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Residual finiteness of 𝑨𝟐,𝟑,𝟐𝒏 triangle
Artin groups

GreysonMeyer

Abstract. We prove that triangle Artin groups of the type 𝐴2,3,2𝑛 are resid-
ually finite for all 𝑛 > 3. This requires splitting these triangle Artin groups
as graphs of groups and then proving that each of these graphs of groups has
finite stature with respect to its vertex groups.
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1. Introduction
A triangle Artin group is a group that admits the presentation

𝐴𝑀,𝑁,𝑃 = ⟨𝑎, 𝑏, 𝑐|(𝑎, 𝑏)𝑀 = (𝑏, 𝑎)𝑀 , (𝑏, 𝑐)𝑁 = (𝑐, 𝑏)𝑁 , (𝑐, 𝑎)𝑃 = (𝑎, 𝑐)𝑃⟩
where, for example, (𝑎, 𝑏)𝑀 is the word with alternating letters in {𝑎, 𝑏} with
length𝑀, beginningwith the letter 𝑎. In [6], Jankiewicz proves that everyArtin
group 𝐴𝑀,𝑁,𝑃 with𝑀 ≤ 𝑁 ≤ 𝑃 and either𝑀 > 2 or 𝑁 > 3 splits as a graph of
free groups. Jankiewicz then uses this information in [7] and [8] to prove that
these same triangle Artin groups are residually finite. A group 𝐺 is residually
finite if for every nontrivial 𝑔 ∈ 𝐺, there exists a finite index subgroup 𝐻 with
𝑔 ∉ 𝐻.
The results in [8] exclude two classes of triangle Artin groups, namely

{𝐴2,2,𝑃|𝑃 > 1} and {𝐴2,3,𝑃|𝑃 ≥ 3}. All Artin groups 𝐴2,2,𝑃 and {𝐴2,3,𝑃|3 ≤ 𝑃 <
6} are spherical, making them linear [1, 2] and therefore residually finite [9].
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Squier proves in [10] that𝐴2,3,6 splits as a graph of free groups using purely alge-
braicmeans and it can be deduced easily from this result that𝐴2,3,6 is residually
finite. What remains is the subclass of triangle Artin groups 𝐴2,3,𝑃 for 𝑃 ≥ 7.
In [12], Wu & Ye prove that each 𝐴2,3,2𝑝+1 with 𝑝 ≥ 3 cannot split as a graph
of free groups. In this paper we will use the splitting found in [12] and expand
the methods from [8] to prove the following theorem.

Theorem 1.1. Every triangle Artin group 𝐴2,3,2𝑛 with 𝑛 > 3 is residually finite.

1.1. Proof strategy. In [3], Hanhamdiscovered the following presentation for
𝐴2,3,2𝑛 with 𝑛 > 3, whichWu&Ye later split in [12] as an amalgamated product
of free groups. We condense these two results into Theorem 1.2. For complete-
ness, Theorem 1.2 is proven in Section 2.

Theorem 1.2 (Hanham [3], Wu-Ye [12]). When 𝑛 > 3,
𝐴2,3,2𝑛 ≅ ⟨𝑏, 𝑐, 𝑥, 𝑦, 𝑑, 𝛿|𝑑 = 𝑥𝑐, 𝑑 = 𝑏𝑥, 𝑦 = 𝑏𝑐, 𝑦𝑏 = 𝑐𝑦, 𝛿𝑏 = 𝑐𝛿, 𝛿 = 𝑑𝑥𝑛−2𝑑⟩
≅ 𝐹3 ∗𝐹7 𝐹4.

The amalgamated product in Theorem 1.2 can be written as 𝜋1(Γ) where Γ
is the graph of groups below.

We will prove that this graph of groups has finite stature with respect to its
vertex groups in the sense of [5]. Wedefine the concept of finite stature precisely
in Section 3. We then will use [5, Theorem 1.3] to deduce residual finiteness.
Since this graph of groups is a graph of free groups, the vertex and edge groups
implicitly satisfy the first two criteria in [5, Theorem 1.3], thereby reducing [5,
Theorem 1.3] to the more approachable theorem below.

Theorem 1.3 (Huang-Wise [5]). Let 𝐺 be the fundamental group of a graph of
finite rank free groups with finite underlying graph. If 𝐺 has finite stature with
respect to its vertex groups, then 𝐺 is residually finite.

In Section 2 we split each Artin group in {𝐴2,3,2𝑛|𝑛 > 3} as a graph of free
groups in a similar manner as in [12]. In Section 3 we develop a procedure
involving iterated fiber products used in Sections 4 & 5 to show that Theorem
1.3 holds in the cases 𝑛 > 4 and 𝑛 = 4 respectively, proving Theorem 1.1. The
proof in Section 5 utilizes a Python program designed by the author to display
and categorize the connected components that arise from a multitude of fiber
product computations. A link to the GitHub repository containing the code, as
well as documentation about how to use the program, can be found in Section
6.

2. Splitting 𝑨𝟐,𝟑,𝟐𝒏

We begin by fixing the presentation of 𝐴2,3,2𝑛 from Theorem 1.2, which will
be used to split 𝐴2,3,2𝑛 as a graph of free groups. An isomorphism between the
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standard presentation and the presentation in Theorem 1.2 can be defined by
mapping, in one direction:

𝜙(𝑏) = 𝑏, 𝜙(𝑐) = 𝑐, 𝜙(𝑥) = 𝑏−1𝑎𝑐𝑏
𝜙(𝑦) = 𝑏𝑐, 𝜙(𝑑) = 𝑎𝑐𝑏, 𝜙(𝛿) = (𝑎𝑐)𝑛𝑏𝑐

and in the other direction:
𝜓(𝑎) = 𝑑𝑏−1𝑐−1, 𝜓(𝑏) = 𝑏, 𝜓(𝑐) = 𝑐

The presentation complex associated to the presentation in Theorem 1.2 can
be seen in Figure 1. The relations are represented by relator polygons whose
sides are identified with the loops in the wedge of circles at the center of the
figure. This presentation complex, denoted by 𝑋, has been constructed so that
𝜋1(𝑋) = 𝐴2,3,2𝑛, endowed with the presentation from Theorem 1.2. In order
to realize 𝐴2,3,2𝑛 as an amalgamated product, we apply Seifert-Van Kampen’s
Theorem to 𝑋 as shown in Figure 2.

Figure 1. Presentation complex 𝑋

Figure 2. Seifert Van Kampen’s Theorem applied to 𝑋

The red band 𝑁𝑈 , the blue band 𝑁𝑉 and their nonempty intersection, the
purple band 𝑁𝑊 , are path connected open subsets of 𝑋. There is a natural
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deformation retraction that we then perform on 𝑁𝑈 and 𝑁𝑉 , respectively, to
obtain the graphs 𝑈 and 𝑉, as shown in Figures 3 & 4.

Figure 3. 𝑁𝑈 deformation retracts to the wedge of 3 circles, 𝑈.

Figure 4. 𝑁𝑉 deformation retracts to the labeled graph𝑉 with
𝜋1(𝑉) ≅ 𝐹4.

Next, we deformation retract 𝑁𝑊 to the labeled graph𝑊 represented by the
thin purple horizontal lines that appear twice in each relator polygon in Figures
5 & 6. Note that there is a natural map 𝑊 → 𝑉 induced by inclusions and
the deformation retractions. We will soon see that this map is a combinatorial
immersion.

Definition 2.1 ([11]). A combinatorial map 𝑌 → 𝑍 between graphs 𝑍 and 𝑌
is a function that maps vertices to vertices and edges to edges. A combinatorial
immersion 𝜙 ∶ 𝑌 ↬ 𝑍 between these graphs is a locally injective combinatorial
map.

Every combinatorial immersion 𝜙 ∶ 𝑌 ↬ 𝑍 induces an injective homomor-
phism 𝜋1(𝑌, 𝑦) ↪ 𝜋1(𝑍, 𝑧) [11]. Furthermore, if 𝑌 is not already a cover of
𝑍, the existence of a combinatorial immersion 𝜙 ∶ 𝑌 ↬ 𝑍 guarantees that 𝑌
can be completed to a cover of 𝑍 by attaching trees to the vertices in 𝑌 that are
inhibiting 𝑌 from being a cover [11].
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Lemma 2.2. The map𝑊 ↬ 𝑉 induced by the deformation retraction 𝑁𝑉 → 𝑉
is a combinatorial immersion.

Proof. The map𝑊 ↬ 𝑉 factors through the following composition of maps:

𝑊 ↪ 𝑁𝑊 ↪ 𝑁𝑉 → 𝑉
where the rightmost map is the deformation retraction of𝑁𝑉 . The vertex labels
in𝑊 come directly from the relator polygons. The sides of the relator polygons
are labeled 𝑏, 𝑐 or 𝑑. Every vertex in𝑊 lies on one such edge. The superscript is
then included to keep track of whether the vertex is closer to the head (in which
case the superscript is+) or the tail (in which case the superscript is a−) of the
oriented edge. The combinatorial immersion is represented by the coloring of
the edges in𝑊. □

Figure 5. The labeled graph𝑊 is a double cover of 𝑉.

