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Hopf-Galois objects over bicrossed product
Hopf algebras and twisting maps

Julien Bichon and Agustín García Iglesias

Abstract. We describe Hopf-Galois objects over bicrossed product Hopf al-
gebras. More precisely, we show that any right Hopf-Galois object over a bi-
crossed product of Hopf algebras is obtained from Hopf-Galois objects over
the two factors and a certain twisting map, while the unique Hopf algebra
making it into a bi-Galois object is again a bicrossed product.
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1. Introduction
Hopf-Galois extensions, introduced in [27], are the natural analogues in non-

commutative algebra of principal homogeneous spaces or torsors in algebraic
geometry. The case with trivial base, called a Hopf-Galois object, is already
of great interest, because of its use in the study of tensor categories of comod-
ules [40, 32], classification questions for pointed Hopf algebras [4, 6], homolog-
ical algebra questions [8, 43, 42, 9], or for example, with the recent connection
found with quantum information theory [14].
The question of the classification of Hopf-Galois objects over a given Hopf

algebra is thus an important one and has been much studied in the past 30
years. While the case of group algebras or of enveloping algebras of Lie algebras
is easily expressed in terms of second cohomology groups calculations, there is
no general scheme, and even the case of coordinate algebras on affine algebraic
groups is yet not fully understood, see [23] for several particular classes.
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The starting point of this paper was the fact that the Weyl algebra 𝐴1(𝑘) is
a Hopf-Galois object over the polynomial algebra 𝑘[𝑥, 𝑦], that we have noticed
in [11], but was certainly well-known before, and at least was known from [23,
Example 4.8]. Since 𝐴1(𝑘) is, in characteristic zero, the algebra of differential
operators on the additive algebraic group 𝑘, this leads to the question whether
algebras of differential operators on affine algebraic groups always are Hopf-
Galois objects. We observe (Proposition 2.5) that this is indeed the case, com-
bining a classical result of Heyneman-Sweedler [31] together with the general-
ized quantum double construction of Doi-Takeuchi [20]. It results, for an affine
group scheme 𝐺, that Dif f (𝐺), the algebra of differential operators on 𝐺, is a
right Hopf-Galois object over the tensor product Hopf algebra𝒪(𝐺)cop⊗𝒟(𝐺),
where𝒪(𝐺) is the commutative Hopf algebra corresponding to 𝐺 and the alge-
bra 𝒟(𝐺) ⊂ 𝒪(𝐺)∗ is the Hopf algebra of distributions on 𝐺 (see Section 2 for
more details).
opf-Galois objects over tensor products of Hopf algebras, or more generally

over generalized Drinfeld doubles, have been described by Schauenburg [34,
33]. Therefore the natural next step seems to study the case of a general bi-
crossed product of Hopf algebras (the generalized Drinfeld double case being
the one when the bicrossed product comes from a pairing), and this is precisely
the contribution of this paper. We show that the Hopf-Galois objects over a
Hopf algebra that is a bicrossed product of two Hopf algebras are described by
Hopf-Galois objects over the two factors together with certain twisting maps.
Our results andmethods are illustrated by a complete study of a bicrossed prod-
uct that is not produced by a pairing.
The paper is organized as follows. We start in Section 2 by recalling some

basic notions about Hopf Galois objects and pairings, from which we deduce,
via Proposition 2.4, that for an affine group scheme 𝐺, the algebra Dif f (𝐺) is a
Hopf-Galois object.In Section 3 we recall the notions of twisting map for a pair
of algebras and of bicrossed product of Hopf algebras. We then discuss the rel-
evant notion of (skew) pairing in the bicrossed product context and generalize
Proposition 2.3 to this context (Proposition 3.8), obtaining in this way an in-
teresting source of Hopf-Galois objects for Hopf bicrossed producs. In Section
4, we study the relation between the bicrossed product of two Hopf algebras
and the appropriate twisted tensor products of a pair of Hopf-Galois objects for
them. This leads to a description of the right Hopf-Galois objects (Theorem 4.2)
and of the corresponding Hopf algebras over which these are left Hopf-Galois
(Theorem 4.6), which are shown to be bicrossed products as well. Section 5 pro-
vides a detailed analysis of an example of bicrossed product Hopf algebra not
arising from a pairing. In the final Section 6 we restrict our previous results to
the case of a the semi-direct product of Hopf algebra. This allows us to provide
a more precise presentation of the Hopf-Galois objects in this case in Theorem
6.3. We discuss in particular the case of unrolled Hopf algebras.

We work over a fixed base field 𝑘, over which all the tensor products are
taken. We write 𝑘× for the units in 𝑘.
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2. Hopf-Galois objects and pairings
2.1. Hopf-Galois objects. Recall that a (right) Hopf-Galois object 𝐴 over a
Hopf algebra 𝐻 [27] is a (right) comodule algebra 𝐴 over 𝐻 with trivial coin-
variants 𝐴co𝐻 = 𝑘 and such that the Galois map

can∶ 𝐴 ⊗ 𝐴 → 𝐴⊗𝐻, can(𝑎 ⊗ 𝑏) = 𝑎𝑏(0) ⊗ 𝑏(1), 𝑎, 𝑏 ∈ 𝐴

is bijective. Along the text, we will consider the map

𝜅 ∶ 𝐻 ⟶𝐴⊗𝐴, ℎ⟼ ℎ(1) ⊗ ℎ(2) ∶= can−1(1𝐴 ⊗ ℎ); (2.1)

hence we have that:

ℎ(1)(ℎ(2))(0) ⊗ (ℎ(2))(1) = 1 ⊗ ℎ, ℎ ∈ 𝐻. (2.2)

As well, we have, see [38, Remark 3.4 2 (b)]:

𝑎(0)(𝑎(1))(1) ⊗ (𝑎(1))(2) = 1 ⊗ 𝑎, 𝑎 ∈ 𝐴. (2.3)

Similarly, there is a notion of left Hopf-Galois object, and a notion of bi-Galois
object [32]. Schauenburg [32, Theorem 3.5] has shown that, given a right Hopf-
Galois object𝐴 over𝐻, there exists a unique, up to isomorphism, Hopf algebra
𝐿 = 𝐿(𝐴,𝐻) such that 𝐴 is an 𝐿-𝐻-bi-Galois object. The Hopf algebra 𝐿(𝐴,𝐻)
is defined by 𝐿(𝐴,𝐻) = (𝐴⊗𝐴op)co𝐻 , and the left coaction 𝜆𝐴 ∶ 𝐴 → 𝐿⊗𝐴 is
given by 𝜆𝐴(𝑎) = 𝑎(0) ⊗ 𝜅(𝑎(1)).

2.2. Hopf 𝟐-cocycles. Let 𝐻 be a Hopf algebra. Recall that a (left) 2-cocycle
on𝐻 is a convolution invertible linear map 𝜎 ∶ 𝐻⊗𝐻 → 𝑘 such that 𝜎(𝑥, 1) =
𝜀(𝑥) = 𝜎(1, 𝑥) for any 𝑥 ∈ 𝐻, and we have, for any 𝑥, 𝑦, 𝑧 ∈ 𝐻,

𝜎(𝑥(1), 𝑦(1))𝜎(𝑥(2)𝑦(2), 𝑧) = 𝜎(𝑦(1), 𝑧(1))𝜎(𝑥, 𝑦(2)𝑧(2)).

There are several algebras naturally associated to such a 2-cocycle.
∙ The algebra 𝜎𝐻 has𝐻 as underlying vector space, and product defined by

𝑥.𝑦 = 𝜎(𝑥(1), 𝑦(1))𝑥(2)𝑦(2). (2.4)

The comultiplication of 𝐻 then endows 𝜎𝐻 with the structure of a right 𝐻-
comodule algebra, making it into a right 𝐻-Galois object [13, 19]. Notice that
the 2-cocycle condition is equivalent to the fact that the above product is asso-
ciative and has 1 as unit.
∙ The Hopf algebra 𝐻𝜎 [18] has 𝐻 as underlying coalgebra, and product de-

fined by

𝑥.𝑦 = 𝜎(𝑥(1), 𝑦(1))𝜎−1(𝑥(3), 𝑦(3))𝑥(2)𝑦(2). (2.5)

The comultiplication of 𝐻 then endows 𝜎𝐻 with the structure of a left 𝐻𝜎-
comodule algebra, making it into a left 𝐻𝜎-Galois object, and hence an 𝐻𝜎-
𝐻-bi-Galois object [32].
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2.3. Cogroupoids. We briefly recall part of the terminology and results from
[8] on cogroupoids. We refer the reader to loc. cit. for details.
We start by recalling that a cocategory consists of a set of objects ob𝒞, a 𝑘-

algebra𝒞(𝑋, 𝑌) for each𝑋,𝑌 ∈ ob𝒞 and algebramorphisms, for every𝑋,𝑌, 𝑍 ∈
ob𝒞

∆𝑍𝑋,𝑌 ∶ 𝒞(𝑋, 𝑌) → 𝒞(𝑋, 𝑍) ⊗ 𝒞(𝑍, 𝑌), 𝜀𝑋 ∶ 𝒞(𝑋,𝑋) → 𝑘

satisfying compatibility axioms that mimic those of a coassociative coalgebra,
namely

(∆𝑇𝑋,𝑍 ⊗ id𝒞(𝑍,𝑌))◦∆𝑍𝑋,𝑌 = (id𝒞(𝑋,𝑇)⊗∆𝑍𝑇,𝑌)◦∆
𝑇
𝑋,𝑌 ,

(id𝒞(𝑋,𝑌)⊗𝜀𝑌)◦∆𝑌𝑋,𝑌 = id𝒞(𝑋,𝑌) = (𝜀𝑋 ⊗ id𝒞(𝑋,𝑌)⊗𝜀𝑌)◦∆𝑋𝑋,𝑌 .

for every𝑋,𝑌, 𝑍, 𝑇 ∈ ob𝒞. The cocategory 𝒞 is called connected if 𝒞(𝑋, 𝑌) ≠ 0
for all 𝑋,𝑌 ∈ ob𝒞. In turn, a cogroupoid is a cocategory 𝒞 together with linear
maps

𝑆𝑋,𝑌 ∶ 𝒞(𝑋, 𝑌) → 𝒞(𝑌,𝑋), ∀𝑋, 𝑌 ∈ ob𝒞
subject to the natural axioms of the antipode on a Hopf algebra. It follows from
the definitions that a bialgebra is a cocategory with a single object; and 𝒞(𝑋,𝑋)
is aHopf algebra for any object𝑋 in a cogroupoid𝒞. We use Sweedler’s notation
∆𝑍𝑋,𝑌(𝑎

𝑋,𝑌) = 𝑎𝑋,𝑍(1) ⊗𝑎
𝑍,𝑋
(2) for an element 𝑎

𝑋,𝑌 ∈ 𝒞(𝑋, 𝑌). In particular, wewrite
𝑎𝑋,𝑇(1) ⊗𝑎𝑇,𝑍(2) ⊗𝑎𝑍,𝑌(3) for either (𝑎

𝑋,𝑍
(1) )

𝑋,𝑇
(1) ⊗(𝑎𝑋,𝑍(1) )

𝑇,𝑌
(2) ⊗𝑎𝑍,𝑌(2) or 𝑎

𝑋,𝑇
(1) ⊗(𝑎𝑇,𝑌(2) )

𝑇,𝑍
(1) ⊗

(𝑎𝑇,𝑌(2) )
𝑍,𝑌
(2) in 𝒞(𝑋, 𝑇) ⊗ 𝒞(𝑇, 𝑍) ⊗ 𝒞(𝑍, 𝑌).

If 𝒞 is a connected cogroupoid, then 𝒞(𝑋, 𝑌) is a 𝒞(𝑋,𝑋)−𝒞(𝑌, 𝑌) bi-Galois
object for all 𝑋,𝑌 ∈ ob𝒞, see [8, Proposition 2.8]. Conversely, for any Hopf
algebra 𝐻 and a left 𝐻-Hopf-Galois object 𝐴, there exists a cogroupoid 𝒞 and
𝑋,𝑌 ∈ ob𝒞 so that𝐻 = 𝒞(𝑋,𝑋) and𝐴 = 𝒞(𝑋, 𝑌), [8, Theorem 3.11]. We shall
also use [8, Lemma 2.14], which shows that ∆𝑍𝑋,𝑌 induces a 𝒞(𝑋,𝑋) − 𝒞(𝑌, 𝑌)-
bicomodule algebra isomorphism

𝒞(𝑋, 𝑌) ≃ 𝒞(𝑋, 𝑍)□𝒞(𝑍,𝑍)𝒞(𝑍, 𝑌). (2.6)

If 𝒞 is a connected cogroupoid, then [8, Theorem 2.12] presents a 𝑘-linear
equivalence of monoidal categories

ℳ𝒞(𝑋,𝑋) ≃⊗ ℳ𝒞(𝑌,𝑌), 𝑉 ↦ 𝑉□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑌)

for every pair (𝑋, 𝑌) of objects in 𝒞. The monoidal constraint is given by the
isomorphism

(𝑉□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑌)) ⊗ (𝑊□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑌)) → (𝑉 ⊗𝑊)□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑌)

(
∑

𝑖
𝑣𝑖 ⊗ 𝑎𝑋,𝑌𝑖 ) ⊗ (

∑

𝑗
𝑤𝑗 ⊗ 𝑏𝑋,𝑌𝑗 ) ↦

∑

𝑖,𝑗
𝑣𝑖 ⊗𝑤𝑗 ⊗ 𝑎𝑋,𝑌𝑖 𝑏𝑋,𝑌𝑗

(2.7)

for all 𝑉,𝑊 ∈ ℳ𝒞(𝑋,𝑋), see [8, Remark 2.16].
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Subcocategories, respectively subcogroupoids, 𝒞′ ⊆ 𝒞 are defined as ex-
pected. In particular, we make the following remark, which is clear from the
definitions and [8, Proposition 2.13].
Lemma 2.1. Let 𝒞 be a connected cogroupoid, 𝑋 ∈ ob𝒞 and let𝐻 ⊆ 𝒞(𝑋,𝑋) be
a Hopf subalgebra. Consider, for 𝑌, 𝑍 ∈ ob𝒞, the algebra
𝒞𝐻(𝑌, 𝑍) = {𝑎𝑌,𝑍 ∈ 𝒞(𝑌, 𝑍) ∶ 𝑎𝑌,𝑋(1) ⊗ 𝑎𝑋,𝑋(2) ⊗ 𝑎𝑋,𝑍(3) ∈ 𝒞(𝑌,𝑋) ⊗ 𝐻 ⊗ 𝒞(𝑋, 𝑍)}

This defines a connected subcogroupoid 𝒞𝐻 of 𝒞 (with ob𝒞𝐻 = ob𝒞 and the
natural restrictions of the maps ∆, 𝜀 and 𝑆).
Remark 2.2. Notice that

𝒞𝐻(𝑌, 𝑍) ≃ 𝒞(𝑌, 𝑋)□𝒞(𝑋,𝑋)𝐻□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑍)
and in particular
𝒞𝐻(𝑋, 𝑌) ≃ 𝐻□𝒞(𝑋,𝑋)𝒞(𝑋, 𝑌), 𝒞𝐻(𝑌, 𝑋) ≃ 𝒞(𝑌, 𝑋)□𝒞(𝑋,𝑋)𝐻. (2.8)

As well, we have 𝒞𝐻(𝑋, 𝑋) = 𝐻 and

𝒞𝐻(𝑋, 𝑌) = {𝑎𝑋,𝑌 ∈ 𝒞(𝑋, 𝑌) ∶ 𝑎𝑋,𝑋(1) ⊗ 𝑎𝑋,𝑌(2) ∈ 𝐻 ⊗ 𝒞(𝑋,𝑌)},

𝒞𝐻(𝑌, 𝑋) = {𝑎𝑌,𝑋 ∈ 𝒞(𝑌,𝑋) ∶ 𝑎𝑌,𝑋(1) ⊗ 𝑎𝑋,𝑋(2) ∈ 𝒞(𝑌,𝑋) ⊗ 𝐻}.

