram\S

ram

by Proposition 3.10. By the assumption, for any v € S, \ S, we have v &€ S,,.
Then Proposition 2.4 implies
Ap 4 E(OK,,,U) = Ap 4 E(Kv(Kn))-

The module E(x,(K,)) is clearly finite. Moreover, as v is ramified in the Z -
extension X /K, the direct system {x,(K},)}, is stationary.

Asin Definition 3.15(1), the exact sequence above becomes an exact sequence
of direct systems. The first term being stationary, we obtain

lengthAp (I_ISUSram (E/OKn )p,fin) = lengthAp (HS (E/OKn )p,fin) + (constant)

for n > 0. We already know that the left hand side is u, p" + (constant) with
Hy = #*(Hsusmm (E/ O35y ors)-

It remains only to show u*(Hsus,,,, (B/ O pors) = 1 (Hs(E/ O Dy ors)- We
also regard the exact sequence above as an exact sequence of inverse systems as
in Definition 3.15(2). We have

l(iE(Ap R4 E(OKn,v)) = I(E(Ap ®4 E(KU(Kn))) =0

n n

for v € S;a, \ S, which implies an isomorphism

Hgys,, (E/Ox)y =~ Hs(E/Og)y.
This completes the proof. O

To establish the formula for My in Theorem 1.1, we note that
W (Hs(E/Ox)p tors) = M(HS(E/Oxc)p)
holds if Hg(E /Ok) is finite in Theorem 4.7. Indeed, by the proof we have
(Hs(E/Og0)p)r = (Hgys,, (E/Ogx)p)r = Hgys,  (E/Ok)y

and this is finite. It follows that Hg(E/Oy)y, is a torsion module whose charac-
teristic ideal is prime to y — 1, where y is a topological generator of I'. Hence,
the claim follows.

Finally, we establish Corollary 1.2.

ram ram

Proof of Corollary 1.2. Suppose that K /K is unramified at all finite places.
We can apply Theorem 1.1 for every prime p of A. For a prime p such that
H(E/Og), = 0, by Proposition 4.4 and Nakayama’s lemma, we see that
H(E/Og,), = 0 holds for all n > 0. Therefore, by setting 4 = Zp My and

V= Zp vy, we obtain Corollary 1.2. O
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5. Notes on the S-modification
Let K be a global Q-field and E a Drinfeld A-module over O.

5.1. An analogue of Leopoldt’s conjecture. Let p be a prime of A. We nat-
urally have the following analogue of Leopoldt’s conjecture (cf. §B.3).

Conjecture 5.1. The natural homomorphism

A, ®4UE/Og) > P A, ®4 E(Ok,)

VES,
is injective.
By Anglés-Taelman [AT15, Theorem 9.8], Conjecture 5.1 is known to be true
in the case where E is the Carlitz module C and K /Q is the Carlitz p-cyclotomic
extension [AT15, §2.4]. The method is analogous to the proof of Leopoldt’s

conjecture for abelian number fields; we make use of the transcendency of log-
arithms, established by Bosser [AT15, Appendix] in this case.

Proposition 5.2. For any finite set S of finite places of K such that S D S,,, the
following are equivalent.

(i) Conjecture 5.1 holds.
(i) We have A, ® ; Us(E/Ox) = 0.
(iii) We have rankAp(HS(E/OK)p) = rp(K).

Proof. Note that the kernel of the map in Conjecture 5.1 is torsion-free over
Ay, so (ii) is equivalent to the finiteness of A, ®4 Ug(E/Ok). Then we may
assume S = Sy, because of Proposition 3.10 and the finiteness of A, ® 4 E(Ok ,,)
forv ¢ p.

We use the exact sequence in Proposition 3.10 with T = @, to which we more-
over apply A, ® ; (—). Then the equivalence (i) « (ii) is clear. To show the
equivalence (ii) < (iii), we observe the ranks of the other modules:

+ We have rankAv(Ap ®4 UE/Ok)) = [K : Q] — rg(K) (Proposition
3.4(2)).
« We have rankAp(®v|p A, ®4 E(Ok ) = [K @ Q] (Proposition 2.4).
« We have rank, (A, ®4 H(E/Ok)) = 0 (Proposition 3.4(1)).
Now (ii) < (iii) follows. O

Let us determine the ranks of the Iwasawa modules, assuming the analogue
of Leopoldt’s conjecture.