Notice further that𝑊 is a double cover of 𝑉. The map𝑊 → 𝑈 induced by
the deformation retraction 𝑁𝑈 → 𝑈 is not as simple. Just like in Lemma 2.2,
the map𝑊 → 𝑈 factors through the composition of maps

𝑊 ↪ 𝑁𝑊 ↪ 𝑁𝑈 → 𝑈
where the rightmost map is the deformation retraction. What is keeping the
map 𝑊 → 𝑈 from being a combinatorial immersion is the triangular relator
polygons. The deformation retraction 𝑁𝑈 → 𝑈 collapses the topmost inter-
nal edges of the triangular relator polygons to vertices. To take these collapsing
edges into account, we denote the graph in the bottom right of Figure 6 as 𝜎(𝑊)
and decompose the map𝑊 → 𝑈 as the composition𝑊

𝜎
,→ 𝜎(𝑊) ↬ 𝑈 where

the second map is a combinatorial immersion. The map 𝜎 and the combinato-
rial immersion are shown in Figure 6. Again, the combinatorial immersion is
represented by the colors of the edges in 𝜎(𝑊).

Lemma 2.3. The map 𝜎 ∶ 𝑊 → 𝜎(𝑊) is a homotopy equivalence.

Proof. Every edge in 𝑉 arises from a unique relator polygon. The relator poly-
gon from which each edge originates is encoded in the color of the edge. In-
tuitively, 𝜎 sends every edge in𝑊 to the nearest horizontal edge of the relator
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polygon from which that edge originates. To see how 𝜎 maps every edge in𝑊,
see Figure 6. Mostly 𝜎 sends an edge in𝑊 to an edge in 𝜎(𝑊). The exceptions
are the edges 𝑑+ → 𝑐+, 𝑏− → 𝑑− and 𝑏+ → 𝑐− in𝑊 that are collapsed to ver-
tices (represented by the dashed black lines in Figure 6), and the edge 𝑑+ → 𝑑−
in𝑊 that is sent to the path of length 𝑛−2 of red edges (the curve labeled “𝑛−2"
in Figure 6). Since arcs are contractible, all four of these nontrivial steps that
comprise the map 𝜎 are homotopy equivalences, making 𝜎 itself a homotopy
equivalence as well. □

While𝑊 is a double cover of 𝑉, 𝜎(𝑊) is not a cover of 𝑈. The red arc at the
bottom of the graphs in Figure 6 labeled “𝑛 − 2" represents an oriented path
consisting of 𝑛 − 2 red edges. The vertices in this path are not the endpoints of
any green or yellow edges, making these vertices not preimages of the lone ver-
tex in 𝑈. Graphs of this form can be completed to a cover by attaching trees to
the vertices that lack the proper adjacencies. In the case of 𝜎(𝑊), this requires
attaching an appropriate subtree of the universal cover of 𝑈 to each vertex in
the red path since the other three vertices in 𝜎(𝑊) have full adjacency. This act
of completing a graph to a cover by attaching trees does not affect the funda-
mental group of the graph since trees are devoid of loops. We refer to 𝜎(𝑊) as
the core of a cover of𝑈, which is the portion of the cover containing loops [11].

Figure 6. The labeled graph 𝜎(𝑊) combinatorially immerses
into 𝑈.

We use the combinatorial immersions 𝜎(𝑊) ↬ 𝑈 and 𝑊 ↬ 𝑉 to induce
the injections 𝜋1(𝜎(𝑊)) ↪ 𝜋1(𝑈) and 𝜋1(𝑊) ↪ 𝜋1(𝑉) respectively. Since we
would need infinitely many vertices to complete 𝜎(𝑊) to a cover of𝑈 with the
same fundamental group as𝑈, and𝑈 has only one vertex, thismakes𝜋1(𝜎(𝑊))
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an infinite-index subgroup of𝜋1(𝑈). Since𝑊 is a double cover of𝑉, this makes
𝜋1(𝑊), an index-2 subgroup of 𝜋1(𝑉). The deformation retractions, combina-
torial immersions and 𝜎 all fit into the following diagram that commutes up to
homotopy:

𝜎(𝑊)

𝑈 𝑊 𝑉

𝑁𝑈 𝑁𝑊 𝑁𝑉

↫→

↫→
𝜎

This diagram, along with Seifert-Van Kampen’s Theorem being applied to
the presentation complex for 𝐴2,3,2𝑛, proves Theorem 2.4 in the same manner
as in [12].

Theorem 2.4. [12] For 𝑛 ≥ 3, 𝐴2,3,2𝑛 ≅ 𝜋1(𝑁𝑈) ∗𝜋1(𝑁𝑊) 𝜋1(𝑁𝑉) where
∙ 𝜋1(𝑁𝑈) = 𝜋1(𝑈) ≅ 𝐹3
∙ 𝜋1(𝑁𝑉) = 𝜋1(𝑉) ≅ 𝐹4
∙ 𝜋1(𝑁𝑊) = 𝜋1(𝑊) = 𝜋1(𝜎(𝑊)) ≅ 𝐹7

3. Finite stature procedure
In order to prove that𝐴2,3,2𝑛 is residually finite, we first prove that𝐴2,3,2𝑛 has

finite stature with respect to {𝜋1(𝑈), 𝜋1(𝑉)}, the vertex groups of the splitting
from Theorem 2.4. The definition of finite stature can be found in Definition
3.6 in Section 3.3. The definition involves intersections of subgroups and conju-
gacy classes of subgroups. So farwe have only discussed the groups in our graph
of groups in terms of the fundamental group of labeled graphs. We would like
to continue to proceed in this fashion. In order to approach the concept of fi-
nite stature from this perspective, we will need to understand what subgroup
intersection and conjugation look like in the context of labeled graphs.

3.1. Fiber products. Stallings describes in [11] how to calculate the intersec-
tion of subgroups that can be realized as the fundamental group of respective
covers of a common underlying labeled graph. He does so using the following
tools.

Definition 3.1. Let 𝜙𝑖 ∶ 𝑌𝑖 → 𝑋 be a combinatorial immersion for 𝑖 = 1, 2.
The fiber product of 𝑌1 and 𝑌2 over𝑋 is the labeled graph 𝑌1⊗𝑋 𝑌2 with vertex
set

{(𝑣1, 𝑣2) ∈ 𝑉(𝑌1) × 𝑉(𝑌2) ∶ 𝜙1(𝑣1) = 𝜙2(𝑣2)}
and edge set

{(𝑒1, 𝑒2) ∈ 𝐸(𝑌1) × 𝐸(𝑌2) ∶ 𝜙1(𝑒1) = 𝜙2(𝑒2)}
There is a natural combinatorial immersion𝑌1⊗𝑋𝑌2 → 𝑋, given by (𝑦1, 𝑦2) ↦
𝜙1(𝑦1) = 𝜙2(𝑦2).



RESIDUAL FINITENESS OF 𝐴2,3,2𝑛 TRIANGLE ARTIN GROUPS 815

Lemma 3.2 (Stallings [11]). Let 𝐻1, 𝐻2 ≤ 𝜋1(𝑋, 𝑣) where 𝑋 is a finite graph
and 𝑣 ∈ 𝑋 is a vertex. For 𝑖 = 1, 2, let (𝑌𝑖, 𝑥̂𝑖) → (𝑋, 𝑣) be a cover of 𝑋 where
𝜋1(𝑌𝑖, 𝑥̂𝑖) = 𝐻𝑖 . Then𝐻1 ∩ 𝐻2 = 𝜋1(𝑌1 ⊗𝑋 𝑌2, (𝑥̂1, 𝑥̂2)).

We will be performing fiber products of covers of𝑊 and 𝜎(𝑊) throughout
the rest of the paper. Since𝑊 and 𝜎(𝑊) are homotopy equivalent, we choose to
work with covers of 𝜎(𝑊) instead of𝑊. We make this choice since 𝑈 has only
one vertex, which guarantees that the immersions 𝜙1 and 𝜙2 in Definition 3.1
will agree on every vertex. In terms of Definition 3.1 this means that 𝑈 will be
the graph that we will perform fiber products over (the𝑋 in Definition 3.1) and
every labeled graph 𝑌𝑖 will combinatorially immerse into𝑈. This will result in
𝑉(𝑌1)×𝑉(𝑌2) being the vertex set of every fiber product for the rest of this paper
for all 𝑌1, 𝑌2 ↬ 𝑈. Figure 7 shows an example of a fiber product calculation
that will be used later on.

Figure 7. 𝜎(𝑊) ⊗𝑈 𝜎(𝑊) for 𝐴2,3,8

Notice that every element of 𝑉(𝜎(𝑊)) × 𝑉(𝜎(𝑊)) is present in the 𝜎(𝑊)⊗𝑈
𝜎(𝑊) calculation in Figure 7, where we have replaced the vertex labels of 𝜎(𝑊)
with numbers to keep notation clean. We will continue with this labeling con-
vention for the rest of the paper. Figure 7 also demonstrates that fiber products
need not be connected, making choice of basepoint very important when calcu-
lating the fundamental group. Choosing basepoints 𝑎 ∈ 𝑌1 and 𝑏 ∈ 𝑌2, makes
(𝑎, 𝑏) the basepoint in𝑌1⊗𝑈𝑌2. Wewill still be primarily interested in the cores
of graphs, and thus will continue to omit the trees needed to complete the cores
that appear as connected components of fiber products to actual covers of 𝑈.
The following lemma will come in handy during future calculations.
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Lemma 3.3. Let 𝑌1 ⊂ 𝑋1 and 𝑌2 ⊂ 𝑋2 be subgraphs. Then 𝑌1⊗𝑈 𝑌2 ⊂ 𝑋1⊗𝑈
𝑋2.