2.4. Pairings. Let 𝐴 and𝑈 be Hopf algebras. Recall that a pairing between 𝐴
and 𝑈 consists of a linear map 𝜏 ∶ 𝐴 ⊗ 𝑈 ⟶ 𝑘 such that for any 𝑎, 𝑏 ∈ 𝐴,
𝑥, 𝑦 ∈ 𝑈, we have:

𝜏(𝑎, 1) = 𝜀(𝑎), 𝜏(1, 𝑥) = 𝜀(𝑥),
𝜏(𝑎𝑏, 𝑥) = 𝜏(𝑎, 𝑥(1))𝜏(𝑏, 𝑥(2)) 𝜏(𝑎, 𝑥𝑦) = 𝜏(𝑎(1), 𝑥)𝜏(𝑎(2), 𝑦)

A skew-pairing between 𝐴 and 𝑈 is a pairing between 𝐴cop and 𝑈.
Doi-Takeuchi have shown [20, Proposition 1.5] that if 𝜏 ∶ 𝐴 ⊗ 𝑈 → 𝑘 is a

skew-pairing, then
𝜏̂ ∶ 𝐴 ⊗ 𝑈 ⊗𝐴 ⊗𝑈 ⟶ 𝑘, 𝑎 ⊗ 𝑥 ⊗ 𝑏 ⊗ 𝑦 ⟼ 𝜏(𝑏, 𝑥)𝜀(𝑎)𝜀(𝑦)

is a 2-cocycle on 𝐴 ⊗ 𝑈. We thus obtain, via the constructions of Subsection
2.2, the algebra 𝜏̂(𝐴 ⊗ 𝑈) and the Hopf algebra (𝐴 ⊗ 𝑈)𝜏̂. The Hopf algebra
(𝐴 ⊗ 𝑈)𝜏̂ is denoted 𝐷𝜏(𝐴,𝑈) and is called a generalized Drinfeld double.

2.5. Smash products. Let𝑈 be a Hopf algebra and let𝐴 be an algebra. A left
𝑈-module algebra structure on 𝐴 consists of a linear map

𝑈 ⊗𝐴⟶𝐴 𝑥 ⊗ 𝑎⟼ 𝑥.𝑎
making 𝐴 into a left 𝑈-module, and such that, for any 𝑥 ∈ 𝑈 and 𝑎, 𝑏 ∈ 𝐴, we
have

𝑥.(𝑎𝑏) = (𝑥(1).𝑎)(𝑥(2).𝑏), 𝑥.1 = 𝜀(𝑥)1.
If 𝐴 is left𝑈-module algebra, the associated smash product algebra 𝐴#𝑈 is the
algebra having𝐴⊗𝑈 as underlying vector space, and whose product is defined
by

𝑎#𝑥 ⋅ 𝑏#𝑦 = 𝑎(𝑥(1).𝑏)#𝑥(2)𝑦.
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2.6. Hopf-Galois structureon smashproducts arising frompairings. Let
𝐴 and 𝑈 be Hopf algebras and let 𝜏 ∶ 𝐴 ⊗ 𝑈 ⟶ 𝑘 be a pairing. The pairing
then provides a map

𝑈 ⊗𝐴⟶𝐴 𝑥 ⊗ 𝑎⟼ 𝑥.𝑎 = 𝜏(𝑎(2), 𝑥)𝑎(1)
that endows𝐴with the structure of a left𝑈-module algebra structure. We thus
can form the smash product algebra 𝐴#𝑈, that we denote 𝐴#𝜏𝑈 to keep track
of 𝜏, whose product is:

𝑎#𝑥 ⋅ 𝑏#𝑦 = 𝑎(𝑥(1).𝑏)#𝑥(2)𝑦 = 𝜏(𝑏(2), 𝑥(1))𝑎𝑏(1)#𝑥(2)𝑦.
It is a simple verification that the above product coincides with the one on
𝜏̂(𝐴cop ⊗ 𝑈) as in Subsection 2.2, and thus the considerations in subsections
2.2 and 2.4 yield the following result.

Proposition 2.3. Let 𝐴 and 𝑈 be Hopf algebras and let 𝜏 ∶ 𝐴 ⊗ 𝑈 ⟶ 𝑘 be a
pairing. Then the smash product algebra𝐴#𝜏𝑈 is a𝐷𝜏(𝐴cop, 𝑈)−(𝐴cop⊗𝑈)-bi-
Galois object, whose left and right coactions are induced by the comultiplication
of the tensor product coalgebra 𝐴cop ⊗𝑈.

For the purpose of future generalizations, it is worth to record the equivalent
skew-pairing version of the previous proposition. So again let𝐴 and𝑈 be Hopf
algebras and let 𝜏 ∶ 𝐴⊗𝑈 ⟶ 𝑘 be a skew-pairing. The pairing then provides
a map

𝑈 ⊗𝐴⟶𝐴 𝑥 ⊗ 𝑎⟼ 𝑥.𝑎 = 𝜏(𝑎(1), 𝑥)𝑎(2)
that endows𝐴with the structure of a left𝑈-module algebra structure. We thus
form the smash product algebra 𝐴#𝑈, that we denote 𝐴#𝜏𝑈 to keep track of 𝜏
(viewing our skew-pairing as a pairing between𝐴cop and𝑈, this is the previous
𝐴cop#𝜏𝑈), whose product is defined by

𝑎#𝑥 ⋅ 𝑏#𝑦 = 𝑎(𝑥(1).𝑏)#𝑥(2)𝑦 = 𝜏(𝑏(1), 𝑥(1))𝑎𝑏(1)#𝑥(1)𝑦.
Again, the above product coincides with the one on 𝜏̂(𝐴 ⊗ 𝑈) as in Subsection
2.2, yielding, as before, the following result.

Proposition 2.4. Let 𝐴 and 𝑈 be Hopf algebras and let 𝜏 ∶ 𝐴 ⊗ 𝑈 ⟶ 𝑘 be a
skew-pairing. Then the smash product algebra𝐴#𝜏𝑈 is a𝐷𝜏(𝐴,𝑈)−(𝐴⊗𝑈)-bi-
Galois object, whose left and right coactions are induced by the comultiplication
of the tensor product coalgebra 𝐴⊗𝑈.

2.7. Application to differential operators on affine group schemes. The
first Weyl algebra 𝐴1(𝑘) = 𝑘⟨𝑥, 𝑦 | 𝑥𝑦 − 𝑦𝑥 = 1⟩ can be described as the smash
product 𝑘[𝑦]#𝑘[𝑥], where 𝑘[𝑥] and 𝑘[𝑦] have the Hopf algebra structure mak-
ing 𝑥 and 𝑦 primitive, and the smash product structure is obtained as in Sub-
section 2.6 via the pairing 𝜏 ∶ 𝑘[𝑥] ⊗ 𝑘[𝑦] → 𝑘 defined by 𝜏(𝑥, 𝑦) = 1.
The structure of Hopf-Galois object over 𝑘[𝑥, 𝑦] of 𝐴1(𝑘) is a particular in-

stance of Proposition 2.3. The Weyl algebra is, in characteristic zero, the alge-
bra of differential operators on the additive algebraic group 𝑘. This leads to the
question whether algebras of differential operators on algebraic groups always
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are Hopf-Galois objects. As we shall see soon, a classical result of Heyneman-
Sweedler [31] together with Proposition 2.3 provide a positive answer.
Let𝐺 be an affine group scheme,with corresponding commutative andfinitely

generated coordinate Hopf algebra 𝒪(𝐺). The algebra of differential operators
on 𝐺, denotedDif f (𝐺), is defined as the algebra of differential operators on the
commutative algebra𝒪(𝐺), in the usual manner, see e.g. [30]. Denote by𝒟(𝐺)
the algebra of distributions on 𝐺 (this is 𝒟(𝒪(𝐺)) in [31], see [17, 26] as well).
This is a Hopf subalgebra of the Hopf dual 𝒪(𝐺)◦, isomorphic, in characteris-
tic zero, with 𝑈(𝔤), the enveloping algebra of 𝔤, the Lie algebra of 𝐺. Now [31,
Theorem 2.4.5] establishes an algebra isomorphism

𝒪(𝐺)#𝒟(𝐺) ≃ Dif f (𝐺)
where the smash product is associated to the pairing coming from the inclusion
𝒟(𝐺) ⊂ 𝒪(𝐺)◦. Combining Proposition 2.3 with the above isomorphism, we
get:

Proposition 2.5. Let𝐺 be an affine group scheme. ThenDif f (𝐺) is a right Hopf-
Galois object over the Hopf algebra 𝒪(𝐺)cop ⊗𝒟(𝐺).

3. Twisting maps and bicrossed products of Hopf algebras
In this section we review the notions of a twisted tensor product of algebras

and of a bicrossed product of Hopf algebras, and we provide the first general-
ization of Proposition 2.4.

3.1. Twisting maps. Let 𝐴, 𝑅 be algebras. Recall that a twisting map for 𝐴, 𝑅
consists of a linear map

𝜃 ∶ 𝑅 ⊗ 𝐴 → 𝐴⊗ 𝑅
such that the map

𝐴⊗ 𝑅 ⊗𝐴⊗ 𝑅
id𝐴⊗𝜃⊗id𝑅,,,,,,,,,,,→ 𝐴⊗𝐴⊗ 𝑅 ⊗ 𝑅

𝑚𝐴⊗𝑚𝑅,,,,,,,,→ 𝐴⊗ 𝑅
makes 𝐴 ⊗ 𝑅 into an associative algebra, with 1 ⊗ 1 as a unit. The resulting
algebra can be denoted 𝐴 ⊗𝜃 𝑅 or 𝐴#𝜃𝑅, and is called a twisted tensor product
of𝐴 and 𝑅. This construction has been studied in many papers, see [41, 15] for
example, where the following equivalent conditions are established, for 𝑎, 𝑎′ ∈
𝐴, 𝑟, 𝑟′ ∈ 𝑅:
𝜃◦(𝑚𝑅 ⊗ id)(𝑟 ⊗ 𝑟′ ⊗ 𝑎) = (id⊗𝑚𝑅)◦(𝜃 ⊗ id)◦(id⊗𝜃)(𝑟 ⊗ 𝑟′ ⊗ 𝑎),
𝜃◦(id⊗𝑚𝐴)(𝑟 ⊗ 𝑎 ⊗ 𝑎′) = (𝑚𝐴 ⊗ id)◦(id⊗𝜃)◦(𝜃 ⊗ id)(𝑟 ⊗ 𝑎′ ⊗ 𝑎),

𝜃(1 ⊗ 𝑎) = 𝑎 ⊗ 1, 𝜃(𝑟 ⊗ 1) = 1 ⊗ 𝑟.
(3.1)

Example 3.1. The very first non-trivial example of a twisted tensor product
comes from smash products: if𝑈 is aHopf algebra and𝐴 is a𝑈-module algebra,
then the map

𝑈 ⊗𝐴⟶𝐴⊗𝑈 𝑥 ⊗ 𝑎⟼ 𝑥(1).𝑎 ⊗ 𝑥(2)
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is a twistingmap, and the resulting twisted tensor product is the smash product
algebra of Subsection 2.5.

The twisted tensor product generalizes the braided tensor product of algebras
(typically the braided tensor product of Yetter-Drinfeld algebras) as well. If we
write

𝜃(𝑟 ⊗ 𝑎) = 𝑟 ⇀ 𝑎 ⊗ 𝑟 ↼ 𝑎
then the above conditions become 1 ⇀ 𝑎⊗1 ↼ 𝑎 = 𝑎⊗1, 𝑟 ⇀ 1⊗𝑟 ↼ 1 = 1⊗𝑟
and

(𝑟𝑟′ ⇀ 𝑎) ⊗ (𝑟𝑟′ ↼ 𝑎) = 𝑟 ⇀ (𝑟′ ⇀ 𝑎) ⊗ (𝑟 ↼ (𝑟′ ⇀ 𝑎))(𝑟′ ↼ 𝑎),
(𝑟 ⇀ 𝑎𝑎′) ⊗ (𝑟 ↼ 𝑎𝑎′) = (𝑟 ⇀ 𝑎)((𝑟 ↼ 𝑎) ⇀ 𝑎′) ⊗ (𝑟 ↼ 𝑎) ↼ 𝑎′,

(3.2)

for any 𝑟, 𝑟′ ∈ 𝑅, 𝑎, 𝑎′ ∈ 𝐴. These equations will become handy further on.
Conversely, starting with an algebra 𝐸 having two subalgebras such that the

restrictedmultiplication𝐴⊗𝑅 → 𝐸 is bijective, then there exits a twisting map
𝜃 ∶ 𝑅⊗𝐴 → 𝐴⊗𝑅 such that 𝐸 ≃ 𝐴#𝜃𝑅, where the twistingmap is obtained as
the composition of the restricted multiplication 𝑅 ⊗ 𝐴 → 𝐽 with the flip map.
See [15, Theorem 2.10] for example.
It is in general a difficult task to classify the twisted tensor product of two

algebras, see e.g. [7] for a recent paper on this question.

3.2. Bicrossed products of Hopf algebras. Recall that a Hopf algebra 𝐸 fac-
tors through two Hopf subalgebras 𝜄 ∶ 𝐻 ↪ 𝐸 and 𝑗 ∶ 𝑈 ↪ 𝐸 if the multiplica-
tion𝑚◦(𝜄 ⊗ 𝑗)∶ 𝐻⊗𝑈

≃
⟶𝐸 is bijective. This is equivalent, see [29, Theorem

7.2.3], to have a pair (𝐻,𝑈) of Hopf algebras together with coalgebra maps
⊲∶ 𝑈 ⊗𝐻 → 𝑈, ⊳∶ 𝑈 ⊗𝐻 → 𝐻,

so that (𝑈, ⊲) is a left𝐻-module coalgebra, (𝐻, ⊳) is a right𝑈-module coalgebra
and the following compatibilities hold, for every 𝑥, 𝑦 ∈ 𝑈, 𝑎, 𝑏 ∈ 𝐻:

𝑥 ⊳ 1𝐻 = 𝜀𝑈(𝑥)1𝐻 , 1𝑈 ⊲ 𝑎 = 𝜀𝐻(𝑎)1𝑈 ,
𝑥 ⊳ (𝑎𝑏) = (𝑥(1) ⊳ 𝑎(1))((𝑥(2) ⊲ 𝑎(2)) ⊳ 𝑏),
(𝑦𝑥) ⊲ 𝑎 = (𝑦 ⊲ (𝑥(1) ⊳ 𝑎(1)))(𝑥(2) ⊲ 𝑎(2)),

𝑦(1) ⊲ 𝑎(1) ⊗ 𝑦(2) ⊳ 𝑎(2) = 𝑦(2) ⊲ 𝑎(2) ⊗ 𝑦(1) ⊳ 𝑎(1).

(3.3)

A quadruple (𝐻,𝑈,⊳, ⊲) as above is called a matched pair of Hopf algebras
and the bicrossed product Hopf algebra 𝐻 ⋈ 𝑈 ∶= 𝐸, often called a double
crossed (as pointed out in [1], the name bicrossed product fits better with the
bicrossed product of groups), is the coalgebra𝐻 ⊗𝑈 with multiplication

(𝑎 ⋈ 𝑥)(𝑏 ⋈ 𝑦) = 𝑎(𝑥(1) ⊳ 𝑏(1)) ⋈ (𝑥(2) ⊲ 𝑏(2))𝑦, 𝑎, 𝑏 ∈ 𝐻, 𝑥, 𝑦 ∈ 𝑈.
In particular, this defines a twisting map and a coalgebra morphism:

𝜔⋈∶ 𝑈 ⊗𝐻 → 𝐻 ⊗𝑈, 𝑥 ⊗ ℎ ↦ 𝑥(1) ⊳ ℎ(1) ⊗ 𝑥(2) ⊲ ℎ(2). (3.4)

We say that one of the actions, say ⊲, is trivial, if 𝑥 ⊲ 𝑎 = 𝜀(𝑎)𝑥 for all 𝑥 ∈
𝑈, 𝑎 ∈ 𝐻.
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Example 3.2. Examples of this construction are:

(1) The tensor product Hopf algebra 𝐻 ⊗ 𝑈, where both actions ⊲ and ⊳
are trivial.

(2) Smashproducts ofHopf algebras𝐻#𝑈, where one of the actions, namely
⊲∶ 𝑈 ⊗𝐻 → 𝑈 is trivial. We will come back to this situation in more
detail in Section 6.

(3) Group algebras 𝑘Γ, arising from a matched pairs of groups (𝐹, 𝐺, ⊳, ⊲),
so that 𝐺, 𝐹 ≤ Γ, 𝐺 ∩ 𝐹 = {𝑒} and Γ = 𝐺𝐹.

(4) Bicrossed products 𝑈(Ξ) ≃ 𝑈(𝔤) ⋈ 𝑈(𝔪) associated to a matched pair
of Lie algebras (𝔤,𝔪) as in [29, Definition 8.3.1]. Here Ξ = 𝔤 ⊕ 𝔪 as
vector spaces and the bracket [ , ]Ξ is written in terms of [ , ]𝔤, [ , ]𝔪 and
the actions defining the matched pair.

(5) The generalized Drinfeld doubles 𝐷𝜏(𝐴,𝑈) = (𝐴 ⊗ 𝑈)𝜏̂ associated to
skew pairings 𝜏∶ 𝐴⊗𝑈 → 𝑘 as in §2.4. Here, 𝐷𝜏(𝐴,𝑈) ≃ 𝐴 ⋈ 𝑈 with

(1 ⋈ 𝑥)(𝑎 ⋈ 1) = 𝜏(𝑎(1), 𝑥(1))𝑎(2)𝑥(2)𝜏−1(𝑎(3), 𝑥(3)), 𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴.

