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Analytic conformal blocks of Cs>-cofinite vertex

el

operator algebras I: propagation
and dual fusion products
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ABSTRACT. This is the first paper of a three-part series in which we develop a
theory of conformal blocks for C>-cofinite vertex operator algebras (VOAs) that
are not necessarily rational. The ultimate goal of this series is to prove a sewing-
factorization theorem (and in particular, a factorization formula) for conformal
blocks over holomorphic families of compact Riemann surfaces, associated to
grading-restricted generalized modules of C2-cofinite VOAs.

In this paper, we prove that if V = @ _ V(n) is a Ca-cofinite VOA, if X is
a compact Riemann surface with N incoming and M outgoing marked points,
each equipped with a local coordinate, and if W is a grading-restricted general-
ized V&N -module, then the “dual fusion product” (Nx (W), J) satisfying a natu-
ral universal property exists. Here, Nz (W) is a grading-restricted V& -module,
and the linear functional J : W®c Nx (W) — C is a conformal block associated
to X. Indeed, we prove a more general version of this result without assuming
V to be C-cofinite. Our main method is the propagation of partial conformal
blocks, a generalization of the standard propagation of conformal blocks.

Assuming that V is Ca-cofinite, our (dual) fusion product recovers known
constructions in genus-0 cases: When N = 2, M = 1, our (dual) fusion product
agrees with that of Huang-Lepowsky-Zhang. When N = 1, M = 2, our dual
fusion product coincides with Li’s regular representations.
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860 BIN GUI AND HAO ZHANG

1. Introduction

This is the first paper in a three-part series in which we develop a theory of
conformal blocks for C-cofinite VOAs that are not necessarily rational. In this
introduction, we first give a general overview of the series and present the main
theorem to be proved in the third part [GZ26]. We then explain what will be ac-
complished in this paper.

Cs-cofiniteness and rationality are two crucial conditions on a vertex opera-
tor algebra V. = @, V(n) that rigorize physicists’ notion of “rational chiral
conformal field theory”. The Cs-cofinite condition, introduced in the seminal
work [Zhu96], guarantees that V has finitely many irreducibles (up to equiva-
lence) and that the spaces of conformal blocks are finite-dimensional. It is also
crucial to the proof (using methods from differential equations) that the sewing
of conformal blocks is convergent. See [Zhu96, ANO3, Miy04, Hua05a, HuaO5b,
NTO5, Fiol6, DGT24, Gui24a] for instance. If a Cy-cofinite VOA V is also ra-
tional, then the genus-1 conformal blocks satisfy a modular invariance property
[Zhu96, DLMO00, Hua0O5b]. If V is strongly rational (i.e., Cs-cofinite, rational,
self-dual, and dim V(0) = 1), then the category Mod(V) of grading-restricted
(generalized) V-modules forms a braided tensor category [HL95a, HL95b, HL.95c,
Hua95, Hua05a, NTOS] which is rigid and modular [Hua08].

Crucial to the proofs and the applications of the above result about Mod(V)
is the proof of the sewing-factorization theorem of conformal blocks, mainly in
genera 0 and 1. For instance, the genus-0 sewing-factorization theorem implies
that the tensor functor of Mod(V) satisfies associativity and pentagon axioms,
and (together with the braiding defined by the connections on bundles of confor-
mal blocks) satisfies hexagon axioms [Hua95, NTO05, Hua08]. Modular invari-
ance [Zhu96, DLMO00, Hua05b] is essentially the sewing-factorization theorem in
genus-1, and is the key to proving the rigidity and modularity of Mod (V).

1.1. Sewing-factorization in the rational world. The goal of this series of pa-
pers is to state and prove a sewing-factorization theorem for conformal blocks
associated to Cs-cofinite VOAs in the complex-analytic setting. (See [DGK25b,
DGK?25a] for an approach from the algebro-geometric point of view.) We first give
a brief account of this theorem in the special case where V is both C>-cofinite and
rational. Let

x:(C’.’Bl,...,l’N;T]l,...777NHy,,y”;£,W) (11)

be a compact Riemann surface C' with distinct marked points x1, ..., znN, 4, y" €
C. Each n; is a local coordinate of C' at x;, i.e. a univalent (i.e. holomorphic and
injective) map from a neighborhood U; of z; to C satisfying n;(z;) = 0. Similarly,
¢ and w are local coordinates at ¢’ and 3" respectively. We do not assume that C
is connected. But we do assume that each connected component of C' contains at
least one of x1,...,zpN.

The pair of points ¢, 3" are for sewing. Let W’ and W” be neighborhoods of
y',y” such that {(W’) equals D, = {z € C : |z| < r} and w(W") equals D,
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for some r,p > 0, and that x1,...,xx, W, W” are mutually disjoint. Suppose
qe Dy, ={2¢€ C:0 < |z] <rp}. Then we can cut off small closed discs
centered at 3y and y”, and glue the remaining parts of D, and D, via the rule that
p' € D, and p” € D, are identified iff

0w (@") =g (1.2)
In this way, we get a new pointed surface
S;X = (Cylz1,- sz, MN) (1.3)

Depending on whether 3, " belong to the same component of C' or not, we call
the sewing either a self-sewing or a disjoint sewing. See Fig. 1. (As we will
see, at least in the beginning, self-sewing is not an appropriate consideration for
conformal blocks of irrational VOAs.)

FIGURE 1. Self-sewing and disjoint sewing

Associate grading-restricted V-modules Wy, ..., Wy, M, M’ to the marked
points z1,...,xN,¥y ,y” respectively where M’ is the contragredient module of
M. Let Wy = W1 ® - - ® Wy. Then a conformal block associated to X and
We QMM (cf. [Zhu94, FBZ04]) is a linear functional {p : W, MM’ — C
that is “invariant under the action of V. (See Def. 2.17 for the precise definition.)
Then the (standard) sewing of 1\ is defined by taking contraction:

Sp:We—>C  weP(we ®¢"O—® ) (1.4)

provided that this series about the variable g converges absolutely. (Cf. Sec. 3.3 or
[Gui24a, Sec. 10] for details.)

Remark 1.1. Note that S, depends on the choice of the argument arggq. So
sometimes it is more convenient to consider the normalized sewing of 1, defined
by

S:We—>C  wer> h(we®@EO—® ) (1.5)

where L(0) is a suitable shift of L(0) (or a shift of the semisimple part of L(0)
in case V is not rational and hence L(0) is not necessarily diagonalizable on M)
so that L(0) is diagonalizable on M with eigenvalues in N. Note that S, and §q
are equal when ¢ = 1 and argqg = 0. So these two types of sewing are closely
related. In the main body of this paper, we will use §q to deal with the propagation
of (partial) conformal blocks. But in the introduction we stick to Sj.
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Now we state the sewing-factorization theorem for a Cy-cofinite and rational
VOA V. Let ﬂx* (We ® M ® M) be the space of conformal blocks associated
to X and W, ® M ® M, which is finite-dimensional [ANO3, DGT24]. Likewise,
let *75; +(W,) be the space of conformal blocks associated to X and W,. Let £
be a set of representatives of equivalence classes of irreducible grading-restricted
V-modules, which is a finite set.

Theorem 1.2 (Sewing-factorization theorem, cf. [Gui24a, Thm. 12.1]). Choose
q€ Dy, ={z€C:0 < |z| <rp}. Then we have a well-defined linear map

Sy @ T (W @MOM) — T x(W.)

Me&
D v~ ) S

Me€& Me&

(1.6)

By “well-defined” we mean that Sp\pni(ws) converges absolutely at q for every
we € W,, and that the linear functional Sy : W — C is a conformal block
(i.e., is an element of ﬂs*;x(W.)).

Moreover, G is an isomorphism of vector spaces. In particular, we have

> dim ZF(We @ M@M') = dim T (W) (1.7)
Me&
Remark 1.3. (1.7) is due to [DGT24, Thm. 7.0.1]. See the introduction of
[DGT24] for a brief review of the history of the proof of (1.7). The rest of Thm.
1.2 (namely, the well-definedness and the injectivity of the linear map &) is due
to [Gui24a, Thm. 12.1] and does not require V to be rational.

Formula (1.7) is commonly referred to as the factorization property in the
literature of the algebro-geometric approach to conformal blocks (cf. [TUY89,
BFMO1, NTO05]). It gives an efficient way of computing the dimensions of spaces
of conformal blocks by reducing the genus and the number of marked points on
each component. Also, a version of Thm. 1.2 was proved in [DGT24, Thm. 8.5.1]
for “infinitesimally small ¢”.

1.2. Sewing-factorization beyond rationality. As pointed out in the introduction
of [HLZ14], from the viewpoint of the representation theory of VOAs, it is unnat-
ural to restrict attention to rational VOAs. In fact, most of the proof of the sewing-
factorization theorem does not rely on the rationality of V, i.e., it does not require
the grading-restricted V-modules to be completely reducible. The assumption of
rationality appears to be more of a technical convenience than an essential require-
ment of the proof. Moreover, there are important Cs-cofinite irrational VOAs,
such as the triplet VV-algebras [AMOS], their tensor products, and their subalge-
bras fixed by finite solvable automorphism groups [Miy15]. Thus, it is natural to
consider generalizing the sewing-factorization theorem to C-cofinite VOAs that
are not necessarily rational.

So now we assume that V is Cs-cofinite but not necessarily rational. By Rem.
1.3, G, is still well-defined and is injective. But G, is not necessarily surjective.
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Thus we only have “<” in (1.7). For instance, if we let Ml be a grading-restricted
V-module which is not completely reducible, and if we choose P € F3F(W, ®
M®M’), then S is an element of .73 (W, ) which is not necessarily in the range
of &,. Thus, a preliminary step to understanding the sewing-factorization property
is to answer the following question:

Question 1.4. Is %”;X(W.) spanned by elements of the form Spp where 1 €
TEWe @M ®M') and M is a grading-restricted V-module?
The answer is known in the low genus cases:

Case 1. If X is the disjoint union of 3; = (P!;0, 21, 0) and Py = (P*;0, 20, 1)
(where 21, z2 € C are non-zero) and if the sewing is along the point O of
B1 and oo of P (so that S;X is a sphere), then Question 1.4 is answered
affirmatively by [HLZ14, HLZ12a]-[HLZ12g].

Case 2. If X is (P;0, z,0) where z # 0, and if the sewing is along 0, oo (so that
S,X is a torus), then the answer to Question 1.4 is negative, as suggested

by the replacement of traces with pseudo-traces in the study of the modular
invariance of genus-1 conformal blocks in [Miy04, AN13, Fiol6, Hua24b].

It is surprising that the answer to Question 1.4 depends on the type of the sewing:
In Case 1, the sewing is disjoint, and in Case 2, the sewing is a self-sewing (cf. Fig.
1). Worse still, the pseudo-trace construction in Case 2 seems to lack a geometric
meaning. On the other hand, [Gui21], though focusing mainly on the rational case,
suggests that the genus-0 conformal blocks of permutation-twisted V®¥ -modules
(which are not necessarily of the form W; @ - - ® Wy or a direct sum of such
modules !) should correspond to higher genus conformal blocks of untwisted V-
modules via a branched covering of P!. This correspondence gives us a hint on how
to generalize the sewing-factorization property in Case 1 to the disjoint sewing of
higher genus surfaces. Motivated by these observations, we outline below several
key features that our sewing-factorization theory for Ca-cofinite VOAs is designed
to satisfy.

R1. Itis easy to see why the rational version (i.e. Thm. 1.2) is a special case of
our theory.

R2. Our theory will generalize both Case 1 (Huang-Lepowsky-Zhang’s ver-
tex tensor category theory) and Case 2 (Miyamoto’s pseudo-trace theory).
In particular, it will give the pseudo-trace construction in [Miy04, AN13,
Fiol6, Hua24b] a geometric explanation.'

R3. Self-sewing will not be considered. Only disjoint sewing is allowed. To
compensate, we also consider disjoint sewing along several pairs of points
(cf. Fig. 2).

R4. We consider a grading-restricted V®N-module not necessarily tensor-
factorizable (cf. [Gui2l]), i.e., not necessarily a direct sum of those of
the form W; ®- - - @ Wy where each W; is a grading-restricted V-module.

IPart of this geometric interpretation of pseudo-traces will be presented in the second paper of
this series. A more comprehensive treatment will appear in a future work outside this three-part
series.
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(This consideration is closely related to the pseudo-trace mentioned in
Case 2.)

RS. Our sewing-factorization theorem is compatible with the permutation-
twisted/untwisted correspondence established in [Gui21]. More precisely,
the translation of the permutation-twisted version of the genus-0 sewing-
factorization theorem from [HLZ14, HLZ12a]-[HLZ12g] to the higher
genus untwisted case via the construction in [Gui21] will be a special case
of our sewing-factorization theorem.

1.3. The sewing-factorization theorem for C>-cofinite VOAs. Fix an (N +M)-
pointed compact Riemann surface and an (K + M )-pointed one

X = (y{,...,yﬁ\/[|01!3:1,...,x1v) 2) = (yllla"'ayx/[|02’%17"-7%K) (1.8)

Assume each component of C (resp. C) intersects x1, . .., Ty (resp. s1, . .., XK).
We choose local coordinates 1;, (i, §;, @; at each x;, ¢, y}, y; respectively. The
reason we write , and 37 on the left of C, C5 is that we regard them as “outgoing
marked points”. Those written respectively on the right of C'y, C'y are regarded as
“incoming marked points”.

Let V be Cy-cofinite. Associate a grading-restricted V®V-module W to the
ordered marked points 1, ...,xy. Associate a grading-restricted V®X-module
M to the ordered marked points s¢q, . .., k. The following theorem is the main
result of this paper. Its proof follows automatically from the results established in
this paper.

Theorem 1.5. There exist uniquely (up to equivalences) a grading-restricted VOM -
module Nx(W) and a conformal block J € T (W @ Ng(W)) (s0 1 : W®
Nx (W) — C is a linear functional “invariant under the action of V) satisfy-
ing the following condition: For every grading-restricted VEM -module X and ev-
ery I' € 7 (W ® X)) there is a unique morphism T : X — Nx(W) such that
F=Jo(1®T).

Similarly, such Ny (M) and 71 € F3 (M @ RNy (M)) exist uniquely (up to equiv-
alences) for ).

Proof. By Thm. A.14, grading-restricted V® -modules are equivalent to finitely-
generated admissible V™ -modules. The existence of (Nx(W), J) is due to Thm.
4.30 and Thm. 4.31. The uniqueness is due to Rem. 4.22. (I

We call (N (W), J) (or simply call Ny (W)) the dual fusion product associated
to X and W. Its contragredient module is denoted by [x]x (W) and called the fusion
product associated to X and W. As an immediate consequence of Thm. 1.5, we
have

dim Homyen (X, Nx(W)) = dim (W @ X) (1.9)

For each 1 < j < M, choose neighborhoods W of y; and W} of y} on which
&;j and w; are defined respectively. We assume that there exist 7, p; > 0 such that

&Wj)=Dr,  wj(Wy) =D, (1.10)
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Note that §;(y;) = @;(y;) = 0.
For each j, choose ¢; € C satisfying

0< ‘q]'| <Tjp; (1.11)

Remove small discs centered at yé-, y;-’ respectively, and glue the remaining part by
the rule that p; € W; and 7] € W are identified iff

& ()@, (Pf) = ¢ (1.12)
By performing this gluing construction for all 1 < j < M we obtain a new pointed
surface

}S#q,ﬁjz(Cq.]ml,...,xN,m,...,%K) (113)
with local coordinates 1y, ..., MmN, i1, - - ., fi- See Figure 2 for example.

FIGURE 2. An example of X#,,2 where N =2, K = 3, M =
3. X#4.2 has genus-5

Write Y(1® - Qc®---®1,2) = >, _, Lj(n)z~""2 where the conformal
vector ¢ € V(2) is at the j-th tensor component of 1 ® --- ® ¢ ® --- ® 1. The
following theorem and corollary will be proved in [GZ26, Thm. 3.4, 3.5].
Theorem 1.6 (Sewing-factorization). There is a well-defined linear map

V,, : Homyewm ( Xy (M),Nx(W)) — yg#q.@(w ® M) (L.14)
T8, ((1oT) @) |

By “well-defined” we mean that for each w € W, m € M,

Se (A7) @) (w@m) :=3(w®T(L)) : _l(m®q1Ll(0) . '-qu‘{(o)L)

ZZ](w QTeE) - T(m® qlLl(O) - q@M(O)ea)
: (1.15)

(where {e} is a homogeneous basis of Ny (M) and {€,} is its dual basis), as

a formal series of q1,...,qn and logqy, ..., log qns, converges absolutely (in an

appropriate sense) to a conformal block associated to X4 4,7 and W @ M.
Moreover, W, is an isomorphism of (finite-dimensional) vector spaces.

Thm. 1.6 can be stated in the following equivalent way, thanks to Thm. 1.5.



866 BIN GUI AND HAO ZHANG

Corollary 1.7 (Sewing-factorization). There is a well-defined isomorphism of
vector spaces

Dy, : T (WRRY(M)) — Ty, 9(WOM)
Y= S, (b®T)

where, for each w € W, m € M,

(1.16)

{ \
Su(@®Nwem) =pwe-) - Ameq™” g =) @1

1.4. Self-sewing regained; the factorization formula. Although we have only
considered disjoint sewing in Sec. 1.3, we can still prove a sewing-factorization
theorem for any type of sewing by transforming it to a disjoint sewing as in Fig. 3.

FIGURE 3. Transforming self-sewing to disjoint sewing

Let V be Cy-cofinite. Let X = (v, y"; &, w|Clx1,...,xN;m,...,mN) be as
in Sec. 1.1. We have moved the pair of points v/, 3" to the left of C' to indicate
that they may be viewed as “outgoing points”. For each 0 < |q| < 7p, SgX is as
in Sec. 1.1. Associate a grading-restricted VO -module W to the marked points
Lly+--53LN-

Let ¢ be the standard coordinate of C. Let

9 = (00,0;1/¢, ¢IP!15¢ — 1) (1.18)

be a 3-pointed sphere with marked points c0,0,1 (where 0,0 are the outgoing
ones) and local coordinates 1/(, ¢, ( — 1. Associate V to the incoming point 1. By
Thm. 1.5, we have a dual fusion product (Ngq(V), 7T) where N (V) is a grading-
restricted V ® V-module, and the linear functional 7T : V® Ng(V) — Cis a
conformal block (i.e. 7€ .73 (V®Nq(V))). (In fact, Ng (V) is a subspace of Li’s
regular representation of V [Li02, LS22], see Exp. 1.11.) Recall that X5 (V) is
the contragredient module of Ng (V).

Let X#,.4,Q denote the sewing of X and Q along the pairs of points (y',0)
and (y”, c0) with parameters ¢i, g2 € C satisfying ¢1¢2 = ¢. Then X, 4, is almost
equal to S;X except that X, 4, has an extra marked point. Associate V to this
extra point. Then by the propagation of conformal blocks (3.83) (cf. [Zhu94,
FBZ04, Cod19, DGT21, Gui24b]), we have a canonical isomorphism Zg‘;x(W) ~

Yu, o(W®YV). Thus, Cor. 1.7 implies the following corollary that will be proved
in [GZ26, Thm. 2.2].
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Corollary 1.8 (Sewing-factorization). There is a well-defined isomorphism of
vector spaces

Sy TF(WRK(V)) — T& x(W) (1.19)

such that for every w € W, the following converges absolutely (in an appropriate
sense) to a conformal block &\ associated to SuX and W :

{ \
Sab(w) =P(w®-) - T1 e 0-) (1.20)

Remark 1.9. If V is C'y-cofinite and rational, using the universal property in Thm.
4.31, it is not hard to see that

Na(V) = P MM (1.21)
Me&

where £ is a set of representatives of equivalence classes of irreducible V-modules,
and

7:Ve (@AM eM) - C
MeE (1.22)
v@m @m — (Y(v,1)m’,m)

satisfies (1 @ m' @ m) = (m/,m) if m € M € £ and m’ € M'. Then (1.20)
equals (1.6).

We emphasize that the factorization formula

dim 73 (W ®@Kq(V)) = dim I x(W) (1.23)

implied by Cor. 1.8 generalizes (1.7) and computes the dimensions of spaces of
conformal blocks of §,X in terms of those of X.

1.5. Construction of the dual fusion product N (W). An explicit construction
of the dual fusion product Ny (W) is given in this paper. For the reader’s conve-
nience, we briefly summarize it here.

Choose integers N > 1, M > 0. Consider an (M, N)-pointed compact Rie-
mann surface with local coordinates

X = (yla"'7yM;917"'79M‘C|x17"'>$N;7717"'777N) (124)

Namely, x,, y» are distinct marked points of the compact Riemann surface C. We
view x, as the incoming points and ¥, as the outgoing points. We assume that each
component of C' intersects {x1,...,xyx}. Each n; resp. 6; is a local coordinate of
C at x; resp. y;.

Let V be Co-cofinite, and let W be a grading-restricted V&V -module. Write

Yi(,2) =Y1® - ®uv®---®1,z) (1.25)

where v € V is in the ¢-th component of 1 ® - ® v ® - - - ® 1. The goal of this
paper is to give an explicit construction of the dual fusion product Ny (W) (which
is a grading-restricted V®M -module) and prove Thm. 1.5. Note that the existence
of dual fusion products satisfying Theorem 1.5 can be readily established using the
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fact that any left exact functor from a finite linear category to the category of finite-
dimensional vector spaces is representable (cf. [DSPS19, Cor. 1.10]). However,
the explicit construction provided in this paper will be essential in the third part of
the series for proving the sewing-factorization theorem.

Our definition of Ny (W) as a vector space is due to Kong and Zheng [KZ]: We
set

Nx (W) = h_I)n ‘7%*,(11 ..... apr (W)

at,...,apr€N
where
(gf;ah...,aM (W))a17-~~7aAI€N
is an increasing system of subspaces of W* described as follows. For each grading-
restricted V®M_-module M and each ay, . . ., an € N, if we let

QCL*(M)
={meM:Y(v)ym =0V1 < j <M, homogeneous v € V,k > wt(v) + a;}

then for each conformal block w : W ® Ml — C associated to X and each m €
Qq, M), w(—®m) : W — C is a linear functional. We expect that all such
linear functionals form the space 73, (W) = 75, (W). So we define
93; o, (W) to be the set of linear functionals ¢ : W — C satisfying an “invariance
condition” that is strong enough and is satisfied by all linear functionals of the
form w(— ® m). Such a linear functional is called a partial conformal block
of multi-level a1, ..., ays associated to X and W, because it is a conformal block
when M = 0. Roughly speaking, this invariance condition says that the actions
of Yj(v,z) on W, for all 1 < ¢ < N, can be extended holomorphically to the
same holomorphic section on C' — {x,, y.} which has the desired order of poles
(determined by a;) at each y;. We refer the readers to Def. 3.7 for the precise
definition which involves the sheaf 7% ,, = 7%.4,,.. 4, o0 C (cf. Def. 3.3), a
generalization of the vertex algebra bundles in [FBZ04, Ch. 6].

7%,0,..0 and 7y (W) were introduced in [NTO5, Sec. 7.2] and [DGT24,
Sec. 6.2] to study the factorization property for conformal blocks of Cs-cofinite
and rational VOAs. When aq,...,aps are not necessarily equal to O but C' has
genus-0, 73, (W), or rather its (pre-)dual space Jx 4, (W), has appeared much
earlier:

Example 1.10. Let ¢ be the standard coordinate of C. Choose z € C* = C — {0}.
Assume that X is the 3-pointed sphere

B = (03 1/C[PY[2, 0:¢ = 2,0) (1.26)
with incoming points z,0 and outgoing one . Choose grading-restricted V-
modules W1, W5. Then W1 @ WS is a grading-restricted V®V-module. In the lan-
guage of the vertex tensor category theory by Huang-Lepowsky [HL95a, HL95b,
HL95c, Hua95] and Huang-Lepowsky-Zhang [HLZ14, HLZI12a]-[HLZ12g],
Nip. (W1 ® W) is equal to the P(z) dual fusion (tensor) product W1 Np(.) W
in the category of grading-restricted V-modules. Moreover, 9;5‘27 (W1 ® Wa) is
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the set of all A € (W; ® Wy)* satisfying the P(z)-compatibility condition (cf.