This lemma is immediate by the definition of fiber products. Also, from an
algebraic point of view, the intersection of subgroups will always be a subgroup
of the intersection of the supergroups.

3.2. Conjugation of subgroups as operations on labeled graphs. We now
must discuss how to understand conjugation of subgroups when our subgroups
are the fundamental group of labeled graphs. To start, we will fix 𝑣 ∈ 𝜋1(𝑉) as
being a fixed coset representative coming from 𝜋1(𝑉)∕𝜋1(𝑊) = {[1], [𝑣]}. This
coset representative allows us to observe the following property of 𝐴2,3,2𝑛 for
𝑛 ≥ 3.

Lemma 3.4. Every element 𝑔 ∈ 𝐴2,3,2𝑛 with 𝑛 ≥ 3 can be written as
𝑔 = 𝑔1𝑣𝑔2𝑣...𝑔𝑚−1𝑣𝑔𝑚

for some𝑚 ≥ 1 where 𝑔1, ..., 𝑔𝑚 ∈ 𝜋1(𝑈).

Proof. The splitting in Theorem 2.4 gives us

𝐴2,3,2𝑛 ≅ 𝜋1(𝑈) ∗𝜋1(𝑊)=𝜋1(𝜎(𝑊)) 𝜋1(𝑉) = (𝜋1(𝑈) ∗ 𝜋1(𝑉))∕(𝜋1(𝑊) = 𝜋1(𝜎(𝑊)))

Therefore every element 𝑔 can bewritten 𝑔 = ℎ̄1𝑘̄1ℎ̄2𝑘̄2...ℎ̄𝔪−1𝑘̄𝔪−1ℎ̄𝔪 for some
finite𝔪 and where each ℎ̄𝑖 ∈ 𝜋1(𝑈) and 𝑘̄𝑖 ∈ 𝜋1(𝑉). Since 𝜋1(𝑊) is an index-2
subgroup of 𝜋1(𝑉), each 𝑘̄𝑖 = 𝑙𝑖 or 𝑘̄𝑖 = 𝑙𝑖𝑣 for some 𝑙𝑖 ∈ 𝜋1(𝜎(𝑊)) = 𝜋1(𝑊).
In the first case ℎ̄𝑖𝑘̄𝑖ℎ̄𝑖+1 ∈ 𝜋1(𝑈), allowing us to replace ℎ̄𝑖𝑘̄𝑖ℎ̄𝑖+1 with some
ℎ𝑖 ∈ 𝜋1(𝑈) to rewrite 𝑔 = ℎ1𝑘1...𝑘𝑚−1ℎ𝑚 where 𝑚 ≤ 𝔪 and every 𝑘𝑖 is of
the form 𝑙𝑖𝑣. Therefore 𝑔 = ℎ1𝑘1...ℎ𝑚−1𝑘𝑚−1ℎ𝑚 = ℎ1𝑙1𝑣ℎ2𝑙2𝑣...ℎ𝑚−1𝑙𝑚−1𝑣ℎ𝑚.
Setting ℎ𝑖𝑙𝑖 = 𝑔𝑖 for 1 < 𝑖 < 𝑚 and ℎ𝑚 = 𝑔𝑚 results in the desired expansion of
𝑔. □

Let 𝑝𝑢 and 𝑝𝜎 be fixed basepoints of 𝑈 and 𝜎(𝑊) respectively. Consider a
cover (𝑌, 𝑝) → (𝜎(𝑊), 𝑝𝜎) and let 𝜋1(𝑌, 𝑝) = 𝐻 ≤ 𝜋1(𝜎(𝑊), 𝑝𝜎) be the corre-
sponding subgroup. By Lemma 3.4 it suffices to understand how conjugation
by elements of 𝜋1(𝑈), and conjugation by the coset representative 𝑣 ∈ 𝜋1(𝑉),
affect𝐻.
Since 𝜎(𝑊) is a cover of 𝑈, this makes (𝑌, 𝑝) → (𝑈, 𝑝𝑢) a cover as well.

So the conjugation of 𝐻 by an element of 𝑢 ∈ 𝑈 in terms of the graph 𝑌 is
represented by simply shifting 𝑝 along the path in 𝑌 described by 𝑢 (see [4] for
more details on the connection between basepoint shifting and conjugation).
But𝑌 is not a cover of𝑊, nor of𝑉, so we cannot represent the 𝑣-conjugation

of 𝐻 by simply shifting 𝑝 along a path in 𝑌. Since𝑊 is a double cover of 𝑉, 𝑣
is a path between the two preimages in𝑊 of the basepoint in 𝑉 (see Figure 5
for the vertex labellings of 𝑉 and𝑊). This takes the basepoint of𝑊 from one
preimage of 𝑉 to the other, resulting in every vertex label having its superscript
swapped, meaning

𝑑+ ↔ 𝑑−, 𝑏+ ↔ 𝑏− and 𝑐+ ↔ 𝑐−
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This involution extends naturally to all labeled graphs that combinatorially
immerse into𝑊.

Definition 3.5. Define the involution 𝛽 ∶ {𝑌′ ↬ 𝑊} → {𝑌′ ↬ 𝑊} on the
vertices of a labeled graph 𝑌′ by 𝑑+ ↔ 𝑑−, 𝑏+ ↔ 𝑏− and 𝑐+ ↔ 𝑐−.

Consider the homotopy equivalence 𝜎 ∶ 𝑊 → 𝜎(𝑊) introduced in Section
2. Since 𝜎 is a homotopy equivalence, it extends naturally to all covers of 𝑊
as well. Figure 8 shows how 𝜎 behaves locally on edges. Given some labeled
𝑌 ↬ 𝜎(𝑊), if we want to find a labeled graph 𝑍 ↬ 𝜎(𝑊) such that 𝜋1(𝑍, ∗𝑣
) = 𝑣−1𝜋1(𝑌, ∗)𝑣, we start by considering the labeled graph 𝑌′ ↬ 𝑊 such that
𝜎(𝑌′) = 𝑌. The 𝑣-translated copy of 𝑌′ is the labeled graph 𝛽(𝑌′). This new
labeled graph 𝛽(𝑌′) arises as a copy of 𝑌′ with + ↔ − in all of the vertex label
superscripts.
Putting these pieces together, we define 𝛽 ∶ {𝑌 ↬ 𝜎(𝑊)} → {𝑌 ↬ 𝜎(𝑊)} by

𝛽(𝑌) = 𝜎◦𝛽(𝑌′) where 𝜎(𝑌′) = 𝑌. Note that 𝛽2 = 1 by construction. Pictori-
ally, we can think of 𝛽(𝜎(𝑊)) as swapping the tops and bottoms of the relator
polygons in the presentation complex. Figure 8 shows the details of how 𝛽 af-
fects the vertices and edges of the core of every cover of 𝜎(𝑊). Note that since
𝛽 is an involution, Figure 8 is meant to also be read from right to left. In the
figure, the dashed arrows are meant to represent edges that are being mapped
to a vertex by 𝜎. An example of a 𝛽 calculation can be found in Figure 12.

Figure 8. 𝛽(𝑌) = 𝜎◦𝛽(𝑌′) applied to every applicable vertex & edge.
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To recap, for every labeled graph 𝑌 ↬ 𝜎(𝑊), the labeled graph correspond-
ing to 𝑔−1𝜋1(𝑌, ∗)𝑔 for some 𝑔 ∈ 𝐴2,3,2𝑛 is either:

(1) 𝑌 with a new basepoint chosen, when 𝑔 ∈ 𝜋1(𝑈) or
(2) a (potentially) new labeled graph 𝛽(𝑌) with a (potentially) new base-

point, when 𝑔 ∉ 𝜋1(𝑈).

3.3. Defining the set 𝑺. We finally have enough tools to bring finite stature
into the mix.

Definition 3.6 ([5]). Let𝐺 be a group and {𝐻𝜆}𝜆∈Λ be a collection of subgroups
of 𝐺. Then 𝐺 has finite stature with respect to {𝐻𝜆}𝜆∈Λ if for each 𝜇 ∈ Λ, there
are finitely many𝐻𝜇-conjugacy classes of infinite subgroups of the form𝐻𝜇∩𝐷
where 𝐷 is an intersection of 𝐺-conjugates of elements in {𝐻𝜆}𝜆∈Λ.