In this setting we write 𝐴 ⋈𝜏 𝑈 to remark the existence of this pairing.

We have not been able to find in the literature an example not belonging to
any of these groups. In particular, we observe that in the ongoing program of
classifying bicrossed products of Hopf algebras by Agore et. al., see [1, 2, 3], all
the examples fall into one of the categories above (most notably into the fourth).
The same holds for [12] and [28]. The Galois objects in this setting have been
described in [34]. We present in Section 5 below a case essentially different to
those above, in the sense that it is neither a smash product nor it comes from a
pairing, see Remark 5.2. Hence it better suits the scope of the present article.
First, we remark thatwhen the antipodes 𝑆𝐻 and 𝑆𝑈 of𝐻 and𝑈 are invertible

(or equivalently when 𝑆𝐸 is), then this construction can be flipped over, in the
sense that the roles of 𝐻 and 𝑈 can be interchanged. This is the content of the
next result.

Lemma 3.3. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras. Assume that
the antipodes 𝑆𝐻 and 𝑆𝑈 are bijective. Then there are coalgebra maps

t
⊲∶ 𝐻 ⊗𝑈 → 𝐻,

t
⊳∶ 𝐻 ⊗𝑈 → 𝑈

so that (𝐻,
t
⊲) is a right𝑈-module coalgebra, (𝑈,

t
⊳) is a left𝐻-module coalgebra

and the compatibilities (3.3) hold for
t
⊲ and

t
⊳. More explicitly,

𝑎
t
⊳ 𝑥 = 𝑆𝑈(𝑆−1𝑈 (𝑥) ⊲ 𝑆−1𝐻 (𝑎)), 𝑎

t
⊲ 𝑥 = 𝑆𝐻(𝑆−1𝑈 (𝑥) ⊳ 𝑆−1𝐻 (𝑎)).
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The bicrossed product Hopf algebras coincide, as 𝐻 ⋈ 𝑈 ≃ 𝑈
t
⊳

t
⊲ 𝐻 and the

following identities hold:

𝑎𝑥 = [(𝑎(1)
t
⊳ 𝑥(1)) ⊳ (𝑎(3)

t
⊲ 𝑥(3))][(𝑎(2)

t
⊳ 𝑥(2)) ⊳ (𝑎(4)

t
⊲ 𝑥(4))],

𝑥𝑎 = [(𝑥(1) ⊳ 𝑎(1))
t
⊳ (𝑥(3) ⊲ 𝑎(3))][(𝑥(2) ⊳ 𝑎(2))

t
⊲ (𝑥(4) ⊲ 𝑎(4))].

(3.5)

Proof. It is clear that (𝐻,
t
⊲) is a right 𝑈-module coalgebra, (𝑈,

t
⊳) is a left 𝐻-

module coalgebra and the compatibilities (3.3) hold, since these facts follow
from the corresponding properties of ⊲ and ⊳. As well, observe that, for 𝑏 =
𝑆−1𝐻 (𝑎) and 𝑦 = 𝑆−1𝑈 (𝑥), we have:

𝑎𝑥 = 𝑆𝐻(𝑏)𝑆𝑈(𝑦) = 𝑆𝐸(𝑦𝑏) = 𝑆𝐸((𝑦1 ⊳ 𝑏1)(𝑦2 ⊲ 𝑏2)) = 𝑆𝑈(𝑦2 ⊲ 𝑏2)𝑆𝐻((𝑦1 ⊳ 𝑏1))

= 𝑆𝑈(𝑆−1𝑈 (𝑥(1)) ⊲ 𝑆−1𝐻 (𝑎(1)))𝑆𝐻(𝑆−1𝑈 (𝑥(2)) ⊳ 𝑆−1𝐻 (𝑎(2))) = (𝑎(1)
t
⊳ 𝑥(1))(𝑎(2)

t
⊲ 𝑥(2)),

which shows 𝐻 ⋈ 𝑈 ≃ 𝑈
t
⊳

t
⊲ 𝐻. Finally, to check (3.5), we use the definition

of𝐻 ⋈ 𝑈 in:

𝑎𝑥 = (𝑎(1)
t
⊳ 𝑥(1))(𝑎(2)

t
⊲ 𝑥(2)) = [(𝑎(1)

t
⊳ 𝑥(1)) ⊳ (𝑎(3)

t
⊲ 𝑥(3))][(𝑎(2)

t
⊳ 𝑥(2)) ⊲ (𝑎(4)

t
⊲ 𝑥(4))].

The other identity follows from the definition of𝐻
t
⊳

t
⊲ 𝑈:

𝑥𝑎 = (𝑥(1) ⊳ 𝑎(1))(𝑥(2) ⊲ 𝑎(2)) = [(𝑥(1) ⊳ 𝑎(1))
t
⊳ (𝑥(3) ⊲ 𝑎(3))][(𝑥(2) ⊳ 𝑎(2))

t
⊲ (𝑥(4) ⊲ 𝑎(4))].

The lemma follows. □

3.3. Skew-pairings over bicrossed products. We now provide a generaliza-
tion of skew pairing to the setting of bicrossed products.

Definition 3.4. Let (𝐻,𝑈,⊳, ⊲) be amatched pair of Hopf algebras and let𝐸 ∶=
𝐻 ⋈ 𝑈 be the corresponding bicrossed product. A skew 𝐻 ⋈ 𝑈-pairing is a
convolution invertible linear map 𝜏 ∶ 𝐻 ⊗ 𝑈 → 𝑘 such that, for all 𝑔, ℎ ∈ 𝐻,
𝑥, 𝑦 ∈ 𝑈:

𝜏(ℎ, 1) = 𝜀(ℎ), 𝜏(1, 𝑥) = 𝜀(𝑥),
𝜏(ℎ, 𝑥𝑦) = 𝜏(ℎ(1), 𝑦(1))𝜏(𝑦(2) ⊳ ℎ(2), 𝑥), 𝜏(𝑔ℎ, 𝑥) = 𝜏(𝑔(1), 𝑥(1))𝜏(ℎ, 𝑥(2) ⊲ 𝑔(2)).

(3.6)

In particular, any skew 𝐻 ⋈ 𝑈-pairing is determined by its values on the
generators and is extended using (3.6) via the rule, for 𝑔, ℎ ∈ 𝐻, 𝑥, 𝑦 ∈ 𝑈:

𝜏(𝑔ℎ, 𝑥𝑦) = 𝜏(𝑔(1), 𝑦(1))𝜏(ℎ(1), 𝑦(2) ⊲ 𝑔(2))𝜏(𝑦(3) ⊳ 𝑔(3), 𝑥(1))
𝜏((𝑦(5) ⊲ 𝑔(5)) ⊳ ℎ(2), 𝑥(2) ⊲ (𝑦(4) ⊳ 𝑔(4))). (3.7)

Of course we can interpret the usual skew-pairing as in Section 2 as skew
𝐻 ⊗ 𝑈-pairings. Condition 3.6 appears in [10, Definition 4.1]. The definition
is motivated by the following lemma.
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Lemma 3.5. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let 𝜏 ∶
𝐻 ⊗𝑈 → 𝑘 be a linear map. Consider the map
𝜃𝜏 ∶ 𝑈 ⊗𝐻 ⟶𝐻⊗𝑈 𝑥 ⊗ ℎ⟼ 𝜏(ℎ(1), 𝑥(1)) 𝑥(2) ⊳ ℎ(2) ⊗ 𝑥(3) ⊲ ℎ(3).

(3.8)

Then 𝜃𝜏 is a twisting map if and only if 𝜏 satisfies Condition (3.6).

Proof. We have, for 𝑥, 𝑦 ∈ 𝑈, ℎ ∈ 𝐻:
𝜃𝜏(𝑥𝑦, ℎ) = 𝜏(ℎ(1), 𝑥(1)𝑦(1)) 𝑥(2)𝑦(2) ⊳ ℎ(2) ⊗ 𝑥(3)𝑦(3) ⊲ ℎ(3).

On the other hand, we have, using the axioms of a matched pair
(id𝐻⊗𝑚𝑈)◦(𝜃𝜏 ⊗ id𝑈)◦(id𝑈⊗𝜃𝜏)(𝑥 ⊗ 𝑦 ⊗ ℎ)
= 𝜏(ℎ(1), 𝑦(1))(id𝐻⊗𝑚𝑈)◦(𝜃𝜏 ⊗ id𝑈)(𝑥 ⊗ 𝑦(2) ⊳ ℎ(2) ⊗ 𝑦(3) ⊲ ℎ(3))
= 𝜏(ℎ(1), 𝑦(1))𝜏(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝑥(2) ⊳ (𝑦(3) ⊳ ℎ(3)) ⊗ [𝑥(3) ⊲ (𝑦(4) ⊳ ℎ(4))] ⋅ 𝑦(5) ⊲ ℎ(5)
= 𝜏(ℎ(1), 𝑦(1))𝜏(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝑥(2) ⊳ (𝑦(3) ⊳ ℎ(3)) ⊗ 𝑥(3)𝑦(4) ⊲ ℎ(4)
= 𝜏(ℎ(1), 𝑦(1))𝜏(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝑥(2)𝑦(3) ⊳ ℎ(3) ⊗ 𝑥(3)𝑦(4) ⊲ ℎ(4),

and this shows that the equivalence of the first axiom for a twisting map is
equivalent to 𝜏(ℎ, 𝑥𝑦) = 𝜏(ℎ(1), 𝑦(1))𝜏(𝑦(2) ⊳ ℎ(2), 𝑥). The rest of the proof is
similar and straightforward, and is left to the reader. □

Lemma 3.6. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let 𝜏 ∶
𝐻 ⊗𝑈 → 𝑘 be a skew𝐻 ⋈ 𝑈-pairing. Then

𝜏̂ ∶ 𝐻 ⊗𝑈 ⊗𝐻 ⊗𝑈 ⟶ 𝑘 𝑔 ⊗ 𝑥 ⊗ ℎ ⊗ 𝑦 ⟼ 𝜏(ℎ, 𝑥)𝜀(𝑔)𝜀(𝑦)

is a 2-cocycle on𝐻 ⋈ 𝑈, and the algebras𝐻#𝜃𝜏𝑈 and 𝜏̂(𝐻 ⋈ 𝑈) are isomorphic.

Proof. First it is clear that 𝜏̂ is convolution invertible since 𝜏 is. In the algebra
𝐻#𝜃𝜏𝑈, we have

𝑔#𝑥 ⋅ ℎ#𝑦 = 𝜏(ℎ(1), 𝑥(1)) 𝑔(𝑥(2) ⊳ ℎ(2))#(𝑥(3) ⊲ ℎ(3))𝑦
while for the product in 𝜏̂(𝐻 ⋈ 𝑈) we have
𝑔 ⋈ 𝑥 ⋅ ℎ ⋈ 𝑦 = 𝜏̂(𝑔(1) ⋈ 𝑥(1), ℎ(1) ⋈ 𝑦(1))𝑔(2)(𝑥(2) ⊳ ℎ(2))#(𝑥(3) ⊲ ℎ(3))𝑦(2)

= 𝜏(ℎ(1), 𝑥(1)) 𝑔(𝑥(2) ⊳ ℎ(2))#(𝑥(3) ⊲ ℎ(3))𝑦

Hence the two products coincide, which shows simultaneously that 𝜏̂ is a 2-
cocycle on𝐻 ⋈ 𝑈 and that𝐻#𝜃𝜏𝑈 ≃ 𝜏̂(𝐻 ⋈ 𝑈). □

Lemma 3.7. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let 𝜏 ∶
𝐻 ⊗𝑈 → 𝑘 be a skew𝐻 ⋈ 𝑈-pairing. Then the maps

⊲𝜏 ∶ 𝑈 ⊗𝐻 → 𝑈, ⊳𝜏 ∶ 𝑈 ⊗𝐻 → 𝐻
defined by

𝑥 ⊳𝜏 ℎ = 𝜏(ℎ(1), 𝑥(1))𝜏−1(ℎ(3), 𝑥(3))𝑥(2) ⊳ ℎ(2)
𝑥 ⊲𝜏 ℎ = 𝜏(ℎ(1), 𝑥(1))𝜏−1(ℎ(3), 𝑥(3))𝑥(2) ⊲ ℎ(2)
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define a matched pair of Hopf algebras (𝐻,𝑈,⊳𝜏, ⊲𝜏). We denote by 𝐻
𝜏
⋈ 𝑈 the

corresponding bicrossed product.

Proof. It is clear that (𝑈, ⊲𝜏) is a left𝐻-module coalgebra and (𝐻, ⊳𝜏) is a right
𝑈-module coalgebra. Next we check the conditions in (3.3) for⊲𝜏 and⊳𝜏; using
this condition for ⊲ and ⊳, together with (3.6). We have that, for 𝑥 ∈ 𝑈 and
𝑎, 𝑏 ∈ 𝐻,
(𝑥(1) ⊳𝜏 𝑎(1))((𝑥(2) ⊲𝜏 𝑎(2)) ⊳𝜏 𝑏) = 𝜏(𝑎(1), 𝑥(1))𝜏−1(𝑎(3), 𝑥(3))𝜏(𝑎(4), 𝑥(4))𝜏−1(𝑎(8), 𝑥(8))

𝜏(𝑏(1), 𝑥(5) ⊲ 𝑎(5))𝜏−1(𝑏(3), 𝑥(7) ⊲ 𝑎(7))(𝑥(2) ⊳ 𝑎(2))(𝑥(6) ⊲ 𝑎(6)) ⊳ 𝑏(2)
(3.3)
= 𝜏(𝑎(1), 𝑥(1))𝜏−1(𝑎(6), 𝑥(6))𝜏(𝑏(1), 𝑥(2) ⊲ 𝑎(2))𝜏−1(𝑏(3), 𝑥(5) ⊲ 𝑎(5))(𝑥(3) ⊳ 𝑎(3))(𝑥(4) ⊲ 𝑎(4)) ⊳ 𝑏(2)
(3.6),(3.3)
= 𝜏(𝑎(1)𝑏(1), 𝑥(1))𝜏−1(𝑎(3)𝑏(3), 𝑥(3))𝑥(2) ⊳ (𝑎(2)𝑏(2)) = 𝑥 ⊳𝜏 (𝑎𝑏).

Similarly one checks that (𝑦𝑥) ⊲ 𝑎 = (𝑦 ⊲ (𝑥(1) ⊳𝑎(1)))(𝑥(2) ⊲𝑎(2)) for 𝑦, 𝑥 ∈ 𝑈,
𝑎 ∈ 𝐻. Finally, if 𝑦 ∈ 𝑈, 𝑎 ∈ 𝐻:

𝑦(1)⊲𝜏𝑎(1) ⊗ 𝑦(2) ⊳𝜏 𝑎(2) = 𝑦(2) ⊲𝜏 𝑎(2) ⊗ 𝑦(1) ⊳𝜏 𝑎(1)
as this property holds for ⊲, 𝜏 and the cancellation of the proper 𝜏 and 𝜏−1 fac-
tors. □

We conclude with the announced generalization of Proposition 2.4.

Proposition 3.8. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let
𝜏 ∶ 𝐻 ⊗ 𝑈 → 𝑘 be a skew 𝐻 ⋈ 𝑈-pairing. Then the twisted tensor product
𝐻#𝜃𝜏𝑈 is a 𝐻

𝜏
⋈ 𝑈-𝐻 ⋈ 𝑈-bi-Galois object, whose left and right coactions are

induced by the comultiplication of the tensor product coalgebra𝐻 ⊗𝑈.

Proof. As 𝐻#𝜃𝜏𝑈 ≃𝜏̂ (𝐻 ⋈ 𝑈) by Lemma 3.6, then 𝐻#𝜃𝜏𝑈 is a (𝐻 ⋈ 𝑈)𝜏̂-
𝐻 ⋈ 𝑈-bi-Galois object, whose left and right coactions are induced by the co-
multiplication of the tensor product coalgebra 𝐻 ⊗ 𝑈. Moreover, the algebra
(𝐻 ⋈ 𝑈)𝜏̂ is unique with this property, up to isomorphism.
To end the proof, we observe that 𝐻

𝜏
⋈ 𝑈 ≃ (𝐻 ⋈ 𝑈)𝜏̂, in a similar compu-

tation to that of the proof of Lemma 3.6, as the products coincide, see (2.5). □

4. Hopf-Galois objects for bicrossed product Hopf algebras
The case in which the Hopf-Galois objects for Hopf algebra bicrossed prod-

ucts are bicleft were already studied in [35, 10]. The relevant result there is
the Kac exact sequence, which, when the two factors are cocommutative, con-
tains all the information about Hopf-Galois objects over the bicrossed product.
In this section we discuss Hopf-Galois objects over bicrossed products of Hopf
algebras in full generality.