[HLZ12c, Sec. 5.2] the paragraph after Rem. 5.33) and satisfying that for each

homogeneous v € V,
YI’D( yOkA=0  Vk=wt(v)+a (1.27)

where YI/D(Z)(U,Z) = Dz Y]’D(Z)(v)/zﬁz_”“_1 is defined in [HLZ12c, Def. 5.3].

(Note that the notation Y’ defined in Def. 2.3 has a different meaning and satisfies
an upper truncation property.)

Example 1.11. Let X be Q = (1.18) and W = V. Then each .7 |, (V) is the {2y, -
subspace of Li’s regular representation of V [Li02, LS22]. Note that N (V) =
lim 73, (V). Let

—>neN ,1, T

On (V) = Spanc{Res.—g 2772y (14 2)POF 7y, 2)udz s uyv e V} (1.28)
Then the (pre-)dual space g nn (V) of 73, ,(V), denoted by A, (V), is equal to
yﬁ,n,n(v) = En(V) = V/an(v) (1.29)

When n = 0, Ag(V) (as a vector space) is equal to the Zhu algebra A(V) = Ay(V)
introduced by Zhu in [Zhu96]. (That 74  o(V) equals A(V) was shown in [NTO5,
Prop. 7.2.2 and A.2.7].) In general, we have

A (V) = A, (V)/{L(0)v + L(=1)v : v e V} (1.30)

where A, (V) is the level n Zhu algebra introduced by Dong-Li-Mason in [DLM98].
See [LiO1b, Li22] for details.

Next, we explain how to define a weak V®M _module structure on Nz (W). We
need to define Y;(v), = Y(1® - - ®v®---® 1), on Ng(W) for each v € V,
show that Y; satisfies the Jacobi identity in the definition of weak VOA modules,
and show that Y; commutes with Y}, if j # k. This task is one of the most important
and non-trivial steps towards our ultimate goal of proving the sewing-factorization
theorem. It clearly has its counterparts in the vertex tensor category theory by
Huang-Lepowsky and Huang-Lepowsky-Zhang (cf. [HLZ12c, Ch. 6]) and in the
theory of regular representations by Li (cf. [Li02]). But it also plays a role sim-
ilar to that of constructing an A(V)®M_module structure on Fx g, o(W) in the
proof of the factorization property for conformal blocks of Cs-cofinite and rational
VOAs, cf. [NTOS, Sec. 7.2] and [DGT24, Sec. 6].

[NTOS, DGT24, KZ] all use some universal algebra of V to treat this problem.
In our paper, instead of using any associative algebra of V (either the universal
algebra or the higher level Zhu algebras), we carry out this task by using the (sin-
gle and double) propagations of partial conformal blocks, which is similar to the
methods in [Zhu94] and especially in [Gui24b]. One may view our method as
an analytic-geometric and higher-genus version of Huang-Lepowsky-Zhang’s ap-
proach in [HLZ12c] and Li’s approach in [Li02]. (Note that Nagatomo-Tsuchiya’s
approach also uses (single and double) propagations. See for example [NTOS5, Sec.
5.5], some arguments of which are used in the proof of [NTO0S, Prop. 7.7.2.].)
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To explain our method, we first consider the case that X is = (1.18). Then
W is a V-module and is associated to the incoming marked point 1. We need to
define Y, (v,2) = Y(v®1,2) and Y_(v,2) = Y(1 ®v, z) if v € V, where the
vertex operations Y, and Y_ are associated to the outgoing marked points co and 0
respectively. Choose any ¢ € Ny (W), which is a linear functional W — C. Using
the strong residue theorem (Thm. 3.41), one can show that for each w € W, the
formal Laurent series

(b, Yw(v, z — 1)w) (1.31)

can be extended to a holomorphic function !¢ (v, w) on C* — {1} = C — {0, 1}
with finite poles at 0, 1, co. Clearly :d (v, w) is bilinear with respect to v, w. Choose
circles C_, C centered at O with radii < 0 and > 0 respectively. Then

(Y_(v)pd,w) = § W (v, w) - 2"dz (Y (0)n,w) = § W(v,w) - 2"dz

c_ cy

where Y/ (v,2) = 3 YI(v)pz™ 1 = Vi (e#FW (—272) L0y 2=1). Now, if
v1,v2 € V, then the expressions

W (v, Yy (va, 22 — 1)w) 5, (when |z — 1] is small) (1.32a)
W (Y (v2, 22 — 21)v1,w) 2, (when |z — 21| is small) (1.32b)

can be extended to the same holomorphic function >¢ (vs, v1, w) on Conf?(C* —
{1}) = {(21,22) : 21,22 € C* — {1}, 21 # 22}. By calculating some contour
integrals of > (v, v1, w), one can show that Y5 (v), ¢ belongs to Ng (W), that
Y_ and Y; satisfy the Jacobi identity, and that Y_ commutes with Y7 .

For a general X, the idea is the same, except that one needs more effort to prove
that (1.31) can be extended to a global holomorphic section of a suitable holo-
morphic vector bundle (of possibly infinite rank) on C' — {x., y« }, and that (1.32)
can be extended to a global holomorphic section on Conf?(C' — {x.,y,}). These
processes are called the propagations of partial conformal blocks and will be
studied systematically in Ch. 3.

We end this introduction with a few remarks.

Remark 1.12. In this section, we have assumed that V is Cy-cofinite for sim-
plicity. But Nx(W) can be constructed without assuming that V is Co-cofinite.
(Therefore, our geometric interpretation of A, (V) is not restricted to Cs-cofinite
VOAs.) In the main body of this paper, we only assume that V. = @, _ V(n)
with dimV(n) < +oc0. We consider a vector space W with mutually commut-
ing vertex operations Y7, ..., Yy such that (W,Y;) is a weak V-module for each
i. Then (W,Y7,...,Yy) is called a weak V*"-module. Similar to admissible
(i.e. N-gradable) V-modules, an admissible (i.e. NV -gradable) V*N _module is a
weak V*¥-module W with NV -grading W = Ony..neny W(n1, ..., ny) com-
patible with the vertex operations Y71, ..., Yy. See Def. 2.7. If a grading can be
chosen such that each W(n1,...,ny) has finite dimension, we call W a finitely-
admissible V*"-module. We shall study the propagation of partial conformal
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blocks for finitely-admissible V*?V-modules. This finite-dimension condition al-
lows one to sew conformal blocks. (As in [Gui24b], we understand propagation as
a sewing construction (cf. Fig. 3.4) followed by an analytic continuation.) And we
shall prove that Ny (W) is a weak V>**-module.

Remark 1.13. We have fixed local coordinates 7, and 6, at the incoming points
xo and the outgoing points y, respectively. But Ny (W) can be realized in a
coordinate-free way with the help of Huang’s change-of-coordinate formulas (see
[Hua97]). The independence of 6, can be realized easily using the universal prop-
erty in Thm. 1.5. Thus, we shall fix 6, and define Nx (W) as a set of linear
functionals on #%(W), a coordinate-free version of W. #5%(W) is a vector bun-
dle over a single point such that for each choice of n, we have a trivialization
U(ne) : #%(W) = W, and that the transition functions are given by the expo-
nentials of certain Virasoro operators. See Def. 3.4 for details. The readers should
notice that #5 (W) relies on the choice of grading of W.

The task of each section is already indicated by its title. In particular, in Ch. 2 we
review the basic properties of conformal blocks and generalize some of the results
to the setting considered in this paper. In Ch. 3, we establish the propagation
of partial conformal blocks, which, as mentioned earlier, is used crucially in the
construction of the dual fusion products in Ch. 4. A technical subtlety concerning
modules for products of V will be addressed in Appendix Ch. A.

In part II of this series, we will study the connections on sheaves of conformal
blocks associated to C'y-cofinite VOAs and holomorphic families of compact Rie-
mann surfaces. We will address several convergence issues concerning conformal
blocks. In part III we will prove the sewing-factorization theorem.

Acknowledgment. We are grateful to Liang Kong and Hao Zheng for many en-
lightening conversations. In particular, we owe to them the definition of the vector
space Nx (W) (the dual fusion product). We would also like to thank Chiara Dami-
olini, Angela Gibney, Yi-Zhi Huang, Haisheng Li, and Robert McRae for helpful
discussions.

1.A. Notations.

N={neZ:n=>0},,Zy ={neZ:n=>1}

0; ; is the Kronecker symbol, which means 9; ; = 0if i # j and 9; ; = 1if
1=7.

All neighborhoods are open. The closure of a subset E is denoted by E°.
All vector spaces are over C.

If Xisasetand Y < X isasubset, then X —Y denotes {xr € X : z ¢ Y}.
And

Conf"(X) = {(z1...,2n) € X" 1 @ # x; if i # j} (1.33)

If > 0, then D, := {z € C : |z| < r} is the open disc with radius r and
D) := D, — {0}. When there are several discs, we write

Dy, =Dy, x -+ x Dy Dy, =D x---xDJ, (1.34)
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o If F is a sheaf on the topological space X, then F, denotes the stalk of F
at x € X and HY(X, F) denotes the g-th sheaf cohomology group of X.
In particular, H°(X, F) = F(X).

e If X is a complex manifold, then Ox denotes the structure sheaf of X.
Ox , denotes the stalk of Ox at z and mx ; = {f € Ox, : f(z) = 0} is
the maximal ideal of O ,. Then

(Oxz/mxz) =~ C.
If F is an Ox-module and x € X then F,

JT'
-7:|a: = Ww]‘—x ~ Fu ®OXE (OX,x/mX,x) (1.35)
is the fiber of F at x, which is a vector space. The residue class of s € F

in F|; is denoted by s(x) or s|:
s(z) = s|, € Flx (1.36)
Equivalently,
s(z) =s®1e F ® (Ox/mx ) (1.37)
e If £ is an Ox-module (for example, a holomorphic vector bundle of finite
rank on a complex manifold X), then £ and £* = Homp, (€, Ox) both

denote the dual sheaf of £, which is the dual bundle of £ when £ is a
vector bundle. Then for each open U < X,

pe&*U) — ¢ : Ely — O is an Oy-module morphism  (1.38)

Similarly, if V' is a vector space, then V'V and V* both denote the dual
vector space of V.

If £ and F are O x-modules, then £ ®p, F is often written as £ ® F for
short. (Note that when &, F are vector bundles, then £ ® F is their tensor
product bundle.)

e Let £ be an Ox-module. Let ¢ € £*(X), i.e. ¢ is an Ox-morphism
€& — Ox.Foreachz € X, let

(yb(x) = ¢|x = (Z)@ 1: gx ® (OX,x/mX,a:) - OX,:): ® (OX,x/mX,z) ~C
(1.39)

Thus ¢(x) is a linear functional on &£|,. Equivalently, ¢(x) is defined by
descending ¢ : &, — Ox 5 to E;/mx & — C.

e Suppose that S is a closed submanifold of X with codimension 1. Then
for each k € Z, Ox(kS) is the Ox-submodule of O|x_g consisting of
sections of O|x_g with poles of order < k at S. Denote

Ox (e5) := lim Ox (kS).
keN
If £ is an O x-module, we set
E(kS) =E®Ox(kS) E(eS) = lim E(kS)
keN
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If £ is locally free (i.e. a vector bundle), then the sections of £(e.S) (resp.
E(kS)) can be viewed as sections of £|x_g with finite poles (resp. with
poles of orders at most k) at S.

o If 7 : X — Y is a holomorphic map between complex manifolds and £ is
an O x-module, then 7, (€) denotes the pushforward of £. If F is an Oy -
module, then 7*(F) = F ®p, Ox denotes the pullback of F. Moreover,
suppose F is a holomorphic vector bundle over Y, whose trivialization on
UcYis

f:Flyv = F®c Oy,

where F' is a vector space. Then the pullback 7*F has a natural vector
bundle structure, whose trivialization on 7=1(U) < Y is

7T*f : W*(f)‘ﬂ.—l(U) = F®O7r—1(U)'

e Suppose W is a vector space and z is a formal variable. Then
N
Wiz] := {Z wp2" :wy, € Wyn € N}
n=0

W([z]] := {2 wpz" twy, € W}

neN

W((2)) :={ > wn2":w, e W,NeN}
n=—N

WI[=E] = ) wn2" : w, € W}

neZ

W((z,w) :={ > ariz"w': ag, € W,N e Z}
k=N

Foreachw = Y, _, w,z" € W[[z*1]],
Res,_qwdz := w_;.

If W is a commutative ring, then so is W ((z, w)).
e We use frequently the symbol

Ne = (N1,...,NN). (1.40)

e Let X be a complex manifold. Choose a formal power series

f= D an -2ty e 0(X)[[z1,- .., 2n]]

neeNN
where each a, € @(X). Let Q2 be an open subset of C'V. We say that
f converges absolutely and locally uniformly (a.l.u.) on X x ) (1.41)

if for every compact subsets K < X and I' < 2 we have

sup Z |lan, (z)] - |27 - 23| < +o0
reK,ze€l’ noeNN
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2. Vertex operator algebras and conformal blocks

2.1. Vertex operator algebras and their modules. In this article, unless oth-
erwise stated, we assume that a vertex operator algebra (VOA) has N-grading
V =®,,cn V(n) and dim V(n) < +00. The vacuum vector is denoted by 1, and
the conformal vector is denoted by c. The vertex operator is written as Y (v, z) =
> ez Y ()27 1. The Virasoro operators are L(n) = Y (c),1. Recall that V is
called Cs-cofinite if dim V/C5(V) < oo, where C2(V) = Span{Y (u)_2v : u,v €
V}.

We recall the notions of weak modules and admissible modules. Let W be a
vector space over C with a linear map

V — (EndW)[[*']]
u— Yy(u,z) = Z Y (u)pz™ "t

nez

Definition 2.1. We say (W, Yyy) is a weak V-module if it satisfies:

(a) Lower truncation: For each u € V,w € W, Yy (u, 2)w € W((2)).
(b) Vacuum: Yyy(1,2) = L.
(c) Jacobi identity: For any u,v € Vand m,n, h € Z,

)y <Tln) Yw (Y () ngt - 0)mynt

leN
= —1lnYum+n,Yv+— —1l+”ann+,Y W)t
S0 (7 )it ¥itwhnst = 0 ()P0 i@

2.1)

Set L(n) = Yw(c)pn+1 for a weak V-module W.
A weak V-module W is called an admissible module if there exists a diagonal-
izable operator L(0) on W with eigenvalues in N, satisfying the grading property

~

[L(0), Y (u)n] = Yw(L(0)u), — (n + 1) Yy (u), (2.2)
We fix grading W = @, .y W(n) where
W(n) = {weW: L(0)w = nw} (2.3)

Moreover, if each eigenspace of E(O) is finite dimensional, then W is called a
finitely-admissible module.

Definition 2.2. Given an admissible V-module W = ), . W(n), one can define
its contragredient module W’ as follows. As a graded vector space,

W = P W(n)*. (2.4)

neN

The vertex operator Yyy is defined by

(Yo (v, 2)w’, w) = (w’,Yw(eZL(l)(—z_Z)L(O)v,z_l)w> (2.5)
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for each v € V,w € W,w' € W'. Define L(0) on W’ by setting L(0)w = nw for
w € W(n)*. Then W becomes an admissible V-module. We call (W', Yyy/) the
contragredient module of W.

If W is furthermore finitely admissible, then so is W’.
Definition 2.3. Suppose (W, Yyy) is a weak V-module. Define
Yiy (v, 2) € End(W)[[2*!]] and Yiy(v)r € End(W)
by
Yig(v,2) = Y. Yig(o L= Y (eFW (=272 L0y 1) (2.6)
neZ

If v is homogeneous, it is easy to compute that

—1)wt(v)
YW(U)” - Z (])dYW (L(l)kv) —n—k—2+2wt(v) @7
keN ’

By (2.5), if W is admissible, then Y, (v)s, is the transpose of Yyy (v)s,.

2.2. Admissible V; x --- x V-modules. Let Vi,--- V5 be VOAs. In this
section, we introduce the notion of finitely-admissible Vi x --- x V-modules,
which is convenient for proving many analytic properties of conformal blocks.
See Thm. A.14 for a relationship between such modules and grading-restricted
generalized V| ® - - - ® Vy-modules when V1, ..., Vy are Cs-cofinite.

Definition 2.4. Suppose W is a weak V;-module with vertex operator Yyy ; (or Y;
for short if the context is clear) for each 1 < 7 < IN. Moreover, if v € V;, we set

YWzU Z ZYWZ

neZ

and L;(n) := Y;(c)pt+1. Wis called a weak V; x - - x V-module if
[Yi(@)m, Yj(v)n] = 0

forall1 <i+# j < Nandm,n € Z,u € V;,v € V. In particular, if 7 # j, then
Li(m) and L;(n) commute with each other.
If M is also aweak Vi x --- x Vy-module, then a linear map 7" : W — M
intertwining the actions of Vy, ...,V is called a (homo)morphism of weak V; x
- x Vy-modules. All such maps form a vector space Homy, x...xv, (W, M).

Remark 2.5. A weak V| ® - - - ® Vy-module (where Vi ® - - - ® V is viewed
as a single VOA) is obviously a weak V; x --- x Vy-module. A version of the
converse can also be proved by checking the weak associativity [LL04].> We will
discuss this in more details in Sec. A.1.

ZWe are grateful to Haisheng Li for informing us of this fact.
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Definition 2.6. If M is a weak V1 x - - - x Vy-module and [E < M is a subset, then
we say E generates M if M is spanned by

{}/}1(”1)”1 }/}k(uk)nkw :k€Z+,1 g.jlv"' 7.jk < N7
uy Gle,...,ukGij,nl,--- ,nkeZ,weE}
(2.8)

Moreover, if E is finite, we say that M is finitely generated.

Definition 2.7. LetVy, .-,V be VOAs and W be a weak V{ x - - - x V yy-module.
We say that W is an admissible V; x - - - XV y,-module if there exist simultaneously

diagonalizable (and hence commuting) operators L;(0)(1 < j < N) on W with
eigenvalues in N such that for each 1 < 4, j < N we have

[L;(0), Yi(v)n] = 03 (Yi(L(0)v)y — (n + 1)Yi(v)n) (2.92)

Then we have

[L(0), Yi(v)n] = Yi(L(0)v)n — (n + 1)Yi(v)n (2.9b)
if we define
L(0) := Ly(0) + - -- + Ly (0) (2.10)
Set
W(ne) =W(ny,...,ny) = {weW: L;(0)w=nw (V1<j<N)}
(2.11a)
Whn)= @ Wh,...,ny) = {weW:L0)w=nw} (2.11b)
nit-t+ny=n
Ws" = P W(k), V"= V(k) (2.11c¢)
k<n k<n

Then we have N-grading and NV -grading
W=@PWnhn) = P W) (2.12)

neN neeNN

A vector w € W is called L,(0)-homogeneous (or simply homogeneous) if it
belongs to W (n.,) for some n, € NV, If w € W, we write

wtj(w) =n; i L;j(0)w = njw (2.13a)

wt(w) = n if L(0)w = nw (2.13b)

Definition 2.8. Let W be an admissible Vi x --- x Vy-module. If each W(n)

is finite dimensional (equivalently, if each W(ny,...,ny) is finite dimensional),
then W is called a finitely admissible V; x --- x V-module.

Example 2.9. (1) An admissible (resp. finitely admissible) V*!-module is
equivalent to an admissible (resp. finitely admissible) V-module defined in
Definition 2.1.



ANALYTIC CONFORMAL BLOCKS OF C2-COFINITE VOAS 1 877

(2) Suppose W; is an admissible (resp. finitely admissible) V;-module for
eachl <i < N. ThenW, = W; ® - - - ® Wy is naturally an admissible
(resp. finitely admissible) Vi x --- x Vy-module if we define L;(0) on
Wetobel1®: - ® L;(0) ®---®1 where L;(0) is at the i-th component.

(3) Let W be an admissible V; x --- x Vy-module. Define a graded vector
space

W=@Wn* = @ Whi,.. ny)* (2.14)

neN N1y, AN

For each 1 < j < N, define Yy ; : V; @ W — W/((2)) by
(Yo j(vj, z)w’,w) = <w',waj(eZL(l)(—zd)L(o)vj,zfl)w> (2.15)
foreachv € Vj, w € W,w" € W’. Then W', together with all Yyy ; and all
L;(0) (where 1 < j < N), is an admissible V; x --- x V-module if the
L;(0) acting on each W(n)* is defined to be the transpose of L;(0) acting
on W(n). We call W’ the contragredient module of W.

Convention 2.10. Unless otherwise stated, the grading operators of W1 ®- - -QW
and W’ are always defined as in Exp. 2.9. The grading operator of V is set to be
L(0) = L(0).

Remark 2.11. Suppose that W = @,20:1 Wi, where each Wy, is a finitely-admissible
Vq % -+ x Vy-module with grading operators L¥(0),..., L% (0), then W is a

finitely admissible V; x --- x V-module since we can define its grading opera-
tors L1(0), ..., Ly(0) to be
Li(0O)w = (k+ LEO)w  ifwe Wy (2.16)

2.3. Change of coordinate. In order to give the definition of conformal blocks,
we recall the change of coordinate formula discovered by [Hua97]. Let O¢ be
the structure sheaf of complex plane C and O¢ be its stalk at 0. Define G =
{p € Ocp : p(0) = 0,p'(0) # 0}. Then G becomes a group if we define the
multiplication p; - p2 to be their composition p; o ps.

Notice that for each p € G, there exist unique c1, ¢2, - - - € C, such that

p(z) = p'(0) - exp ( Z cnz"Hé’z)z. (2.17)
n>0
Now, choose an admissible V*¥-module W. Define U;(p) € End(W)(1 < j <
N) to be
Ui(p) = p(0)5 exp () enLj(n)) (2.18)

n>0
which is a finite sum when acting on each vector w € W. Since

[2;(0), Lj(n)] = —nL;(n),

Lj(n) lowers Ej(O)-weights, and hence lowers L(0)-weights. So (2.18) actually
defines U;(p) € End(WS"). Moreover, U;(p1) commutes with U (p2) for i # j
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and p1, pa € G, since each operator in {L;(0), Li(n) : n € Z} commutes with each
onein {L;(0),L;j(n) :ne Z}ifi # j.

Theorem 2.12. For a fixed admissible V> -module W, U; gives a representation
of Gon'W foreach 1 < j < N, i.e, Uj(p1 o p2) = Uj(p1)U;(p2) for p1,p2 € G.
In particular, U;(p) is invertible for each p € G.

Proof. One may view W as an admissible V-module defined by Yyy ;. Then this
theorem follows from [Hua97, Sec. 4.2]. See also [FBZ04, Ch. 6] or [Gui23, Sec.
10]. O

Suppose X is a complex manifold and p : X — G,z — p, is a function.

Definition 2.13. p is called a holomorphic family of transformations if for each
x € X, there exists a neighborhood V' of x and a neighborhood U of 0, such that
(z2,y) €e U x V — py(z) is a holomorphic function on U x V.

If p is a holomorphic family of transformations, then the coefficients cg, 1, ca, - - -
given by (2.17) depend holomorphically on z € X. Therefore, (2.18) gives an iso-
morphism of O x-modules

Uj(p) WAL ®c Ox = WS ®c Ox (2.19)

sending each WS"-valued function w to the section z — U;(pz)w(x). When
N = 1 so that W is an admissible V-module, we write U (p) as U(p).