Remark. Connected components coming from fiber products have tuples for
vertex labels. The maps 𝜎 and 𝛽 are defined with respect to vertices that have
integer labels. We will need to calculate the image under 𝛽 of connected com-
ponents coming from fiber products, so we choose to project each vertex-tuple
to its second component. Because we are making this choice, we must perform
𝐻⊗𝑈 𝐾 and 𝐾 ⊗𝑈 𝐻 for all pairs of finite connected labeled graphs𝐻,𝐾 ↬ 𝑈
going forward, despite the fact that (𝐻 ⊗𝑈 𝐾) ≅ (𝐾 ⊗𝑈 𝐻) is an isomorphism
of labeled graphs realized by swapping the tuple-entries at each vertex.

Lemma 3.9 converts the search for finite stature to the search for a set of
labeled graphs 𝑆 with the following important properties.

Definition 3.7. Let 𝑆 be the set of finite connected labeled graphs that combi-
natorially immerse into 𝜎(𝑊), defined by the following recursive definition

∙ 𝜎(𝑊) ∈ 𝑆,
∙ if 𝑋,𝑌 ∈ 𝑆 and 𝑍 is a connected component of 𝑋 ⊗𝑈 𝑌, then 𝑍 ∈ 𝑆,
∙ if 𝑋 ∈ 𝑆, then 𝛽(𝑋) ∈ 𝑆.

These rules determine 𝑆, but 𝑆 is a priori an infinite set.

Lemma 3.8. For all 𝑔 ∈ 𝐴2,3,2𝑛, 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔 is contained in a 𝜋1(𝑈)-
conjugacy class of subgroups of 𝜋1(𝑈) represented by a labeled graph in 𝑆. Like-
wise,𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 is also contained in a𝜋1(𝑈)-conjugacy class of subgroups
of 𝜋1(𝑈) represented by a labeled graph in 𝑆.

Proof. Lemma 3.4 allows us to decompose every 𝑔 ∈ 𝐴2,3,2𝑛 as

𝑔 = 𝑔1𝑣𝑔2𝑣...𝑔𝑚−1𝑣𝑔𝑚
where 𝑚 ≥ 1, 𝑔𝑖 ∈ 𝜋1(𝑈) and 𝑣 ∈ 𝜋1(𝑉) is the fixed nontrivial coset repre-
sentative coming from the quotient 𝜋1(𝑉)∕𝜋1(𝑊) ≅ ℤ∕2ℤ. Define 𝓁(𝑔) to be
the number of nontrivial elements in the decomposition of 𝑔 as above. We will
proceed via induction on 𝓁(𝑔).
Base case: Consider an element 𝑔 ∈ 𝐴2,3,2𝑛 where 𝓁(𝑔) = 1. Then 𝑔 = 𝑣 or 𝑔

is some nontrivial element in 𝜋1(𝑈).
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First assume 𝑔 = 𝑣. Since 𝜋1(𝑊)𝑣 = 𝜋1(𝑊) = 𝜋1(𝜎(𝑊)), we have 𝜋1(𝑈) ∩
𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝜎(𝑊)).
Now assume 𝑔 ∈ 𝜋1(𝑈). Then 𝜋1(𝜎(𝑊))𝑔 < 𝜋1(𝑈), making

𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝜎(𝑊))𝑔.

The 𝜋1(𝑈)-conjugacy class of this subgroup is represented by 𝜎(𝑊) with its
basepoint shifted according to 𝑔. The labeled graph 𝜎(𝑊) ∈ 𝑆 by construction.
In the Bass-Serre tree 𝑇 associated with the splitting of 𝐴2,3,2𝑛 arising from

Theorem 2.4, we see that the vertex stabilized by 𝜋1(𝑈) is between the edge
stabilized by 𝜋1(𝜎(𝑊))𝑔 and the vertex stabilized by 𝜋1(𝑉). Therefore 𝜋1(𝑈) is
also stabilized by 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔. So we can rewrite 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 =
𝜋1(𝑉)∩𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝜎(𝑊))∩𝜋1(𝜎(𝑊))𝑔. Therefore, by Lemma 3.2,
the labeled graph associated with the 𝜋1(𝑈)-conjugacy class of this subgroup is
a connected component of 𝜎(𝑊)⊗𝑈𝜎(𝑊), all of which are contained in 𝑆 since
𝑆 is closed under fiber product.
Induction hypothesis: Assume that the lemma holds for all ℎ ∈ 𝐴2,3,2𝑛 with

𝓁(ℎ) < 𝑘 for some 𝑘 > 1.
Induction step: Consider an element 𝑔 ∈ 𝐴2,3,2𝑛 with 𝓁(𝑔) = 𝑘.
Case 1: Let 𝑔 = 𝑔′𝑣 where the decomposition of 𝑔′ begins with 𝑣 and 𝓁(𝑔′) =

𝑘−1. Consider the Bass-Serre tree𝑇 induced by the splitting of𝐴2,3,2𝑛. The sub-
group 𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 is the stabilizer of the path 𝑝 in 𝑇 between the vertex
in 𝑇 stabilized by 𝜋1(𝑈) and the edge in 𝑇 stabilized by 𝜋1(𝜎(𝑊))𝑔. Since 𝑔 be-
gins with 𝑣, this makes the vertex stabilized by 𝜋1(𝑈)𝑣 on the path 𝑝. Therefore
𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑈)∩(𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔′)𝑣. By the induction hypoth-
esis, 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔′ is contained in a 𝜋1(𝑈)-conjugacy class represented
by a labeled graph 𝐻1

𝑈 ∈ 𝑆. The 𝑣-conjugate of a subgroup contained in the
𝜋1(𝑈)-conjugacy class represented by𝐻1

𝑈 is contained in the 𝜋1(𝑈)-conjugacy
class represented by 𝛽(𝐻1

𝑈) by the definition of 𝛽. The graph 𝛽(𝐻
1
𝑈) ∈ 𝑆 since

𝑆 is closed under 𝛽.
Similarly, 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 = (𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔′)𝑣 since 𝑣 ∈ 𝜋1(𝑉). By

the induction hypothesis,𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔′ is contained in a𝜋1(𝑈)-conjugacy
class represented by a labeled graph 𝐻1

𝑉 ∈ 𝑆. Therefore 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 is
represented by 𝛽(𝐻1

𝑉) ∈ 𝑆.
Case 2: Now assume that 𝑔 = 𝑔′𝑣 and the decomposition of 𝑔′ begins with

some nontrivial 𝑔1 ∈ 𝜋1(𝑈). Since 𝑘 > 1, this forces 𝑔 to begin with 𝑔1𝑣. The
vertex in 𝑇 stabilized by 𝜋1(𝑈)𝑔1𝑣 = 𝜋1(𝑈)𝑣 is on the path in 𝑇 between the ver-
tex in 𝑇 stabilized by 𝜋1(𝑈) and the edge in 𝑇 stabilized by 𝜋1(𝜎(𝑊))𝑔. There-
fore 𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑈)∩𝜋1(𝑈)𝑔1𝑣 ∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑈)∩ (𝜋1(𝑈)𝑔1 ∩
𝜋1(𝜎(𝑊))𝑔′)𝑣 = 𝜋1(𝑈) ∩ (𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔′)𝑣. By the induction hypothesis,
𝜋1(𝑈) ∩𝜋1(𝜎(𝑊))𝑔′ is contained in the 𝜋1(𝑈)-conjugacy class represented by a
labeled graph𝐻2

𝑈 ∈ 𝑆. So 𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑈)∩(𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔′)𝑣
is represented by 𝛽(𝐻2

𝑈) ∈ 𝑆.
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Similarly, 𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 = (𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔′)𝑣. By the induction hy-
pothesis we know that 𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔′ is contained in the 𝜋1(𝑈)-conjugacy
class represented by a labeled graph 𝐻2

𝑉 ∈ 𝑆. Therefore 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 is
represented by 𝛽(𝐻2

𝑉) ∈ 𝑆.
Case 3: Assume 𝑔 = 𝑔′𝑔𝑚, 𝑔𝑚 ≠ 1, the decomposition of 𝑔′ begins with 𝑣

and 𝓁(𝑔′) = 𝑘 − 1. Then 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔 = (𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔′)𝑔𝑚 since
𝑔𝑚 ∈ 𝜋1(𝑈). By the induction hypothesis we know that 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔′ is
contained in the 𝜋1(𝑈)-conjugacy class represented by a labeled graph𝐻3

𝑈 ∈ 𝑆.
Therefore 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔 is also represented by𝐻3

𝑈 .
Define 𝑔′′ to be such that 𝑔 = 𝑣𝑔′′ with 𝓁(𝑔′′) = 𝑘 − 1 and 𝑔′′ ends with 𝑔𝑚.