4.1. General setting. Recall from (3.4) that given a matched pair of Hopf al-
gebras (𝐻,𝑈,⊳, ⊲), the associated twisting map 𝑈 ⊗ 𝐻 → 𝐻 ⊗ 𝑈 is denoted
by 𝜔⋈, so 𝜔⋈(𝑥, 𝑎) = 𝑥(1) ⊳ 𝑎(1) ⊗ 𝑥(2) ⊲ 𝑎(2).
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Lemma 4.1. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let 𝐸 =
𝐻 ⋈ 𝑈 be the associated Hopf algebra bicrossed product. Let𝐴, resp. 𝑅, be a right
𝐻-Galois object, resp.𝑈-Galois object. Let 𝜃∶ 𝑅⊗𝐴 → 𝐴⊗𝑅 be a twisting map.
Then 𝐴#𝜃𝑅 is a right 𝐸-comodule algebra with coaction 𝜌# ∶= 𝜌𝐴⊗𝑅:

𝜌𝐴⊗𝑅 ∶ 𝐴#𝜃𝑅 → 𝐴#𝜃𝑅 ⊗𝐻 ⋈ 𝑈 𝑎#𝑟 ↦ 𝑎(0)#𝑟(0) ⊗ 𝑎(1) ⋈ 𝑟(1)
if and only if the following diagram commutes:

𝑅 ⊗ 𝐴 𝜃 //

𝜌𝑅⊗𝐴
��

𝐴⊗ 𝑅
𝜌𝐴⊗𝑅
��

𝑅 ⊗ 𝐴⊗𝑈 ⊗𝐻
𝜃⊗𝜔⋈ // 𝐴⊗ 𝑅 ⊗𝐻 ⊗𝑈

(4.1)

This amounts to the fact that 𝜃 is a morphism of 𝐻 ⊗ 𝑈-comodules, where the
𝐻⊗𝑈-comodule structure on 𝑅⊗𝐴 is given by (id𝑅⊗𝐴⊗𝜔⋈)◦𝜌𝑅⊗𝐴 (recall that
𝜔⋈ is a coalgebra map) and the one of 𝐴⊗ 𝑅 is given by 𝜌# = 𝜌𝐴⊗𝑅.
Explicitly, 𝐴#𝜃𝑅 is a right 𝐸-comodule algebra if and only if

𝜃(𝑟(0) ⊗ 𝑎(0)) ⊗ (𝑟(1) ⊳ 𝑎(1) ⋈ 𝑟(2) ⊲ 𝑎(2)) = 𝜌# (𝜃(𝑟 ⊗ 𝑎)) . (4.2)

Proof. We look for sufficient and necessary conditions so that 𝜌#∶ 𝐴#𝜃𝑅⟶
𝐴#𝜃𝑅 ⊗𝐻 ⋈ 𝑈 is an algebra map. It is enough to see that

𝜌#(1#𝑟)𝜌#(𝑎#1) = 𝜌# (𝜃(𝑟 ⊗ 𝑎)) , 𝑟 ∈ 𝑅, 𝑎 ∈ 𝐴,
as 𝜃(𝑟, 𝑎) = (1#𝑟)(𝑎#1). It readily follows that:

𝜌#(1#𝑟)𝜌#(𝑎#1) = (1#𝑟(0) ⊗ 1 ⋈ 𝑟(1))(𝑎(0)#1 ⊗ 𝑎(1) ⋈ 1)
= 𝜃(𝑟(0) ⊗ 𝑎(0)) ⊗ 𝑟(1) ⊳ 𝑎(1) ⋈ 𝑟(2) ⊲ 𝑎(2).

Thus 𝜌# is an algebra map if and only if (4.2) holds. □

Using the notation as in (3.2), equation (4.2) becomes
(𝑟(0) ⇀ 𝑎(0))#(𝑟(0) ↼ 𝑎(0)) ⊗ (𝑟(1) ⊳ 𝑎(1) ⋈ 𝑟(2) ⊲ 𝑎(2))

= (𝑟 ⇀ 𝑎)(0)#(𝑟 ↼ 𝑎)(0) ⊗ (𝑟 ⇀ 𝑎)(1) ⋈ (𝑟 ↼ 𝑎)(1).
We arrive to the description of the right Galois objects over 𝐸 = 𝐻 ⋈ 𝑈.

Theorem 4.2. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras and let 𝐸 ∶=
𝐻 ⋈ 𝑈 be the corresponding bicrossed product.

(1) Let 𝐴, resp. 𝑅, be a right 𝐻-Galois object, resp. 𝑈-Galois object, and as-
sume there is a twisting map 𝜃∶ 𝑅 ⊗ 𝐴 → 𝐴 ⊗ 𝑅 such that (4.1) com-
mutes. Then𝐴#𝜃𝑅 is a right𝐻 ⋈ 𝑈-Galois object, with the tensor product
comodule structure 𝜌# as in Lemma 4.1.

(2) Let𝐴,𝐴′, resp.𝑅, 𝑅′, be right𝐻-Galois objects, resp.𝑈-Galois objects, and
assume that there are twisting maps 𝜃∶ 𝑅 ⊗ 𝐴 → 𝐴 ⊗ 𝑅 and 𝜃′∶ 𝑅′ ⊗
𝐴′ → 𝐴′ ⊗ 𝑅′such that (4.1) commutes. Then the above right 𝐻 ⋈ 𝑈-
Galois object 𝐴#𝜃𝑅 and 𝐴′#𝜃𝑅′ are isomorphic if and only if there exist
a right 𝐴-comodule algebra isomorphism 𝑓 ∶ 𝐴 → 𝐴′ and a right 𝑈-
comodule isomorphism 𝑔 ∶ 𝑅 → 𝑅′ such that (𝑓 ⊗ 𝑔)◦𝜃 = 𝜃′◦(𝑔 ⊗ 𝑓).



784 JULIEN BICHON AND AGUSTÍN GARCÍA IGLESIAS

(3) Conversely, any right 𝐸-Galois object arises as 𝐴#𝜃𝑅 for some 𝐴, 𝑅 and
𝜃∶ 𝑅 ⊗ 𝐴 → 𝐴⊗ 𝑅 as above.

Proof. (1) The associated canonical map is as follows:
𝛾 ∶ 𝐴#𝜃𝑅 ⊗ 𝐴#𝜃𝑅⟶ 𝐴#𝜃𝑅 ⊗𝐻 ⋈ 𝑈

𝑎#𝑥 ⊗ 𝑏#𝑦 ⟼ 𝑎(𝑥 ⇀ 𝑏(0))#(𝑥 ↼ 𝑏(0))𝑦(0) ⊗ 𝑏(1) ⋈ 𝑦(1).

To construct an inverse to 𝛾, we consider themaps 𝜅𝐻(ℎ) = ℎ(1)⊗ℎ(2) ∈ 𝐴⊗𝐴,
ℎ ∈ 𝐻, and 𝜅𝑈(𝑥) = 𝑥(1) ⊗ 𝑥(2) ∈ 𝑅 ⊗ 𝑅, 𝑥 ∈ 𝑈, see (2.1), and define

𝛾′ ∶ 𝐴#𝜃𝑅 ⊗𝐻 ⋈ 𝑈 ⟶𝐴#𝜃𝑅 ⊗ 𝐴#𝜃𝑅
𝑎#𝑟 ⊗ ℎ ⋈ 𝑥 ⟼ (𝑎#𝑟)𝜃(𝑥(1) ⊗ ℎ(1)) ⊗ ℎ(2)#𝑥(2).

To see that 𝛾′◦𝛾 = id and 𝛾◦𝛾′ = id, it is enough to check that
𝛾′◦𝛾(1#1 ⊗ 𝑏#𝑦) = 1#1 ⊗ 𝑏#𝑦, 𝛾◦𝛾′(1#1 ⊗ ℎ ⋈ 𝑥) = 1#1 ⊗ ℎ ⋈ 𝑥.

We have 𝛾′◦𝛾 = id, since:
𝛾′ (𝛾(1#1 ⊗ 𝑏#𝑦)) = 𝛾′(𝑏(0)#𝑦(0) ⊗ 𝑏(1) ⋈ 𝑦(1))

= (𝑏(0)#𝑦(0))𝜃((𝑦(1))(1) ⊗ (𝑏(1))(1)) ⊗ (𝑏(1))(2)#(𝑦(1))(2)

= (𝑏(0)#𝑦(0))(1#(𝑦(1))(1))((𝑏(1))(1)#1) ⊗ (𝑏(1))(2)#(𝑦(1))(2)

= (𝑏(0)#𝑦(0)(𝑦(1))(1))((𝑏(1))(1)#1) ⊗ (𝑏(1))(2)#(𝑦(1))(2)

(2.3)
= (𝑏(0)(𝑏(1))(1)#1) ⊗ (𝑏(1))(2)#𝑦

(2.3)
= 1#1 ⊗ 𝑏#𝑦.

Similarly, we have 𝛾◦𝛾′ = id, since:
𝛾
(
𝛾′(1#1 ⊗ ℎ ⋈ 𝑥)

)
= 𝛾(𝜃(𝑥(1) ⊗ ℎ(1)) ⊗ ℎ(2)#𝑥(2))

= 𝜃(𝑥(1) ⊗ ℎ(1))((ℎ(2))(0)#(𝑥(2))(0)) ⊗ (ℎ(2))(1)#(𝑥(2))(1)
= (𝑥(1) ⇀ ℎ(1)#𝑥(1) ↼ ℎ(1))((ℎ(2))(0)#(𝑥(2))(0)) ⊗ (ℎ(2))(1)#(𝑥(2))(1)
= ((𝑥(1) ⇀ ℎ(1))((𝑥(1) ↼ ℎ(1)) ⇀ (ℎ(2))(0))#((𝑥(1) ↼ ℎ(1)) ↼ (ℎ(2))(0))(𝑥(2))(0))

⊗ (ℎ(2))(1)#(𝑥(2))(1)
(3.2)
= (𝑥(1) ⇀ ℎ(1)(ℎ(2))(0))#(𝑥(1) ↼ ℎ(1)(ℎ(2))(0))(𝑥(2))(0) ⊗ (ℎ(2))(1)#(𝑥(2))(1)
(2.2)
= (𝑥(1) ⇀ 1)#(𝑥(1) ↼ 1)(𝑥(2))(0) ⊗ (ℎ#(𝑥(2))(1)

= 1#𝑥(1)(𝑥(2))(0) ⊗ ℎ#(𝑥(2))(1)
(2.2)
= 1#1 ⊗ ℎ ⋈ 𝑥.

(2) An isomorphism of 𝐻 ⋈ 𝑈-Galois objects 𝐴#𝜃𝑅 → 𝐴′#𝜃′𝑅′ induces
an isomorphism between the 𝐻 and 𝑈-coinvariant parts, where the respective
(right) 𝐻 and 𝑈-comodule structures are induced by the coalgebra surjections
𝜋𝐻 = id𝐻 ⊗ 𝜀 ∶ 𝐸 → 𝐻 and 𝜋𝑈 = 𝜀 ⊗ id𝑈 ∶ 𝐸 → 𝑈. Hence our isomorphism
has the form 𝑓 ⊗ 𝑔 for 𝑓 and 𝑔 as in the statement. The condition (𝑓 ⊗ 𝑔)◦𝜃 =
𝜃′◦(𝑔 ⊗ 𝑓) comes from the fact that 𝑓 ⊗ 𝑔 is an algebra map. The converse is
an immediate verification.
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(3) Follows as [34, Lemma 3.1]. We reproduce the details for completeness.
Recall that both 𝐻 and 𝑈 identify with Hopf subalgebras of 𝐸, and moreover
we have the coalgebra surjections 𝜋𝐻 = id𝐻⊗𝑈 ∶ 𝐸 → 𝐻 and 𝜋𝑈 = 𝜀⊗ id𝑈 ∶
𝐸 → 𝑈 that are respectively left 𝐻-linear and right 𝑈-linear. Let 𝐽 be an 𝐸-
Galois object and let us set

𝐴 ∶= 𝐽co𝑈 = {𝑧 ∈ 𝐽 ∶ 𝑧(0) ⊗ 𝑧(1) ∈ 𝐽 ⊗𝐻} ≃ 𝐽□𝐸𝐻,
𝑅 ∶= 𝐽co𝐻 = {𝑧 ∈ 𝐽 ∶ 𝑧(0) ⊗ 𝑧(1) ∈ 𝐽 ⊗𝑈} ≃ 𝐽□𝐸𝑈.

It follows that 𝐴 is an 𝐻-Galois object and 𝑅 as an 𝑈-Galois object; this is pre-
cisely [37, Remark 3.11 (2), p.186]. Now, we consider 𝐽 as a Hopf module in
the categoryℳ𝑈

𝑅 , with the𝑈-comodule structure induced by 𝜋𝑈 (this is indeed
a Hopf module by the 𝑈-linearity of 𝜋𝑈 and the definition of 𝑅) and thus [37,
Theorem 3.7] gives an isomorphism (via the multiplication):

𝐴⊗ 𝑅 = 𝐽co𝑈 ⊗ 𝑅
≃
⟶𝐽.

Therefore, there is a twisting map 𝜃∶ 𝑅 ⊗ 𝐴 → 𝐴 ⊗ 𝑅 such that 𝐽 ≃ 𝐴#𝜃𝑅
(see the end of Subsection 3.1) and since multiplication is 𝐸-colinear, the 𝐸-
coaction on𝐴⊗𝑅 has the formas inLemma4.1, so that 𝜃 satisfies the conditions
there. □

Remark 4.3. Consider the maps 𝜅𝐻 ∶ 𝐻 → 𝐴⊗𝐴 and 𝜅𝑈 ∶ 𝑈 → 𝑅 ⊗ 𝑅 as in
Subsection 2.1: 𝜅𝐻(ℎ) = ℎ(1)⊗ℎ(2) ∈ 𝐴⊗𝐴, ℎ ∈ 𝐻, and 𝜅𝑈(𝑥) = 𝑥(1)⊗𝑥(2) ∈
𝑅 ⊗ 𝑅, 𝑥 ∈ 𝑈, see (2.1). Then the proof of the above theorem shows that
𝜅𝐻⋈𝑈(ℎ ⋈ 𝑥) = 𝜃(𝑥(1) ⊗ ℎ(1)) ⊗ ℎ(2)#𝑥(2) = (𝑥(1) ⇀ ℎ(1))#(𝑥(1) ↼ ℎ(1)) ⊗ ℎ(2)#𝑥(2).

(4.3)

4.2. The cleft setting. Assume that theGalois-objects𝐴 and𝑅 fromTheorem
4.2 are cleft. In particular, there are Hopf 2-cocycles 𝜎 ∈ 𝑍2(𝐻) and 𝜏 ∈ 𝑍2(𝑈)
so that 𝐴 ≃ 𝜎𝐻, 𝑅 ≃ 𝜏𝑈. Set 𝐸 = 𝐻 ⋈ 𝑈. Now, any 𝐸-colinear map 𝜃 ∈
Hom𝐸(𝑅 ⊗ 𝐴,𝐴 ⊗ 𝑅) ≃ Hom𝐸(𝑈 ⊗𝐻,𝐻 ⊗𝑈) is determined by a linear map
𝜓∶ 𝐻 ⊗𝑈 → 𝑘 in such a way that 𝜃 = 𝜃𝜓, where

𝜃𝜓(𝑥, ℎ) = 𝜓(ℎ(1), 𝑥(1)) 𝑥(2) ⊳ ℎ(2) ⊗ 𝑥(3) ⊲ ℎ(3), 𝑥 ∈ 𝑈, ℎ ∈ 𝐻. (4.4)

Notice that this also reads: 𝜃𝜓(𝑥, ℎ) = 𝜓(ℎ(1), 𝑥(1)) 𝑥(2) ⋈ ℎ(2). As well, recall

the notation
t
⊲,

t
⊳ from Lemma 3.3.

Lemma 4.4. Let 𝜃 ∈ Hom𝐸(𝑅 ⊗ 𝐴,𝐴 ⊗ 𝑅) ≃ Hom𝐸(𝑈 ⊗ 𝐻,𝐻 ⊗ 𝑈) be as in
(4.4). Then 𝜃 is a twisting map if and only if
𝜏(𝑥(1), 𝑦(1))𝜓(ℎ, 𝑥(2)𝑦(2)) = 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝜏(𝑥(2) ⊲ (𝑦(3) ⊳ ℎ(3)), 𝑦(4) ⊲ ℎ(4)),
𝜎(ℎ(1), 𝑡(1))𝜓(ℎ(2)𝑡(2), 𝑥) = 𝜓(ℎ(1), 𝑥(1))𝜓(𝑡(1), 𝑥(2) ⊲ ℎ(2))𝜎(𝑥(3) ⊳ ℎ(3), (𝑥(4) ⊲ ℎ(4)) ⊳ 𝑡(2)),

(4.5)

for all ℎ, 𝑘 ∈ 𝐻, 𝑥, 𝑦 ∈ 𝑈.
Assume that 𝑆𝐻 , 𝑆𝑈 are invertible. If 𝜓 is convolution invertible, then 𝜃 is in-

vertible with

𝜃−1(ℎ, 𝑥) = 𝜓−1(ℎ(1)
t
⊳ 𝑥(1), ℎ(3)

t
⊲ 𝑥(3)) ℎ(2)

t
⊳ 𝑥(2) ⊗ ℎ(4)

t
⊲ 𝑥(4) 𝑥 ∈ 𝑈, ℎ ∈ 𝐻.