Example 2.14. Suppose W is an admissible V-module, X = C* and z € C*. Set

Y. as
Valt) = zit _;
Then v = vy, is a holomorphic family of transformations and it is easy to compute
Uly,) = LD (—=2)LO), (2.20)
It is easy to see v, (zt) = 271y (t). Thus
Uly:) =" = 2 E O (yy). (2.21)

2.4. Sheaves of VOAs for compact Riemann surfaces. Let V be a VOA and
C be a compact Riemann surface. We recall the construction of the sheaf 7¢
associated to V and C.

Let U, V be open subsets of C' with univalent (i.e., injective and holomorphic)
functions n € O(U), u € O(V). Define a holomorphic family of transformations

o(nlp) : UNV — G,p — o(n|w)p, where o(n|u),(2) = nop™ (z+p(p)) —n(p).
Equivalently,

n—n(p) = e(nlw)p(p — up)) (2.22)

and for univalent functions n; € O(U;)(i = 1,2, 3),

o(n3|m) = e(ns|n2)e(n2lm) (2.23)
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on Uy n Uy n Us. By (2.19), we have an isomorphism of Oy~ -modules:

U(o(nlw)) : V" ®c Ovnv — V" ®c Oy
By Thm. 2.12 and (2.23), we have the cocycle condition

U(o(nslm)) = U(e(ns|n2))U(o(n2]m)).

This allows us to define a locally free Oc-module (i.e. a finite rank holomorphic
vector bundle) #5", such that the transition functions are given by U(o(n|p)).
Thus, for any open subset U < C' with a univalent function n € O(U), we have a
trivialization

Up(n) : V5" v = V=" ®c Oy (2.24)

Moreover, if V' < C' is another open subset with a univalent function p1 € O(V),
then we have transition function

Uy (MU (1)~ = U(o(nlp))

on U N V. The sheaf of VOA 7 is the Oc-module defined by 7 = | J,,cny 76"
or more precisely,
Yo = lim Y5
neN

Example 2.15. Let ¢ be the standard coordinate of C*. Then for each z € C*,

0(1/¢1¢)= = o(C1/C)1/z = V-
By Exp. 2.14,

(Ue(L/QULO) ™), = U(0(1/¢I0)) = Ulyz) = eV (=27%)HO,
2.5. Conformal blocks for compact Riemann surfaces.

Definition 2.16. X = (C"xl, X, L EN;ML, M2, ¢, M) is called an N-pointed
compact Riemann surface with local coordinates if

(1) 21,29, - ,xN are distinct marked points on the compact Riemann surface
C, and each connected component of C' contains one of these points.

(2) Foreach 1 < 7 < N, n; is a local coordinate near x;, i.e., a univalent
function on a neighborhood Uj; of z; satisfying n;(x;) = 0.

Forgetting the local coordinates, we call (C' }xl, x9,--+ ,xy) an N-pointed com-
pact Riemann surface.

Fix an N-pointed compact Riemann surface with local coordinates X = (C !:1;1, T, -

Let W be a weak V*V-module. Let us recall the definition of the space of confor-
mal block .73¥ (W) (cf. [FBZ04, Ch. 9]).
Write

Sx=x1+x2+~-+x1\/
and let wo be the cotangent sheaf of C. For each O¢-module &, set

£(eSx) = lim E(kSy).
keN

y TN, 12, 0

777]\7)
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More precisely, sections of £(eSx) are meromorphic sections of £ whose only pos-
sible poles are at x1, 22, -+ ,zy. By tensoring with the identity map of wy;, with
(2.24), we have the sheaf 7o ® wc (eSx) whose trivialization on the neighborhood
U, of x; is:
M@(ﬁi) : nj/C|Ui ®in(.Sf) = V®&c in(.Sf)'

where U, (;) is short for U, (n;) ®1. This allows us to define the i-th residue action
of each section o € H° (Ui, Yo ® wc(on)) on W:

o #; w = Resy,—oYi(Up(ni)o, mi)w. (2.25a)

The residue action of o € H%(C, ¥ @ we(eSx)) on w € W is defined by
N
oW = Za*iw. (2.25b)
i=1

Definition 2.17. The space of coinvariants .7x (W) is defined by
_ W
- HO (C, Yo ®wC(OS}j)) W’
where H%(C, ¢ ® we(eS%)) - W is the subspace of W spanned by {o - w : 0 €
HO(C, Yo ®wc(053g)), w e W},
The space of conformal blocks .73 (W) is defined to be the dual space of

T (W). Therefore, elements in .7;* (W), called conformal blocks are linear func-
tionals ¢ : W — C that vanish on H° (C, Yo ® wc(on)) - W.

Tx(W)

The above definition of conformal blocks depend on the choice of local coordi-
nates. See Def. 3.7 for a coordinate-free definition.

2.6. Sheaves of VOAs for families of compact Riemann surfaces.

Definition 2.18. X = (7 : C — B) is called a family of compact Riemann sur-
faces if 7 : C — B is a surjective proper submersion between complex manifolds,
and if each fiber C;, = 7 !(b) is a compact Riemann surface.

Fix a family of compact Riemann surfaces X = (7 : C — B). We recall the
definition of the sheaf of VOAs on X. (See [Gui24a, Sec. 5] for details.) Let U and
V be open subsets of C. n : U — C and 4 : V' — C are holomorphic functions,
which are univalent on each fiber of U and V. This is equivalent to saying that
(n,m) and (p, ) are biholomorphic maps from U, V' to open subsets of C x 5.
Define a holomorphic family of transformation o(n|u) : U n'V — G by

o(nlp)p(2) =m0 (7)™ (2 + ulp), 7(p)) — 1(p)-
That this family is holomorphic is clear from the definition. An equivalent but more
transparent definition is

N =1 wav),, = elmp(e — o)l vav),,,)-

For functions 7; € O(U;)(i = 1,2, 3) univalent on each fiber, we have

o(nalm) = o(n3|n2)e(nzlm)
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on Uy n Uy n Us. Similar to Subsec. 2.4, we can define an O¢-module (i.e. a
finite rank holomorphic vector bundle) ”I/f” such that the transition functions are
given by U(o(n|p)). More precisely, if U < C is an open subset with n € O(U)
univalent on each fiber, then we have a trivialization

Up(n) : V=" v = V=" ®c Op
such that the transition function is given by

Uy (MU (1)~ = U((]12)).
The sheaf of VOA 7% is defined by
7/36 — h_n)l a//x<n7
neN
which is a possible infinite-rank locally free O¢-module (i.e. vector bundle).

2.7. Conformal blocks for families of compact Riemann surfaces.
Definition 2.19. We call
X=(m:C— Blo;ne) = (m:C— Blor, - ,on;m1,- - ,1N) (2.26)

a family of V-pointed compact Riemann surfaces with local coordinates if

(1) 7 : C — B is a family of compact Riemann surfaces.

(2) Foreachi,g; : B — C is a section, namely, a holomorphic map satisfying
mog; = 1p. Moreover, we assume:
(@) <i(B) ng;(B) = gifi# j.
(b) For each b € B, each connected component of C, contains ;(b) for

somel <¢<N.

(3) m,--- ,nn are local coordinates at ¢;(B), - - - ,sn(B). Namely, for each
i, there exists a neighborhood U; of ¢;(B) such that 7; € O(U;), and that
7; restricts to a univalent function on U; n Cp, and satisfies 7;(s;(b)) = 0
for each b € B. (Equivalently, (n;, ) is a biholomorphism from U; to a
neighborhood of {0} x B in C x B sending ¢;(B) to {0} x B.)

If the local coordinates are forgotten, then (7 : C — B|§1, -+ ,6n) is called a
family of /V-pointed compact Riemann surfaces. Define the following divisor
of C

Sx=c(B)+ - +sn(B) (2.27)

Remark 2.20. Suppose X = (7 : C — Blci, - ,sn;m1, -+ ,nn) is a family of
N-pointed compact Riemann surfaces with local coordinates.

(1) If we choose B as a point (viewed as a 0-dimensional manifold), then X is
exactly an /N-pointed compact Riemann surface with local coordinates.
(2) For each b € B, each fiber

Xy = (Cb‘ﬂ(b), v (0)imle,s s mnle,)

is an IN-pointed compact Riemann surface with local coordinates.
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(3) Define relative tangent bundle O¢ 5 as the subbundle of ©¢ containing
sections of O¢ killed by dr : ©¢ — ©Op. The relative dualizing sheaf
we/p is defined as the dual bundle of ©¢ 5. If U is an open subset of C,
then the sections of we/3(U) are of the form fdn, where f € O(U) and
n € O(U) is univalent on each fiber of U. If x € O(U) is another function
univalent on each fiber, then we have transformation rule

0
fdn = f 5 dp. (2.28)
I
Moreover, we have natural equivalences
@C/B’Cb ~ Oc,, WC/Blcb = Wey,-

Fix an N-pointed family X = (7 : C — B|<;7.) and an admissible VN
module W. Recall that 7.(#x ® we/z(eSx)) is the direct image sheaf of 73 ®
we/p(eSx). So each

0 € mu( V2 @uep(05x)) (V) = (Yx ®weyp(e5%)) (m (V)

is a meromorphic section of ¥x @ we /i on 7~ 1(V) with possible poles only at Sy.
We define the residue action of 7. (7x ® we/p(eSx)) on W ®c Op as follows.
Since (n;, ) is a biholomorphism from U; to (7;, 7)(U;), we have two obvious
equivalences

(i m)s = (03, ) ™)* - Ov, = Oy i) (2.292)
(i m)s = (03, ™) ™) 2 weyslu, = Wiem) W)U (2.29b)

where w(,, ) w,)/=(U;,) 18 the relative dualizing sheaf associated to the family
(ni,m)(U;) — m(U;) inherited from the projection C x B — B. We have the
following pushforward maps, all denoted by V,(;) by abuse of notation:

Vg(ni) = (1V ® (2-293)) o ug(nz’) : yx‘Uz = V@(C O(Ui77r)(Ui)7 (2.303)
V(i) = (2.302) ® (2.29b) : Y2 @ weyslu, = V &c Wiy, myv)/m(vy)s  (2-30b)
V(i) : Vx @ weys(0Sx) v, = V ®c Wiy mywy)/m(wy) (#{0} x B). (2.30¢)

Let z be the standard coordinate of C. If w € W ®c O(V'), the i-th residue
action of o on w is defined by

o #; w = Res,—oY;(V,(ni)o, 2)w, (2.31a)
and the action of o on w € W ®¢ O(V') is defined by

N
o-w = Za*iw. (2.31b)
i=1

Definition 2.21. The Oz-module
_ W ®c Op
T (Vx @ we/p(*Sx)) - (W Q¢ Op)

Tx(W)
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is called the sheaf of coinvariants, whose dual Op-module .73 (W) is called the
sheaf of conformal blocks. The global sections of .73 (W) are called conformal
blocks associated to X and W.

Note that this definition does not rely on the L, (0)-grading of W.

3. Sewing and propagation of partial conformal blocks
3.1. Partial conformal blocks for compact Riemann surfaces.

Definition 3.1. An (M, N)-pointed compact Riemann surface is an (N + M)-
pointed compact Riemann surface

X = (y|Clza) = (1, ym[Cla1, -~ 2n)
where the marked points are split into two groups. Those points x, on the right are

called incoming points, and those points y, on the left are called outgoing points.
Suppose that for each j a local coordinate 6; at y; is defined. We call

X = (y*,9*|c|xo) = (y17 T ayM;ela e ,9M|C|331, T 7:6]\7)
an (M, N)-pointed compact Riemann surface (with outgoing local coordinates).

Set
Sx=x1+ -+ xpN, Dy =y1+ -+ yum. 3.1

Assumption 3.2. Unless otherwise stated, we assume that each connected compo-
nent of C' contains at least one of the incoming marked points x, (but not just one
of Te, Yu).

This assumption ensures that certain cohomology groups vanish, cf. (3.11).

Definition 3.3. Foreach ay,--- ,ayr € N, define
q//%i:ll,"' apng = 4//;:* = 7/36@( - (L(O)D:{ taiyy + -0 F ClMyM))

)

_ N E <N
7/3€,a17"'7aM = 7/3576“ = h—n}y/ﬁal,“waM
neN

using the data of X, V. More precisely, “//fgi is a locally free O¢-submodule

of ”chn described as follows: outside yi,--- , ¥y, it is exactly ”I/CS”; for each
1 < j < M, if W is a neighborhood of y; on which 6; is defined (and univalent),
and if W n {y1,...,ynm} = {y;}, then 7/3€$,£|Wj is generated by

Uy(9;) 7165 O (3.2)
for homogeneous vectors v € VS™,

Definition 3.4. Choose an admissible V*®~-module W, which is associated to the
ordered incoming marked points 1, - - - , x. Define a vector bundle #% (W) over
a point pt (whose structure sheaf is C) as follows. For each set of local coordinates
M1, -+ ,nn at the incoming marked points z1,--- ,xn, we have a trivialization
(i.e. an isomorphism of vector spaces)

Une) : W (W) = W
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satisfying that if there is another set of local coordinates fi1, - -+ , uy atx1,- -+ , TN,
then the transition function is
U U (pa) ™" = Us(m o py ) - Un (v © py') (3.3)

Notice that I;(- - - ) commutes with 24;(- - - ) if 7 # j.

Definition 3.5. Define a linear action of H* (C, ¥z 4, ... .0\, Qwc(95%)) on #x (W)
(called the residue action) as follows. Choose 0 € H?(C, Y3 4, ... a,, Qwc(0S%))
and w € #x(W). Choose a set of coordinates 7, at z,. Then

ox;w=UM) o % UMn)W) (3.4a)
N
0~W:20*iw (3.4b)
=1

Here U(n,)w is an element of W, and o #; U (n. )w is defined by (2.25a).

Remark 3.6. The above definition of ¢ *; w is independent of the choice of ,.
This was proved in [FBZ04, Thm. 6.5.4] (see also [Gui24a, Thm. 3.2]), as a
consequence of Huang’s change of coordinate Theorem [Hua97] (see also [Gui23,
Sec. 10]).

Definition 3.7 (Cf. [KZ]). Similar to the definition of conformal blocks, we define
Wx(W)

HO (C, VX a1, ans ®wC(OS};)) “Wx (W)
3.5

%7(117"‘701\4 (W) = yﬁa* (W) =

Then Jx q,,... .ap, (W) is called a truncated X-fusion product of the admissible
V*N_-module W. Its dual space T ay an (W) is called a truncated dual X-
fusion product of W. Moreover, when a; < ajforeachl < j < M, thereis a

natural injective linear map 9;@,1 - (W) — 9; aranr (W). Define the dual
X-fusion product of W to be
Se(W) = Dy T, 0y, (W) 66)

a1, ,ap€EN

Elements in EI%(W) called partial conformal blocks, are linear functionals ¢ :
#x(W) — C vanishing on H%(C, %3 4, .. ap, @ we(eSx)) - #x(W) for some

at, - ,0aM.
If M = 0, we call ¢ a conformal block, and write 73¢, ., (W) as 7 (W).

--------

Sec. 7.2] and [DGT24, Sec. 6.2].
3.2. Partial conformal blocks for families of compact Riemann surfaces.

Definition 3.8. A family of (1, N)-pointed compact Riemann surfaces (with
outgoing local coordinates) is an (M + N )-pointed family

X=(ribur:C—>B

Go) = (71, ags 01, Op|m : C = Bley, -+ ,on)
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where 7,, ¢, are sections and each 6, is a local coordinate at 7;(53). (Recall Def.
2.19.) We call ¢, the incoming (families of) marked points and 7, the outgoing
(families of) marked points. Define divisors of C:

Sx=§1(8)+"'+§N(B), DxZTl(B)—F"'-I-TM(B). (37)

Assumption 3.9. Unless otherwise stated, we assume that for each b € B, each
connected component of C, contains at least one of the incoming marked points

Go(D).

Definition 3.10. Foreach aq,--- ,ays € N, define
< <n . <
7/%7(?17_..7(1”[ = 7/%751 = 4//1: n( — (L(O)Dx +aym + 0+ CLMTM)),
: <
ai/f,al,'“,aM = "f/x,a* C= h_I)n”f/x;Ll’__’aM.

neN
More precisely, “//fgll e an is a locally free O¢-submodule of 7/;71 described as
follows: outside 71(B), -+, Tar(B), it is exactly ¥,=~"; for each 1 < j < M, let
W; be a neighborhood of 7;(53) on which §; is defined such that 1¥; intersects only
7;(B) among 71 (B), ..., Tar(B), then 7/3€ng .y, [W; is generated by

—1a;+L(0

Uy(05) 1‘9? @y

for homogeneous v € VS™,
Definition 3.11 (Definition of #4(W)). Choose an admissible V**-modules W,

which is associated to the ordered incoming marked points g1, - - - , sx. Choose an
open subset V' < B small enough such that the restricted family

Xy = <T1 vy s My [T Cy = Vialy, e on V)
| | sl) e
where Cy = 7 1(V)
admits local coordinates 71, --- ,nx at ¢1(V), -+, sy (V). If there is another set
of local coordinates pi1,-- -, pun at<i(V), -+, sy (V') respectively, then we have a

family of transformations (7;|x;) : V' — G such that
(M3l pa)b © pile, = mile,

for each b € V. By (2.19), we have an isomorphism of Oy -modules
Ui(milpi) - W Oy S WeR Oy.
Set
UMelpe) :=Ur(m|p1) - - Un(n|pn) : WR Oy — W® Oy

By Thm. 2.12 and the fact that /;(p1) commutes with U;(p2) for i # j, U(1e|fte)
satisfies the cocycle condition, and so we can define a locally free Og-module

Wx(W)

with a trivialization
Une) : Wx(W)ly — WOy
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for each set of local coordinates 7, at 1(V),- -+, sy (V). The transition function
of #x(W) is given by
U)U (1e) ™" = U(na|pe)-
3.2.1. Restriction to fibers. For each b € B, the fiber

Xy = (r1(0),- 7 (0); 01l wancas - » O lwasncs |Colsa (B), -+ s sn (B)

is an (M, N)-pointed compact Riemann surface with outgoing local coordinates.
Here we assume <1 (b), - - - , s (b) are incoming marked points and 71 (b), - - - , 7as ()
are outgoing marked points. Define divisors of fibers

Sx(b) = be = §1(b) 4ot gN(b), Dx(b) = Dxb = 7-1(()) ot TM(b)

Remark 3.12. By comparing the transition functions, it is easy to see that for each

neN,a,---,ay € Nand b € B, there is a natural isomorphism of O¢,-modules
< ~ Y <
35;17-",GM|C5 - 7/351;77;17"-,@1%’ (3.92)
and a natural isomorphism of vector spaces
Wx(W)|p =~ #x, (W). (3.9b)
Therefore, we have
4//;;117'“ aM ® WC/B(‘S}I)‘CI, = 7/35,7;17“' aM ®wcb(.8}:(b))' (3.9¢)
Proposition 3.13. Let n,ay,--- ,apr € N. For each b € B, there exists kg € N

such that for all k = kg there is an isomorphism of vector spaces

m (VL @wess(kSk)) ‘b ~ HO(Cop, V" . @, (kSx(D)) (3.9d)
(recall the notation (1.35)) defined by the natural restriction map

T (Ve o any @ weyp(kSx)), = HO (Co, V" . 01 @we, (kSx (D)) (3.10)
In particular, (3.10) is surjective.

Proof. Since the map 7 : C — B is open, O¢ is Op-flat by [Fis76, Sec. 3.20].
Since we have Asmp. 3.2, by Serre’s vanishing theorem (cf. [Huy05, Prop. 5.2.7]
or [BS76, Thm. IV.2.1]), there exists kg € N such that for all k¥ > kg we have

HY (Co, VT 0, @ue, (kSx(D))) = 0. (3.11)

Xp,a1,,
Therefore, by the base change property for flat families of complex analytic spaces,
the restriction map (3.10) defines an isomorphism (3.9d), cf. [BS76, Cor. 111.3.9].
(One can also appeal to Grauert’s base change theorem [GPR94, Thm. I11.4.7] or
[BS76, Thm. II1.4.12]. See the proof of [Gui24a, Thm. 5.5] about how to use this
theorem.) O

Corollary 3.14. Let a1, -+ ,aprs € N. Let V' be any Stein open subset of B. Then
for each b € V, the elements of T« (Vxa,, - an @ wc/B(OSx)) (V') generate the
Op p-module T, (”f/xm,... ay @ WC/B('SBE))b (the stalk). Thus, their restrictions to
Cy form the vector space H (Cb, Vap.ar,ay QWe, (oS%(b))).
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Proof. The first conclusion follows from Cartan’s theorem A (applied to each Og-
module 7, ("I/fgl e any ®WeB (kS 35)), which is coherent by Grauert’s direct image
theorem [GR84, Sec. 10.4]). The second conclusion follows from Prop. 3.13. [

3.2.2. Sheaves of partial conformal blocks. We assume the isomorphisms (3.9).

Definition 3.15. Define an Op-linear action of 7, (7/x,a1,-~~ ay @ WC/B('SBE)) on
W (W) (called residue action) as follows. Choose any V' < BB small enough such
that there are local coordinates 7y, --- ,nx at <1 (V),--- ,sn (V). For each sec-
tion o € Ty (7/1{7(117... an ® wC/B('SX)) (V) = HO (Cv, ,V}:yal,... an ® WC/B(OS};))
and w € H°(V, #x(W)), we have U(n.)w € W ® O(V). Since ¥x 4, ap; ®
we/B(#S%) is a subsheaf of ¥x ® we/z(eSx), we can regard o as an element in
T4 (Vx Qucyp(9Sx)) (V), and the residue action of o on U (1, )w is defined (2.31).
The residue actions of o on w are defined by

o xi W i=U(ne) " (o % Une)w) e HO(V, #x(W)) (3.12a)
N

W= oKW (3.12b)
=1

where o #; U(n.)w is defined by (2.31a).

Remark 3.16. When restricted to each fiber Cp, using the natural equivalences
(3.9), we have (recall notation (1.36))

(0 % w)(b) = o(b) * w(b) (3.13)
where o(b) € (3.9d), w(b), (o *; w)(b) € (3.9b), and the RHS of (3.13) is defined

by (3.4a), which is independent of the choice of 7, due to Rem. 3.6. Therefore, the
definition of residue actions in (3.12) is also independent of the choice of 7,.

Definition 3.17. Define the truncated X-fusion product (of multi-level a.)
Wx(W)
Te (Va1 ans ® wWeyp(05%)) - #a(W)

<735,t11,~-' yaM (W) =

where the denominator

S = (7/357‘11,‘“ M ®WC/B('SB€)) “Wx(W) (3.14a)

is the sheafification of the presheaf #P™ associating to each open V' < B the
O(V)-module

IPV) = 7 (Paar, e ans ®cy(08%)) (V) - #a(W)(V) (3.14b)
The dual sheaf is denoted by
yx*:al,”' a0 (W) = (yxvalv“' Lan (W)) i

and called the truncated dual X-fusion product. Following Subsec. 3.1, we can
define the dual X-fusion product Ny (W), which is an Oz-module. Global sections
of Nx (W) are called partial conformal blocks associated to X and W.
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Note that the definition of 7% ,, (W) relies on the choice of L.(0)-grading of
W since #x (W) does. (However, if X admits local coordinates 7, and the iden-
tification #x(W) ~ W ®c Op via U(n,.) is assumed, then Jx o, (W) is clearly
independent of the choice of L,(0).)

Remark 3.18. Recall notation (1.38). Then we know that the following are equiv-
alent:

b € Txay . ar (W)(B)
< ¢ is an Op-module morphism #%(W) — Op vanishing on _# (3.15)
< ¢ is an Og-module morphism #%(W) — Op vanishing on ¢
We call such ¢ a partial conformal block associated to X, W with multi-level
Aly..., AN

One should keep in mind that outgoing marked points and local coordinates are
only used to define the sheaf 7% q, ... 4,,. When there are no outgoing marked
points and local coordinates, i.e., M = 0, Px 4, ... a,, 1S €xactly the sheaf of VOA
Y% and dual fusion products are exactly conformal blocks.