Then𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑉)∩((𝜋1(𝑉)∩𝜋1(𝜎(𝑊)))𝑣)𝑔′′ = 𝜋1(𝑉)∩(𝜋1(𝑉)∩
𝜋1(𝜎(𝑊))𝑣)𝑔′′ since 𝑣 ∈ 𝜋1(𝑉). The subgroup 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑣 = 𝜋1(𝜎(𝑊))
since 𝜋1(𝜎(𝑊)) = 𝜋1(𝑊)⊴𝜋1(𝑉), so 𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔′′

which is contained in the𝜋1(𝑈)-conjugacy class represented by a labeled graph
in 𝑆 by the induction hypothesis.
Case 4: Now assume that 𝑔 = 𝑔′𝑔𝑚 and the decomposition of 𝑔′ begins with

somenontrivial 𝑔1 ∈ 𝜋1(𝑈). Then𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 = (𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔′)𝑔𝑚
since 𝑔𝑚 ∈ 𝜋1(𝑈). By the induction hypothesis, 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔′ is con-
tained in a 𝜋1(𝑈)-conjugacy class represented by a labeled graph 𝐻4

𝑈 ∈ 𝑆.
Therefore 𝜋1(𝑈) ∩ 𝜋1(𝑊)𝑔 is also represented by𝐻4

𝑈 ∈ 𝑆.
Since 𝑔′ begins with the nontrivial 𝑔1 ∈ 𝜋1(𝑈), the path in 𝑇 stabilized by

𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 passes through the vertex in𝑇 stabilized by𝜋1(𝑈). Therefore
𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 = 𝜋1(𝑉)∩𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔. The previous step tells us that
𝜋1(𝑈)∩𝜋1(𝜎(𝑊))𝑔 is represented by the labeled graph𝐻4

𝑈 ∈ 𝑆, making𝜋1(𝑈)∩
𝜋1(𝜎(𝑊))𝑔 ≤ 𝜋1(𝑈). Since 𝜋1(𝑈) ∩ 𝜋1(𝑉) = 𝜋1(𝜎(𝑊)), 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 =
𝜋1(𝜎(𝑊))∩𝜋1(𝜎(𝑊))𝑔, forcing𝜋1(𝑉)∩𝜋1(𝜎(𝑊))𝑔 to be contained in the𝜋1(𝑈)-
conjugacy class represented by a connected component of 𝜎(𝑊) ⊗𝑈 𝐻4

𝑈 ∈ 𝑆.
Therefore 𝜋1(𝑈) ∩ 𝜋1(𝜎(𝑊))𝑔 and 𝜋1(𝑉) ∩ 𝜋1(𝜎(𝑊))𝑔 are each contained in

a 𝜋1(𝑈)-conjugacy class represented by a labeled graph in 𝑆 for all 𝑔 ∈ 𝐴2,2,3𝑛.
□

Lemma 3.9. If 𝑆 is finite,𝐴2,3,2𝑛 has finite stature with respect to {𝜋1(𝑈), 𝜋1(𝑉)}.
Proof. By Proposition 3.5 in [8], it suffices to show that there are finitely many
𝐴2,3,2𝑛-conjugacy classes of stabilizers of finite paths in the Bass-Serre tree 𝑇
that contain the vertices in 𝑇 stabilized by 𝜋1(𝑈) and 𝜋1(𝑉) respectively. Every
such path stabilizer is either of the form𝜋1(𝑈),𝜋1(𝑉),𝜋1(𝑈)∩𝜋1(𝑊)𝑔1 ,𝜋1(𝑉)∩
𝜋1(𝑊)𝑔2 or an intersection of stabilizers of these forms, for some 𝑔1, 𝑔2 ∈ 𝐴2,3,2𝑛.
By Lemma 3.8, we know that every such path stabilizer is contained in a𝜋1(𝑈)-
conjugacy class represented by a graph in 𝑆.
Since 𝜋1(𝑉)∕𝜋1(𝑊) = {[1], [𝑣]}, this makes 𝜋1(𝑉) = 𝜋1(𝑊)

⨆
𝑣𝜋1(𝑊). The

𝜋1(𝑊)-conjugacy classes of path stabilizers in 𝑇 are represented by the same
labeled graphs in 𝑆 as the 𝜋1(𝑈)-conjugacy classes since 𝜋1(𝑊) = 𝜋1(𝜎(𝑊)) <
𝜋1(𝑈). The 𝑣𝜋1(𝑊)-conjugacy classes are represented by the image under 𝛽
of the labeled graphs in 𝑆 by the definition of 𝛽. Therefore 𝑆 being finite,
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closed under fiber products, and closed under 𝛽 guarantees that 𝐴2,3,2𝑛 has fi-
nite stature with respect to {𝜋1(𝑈), 𝜋1(𝑉)}. □

The general procedure for constructing 𝑆 is as follows. Begin with 𝑆 =
{𝜎(𝑊)}, then:

∙ Perform 𝐻 ⊗𝑈 𝐻, 𝐻 ⊗𝑈 𝐾 and 𝐾 ⊗𝑈 𝐻 for each 𝐻,𝐾 ∈ 𝑆. Replace
each resulting vertex-tuple with its second component and add to 𝑆 any
resulting connected component that is not a labeled subgraph of an el-
ement already in 𝑆.

∙ Calculate 𝛽(𝐻) for every 𝐻 ∈ 𝑆. Add 𝛽(𝐻) to 𝑆 if it is not a labeled
subgraph of any element in 𝑆.

∙ Repeat the above two steps until no new graphs can be added to 𝑆 in
this fashion.

3.4. 𝒒-connectedness. We introduce the notion of 𝑞-connectedness here,
which will greatly aid in our proof that 𝑆 is finite in Sections 4 and 5. For the re-
mainder of the paper, the word “loop" will refer to a reduced loop, meaning that
we remove any instances of a path going back and forth across the same edge,
unless explicitly specified. We begin by defining the concept of 𝛽-consistent
paths which will be the paths relevant to the remainder of the subsection.

Definition 3.10. A path 𝑝 in a labeled graph 𝑃 ↬ 𝜎(𝑊) is 𝛽-consistent if 𝑝 is
one of the following paths:

∙ 𝑛 consecutive red edges,
∙ three consecutive green edges,
∙ a green edge followed by a yellow edge entering the same vertex,
∙ a green edge followed by a yellow edge exiting the same vertex.

Figure 9 shows that the image under 𝛽 of a 𝛽-consistent loop remains 𝛽-
consistent. The calculations in Figure 9 can be checked by referring to Figure
8. Notice that we omit any edges in 𝜎(𝑊) that do not contribute to loops. Figure
9 shows that if we are presented with a labeled graph 𝑍 ↬ 𝜎(𝑊) in which every
simple loop is 𝛽-consistent, then every simple loop in 𝛽(𝑍)will be 𝛽-consistent.
Definition 3.11. A connected labeled graph 𝐾 ↬ 𝜎(𝑊) is 𝑞-fillable if every 𝛽-
consistent path in the core of 𝐾 is a loop. When a labeled graph 𝐾 is 𝑞-fillable,
define 𝑞(𝐾) to be the 2-complexwith𝐾 as its 1-skeleton and a 2-cell filling every
red 𝑛-gon, green triangle and yellow-green bigon.
For example, 𝜎(𝑊) is 𝑞-fillable since every 𝛽-consistent path that is present

in 𝜎(𝑊) is closed. Notice that if we extend 𝜎(𝑊) to a cover of𝑈 then this exten-
sion is no longer 𝑞-fillable due to the non closed length-3 green paths extending
from the trees attached to the vertices in the red 𝑛 − 2 path in 𝜎(𝑊), for exam-
ple. It is important to remember that 𝑞-fillability is defined with respect to the
core of a labeled graph.

Lemma 3.12. Suppose that𝐻,𝐾 ↬ 𝜎(𝑊) are 𝑞-fillable. Then:
∙ every connected component of𝐻 ⊗𝑈 𝐾 is 𝑞-fillable,
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Figure 9. 𝛽 applied to 𝛽-consistent loops.

∙ 𝛽(𝐻) is 𝑞-fillable.

Proof. Let 𝐿 be a connected component of 𝐻 ⊗𝑈 𝐾. Then 𝐿 combinatorially
immerses into both 𝐻 and 𝐾. Let 𝓁 be a path based at (ℎ, 𝑘) in 𝐿 whose edge
labels form a 𝛽-consistent path. The fiber product definition allows us to view
𝓁 also as a path based at ℎ in 𝐻 and a path based at 𝑘 in 𝐾. Since 𝐻 and 𝐾 are
𝑞-fillable, this makes 𝓁 a loop in both 𝐻 and 𝐾. Therefore 𝓁 is a loop in 𝐿 and
𝐻 ⊗𝑈 𝐾 is 𝑞-fillable by definition.
Let 𝓁 be a path in 𝛽(𝐻) whose edge labels form a 𝛽-consistent path. Figures

8 & 9 show that 𝛽 maps every 𝛽-consistent path to another 𝛽-consistent path.
Therefore the preimage of 𝓁 under 𝛽, 𝛽−1(𝓁), is a collection of 𝛽-consistent
paths in𝐻. Since𝐻 is 𝑞-fillable, this makes every path in 𝛽−1(𝓁) a loop. There-
fore 𝓁 itself is also forced to be a loop, making 𝛽(𝐻) 𝑞-fillable. □

Notice that the construction of 𝑆 always begins with 𝜎(𝑊) ⊗𝑈 𝜎(𝑊). Since
𝜎(𝑊) is 𝑞-fillable, by Lemma 3.12 thismakes every labeled graph in 𝑆 𝑞-fillable.

Definition 3.13. A 𝑞-fillable graph𝐾 ↬ 𝑊 is 𝑞-connectedwhen 𝑞(𝐾) is simply
connected.