(4.6)
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Proof. The identity in (3.1) corresponding to 𝑚𝑅 = 𝜏 ∗ 𝑚𝑈 , becomes, using
(3.3) with particular emphasis on the fourth identity:

𝜏(𝑥(1), 𝑦(1))𝜓(ℎ(1), 𝑥(2)𝑦(2))𝑥(3)𝑦(3) ⊳ ℎ(2) ⊗ 𝑥(4)𝑦(4) ⊲ ℎ(3)
= 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝜏(𝑥(3) ⊲ (𝑦(4) ⊳ ℎ(4)), 𝑦(6) ⊲ ℎ(6))

𝑥(2)𝑦(3) ⊳ ℎ(3) ⊗ (𝑥(4) ⊲ (𝑦(5) ⊳ ℎ(5)))(𝑦(7) ⊲ ℎ(7)),
(3.3)
= 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝜏(𝑥(3) ⊲ (𝑦(4) ⊳ ℎ(4)), 𝑦(5) ⊲ ℎ(5))

𝑥(2)𝑦(3) ⊳ ℎ(3) ⊗ (𝑥(4) ⊲ (𝑦(6) ⊳ ℎ(6)))(𝑦(7) ⊲ ℎ(7)),
= 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝜏(𝑥(3) ⊲ (𝑦(4) ⊳ ℎ(4)), 𝑦(5) ⊲ ℎ(5))

𝑥(2)𝑦(3) ⊳ ℎ(3) ⊗ (𝑥(4)𝑦(6)) ⊳ ℎ(6),
(3.3)
= 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥(1))𝜏(𝑥(2) ⊲ (𝑦(4) ⊳ ℎ(4)), 𝑦(3) ⊲ ℎ(3))

𝑥(3)𝑦(5) ⊳ ℎ(5) ⊗ (𝑥(4)𝑦(6)) ⊳ ℎ(6).

Similarly, the identity in (3.1) corresponding to𝑚𝐴 = 𝜎 ∗ 𝑚𝐻 is:

𝜎(ℎ(1), 𝑡(1))𝜓(ℎ(2)𝑡(2), 𝑥(1))𝑥(2) ⊳ ℎ(3)𝑡(3) ⊗ 𝑥(3) ⊲ ℎ(4)𝑡(4)
= 𝜓(ℎ(1), 𝑥(1))𝜓(𝑡(1), 𝑥(4) ⊲ ℎ(4))𝜎(𝑥(2) ⊳ ℎ(2), (𝑥(5) ⊲ ℎ(5)) ⊳ 𝑡(2))

(𝑥(3) ⊳ ℎ(3))((𝑥(6) ⊲ ℎ(6)) ⊳ 𝑡(3)) ⊗ (𝑥(7) ⊲ ℎ(7)) ⊲ 𝑡(4)
(3.3)
= 𝜓(ℎ(1), 𝑥(1))𝜓(𝑡(1), 𝑥(3) ⊲ ℎ(3))𝜎(𝑥(2) ⊳ ℎ(2), (𝑥(4) ⊲ ℎ(4)) ⊳ 𝑡(2))

𝑥(5) ⊳ ℎ(5)𝑡(3) ⊗ 𝑥(6) ⊲ ℎ(6)𝑡(4).

Next we check (4.6). Notice that, if we write ℎ⊗𝑥 = 𝑦 ⋈ 𝑡, 𝑦 ∈ 𝑈, 𝑡 ∈ 𝐻, then
this is 𝜃−1(ℎ, 𝑥) = 𝛾(𝑦, 𝑡), for

𝛾(𝑦, 𝑡) = 𝜓−1(𝑡(1), 𝑦(1))𝑦(2)
t
⊳

t
⊲ 𝑡(2).

Indeed, if we identify 𝑈 ⊗𝐻 = 𝐻
t
⊳

t
⊲ 𝐻, then we have that

𝛾𝜃(𝑥, ℎ) = 𝜓(ℎ(1), 𝑥(1))𝛾(𝑥(2) ⋈ ℎ(2)) = 𝜓(ℎ(1), 𝑥(1))𝜓−1(ℎ(2), 𝑥(2))𝑥(3)
t
⊳
t
⊲ ℎ(3) = 𝑥 ⊗ ℎ,

𝜃𝛾(ℎ, 𝑥) = 𝜃𝛾(𝑦, 𝑡) = 𝜓−1(𝑡(1), 𝑦(1))𝜃(𝑦(2)
t
⊳
t
⊲ 𝑡(2)) = 𝜓−1(𝑡(1), 𝑦(1))𝜓(𝑡(2), 𝑦(2))𝑦(3) ⋈ 𝑡(3)

= 𝑦 ⋈ 𝑡 = ℎ ⊗ 𝑥.

This ends the proof. □

By (4.5), if we assume that the values of 𝜎, 𝜏 are known, then it is enough to
define 𝜓 on the generators of 𝑈 ⊗𝐻 and extend it via:

𝜓(ℎ𝑡, 𝑥𝑦) = 𝜎−1(ℎ(1), 𝑡(1))𝜏−1(𝑥(1), 𝑦(1))𝜓(ℎ(2), 𝑦(2))𝜓(𝑦(3) ⊳ ℎ(3), 𝑥(2))
𝜓(𝑡(2), 𝑦(6) ⊲ ℎ(6))𝜓((𝑦(7) ⊲ ℎ(7)) ⊳ 𝑡(3), 𝑥(3) ⊲ (𝑦(4) ⊳ ℎ(4)))
𝜏((𝑥(4) ⊲ (𝑦(5) ⊳ ℎ(5))) ⊲ ((𝑦(8) ⊲ ℎ(8)) ⊳ 𝑡(4)), 𝑦(9) ⊲ (ℎ(9)𝑡(5)))
𝜎((𝑥(5)𝑦(10)) ⊳ ℎ(10), ((𝑥(6)𝑦(11)) ⊲ ℎ(11)) ⊳ 𝑡(6)).
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In general, the determination of the values of a Hopf cocycle 𝜎 is a hard work;
nevertheless there instances in which task has been performed and character-
ized, see e.g. [21, 22].
We the conclude the subsection with a useful remark.

Remark 4.5. When one of the cocycles 𝜎, 𝜏 is trivial, then (4.5) become simpler
and we can deduce further properties of 𝜓:
(a) Assume that 𝜏 = 𝜀. If the antipode 𝑆 = 𝑆𝑈 is invertible, then the first

equation in (4.5) is

𝜓(ℎ, 𝑥𝑦) = 𝜓(ℎ(1), 𝑦(1))𝜓(𝑦(2) ⊳ ℎ(2), 𝑥)

and then 𝜓 is convolution-invertible, with

𝜓−1(ℎ, 𝑥) = 𝜓(𝑥(1) ⊳ ℎ, 𝑆−1(𝑥(2))).

Indeed, let 𝜑(ℎ, 𝑥) = 𝜓(𝑥(1) ⊳ ℎ, 𝑆−1(𝑥(2))). Then

𝜓 ∗ 𝜑(ℎ, 𝑥) = 𝜓(ℎ(1), 𝑥(1))𝜓(𝑥(2) ⊳ ℎ(2), 𝑆−1(𝑥(3))) = 𝜓(ℎ, 𝑆−1(𝑥(2))𝑥(1)) = 𝜀(ℎ)𝜀(𝑥).

On the other hand, letting 𝑦 = 𝑆−1(𝑥):

𝜑 ∗ 𝜓(ℎ, 𝑥) = 𝜓(𝑥(1) ⊳ ℎ(1), 𝑆−1(𝑥(2)))𝜓(ℎ(2), 𝑥(3)) = 𝜓(𝑆(𝑦(3)) ⊳ ℎ(1), 𝑦(2))𝜓(ℎ(2), 𝑆(𝑦(1)))
= 𝜓(𝑆(𝑦(5)) ⊳ ℎ(1), 𝑦(2))𝜓(𝑦(3) ⊳ (𝑆(𝑦(4)) ⊳ ℎ(2)), 𝑆(𝑦(1)))
= 𝜓((𝑆(𝑦(3)) ⊳ ℎ)(1), (𝑦(2))(1))𝜓((𝑦(2))(2) ⊳ (𝑆(𝑦(3)) ⊳ ℎ)(2), 𝑆(𝑦(1)))
= 𝜓(𝑆(𝑦(3)) ⊳ ℎ, 𝑆(𝑦(1))𝑦(2)) = 𝜀(ℎ)𝜀(𝑦) = 𝜀(ℎ)𝜀(𝑥).

(b) On the other hand, if 𝜎 = 𝜀 and 𝑆𝐻 is invertible, then 𝜓 is invertible. The
second equation in (4.5) becomes

𝜓(ℎ𝑘, 𝑥) = 𝜓(ℎ(1), 𝑥(1))𝜓(𝑘, 𝑥(2) ⊲ ℎ(2))

and we get that:

𝜓−1(ℎ, 𝑥) = 𝜓(𝑆𝐻(ℎ(2)), 𝑥 ⊲ ℎ(1)).

In this setting, the inverse 𝑆−1 of 𝑆 = 𝑆𝐻 is used in the verification, arguing
as in the previous case. Indeed, if we now set 𝜑(ℎ, 𝑥) = 𝜓(𝑆(ℎ(2)), 𝑥 ⊲ ℎ(1))
it is straightforward to check that 𝜓 ∗ 𝜑 = 𝜀, while, for 𝑘 = 𝑆−1(ℎ):

𝜑 ∗ 𝜓(ℎ, 𝑥) = 𝜓(𝑆(ℎ(2)), 𝑥(1) ⊲ ℎ(1))𝜙(ℎ(3), 𝑥(2))
= 𝜓(𝑘(2), 𝑥(1) ⊲ 𝑆−1(𝑘(3)))𝜓(𝑆−1(𝑘(1)), 𝑥(2))
= 𝜓(𝑘(2), 𝑥(1) ⊲ 𝑆−1(𝑘(5))))𝜓(𝑆−1(𝑘(1)), 𝑥(2) ⊲ (𝑆−1(𝑘(4))𝑦(3)))
= 𝜓(𝑘(2), (𝑥 ⊲ 𝑆−1(𝑘(4)))(1)))𝜓(𝑆−1(𝑘(1)), (𝑥 ⊲ 𝑆−1(𝑘(4)))(2) ⊲ 𝑦(3))
= 𝜓(𝑘(2)𝑆−1(𝑘(1)), 𝑥 ⊲ 𝑆−1(𝑦(3))) = 𝜀(𝑘)𝜀(𝑥) = 𝜀(ℎ)𝜀(𝑥).
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4.3. The left bicrossed product Hopf algebra. We recall notation and re-
sults on cogroupoids from §2.3; in particular the subcogroupoid 𝒞𝐻 ⊂ 𝒞 from
Lemma 2.1 associated to a cogroupoid 𝒞, an object 𝑋 ∈ ob𝒞 and a sub Hopf
algebra𝐻 ⊆ 𝒞(𝑋,𝑋).

Theorem 4.6. Let (𝐻,𝑈,⊳, ⊲) be a matched pair of Hopf algebras.

(1) Let 𝐿, 𝑄 be Hopf algebras and let 𝐴, resp. 𝑅, be an (𝐿,𝐻)-Galois object,
resp. (𝑄,𝑈)-Galois object. Assume there is a twisting map 𝜃∶ 𝑅 ⊗ 𝐴 →
𝐴 ⊗ 𝑅 such that (4.1) commutes. Then the associated left Hopf algebra
𝐹 = 𝐿(𝐴#𝜃𝑅,𝐻 ⋈ 𝑈) is a bicrossed product 𝐿 ▶◀ 𝑄 for some actions
▶∶ 𝑄 ⊗ 𝐿 → 𝐿 and◀∶ 𝑄 ⊗ 𝐿 → 𝑄 making the following diagram
commute:

𝑅 ⊗ 𝐴 𝜃 //

𝜆𝑅⊗𝐴
��

𝐴⊗ 𝑅
𝜆𝐴⊗𝑅
��

𝑄⊗ 𝐿 ⊗ 𝑅 ⊗𝐴
𝜔▶◀⊗𝜃// 𝐿 ⊗ 𝑄⊗𝐴⊗ 𝑅

(4.7)

where 𝜆𝐴⊗𝑅 and 𝜆𝑅⊗𝐴 denote the diagonal left coactions induced by those
of 𝐴 and 𝑅.

(2) Let 𝐹 be a Hopf algebra such that there exists an (𝐹,𝐻 ⋈ 𝑈)-bi-Galois
object. Then 𝐹 ≃ 𝐿 ▶◀ 𝑄 for some Hopf algebras 𝐿, 𝑄 as above.

Proof. (1) We use [8, Theorem 2.11] to consider a cogroupoid 𝒞 with two ob-
jects 𝑋,𝑌 such that

𝒞(𝑋,𝑋) = 𝐻 ⋈ 𝑈, 𝒞(𝑌, 𝑋) = 𝐴#𝜃𝑅,

so that 𝐻,𝑈 become Hopf subalgebras of 𝒞(𝑋,𝑋) and the we have a bijective
multiplication

𝑚∶ 𝐻 ⊗𝑈 → 𝒞(𝑋,𝑋). (4.8)

Consider the subcogroupoids𝒞𝐻 , 𝒞𝑈 ⊆ 𝒞 as in Lemma2.1; we have𝒞𝐻(𝑌, 𝑋) ≃
𝐴, 𝒞𝑈(𝑌, 𝑋) ≃ 𝑅, and 𝒞𝐻(𝑌, 𝑌) ≃ 𝐿, 𝒞𝑈(𝑌, 𝑌) ≃ 𝑄 by uniqueness of left Hopf
algebras in [32, Theorem 3.5].
We need to show that the multiplication map 𝑚 ∶ 𝒞𝐻(𝑌, 𝑌) ⊗ 𝒞𝑈(𝑌, 𝑌) →

𝒞(𝑌, 𝑌) is bijective. We will do so by fitting it into the following commutative
diagram with bijective arrows, where□ = □𝒞(𝑋,𝑋) and the bijectivity of each
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arrow corresponds to the label on top:

𝒞𝐻(𝑌, 𝑌) ⊗ 𝒞𝑈(𝑌, 𝑌)OO

(2.8)

��

𝑚 // 𝒞(𝑌, 𝑌)OO

(2.6)

��

(𝒞(𝑌, 𝑋)□𝐻□𝒞(𝑋,𝑌)) ⊗ (𝒞(𝑌, 𝑋)□𝑈□𝒞(𝑋,𝑌))
OO

(2.7)

��
𝒞(𝑌,𝑋)□(𝐻□𝒞(𝑋,𝑌)) ⊗ (𝑈□𝒞(𝑋,𝑌)))

ll

(2.7)
,,

𝒞(𝑌,𝑋)□𝒞(𝑋,𝑋)□𝒞(𝑋, 𝑌)OO

(4.8)

��
𝒞(𝑌,𝑋)□ ((𝐻 ⊗𝑈)□𝒞(𝑋, 𝑌)) .