For the convenience of discussion, we define

J(b) = H(Co. Vxyar o ans @ we, (5x(0))) - #2, (W) (3.16)
3.2.3. Basic properties of partial conformal blocks.
Proposition 3.19. For each b € B, the evaluation map
Wx(W)y — #x(W)|p =~ #x, (W),  w— w(b) (3.17)
descends to an isomorphism of vector spaces
T aroaans (W)l > Ty e (W),

Proof. Write m;, = mgp. Recall that Wf(w)b/mli,byﬂ%(w)b = W;{(Wﬂb Then
Tx a1, ay W)y = #x(W)y/ 7, where 7, is the stalk of ¢ at b, and hence

Ty (W)l = e (e TECIR
A1, M mby:{’a17,_. AN (W)b /b + mbW%(W)b

Clearly (3.17) has kernel my #5 (W)y,. Since (3.10) is surjective (Prop. 3.13), (3.17)
restricts to a surjective map

Ay~ J(b) (3.18)
and hence descends to a surjective map (_Z, + mp#x(W)y,) /mpy #% (W), — J(b).
We thus have a commutative diagram

o+ W (W), V(W)
my W (W) my W (W),

| - |

J(b) ———— Wx,(W) ——— Tx,.01, 0 (W) —— 0

9}3,(11,"- an (W) |b — 0
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where the horizontal lines are exact sequences. By Five Lemma, the third vertical
arrow is an isomorphism. ([

Remark 3.20. Let ¢ : #x(W) — Op be a homomorphism of Oy -modules. For
each b € BB, we have the restriction

Gl = W, (W) =~ #x(W)|, — C (3.19)

defined by (1.39). On the one hand, we may ask whether ¢ is a partial conformal
block of X with multi-level a,; namely, whether ¢ vanishes on ¢ (V) for all open
V' < B (equivalently, vanishes on _#P*(V') for all V). On the other hand, one
may ask whether for each b, ¢|; is a partial conformal block of X; with multi-level
ax, i.e. whether the linear map (3.19) vanishes on J(b) = (3.16). This is affirmed
by the following proposition.

Proposition 3.21. Let ¢ : #5(W) — Op be an Op-module morphism. Then
b e T (W)(B) if and only if by € T3 (W) for each b € B.

a1, ,an Xp,a1, a0

Thus, whether or not ¢ is a partial conformal block for the family X can be
checked fiberwisely.

Proof. Suppose that for each b € B, we have ¢|, € 935’;@1’”, anr (W), i.e. the linear
map |, : #%,(W) — C vanishes on J(b). Then for each open V' < B and each
o e ZP(V), ¢ vanishes on o because for each b € V' we have o(b) € J(b) and
hence ¢(0)|, = d|p(c]p) = 0. This proves “<". That “=" is true follows from
the surjectivity of (3.18). U

Proposition 3.22. Let @ : #x(W) — Op be an Og-module morphism. Suppose
that each connected component of B contains a non-empty open subset V' such that
the restriction ®|y : Wx,, (W) — Oy is a partial conformal block for Xv, W with
multi-level a.. Then ® is a partial conformal block for X and W with multi-level
-

Proof. It suffices to assume that B is connected. Fix a non-empty open subset V'
such that @[y € 7F, ., (W)(V).

First assume B is Stein. By Prop. 3.21, it suffices to show ®|; € y;b,al;-- anr (W)
for each b € B. For each b € B and o, € J(b), by Cor. 3.14, we can find
o € _ZP"(B) whose restriction to b is 0. Note that &(c) € O(B). By Prop.
3.21 (applied to the restricted family Xy ), ®(o)|y = ®[:(o:) equals O for all
t € V. Since B is connected, we have ®(0) = 0 by complex analysis. So
®|y(0p) = ©(0)|p = 0. This finishes the proof.

For the general case, let A be the set of all b € 5 such that b has a neighborhood
U such that @[y is a partial conformal block with multi-level a,. Then A is non-
empty and open. For any b € B— A, let U be a connected Stein neighborhood of b.
By the previous paragraph, ®|;; is a partial conformal block if U has a non-empty
open subset U such that | i7 1s a partial conformal block with multi-level a.. Thus
U must be disjoint from A. This proves that 5 — A is open. So B = A and we are
done. (]
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3.3. Sewing partial conformal blocks.

3.3.1. Sewing a Riemann surface C along several pairs of points. Choose an
(M, N + 2R)-pointed compact Riemann surface (recall Def. 3.1)

~

%: (ylv'" 7yM§917--~’9M’6‘9U1;"' ,CUNH§{,"' 7§;%7<{/7"' ,C;_/%) (320)

where each 6; is a local coordinate at y;.> We will not assume Asmp. 3.2. Instead,
we shall assume the weaker Asmp. 3.24.

We assume X has local coordinates &1, --- , &g at <], - ,cp and wi, -+ ,wR
atgy,--- ,sp. Moreover, we assume &1, - - - , &R, w1, - - - , wr are defined on open

neighborhoods V/, - -, V},, V{,--- Vi, with biholomorphisms
&V 5D, wi: V5D, (3.21)
for some 7y, p; > 0.

Assumption 3.23. We assume that yy, ..., ynm, 1,..., 2N, Vi, ..., Ve, VI ... VR
are mutually disjoint.

We can sew X along the pairs of points ¢l forall 1 <i < Rto get a family
of (M, N)-pointed nodal curves

%:(ylf" 7yM;917--~39M|7T¢CHB|$17"' a‘rN)

3.22
where B = D,,,, = Dy, X ---xD (3-22)

TRPR

If be = (b1,...,br) € B satisfies by - - -br # 0, then the fiber X, is obtained by
removing the closed disks

b; b;
Fp = {pievilatil < 21 mn = G e v moni < 2}
1 K3
(3.23)

and gluing V' — F/, ~and V;" — F}", (for all 7) by the rule

p,eV/ — F{jb. is identified with p/ € V" — i/,/b. = &(p))wi(p]) = b;
(3.24)

This gives Cp, which, together with the marked points y., z. (Which remain after

sewing) and the local coordinates of X, forms the pointed surface X;,. Letting
b; — 0 for some 7, we get the pointed nodal curve X, if by ---bp = 0.

Assumption 3.24. For each by = (b1,...,br) € B such that by - - -bp # 0, each
connected component of C,, = m !(b,) intersects {z1,--- ,xx}. In other words,
we assume that X;, satisfies Asmp. 3.2.

3The double vertical line | in (3.20) emphasizes that the points after it are for sewing. We will
sometimes write it as a single vertical line or a comma.
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3.3.2. Details of the sewing construction. Let us describe the construction of the
family X in details. The general construction can be found in [Gui24a, Sec. 3]. We
make the identifications

V! = Dy, via &;

(2

3.25
V=D,  viaw; 5.2
The &; and w; become the standard coordinate of C (i.e. the identity maps):
& Dy, — Dy, w; : D,, — D,,
We shall freely switch the orders of Cartesian products. Define
Dy, :=Dy, x---xDy,, Dy, :=Dy, x---xD,,,
¢ = &w; : Dy, x Dy, — Dy, (z,w) — zw
Define also W; and its open subsets W/, W by
Wi = Dy, x Dy, x [ [ Drjp, (3.26a)
J#i
W/ =D x Dy, x [ [ Dr,, (3.26b)
J#i
W/ =Dy, x D) x [ [ Dryp; (3.26¢)
Jj#i
Then we can extend &;, w;, g; constantly to
& Wi = D, (z,w, %) — z (3.27a)
w; : Wi — D,, (z,w, %) — w (3.27b)
qi : Wi — Dyp, (z,w, %) — zw (3.27¢)
Then we have open holomorphic embeddings
(&,@i,1) : W; = D, x D), % HDW]. (3.28a)
J#
(&,0,1) : W] — Dy, x Dy, ¥ HD” p; ~ Dy, % Dy, (3.28b)
J#i
(wi, qiy 1) : W/ — D, X Dy,p, ¥ HD% ~D,. X D, (3.28¢)
J#i

The image of (3.28b) resp. (3.28c¢) is precisely the subset of all (z;, b1,...,bg) €
D,, x Dy,,, resp. (w;, b1,...,br) € Dy, x Dy,,, satisfying

|bi] |bi]

— <zl < resp. — < |w| < p;.

Pi T
So closed subsets I} < D,, x D,,,, and F]' < D,, x D,,,, can be chosen such
that we have biholomorphisms

(giv qis 1) : W@'/ = Dri X Dr.p. — F/ (3293)

)

(@i, qi, 1) : Wi = D, x Dy, — F}' (3.29b)

)
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By the identifications (3.25), we can write the above maps as

(§i>qia 1) : V‘/’L/ i V;’/ X Dr.p. - F/ (- CN’ X Dr.p. (3303)

7

(wi,qi,1) - W SV xD,.,. —F'  <C xD,,), (3.30b)

(2

In particular, we view F and F’ as closed subsets of C' x D, .
The complex manifold C is defined by

R
C=(WiueuWr) || (€ x Drp = | JF V) [ ~ (331)

i=1
Here, the equivalence ~ is defined by identifying each subsets W/, W/ of W; with

the corresponding open subsets of C' x D, pe — Ui L (F!'U F") via the biholomor-
phisms (3.30).

7 : C — B is defined as follows. The projection

C X Dyupo — Drupe = B
agrees with
¢i : Wi = Dy, x Dy, x | [ Dryp; = Drops = B
J#i

when restricted to W/ and W/. These two maps give a well-defined surjective
holomorphic map 7 : C — B.

Extend x;,y; constantly to D,.,,, = B — C x D,,,,, whose image is disjoint
from F/ and F} for 1 < i < R. So x;, y; can be extended to sections of 7 : C — B.

The local coordinate ¢; of X at y; extend constantly to that of X, also denoted

by 6. (If a local coordinate 7; of X at x; is chosen, we can also extend it constantly
to one 1; on X.) This completes the definition of (3.22).

Remark 3.25. We warn the readers that X is NOT a family of compact Riemann
surfaces. When b; ---br = 0, the fiber Cp, of by = (b1, --- ,br) is not a compact
Riemann surface, but a nodal curve. (See [Gui24a, Sec. 2], or see [ACG11, Ch.
10] for a relatively complete story about families of nodal curves.) We will not
consider such fibers in this article.

Definition 3.26. The set
Y = {x € C : 7 is not a submersion at z'}
is called the critical locus of X. In other words, = belongs to 3 iff « is not a smooth
point of the fiber Cr (). Write
R R R
w=[|wi w=||w W= W (3.32)
i=1 i=1 i=1
It is not hard to see that 7 is a submersion outside W, and for each ¢ we have
Wi n S = ({0} x {0}) x HD%. c Dy, x Dy, % HD%. (3.33)
J#i J#i
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Thus, we have

S=W-— (W oW’ = LOW!)) (3.34)

|||:;g

It is clear that the discriminant locus A = w(E) satisfies

def
A

7(S) = {(b1, .- br) € Dyup, : b1+ -bp = 0} = Dy, — DX, (3.35)

3.3.3. The sheaf 7% q,.....ap,- Since X = (3.22) is not a smooth family, the def-
inition of 7% ,, in Sec. 3.2 does not apply to the current situation. Let us explain
how to define this sheaf. The idea is similar to that in [DGT21, DGT24]. We follow
the approach in [Gui24a, Sec. 5].

Define

<n
Y 10150 M T hm’f/ X,a1,..,am

nEN

where each 7 g” s is an O¢-module defined as follows. Since 7 : C—X — Bis

a submersion, the sheaf ”1/35”2 ar.ng is defined as in Def. 3.10. Then 75 g” anr
is an O¢-submodule of %}Jinz,ah...,a]\/] which agrees with %.'{inE,al,...,aM out81de 3.
To define 7/551 ...y, Dear Y., it suffices to describe its restriction to each ;. Recall
W; — X =W/ u W/ by (3.34).

Definition 3.27. 7, g” anr lw, is the (automatically free) Oy -submodule of

<n / "
7/36—2,%--- anr lw,—x generated by the sections whose restrictions to W; and W
are

Up(&) TN V0)  resp. Up(w) @ TU(ve)  (B36)

where &;, w; are defined by (3.27) and v € VS™. This is well-defined (i.e. the two
expressions in (3.36) agree on W/ n W/). See [Gui24a, Sec. 5] Sec. 5, especially
[Gui24a, Lem. 5.2].

Let us recall the definition of the relative dualizing sheaf w¢ /5 which is similar
to that of WXS(Z . When restricted to C — 3, we/5 is equal to the usual cotangent
sheaf defined before. When restricted to each W, , w¢ /B|Wi is generated freely by
the sections whose restrictions to W/ and W/ are

&71d¢; resp. — w; ldw;. (3.37)

Again, this definition is well-defined, since the above two expressions agree on
W! n W/ by an easy computation of change of coordinates (recall (3.27)) using
(2.28).

Proposition 3.28. Prop. 3.13 and Cor. 3.14 hold verbatim for the family X =

(3.22) defined by sewing X = (3.20) as in Subsec. 3.3.1, except that we assume
that the point b is not inside the discriminant locus A = ().
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Proof. The smooth family X5_ A satisfies Asmp. 3.2 (cf. Asmp. 3.24). Therefore,
applying Prop. 3.13 to the family Xg_a, together with same argument as the
proof of Cor. 3.14 (using Grauert’s direct image theorem and Cartan’s theorem A),
proves our goal. ([

3.3.4. Normalized sewing. We associate an admissible V*¥-module W to
x1, - ,xn of X. Recall (cf. Subsec. 3.3.1) that the local coordinates &, at ¢,
and w, at ¢. are fixed, but the local coordinates for x, are not fixed. Recall that
the sheaf #5(W) is defined in Sec. 2.1.

Associate a finitely admissible V*E_module M to g{7 S g}% and the contragre-
dient module M to ¢, - - - , ;. We identify the vector spaces (recall Def. 3.4)

Wi(WOMEM') = #4(W) @ MM’ (3.38)

such that, for each set of local coordinates 7, at x,, the following diagram com-
mutes:

VeWOMOM) ———— #4(W)@MeM

M(n.,&-% U(ne)®1

WeMeM

This is possible, since it is not hard to see that the map (U (1¢) ®1) U (1, £o, )
is independent of the choice of 7,.

Recall the notation (2.11). For each n, € N, let {m(n.,a) : a € Ay, } be a
basis of M(n,) and {m(n.,a) : a € A, } be the dual basis of M(n,)*. Note that
2, is a finite set since M is finitely admissible. Define

“Or@e= 3N gt g mne, a) @ (1, ) € MOM)[q1, - arll.

neeNE ae,,,

For any partial conformal block
V: 7 (WOMEM) = #:(W)@MeM' — C

associated to X and the admissible V*(NV+2R)_module W ® M @ M’ of multi-level
ai,...,aps, we define a C-linear map

S¥ : #(W) - Cllqr, -+ , qr]]
N o (3.39)
w i SP(w) = P(w@ gV r @)

3’11) is called the normalized sewing of ).

Definition 3.29. We say S\ converges a.l.u. on B if for each w € Wz(W), SP(w)
converges a.l.u. on B = D,,,,. (Recall Notation (1.41).) In this case, we have

S(w) € O(B). (3.40)
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3.3.5. The sewing of a partial conformal block is a partial conformal block.
We continue our discussion from the previous subsection. The Og-module #5 (W)
is defined in the same way as in Def. 3.11. As mentioned before Rem. 3.25, if local
coordinates 7, . . .,y of Xat x1,...,xy are picked, then each n; can be extended
constantly to local coordinate of X at the section z;, also denoted by 7;. Thus, we
can make the identification

Wi (W) = W%(W) ®c Op (3.41)
such that for each choice of 7,, the following diagram commutes:

— #3(W) ®c Op

AN, e

W®c O

This is possible, because the lower left map /(n.) composed with the inverse
(U(ne) ® 1)~ of the lower right map is independent of the choice of 7,.

Remark 3.30. With abuse of notations, we also denote 5‘11) ® 1 by 51]). Thus, in
view of (3.39), we have an O-module morphism

S : #a(W) = #5(W) @ O — Cl[q1,- .-, qr]] ®c O (3.42)
Thus, if g‘l]) converges a.l.u. on B, by (3.40), the above morphism becomes
SY : #x (W) > Op (3.43)
Recall that we are assuming Asmp. 3.24. Also, recall Rem. 3.18.

Theorem 3.31. Suppose that 5’11) converges a.l.u. on B. Then the morphism g’lb :
W5 (W) — Og is a partial conformal block of multi-level ay, . . ., aps outside the
discriminant locus A\, i.e.

‘SI'I’)|87A € y;B,A,al,...,aM (W)
Equivalently (cf. Prop. 3.21), Slb|b SR ¥ 0. (W) foreach b e B — A.

To prove Thm. 3.31, we need the following analogue of [Gui24a, Thm. 10.3].
Recall (3.14) for the meanings of the notations _#, #P™.

Proposition 3.32. Suppose ) € 7 WRMM'). Then §1|) vanishes on

a1, ,an (

IP(B) = H°(C, x,a1, an; @we/(95%)) - #x(W)(B).

The proof is similar to [Gui24a, Thm. 10.4]. So we omit some details to make
the proof not extremely long. To explain the ideas, we assume R = 2 in the proof
for simplicity.
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Proof. Step 1. We claim that for each unital commutative C-algebra A, for each
u € V,and f € A[[&1,@1,q2]], the following two elements of (M ®c M’ ®¢

A)[[q1, g2]] are equal:

Resg,—0 Y1 (§ Ju 51) L) @ 'f(&, o

N & 3 e (3.44)
:Resw1=0 qf/.(O) > ®YM’,1 (wf(O)u(YI)uu Wl) < f(ﬂ7 Wi, QQ) —1
w1 w1

7q2)

See [Gui24a, (10.2,10.3)] for the meaning of the expressions T' » ®« and » ® T'«
(which equals T » ®<« where T is the transpose of T') if T is a linear operator.
Recall U (y;) = e (=1)H0O) (cf. (2.20)).

The proof is similar to [Gui24a, Lem. 10.2]. First, one may simplify discussions
by evaluating the two sides (3.44) with m’ ® m for each m € M, m’ € M’ to get
elements of A[[q1, qg]] Asin [Gui24a (10.13)], one proves

YM,1(§1 u 51) s @4 =gl Lo >®YM/,1((Q1/§1)L(O)U(Y1)U7Q1/§1)<
(3.45)

as elements of (M ® M')[[¢], ¢!, ¢31]]. In other words,

<m/7YM,1(§f(O)U751)Q. : O)m> = <YM/,1((Q1/§1)L(O) (v1)u, q1/& ) gk Lo (0) ,m)
(3.46)

which follows from (2.15) and (2.21), as indicated in the formulas before (10.13)
of [Gui24a].
Now, we define an element of (M ® M')[[£F!, wT!, ¢3!]] to be

C(&,w1,q2) = YM,1(§1 nyl)(flfm)zl(o)q;z)(o) > Qe (3.47a)
By (3.45), we have

Clér, w1, ¢2) = (Er01) 1 O g2 ’@YM’,I(wlL(O)u(Yl)uywl)‘ (3.47b)

Set D = f-C. As shown in the proof of [Gui24a, Lem. 10.2], we have the general
fact about series:

d&;
&1 &1

This proves (3.44). If we exchange 1 and 2, a similar description holds true.

w1

d
Rese, —o D(ﬁl, #12) = Resg, =0 D(%awh%)? (3.43)

Step 2. Define divisors of C and C:
N

N
Se=2mB)  Sx=Qm Ty=25G+2
i=1 J J

=1

Choose v € HY (C, Va1, any @ wc/B(on)). We claim that we have a formal
power series expansion

V=) Umnd"qs, (3.49)

m,neN
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where vy, € HO(C, 5, . 0. ®@wa(e(Sz + Ty)))-

Choose any precompact open subset U < C disjoint from ¢}, <}, <7, ). We
can find small enough 0 < ¢ < 7,0 < A < psuch that U x D,y < C is
disjoint from the sewing parts. This means the restriction of 7 : C — B to
U x Dy equals 7 : C x D,, — D,,. The section v|yxp,, of Y341 .an @
we/B(#Sx) can be regarded as a section of 73, ® wa,p D p(on). By

TP T T
taking power series expansion at ¢¢ = 0, v|yxp_, can be regarded as an ele-
ment in (¥4 ®we((Sz + T%))) (U)[lq1, g2]]- This defines (3.49) where

X,a1,anm
Um,n € H° (C - {§{7§é7§fﬂ§g}7 7/_'% M ®w€‘(.(5i + Ti)))

Recall by (3.26) that
Wy = DTl x DPl X DT292 Wl/ = ’D;i X Dﬂl x DT2P2 Wlll = DTl X D; X DT2P2

A1, ,a

and that exchanging the subscripts 1, 2 above gives the description of Wa, W3, WY'.
By the description of % 4, ... a,, and we/s on Win (3.36), (3.37), v|w,—x is a sum
of sections whose restrictions to W] resp. W{’ under the trivializations U, (&; ) resp.
Uy(wop) are

1 d& dw

L L), . 951 _op(4 L(0) el
f(€17 51 ) q2)£1 U 51 resp. f(wl » W1, q2)w1 U(Yl)u =1
(3.50)

where u € Vand f = f(&, w1, q2) € O(W7). Exchanging the roles of 1,2 gives
the description of v|y,_y;. This shows that the v,, ,, in (3.49) has poles of orders
at most m + 1 (resp. n + 1) at <], g7 (resp. ¢4, ¢%). This completes the construction
of (3.49).

Step 3. By setting A = C in (3.44) and using the fact that v|yy, —x, is a finite
sum of vectors of the form (3.50), we have the following equation of elements in

M@ M)[[g1, g2]1:

N (O @ > @« 400" > QUi - )l = 0, (3.51)

m,neN

where the residue action of vy, , on M and M are as in (2.25) using local coordi-
nates &1, &9, w1, wo.
On the other hand, since P € ﬂga (W@M®M'), for each w € W, considered

as a constant section of W ® O(B), the element A,,, ,, € C[[q1, g2]] defined by

A = 0 (W - 0) ® (2@ » @4))

+ w(w ® (vimn - Q-L.(O) > ®‘)) + w(w ® (QOL.(O) > QUm,n - ‘))
equals 0. By (3.49) and (3.51), we have

0= Apnndl@ =Y 0((mm - w) ® (@ » @) ah = SP(v-w),

m,neN
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which proves S vanishes on JIPe(B). O

Proof of Thm. 3.31. Choose any b € B — A. Since #3x(W) ~ W ®c Op via
U(ne), #x(W)(B) generates the fiber #x(W)|, ~ #%,(W). This fact, together
with Prop. 3.28 and Cor. 3.14, shows that _#P*(B) generates J(b) = (3.16).
Thus, since S vanishes on JZP*¢(B) by Prop. 3.32, S|, vanishes on J(b). So
Svl e 7, (W). O

3.4. The main example of sewing related to propagation. Let

<= (y17"' 7ZUM;91"" 79M|C|:E17"' ,I'N)

be an (M, N)-pointed compact Riemann surface with outgoing local coordinates.
Assume we have local coordinates 71, - - - , nx defined on mutually disjoint neigh-
borhoods Vi, -, Vy of 1, -+ ,xxy. Moreover, we choose r1,...,ry > 0 and
assume that

n:i(Vi) = Dy, foreachl <i< N

Y1, - ,ym, V1, -+, Vy are mutually disjoint
We let
P = (P0,1,00)  Po=--- =Py = (P'[0,00)
X=CuPruPou - Py
where all marked points except y1, - - - , yps are incoming marked points. We will

write 0, 00 as 0;, c0; if we want to emphasize that they are the corresponding points
in ;. Let ¢ be the standard coordinate of C. Then ‘B; is equipped with local
coordinates ¢,( — 1,1/¢ and P, ..., Py are equipped with ¢,1/¢. Then each

incoming marked point of Xis equipped with a local coordinate.

We sew X along N pairs of points (z1,001),- -, (zn,00n) using local coordi-
nates (n1,1/C),--- , (nn, 1/¢) (cf. Fig. 3.4) to get a family X with base D,.,.