Remark. Note that a graph 𝐾 being 𝑞-connected forces every loop 𝓁 in 𝐾 to
be a concatenation of 𝛽-consistent loops. Furthermore, if 𝓁 is a simple loop,
meaning that is contains no repeated vertices or edges, then 𝓁 is 𝛽-consistent.

There will be many examples of 𝑞-connected graphs and graphs that are not
𝑞-connected in Sections 4 & 5. An example of a graph that is not 𝑞-connected
is 𝜎(𝑊) due to the presence of homotopically nontrivial red-green bigons. The
presence of a red-green bigon is oftenwhat keeps graphs frombeing 𝑞-connected,
though this is not always the case. A graph being 𝑞-connected means that it is
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essentially a “dead end" with regards to further 𝛽 and fiber product calcula-
tions. We use the remainder of this section to prove that this extremely helpful
property holds.

Lemma 3.14. Let 𝐻,𝐾 ↬ 𝜎(𝑊) be 𝑞-fillable graphs where 𝐾 is 𝑞-connected.
Then every connected component of 𝐾 ⊗𝑈 𝐻 and𝐻 ⊗𝑈 𝐾 is a subgraph of 𝐾.

Proof. Let 𝐿 be a connected component of𝐾⊗𝑈𝐻. Then there is a combinato-
rial immersion 𝜙 ∶ 𝐿 → 𝐾. In order for 𝜙 to not be an embedding, there needs
to exist a non closed path 𝑝 in 𝐿 such that 𝜙(𝑝) is a loop in𝐾. Assume by way of
contradiction that such a non closed path 𝑝 exists. Since 𝐾 is 𝑞-connected, this
makes 𝜙(𝑝) a loop that arises as a concatenation of 𝛽-consistent loops. There-
fore 𝑝 is a path in 𝐿 that arises as a concatenation of 𝛽-consistent paths. Lemma
3.12 guarantees that 𝐿 is 𝑞-fillable, forcing every path in 𝐿 that arises as a con-
catenation of 𝛽-consistent paths to be a concatenation of loops. Therefore 𝑝 is
a loop. □

Lemma 3.15. If 𝐾 is 𝑞-connected, then 𝛽(𝐾) is 𝑞-connected as well.

Proof. The labeled graph 𝐾 being 𝑞-connected means that every simple loop
in 𝐾 is a red cycle of length 𝑛, a green triangle or a yellow-green bigon. As
shown in Figure 9, this collection of loops is closed under 𝛽. Therefore the
simple loops in 𝛽(𝐾) also arise as red cycles of length 𝑛, green triangles and
yellow-green bigons, making 𝛽(𝐾) 𝑞-connected as well. □

4. Residual finiteness of 𝑨𝟐,𝟑,𝟐𝒏 for 𝒏 > 𝟒
The goal of this section is to prove the following theorem:

Theorem 4.1. 𝐴2,3,2𝑛 for 𝑛 > 4 is residually finite.

The 𝑛 = 4 case will be proven in Section 5. Combining Lemma 3.9 with
Theorem 1.3 reduces the proof of this theorem to proving that a finite set 𝑆, as
described in Definition 3.7, exists.

4.1. Iterative construction of 𝑺. We begin with 𝑆 = {𝜎(𝑊)} since 𝑆 must,
at minimum, contain 𝜎(𝑊). Conjugating 𝜎(𝑊) by any element of 𝜋1(𝑈) does
not change the structure or labels of 𝜎(𝑊), it just shifts the basepoint. Also,
since 𝜋1(𝜎(𝑊)) = 𝜋1(𝑊) and 𝜋1(𝑊) ⊴ 𝜋1(𝑉), 𝑣−1𝜋1(𝜎(𝑊))𝑣 = 𝑣−1𝜋1(𝑊)𝑣 =
𝜋1(𝑊) = 𝜋1(𝜎(𝑊)) where 𝑣 is the fixed nontrivial coset representative of
𝜋1(𝑉)∕𝜋1(𝑊) ≅ ℤ∕2ℤ. Pictorially, 𝛽(𝜎(𝑊)) ≅ 𝜎(𝑊) is shown in Figure 10.

We end this subsection with the statement of the lemma that we will spend
the rest of the section proving.

Lemma 4.2. The set 𝑆 is finite for 𝐴2,3,2𝑛 with 𝑛 > 4.

So far 𝑆 = {𝜎(𝑊)} is closed under basepoint translation, but we also 𝑆 need
to be closed under fiber product.
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Figure 10. 𝛽(𝜎(𝑊)) is a rotated copy of 𝜎(𝑊)

4.2. 𝝈(𝑾) ⊗𝑼 𝝈(𝑾) computation.

Lemma 4.3. For𝐴2,3,2𝑛 with 𝑛 > 4, 𝜎(𝑊)⊗𝑈 𝜎(𝑊) has the following connected
components:

∙ one copy of 𝜎(𝑊),
∙ 𝑛 − 5 copies of an 𝑛-gon with red edges,
∙ one of each of the graphs in Figure 11, to be denoted henceforth by 𝑋1
(leftmost) and 𝑋2 (rightmost).

Figure 11. 𝑋1 & 𝑋2

Proof. We start by focusing on the edges found in 𝜎(𝑊)⊗𝑈 𝜎(𝑊). The labeled
graph 𝜎(𝑊) has three yellow edges, three green edges and 𝑛 red edges. There-
fore 𝜎(𝑊)⊗𝑈 𝜎(𝑊)must have nine yellow edges, nine green edges and 𝑛2 red
edges. By direct computation, these yellow edges and green edges arise as the
triangles

∙ (1, 1) → (3, 3) → (2, 2) → (1, 1)
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∙ (1, 2) → (3, 1) → (2, 3) → (1, 2)
∙ (1, 3) → (3, 2) → (2, 1) → (1, 3)

The first triangle is present in the connected component that is identical to
𝜎(𝑊). In this connected component every vertex is labeled with a tuple whose
elements are identical. After restricting each vertex label to the second com-
ponent in its tuple, the other two triangles become the triangles present in 𝑋1
and 𝑋2 respectively. The placement of the red edges in 𝜎(𝑊), 𝑋1 and 𝑋2 follow
directly from these vertex-labelings.
We now shift our focus to the vertices present in 𝜎(𝑊)⊗𝑈𝜎(𝑊). Since𝑈 has

only one vertex and the labeled graph 𝜎(𝑊) has 𝑛 vertices, 𝜎(𝑊)⊗𝑈 𝜎(𝑊) has
𝑛2 vertices. The copy of 𝜎(𝑊) that arises as a connected component of 𝜎(𝑊)⊗𝑈
𝜎(𝑊) has 𝑛 vertices, 𝑋1 has 2𝑛 vertices and 𝑋2 has 2𝑛 vertices. Therefore there
are 𝑛2 − 5𝑛 vertices unaccounted for. Since we have already analyzed all of
the yellow and green edges in 𝜎(𝑊) ⊗𝑈 𝜎(𝑊), only red edges can connect the
remaining 𝑛2 − 5𝑛 vertices. Every vertex in 𝜎(𝑊) is present in a red 𝑛-gon.
Therefore every vertex in 𝜎(𝑊) ⊗𝑈 𝜎(𝑊) must also be present in a red 𝑛-gon.
Red 𝑛-gons have 𝑛 edges, therefore the remaining 𝑛2 − 5𝑛 vertices must be
distributed across 𝑛 − 5 red 𝑛-gons. □

4.3. The proof of Lemma 4.2.

Proof. Lemma 4.3 describes the connected components of 𝜎(𝑊) ⊗𝑈 𝜎(𝑊) as
being a copy of 𝜎(𝑊), 𝑋1 and 𝑋2, along with a collection of red 𝑛-gons. Let 𝑅
be a labeled graph that is just a red 𝑛-gon and 𝐾 ↬ 𝑈 a labeled graph. Since 𝑅
is a subgraph of 𝜎(𝑊), by Lemma 3.3, every connected component of 𝑅 ⊗𝑈 𝐾
is a subgraph of 𝜎(𝑊) ⊗𝑈 𝐾, so we do not add these components to 𝑆.
So far 𝑆 = {𝜎(𝑊), 𝑋1, 𝑋2}. We need 𝑆 to be closed under 𝛽. Figure 10 shows

that 𝛽(𝜎(𝑊)) = 𝜎(𝑊), so it remains to calculate 𝛽(𝑋1) and 𝛽(𝑋2). These cal-
culations are carried out in Figures 12 & 13 by applying 𝛽 and 𝜎 to each edge.
Refer to Figure 8 formore details about how to calculate the image of each edge.
These calculations result in two new labeled graphs that must be included in 𝑆.
The vertices 1̄ (resp. 2̄) in 𝛽(𝑋1) and 𝛽(𝑋2) is a preimage of the vertex labeled
1 (resp. 2) in 𝜎(𝑊), and the notation is used to differentiate the two preimages
for ease of computation later on.
Wenowhave 𝑆 = {𝜎(𝑊), 𝑋1, 𝑋2, 𝛽(𝑋1), 𝛽(𝑋2)}, a set closed under𝛽. Lemmas

3.14 & 3.15 will be the tools we use to work with 𝑞-connected components sep-
arately from those that are not 𝑞-connected. All 𝑞-connected components that
arise in the following calculations will be approached in detail in Section 4.3.5.
In Sections 4.3.1-4.3.4 we focus on showing that every connected component
of each pairwise fiber product of elements currently in 𝑆 is either a subgraph
of a graph in 𝑆 or is 𝑞-connected. To prove this claim we proceed in a similar
fashion as in Lemma 4.3. As 𝑛 increases, the number of red edges increases, but
the number of yellow and green edges remains the same, so it suffices to focus
on how the yellow and green edges are dispersed among the connected compo-
nents. The collection of connected components of a fiber product that contain
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Figure 12. 𝛽(𝑋1)

Figure 13. 𝛽(𝑋2)

yellow and green edges will be termed the relevant portion for the remainder of
the proof. The connected components that are not relevant therefore only con-
sist of red edges, making them subgraphs of 𝜎(𝑊) and thus unable to introduce
any new graphs to 𝑆.