This shows that 𝐹 is a bicrossed product 𝐿 ▶◀ 𝑈 of 𝐿 ≃ 𝒞𝐻(𝑌, 𝑌) and 𝑄 ≃
𝒞𝑈(𝑌, 𝑌).
The commutation of (4.7) will follow from the obvious left version of that

of (4.1) in Lemma 4.1, provided we show that the left 𝐿 ▶◀ 𝑄-coaction on
𝐴#𝜃 R has the appropriate form. We identify 𝐿 ≃ 𝐿(𝐴,𝐻) = (𝐴⊗𝐴op)co𝐻 and
𝑄 ≃ 𝐿(𝑅,𝑈) = (𝑅 ⊗ 𝑅op)co𝑈 , so that

𝜆𝐴(𝑎) = 𝑎(0) ⊗ 𝜅𝐻(𝑎(1)) = 𝑎(0) ⊗ (𝑎(1))(1) ⊗ (𝑎(1))(2)

and similarly 𝜆𝑅(𝑟) = 𝑟(0) ⊗ (𝑟(1))(1) ⊗ (𝑟(1))(2).
In the same spirit, we identify 𝐿 ▶◀ 𝑄 ≃ 𝐿(𝐴#𝜃𝑅,𝐻 ⋈ 𝑈) = (𝐴#𝜃𝑅 ⊗

(𝐴#𝜃𝑅)op)co𝐻⋈𝑈 , and we have
𝜆𝐴#𝜃𝑅(𝑎#𝑟) = 𝑎(0)#𝑟(0) ⊗ 𝜅𝐻⋈𝑈(𝑎(1) ⋈ 𝑟(1))

(4.3)
= 𝑎(0)#𝑟(0) ⊗ 𝜃((𝑟(1))(1) ⊗ (𝑎(1))(1)) ⊗ (𝑎(1))(2)#(𝑟(1))(2)

[(𝑎(0)#1 ⊗ (𝑎(1))(1)#1) ⊗ (𝑎(1))(2)#1][(1#𝑟(0) ⊗ 1#(𝑟(1))(1)) ⊗ 1#(𝑟(1))(2)]

where the last product between the terms in square brackets [, ] is taken in the
algebra

𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op ⊗𝐴#𝜃𝑅.
This shows that the following diagram commutes:

𝐴#𝜃𝑅
𝜆𝐴#𝜃𝑅 //

𝜆𝐴⊗𝑅
��

(𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op)co𝐻⋈𝑈 ⊗𝐴#𝜃𝑅

(𝐴 ⊗ 𝐴op)co𝐻 ⊗ (𝑅 ⊗ 𝑅op)co𝑈 ⊗𝐴⊗ 𝑅.
𝜉⊗id𝐴⊗𝑅

22

Here 𝜉 is, as at the end of Subsection 3.1, the composition of the multiplication
in 𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op together with the inclusion map

𝜄𝐴 ⊗ 𝜄𝑅 ∶ (𝐴 ⊗ 𝐴op)co𝐻 ⊗ (𝑅 ⊗ 𝑅op)co𝑈

→ (𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op)co𝐻⋈𝑈 ⊗ (𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op)co𝐻⋈𝑈
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where 𝜄𝐴 and 𝜄𝑅 are the canonical inclusions
𝜄𝐴 ∶ (𝐴 ⊗ 𝐴op)co𝐻 ⟶(𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op)co𝐻⋈𝑈 𝑎 ⊗ 𝑏⟼ 𝑎#1⊗ 𝑏#1,
𝜄𝑅 ∶ (𝑅 ⊗ 𝑅op)co𝑈 ⟶(𝐴#𝜃𝑅 ⊗ (𝐴#𝜃𝑅)op)co𝐻⋈𝑈 𝑟 ⊗ 𝑠⟼ 1#𝑟 ⊗ 1#𝑠.

Since we know that 𝐿 ▶◀ 𝑄 ≃ (𝐴#𝜃𝑅⊗(𝐴#𝜃𝑅)op)co𝐻⋈𝑈 , themap 𝜉 is a Hopf
algebra isomorphism, and it follows in particular that 𝜆𝐴⊗𝑅 is an algebra map,
so the left analogue of Lemma 4.1 applies, and the diagram (4.7) commutes.
(2) This follows by the uniqueness of the left Hopf algebra associated to a

right Galois object and the previous results. Indeed, if 𝐽 is a (𝐹,𝐻 ⋈ 𝑈)-bi-
Galois object, then 𝐽 = 𝐴#𝜃𝑅 for some right Galois objects 𝐴 and 𝑅 over 𝐻
and 𝑈 respectively by Theorem 4.2. If 𝐿 = 𝐿(𝐴,𝐻) and 𝑄 = 𝐿(𝑅,𝑈) are the
corresponding left Hopf algebras so that 𝐴 is (𝐿,𝐻)-bi-Galois and 𝑅 is (𝑄,𝑈)-
bi-Galois, then 𝐽 is (𝐿 ▶◀ 𝑄,𝐻 ⋈ 𝑈)-bi-Galois by (1) and thus 𝐿 ▶◀ 𝑄 ≃
𝐿(𝐽,𝐻 ⋈ 𝑈) ≃ 𝐹. □

Corollary 4.7. With the notation of Theorem 4.6, assume that𝐴 and 𝑅 are cleft.
Let 𝜓∶ 𝐻 ⊗𝑈 → 𝑘 be such that 𝜃 = 𝜃𝜓 as in (4.4). If 𝜓 is invertible, then

𝜔▶◀(𝑥, ℎ) = 𝜓(ℎ(1), 𝑥(1))𝜓−1(ℎ(4), 𝑥(4))𝑥(2) ⊳ ℎ(2) ⊗ 𝑥(3) ⊲ ℎ(3).

Proof. In this setting, 𝑅 ≃ 𝑈 as 𝑈-comodules and 𝐴 ≃ 𝐻 as 𝐻-comodules, so
we may assume, without loss of generality, that 𝑅 = 𝑈 and 𝐴 = 𝐻 in (4.7). By
following the arrows, we get

𝜔▶◀(𝑥(1), ℎ(1)) ⊗ 𝜓(ℎ(2), 𝑥(2))𝑥(3) ⊳ ℎ(3) ⊗ 𝑥(4) ⊲ ℎ(4)
= 𝜓(ℎ(1), 𝑥(1))𝑥(2) ⊳ ℎ(2) ⊗ 𝑥(3) ⊲ ℎ(3) ⊗ 𝑥(4) ⊳ ℎ′(4) ⊗ 𝑥(5) ⊲ ℎ(5).

We apply id𝐻⊗ id𝑈⊗𝜀𝐻 ⊗ 𝜀𝑈 and obtain

𝜓(ℎ(2), 𝑥(2))𝜔▶◀(𝑥(1), ℎ(1)) = 𝜓(ℎ(1), 𝑥(1))𝑥(2) ⊳ ℎ(2) ⊗ 𝑥(3) ⊲ ℎ(3)
from where the result follows. □

Remark 4.8. In the case of a tensor product 𝐸 = 𝐻 ⊗ 𝑈, Schauenburg’s [34,
Proposition 3.7] describes the Hopf-Galois objects over 𝐸, with 𝜃 of Theorem
4.2 and Theorem 4.6 being shown to arise from a skew pairing 𝜏∶ 𝑄 ⊗ 𝐿 → 𝑘,
so that 𝐿 ▶◀ 𝑄 ≃ 𝐿 ⋈𝜏 𝑄. In the general situation of Theorem 4.2 and
Theorem 4.6, we do not see how to reach such a simple and elegant statement
as [34, Proposition 3.7], since it seems to us that there is no canonical bicrossed
product 𝐿 ▶◀ 𝑄 to start with. Disappointingly, we do not see neither how
to deduce in a straightforward manner [34, Proposition 3.7] from Theorem 4.2
and Theorem 4.6, without essentially redoing the same work already done in
[34].

5. A complete example
In this section we illustrate the previous results with an example of a bi-

crossed product that does not fall into the classes of bicrossed products men-
tioned in Example 3.2.
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5.1. The Hopf algebra 𝑬 = 𝑯 ⋈ 𝑼. Throughout the section, let 𝑈,𝐻 be the
gradedpointedHopf algebras given by the smashproducts (also called bosoniza-
tions in this context) 𝐻 = 𝑘[𝑏, 𝑐]#𝑘ℤ, ℤ = ⟨ℎ⟩ and 𝑈 = 𝑘[𝑎]#𝑘ℤ, ℤ = ⟨𝑔⟩.
Here 𝑘[𝑎], 𝑘[𝑏, 𝑐] are polynomial algebras. Each smash product is defined so
that ℎ𝑏 = −𝑏ℎ, ℎ𝑐 = −𝑐ℎ, 𝑔𝑎 = −𝑎𝑔.
The comultiplication is such that 𝑔 ∈ 𝑈, ℎ ∈ 𝐻 are group-like elements and

∆(𝑎) = 𝑎 ⊗ 1 + 𝑔2 ⊗ 𝑎, ∆(𝑏) = 𝑏 ⊗ 1 + ℎ2 ⊗ 𝑏, ∆(𝑐) = 𝑐 ⊗ 1 + ℎ2 ⊗ 𝑐.
(5.1)

Definition 5.1. Let 𝐸 be the smash product 𝑘[𝑎, 𝑏, 𝑐]#𝑘ℤ2, i.e. the 𝑘-algebra
generated by 𝑎, 𝑏, 𝑐, ℎ±1, 𝑔±1 with 𝑔ℎ = ℎ𝑔 and commutation:

ℎ𝑎 = −𝑎ℎ, ℎ𝑏 = −𝑏ℎ, ℎ𝑐 = −𝑐ℎ,
𝑔𝑎 = −𝑎𝑔, 𝑔𝑏 = −𝑐𝑔, 𝑔𝑐 = −𝑏𝑔, (5.2)

together with the quadratic identities

𝑎𝑏 − 𝑏𝑎 = 0, 𝑎𝑐 − 𝑐𝑎 = 0, 𝑏𝑐 − 𝑐𝑏 = 0. (5.3)

It is easy to see that 𝐸 is a Hopf algebra with coalgebra structure given by
that of𝐻⊗𝑈. Moreover, it also follows that 𝐸 factors through𝐻 and𝑈 via the
canonical injections 𝜄 ∶ 𝐻 ↪ 𝐸 and 𝑗 ∶ 𝑈 ↪ 𝐸. Hence 𝐸 ≃ 𝐻 ⋈ 𝑈.
Next remark shows that the bicrossed product 𝐸 ≃ 𝐻 ⋈ 𝑈 above is neither a

smash product (both actions are nontrivial) nor it comes fromapairing between
𝐻 and 𝑈. It also establishes some properties of the actions involved, that will
become useful further on.

Remark 5.2. With the notation we make the following observations:
(a) Both actions ⊲∶ 𝑈 ⊗𝐻 → 𝑈 and ⊳∶ 𝑈 ⊗𝐻 → 𝐻 are non-trivial as

𝑎ℎ = −ℎ𝑎 ⇒ 𝑎 ⊲ ℎ = −𝑎, 𝑔𝑏 = −𝑐𝑔 ⇒ 𝑔 ⊳ 𝑏 = −𝑐.

(b) The bicrossed product 𝐻 ⋈ 𝑈 does not come from a pairing. Indeed,
for any pairing 𝜏∶ 𝑈 ⊗𝐻 → 𝑘, we get:

𝑔.𝑏
(2.5)
= 𝜏(𝑔, 𝑏(1))𝑏(2)𝑔𝜏−1(𝑔, 𝑏(3)) = 𝜏(𝑔, 𝑏)𝑔 + 𝜏(𝑔, ℎ2)𝑏𝑔 + 𝜏(𝑔, ℎ2)ℎ2𝑔𝜏−1(𝑔, 𝑏);

as 𝑏(1) ⊗ 𝑏(2) ⊗ 𝑏(3) = 𝑏 ⊗ 1⊗ 1 + ℎ2 ⊗ 𝑏 ⊗ 1 + ℎ2 ⊗ℎ2 ⊗ 𝑏, see (5.1),
and 𝜏(𝑔, 1) = 1. Hence 𝑔.𝑏 ∈ 𝑘{𝑔, 𝑏𝑔, ℎ2𝑔} while in 𝐻 ⋈ 𝑈 we have
𝑔𝑏 = −𝑐𝑔 ∉ 𝑘{𝑔, 𝑏𝑔, ℎ2𝑔}.

(c) Observe that 𝑎 ⊳ _ = 0 and _ ⊲ 𝑏 = 0, same for 𝑐. We write down the
tables with the actions ⊳ and ⊲ in terms of the generators:

⊳ 𝑏 𝑐 ℎ
𝑎 0 0 0
𝑔 −𝑐 −𝑏 ℎ

⊲ 𝑏 𝑐 ℎ
𝑎 0 0 −𝑎
𝑔 0 0 𝑔

Furthermore, notice that both 𝐻 =
∑

𝑖≥0𝐻𝑖 and 𝑈 =
∑

𝑗≥0𝑈𝑗 are
coradically graded Hopf algebras; here 𝐻𝑖 = 𝑘[𝑏𝑛𝑐𝑚 ∶ 𝑛 + 𝑚 = 𝑖]#𝑘ℤ
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and 𝑈𝑗 = 𝑘[𝑎𝑗]#𝑘ℤ. It is thus easy to check that 𝑎 ⊳ 𝐻 = 0 and
𝑈 ⊲ 𝑏 = 𝑈 ⊲ 𝑏 = 0, using (3.3). Moreover, this extends to

𝑈>0 ⊳𝐻 = 0, 𝑈 ⊲ 𝐻>0 = 0. (5.4)

We now introduce some notation that will become handy to deal with exam-
ples.

Notation. Let𝐻, and𝑈 as above and consider the decomposition𝐻 =
∑

𝑖≥0𝐻𝑖
and 𝑈 =

∑
𝑗≥0𝑈𝑗 in Remark 5.2 (c). We shall write, for 𝑓 ∈ 𝐻𝑛, 𝑢 ∈ 𝑈𝑛:

∆(𝑓) = 𝑓 ⊗ 𝑟(𝑓) + 𝓁(𝑓) ⊗ 𝑓 + 𝑓(1) ⊗ 𝑓(2), ∆(𝑢) = 𝑢 ⊗ 𝑟(𝑢) + 𝓁(𝑢) ⊗ 𝑢 + 𝑢(1) ⊗ 𝑢(2)
(5.5)

with 𝑟(𝑓), 𝓁(𝑓) ∈ ⟨ℎ⟩ such that

𝑓(1) ⊗ 𝑓(2) = ∆(𝑓) − 𝑓 ⊗ 𝑟(𝑓) + 𝓁(𝑓) ⊗ 𝑓 ∈
𝑛−1∑

𝑖=1
𝐻𝑖 ⊗𝐻𝑛−𝑖.

Similarly, 𝑟(𝑢), 𝓁(𝑢) ∈ ⟨𝑔⟩ and 𝑢(1) ⊗ 𝑢(2) ∈
∑𝑛−1

𝑖=1 𝑈𝑖 ⊗𝑈𝑛−𝑖.

5.1.1. Deformations. In this part we introduce two families of algebras, ob-
tained by deforming the relations of the Hopf algebra 𝐸 in Definition 5.1.

Definition 5.3. Let us fix 𝛼, 𝛽 ∈ 𝑘 and 𝜆 ∈ 𝑘× scalars with the following restric-
tions:

𝛼(1 + 𝜆4) = 0, 𝛽(1 − 𝜆2) = 0. (5.6)

(a) Let 𝐸𝜆𝛼,𝛽 be the 𝑘-algebra generated by 𝑎, 𝑏, 𝑐, ℎ
±1, 𝑔±1 with relations 𝑔ℎ = ℎ𝑔

and:

ℎ𝑎 = −𝜆2𝑎ℎ, ℎ𝑏 = −𝑏ℎ, ℎ𝑐 = −𝑐ℎ, (5.7)

𝑔𝑎 = −𝑎𝑔, 𝑔𝑏 = −𝜆2𝑐𝑔, 𝑔𝑐 = −𝜆2𝑏𝑔, (5.8)

together with the identities

𝑎𝑏 − 𝜆4𝑏𝑎 = 𝛽(1 − 𝑔2ℎ2), 𝑎𝑐 − 𝜆4𝑐𝑎 = 𝛽(1 − 𝑔2ℎ2), 𝑏𝑐 − 𝑐𝑏 = 𝛼(1 − ℎ4).

(b) Let 𝐴𝜆
𝛼,𝛽 be the 𝑘-algebra generated by 𝑎, 𝑏, 𝑐, ℎ

±1, 𝑔±1 with relations 𝑔ℎ =
𝜆ℎ𝑔 and (5.7), together with the identities

𝑎𝑏 − 𝜆4𝑏𝑎 = 𝛽, 𝑎𝑐 − 𝜆4𝑐𝑎 = 𝛽, 𝑏𝑐 − 𝑐𝑏 = 𝛼. (5.9)

We remark that (5.6) above forces 𝛼𝛽 = 0; moreover 𝛼 = 𝛽 = 0 whenever
𝜆 ≠ ±1 or 𝜆4 ≠ −1.

It is easy to see that 𝐸𝜆𝛼,𝛽 is a Hopf algebra with comultiplication (5.1). More-
over, it can be checked that the algebras𝐴𝜆

𝛼,𝛽 are (𝐸, 𝐸
𝜆
𝛼,𝛽)-biGalois objects. This

is indeed the content of this part, as the result of applying the ideas in Sections
3 and 4. We observe that 𝐸±10,0 ≃ 𝐸.
We refer to Corollary 5.12 for a general picture summarizing our results.
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5.2. Skew𝑯 ⋈ 𝑼-pairings. We start by discussing the skew𝐻 ⋈ 𝑈-pairings
for the matched pair of Hopf algebras (𝐻,𝑈,⊲, ⊳) in §5.1. We construct two
such maps in Examples 5.5 and 5.6 and then show that these exhaust all the
skew𝐻 ⋈ 𝑈-pairings in Proposition 5.8. Along the way we describe the corre-
sponding Galois objects and left Hopf algebras.
We observe that in this setting, using (5.4), conditions (3.6) become:

𝜏(𝑓, 𝑢𝑢′) = 𝜏(𝑓(1), 𝑢′)𝜏(𝑟(𝑢′) ⊳ 𝑓(2), 𝑢), 𝜏(𝑓𝑓′, 𝑢) = 𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑟(𝑓)),
(5.10)

for any 𝑓 ∈ 𝐻𝑠, 𝑓 ∈ 𝐻𝑡, 𝑢 ∈ 𝑈𝑛, 𝑢′ ∈ 𝑈𝑚, 𝑠, 𝑡, 𝑛,𝑚 ≥ 0.