Y1
S REEREEEE o 0
Y2

Remark 3.33. Let us visualize this sewing construction on each smooth fiber.
Choose

b.I(bl,...,bN)E’D;iE’D;I X"'XD;NIB—A

The fiber X;, is obtained by discarding small discs around z1,...,xy € € and
01 € Py, ...,0nN € P, and filling the N holes of € using the remaining parts of
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B, ..., P by identifying each ~; € P, outside the discarded part with the point
pi = n; (bii) of € (since 1;(p;) - 1/C(v:) = by, cf. (3.24)). The N holes of € have
been filled. So X, as a Riemann surface is equivalent to C. The original z; € € is
discarded, and 0; € *J3; becomes the point x; on C'. The original 1 € 3; becomes
ny (b1) on C.

The local coordinates at the marked points y1,- - , yar, nfl(bl), x1, -+ ,xN Of
Xy, are

Hj aty; 61_1771 —1lat 771_1(()1) bi—lm at x; (3.52)
Remark 3.34. According to the above remark, when restricted to D,, we have
%D}. = (ylv"' Y b, ,0M|7T 1O x D;‘i - D7>‘<,|,u7$17"' 7:Z:N)7

where 7 is the projection onto the D, -component, x1, - , TN, Y1, - , Yy are
sections sending be = (b1,...,bN) 10 (21,be), -, (ZN,be), (Y1,0e), "+, (Yar, be),
and 1 sends be to (17 (b1),b.). The local coordinates can be determined fiber-
wisely by (3.52).

Choose a finitely admissible V**-module W with contragredient module W’.
Note that X has incoming marked points z1,...,zn,01,...,0n,1,001,...,0N
where the 1 in the middle belongs to J3;. We associate:

W to the set of points =1, ..., TN
W to the set of points 01, ...,0y
V to the point 1 (3.53)

W’ to the set of points o071, ...,y
Identify (where all ® are over C)

We(W) =W, Wi gy (WRQVRW) =WV W
Vi (WROWRVOW)=WeWeVeW
Wx(VOW)=VW® Op,,

via the trivializations defined by the chosen local coordinates.
Let ¢ : W — C be an element of 7, W), and let

..7a1u(
w:WRVW —C

wRuw — (Yi(u,)w,w') = Z (V1 (u)pw, w') (3.54)

neZ

which is a conformal block Essociated toPr u---uPN. Thenp :=Pp@wisa
partial conformal block for X of multi-level ay, . .., apr and its normalized sewing
equals

gﬂ’(u Qw) = q;VtQ(w) o q]v:ftN(W) 2 qIVt(uHth(w)_n_ld)(Yi (u)nw) (3.55)

nez
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if the vectors are homogeneous. (Note that wt; (Vi (u)pw) = wt(u) + Wty (w) —
n—1.) The a.l.u. convergence of (3.55) on D, is clearly equivalent to the absolute
convergence of

Z q‘{vt(u)-‘r\%l (w)—n—l(b (Yl (U)nUJ) (3.56)

nez

on |q1| < r1. By Thm. 3.31, we immediately conclude:

Pr0p0s1t10n 3.35. If (3.56) converges absolutely on |q1| < ri forall uw and w, then
SIMDX € 9* . (V®W). Equivalently, Sll)]q__b belongs to T , (V®W) for

each b€ DX. -

The local coordinates in (3.52) are not directly applicable to propagation. We
define ) to be the same as X, as (M, N)-pointed surface but with different local
coordinates:

@Zn = (yla-n7yM;917~-79M|C‘77f1(bl)73717~--,95N)

‘ | (3.57)
local coordinates: 0; at y; m — by atn; (b1) n; at x;

Then by Prop. 3.35 and (3.3), under the identification #4, (VW) = V®W via
the trivialization defined by the local coordinates of 2);, we have:

Corollary 3.36. Suppose that for each v e V,w e W,
blu@w) = > ¢ " b(Vi(u)pw) (3.58)

nez

converges absolutely when 0 < |q1| < r1. Choose by € D). Then 1dlq,—p, :
V®W — C belongs to ﬂgjbl a (VR W).

3.5. Propagation of partial conformal blocks. In order to give a module struc-
ture on dual fusion products, we introduce propagation of dual fusion products.
Fix a family of (M, N)-pointed compact Riemann surfaces with outgoing local
coordinates X = (7'1,~- T 01, ,HM’TF :C — B‘q,u‘ ,gN) with divisors
defined as (3.7). Recall Asmp. 3.9.

Definition 3.37. Define
ZCZCXB(C—Sx—Dx) (B=C—Sx — Dy
The propagated family of X is an (M, N + 1)-pointed family

X = (1, im0, 0y C —

RSTEEE 72§N)7

defined to be the pullback of X along 7 : (5 — B together with an extra incoming
section

o B>, x> (x,1) is the diagonal map
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Let pry, pry be respectively the projection of :C onto the first component C and the
second one !B. Then

T = pry 1 IC — B (3.59a)
i B =0, x = (15(m(x)), ) 06 2B =, x — (si(m(x)),z) (3.59b)
W0; =0 opry (3.59¢)

Remark 3.38. Note thatif F' : B/ — B and G : B” — B’ are holomorphic maps,
then the pullback of the family X along GG o F' is equal to the pullback along G of
the pullback along F' of X. Thus, from the fact that !X is a pullback of X (together
with an extra incoming section) and that X is the pullback of X along {b} — B
for each b € B3, one easily sees that

(X)c,—5x—Dx = UXp) (3.60)

where (2X)¢,—s,— D 18 the pullback of ¢X along C, — Sx — Dy — C — Sx — Dx,
i.e. the restriction of !X to Cp, — Sy — Dx.

Now suppose that W is a finitely admissible V**V-module. Associate W to

G1,- - ,sn in X and associate V® W (which is a finitely admissible V*?-module)
to 0,61, - -+ , sy in X,

Proposition 3.39. For each ay,--- ,ap € N, there is a canonical isomorphism of
O,g-modules:

U Wx(VOW) = (Yx a1, an ®0p T #x(W)) ’C—Sx—Dgg (3.61)

satisfying the following fact: For every open subset U — C — Sy — Dx, every
p € O(U) univalent on each fiber U, = U n 7w 1(b) (where b € B), and every
local coordinates m1 ... ,nn of X at ¢y, ..., SN, if we define the local coordinates
of \X at the incoming sections 0,1, . .., SN to be Au, 1, ..., 1N where

Ap(z,y) = p(x) —pwly)  V(z,y) €U xpU (3.62a)
n; = m; opry is the pullback of n; (3.62b)

then the following diagram commutes.

W V®W —>7/%a17 aM®OC W*WX(W”U

(3.63)
U(Apne) Ug (1)@m*U(na)

VW ®c Oy

Proof. Outside Dy, the sheaves ¥% ,, and #% are equal. So this proposition fol-
lows from [Gui24b, Prop. 6.2]. O

Our main result in this section is parallel to [Gui24b, Thm. 7.1]. To prove this
result, we first recall the following strong residue theorem for X, cf. [Gui24b,
Thm. A.1].
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Setting 3.40. Assume that X is equipped with local coordinates 7q,--- ,ny at
incoming marked points ¢;(B),--- ,sn(B). For each j = 1,---, N, choose a
neighborhood U; < Cg of ¢;(B) on which a local coordinate 7; is defined, and
assume that U; intersects only ¢;(B) among ¢1(B), -+ ,sn(B), 1(B), ..., 7m(B).

Identify U; = (1, 7)(U;) < C x B via the biholomorphism (n;,7)  (3.64)
so that U; becomes a neighborhood of {0} x B. Set
Uj :=Uj — Sx = U; — ({0} x B) (3.65)
which is a subset of C* x B. Let z be the standard coordinate of C.

Theorem 3.41 (Strong residue theorem). Let & be a holomorphic vector bundle
of finite rank and &V be its dual vector bundle. Assume Setting 3.40. Assume that
foreach 1 < j < N we have trivialization

&ly; ~ E; ®c Ov; (3.66)

where E; is finite dimensional vector space, and write the corresponding dual
trivialization as

&Yy, ~ EY ®c Oy;. (3.67)
Identify & |Uj ,EY |Uj with the above trivializations. Consider
s;= D, e 2" € (E; @c O(B))((2)) (3.68)
nez

where e, € E; @c O(B). For each b € B, if v, € H° (Cb, &Y, ®wcb(053€(b)))
whose series expansion in Uy, = U; N Cy is

ub\UM(z) = Z Pjn2"dz
n
where ¢;n € E, we define the j-th residue pairing 1o be
Res; (55, 14) = Reszco Y ein(D)2", Y 602" 2 (3.69)
n n

Then for arbitrary s1, . .., sy as in (3.68), the following are equivalent:

(1) There exists s € HO(C, & (eSx)) whose series expansion at s;(B) is s; for
1 < j < N. Namely if we view s|y, as s|u, (b, z), then its series expansion
at z = 0 is (3.68).

(2) Forany b€ B and any v, € H° (Cb, EV e, ® wcb(on(b))),

N
Z Res;(sj,vp) = 0.
j=1

Recall (3.62) for the notations Ay and 7,.
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Theorem 3.42. Let W be a finitely admissible V" -module. Let ¢ : #x(W) —

Og be a partial conformal block associated to X and W of multi-level ay, . . ., ap;.
Then there is a uniqgue O¢_gs,. -module morphism
W Vxa,an ®0c T Hx(W)|o_g — Oc-s, (3.702)
whose restriction (cf. the identification (3.61)) to B = C — Sy — Dx:
Wb Hx (VO W) — O (3.70b)

satisfies the following property:

“Choose any open subset V. < B such that for each j the restricted family Xy
has local coordinate n; at ;(V'), and choose a neighborhood U; of <; (V') on which
n; is defined such that U; intersects only <;(V') among 1(V'),...,sny(V), 7 (V),
oo (V).

Identify Uj = (n;,7)(Uj) via (n;, ) (3.71a)
so that U; is a neighborhood of {0} x V in C x V. Let
Uj :=U; —Sx=U; — ({0} x V) (3.71b)
which is a subset of C* x V. Let z be the standard coordinate of C.
Identify #x(W)ly = W®c Oy viald(n,) (3.71c)

Identify %X(V®W)‘UJO =V®W ®c OUJO via L{(Anj,m.). (3.71d)

For each v € V,w € W, consider w as a constant section of W Q¢ O(U]‘?) and
u®w as a constant section of VO W Q¢ O(U J‘?). Then the following identity holds
in O(V)[[z+1]]):

(1@ w) = (Y (u, 2)w). 672
Here Yj(u,2)w = Y, Y;(u)pw - 27" is an element in W((2)) and 1 (u ®
w) € O(Uy) is regarded as an element of O(V)[[211]] by taking Laurent series
expansion.”

Moreover, we have \$ € ‘Z;E,al,.. VeW).

an (
Foreachu ®@ w € Yx q4,,....ay, Q0 ™ W3 (W) ‘c-sx’ we shall also write
W (u, w) = 1d(u@w). (3.73)

This theorem can be proved in a similar way to that of [Gui24b, Thm. 7.1], ex-
cept that one should pay special attention to the outgoing sections Dx. We include
a proof below for the reader’s convenience.

Proof. Step 1. We show that if V, U, are chosen and a morphism
dlv : #x(W)|ly — Oy

satisfies (3.72) (for all v and w) for a set of local coordinates 7,, then it satisfies
(3.72) for any other one 7, at ¢o(V'). Indeed, (3.72) is equivalent to that for each
Ve HO(U;, 7/3{ ®wc/3(05x))

Resy;—0 1 d(v @ w) = (v *; w) (3.74)
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where the action v *; w is defined as in (2.31a) and (3.12a) and is independent of
the choice of 7; due to Rem. 3.16.

Step 2. Clearly (¢ is determined by its restriction to 3. We prove the uniqueness
of the restricted propagation. Note that

BB:C—Sx—Dx:UCb—Sx—Dx (3.75)
beB

Thus, for two possible propagations 1 ¢, 22¢ of @, it suffices to show that their re-
strictions to C, — Sy — Dy are equal for each b € B. By (3.60), this is equivalent to
showing that 31 d, 22 are equal when restricted to the propagation {(X;) of Xy,. Let
Q) be the set of all x € C, — Sy — Dx on a neighborhood of which {; ¢ agrees with
22¢. Then €2 is open and intersects any connected component of C, by (3.72) and
Asmp. 3.9. If I is a connected open subset of C;, — Sx — Dx intersecting {2 such
that the restriction %(%b) (V® W)|p is equivalent to V® W ®c Or, then by the
fact that holomorphic functions on a connected Riemann surface are determined
by their values on any non-empty open subset, we have I' < €. So € is closed,
and hence must be C, — Sy — Dx. This proves the uniqueness.

Step 3. Now we prove the existence of propagation. If we can construct :d|y
for all open V' < B satisfying the conditions as stated in this proposition, then by
the uniqueness proved in Step 2, we may glue all these (| together to get 1.
Thus, we assume without loss of generality that B = V' and choose U,, 77, as stated
in this proposition.

By (3.71c¢), we have

V20, @T W (W) = V0, Qc W. (3.76)
By Prop. 3.39, we make identification
Wix(VOW) = (Y30, lc—5x—Dx) ®c W (3.77)
By the commutative diagram (3.63), we have

(%)
Hix(VOW)|ve = (Yxa.lv3) ®c W= VO®W® Oy

(%) : both via (3.71d) and via U,(n;) ® 1

(3.78)

For each k € N, let & = (“//f(f*)v be the dual bundle of ”//ff*. Then the
identification

Vewlu; = VR ®c Oy, vially(n)) (3.79)

is compatible with identification (3.67) in Thm. 3.41 if we choose the E; in Thm.
3.41 to be (V<K)V. Choose w € W and let e;,, € (VSF)¥ ® O(B) be determined
by

ejm :u€ VSF s &(Yj(u)_p_1w) € O(B). (3.80)
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Define s; = Y ,e;nz" for 1 < j < N. By the compatibility of the identifi-
cations (3.78) and (3.79), for each ub e HY(Cp, V3,0, ® we, (5% (D)), the j-th
residue pairing defined in Thm. 3.41 equals

Resj<sj, Vb> = <¢|b; Vp *j w>

where w is considered as a section of #%, (W) = W. Since ¢|, vanishes on
HO(Cy, V2,0, ®we, (95x(b))) - #x,(W) for each b € B due to Prop. 3.21, we see
that

N N
> Resj(s;j,m) = Z (Dlp, 0 %5 w) =0,
j=1 =1

which implies that s1,--- , sy satisfy (2) in Thm. 3.41. So there exists s €
HO(C, (75=F )V (eSx)) asin (1) of Thm. 3.41. Its restriction to C — Sy defines an
Oc¢—s,-module morphism ”f/ff* lc—Sx—Dy ®w — Oc—_g,—p,- Since these mor-
phisms are compatible for different £ and w, we can extend them O¢_ g, -linearly
to a morphism 1 : (¥x 4, |c—s;) @c W — O¢_g,., which satisfies (3.72).

Step 4. Finally, we prove that (¢ is a partial conformal block. By (3.75) and
Prop. 3.21, it suffices to check that !¢, —s,—p, is a partial conformal block
of multi-level a, associated to the family (3.60). Thus, by focusing on X3 and its
propagation }(Xp) = (3.60), we may replace X with X, so that X is a single pointed
surface. By shrinking U, we may assume that n;(U;) = D,; for some r; > 0.
Since the LHS of (3.72) is a holomorphic function on the punctured disc U JO =
the RHS of (3.72) converges absolutely on Drxj. Thus, by Cor. 3.36 and Prop. 3.21,
we have 1 € yzx)Uo aroan (Y ®W) for each j. Hence:p € 7% | (V®W) by

J

Prop. 3.22. ' O
Recall Def. 2.6.
Corollary 3.43. Choose aq,...,ap € N. Let
X=(yi, - ,ym; 01, 7‘9M’C|$1,“' VIN, 21, 2L)

be an (M, N + L)-pointed compact Riemann surface with outgoing local coordi-
nates and

Sy=x1+-+ay+2n+---+z2, Dr=y1+ - +ym.

We assume x1,--- ,xnN, 21, , 21, are incoming marked points and y1,- -+ ,Ym
are outgoing ones. Instead of Asmp. 3.2, we assume a stronger condition:

Each connected component of C contains at least one of x1,--- ,xn. (3.81)
Choose local coordinates 1, - -+ NN, @1, , WL AL L1, TN, 21, " , 2. AS-
sociate a finitely admissible V> -module W to x1, - - - , x N and a finitely admissi-
ble V1 -module M to 21, - - , 2.

Identify Wx(WRM) = WM viaU(Ne, we).



906 BIN GUI AND HAO ZHANG

Suppose that E is a generating subset of M. Then any partial conformal block
¢e ﬂx* w (W ® M) is determined by its values on W ® E.

Proof. By induction on the k in (2.8), it suffices to show thatif ¢ € 73¥, (WQM)
vanishes on W ® E, then ¢ vanishes on W ® Y;(u),E foreach u € V,1 < j <
L,n € Z. As in (3.77), we make identification
Vx(VoW®e M) = (ﬂi/f,al,“- an @ W*WX(W ® M)) |C—Sx—Dx
= Va1, an |C-5x—Dx & WM.
via Prop. 3.39. By (3.81), the connected component C; of C' containing z; contains
one of x1,...,xN, say x1. Foreachw € W, m € E, in C((z)) we have
¢Yi(u,z)w®m) =0, VYueV.

Thus, by (3.72), the :d : #ix(VROW®M) — Oc_g,—Dp, vanishes on a neighbor-
hood of 1. As in the proof-Step 2 of Thm. 3.42, the set {2 of x € C; — Sx — Dx
on a neighborhood of which ¢$ vanishes is an open and closed subset. So ) =
Cj — Sx — Dy, i.e., 1 vanishes on Cj — Sx — Dx. Therefore, by (3.72), in C((z2))
we have

which finishes the proof. U

Corollary 3.44. Let aq,...,ay € N and let

X = (ylv"' ayM;elv"' ,9M|C|331,"' ,CCN)
be an (M, N)-pointed compact Riemann surface with outgoing local coordinates.
Associate a finitely admissible VN -module W to z1,--- ,zn and let ¢ €
ﬂfyah._ W). Identify
Wx(VOW) = (Vza1, anslc-5x-Dx) ®c #x(W)

by Prop. 3.39. Then for each x € C — Sy — Dx, 1|, is the unique linear map
Vx a1, an e @c #x(W) — C which belongs to f(;“x) (V® W) and satisfies

aM (

$le(1@w) = d(w) (3.82)
for each w € #x(W). Thus, we have a linear isomorphism
o (W) = Ty, VOW) & =20 (3.83)

Proof. By Assumption 3.2, each connected component of (2X), contains one of
the incoming marked points z1,--- ,xy. Thus (X), satisfies (3.81) if we set
L =1,z = x. Note that 1 generates V as a finitely admissible V-module. Thus,
the uniqueness statement in the corollary follows from Cor. 3.43.

We claim that :1p (1 ®w) = ¢(w) holds as a holomorphic function on C' — Sy —
Dx. By (3.72), this relation holds on punctured disks around z1,...,zy. So it
holds on C' — Sy — Dy by complex analysis.

Clearly (3.83) is injective. For each 1 € Z;“x)ma* (Ve W), if we let ¢ :
W3 (W) — Cbe dp(w) = P(1 ® w) for each w € #5 (W), then P = 1p|,. So
(3.83) is surjective. U
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3.6. Double propagation. Fix an (M, N)-pointed compact Riemann surface with

outgoing local coordinates X = (y1,--- ,yn; 01, - ,GM’C’|x1, -+« ,xn). Here
we assume x1, - - - , & are incoming marked points and yq, - - - , yas are outgoing
marked points as usual. Choose neighborhoods Wy, --- Wiy of y1,--- ,yn, on
which the local coordinates 61, --- , 0y, are defined. Sy and Dy are defined in
(3.1).

Definition 3.45. The double propagation X of X is defined by :(2X), where
X is the propagated family of X. It is a family of (M, N + 2)-pointed compact
Riemann surfaces.

Remark 3.46. Recall the notation (1.33). We can write $*X in details as
X =y, Py 01, P00
> m: C x Conf?(C — Sx — Dx) — Conf*(C' — Sx — Dx) |  (3.84)
01,09, %11, -, Pay)
where %7 is the projection onto the second component. The sections
i, Pyj, 0% : Conf?(C — Sy — Dx) — C x Conf?(C' — Sx — Dx)
are defined by

Pai(z1, 22) = (x4, 21, 22) (3.85a)
Py;(z1,22) = (yj, 21, 22) (3.85b)
or(z1, 22) = (2K, 21, 22) (3.85¢)

22y, are the outgoing sections, and o,, %z, are the incoming sections.
%0, = 6, opry (3.85d)

(where pr; : C x Conf?(C — Sy — Dx) — C is the projection onto the first
component) is the local coordinate of 12X at y; x Conf?(C — Sx — D).

Remark 3.47. Suppose that the local coordinates 71,--- ,ny at the incoming
marked points z1,--- ,zx are chosen. Then the local coordinates of 22X at the
incoming marked points o1, 02, 211, -+, %z N can be described as follows. The
local coordinates at z; x Conf?(C' — Sy — Dy) are defined by

0 = n; opry (3.862)

Suppose V' is an open subset of C' — Sy — Dx, which admits a univalent function
p € O(V). Then the local coordinate Ay of the restricted family (22X)y, at oy (V)
is defined by

Agp(z, 21, 29) = p(x) — p(zg), k=1,2 (3.86b)
whenever this expression is definable. Thus, Aj i, Aoy, %01, - -+ , 21y are the lo-
cal coordinates associated respectively to o1, o2, 2xq, ..., 2%z, written for sim-

plicity as
(AO/JH 2277') = (Allua AQN) 227717 t 72277N)
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For each ay, - - - , aps, define an infinite-rank locally free On2-module

x12 e ¥ *
/V:{?alv'“ anv prl /Vx7a17"' sAM ® pr2 /Vx,al,"' ,anr

where pr; : C? — C is the projection onto the i-th component. If V < C' — Sy —
Dx is an open subset and i € O(V) is univalent, then we have a trivialization

pr; Up (1) : Prf%&al,--- ,aM|pr;1(v) = Ve&c Opr;l(V) (3.87)
Choose a finitely admissible V**¥-module W. Associate W to z1,-- -, of X
and V®? ® W (which is finitely admissible) to o1, 02, 1?21, - - - , *x . The follow-

ing proposition is analogous to Prop. 3.39.
Proposition 3.48. We have a canonical isomorphism of Ocqpe2 (g, py)-modules
7/1236(V®2 ® W) — 7/35(121,.-. AN ‘Coan(C—Sgg—Dx) Qc #x(W)

such that for any two disjoint open subsets V1, Vo < C — Sy — Dx, any univalent
w1 € O(Vh), ua € O(Va), and any local coordinates 1. at the incoming marked
points ., the restriction of this isomorphism to V| x Vo makes the following dia-
gram commute.

oz (VE2 @ W)|v; xvs = VEE o Vixve ®C #(W)
M(A.u.,ﬂm)\) Am)@p%‘%(m)@cu(m)
V2 @ W ®c Oy, xv,
Proof. The proof is similar to Prop. 3.39 and is exactly the same as [Gui24b, Prop.
8.1]. So we omit the proof. U
Choose a1, ...,ap € N. Choose

d) € yx*,lll,...,llkj (W) :
By Thm. 3.42, we have double propagation

Ph =) € T oy (VEEQW)

By Prop. 3.48, we can view (?¢ as an Ocont?(C— 5y — Dy)-Module morphism

2 . X2
U 4//al,--',a,M|Conf2(Cfsfox) ®c Wx(W) - OConfz(CfofDx)' (3.88)
Our main result in this section is parallel to Thm. 8.2 in [Gui24b] and is signif-
icant for the construction of V-module structures of dual tensor products. Before

describing this result, we introduce some notations.
For each open subsets V1, Vo < C' — Dy (not necessarily disjoint), we write
Conf(Va — Sx — Dx) = (Vi x Va) n Conf?(C — Sx — Dx) (3.89a)
If v; € Px a1, 0y (Vi) (@ = 1,2) and w € #x(W,), write

©HaM

(v, v2,w) = PP (privy ® Pr3v|Conf(Ve—Sy—Dy) @ W) (3.89b)
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which is an element of O(Conf(V, — Sx — Dx)). Here, vy is for the first prop-
agation, and v; is for the second one. (We are following the rule that the section
for the last propagation is written on the leftmost side. ) We use the following two
symbols

22¢(Ulav2>w)|p17p2 = 2( l (I)(Ula V2, w)|p2) |;l71 (3.89¢)

to denote the value of the holomorphic function 2 (vy, va, w) at the point (py, pa) €
COIlf(V; - Sx - Dx)

Theorem 3.49. Foreach1 < i < N, choose a local coordinate n; at x; defined on
a neighborhood U; ¢ C — Dy of ;. Let V1, Vo be non-necessarily disjoint open
subsets of C'— Dx. Choose univalent functions uy, € O(Vy,) for k = 1,2. Identify

We(W) =W via U(n) (3.90a)
7/3€,a1,~-~ an |Vk =V ®c Oy, via ug(ﬂk) (3.90b)

(Note that V% q, equals Vx outside Dx.) Choose vy, € V® O(Vy). Choose w e W
and (p1,p2) € Conf (Ve — Sx — Dx). The following are true.