Proposition 5.3. Let X /K be a Z-extension of global Q-fields such that
Sram(X /K) is finite and X /K is totally split at all infinite places. Suppose that
Conjecture 5.1 holds for K,, for every n. Then, for any finite set S of finite places of
K such that S > Sy, we have

rankAp[[r]] HS(E/OK),P == rE(K).
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Proof. In the proof of Theorem 4.7, we showed an isomorphism

Hgys,, (E/Ox)p = Hg(E/Og)y-
Therefore, we may assume S D S,,,,. In this case, Propositions 4.4 and 5.2 show

rank, (Hs(E/Ox)y)ron = ranky Hg(E/Ok, )y = re(Ky,) = p"rg(K)

for each n > 0, where the final equation follows from the assumption that
K, /K is totally split at any infinite places. Now Theorem A.3(1) completes the
proof. O

5.2. The effect of ramified places. Let X /K be a Z,-extension of global Q-
fields and K, its n-th layer. We still assume that S, = Spam (K /K) is finite. In
the proof of Theorem 4.7, we observed Hgys, (E/Og)y ~ Hg(E/Oyx), as long
as S D Sy N Spam- In this subsection, we remove the last condition:

Theorem 5.4. For any finite set S of finite places of K, we have an isomorphism
Hgys,,m (B/Oxc) = Hg(E [ O).

ram

Remark 5.5. In particular, we have H(E/X) ~ Hg_(E/X). This together
with Proposition 4.4 tells us that, although H(E /X) is defined as l(iﬂn H(E/K,),
its Galois coinvariant describes Hg _(E/K,) instead. For this reason, it seems
difficult to remove the assumption S O Sy, N Sy, from Theorem 4.7. We also
see that H(E /XC) is not a torsion module in general, because of Proposition 5.3.

This phenomenon is in contrast to number field setting. For a Z ,-extension
XK /K of number fields with K,, its n-th layer, the Iwasawa module X(X) =
l(iﬂn Z, ®z CI(K,) is known to be torsion over the Iwasawa algebra and have

enough information to describe the behavior of lengtth (Z, ® CI(K,))-

To prove Theorem 5.4, thanks to Proposition 4.3, we only have to show that
hm E(Ok, ) = 0forany v € Sy, This statement is independent from the

Dr1nfe1d module E, and follows from the following general proposition on local
fields.

Proposition 5.6. Let F be a local field (i.e., a complete discrete valuation field
with finite residue field) with residue characteristic p. (Note that the characteristic
of F is either O or p.) Let & /F be a ramified Z ,-extension with F,, its n-th layer.
Then we have l(iEn Of, = 0, the projective limit being taken with respect to the

trace maps.

Proof. We may assume that the Z,-extension is totally ramified, and we only
have to show ﬂn>0 Trr, /r(OF,) = 0. Let vp and vg, be the normalized valua-
tion on F and F,,, respectively. Let D,, = Dy, /r be the different ideal of F,,/F
([Ser79, Chap.III §3]). By definition, D, is the minimal ideal of O satisfying

Trp /F(Z) ) C Op. We also have

F,/F
vp(Trp, r(OF, ) = |vg, (Dy)/P"],
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where we use the assumption that F,, /F is totally ramified, so the ramification
index is p". Therefore, the claim is equivalent to lim,,_,, vp, (D,)/p" = +c0.
To study 2D,,, we use the higher ramification groups ([Ser79, Chap. IV, §1]).