We begin with a quick remark.

Remark 5.4. (1) Any linear map 𝜏∶ 𝐻 ⊗ 𝑈 → 𝑘 is convolution invertible if
and only if it is invertible in the coradical 𝐸0 = 𝐻0⊗𝑈0 ≃ 𝑘⟨𝑔, ℎ⟩ of 𝐸: that
is if and only if 𝜆 ∶= 𝜏(𝑔, ℎ) ≠ 0.

(2) Conditions (3.6) restricted to 𝐻0 ⊗ 𝑈0 are equivalent to stating that 𝜏ℎ =
𝜏(ℎ, −)∶ ⟨𝑔⟩ → 𝑘 and 𝜏𝑔 = 𝜏(−, 𝑔)∶ ⟨ℎ⟩ → 𝑘 are algebra maps and thus
they are determined by 𝜆.

Our first example is rather straightforward and it does not lead to interesting
consequences. We include it for completeness, see Proposition 5.8 below.

Example 5.5. For each 𝜆 ≠ 0, set 𝜏 = 𝜏𝜆 ∶ 𝐻 ⊗ 𝑈 → 𝑘 be the linear map so
that

𝜏(ℎ𝑝, 𝑔𝑞) = 𝜆𝑝𝑞, 𝜏|𝐻𝑖⊗𝑈𝑗 = 0, 𝑖 + 𝑗 > 0.

Then 𝜏 is skew𝐻 ⋈ 𝑈-pairing. As well,𝐻
𝜏
⋈ 𝑈 ≃ 𝐸𝜆0,0 and𝐻#𝜃𝜏𝑈 ≃ 𝐴𝜆

0,0.

Proof. First, Remark 5.4 shows that 𝜏 is convolution invertible and identities
(3.6) hold on 𝐻0 ⊗𝑈0. Next, if either 𝑓 ∈ 𝐻>0 𝑓′ ∈ 𝐻>0 or 𝑢 ∈ 𝑈>0, we have
that 𝜏(𝑓𝑓′, 𝑢) = 0. On the other hand, the left hand side of the corresponding
equation in (3.6) is 𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑟(𝑓)) by (5.10). Again, if 𝑓 ∈ 𝐻>0,
𝑓′ ∈ 𝐻>0 or 𝑡 ∈ 𝑈>0, then this is also zero by definition. The other identity in
(3.6) follows similarly.
Notice that the corresponding cocycle 𝜏̂ is concentrated in the coradical ℤ2.

We thus get that the deformation 𝐻
𝜏
⋈ 𝑈 ≃ (𝐻 ⋈ 𝑈)𝜏̂ becomes the 𝑘-algebra

𝐸𝜆0,0 in Definition 5.3. In turn,𝐻#𝜃𝜏𝑈 ≃ 𝜏̂(𝐻 ⋈ 𝑈) is the algebra 𝐴𝜆
0,0 as stated.

□

Next we produce a more involved pairing (which includes the previous one).

Example 5.6. Fix𝛽 ∈ 𝑘 and 𝜉 ∈ {±1}. Consider the linearmap 𝜏𝛽𝜉 ∶ 𝐻⊗𝑈 → 𝑘
given by:

𝜏𝛽𝜉 (𝑏
𝑟𝑐𝑠ℎ𝑝, 𝑎𝑛𝑔𝑞) = 𝛿𝑟+𝑠,𝑛(−1)𝑞𝑛𝜉𝑝𝑞𝑛!𝛽𝑛, (5.11)
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for every 𝑟, 𝑠, 𝑛 ∈ ℕ, 𝑝, 𝑞 ∈ ℤ. We write 𝜏𝛽± ∶= 𝜏𝛽±1. Then 𝜏 = 𝜏𝛽𝜉 is a skew
𝐻 ⋈ 𝑈-pairing.
It follows that𝐻

𝜏
⋈ 𝑈 ≃ 𝐸±0,𝛽 and𝐻#𝜃𝜏𝑈 ≃ 𝐴±

0,𝛽 .

Remark 5.7. If 𝛽 = 0, then this is Example 5.5 with 𝜆 = 𝜉. In particular, we
can unify Examples 5.5 and 5.6 in a single pairing 𝜏𝛽𝜆 , where 𝜆 ∈ 𝑘× and 𝛽 ∈ 𝑘
are subject to the second restriction in (5.6); namely 𝛽 = 0 if 𝜆 ∉ {±1}.

Proof. Observe first that 𝜏|𝐻𝑖⊗𝑈𝑗 = 0 for 𝑖 ≠ 𝑗 and 𝜏(𝑔, ℎ) = 𝜉 = ±1. In
particular, it is convolution invertible. We start with the second identity (5.10):
We proceed by induction on 𝜎 ∶= 𝑠 + 𝑡 + 𝑛 ≥ 0, for 𝑓 ∈ 𝐻𝑠, 𝑓 ∈ 𝐻𝑡, 𝑢 ∈ 𝑈𝑛.
The case 𝜎 = 0 or 𝑠 = 𝑡 = 𝑛 = 0 follows since this defines algebra maps 𝜏ℎ

and 𝜏𝑔 as in Remark 5.4. Now assume 𝜎 > 0. Then 𝜏(𝑓𝑓′, 𝑢) = 0. As for the
right hand side of the equation, we have two cases: 𝑠 + 𝑡 = 𝑛 and 𝑠 + 𝑡 ≠ 𝑛. We
start with the later. If 𝑠 = 0 (so 𝑡 ≠ 𝑛), we may assume 𝑓 ∈ ⟨ℎ⟩ and then

𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑟(𝑓)) = 𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑓).
If 𝑛 = 0 then 𝑡 > 0 and 𝜏(𝑓′, −) = 0. If 𝑛 > 0, then, as 𝜏(−, 𝑢 ⊲ 𝑓) = 0 we get:

𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑓) = 𝜏(𝑓, 𝓁(𝑢))𝜏(𝑓′, 𝑢 ⊲ 𝑓) = 0.
Now, if 𝑠 > 0, then 𝜏(𝑓, −) = 0 and thus 𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑟(𝑓)) = 0.
Let us now assume that 𝑠 + 𝑡 = 𝑛, 𝑓 = 𝑏𝑠1𝑐𝑠2ℎ𝑝1 , 𝑓′ = 𝑏𝑡1𝑐𝑡2ℎ𝑝2 , 𝑢 = 𝑎𝑛𝑔𝑞,

with 𝑠1 + 𝑠2 = 𝑠, 𝑡1 + 𝑡2 = 𝑡 and 𝑝1, 𝑝2, 𝑞 ∈ ℤ. We have that
𝜏(𝑓𝑓′, 𝑢) = (−1)𝑝1𝑡(−1)𝑞𝑛𝜉(𝑝1+𝑝2)𝑞𝑛!𝛽𝑛. (5.12)

On the other hand,

𝜏(𝑓, 𝑢(1))𝜏(𝑓′, 𝑢(2) ⊲ 𝑟(𝑓)) = 𝜏(𝑓, (𝑎𝑛)(1)𝑔𝑞)𝜏(𝑓′, (𝑎𝑛)(2) ⊲ ℎ𝑝1𝑔𝑞).

The component of ∆(𝑎𝑛) = (𝑎𝑛)(1) ⊗ (𝑎𝑛)(2) =
∑𝑛

𝑖=0
(𝑛
𝑖

)
𝑎𝑖𝑔2(𝑛−𝑖) ⊗ 𝑎𝑛−𝑖 in the

right component 𝑈𝑠 ⊗𝑈𝑡 is precisely
(𝑛
𝑠

)
𝑎𝑠𝑔2𝑡 ⊗ 𝑎𝑡. So the above equation is

(𝑛
𝑠
)
𝜏(𝑓, 𝑎𝑠𝑔2𝑡𝑔𝑞)𝜏(𝑓′, 𝑎𝑡 ⊲ ℎ𝑝1𝑔𝑞) = 𝑛!

𝑠!𝑡! (−1)
𝑞𝑠𝜉(2𝑡+𝑞)𝑝1𝑠!𝛽𝑠(−1)𝑝1𝑡(−1)𝑞𝑡𝜉𝑞𝑝2𝑡!𝛽𝑡

= 𝑛!(−1)𝑞(𝑠+𝑡)𝜉(𝑝1+𝑝2)𝑞(−1)𝑝1𝑡𝛽𝑠+𝑡

which coincides with (5.12). As for the first identity, if 𝑢 = 𝑎𝑛𝑔𝑞, 𝑢′ = 𝑎𝑚𝑔𝑟
and 𝑓 = 𝑏𝑠𝑐𝑡ℎ𝑝, then the left hand side is

𝜏(𝑓, 𝑢𝑢′) = (−1)𝑞𝑚𝜏(𝑏𝑠𝑐𝑡ℎ𝑝, 𝑎𝑛+𝑚𝑔𝑞+𝑟)
= (−1)𝑞𝑚(−1)(𝑞+𝑟)(𝑛+𝑚)𝛿𝑠+𝑡,𝑛+𝑚𝜉𝑝(𝑞+𝑟)(𝑛 + 𝑚)!𝛽𝑛+𝑚

= (−1)𝑞𝑛+𝑟𝑛+𝑟𝑚𝛿𝑠+𝑡,𝑛+𝑚𝜉𝑝(𝑞+𝑟)(𝑛 + 𝑚)!𝛽𝑛+𝑚,
For the right hand side, we use that

∆(𝑓) = ∆(𝑏𝑠)∆(𝑐𝑡)(ℎ𝑝 ⊗ ℎ𝑝) =
𝑠∑

𝑖=0

𝑡∑

𝑗=0

(𝑠
𝑖
)(𝑡
𝑗
)
𝑏𝑖𝑐𝑗ℎ2(𝑠+𝑡−𝑖−𝑗)+𝑝 ⊗ 𝑏𝑠−𝑖𝑐𝑡−𝑗ℎ𝑝
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to compute:

𝜏(𝑓(1), 𝑢′)𝜏(𝑟(𝑢′) ⊳ 𝑓(2), 𝑢) = 𝜏(𝑓(1), 𝑢′)𝜏(𝑔𝑟 ⊳ 𝑓(2), 𝑢)

=
𝑠∑

𝑖=0

𝑡∑

𝑗=0

(𝑠
𝑖
)(𝑡
𝑗
)
𝛿𝑖+𝑗,𝑚(−1)𝑟𝑚𝜉𝑝𝑟𝑚!𝛽𝑚(−1)𝑟(𝑖+𝑗)𝛿𝑠+𝑡−𝑖−𝑗,𝑛(−1)𝑞𝑛𝜉𝑝𝑞𝑛!𝛽𝑛

=
𝑠∑

𝑖=0

𝑡∑

𝑗=0

(𝑠
𝑖
)(𝑡
𝑗
)
𝛿𝑖+𝑗,𝑚𝑚!𝑛!𝛿𝑠+𝑡,𝑛+𝑚(−1)𝑞𝑛+𝑟𝑛+𝑟𝑚𝜉𝑝(𝑞+𝑟)𝛽𝑛+𝑚.

This coincides with the expression for the left hand side computed above as∑𝑠
𝑖=0

∑𝑡
𝑗=0

(𝑠
𝑖

)(𝑡
𝑗

)
𝛿𝑖+𝑗,𝑚 counts the number of subsets of size 𝑖 + 𝑗 = 𝑚 in a set

of size 𝑠 + 𝑡 (by choosing 𝑖 from a subset of size 𝑠 and 𝑗 from the complement of
size 𝑡), namely this coefficient is

(𝑠+𝑡
𝑚

)
. Now

(𝑠+𝑡
𝑚

)
𝑚!𝑛!𝛿𝑠+𝑡,𝑛+𝑚 = (𝑚 + 𝑛)! and

both sides coincide. Thus the first part follows.
Now, the corresponding cocycle 𝜏̂ = 𝜏̂𝛽±∶ 𝐻 ⋈ 𝑈 ⊗ 𝐻 ⋈ 𝑈 → 𝑘 can be

computed explicitly using (5.11), via the definition in Lemma 3.6. In particular,
it is concentrated on 𝑈 ⊗ 𝐻, and, for our purposes, it is enough to determine
its values on the generators {𝑎, 𝑔} × {𝑏, 𝑐, ℎ}. We easily get:

𝜏̂(𝑎, 𝑏) = 𝜏̂(𝑎, 𝑐) = 𝛽, 𝜏̂(𝑔, ℎ) = ±1, 𝜏̂(𝑎, ℎ) = 𝜏̂(𝑔, 𝑏) = 𝜏̂(𝑔, 𝑏) = 0.

Therefore, we obtain that 𝐻
𝜏
⋈ 𝑈 ≃ (𝐻 ⋈ 𝑈)𝜏̂ is the 𝑘-algebra 𝐸±0,𝛽 from

Definition 5.3. Indeed, this is a standard computation for the multiplication in
(𝐻 ⋈ 𝑈)𝜏̂, see (2.5):

𝑎.𝑏 = 𝜎(𝑎(1), 𝑏(1))𝑎(2)𝑏(2)𝜎−1(𝑎(3), 𝑏(3))
= 𝜎(𝑎, 𝑏)1 + 𝜎(𝑔2, ℎ2)𝑎𝑏 + 𝜎(𝑔2, ℎ2)𝑔2ℎ2𝜎−1(𝑎, 𝑏)
= 𝛽 + 𝑎𝑏 − 𝛽𝑔ℎ = 𝛽(1 − 𝑔2ℎ2).

As 𝑏.𝑎 = 𝑏𝑎, we obtain the first (deformed) quadratic relation for 𝐸±0,𝛽 . The
others follow similarly.
As well, we can analogously describe theHopf-Galois object𝐻#𝜃𝜏𝑈 ≃ 𝜏̂𝐻 ⋈

𝑈, with multiplication (2.4): we obtain the 𝑘-algebra 𝐴±
0,𝛽 . Notice that in this

setting 𝑏.𝑎 = 𝑎𝑏 and 𝑎.𝑏 = 𝜎(𝑎(1), 𝑏(1))𝑎(2)𝑏(2) = 𝜎(𝑎, 𝑏)1 + 𝜎(𝑔2, ℎ2)𝑎𝑏 =
𝛽 + 𝑎𝑏. This concludes the example. □

Next we show that these are indeed all the skew-parings for𝐻 ⋈ 𝑈.

Proposition 5.8. Let 𝜏∶ 𝐻 ⊗ 𝑈 → 𝑘 be a 𝐻 ⋈ 𝑈-skew-paring. Then there is
𝜆 ≠ 0 so that 𝜏 = 𝜏𝜆 or there is 𝛽 ∈ 𝑘 so that 𝜏 = 𝜏𝛽±.

Proof. Let 𝜆 = 𝜏(𝑔, ℎ). Then 𝜆 ≠ 0 since 𝜏 is convolution invertible. Following
(5.10), we get:

𝜏(𝑏ℎ, 𝑎) = 𝜏(𝑏, 𝑎), 𝜏(ℎ𝑏, 𝑎) = −𝜆2𝜏(𝑏, 𝑎).



796 JULIEN BICHON AND AGUSTÍN GARCÍA IGLESIAS

and we see that 𝜆2 = 1 or 𝜏(𝑏, 𝑎) = 0, since 𝑏ℎ = −ℎ𝑏. On the other hand,

𝜏(𝑏, 𝑎𝑔) = −𝜆2𝜏(𝑐, 𝑎) = −𝜏(𝑐, 𝑎), 𝜏(𝑏, 𝑔𝑎) = 𝜏(𝑏, 𝑎).

As 𝑎𝑔 = −𝑔𝑎 we get that 𝜏(𝑐, 𝑎) = 𝜏(𝑏, 𝑎). In particular have that either

𝜆2 = 1 and 𝜏(𝑐, 𝑎) = 𝜏(𝑏, 𝑎) or 𝜏(𝑏, 𝑎) = 𝜏(𝑐, 𝑎) = 0.

Similarly, if 𝑛 > 0 and 𝑝, 𝑞 ∈ ℤ, then we easily deduce from (5.10) that

𝜏(ℎ𝑝, 𝑎𝑛𝑔𝑞) = 𝜆𝑝𝑞𝜏(ℎ𝑝, 𝑎𝑛) and 𝜏(ℎ𝑝, 𝑔𝑞𝑎𝑛) = 𝜆𝑝𝑞𝜏(ℎ𝑝, 𝑎𝑛).