(1) Suppose that Vi, = U; (where 1 < ¢ < N), that V1 contains only p1,x;
among p1, P2, Te, that py = n;, and that Vi contains the closed disc with
center x; and radius |n;(p1)| under the coordinate n;. Then

PP (01,02, W)|py py = 1(v2, Yi(v1, 2)W) |y Lo—is (o)

where the series of z on the RHS converges absolutely to the LHS, and vy is
considered as an element of V ® C((z)) by taking power series expansion
with respect to z = n; at x;.

(2) Suppose that Vi = Vs, that V, contains only p1, ps among p1, p2, e, that
w1 = Wa, and that Vo contains the closed disc with center py and radius
|2(p1) — p2(p2)| under the coordinate jio. Then

ZQCI)(UI? V2, w') ’m,m = Zq)(Y(vlv Z)’Ug, ’LU) ’P2 ‘z=u2(p1)—u2(p2)

where the series of z on the RHS converges absolutely to the LHS, and vy is
considered as an element of V ® C((z)) by taking power series expansion
with respect to z = pg — pa(p2) at pa.

(3) (L, v2,0) oy pr = 1(v2,) -

4) ZQ(b(Ulv V2, w)|P17p2 = 22¢(U2> v1, w)‘pQ,pl'

Notice that by (3.82) we have
2¢(17w)|p2 = d)(w) (3.91)

Proof. When vy, vy are constant sections, (1) and (2) follow from Thm. 3.42.
The general case follows immediately. (3) follows from Cor. 3.44 by considering
the partial conformal block ¢/, associated to (2X),, and V® W. To prove (4),
consider the two partial conformal blocks of multi-level a. associated to (2X), p,
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defined by

(Ulav%w) = 22¢(U1’U27w)|p1,p2 (Ulvv%w) = 22¢(U27U17w)|172,p1

(where vy,v3 € V,w € W)

(Note that the second one belongs to 9(;“23% ) (V®2 ® W) because the linear
1-P2
functional (v2,v1,w) — 2 (va, v1, W)y, belongs to 9(;*23% ) (V2 @ W).)
2:P1
By (3) and (3.91), they are equal when v; = v9 = 1. By Cor. 3.43, they are equal
for all vy, vs. O

Let Conf?(C' — Sx) = {(z,y) € C — Sy : = # y}. With the help of Thm.
3.49-(4), we show:

Proposition 3.50. The morphism > in (3.88) can be extended (necessarily
uniquely) to an O ¢ g, -module morphism

2O V20 ant|Cont2(0—s2) ®C #x(W) = Ocongzc—sy)- (3.92)

Proof. It suffices to prove that for any open sets V;,Va < C' — Sy and any v; €
V% a1, ay (Vi) (Where i = 1, 2), the holomorphic function

f=2(v1,v2,w) (3.93)

on (Vi — Sx — Dx) x (Vo — Sx — Dx) — I extends to a holomorphic function on
(Vi = Sx) x (Vo —Sx) =T where ' = {(z,z) : z € C}.

By (3.70a) of Thm. 3.42 (applied to the family :X), f is holomorphic on (V; —
Sx) x (Vo — Sy — Dx) — I'. By Thm. 3.49-(4) and (3.70a), f is holomorphic on
(Vi = Sx — Dx) x (Vo — Sx) — I'. Thus f is holomorphic on (Vi — Sx) x (Vi —
Sx) —I' =Y where Y = {(v;,y;) : 1 <, < M}. Since every closed complex
submanifold of codimension at least 2 is a removable singularity (cf. e.g. [GR84,
Thm. 7.1.2]), f is holomorphic on (V; — Sx) x (Vo — Sx) —T. O

4. Dual fusion products

Throughout this chapter, we assume the following setting.

Setting 4.1. Fix an (M, N )-pointed compact Riemann surface with outgoing local
coordinates

X=(y1, - ym; b1, 0m|Clar, - N)

with incoming marked points z1, - - - , xy and outgoing ones y1, - - - , yas satisfying
Asmp. 3.2. Choose neighborhoods Wy, --- Wy, of 41, -+, ya, on which the
local coordinates 6+, - - - , 8 are defined. We assume that

Wi,...,Wu, 21, ..., xn are mutually disjoint. “4.1)

Sx and Dy are defined in (3.1). Associate a finitely admissible V*~-module W to
T, ,TN-
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4.1. Nx (W) is a weak V*M.module. Recall Def. 3.7. Choose any ¢ € Ny (W).

Then there exist ay, - -+ ,ap such that o € 75, (W). Fix w € #x(W). By
Thm. 3.42 (and recall (3.73)), we have a morphism of O¢_ g, -modules:
(= w) : 7/:{,@17'”7GM|C*53€ — Oc—gy- 4.2)
Recall that 7% ,, is a subsheaf of 73 = 7 and that we have trivialization
Uy(05) - Yolw; = V ®c Ow, 4.3)

Define Y;(-)n : V®c Nx(W) — #x(W)* by

(Y;(0)nd, w) = Resg,—o 1 (Uy(0;) " v, w) 0} db; (4.4)

foreachve Vc Ve O(W;), we #x(W),and n € Z.

Proposition 4.2. Let € 7y, . (W). Then for each homogeneous v € V we
have
Yj(v)nd =0 ifn = wt(v) + a; 4.5)
Thus Yj(v, z)$ belongs to Wx(W)*((2)) if we write
Yi(,2)b = 3, Yj(@latp - 27"
neZ

A converse of this proposition is given by Cor. 4.14.

Proof. Choose any homogeneous vector v € V. By (3.2), G;Vt(v)mj U, (0;) 1o

belongs to ¥4 q, (W;). Thus, by (4.2), 1 (U,(0;) v, w)@?t(v)ﬂj has removable

singularity at y; (i.e. at 6; = 0). This proves (4.5). U
By Prop. 3.50, we have the double propagation
Ed(w): /yfjl,---,aM‘Coan(C—Sx) = Ocont?(C—5x) (4.6)
where w € #5(W) is chosen. This morphism restricts to
2o(w) : V25, _py = Ocont?(C—5x—Da): “.7)
Remark 4.3. For each open subset V' < C and each v € ¥(V),w € #x(W),
2d (v, w) is understood as
?d)(v|v_gx_px,w) € O(V — Sx — Dxy) (4.8a)

which has finite poles at y1, ...,y by (4.2) (cf. the proof of Prop. 4.2). Simi-
larly, if V4, Vo = C are open, for each u € ¥o(Vi),v € Yo(Va), Ed(u,v,w) is
understood to be

22¢(U|V1—SX—D357U|V2—SX—D3€7w) € O(COHf(V. — Sy — Dx)) (4.8b)

(recall (3.89a) for the notation), which has finite poles at ¢y, - - - , yar by (4.6).

Note that by the uniqueness part of Thm. 3.42, the expressions (¢ (v, w) and
22¢(u, v, w) are independent of the choice of a1, . .., ays satisfying that ¢ belongs
to 9; o, (W).
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Proposition 4.4. For any homogeneousv € V,n € Zand § € T3¥ ayo
we have

Yj(0)ath € T, ..

7aj7"'7a1w< )’

W) where a; = a; + max{0, wt(v) —n — 1}

/ (
S5 A J

In particular, for each v € V and n € Z,
Yi(v)n : Na(W) — Nx(W)

Proof. Step 1. Fix w € #x(W). Fix 1 < j < M, n € Z, and v € V. Then
U,(0;) v € ¥ (W;). For each u € ¥(W) where W < C — Sx — Dy is open,
note that f = 2 (u,Uy(0;) " v, w) € O((W x W;) n Conf?(C)). Define

() = Resg,—o Pd (u,Uy(6;) " v, w) 67 db; e O(W) (4.9)

where 0; and Res are for the second variable of f. Recall that 7¢ is equal to

yx,al,...,ag 77777 ayy Outside y,. So Y is an O¢ g, p,-module morphism
Varseoyyesans|0=8x—Dx = OC—$x—Dy-

Let us prove that this morphism has removable singularity at y1, . . ., yps. Namely,

we show

Claim: \ is an O¢_ g, -module morphism %17...’a97,,,,ahf lc—sx = Oc—s,
(4.10)

Suppose that the claim is proved. Our goal is to prove that for each o €
H°(C, 7/35,@17...7a;7...7aﬂl ® we(eS%)), Y;(v)nd vanishes on the vector o - w of
#x (W) defined in Def. 3.5. Let 1 also denote the O¢_ g, -module morphism

V1Yo alan [O-5x W5y = WO—5x

So (o) € we—g, (C — Sx). By Residue Theorem/Stokes Theorem,

N
Z Resz, (o) = 0.
i=1

For each 1 < i < N, choose a local coordinate n; at z;, and assume that
n; is defined on a neighborhood U; containing only x; among all the incoming
and outgoing marked points. Identify #% (W) = W via U(n.). Notice that if
u e ¥Y¢(U;), then

(1) 22— Resy, 0 10 (U (0)) 0, Vi Uyl n)w) 5
O Y (), YUy (i), 1)), @.11)

From this one concludes (recalling (2.25))
Resﬂ?iljr)(U) = Resm:o <Y} (U)nd)7 K(“Q(m)ay ni)w> = <}/j (v)nd)v 0 *; w>

and hence (Y} (0)n &, 0-w) = SV (Yj(v)nd, 0 #;w) = 0. This finishes the proof
of the proposition.
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Step 2. Let us prove the claim in Step 1. First, let ¢ # j and choose a neighbor-
hood W of y;. By Prop. 3.50,if u e %% ,, . e (W) then

2w, Uy(6;) 707V, w)

is holomorphic on (W x W;) n Conf?(C'), and hence (1) has removable singu-
larities at y;. This proves that  is an O¢— g —y;-module morphism

7/36,111,-~~:a;'7-~~:a1\4 ‘C*Sx*yj - OC*SX*%' :

It remains to show that the morphism 1) has removable singularity at y;. Identify

Yolw, =V ®c Ow,  vialy(6)) (4.12a)
Wj = QJ(W]) via 9]' (412b)

Let z,( both denote the standard coordinates of C, which are equivalent to ;.
In the following, when discussing two-variable meromorphic functions, we let ¢
(resp. z) be the first (resp. second) complex variable.

To complete the proof of the claim, it suffices to show that for each homoge-
neous u € V, considered as a constant section of #(W}), the holomorphlc func-
tion P (u) = ¢(u)(¢) on W; — {y;} has poles of order at most wt(u) + a’; at y;.

Set f = f((,z) tobe

f=2¢(u,v,w) € O(Conf*(W; — {y;})).
where ( is for u and z is for v. By Prop. 3.50,

UVt a4+ 0) £(¢ 7)€ O(Conf?(W;)). (4.13)
Choose anticlockwise circles C1,C, C3 in W; surrounding y; with radii r; <

ro < r3. For each z € C9, choose a circle C(z) centered at z with radius less than
r3 —r9 and ro — r1. Let m € Z. By Cauchy’s theorem/Residue theorem,

Resc-o (e = § § " F(C 350 = § ¢manpc g

27 27i o 2mi
C3 Co C2 C3
d( dz d( dz
_ m . n m _n
L RO == I R (e oy
Cy Ch C2 C(z)

(4.14)

For fixed z € Cs, by (4.13), % twt(u f((, z) has removable singularity at { = 0
when z is away from 0. So the first term on the RHS of (4.14) equals 0 whenever
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> a;j + wt(u). By Thm. 3.49-(2), the second term equals

Mcm St~ I R T~ =

Gy 0(2) C2 C(2)

- d¢ dz

= C Z C ) U, )271.1%

C2 C(z)
. m l _m+n— l _ %ﬁ
= <l> = 2) (Y (u, ¢ = v, w) o
C2 C(z

d

_ <'an> Zmrn- lZCID(Y(U)w,w)TZ. = (m> (Y (Y(u)v)men_1®,w).
i l

(4.15)
By (4.5), (4.15) equals O whenever
m+n—1=>wt(Y(u)v) +a; = wt(u) + wt(v) =1 — 1 + aj,
and hence when
m = wt(u) + wt(v) +a; —n — 1.

In conclusion, when m > a; + wt(u) + max{0,wt(v) —n — 1} = wt(u) + a,
(4.14) equals 0. This finishes the proof of our claim. ([

Prop. 4.2 and 4.4 tell us (Nx(W),Y}) is a linear representation of V in the
following sense.

Definition 4.5. Let X be a vector space and
V — (End(X))[[=*']]
u— Yx(u, 2) Z Yx(u

neZ

be a linear map. If for each v € V and w € X,
Yx (v, 2)w € X((2)),
then we call (X, Yx) (or simply X) a linear representation V.

To prove that (Nx(W),Y}) is a weak V-module for each 1 < j < M we need
the following criterion. Let X° be a subspace of the dual space X*. We say that X°
is a dense subspace of X*, if the only vector w € X satisfying (w’, w) = 0 for all
w' e X%is 0.

Proposition 4.6. Let X be a linear representation of V with Yx(1,z) = 1x. Let
X* be a dense subspace X°. Assume that for each u,v € V, w € X, w' € X°,
there exists € > 0 and f = f(C,z) € O(Conf?(DX)), such that for any n € Z and
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z € D), the LHS of the following (as Laurent series of z) converges absolutely to
the RHS:

(Y (v, 2)Yx (u)nw, w') = Resc=of (¢, 2)¢"dC, (4.16a)
<YX(Y(U)TLUa Z)’LU, ’LU/> = ReSC—z=0f(<v Z)(C - Z)ndc’ (416b)
and for any n € 7 and ¢ € D, the LHS of the following converges absolutely to
the RHS:
<YX(’LL, C)YX(U)nwv ’UJI> = ReSZ:Of(Q> Z)anz' (4160)
Then (X, Yx) is a weak V-module.
Proof. Choose anticlockwise circles C;, Cy,C3 in D surrounding 0 with radii
r1 < r9 < r3. For each z € (5, choose a circle C'(z) centered at z with radius

less than r3 — 19 and r9 — r1. Choose m, n € Z. By Cauchy’s theorem in complex
analysis, we have P(z) = Q(z) — R(z), where

;ffc, )
(= =§§f (€A~ ) o
gﬁfc, G =) e

By (4.16b), we can compute

LOER W)Y

(T) mel(c . z)n+l¥
leN m
C(z)

B3 () o, o), @17

leN

where the RHS converges absolutely. Similarly,

_ _1\n—! n Zn—l m lﬁ
9= ez (7)o
C

== Y=y <7Z> V(0,2 Ve (W, ). (418)
leN
Since P(z) = Q(z) — R(z) holds for all z € Cy, for each h € Z we have
dz dz dz
P(2)" = = 2" § R(z)2" —. 4.19
§ omi fﬁ 27 2 ( )

Ch
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J d¢ d
3€ Q) § bems@ A -t oE

We compute

&y O
gﬁgﬁ e
s O
—gﬁﬁjﬁcmw () st A
= ZZN(—l)l <7> (Y (w)msn-1Yx(v)nriw, w') (4.20)

Substituting (4.17), (4.18), and (4.20) into (4.19), we get

Z (7) (Yx (Y () n410)mth—iw, w')

leN

- Z l( ) % (W) m4n—1Yx (V) ppiw, w')

leN
- (-1 ( ) Y ()n4h-t Y (W) 1w, w').
leN
Since X° is dense in X*, the Jacobi identity (2.1) holds for Yx. This, together with
the assumption Yx(1, z) = 1x, proves that X is a weak module. O

Lemma 4.7. Choose ¢ € Nx(W) and n € Z. Choose v € V. Identify W; =
6,;(W;) via 0; so that 6; becomes the standard coordinate z. Then for each section
U € Yo_5—Dy and w € Wx (W),

(Y5 (0)nd) (1, w) = Res,—o P (u, Uy (0;) v, w)2"dz (4.21)
where z is for the second variable of ¢ (u,U,(0;) v, w).

Proof. When u is defined on a neighborhood U; of x; on which 7; is defined,

(Y (0)nd) (u, w) (Y;(0)nd) (Vi U (0 )u, mi)w)
Res,—o 1 (UQ(Hj)_lv, Yi (U (mi)u, m)w) 2"dz
Res,—o ¢ (u, Uy(0;) M, w)z"dz.

(Note that in the above derivation, we have exchanged the order of Res,—g and the
infinite sum in the Laurent series about the variable 7;. This is legitimate because

2 (u,Uy(05)"1v, w) is holomorphic, or alternatively because of Thm. 3.42.) So,
in this case, (4.21) holds on U; — Sx — Dx. As in Proof-Step 2 of Thm. 3.42,
one shows that if €2 denotes the set of all x € C — Sy — Dy satisfying that there
is a neighborhood W of x such that (4.21) holds for all u € ¥ (W), then Q is

(3.72)

4.4)

Thm.3.49-(1)
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both open and closed in C' — Sy — Dx and is intersecting U1, ..., Up; one thus
concludes 2 = C — Sy — Dy thanks to Asmp. 3.2. O

Corollary 4.8. Choose ¢ € Nx(W) and m,n € Z. Assume the identifications
(4.12). Choose u,v €V, considered as constant sections of V @c O(W;). Choose
any w € Wx(W). Then

(Y (u)mY;(v)nd, w) = Res¢—ogRes,—o b (u, v, w)("z"dzdC. (4.22)

Here >¢(u, v, w) is considered as a holomorphic function > (u,v, w)((, z) on
Coan(Wj — {y;}), and the variables ( and z are for u, v respectively.

Proof. In (4.21), set u = u € Yo(W;). Apply Resc—o(—)d( to (4.21) and use
“4.4). O

Lemma 4.9. For each 1 < j < M, (Nx(W),Y}) is a weak V-module.

Proof. By Prop. 4.2 and 4.4, (Nlx(W), Y;) is a linear representation of V. We shall
check that X = N (W) and Yx = Y] satisfy the conditions in Prop. 4.6.

The natural linear map #% (W) — Nx(W)* clearly has dense range X°. More-
over, by Cor. 3.44, for each ro € #5%(W), 1d(1,t0) is a constant function with
value ¢ (). So

<}/j(1)n¢a m> = Res@j:O ! d)(]-v m)e;ndej = d)(m)(sn,fl

which proves Y;(1, z) = 1, (w)-

Assume the identifications (4.12). Choose u,v € V, $ € Nx(W), 0 € #5x(W).
Choose € > 0 such that D, < W, and let ¢, z be standard coordinates of W;, which
are equivalent to 6. Let f € O(Conf?(DY)) be

f(CvZ) = ZQ(ID(U,U,T’O)(C, Z)'

Then by Cor. 4.8 and Thm. 3.49-(4), (4.16a) and (4.16¢) hold for w = ¢ and w’
the corresponding vector of 1 in X* = Ny (W)* and for all n. To verify (4.16b),
we compute

Res.—oRes¢—.—0f(¢,2) - (¢ — 2)"2"d(dz

=Res,—gRes¢_.—o b (u,v,10)((, 2) - (C — 2)"2™d(dz

MRQSZZORGSC—Z=U WY (u, ¢ — 2)v,w)((, 2) - (¢ — 2)"2"d(dz

=Res,—0 (Y (u)nv,w)(2) - 2Mdz

=Y (Y (t)n0)m, )
This finishes the proof. (]
Theorem 4.10. (Nx(W), Y1, -+, Yas) is a weak VM -module.

Proof. For each 1 < j < M, assume the identifications (4.12). Since we have
proved Lemma 4.9, it remains to show that Y; commutes with Y fori # j. Let ¢, 2
be respectively the standard coordinate of W; and W;. Choose u, v € V, considered
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as constant sections of ¥ (W;), ¥c(W;) respectively. Choose w € #x(W). Then
by Lem. 4.7,

(Y3 (0)0b) (1 ) = Resacg b (u, v, w) .
Apply Res¢—o(—)d( to both sides. Then, by (4.4), we have
(Yi(w)mYj(v)nd, w) = Resc—oRes,—o 2 (u,v,w)((, 2) - ("2"dzdC.  (4.23)
Similarly, we have
(Y ()0 Yi(u)md, w) = Res,—oResc—o (v, u, w)(2,¢) - (™2"d(dz.

The above two expressions are equal by Thm. 3.49-(4). Therefore Y;(u),, com-
mutes with Y} (v)y,. O

Recall Def. A.9 for the definition of generalized modules.

Corollary 4.11. Suppose that for each a1, ... ,an € N, Ty (W) is finite-

dimensional. Then Nx(W) is a generalized VOM -module.

al,.-, QN

Proof. By Thm. 4.10 and Prop. A.12 (together with Prop. 4.4). ]

4.2. The canonical conformal block J associated to Nx (W). Recall Setting 4.1
in which a finitely admissible V**V-module W is associated to 1, . . ., z, and the
local coordinates 61, . .., 0, are associated to the outgoing marked points. Asso-
ciate the weak V*M_-module Ny (W) (cf. Thm. 4.10) to y1,-- - ,yas, and view X
as an (M + N)-pointed surface.

Theorem 4.12. Choose local coordinates n, ...,y of C at x1, ..., xN. Define
a linear map

IWRNx(W) > C  w®d— dUn.) 'w). (4.24)
Then we have 1 € T (W @ Nx(W)) in the sense of Def. 2.17.

We call J the canonical conformal block associated to Ny (W) (more precisely,
associated to X and W ® Nx(W)).

Proof. Identify #%(W) with W via ¢(n,). Choose any ¢ € Nx(W) and w €
W. Denote the tensor product of :p(-,w) : Yo—g,—py — Oc—5,—Dy and 1 :
WC—-8x—Dyx > WC—-8Sx—Dx also by

W(-,w) : Yo @ welo—8y—Dy — WC—Sx— Dy

Choose 0 € HY(C, ¥c®wc(eSx + ¢Dx)). Recall notations (2.25). Then for each
1<t <N,

G0 i w) L Res,, b (Vi(Uy(0:)0, 1)) ~—e Resy, (0, w).  (4.25)
Foreach1 < j < M,
(2.25a) “4.4)
(0 d)(w) - (Resy, Y;(Uy(05)0,0;) b, w) == Resy, 1p(0,w). (4.26)
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Therefore, by residue theorem/Stokes theorem and that ($ (o, w) € wo(C — Sx —
Dy),

N M
o (wed) =Y W(oxw) @)+ Y Jwd (o b))
j=1

=1

an

M
J*w—i-Z o d)(w EReSxZZ(I)U, —I—ZResy Wb (o, w)
7=1

7j=1
equals Zero. O

Remark 4.13. From the above proof, it is clear that Thm. 4.12 is equivalent to that
for each o € H°(C, V¢ @ wo(eSx + ¢Dx)), & € Nx(W), and w € #x(W), we
have

M
2 (0 #; d)(w Z $(0 % w) (4.27)

Using this formula, one easﬂy shows the following converse of Prop. 4.2:

Corollary 4.14. Let ¢ € Nx(W) and ay,...,ap € N. Suppose that $ sat-
isfies (4.5) for each 1 < j < M, n € Z, and homogeneous v € V. Then
be 9; a (W).