Fori > —1, we define Gi(”) C Gal(F,/F) as the stabilizer subgroup of the action
Gal(F,/F) on O, / m;";l. Then it is known ([Ser79, Chap. IV, §1, Proposition
4]) that

oo

v (D) = Y (#G™ —1).

i=0
By the theorem of Hasse-Arf ([Ser79, page 76, Example]), there are positive
integers l(") (”) - ifq"_)1 such that

G.(") =G if0<i< i(()")
G(n) GP' ifi (n) _I_pl(n) . pj -1; (n) <i< l(n) + pl(n) +pfl(n)
forj=1,2,..,n— 1 and
(") = {id} lfl( )+pl( W4t ptl (") <i.

When n varies, we moreover have ([Ser79, page 64, Corollary])
i@ e

g i=10y " =y =hy =
ii=i? =i =i =
=i =iV =i =,

Therefore, we obtain

Up, (D) = (p"=D(ip+ D+ (p" ' =Dpiy +(p" 2= D)p*iy+ - +(p—1)p" iy_1,
S0

vp, (D,)/p"
=1-p™MA+i)+A—p™ i, + A —p iy + -+ (1 — p iy
>A—p DA +ig+iy+iy+ - +i,_q).

L e . n
Since iy, iy, i, ... are positive integers, we conclude lim,,_,, vg, (D,,)/p" = +o0
as claimed. 0

Appendix A. The algebraic theorem

The purpose of this section is to establish a module-theoretic version of Iwa-
sawa’s asymptotic formula in positive characteristic (Theorem A.3). In the num-
ber field setting, we study modules over the power series ring Z,[[T]] and their
quotients modulo (14T)P" —1. In the function field setting, we are naturally led
to study modules over A[[T]] and their quotients modulo (1 + T)?" —1 = T?".
To the best of the authors’ knowledge, such an alternative has not appeared in
the literature.
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From now on, let R be a complete discrete valuation ring whose characteristic
is a prime number p. The ring A, in the main text plays the role of R. We write
ordg : R —» N U {oco} for the normalized valuation on R. We write (—);;, for the
maximal submodule of finite length for finitely generated R-modules.

Let I be a topological group that is isomorphic to Z,. Let

R[[T]] := LimR[T/T""]

be the completed group ring. We have the following analogue of Serre’s isomor-
phism (see [NSW08, Proposition (5.3.5)] or [Was97, Theorem 7.1]).

Lemma A.1. Lety be a topological generator of T. We have isomorphisms
R[T/TP"] ~ R[T]/(T?")
forn >0and
R[[T]] = RI[T]]
by sendingy to1 +T.
Proof. The first one follows from
R[T/T?"] = R[T]/((1 + T)"" = 1) = R[T]/(T?")
since p = 0 in R. By taking the inverse limit, the second one follows. U

For each f € R[[T]] \ {0}, we define ord;(f) € Nand f* € R[[T]] \ TR[[T]]
by
f(T) = 1o f(T).
Note that f* ¢ TR[[T]] is equivalent to f*(0) # 0.
We briefly recall the structure theorem for R[[T]]-modules (see [NSWO0S,
Chapter V, §1]).

Definition A.2. An R[[T]]-module is said to be pseudo-null if it is of finite
length. An R[[T]]-homomorphism between finitely generated modules is said
to be a pseudo-isomorphism if its kernel and cokernel are both pseudo-null.

For a finitely generated R[[T]]-module M, the structure theorem states that
there exists a pseudo-isomorphism

¢ : M = R[[T]]" ® @ RIITN/(f)
i=1

for r = rankg(r);(M) and some non-zero elements f1, ..., f; € R[[T]]. The tar-
get module of ¢ is often called an elementary module. In this case, the R[[T]]-
torsion part of M, denoted by M,,,s, is pseudo-isomorphic to @le RI[TIl/(f:)-
The characteristic ideal of My, is defined as char(M,,s) = (f1 - fs)-

Suppose M is a finitely generated torsion R[[T]]-module. Let F be a generator
of char(M) (i.e., char(M) = (F)). We define u(M) = ordz(F(0)) if F is prime to
T,and u*(M) = ordgz(F*(0)) in general. For a finitely generated torsion R[[T]]-
module, we also define u(M) and u*(M) by using the isomorphism R[[T']] =~
R[[T]] in Lemma A.1.
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Now we state the main theorem of this section. Claim (2) essentially suffices
to prove Theorem 1.1, while claim (3) is necessary to prove Theorem 4.7.