4.3.1. All fiber products involving only 𝝈(𝑾),𝑿𝟏 and𝑿𝟐. We begin by cal-
culating the relevant portion of 𝜎(𝑊) ⊗𝑈 𝑋1. By direct computation, these
components are two copies of 𝑋1 and a graph that is 𝑞-connected, as seen in
Figure 14.



RESIDUAL FINITENESS OF 𝐴2,3,2𝑛 TRIANGLE ARTIN GROUPS 827

Figure 14. The relevant portion of 𝜎(𝑊) ⊗𝑈 𝑋1

We compute the relevant portion of 𝑋1⊗𝑈 𝜎(𝑊) by swapping the entries in
each vertex-tuple in Figure 14, resulting in 𝑋1, 𝑋2 and a 𝑞-connected graph.
The fiber products used to build 𝑆 are with respect to 𝑈, meaning that we

view each component of the fiber product as being combinatorially immersed
in 𝑈. The graph 𝑈 has only one vertex, so the vertex labels of the graphs in 𝑆
are irrelevant to the fiber product calculations. However, the vertex labels are
extremely important when it comes to computing the image of a graph under
𝛽. Notice that 𝑋1 and 𝑋2 are identical as unlabeled graphs. We denote this
property by𝑋1 ≅ 𝑋2. Since𝑋1 ≅ 𝑋2, the connected components that arise from
𝑌 ⊗𝑈 𝑋1 (resp. 𝑋1 ⊗𝑈 𝑌) will be the same unlabeled graphs as the connected
components in 𝑌 ⊗𝑈 𝑋2 (resp. 𝑋2 ⊗𝑈 𝑌) for all 𝑌 ↬ 𝑈.
In particular, the connected components of 𝜎(𝑊)⊗𝑈 𝑋2 are identical to the

connected components of 𝜎(𝑊) ⊗𝑈 𝑋1 up to vertex labels. Since a graph is 𝑞-
connected regardless of its vertex labels, it suffices to calculate the vertex labels
of the two non 𝑞-connected components of 𝜎(𝑊) ⊗𝑈 𝑋2. This results in two
copies of 𝑋2 as seen in Figure 15.

Figure 15. The non 𝑞-connected relevant portion of 𝜎(𝑊) ⊗𝑈 𝑋2

To calculate the vertex labels of the non 𝑞-connected relevant portion of𝑋2⊗𝑈
𝜎(𝑊), we swap the tuple-entries at each vertex in Figure 15, resulting in a copy
of 𝑋2 and 𝑋1.
The relevant portion of 𝑋1⊗𝑈 𝑋2 is 2 𝑞-connected graphs and 𝑋2, as seen in

Figure 16.
The rightmost graph in Figure 16 is the only graph in the relevant portion

of 𝑋1 ⊗𝑈 𝑋2 to not be 𝑞-connected due to the presence of the red-green bigon
between the vertices labeled (1, 3) and (3, 2). To obtain the non 𝑞-connected
relevant portion of 𝑋2 ⊗𝑈 𝑋1, we swap the tuple-entries at every vertex in the
rightmost graph in Figure 16, resulting in a copy of 𝑋1.
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Figure 16. The relevant portion of 𝑋1 ⊗𝑈 𝑋2

Since 𝑋1 ≅ 𝑋2, both 𝑋1 ⊗𝑈 𝑋1 and 𝑋2 ⊗𝑈 𝑋2 have the same number of
non 𝑞-connected relevant components as 𝑋1 ⊗𝑈 𝑋2, which has only one. For
𝑋1 ⊗𝑈 𝑋1, that connected component is the copy of 𝑋1 shown in Figure 17.

Figure 17. The non 𝑞-connected relevant portion of 𝑋1 ⊗𝑈 𝑋1

For 𝑋2 ⊗𝑈 𝑋2, the non 𝑞-connected relevant connected component is the
copy of 𝑋2 shown in Figure 18.

Figure 18. The non 𝑞-connected relevant portion of 𝑋2 ⊗𝑈 𝑋2

4.3.2. 𝒁⊗𝑼𝜷(𝑿𝟏)where𝒁 ∈ {𝝈(𝑾), 𝑿𝟏, 𝑿𝟐}. The relevant portion of𝜎(𝑊)⊗𝑈
𝛽(𝑋1) is a copy of 𝛽(𝑋1), two 𝑞-connected graphs and a subgraph of 𝑋2, as
shown in Figure 19.
Swapping the tuple-entries at each vertex in the leftmost and rightmost graphs

in Figure 19 results in the non 𝑞-connected relevant portion of 𝛽(𝑋1)⊗𝑈 𝜎(𝑊)
being 𝛽(𝑋1) and a subgraph of 𝑋1.
The relevant portion of𝑋1⊗𝑈𝛽(𝑋1) consists of four 𝑞-connected components

and a subgraph of 𝑋2 as shown in Figure 20.
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Figure 19. The relevant portion of 𝜎(𝑊) ⊗𝑈 𝛽(𝑋1)

Figure 20. The relevant portion of 𝑋1 ⊗𝑈 𝛽(𝑋1)

Swapping the tuple-entries at each vertex in the rightmost graph in Figure 20
results in the only non 𝑞-connected relevant component of 𝛽(𝑋1) ⊗𝑈 𝑋1 being
a subgraph of 𝑋1.
Since 𝑋1 ≅ 𝑋2, we know from the above calculations that there is only one

non 𝑞-connected relevant component of 𝑋2 ⊗𝑈 𝛽(𝑋1). This component is the
subgraph of 𝑋2 shown in Figure 21. Swapping the tuple-entries at each vertex
leaves the labels unchanged, so the only non 𝑞-connected relevant component
of 𝛽(𝑋1) ⊗𝑈 𝑋2 is the same subgraph of 𝑋2.

Figure 21. The relevant portion of both 𝑋2 ⊗𝑈 𝛽(𝑋1) &
𝛽(𝑋1) ⊗𝑈 𝑋2

4.3.3. 𝒁⊗𝑼𝜷(𝑿𝟐)where𝒁 ∈ {𝝈(𝑾), 𝑿𝟏, 𝑿𝟐}. The relevant portion of𝜎(𝑊)⊗𝑈
𝛽(𝑋2) is a copy of 𝛽(𝑋2), a subgraph of𝑋1 and two 𝑞-connected graphs as shown
in Figure 22.
Swapping the tuple-entries at each vertex of the two leftmost graphs in Figure

22 results in the non 𝑞-connected relevant portion of 𝛽(𝑋2) ⊗𝑈 𝜎(𝑊) being
𝛽(𝑋2) and a subgraph of 𝑋2.
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Figure 22. The relevant portion of 𝜎(𝑊) ⊗𝑈 𝛽(𝑋2)

The relevant portion of 𝑋1 ⊗𝑈 𝛽(𝑋2) consists of 4 𝑞-connected graphs and a
subgraph of 𝑋1 as shown in Figure 23.

Figure 23. The relevant portion of 𝑋1 ⊗𝑈 𝛽(𝑋2)

Swapping the tuple-entries at each vertex in the rightmost graph in Figure 23
results in the same graph being the only non 𝑞-connected relevant component
of 𝛽(𝑋2) ⊗𝑈 𝑋1.
Since𝑋1 ≅ 𝑋2, the only non 𝑞-connected relevant component of𝑋2⊗𝑈𝛽(𝑋2)

is the subgraph of 𝑋1 shown in Figure 24.
Swapping the tuple-entries at each vertex in the graph in Figure 24 results in

the only non 𝑞-connected relevant component of 𝛽(𝑋2)⊗𝑈𝑋2 being a subgraph
of 𝑋2.