1yeeey an

Proof. Choose any o € HO(C, V% 0, @wc(eSx)) and w € #x(W). By (4.5),
(0 *; &)(w) (which can be computed by the middle of (4.26)) equals 0. So the
RHS of (4.27) equals 0. This proves that ¢ vanishes on o - w. So ¢ belongs to
g}:al yees @M <W) O
Remark 4.15. Let X be an admissible V> -module. Then we clearly have a linear
isomorphism (the partial trivialization)

UG, 0.) : #e(WRX) = #4(W)®X (4.28)
such that for each local coordinates 7y, ...,ny of 1, ..., xy, the diagram

VrWeX) 2, e w)ex

u(n-,m /u( O®1 (429

WX

commutes. We identify the two sides of (4.28) via (-, 0.).

Now, assume that [Ny (W) is an admissible V**-module. (This is true when V
is Cy-cofinite and W is finitely-generated; see Thm. 4.30). Then by Thm. 4.12,
the linear map

1:72(W)@Rx(W) - C w®d — d(w) (4.30)

belongs to .7F (W @ Nx(W)) in the sense of Def. 3.7. We also call this J the
canonical conformal block associated to Ny (W).
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4.3. Universal property of (Nx (W), J).

Definition 4.16. A weakly-admissible V**-module M is a weak V*-module
satisfying that for each m € M there exist a1,...,ap € N such that for each
homogeneous v € V and each 1 < j < M we have

Yj(v)pm =0 if n > wt(v) + a; (4.31)

Example 4.17. By (2.9a), every admissible V*-module is weakly-admissible.
By Prop. 4.2 and Thm. 4.10, N (W) is a weakly-admissible V> -module.

The goal of this section is to prove Thm. 4.20. For that purpose, we need an
explicit method of computing (4.4) in terms of the residue action of some global
meromorphic section of Yo ® we. Recall Wy, ..., W)y, in Setting 4.1.

Lemma 4.18. Choose by,...,byr € Z. Choose E € N. Then there exists T € N
such that for eachn € Z, v e VSE, 1 < j < M, there exists 0 € H°(C, 7/CSE ®
weo (T'Sx + eDx)) satisfying

Uy(0))0],, =v-07d0;  mod H°(W;, V" @cwo(—bjy;)) (4.32a)
J
Up(Ok)oly, =0 mod  H(Wy, V=¥ @cwo(—bryx))  (Vk # j)
(4.32b)

The following Mittag-Leffler type argument is standard and has appeared in
[ANO3, KZ, DGT24]. We follow the proof of [Gui24a, Thm. 12.1].

Proof. It suffices to assume n < b;, since the case n > b; is trivial if we set o = 0.

Define divisor A = — 22/[: 1 bryr. By Asmp. 3.2 and Serre’s vanishing theorem
(cf. [HuyO05, Prop. 5.2.7] or [BS76, Thm. IV.2.1]), there exists T € N such that for
allt > T,

HY(C, 75 @we(tSx + A4)) =0 (4.33)

Fix 1 < j < M. Define A" = —ny; — >} byyy. Then A" > A. Consider the
short exact sequence

075 @ue(TSx + A) » 15F Que(TSx + A') > % — 0

where ¥ is the quotient sheaf of the previous two sheaves, which is an Oc-module
with support in y;. By (4.33), we have a long sequence
0— HY(C,V5F @uc(TSx + A)) - HY(C,75F e (TSx + 47))
—H’(C,%9) — 0
(4.34)
Define 3 € HY(C,¥) to be (the equivalence class of) Uy(6;) v - §7df; on W

and 0 on C' — {y;}. Then any lift 0 € H°(C, 75" ®@uwc (T'Sx + A')) of j satisfies
(4.32). 0
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Proposition 4.19. Let ay,...,ap; € N. Let Ee Nand by = a1+ F,... by =
aypy + E. Choose T e N,neZ, ve VsE 1 < j < M, and o be as in Lem. 4.18.
Then for each € T3, (W) and w € #x(W) we have

N
(Y;(0)n 2 o # W) (4.35)

Proof. By (4.26) and (4.27), the RHS of (4.35) equals

Z Resy, Vi, (Up(0k)0, O) b, w).

Using (4.32) and (4.5), one finds that this expression equals the LHS of (4.35). [

Theorem 4.20 (Universal property). Choose local coordinates ny,...,ny of C
at x1,...,xy. Then for each weakly-admissible V*M -module M and each T' €

T (W ® M) (recall Def. 2.17), there exists a unique T' € Homyxa (M, Nx(W))
such that the following diagram commutes:

WM

r
1®Tl >> C (4.36)

1
W & Nx (W)

Remark 4.21. Asin Sec. 4.2, when considering .73 (W®M), we are assigning M
to the marked points y1, ..., yps. So the X in 73¥ (W®M) has N + M (incoming)
marked points.

Proof. By (4.24), the only element ¢ € Nx (W) annihilated by J(w ® -) for all
w e Wis 0. So T must be unique. Let us prove the existence of 1. Identify
W (W) with W via U (n,).

Define a linear map 7' : M — W* such that for each m € M,

T(m):W—C w — I'(w®m)

Let us prove that T'(M) < Nx(W). Choose any m € M. Choose ay,...,ay € N
satisfying (4.31). Choose o € H?(C, %% 4, ® wc(eSx)) and w € W. Since I
is a conformal block associated to X and W ® M, I" vanishes on o - (w ® m) =
c-w®m+ w® o -m. (Note that we are also viewing o as an element of
H°(C, 7% @ wc(eSx + #Dx)).) So

M N
T(m)(o-w) = ZF(w@(a xj,m)) = ZF o xw) @m) (4.37)
k=1 i=1
By (4.31) and the local expression of o near y1, - - - , yar, we have o % m = 0 and

hence (4.37) = 0. This proves T'(m) € 73, (W) = Rx(W).
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We now prove that T is a weak V*™-module morphism. Choose any E € N,
veVSE neZ,1<j< M. Letp = T(m), and let o be as in Lem. 4.18. Then

(4.35)

N
(Y;(0)n(T(m)), w) — Y {T(m), 0 %; w) = the RHS of (4.37)
i=1

Using (4.32) and (4.31), one finds that the middle of (4.37) equals
[ (w ®Yj(v)nm) = (T(Y;(v)nm), w)
This proves that 7" intertwines the actions of Yj(u)s,. O

Remark 4.22. It is clear that the pair (Nx (W), J) is uniquely determined by the
universal property in Thm. 4.20. Namely, if X is a weakly-admissible V*-
module, T e ZF(W ® X), and (X, 7) satisfies the same property as (Nx (W), J)
in Thm. 4.20, then there is a (necessarily unique) isomorphism @ : X — Nx(W)
such that T=Jo (1® ®).

Corollary 4.23. Choose local coordinates 1, ...,ny of C at x1,...,xN. Then
for each weakly-admissible V*M -module M, we have an isomorphism of vector
spaces
HomVxM (M, Nx(W)) — g.'{* (W ® M)
T—Jo(1®T)

Proof. Immediate from Thm. 4.20. O

(4.38)

4.4. Ca-cofiniteness implies dim 7y, (W) < +oco. In the remaining
part of this chapter, we assume that V is Cs-cofinite. Notice Thm. A.14 for many
equivalent descriptions of grading-restricted V&~ -modules. By Cor. 4.11, in order
to show that Ny (W) is a generalized V®M-module, we need to show that each
ﬂf’a* (W) is finite-dimensional. For that purpose, we need a preparatory result:

Lemma 4.24. Let V1, ...,V be Co-cofinite, and let E c V1 ® - - - ® Vv be the
finite subset of homogeneous vectors in Thm. A.13. Let W be a finitely-generated
admissible V1 x - - - x Vy-module. Then for any n € N, there exists v(n) € N such
that any Z.(O)-homogeneous vector w € W satisfying wt(w) > v(n) is a finite
sum of vectors of the form Yi(u;) _jw° where 1l < i < Nyu=u1 ® - Quy €
E,[>n.

Recall Def. 2.7 for the meanings of wt and wt; and homogeneous vectors.

Proof. By Thm. A.14, W is a finitely-generated weak V; ® - - - ® V y-module. It
suffices to consider the case that W is generated by a single homogeneous vector
wp. Let T be the set of vectors of the form (A.34) satisfying np, < nN — N + 1.
So T is a finite subset of W. Set v(n) = max{wt(w;) : w; € T}. If w €
W is homogeneous and vfx\rf(w) > v(n), then we can also write w as a sum of
nonzero homogeneous vectors of the form (A.34) whose L. (0)-weights are equal
to wte (w), but now n must be greater than n.N — N + 1. So w is a sum of vectors
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of the form Yyy(u)_gws where u = u; ® --- @ uy € E,K > nN — N + 1 and
wo is homogeneous. Note that

Yy (u)—gws = Z Yi(u1)—p, - YN (un) gy wo.
kit hy =K —14+N

For each (kq,--- , ky) satisfying Zf\il ki = K —1+ N, thereexists 1 <i < N
such that
K—-1+N

This finishes the proof if we let [ = k;. ([
In the following, we set Vi = .-+ = Vy = Vand fix E < VON as in Lem.

4.24.

Theorem 4.25. Let V be a Ca-cofinite VOA. Let W be a finitely-generated ad-

missible VN -module. Then for each ay,--- ,apy; € N, Tx,ar1, an (W) is finite

dimensional.

The proof of this theorem is similar to the proof that the spaces of conformal
blocks have finite dimensions [ANO3, KZ, DGT24]. We include a proof for the
readers’ convenience. Our approach follows [Gui24a, Thm. 7.4]. Recall W(n) =
(2.11b). Then

Ws"= P W(k) (cf. (2.11c)
keN,k<n

is finite-dimensional by Thm. A.14. In the following proof, we assume:

Setting 4.26. In addition to Setting 4.1, we choose local coordinates 71, . .., ny of
C atxq,...,zy defined on neighborhoods Uy, ...,Uy. Assume that Uy, ..., Uy
and y1,...,yy are mutually disjoint. Identify #%(W) = W via U(n.). Then
Tx,a1,ap (W) = W/_7 where

S = H° (C’ Yx,a1, 0 ® wC(°S3€)) W

Proof. Let £ = max{wt(v) : v € E}. By Asmp. 3.2 and Serre’s vanishing
theorem (cf. [HuyO5, Prop. 5.2.7] or [BS76, Thm. IV.2.1]), there exists kg € N
such that

HYC, VS o), @wo(kSx)) =0 (4.39)

for all k£ > kg. Fix an arbitrary k € N satisfying kK > E + ky. We shall prove that
for any n > v(k), any vector of W(n) is a finite sum of elements of W<"~! mod
. If this claim is true, then W<(¥) — W/ ¢ is surjective, and hence W/_¢ is
finite-dimensional.

Choose w € W(n). By Lem. 4.24, w is a sum of vectors of the form Y; (u;) _jw®,
where 1 < i < N,u=u; ®---Quy € E, and [ > k. Then, since wt(u;) = 0,
we have

~ (2.9b)

wi(w°)

n—wt(u;)) —l+1<n—k<n—FE—koy (4.40)
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It suffices to show that each Y;(u;)_;w® is a sum of elements of W<sr—1 mod z.
Thus we may assume for simplicity that w = Y;(u;)_;w® for some i. From now
on the 7 is fixed.

Consider the short exact sequence of O¢-modules

0= Vgk 0y QwelkoSx) = 1550 . 4, ®wo(lSy) =% -0 (441)

where ¢ is the quotient of the previous two sheaves. (Note that the support of ¢ is
a subset of {x1,...,zn}.) By (4.39), we have an exact sequence

0— HY(C, VL o, ®wolkoSx)) — HY(C 0 ., ®we(ISk))

—H?(C,9) -0
(4.42)

Define an element o € H° (C, %) as follows. U,(n;)o|y, is the equivalence class

represented by u; - 7, Ldn;, and U|C,{zi} = (. This makes o a well-defined global
section of ¥.
By the exactness of (4.42), we can find a lift & € H° (C, Y. SE ®wc(l535))

X,a1,,a0m

of o and find some v; € VS¥ @ O¢ (koSx)(U;) for each 1 < j < N such that
Up(1mi)8 |0, = wi - ;i + v - dipi (4.43a)
Z/lg(nj)&\uj =0; - d’l]j (ifj #* Z) (4.43b)
It follows that 7 - w® € ¢ equals w + wa where
N N
wa = Y (Up(nj) " wjdng) # w® = Y Resy,—o Yj(vj, n;)w’dn;.
j=1 J=1
Thus w = —wa mod _Z. Note that for each 1 < j < N, residue action of
Uy(n;) " tv;dn; on w® increases the L(0)-weight by at most E + ko — 1. By (4.40),
wa € WS, So our proof is complete. ([

4.5. Co-cofiniteness implies that Nx (W) is a grading-restricted V®M .module.

Definition 4.27. Let U be a VOA. A generalized U-module M is called of finite-
length (cf. [Hua09, Def. 1.2]) if there is a chain of generalized submodules 0 =
My ¢ My < -+ ¢ M; = M where M;/M;_; is an irreducible (generalized)
U-module (i.e. a generalized U-module such that 0 and M;/M,_; are the only
U-invariant subspaces).

Remark 4.28. If U is Cs-cofinite, then a generalized U-module is finitely-generated
iff it is grading-restricted (cf. Thm. A.14), iff it is of finite length (by [Hua09, Prop.
4.3]).

Lemma 4.29. Let U be a Cs-cofinite VOA. Let M be a generalized U-module.
Suppose that each projective object P in the category of finite-length generalized
U-modules satisfies

dim Homy (P, M) < +0o0.
Then M is of finite length.
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We prove this lemma by mimicking the proof of [Hua09, Thm. 4.5].

Proof. Let S be the set of finite-length (equivalently, finitely-generated) general-
ized U-submodules of M. Our goal is to show that M € S.
Assume that M ¢ S. Then we have a chain in S:

O0=MycMicMy & --- (*)

Since each M; cannot be M, the above chain is infinite. Each M;/M;_; has fi-
nite length since M; € S. Thus we can find finitely many intermediate modules
between M;_; and M; forming a finite increasing chain such that the quotient of
any member by the previous one in this chain is irreducible. Therefore, inserting
all these intermediate modules into the chain (%), we may assume at the beginning
that each M;/M; 1 is irreducible.

Since U is Cy-cofinite, there are only finitely many equivalence classes of ir-
reducible U-modules (which are grading-restricted by Thm. A.14), cf. [Hua09,
Prop. 4.2] or the end of [Gui24a, Sec. 12]. Thus we can find an infinite subset
B < Z. such that the members of {M;/M;_; };cp are all isomorphic to a nonzero
irreducible U-module X. By [Hua09, Thm. 3.23], there exists a projective cover
(P, p) of X in the category of finite-length generalized U-modules. So there exists
a morphism p; € Homy (P, M;) such that the following diagram commutes and the
horizontal line is exact:

N (4.44)
0—— Mz’—l Mz i X 0

Since p = m; o p; is surjective, p;(IP) does not lie inside M;_.

Since dim Homy (P, M) < +c0 and B is infinite, {p;};cp must be linearly de-
pendent. So there exist k > 1,4 < -+ < i < 41 in B, and A;;,... N, € C
such that

i

Pirsy = AinPiy + o+ Aigpiy,
Then p;, . , (IP) is inside M;, , and hence inside M;, +1—1. This gives a contradiction.

O

i

Recall Thm. A.14.

Theorem 4.30. Assume thatV is Ca-cofinite. Let W be a finitely-generated admis-
sible V*N -module. Then Ny (W) is a finitely-generated admissible VM -module.

Proof. By Cor. 4.11 and Thm. 4.25, Nx(W) is a generalized V&M -module. If
PP is a finite-length generalized V®M -module, then by Cor. 4.23, the vector space
Homyenm (P,Nx(W)) is isomorphic to 73 (W ® IP), which has finite dimension
by Thm. 4.25. (Recall that a conformal block is a partial conformal block asso-
ciated to a pointed surface with no outgoing marked points.) Therefore, by Lem.
4.29, Nx (W) is a grading-restricted generalized V® -module, equivalently (Thm.
A.14), a finitely-generated admissible V*-module. (I
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In the following, we assume the setting of Rem. 4.15, which applies here since
Thm. 4.30 establishes that Ny (W) is an admissible V**-module. Then under the
identification

Wx(WRNx(W)) = #2x(W) @Nx(W)  viald(-,0.) (4.45)

each element of .73 (W ® Nx(W)) (in particular, J) is a linear functional on
#x (W) ® Nx(W). The same is true if Ny (W) is replaced by any admissible
V>*M_module.

Theorem 4.31 (Universal property). Assume that V is Co-cofinite. Then for each
finitely-generated admissible VM -module M and each T' € TE(W @ M), there
exists a unique T € Homyxn (M, Ny (W)) such that the following diagram com-
mutes:

W (W) XM -
1®T C (4.46)
| =
Wx(W) @ Nx (W)

Proof. What we shall prove follows immediately from Thm. 4.20 if we identify
#(W)@M with WM and #% (W) @ Nz (W) with WR@Nx (W) viald(n.) @1,
thanks to the commutative diagram (4.29). O

Appendix A. Modulesof V; x --- x VyandV; ® - ® Vn

Let Vq,: .-,V be VOAs. In this chapter, we do NOT assume that each graded
subspace V;(n) of V; = @, .y Vi(n) is finite-dimensional.

A.1l. Admissible (i.e. NV -gradable) and N-gradable modules. The goal of this
section is to address the issue raised in Rem. 2.5: whether a weak V; x - - - x V-
module is a weak V; ® - - ® Vy-module. As pointed out in Rem. 2.5, this is
true and is actually known to experts. It can be proved by checking the weak
associativity of the vertex operators defined by (A.2). This “formal variable ap-
proach” assumes some familiarity with the techniques (developed e.g. in [Kac98]
or [LLO4]) of handling the subtleties in the identities of formal variables.

In this section, we prove a slightly weaker result (Thm. A.4) using complex-
analytic methods in the spirit of [FHL93] and [Gui23]. An advantage of this ap-
proach is that once the formal series is shown to converge a.l.u. to a holomorphic
function, the variables of this function can be safely changed to some other more
convenient variables. As another advantage, one can check that many algebraic
and formal operations actually commute using the fact that taking residues com-
mute with taking a.l.u. convergent infinite sums of holomorphic functions. Since
this approach does not seem to be as common as the formal variable approach in
the VOA literature, we address all the subtleties in this approach with sufficient de-
tails for the readers’ convenience, although the experienced readers can certainly
fill in the details by their own efforts.
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Definition A.1. A weak V; x -+ x Vy-module (W,Y,...,Yn) (cf. Def. 2.4)
is called an N-gradable V; x - - - x V-module if there is a diagonalizable linear
operator E(O) on W with eigenvalues in N such that forall 1 < ¢ < N, v; € V,,
n € Z, we have

[L(0), Yi(vi)n] = Yi(L(O)vi)n — (n + 1)Y(vi)n. (A.1)
We let
W(n) = {weW: L(0)w = nw}
W = P W(n)*
neN

A vector w in W resp. W’ is called E(O)-homogeneous, or simply homogeneous,
if it belongs to W(n) resp. W(n)* for some n € N.

Example A.2. If W is an admissible V; x --- x Vy-module, then W is an N-
gradable V; x - - - x Vy-module if L(0) is defined by (2.10).

Example A.3. If N = 1, a weak V-module W is admissible iff it is N-gradable.

A.1.1. Main result. Let W be an N-gradable V; x - - - x V y-module with grading
operator L(0). Foreach k € Z,v1 € V1,--- ,ony € Vy,w € W, define

Yiw(v1 ® - @ un)pw = Z Yi(vi)g, - Yn(on)eyw  (A2a)
kit ok —k+1—N

It is not hard to show that the RHS is finite sum. Let

Y ® - ®@un,2) = ), Yu(n1 ® - @un)pz . (A.2b)
keZ

Theorem A.4. (A.2) defines a 1-1 correspondence between the following notions:

(a) N-gradable V1 x --- x V y-modules.

(b) Admissible (i.e. N-gradable) V1 ® - - - ® V y-modules.
More precisely, let (W, Y1, ..., Yn) be an N-gradable V1 x - - - x V x-module with
grading operator E(O) Then (W, Yyy), together with L(0) defined by (2.10), is an
admissible V1 ® - - - ® Vy-module. Moreover, every admissible V1 ® --- ® V-
module (with suitable L(0)) can be realized in this way.

Note that in (b) we are treating V1 ®- - -® Vv as a single VOA. Clearly (b)=(a)
by setting Y;(v,2) = Yw(l1® - ®v® -+ ® 1, z) (where v is at the i-th tensor
component). So we shall only prove (a)=(b).

Corollary A.5. Let W be a weak Vi x --- x Vy-module. Suppose that W is
spanned by some weak V1 X --- x VYV y-submodules which are N-gradable. Then
WisaweakVi® ---®Vy-module.

Proof. The only thing to check is the Jacobi identity for Yy. By Thm. A.4, the
Jacobi identity holds when Yyy is acting on each N-gradable weak Vi x --- x V-
submodule. O
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Our ultimate interest is not in weak or admissible Vi &® --- ® Vy-modules,
but in generalized modules or even grading-restricted (generalized) modules of
V1®:- - -®V x which are extensively studied in the literature. This will be discussed
in the next section.

A.1.2. Another perspective on Y. Let W be an N-gradable V; x --- x V-
module. For each n € N, define the canonical projection
Py W=][W(k) > W(n) = {weW: LO)w = nw} (A3)
keN
Then for each v € V;, 1 < i < N, and m,n € Z, P,Y;(v, z) P, is an element of
Hom(W(m), W(n))[z+1] since, when v is homogeneous,
PnY;(U7 Z)Pm = Zn—m—wtv : Pn%(”)—n+m+wtv—lpm

From this, it is easy to see that for each homogeneous w € W,w' € W and
homogeneous v; € Vy,...,vny € Vpy,

(w',Y1(v1, 21) - - YN (vn, 2n)w)

3w Vi, o Y (on)kyw)z Mzt (A4a)
ki,....kn

= Z <w/,PHIYi(Ul,Zl)PnQ}/Q(’UQ,Zz)“‘PnNYN(UN,ZN)'UJ> (A4b)

n1,...,n NEN

def

holds in C[[2{, ..., 23" ]]. Moreover, on any open subset of C, the a.l.u. conver-

gence of (A.4a) is equivalent to that of (A.4b).* (Here, the mutual commutativity
of Y1,...,Yy is not needed.)

Remark A.6. From (A.4b), we know that the powers of zy in (A.4) are bounded
from below, and the powers of z; are bounded from above. From (A.4a) and that
Y1, ..., Yy mutually commute, we know that for each permutation o of 1,..., NV,
we have

(W', Y1(v1,21) -+ Yy (N, 25)w)

=<U)/, Yo(l) (va(l)a ZG’(l)) T YO’(N) (UO'(N)7 ZO'(N))w> (A.5)
These two facts together imply immediately that
(W', Yi(v1,21) - Yn(on, 2n)w) € Clzi, ..o 23] (A.6)

and that (A.4b) has only finitely many non-zero summands (so there is no conver-
gence issue in (A.4b)). Let Yy be defined by (A.2). Then in (C[zil] we clearly
have

(W', Yiw(v1 ® - @ v, 2)w) = (W', Yi(vr,21) - Y (o, zn)w)|, ., .