Theorem A.3. Let M be a finitely generated R[[T'|]-module.
(1) We have
rankg(Mrpp») = rankgry;(M)p" + (constant)

forn>0.
(2) If My is finite, then we have

length (Mp,n) = u(M)p" + (constant)

forn>0.
(3) In general, we have

length (M )gin) = *(Mors)p" + (constant)
forn> 0.
For an R[[T]]-module M and an integer N > 0, we write
M[TN]={xeM|TNx =0}, M/TN =M/TNM.

We also write M[T®] = ., MITV].
By the isomorphism in Lemma A.1, we see that Theorem A.3 is a conse-
quence of the following.

Theorem A.4. Let M be a finitely generated R[[T]]-module.
(1) We have
rankg(M /TV) = rankgr(M)N + (constant)

for N > 0. Indeed, the constant is ordp(F) with char(M,q,s) = (F).
(2) If M /T is finite, then we have

length, (M /TN) = u(M)N + (constant)

for N > 0.
(3) In general, we have

lengthR((M/TN)fin) = M*(Mtors)N + (constant)
for N > 0.
First, we show claim (1):

Proof of Theorem A.4(1). We take a pseudo-isomorphism ¢ as in Definition
A.2. For any N > 0, we obtain

rankg(M/TV) = rankg ((R[[T]]/TNY ® @R[[T]]/(fi’TN)>
i=1

= rN + ) minford;(f;), N}.
i=1
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The final term is constant as long as N > ordr(f;) for any i. In fact, for such an
N, we have

N S
Z min{ordy(f;), N} = Z ordr(f;) = ordr(F),
i=1 i=1
so the claim holds. O

The rest of this section is devoted to the proof of Theorem A.4(2)(3).

Lemma A.5. Let f € R[[T]] \ {0}.
(1) If f(0) # 0, we have
length, (R[[T]]/(f,TY)) = ordr(f(0))N
forany N >0
(2) In general, we have
length, (R[[T11/(f, T))sin = ordg(f*(0))(N — ordz(f))
forany N > ord;(f).
Proof. (1) Let f(T) = ay + ;T + a,T? + --- with ay,ay,a,,--- € R. The R-
module R[[T]]/(TN) is free of rank N with a basis 1, T, T?,..., TN~!. With re-

spect to this basis, the R-endomorphism given by the multiplication by f is
presented by a triangular matrix

ay o - 0 O
aq ap cee 0 0
aN-—2 ay-3 =+ ap O
adN-1 On—2 0 41 Qo

The determinant of this matrix is a;, so we have
length(R[[T11/(f,TN)) = ordg(al)) = ordg(ay)N.

Since a, = f(0), the formula holds.
(2) For N > ordr(f), we have

RITN/f, TN g = (@ D)/(f,TV) = RI[T]]/(f*, TN-0r4(D),

Now the claim follows from (1). O
We show Theorem A.4(2)(3) for elementary modules:
Proposition A.6. Let E be an R[[T|]-module of the form

E = R([T]I" @ @ RIITI/(f).
i=1

SetF = fy - f,.
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(1) Suppose thatr = 0 and F(0) # 0. Then we have
length,(E/T") = ordg(F(0))N

forany N > 0.
(2) In general, we have

length,((E/TN )gin) = ordg(F*(0))N + (constant)
for N > 0.
Proof. (1) By Lemma A.5(1), we have

length, (E/TN) = Y’ length,(RI[T11/(f:, TV))

i=1

= 2 ordr(fi(O)N
= lo_rldR(F(O))N
as claimed.
(2) By Lemma A.5(2), we have
length,((E/TN )gin)

= rlength, ((RI[T11/TN)gin) + D lengthp (RIITT1/(f3, TN )gin)
i=1

=" ordg(f*(0))(N — ordy(f))

i=1
= ordz(F*(0))N — Z ordg(f;(0)) ordy(f;)
i=1

for N > 0 (indeed, N > ord(f;) for any i suffices), as claimed. O

To complete the proof of parts (2) and (3) in Theorem A.4, we show that
the pseudo-isomorphism does not affect the lengths up to constants. This is
a stronger statement than merely being bounded as N — oo, which is much
easier.