Figure 24. The relevant portion of 𝑋2 ⊗𝑈 𝛽(𝑋2)

4.3.4. 𝜷(𝑿𝟏) ⊗𝑼 𝜷(𝑿𝟏), 𝜷(𝑿𝟏) ⊗𝑼 𝜷(𝑿𝟐) and 𝜷(𝑿𝟐) ⊗𝑼 𝜷(𝑿𝟐). The relevant
portion of 𝛽(𝑋1)⊗𝑈 𝛽(𝑋1) consists of a copy of 𝛽(𝑋1) and 6 𝑞-connected graphs
as shown in Figure 25.
The relevant portion of 𝛽(𝑋1)⊗𝑈𝛽(𝑋2) is a subgraph of𝑋1 and 6 𝑞-connected

graphs as shown in Figure 26.
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Figure 25. The relevant portion of 𝛽(𝑋1) ⊗𝑈 𝛽(𝑋1)

Figure 26. The relevant portion of 𝛽(𝑋1) ⊗𝑈 𝛽(𝑋2)

Swapping the tuple-entries of the leftmost graph in Figure 26 results in the
only non 𝑞-connected relevant component of 𝛽(𝑋2)⊗𝑈 𝛽(𝑋1) being a subgraph
of 𝑋2.
The relevant portion of 𝛽(𝑋2)⊗𝑈 𝛽(𝑋2) is a copy of 𝛽(𝑋2) and 6 𝑞-connected

graphs shown in Figure 27.

Figure 27. The relevant portion of 𝛽(𝑋2) ⊗𝑈 𝛽(𝑋2)

4.3.5. Assembling the pieces to finalize 𝑺. We now have a complete enu-
meration of every relevant connected component in every fiber product com-
ing from pairs of graphs in 𝑆 = {𝜎(𝑊), 𝑋1, 𝑋2, 𝛽(𝑋1), 𝛽(𝑋2)}. Sections 4.3.1-
4.3.4 show that every such component is either a subgraph of a graph in 𝑆 or is
𝑞-connected. In each fiber product computed in the last subsection, there are
also non-relevant connected components that arise, consisting of unaccounted
for vertices and red edges. Note that every red edge in every graph in 𝑆 =
{𝜎(𝑊), 𝑋1, 𝑋2, 𝛽(𝑋1), 𝛽(𝑋2)} is contained in a red 𝑛-gon, which forces every red
edge in the core of every fiber product to also be contained in a red 𝑛-gon.
Therefore the remaining vertices and red edges in the cores each of the fiber
products must arise as connected components consisting solely of one red 𝑛-
gon, which is a subgraph of 𝜎(𝑊).
If a graph 𝐾 ∈ 𝑆 is 𝑞-connected, Lemma 3.14 tells us that every connected

component of 𝐾 ⊗𝑈 𝐻 and 𝐻 ⊗𝑈 𝐾 is a subgraph of 𝐾 for all 𝐻 ∈ 𝑆. While
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𝛽(𝐾)may not already be in 𝑆 (in which case we add 𝛽(𝐾) to 𝑆), 𝛽(𝐾) is also 𝑞-
connected byLemma3.15, and therefore every connected component of𝛽(𝐾)⊗𝑈
𝐻 and𝐻⊗𝑈 𝛽(𝐾) is a subgraph of 𝛽(𝐾) for all𝐻 ∈ 𝑆 as well. Since 𝛽2 = 1, this
guarantees that any 𝑞-connected 𝐾 can contribute at most one new graph to 𝑆,
namely 𝛽(𝐾). In the above calculations we encountered a finite number of 𝑞-
connected relevant graphs, so including these graphs and their images under 𝛽
in 𝑆 allows 𝑆 to remain finite for each fixed 𝑛. Therefore 𝑆 is finite and satisfies
the properties described in Definition 3.7. □

5. Residual finiteness of 𝑨𝟐,𝟑,𝟖

Theorem 5.1. 𝐴2,3,8 is residually finite.

In this section we will prove Theorem 5.1 in the exact same way that we
proved Theorem 4.1. To do so, we will again construct a finite set 𝑆 that will
satisfy Definition 3.7.

Proof. The reason that 𝐴2,3,8 is a special case comes from the very first calcu-
lation, 𝜎(𝑊) ⊗𝑈 𝜎(𝑊). This calculation is carried out in Figure 7 and results
in two connected components. The first connected component is, of course, a
copy of 𝜎(𝑊) with vertices (1, 1), (2, 2), (3, 3) and (4, 4). The second connected
component is shown in Figure 28, and will be denoted 𝑌1 and included in 𝑆.

Figure 28. 𝑌1

So far 𝑆 = {𝜎(𝑊), 𝑌1}. The next step is to compute 𝛽(𝑌1). This calculation is
performed in Figure 29.
Since 𝛽(𝑌1) is a new graph, we include 𝛽(𝑌1) in 𝑆 and proceed by perform-

ing the fiber product of every pair in 𝑆 = {𝜎(𝑊), 𝑌1, 𝛽(𝑌1)}. These calculations
are done in the exact same way as in Section 4, but due to the overwhelming
volume of the calculations we have included a Jupyter notebook that can be
used to perform the fiber product calculations for us. A full enumeration of all
of the connected components that appear in these fiber product computations
is shown in Table 1. Readers who would like to perform the fiber product com-
putations should refer to the GitHub link in Section 6. The author used this
program to check, by hand, that {𝜎(𝑊), 𝑌1, 𝛽(𝑌1), 𝑌2, 𝑌3, 𝛽(𝑌3)} is a complete
enumeration of the non 𝑞-connected components that arise in the computa-
tions described by each row in Table 1.
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Figure 29. 𝛽(𝑌1)

One of the connected components of 𝜎(𝑊) ⊗ 𝛽(𝑌1) is a new graph that we
denote 𝑌2 and is shown in Figure 30. One of the connected components of
𝛽(𝑌1) ⊗ 𝜎(𝑊) is a new graph that we denote 𝑌3 and is shown in Figure 31.

Figure 30. 𝑌2

Again, we need 𝑆 to be closed under 𝛽, so wemust compute 𝛽(𝑌2) and 𝛽(𝑌3).
These calculations are shown in Figures 32 & 33. Luckily, 𝛽(𝑌2) is a rotated
copy of 𝑌2, so 𝛽(𝑌3) is the only other new graph that we must add to 𝑆 after
this step. Table 1 contains information about every connected component that
arises from the fiber products of every pair of graphs in

𝑆 = {𝜎(𝑊), 𝑌1, 𝛽(𝑌1), 𝑌2, 𝑌3, 𝛽(𝑌3)},

where we define 𝑌4 = 𝑌2 ⊔ 𝑌3 ⊔ 𝛽(𝑌3) to streamline computations. Some
connected components that arise over the course of these computations are
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Figure 31. 𝑌3

subgraphs of multiple elements in {𝑊,𝑌1, 𝛽(𝑌1), 𝑌2, 𝑌3, 𝛽(𝑌3)}. In these situa-
tions, a choice was made regarding which column this component is counted
in. This choice is arbitrary and does not affect the finiteness of 𝑆.

Figure 32. 𝛽(𝑌2) ≅ 𝑌2

Applying the same reasoning as in Section 4.3.5 to Table 1 proves that 𝑆 is
finite. By Lemma 3.9, this proves that𝐴2,3,8 has finite stature with respect to its
vertex groups. Therefore, by Theorem 1.3, 𝐴2,3,8 is residually finite. □

6. Accessing the Python program
The program used to analyze the connected components that arise in the

𝐴2,3,8 fiber products is available at

https://github.com/GreysonPMeyer/Triangle-Artin-Groups
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Figure 33. 𝛽(𝑌3)

Table 1. Number of subgraphs of connected components in 𝑆

𝜎(𝑊) 𝑌1 𝛽(𝑌1) 𝑌2 𝑌3 𝛽(𝑌3) 𝑞-connected
𝜎(𝑊)⊗𝑈 𝜎(𝑊) 1 1 0 0 0 0 0
𝜎(𝑊) ⊗𝑈 𝑌1 0 2 0 0 0 0 2
𝜎(𝑊)⊗𝑈 𝛽(𝑌1) 0 2 1 1 0 0 0
𝜎(𝑊) ⊗𝑈 𝑌4 0 0 0 2 2 2 12
𝑌1 ⊗𝑈 𝜎(𝑊) 0 2 0 0 0 0 2
𝑌1 ⊗𝑈 𝑌1 0 2 0 0 0 0 14
𝑌1 ⊗𝑈 𝛽(𝑌1) 0 4 0 2 0 0 6
𝑌1 ⊗𝑈 𝑌4 0 0 0 2 2 2 72
𝛽(𝑌1)⊗𝑈 𝜎(𝑊) 0 2 1 0 1 0 0
𝛽(𝑌1) ⊗𝑈 𝑌1 0 4 0 1 1 0 6
𝛽(𝑌1)⊗𝑈 𝛽(𝑌1) 0 2 1 1 0 0 8
𝛽(𝑌1) ⊗𝑈 𝑌4 0 0 0 3 1 1 68
𝑌4 ⊗𝑈 𝜎(𝑊) 0 0 0 2 3 1 12
𝑌4 ⊗𝑈 𝑌1 0 0 0 2 3 1 72
𝑌4 ⊗𝑈 𝛽(𝑌1) 0 0 0 4 0 1 68
𝑌4 ⊗𝑈 𝑌4 0 0 0 6 3 4 512

The program is written in Python, and you will need a Python interpreter to
run it. These interpreters are available, for free and for almost all platforms,
from http://python.org.
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