(A7)

4We warn the readers that these two a.l.u. convergences are NOT a priori equivalent when some
v; is not homogeneous since, in that case, not all summands in (A.4b) are monomials of 21, ..., zn.
See [Gui23, Subsec. 7.3] for a detailed explanation.
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A.1.3. Some convergence properties. Assume the setting of Subsec. A.1.1. To
prove that Yyy satisfies Jacobi identity, we need the following convergence lemmas
to ensure that taking residues commutes with certain infinite sums. Assume N = 2,
which is sufficient for the proof of Thm. A.4 by induction. The first lemma is
proved in a similar way as [FHL93, Prop. 3.5.1]:

Lemma A.7. For each w € W, w' € W, uq,v1 € Vi, uo,v9 € Vo, the sums

2 (W', Y1 (ur, 21) Poy Ya(ug, 21) Py Y1(v1, 22) Prg Ya(va, Z2)w)  (A.8a)
nl,ng,n3€N

DT (W, Yi(v, 22) P, Ya(va, 22) Po, Yi (1, 21) Py Ya (i, 21)w)  (A.8D)
nl,nz,ngeN

D1 W Yi(ur, 21) Po, Y1 (1, 22) Py Ya(ug, 21) Py Ya(vz, 22)w)  (A8c)

nl,’nz,n;geN

converge a.l.u. on 21,89, )y respectively where

Q1 ={(21,21,20,22) € C*: 0 < |22 < |21,0 < || < |Z1]} (A.9a)
Qo = {(21,21,29,22) € C*: 0 < |21] < |22,0 < |21] < |22} (A.9b)

and can be extended to the same holomorphic function ¢ on
Q= {(21,21,20,%) € (C*) : 21 # 29,21 # 2o} (A.10)

such that (z1 — 22)T (21 — 22)T ¢ is holomorphic on (C*)* for some T € N inde-
pendent of w,w'.

Proof. Step 1. It suffices to assume that u, vy, ug, vo, w,w’ are homogeneous.
Then, as in (A.4), we can also understand (A.8a) as

(w', Y1 (uq, 21)Ya(uz, 21)Y1 (v1, 22) Y2 (v2, Z2)w)

= > (W Yi(ua)k Ya(ug)k, Y (01) ks Ya(va) g, w)
ki,k2,ks,kseN
TR R e (A.11)
On any open subset of C* the a.l.u. convergences of (A.8a) and (A.11) are equiv-
alent. (A.8b) and (A.8c) can be understood in a similar way. Then it follows im-
mediately that (A.8a) and (A.8c) are equal as elements of C[[zf—rl, Zlil, z;—rl, E%l]]
(and hence as holomorphic functions whenever the a.l.u. convergence holds) be-

cause Y7 and Y5 commute.

Step 2. By the locality of vertex operators Y7, Yo, we can choose 7' € N such
that

(21 — 22) " [Yi(u1, 21), Yi(v1, 22)] = 0, (51 — )" [Va(ug, 21), Ya(v2, 22)] = 0

(A.12)
as elements in End(W)[[27, 23] and End (W) [[2, 257 1]]. Let f (21, 21, 22, 22)
= (A.8a) and g(z1, 21, 22, 22) = (A.8b). Define

w(21721722752) = (21 - 22>T(gl - %2>Tf(zlagl7z27%2) (A13)
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viewed as an element in the C[ 27, 27!, 257!, 251 ]-module C[[2{*, 27, 251, 25°1]).
Then (A.12) and the commutativity of Y; and Y5 imply that
b= (21— 2)" (21 = ) g(21, 21, 22, 22)

By (A.l), the powers of Z5 (resp. zp) in (A.8a) are bounded from below
(resp. above), and the same is true for zo (resp. 2zp) since we can exchange
the first two vertex operators and the second two in (A.8a). This implies that f
belongs to the ring C((z; ', 2", 29, 22)), and so does v. Similarly, g belongs to
C((z1, 21, 22_1, 32_1)), and so does 1. Therefore

w(zla 217 22, 32) € C[Zit17 %1i17 ZQil7 2%_1]

Step 3. Now (A.13) can be viewed as a relation in the ring R = C((27 1,27, 22, 22)).
In this ring, (21 — 22)” and (21 — 22)7 have inverses

(21 —20) T = 2 <_JT> (—1)jzl_T_jz% (A.14)

-T N AR
B -2)" =), ( ; >(—1)Jz1 Ty (A.15)
jeN

Therefore, in R we have f = (A.14)-(A.15)-1. Clearly (A.14) and (A.15) converge
alu. on ;. So does f because 1 is a Laurent polynomial. Since the RHS of
(A.14) and (A.15) converge a.l.u. on €2 to the LHS as holomorphic functions, f
as a formal Laurent series of z1, 2o, Z1, 22 converges a.l.u. on €21 to ¢. Here

p=(z1—2)" (21— %) Y € 0(Q)

Therefore, by Step 1, (A.8a) converges a.l.u. on {2; to . Similarly, (A.8b) con-
verges a.l.u. on {29 to . O

The following lemma is well-known when W (ny) is finite-dimensional. Without
assuming the finite-dimensionality, the proof is more subtle.

Lemma A.8. In Lem. A.7, fix any ny € N. Then

D0 (! Yi(ug, 21) P, Yi(v1, 22) Py Ya(ug, 21) Py Ya(v2, Z2)w)  (A.16a)

nl,ngeN
D (W V(P Y (un, 21 — 22)01, 22) Py Ya (P Y (u, 21 — %2)v2, 2)w)
n17n3EN
(A.16b)
converge a.l.u. on )1, Qs respectively where

Qg = {(Zl,gl,ZQ,gQ) € (C4 0 < |21 — Z2| < |22|,0 < |31 — %2| < |E2|} (A.17)

and can be extended to the same holomorphic function wy,, on §.
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Proof. Step 1. It suffices to assume that all the vectors are homogeneous. (A.1)
implies that (A.16a) belongs to C((zfl, 5{1, 29, 22)), and that

Z (W', Y1(v1, 22) Po, Y1 (u1, 21) Pry Ya(v2, 22) Poy Ya(u2, Z1)w)  (A.18a)

nl,ngeN

belongs to C((21, 21,25 1,2, ). By (A.12), when multiplied by (21 — 29)” (3; —
%)T, (A.16a) and (A.18a) are equal as elements of the C[zlil,gf—rl,z%l,gg—rl]—
module C[[2;F1, 2T, 251, 25 1]]. So this element must be in C[27, 2771, 2571, 2571,
Using this fact, one shows as in the proof of Lem. A.7 that (A.16a) and (A.18a)
converge a.l.u. on 1, Q9 respectively to the same function wy,, € O(2). A similar

argument shows that
Z (W', Y1(v1, 22) Po, Y1 (u1, 21) Pry Ya(ug, 21) Poy Ya(v2, Z2)w)  (A.18b)
nl,ngeN
DT W, Yi(un, 21) P, Y1 (v, 22) Py Ya(v2, 22) Py Ya(un, 21)w)  (A18c)

nl,ngeN

converge a.l.u. on {|z1]| < |z2|,|Z1| > |Z2|} and {|z1] > |22/, |Z1| < |Z2|} respec-
tively to wp,,.

Step 2. It remains to show that (A.16b) converges a.l.u. on {23 to wy,. This is
equivalent to showing that for each r, p > 0, (A.16b) converges a.l.u. to wy,, on the
multi-annulus

9377“79 = {(21,21,22,52) € (C4 0 < |Zl 722| <r< |ZQ|,0 < |31 722| <p< ‘52|}
(A.19)

The advantage of working with holomorphic functions on €23 . , is that we can take
Laurent series expansions with respect to the four variables zq — 2o, 29, 21 — 22, Zo.
By basic facts about Laurent series expansions of holomorphic functions on multi-
annuli (cf. e.g. [Gui23, Lem. 7.13]), the RHS of the following converges a.l.u. on
23, to the LHS:

Wny = Z ak17k2 (22752) . (Zl — Z2)7k1*1(21 i 52)716271

k1,k2€Z
where
Okq ko = Reszlsz:OResgl—§2=0 Wno (zla 21, 22, 22)

. (21 — Zg)kl (51 — Sg)kZd(El — Zg)d(zl — 22)

is a holomorphic function on I';., = {(22,%2) € C? : |23] > 7,|Z3| > p}. The
proof will be completed if we can show that

Aoy op (225 Z2) = (W', Y1 (Y (1) v1, 22) Py Yo (Y (u2) g, 02, Z2)w) (A.20)
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Step 3. We fix (22, 22) € Iy , and verify (A.20). Choose circles C_1, C1, C_1,Ch
in C with center 0 and radii < |22/, > |22|, < |Z2|, > |22 respectively. Then

Ak, ky (22, 22)

it ~ ~ -~ dzi dz
= E (1) jg fﬁwm(zl,zl, 29,%) - (21 — 22)" (31 — 22)’“2*2 S
! i 27i
1,] , C; Cj
(A.21)

by residue theorem. The four summands in (A.21) can be computed by (A.16a) and
(A.18): By the fact that contour integrals commute with a.l.u. convergent series of
holomorphic functions, (A.18b) implies that

dzy d
§ foomlen i) (- 2" (1 - 2 00
-1y
L k e _.dzd
I Iy 271 271
ll,lgeN C—ICI
k k ~
-2 () 5 carmren
I1,lzeN \'1 2/ i nzeN

Aw', Y1 (v, 22) Poy Y1 (u1) 1y Py Yo (u2) ky—15 Py Yo (va, Z2)w)

k k _ ~
-2, ()

11,l2eN 1 2

(W', Yi(v1, 22) Y1 (1)1, Py Yo (u2) ky—1, Y2 (v2, Z2)w) (A.22)
where the last term is a finite sum by (A.1). The other three integrals in (A.21) can
be calculated in the same way. This computes the LHS of (A.20).

By the Jacobi identity (2.1) for Y; (where ¢ = 1,2), foreach m,n e N, k € Z,

and homogeneous u, v € V, we have in End¢(W)[2%!] that

PYi (Y (u)kv, 2) P

k k )
:Z <l> (—2)' P Y; (w1 Y;(v, 2) Py — Z <l> (—2)F LB Y (0, 2)Yi(u) P
leN IeN
from which one easily computes the RHS of (A.20) and finds that it equals the
LHS. s

A.1.4. Proof of Thm. A 4.

Proof of Thm. A.4. By induction on N, it suffices to assume N = 2. Clearly,
Yw(1®1,2) = 1w and Yyy satisfies the lower truncation property. Moreover, it is
easy to show

[L(0), Yiw (u1 ® ug, 2)] = Yiw (L(0) (w1 @ uz), 2) + 20, Y (u1 ® ug, ). (A.23)
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using (A.1). So it remains to check the Jacobi identity (2.1) for Yyy. Let uy,v; €
V1, u2,v9 € Vo be homogeneous and

A(z) = Yw(ur ®ua, z), B(z) = Yw(vi ®ve, 2).

Our goal is to prove for each m,n, k € Z

> (7) (Ant1B)m+k—i

e (A.24a)
n n
= Z(—l)l (l)Am-i—n—lBk:-i-l - Z(—D”” <Z>Bn+k—lAm+l-
leN leN
where, for each k,[ € Z,
(ApB); = Yw (Y (u1 @ ug)i(v1 ® v2)); (A.24b)

Step 1. Choose homogeneous w € W, w’ € W’. By Subsec. A.1.2, for z € C*
we have

W', A(2)w) = Z (W', Y (u1, 2) PaYa(ug, 2)w)

neN

<w’, B(z)w> = Z <u/,Y1(1)1, 2)P,Ya(va, z)w>

neN

where the RHS contain only finitely many non-zero summands. Let 2 = (A.10)
and

¢ = p(21,21, 22, 22) €0
be defined by Lem. A.7. Let
I' = Conf?(C*)
'y ={(21,22) e C* x C* : 0 < |22] < |21},
[y ={(21,22) eC* x C* : 0 < |21] < |22|}
I3 ={(21,22) eC* x C* : 0 < |21 — 22| < |22}
f(21,22) = (21, 21, 22, 22)

Then f € O(T'). By Lem. A.7, the RHS of the following converge a.l.u. on the
given region to the LHS:

f= Z (W', A(z1) Py B(z2)wy onTy (A.25a)
neN
f = <{w B(z)PuA(z1)w) onTy (A.25b)
neN
f= > (W Yi(ur,21)Pu,Yi(v1,22) Py Ya(ug, 21) Poy Ya(v2, 22)w) onT
n1,n2,n3eN
(A.25¢)

Step 2. Recall the function w,,, € O(12) in Lem. A.8. Define g,,, € O(T") by

Gno (21, 22) = wny (21, 21, 22, 22)
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Our goal in this step is to show that the RHS of the following converges a.l.u. to
the LHS:

fz1,22) = D) gny(21,22)  onT (A.26)

no€N

We already know that this is true on I'; due to (A.25¢). To extend (A.26) from I'y
to I', we follow the proof of [Gui23, Thm. 8.4].
Consider the functions F' € O(I' x C*) and G,,, € O(I") defined by

Flz1,22,9) = th(w)+Wt(v2)+Wt(wQ)<P(217 qz1, 22, q22)
Gm (21, 22) = Resq:() F(Zl, 29, q)q—nz—ldq

By complex analysis, the RHS of the following converges a.l.u. on I' x C* to the
LHS:

F(21,22,9) = Y Gny(21,22)q"™

HQEZ

Note that f(z1,22) = F(z1,22,1). So (A.26) is true if we can prove that G,
equals gn, on I'. (Here, we set g,,, = 0if no < 0.)

By the uniqueness of analytic continuation, it suffices to show that G, = gn,
on I'y. Fix (21, 22) € I'1. By (A.8¢c) and (A.1), we have

F(z1, 22, Q>
= Z <w/7Yl(uhZl)PmYl(vhZQ)PnquOYQ(Uz,Zl)Pn33/2(112722)w>

n1,n2,n3eN
= Z q" (W', Y1 (ur, 21) Po, Y1(v1, 22) Poy Yo (uz, 21) Poy Ya(va, 22)w)
n1,n2,n3eN
which, by (A.16a), equals ZmeN Gny (21, 22)¢™2. This finishes the proof of (A.26).

Step 3. Let us compute

hio(z2) = Reszy oy (21 — 20)F f (21, 22)d21 = jﬁ (21 — ) f (21, 2) 2L

27
C(z2)

where C'(z2) is any circle centered at zo with radius < |22|. By (A.26), the sum of
(A.16b) over all no € N converges a.l.u. on I'3 to f if we set 2] = 21,22 = 2o.
Therefore, by the fact that contour integrals commute with a.l.u. convergent series
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(A.26) and (A.16b), we have
hi(z2)

- Z Z (21 - 22>k<wla Yi(PnIY(’U,l, z1 — 22)7)17 22)

’n2€N ni ,ngENC(z2)

dz
- Py Yo (P, Y (ug, 21 — 22)v2, 22)w 27:1

=> > D ! Yi(Pa, Y (1) gy v1, 22) Py Yo (Pry Y (ug) gy v2, 22)w)
TLQEN nl,ngeN kl JCQEZ
k=ki+ko+1

= 7 > ! V(Y (1) mvn, 22) - Py Ya (Y (2)k-1-mv2, 22)w)

no€N meZ
:<w/,Yw(Y(u1 ®UQ)k(v1 ®’U2),Zz)w> (A.27)

where the second last expression has finitely many nonzero summands (cf. Rem.
A.6).

Step 4. By complex analysis, the RHS of the following converges a.l.u. to the
LHS:

f Z hk ZQ Zl — ZQ) k=1 on F3 (A.28)

For each z3 € C*, if we let C_, C; be circles centered at 0 with radii < |z2| and
> |z9| respectively, then for each m, n € Z we have

dz
s -
1
C(z2)
dz dz
- fﬁ f(z1,22) 21" (21 — 22) 27:1 - fﬁ f(z1,22) 21" (21 — 22)" 277711
Cy

These three integrals can be computed respectively by (A.28), (A.25a), (A.25b) in
the same way as (4.17) and (4.18): we get

> (?) 2 nga(22)

%‘:(22 ( ><w ApiniB(z)w) — %< ) (—22)" W', B(22) Apiw)

Substitute (A.27) into the LHS, multiply both sides by 2%, and apply Res.,—o(-)dzo.
Then we get (A.24). O

A.2. Generalized V; ® - - - ® Vy-modules. Let U be a VOA whose eigenspaces
of L(0) are not necessarily finite-dimensional. Recall the following definitions
from [Hua09].
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Definition A.9. A weak U-module W is called a generalized U-module if W
is spanned by the generalized eigenvectors of L(0), or equivalently, if we have a
decomposition
W =P W, (A29)
neC

where Wi, is the subspace of generalized eigenvectors of L(0) with eigenvalue
n € C, ie. Wy, is the set of all w € W satisfying (L(0) — n)*w = 0 for some
k € Z, (possibly depending on n and w).

A generalized U-module W is called a grading-restricted (generalized) mod-
ule if W,,) = 0 when R(n) is sufficiently negative, and if each W, is finite-
dimensional.

Applying the above definitions to the case U = V; ® - - - ® V, one wants to
know whether a weak V1 x --- x V-module is a generalized module or even a
grading-restricted module of Vi ® - - - ® V. This is a main goal of this section.

A.2.1. General results. For each 1 < 7 < N,n € Z and each homogeneous
v; € V;, we call Y;(v;),, a raising operator resp. lowering operator if the degree
of vertex operator

deg (Yi(vi)n) := wt(v;) —n—1 (A.30)
is = 0 resp. < 0.

Remark A.10. Let W be a weak Vy x - - - X Vy-module. Foreach sq,...,sy € C,
define

Wi, 5] = {w € W: V1 < i < N,3k € Z such that (L;(0) — s;)"w = 0}

(A.31)

Then by Jacobi identity (2.1), for each 1 < ¢, 7 < N we have
[L;(0), Yi(vi)n] = 6 (Yi(L(0)vi)n — (n + 1)Y;(vi)n) (A.32a)
[L(0),Yi(vi)n] = Yi(L(0)vi)n, — (n + 1)Yi(vi)n (A.32b)

where L(0) := L1(0) + -+ + Ly(0). Let W[, be the generalized eigenspace of
L(0) with eigenvalue s. Thus, if Y;(v;), has degree d; = wt(v;) —n — 1, then

)/7j(Ui)nw[sl,u.,si,...,sN] = W[sl,...,sieri,A..,sN]a Y;(Uz)nw[s] < W[s+di]
(A.33)

Lemma A.11. Let 2 be the subalgebra of End(W) generated by all Y;(v;), where
1<i< N,v;eVyneZ Let Ay resp. A_ be the unital subalgebra generated
by all raising operators resp. lowering operators. Then 2 = Spanc (24 - A_).

Proof. One needs to show that a product of k € Z_ vertex operators can be written
as a linear combination of those in 2{ - 2(_. This follows easily by induction on k
and by the formula for [Y;(v;)m, Y;(v;)n] implied by the Jacobi identity. O

The following criterion on generalized V; ® - - - ® V y-modules can be applied
to dual fusion products. (See Cor. 4.11.)
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Proposition A.12. Let W be a weak V1 x - - - x V ny-module generated by elements
of {Ta : « € A} where each T, is a finite-dimensional subspace invariant under
the action of every lowering operator Y;(v;), (Where 1 < i < N,n € 7 and
v; € V; is homogeneous). Then W is a generalized V1 ® - - - ® V x-module.

Proof. Since 7, is finite-dimensional and invariant under L;(0),..., Lx(0), it
follows from linear algebra that 7, is spanned by common generalized eigenvectors
of L1(0),..., Ly(0). Thus, there is a finite set £ = C" such that

Ta = @ (Ta 0 Wsy, o sn1)

(517"'7SN)6E+NN

and that any two elements of £ do not differ by an element of Z .
Let W, =%2-7,. By Lem. A.11, we have W, = 2, - 7. Thus, by (A.33),

Wa = @ Wels1,.58]
(817 ,SN)GE-‘,-NN
where Wy, [4,,....sn] = Wa 0 Wi, sy]- Foreach 1 < i < N, define a linear

operator L;( ) on W, satisfying for each e=(ey,...,en) € E that
Li(0

) — € on Wa,[sl,...,sN] if (81,...,81\[) ee—i—NN

Then Ll(O), R LN(O) make W,, an admissible V; x --- x Vy-module. By as-
sumption, W = Span,W,,. Therefore, by Cor. A.5, Wisaweak Vi ® - - - ® V -
module. Since each W, is spanned by generalized eigenvectors of L(0) = L1(0)+

-+ 4+ Ln(0), sois W. So W is a generalized V; ® - - - ® V y-module. O

A.2.2. The Cs-cofinite case. The following theorem follows immediately from
[Miy04, Lem. 2.4] and the fact that a tensor product of Cs-cofinite VOAs is Cs-
cofinite. It shows, in particular, that if V is a Cs-cofinite VOA then each graded
subspace V(n) is finite-dimensional.

Theorem A.13. Let Vi,...,Vy be Cs-cofinite. Then there exists a finite subset
EcVi®- - -®Vy such that any weak V1 Q - - - @ V n-module W generated by a
vector wy is spanned by

Yo (Vk) —np, YW (Vk—1)—np_y =+ Yw (V1) —ny wo (A.34)
wherek € Nyvy, -+ ,vp e Eandni < ng < --- < ng. Moreover, E can be chosen
as a subset whose elements are of the form u1 ® - - - @ upn, where uy,--- ,un are

homogeneous.

Theorem A.14. Assume that Vi,...,V are Cy-cofinite. Then the following
statements for W are equivalent:

(a) W is a finitely-generated admissible V1 x - -- x V y-module.

(b) W is a finitely-generated finitely-admissible V1 x - - - x V n-module.
(c) W is a finitely-generated admissible V1 ® - - - ® V y-module.

(d) W is a finitely-generated finitely-admissible V1 ® - - - ® V n-module.
(e) W is a finitely-generated generalized V1 ® - - - ® V y-module.

(f) W is a grading-restricted (generalized) V1 ® - - - ® V y-module.
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Proof. (e,f)=(b): Assume (e,f). Then there exists a finite subset ' < C such
that the finite-dimensional subspace 7 = @, 5 Wiy generates W. Since W is
grading-restricted, we can extend F' to a larger finite set such thatif t € F,n € N
and W;_,,; # O then ¢t —n € F. Thus 7 is invariant under 2(_. As in the proof of
Prop. A.12, we can find a finite subset £/ < CN, any two elements of which do not
differ by an element of ZN, such that

T = @ (T N W[s1,...7sN])

(81,...,8N)EE+NN

By Lem. A.11, W =2, 7. So

W = @ W[Sl,...,sN]
(s1,---,8 N )EE+NN

and by Thm. A.13 and (A.33), each Wy, . is finite-dimensional. Foreach 1 <

i < N, define a linear operator L;(0) on W satisfying for each e = (e1,. .., ey) €
E that

EZ(O) =8 —¢€ on W[sl,...,sN] if (s1,...,sny) e+ NV

Then L1 (0), ..., Ly (0) make W a finitely admissible V; x - - - x V y-module.

(b)=>(a): Obvious.

(a)=(c): Immediate from Thm. A .4.

It remains to show that (c,d,e,f) are equivalent. Note that if they are equivalent
whenever N = 1, then they are equivalent for any N by considering U = V; ®
.-+ @ Vy as a single VOA. Thus, in the following, we assume N = 1 and write
Vi=V.

(e)=(f): By (A.33) and Thm. A.13. (f)=(e): By [Hua09, Prop. 4.3], (f) implies
that W has finite length, and hence is finitely-generated.

(e,f)=(d): Apply (e,f)=(b) to the case N = 1.

(d)=(c): Obvious.

(c)=(e): Assume (c). By Thm. A.13 and (2.92), W is a finitely-admissible V-
module. Thus, by (A.33), W is spanned by some finite-dimensional L(0)-invariant
subspace. So W is spanned by generalized eigenvectors of L(0). This proves
(e). U
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