Lemma A.7. Let0 - M’ - M — M'" — 0 be an exact sequence of finitely
generated R[[T]]-modules. Let L be the cokernel of the induced map M[T*®] —
M//[Too]'
(1) We have an exact sequence
0—-L—->M/TN -M/TN - M"/TN -0

for N > 0.
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(2) The sequences in (1) fit into commutative diagrams

0——1T1 —>M’/TN+1 —>'M/TN+1 _>M”/TN+1 — =0

A

0—L—>M/TN ——M/TN ———=M" /TN ——0

for N > 0, where the right three vertical arrows are the natural surjective
maps.
(3) The sequences in (1) fit into commutative diagrams

0—= 1L éMI/TN+1 é—M/TN-f_l —>M”/TN+1 — =0

e e

0—L—sM /TN ——M/TN ——=M"/TN ——0
for N > 0.

Proof. (1) For any N > 0, by the snake lemma we have an exact sequence
0— M'[TN] - M[TN] - M"[TN] - M" /TN - M/TN - M" /TN — 0.

Since both M and M"’ are noetherian, we have M[TN] = M[T®]and M"[TN] =
M"'[T*] for N > 0. This shows the exact sequence.
(2)(3) The commutativity of the diagrams follows from the construction. [J

Proposition A.8. Letp : M — E be a pseudo-isomorphism between finitely gen-
erated torsion R[[T]]-modules. Suppose that the characteristic ideals are prime to
T. Then
length, (M /TN) = length,(E/T") + (constant)

for N > 0.

Proof. By dividing the exact sequence 0 - Kergp — M S E- Cokyp — 0
into two short exact sequences, it is enough to show the following. Let 0 —
M’ - M — M" — 0 be an exact sequence of finitely generated torsion R[[T]]-

modules whose characteristic ideals are prime to T. Then the following are true
for N > 0:

(a) If M’ is pseudo-null, then
length, (M /TN) = length,(M" /TN) + (constant).
(b) If M" is pseudo-null, then
length,(M/TN) = length,(M’/TN) + (constant).
To show these, we define L as in Lemma A.7. Then Lemma A.7(1) implies
length,(M/TN) = length, (M’ /TN) + length,(M" /TV) — length(L)

for N > 0. In case (a), length, (M’ /TN) is constant as N — co. In case (b),
length,(M" /TN) is constant as N — co. Therefore, both claims hold. O
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We are already able to prove claim (2) of Theorem A.4, but claim (3) requires
two more propositions.

Proposition A.9. Let ¢ : M — E be a pseudo-isomorphism between finitely
generated torsion R[[T]]-modules. Then

length (M /TN)gi,) = length,((E/T )gip) + (constant)
for N > 0.

Proof. As in the proof of Proposition A.8, it is enough to show the following.
Let0 > M’ - M — M"” — 0be an exact sequence of finitely generated torsion
R[[T]]-modules. Then the following are true for N > 0:

(a) If M’ is pseudo-null, then

length,((M/TN)gi,) = length,((M” /TN )gi,) + (constant) .
(b) If M" is pseudo-null, then

length (M /TN)g,) = lengthp (M’ /TN )gi) + (constant) .

Let us write 7 : M /TN — M /TN for the natural surjective map, so we have
an exact sequence

0 — Kermy — M/TN*1 2 M/TN = 0.

Since M is torsion, the R-rank of M /TN stabilizes (see Theorem A.4(1)), so
Ker 7ty is of finite length for N > 0. Therefore, we have an exact sequence

0 = Kermy — (M/TN+V)e 25 (M /TN ), — O,
which implies
length, (M /TN*1)g,) — length, (M /TN )gi,) = length,(Ker 7ry)

for N > 0. Similar formulas hold for M’ and M"’, concerning the maps 711’\, :
M' /TNt — M'/TN and 7y, : M"/TN*! — M" /TN. Therefore, claims (a)
and (b) can be restated as follows (for N > 0):

(@) If M’ is pseudo-null, then length,(Ker 7ry) = length,(Ker 7}).

(b”) If M" is pseudo-null, then length,(Ker 7y) = length,(Ker 7}).
To show these, we define L as in Lemma A.7.

(") Suppose M’ is pseudo-null. Note that Lemma A.7(1) implies that L is of
finite length. For N > 0, the map 771’\] is an isomorphism, so Lemma A.7(2)
implies

L[T]=0, 0-L/T — Kermy — Kermy, — 0.
Since L is of finite length, L[T] = 0 implies L/T = 0. Therefore, we obtain
Ker 7y ~ Ker ﬂ;\’,, so the claim holds.

(b”) Suppose M" is pseudo-null. Note that the definition of L implies that L
is of finite length. For N > 0, the map 71;\’, is an isomorphism, so Lemma A.7(2)
implies

0 — L[T] - Kerm), — Kermy — L/T — 0.
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This shows the claim. O

Proposition A.10. Let M be a finitely generated R[[T|]-module. We set M, as
the torsion part of M. Then
lengthy(Miors /T )gin) = length (M /TN )gin) + (constant)
for N > 0.
Proof. We first suppose that M is torsion-free and claim that
Tx 1 (M/TN)gn — (M /TN gy

is an isomorphism for N > 0. By the structure theorem, we can take 0 - M —
F - M" — 0, where F is a free R[[T]]-module and M" is pseudo-null (indeed,
F is the reflexive hull of M). By Lemma A.7(1), we have a module L, which is
of finite length because so is M”, that fits into an exact sequence

0—>L—>M/TN - F/TN - M"/TN -0

for N > 0. We have (F/TN ), = 0 as F is a free module. Therefore, we obtain
L =~ (M/TN)i,, and the commutative diagram in Lemma A.7(3) shows the
claim.

Now we deal with the general case. We set M/ ;s = M /M5, S0 we have an
exact sequence

0= Mios > M — M/tors - 0.

We apply Lemma A.7(3) to this sequence; since M/ is torsion-free, the mod-
ule L vanishes. Then, applying the left exact functor (—);,, we obtain a com-
mutative diagram with exact rows

00— (Mtors/TN+1)fin - (M/TN+1)fin - ((M/ tors)/TN+1)fin
TTX TTX TTX
0 —— (Miors /TN )iy — = (M /TN )gin — = (M} t015) /TN )tin-
By the claim above applied to the torsion-free module M, the right vertical

arrow is an isomorphism when N > 0. Therefore, the images to the right-most
terms stabilize as N > 0, which shows

lengthR((M/TN)fin) - lengthR((Mtors/TN)fin) = (constant)
for N > 0. This completes the proof. O

Proof of Theorem A.4(2)(3). Claim (2)follows at once by Propositions A.6(1)
and A.8. Claim (3) follows at once by Propositions A.6(2), A.9, and A.10. [

This completes the proof of Theorem A.4, and hence of Theorem A.3.

Appendix B. Ideal class groups

In this section, we review classical theory on ideal class groups of number
fields. The frameworks in §B.1, §B.2, and §B.3 serve as prototypes for the argu-
ments in §3, §4, and §5.1, respectively.
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Number fields Function fields
zcZ,(pZcC2) . . ACA,(pCA)
Z7COCR Coefficient rings ACOCQu
K: a number field (Q < K) Base fields K: a global Q-field (Q 2 K)
Gp,: the multiplicative group Functors E: a Drinfeld A-module over Og
(Ok-Alg) — (Z-Mod) (Og-Alg) = (Og{r}-Mod) — (A-Mod)
U(K), U(K), Us(K) Unit groups U(E/Ox), UKE/Ok), Us(E/Ok)
CI(K), CI(K), Cls(K) Class groups H(E/Ox), H{(E/Ok), Hs(E/Ox)
X(%0) Iwasawa modules Hy(E/Ogx)y
r,(K) (Expected) ranks rg(K)

Table 1. Analogies between number fields and function fields

B.1. The ideal class groups and unit groups. Let K be a number field, i.e.,
a finite extension of the rationals Q. The integer ring O C K is defined as the
integral closure of Z in K. We write U(K) = OE for the unit group and CI(K)
for the class group of K. These fit into a natural exact sequence

KX
O—>U(K)—>KX—>@ XU - CI(K) — 0,
v K,v

where v runs over all finite primes of K and Ok, C K, denote the comple-
tions of O C K (cf. Definition 3.1 and Remark 3.6). Fundamental theorems in
algebraic number theory show that (cf. Proposition 3.4)
(1) The Z-module CI(K) is finite.
(2) The Z-module U(K) is finitely generated of rank [K : Q] — (r,(K) + 1),
where r,(K) denotes the number of complex places of K.
Let f be a nonzero ideal of Ok, which we regard as a modulus T v°r%®.

We define the unit group Uy(K) and class group Cli(K) by the exact sequence
(cf. Definition 3.5)
X
0—- U(K) - K* > i
f GP UD(K,)
where UP(K,) = {x € Oz, | x =1 mod fOk .} (note that UK, = 0% , if
ord,(f) = 0). Then the analogues of Propositions 3.7 and 3.8 are valid.
We write Z for the profinite completion of Z, and set Uf(K V=7 Q7 Ui(K).
For a finite set S of finite primes of K, we set (cf. Definition 3.9)

Us(K) = h(f_me(K), Clg(K) = l(if_mCIT(K),

where f runs over moduli of K whose supports are in S. Then the analogues of
Propositions 3.10 and 3.11 are valid.

We also have the analogues of Definitions 3.12 and 3.15. However, contrary
to Propositions 3.13 and 3.16, we do not have a nice Galois descent property for
the ideal class groups. This is because we have to deal with the multiplicative
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groups like (K’)* and (K},)* as Galois modules, which are not necessarily co-
homologically trivial. Indeed, the cohomology groups are studied by class field
theory.

B.2. Iwasawa modules. Let X /K be a Z,-tower of number fields and K, be
its n-th layer. It is known that only p-adic primes can ramify in a Z ,-extension,
so there are only finitely many ramified primes; this property does not hold in
the function field case in general.

For a finite set S of finite primes of K, we define the Twasawa module

X5(%) = im(Z,, ® Cls(K,),
n
which is a compact Z,[[I']]-module. The failure of the Galois descent property
makes it difficult to study Z, ® 7 CI(K,,) by using X (X) = X4(X). However, this
was overcome in the original Iwasawa theory, leading to the result described in
§1.1. Indeed, we know that X () is torsion over the Iwasawa algebra and the 4
and u are the invariants attached to X(X). This contrasts to the Taelman class
groups as mentioned in Remark 5.5.

B.3. Leopoldt’s conjecture. See [NSW08, Chapter X, §3] or [Was97, §5.5,
§13.5] for the details. For a number field K and a prime number p, Leopoldt’s
conjecture claims that the natural homomorphism

Z,®, UK)~ P z,®; 0%,
VES)
is injective, where S, denotes the set of p-adic primes of K (cf. Conjecture 5.1).
Leopoldt’s conjecture is known to be true if K /Q is abelian (Brumer’s theorem).
For each S O S, the following are equivalent (cf. Proposition 5.2):

(i) Leopoldt’s Conjecture holds.
(ii) We have Z, ®, Us(K) = 0.
(iii) We have rankzp (Z, ® Clg(K)) = ry(K) + 1.

For a Z ,-extension X /K, Leopoldt’s conjecture for the intermediate fields
implies
rankz i) (Xs(X)) = r2(K)
for any S O S, (cf. Proposition 5.3). Indeed, for this result, a weak form of
Leopoldt’s conjecture suffices, which is known to be true if X /K is the cyclo-
tomic Z ,-extension.
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