As 𝑔𝑎 = −𝑎𝑔, this implies that 𝜏(ℎ𝑝, 𝑎𝑛) = 0. This idea can be repeated to show
that

𝜏|𝐻0⊗𝑈𝑛+𝐻𝑛⊗𝑈0 = 0, 𝑛 > 0. (5.13)

But now (5.10) implies 𝜏|𝐻𝑖⊗𝑈𝑗 = 0 when 𝑖 ≠ 𝑗, since these are graded coalge-
bras and the actions ⊲,⊳ respect this grading.
Hence we deduce that when 𝜏(𝑏, 𝑎) = 𝜏(𝑐, 𝑎) = 0 we have that 𝜏 = 𝜏𝜆 as in

Example 5.5.
Otherwise, we have that 𝜏(𝑔, ℎ) = 𝜆 is such that 𝜆2 = 1. We set 𝜉 = 𝜆 ∈

{1, −1}, 𝛽 = 𝜏(𝑏, 𝑎) = 𝜏(𝑐, 𝑎). We can use (5.10) to check that, for 𝑟+𝑠 = 𝑛 ∈ ℕ:

𝜏(𝑏𝑛, 𝑎𝑛) = 𝜏(𝑐𝑛, 𝑎𝑛) = 𝜏(𝑏𝑟𝑐𝑠, 𝑎𝑛) = 𝑛!𝛽𝑛. (5.14)

Fix now 𝑓 = 𝑓(𝑏, 𝑐) ∈ 𝑘[𝑏, 𝑐] of degree 𝑛 ∈ ℕ (notice 𝑟(𝑓) = 1, 𝓁(𝑓) = ℎ2𝑛)
and 𝑝, 𝑞 ∈ ℤ. Then

𝜏(𝑓ℎ𝑝, 𝑎𝑛𝑔𝑞) = 𝜏(𝑓, (𝑎𝑛)(1)𝑔𝑞)𝜏(ℎ𝑝, (𝑎𝑛)(2)𝑔𝑞)
= 𝜏(𝑓, 𝑎𝑛𝑔𝑞)𝜏(ℎ𝑝, 𝑔𝑞) = 𝜉𝑝𝑞𝜏(𝑓, 𝑎𝑛𝑔𝑞)
= 𝜉𝑝𝑞𝜏(𝑓(1), 𝑔𝑞)𝜏(𝑔𝑞 ⊳ 𝑓(2), 𝑎𝑛)
= 𝜉𝑝𝑞𝜏(ℎ2𝑛, 𝑔𝑞)𝜏(𝑔𝑞 ⊳ 𝑓, 𝑎𝑛) = 𝜉𝑝𝑞𝜉2𝑞𝑛𝜏(𝑓𝑞, 𝑎𝑛).

Here 𝑓𝑞 = 𝑓(𝑏𝑞, 𝑐𝑞) ∈ 𝑘[𝑏, 𝑐], for 𝑏𝑞 = {
𝑏, 𝑞 even,
𝑐, 𝑞 odd,

and 𝑐𝑞 = {
𝑐, 𝑞 even,
𝑏, 𝑞 odd.

Now, by (5.14), we have 𝜏(𝑓ℎ𝑝, 𝑎𝑛𝑔𝑞) = 𝜉𝑝𝑞𝜉2𝑞𝑛𝜏(𝑓𝑞, 𝑎𝑛) = (−1)𝑞𝑛𝜉𝑝𝑞𝑛!𝛽𝑛.
Therefore 𝜏 = 𝜏𝛽± is as in (5.11) in Example 5.6, according to 𝜉 = ±1. The
lemma follows. □

5.3. Hopf-Galois objects. We now describe the Hopf-Galois objects over 𝐸 =
𝐻 ⋈ 𝑈.
The cleft objects𝐴 for𝐻 that produce a non-trivial left Hopf algebra, namely

𝐿(𝐴,𝐻) ≄ 𝐻, are the (pairwise isomorphic) algebras 𝐻𝛼, 𝛼 ≠ 0; here 𝐻𝛼 is the
𝑘-algebra generated by {𝑏, 𝑐, ℎ±1} with relations

ℎ𝑏 = −𝑏ℎ, ℎ𝑐 = −𝑐ℎ, 𝑏𝑐 − 𝑐𝑏 = 𝛼. (5.15)
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TheHopf algebra 𝐿𝛼 = 𝐿(𝐻,𝐻𝛼) is the deformation generated by {𝑏, 𝑐, ℎ±1}with
relations

ℎ𝑏 = −𝑏ℎ, ℎ𝑐 = −𝑐ℎ, 𝑏𝑐 − 𝑐𝑏 = 𝛼(1 − ℎ2). (5.16)

In turn, there are no Hopf deformations of 𝑈, hence there are no cleft objects
for 𝑈 in this sense. We shall look, however, into non-trivial cocycles for 𝑈 in
§6.2 at the end of this monograph, in a different setting. As well, we analyze
the case 𝛼 = 0 in Remark 5.11 below.
For any 𝛼 ∈ 𝑘, the cocycle 𝜎𝛼 ∶ 𝐻 ⊗𝐻 → 𝑘 which determines the deforma-

tion𝐻𝛼 is

𝜎𝛼(𝑏𝑛𝑐𝑚ℎ𝑝, 𝑏𝑟𝑐𝑠ℎ𝑞) = 𝛿𝑛,𝑠𝛿𝑚,𝑟(−1)𝑚(−1)𝑝(𝑛+𝑚)𝑛!𝑚!
(𝛼
2
)𝑛+𝑚

, (5.17)

for 𝑛,𝑚, 𝑟, 𝑠 ≥ 0, 𝑝, 𝑞 ∈ ℤ. We shall provide some insight for this formula on
Remark 5.9, whereas we refer to [21] for more details.
We will be primarily interested in the following consequences for 𝜎 = 𝜎𝛼:

𝜎|𝐻𝑖⊗𝐻𝑗 = 0, 𝑖 ≠ 𝑗, 𝜎|𝐻0⊗𝐻0 = 𝜀 ⊗ 𝜀,

𝜎(𝑏ℎ𝑝, 𝑐ℎ𝑞) = −𝜎(𝑐ℎ𝑝, 𝑏ℎ𝑞) = (−1)𝑝𝛼2 , 𝜎(𝑏ℎ𝑝, 𝑏ℎ𝑞) = 𝜎(𝑐ℎ𝑝, 𝑐ℎ𝑞) = 0,
(5.18)

As well, we have that 𝜎 is skew-linear with respect to ⟨𝑔⟩, as:
𝜎(𝑔𝑞 ⊳ 𝑓, 𝑔𝑞 ⊳ 𝑓′) = (−1)𝑞𝑛𝜎(−,−), 𝑓, 𝑓′ ∈ 𝐻𝑛. (5.19)

Remark 5.9. The recipe for the full computation of 𝜎 is as follows: let us set
𝑉 = 𝑘{𝑏, 𝑐}, ℤ = ⟨ℎ⟩: consider the ℤ-invariant map 𝜂′∶ 𝑉 ⊗ 𝑉 → 𝑘:

𝜂′(𝑏, 𝑐) = 𝛼∕2, 𝜂′(𝑐, 𝑏) = −𝛼∕2, 𝜂′(𝑏, 𝑏) = 𝜂′(𝑐, 𝑐) = 0
and extend it to an 𝜀-derivation 𝜂∶ 𝐻 ⊗𝐻 → 𝑘 via:
𝜂(𝑣1ℎ𝑝, 𝑣2ℎ𝑞) = 𝜂(𝑣1, ℎ𝑝 ⋅ 𝑣2), 𝑣1, 𝑣2 ∈ 𝑉, 𝑝, 𝑞 ∈ ℤ, 𝜂|𝐻𝑖⊗𝐻𝑗 = 0, (𝑖, 𝑗) ≠ (1, 1).

Then 𝜎 arises as the exponential 𝑒𝜂 =
∑
𝑛≥0

1
𝑛!
𝜂∗𝑛; here 𝜂∗𝑛 stands for the 𝑛th

power of the convolution product ∗, namely 𝜂 ∗ ⋯ ∗ 𝜂
⏟⎴⏟⎴⏟

𝑛 times

. The formula follows

from the projection onto 𝑉⊗𝑛+𝑚 of the iteration ∆(𝑛+𝑚−1)(𝑏𝑛𝑐𝑚).

Next we investigate the maps 𝜓∶ 𝐻 ⊗ 𝑈 → 𝑘 that satisfy (4.5), in order to
compute the corresponding twisting maps 𝜃 = 𝜃𝜓.
Notice right away that as one of the cocycles is trivial and both antipodes are

invertible, then any such 𝜓 is convolution invertible, by Remark 4.5. Moreover,
the bijectivity of the antipodes implies that 𝜃𝜓 is invertible as well. Recall the
notation 𝑟(−), 𝓁(−) in (5.5). Now, arguing as in §5.2 we use once again (5.4) to
simplify (4.5) into:

𝜓(𝑓, 𝑢𝑢′) = 𝜓(𝑓(1), 𝑢′)𝜓(𝑟(𝑢′) ⊳ 𝑓(2), 𝑢), (5.20)
𝜎(𝑓(1), 𝑓′(1))𝜓(𝑓(2)𝑓

′
(2), 𝑢) = 𝜓(𝑓(1), 𝑢(1))𝜓(𝑓′(1), 𝑢(2) ⊲ 𝑟(𝑓(1)))𝜎(𝑟(𝑢(2)) ⊳ 𝑓(2), 𝑟(𝑢(2)) ⊳ 𝑓

′
(2)),
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for every 𝑓 ∈ 𝐻𝑠, 𝑓 ∈ 𝐻𝑡, 𝑢 ∈ 𝑈𝑛, 𝑢′ ∈ 𝑈𝑚, 𝑠, 𝑡, 𝑛,𝑚 ≥ 0.
We obtain similar results as in §5.2, thoughmore restrictive; see Remark 5.11

below.

Lemma 5.10. Fix 𝜁 ∈ 𝑘, with 𝜁4 = −1.
(1) Let 𝜓 = 𝜓𝜁 ∶ 𝐻 ⊗𝑈 → 𝑘 be the linear map

𝜓(ℎ𝑝, 𝑔𝑞) = 𝜁𝑝𝑞, 𝜓|𝐻𝑖⊗𝑈𝑗 = 0, 𝑖 + 𝑗 > 0.

Then 𝜓 satisfies (4.5) and 𝜃𝜁 ∶= 𝜃𝜓 ∶ 𝑈 ⊗𝐻𝛼 → 𝐻𝛼 ⊗𝑈 is such that

𝜃𝜁(𝑔 ⊗ ℎ) = 𝜁 ℎ ⊗ 𝑔, 𝜃𝜁(𝑔 ⊗ 𝑏) = −𝜁2𝑐 ⊗ 𝑔, 𝜃𝜁(𝑔 ⊗ 𝑐) = −𝜁2𝑏 ⊗ 𝑔,
𝜃𝜁(𝑎 ⊗ ℎ) = −𝜁2ℎ ⊗ 𝑎, 𝜃𝜁(𝑎 ⊗ 𝑏) = 𝜁4𝑏 ⊗ 𝑎, 𝜃𝜁(𝑎 ⊗ 𝑐) = 𝜁4𝑐 ⊗ 𝑎.

(2) Conversely, if𝜓∶ 𝐻⊗𝑈 → 𝑘 is a linearmap satisfying (4.5), then𝜓 = 𝜓𝜁 .

It follows that𝐻𝛼#𝜃𝜁𝑈 is 𝐴𝜁
𝛼,0 and 𝐿𝛼 ▶◀ 𝑈 ≃ 𝐸𝜁𝛼,0.

Proof. The lemma is essentially analogous to Example 5.5, combined with a
partial Proposition 5.8. The current setting only forces the restriction 𝜁4 = −1
on themap concentrated on degree zero. We sketch a proof, following the ideas
in the cases just mentioned.
(1) The first equation in (5.20) follows automatically as the corresponding

(5.10) in Example 5.5. As for the second, let 𝑒, 𝑒′ ∈ 𝑘[𝑏, 𝑐] be homogeneous
elements of degree 𝑑 ≥ 0, 𝑟, 𝑠 ∈ ℤ and 𝑢 = 𝑔𝑞 ∈ 𝑈0 (if 𝑢 ∈ 𝑈>0, then both
sides are zero). Set 𝑓 = 𝑒ℎ𝑟, 𝑓′ = 𝑒′ℎ𝑠. Then this equation is equivalent to

𝜎(𝑓, 𝑓′)𝜓(ℎ𝑟+𝑠, 𝑢) = (−1)𝑞𝑑𝜓(ℎ2𝑑+𝑟, 𝑔𝑞)𝜓(ℎ2𝑑+𝑠, 𝑔𝑞)𝜎(𝑓, 𝑓′), (5.21)

namely 1 = (−1)𝑞𝑑𝜁4𝑞𝑑, ∀ 𝑑 ∈ ℕ; which holds when (and only if) 𝜁4 = −1.
As for (2), this is a consequence of the skew-linearity of 𝜎 as in (5.19). We

start by imitating the first part of Proposition 5.8. Indeed, let 𝜓∶ 𝐻𝛼 ⊗𝑈 → 𝑘
satisfying (5.20). As 𝜎|𝐻0⊗𝐻+𝐻⊗𝐻0 = 𝜀 ⊗ 𝜀, we can follow the first lines of
loc.cit. to conclude that 𝜁 ∶= 𝜓(ℎ, 𝑔) ≠ 0. As well, we get once again that either
𝜁2 = 1 and 𝜓(𝑏, 𝑎) = 𝜓(𝑐, 𝑎) or else 𝜓(𝑏, 𝑎) = 𝜓(𝑐, 𝑎) = 0. For this last case
we deduce that 𝜏 = 𝜏𝜁 as in (1), as we have observed above that the identity
𝜁4 = −1 is necessary.
Otherwise, 𝜏(𝑔, ℎ) = 𝜁, with 𝜁2 = 1. We can look at equation (5.21) in this

context for 𝑢 = 𝑔; which still represents the second condition in (5.20). If we
set 𝑓 = 𝑏, 𝑓′ = 𝑐 we obtain the contradiction 𝜎(𝑏, 𝑐) = −𝜎(𝑏, 𝑐). This shows
(2).
In turn, recall that 𝑄 = 𝐿(𝑈,𝑈) ≃ 𝑈 and 𝐿𝛼 = 𝐿(𝐻𝛼, 𝐻) is as in (5.16).

In this setting we get that 𝐿𝛼 ▶◀ 𝑈 becomes the 𝑘-algebra 𝐸𝜁𝛼,0 in Definition
5.3. □

We obtain more examples if we let 𝛼 = 0, as we return to the case in the
previous section. We include them to make the twisting map explicit following
the lines of this section.
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Remark 5.11. If we choose 𝛼 = 0, namely 𝐻𝛼 = 𝐻 is the trivial cleft object,
then 𝜎 = 𝜀 is trivial as well and equations (4.5) become (3.6); namely 𝜓∶ 𝐻⊗𝑈
is a 𝐻 ⋈ 𝑈-skew-paring. Hence we recover Examples 5.5 and 5.6, by setting
𝜓𝜆 ∶= 𝜏𝜆 and 𝜓

𝛽
± ∶= 𝜏𝛽±. Namely:

(1) The first is an unrestricted 𝜓 = 𝜓𝜆, and the corresponding 𝜃𝜆, from Lemma
5.10, as the condition 𝜆4 = −1 comes from the fact that 𝛼 ≠ 0 therein. As
for the Galois objects, if we set 𝜃 = 𝜃𝜆, then 𝐻 ▶◀ 𝑈 ≃ 𝐻 ⋈ 𝑈 is the
𝑘-algebra 𝐴𝜆

0,0.

(2) As for the second, if 𝜓 = 𝜓𝛽±, then the twisting map 𝜃
𝛽
± ∶= 𝜃𝜓 ∶ 𝑈 ⊗ 𝐻 →

𝐻 ⊗𝑈 is:
𝜃𝛽±(𝑔 ⊗ ℎ) = ±ℎ ⊗ 𝑔, 𝜃𝛽±(𝑔 ⊗ 𝑏) = −𝑐 ⊗ 𝑔, 𝜃𝛽±(𝑔 ⊗ 𝑐) = −𝑏 ⊗ 𝑔,

𝜃𝛽±(𝑎 ⊗ ℎ) = −ℎ ⊗ 𝑎, 𝜃𝛽±(𝑎 ⊗ 𝑏) = 𝛽 1 ⊗ 1 + 𝑏 ⊗ 𝑎, 𝜃𝛽±(𝑎 ⊗ 𝑐) = 𝛽 1 ⊗ 1 + 𝑐 ⊗ 𝑎.
The corresponding algebras 𝐻#𝜃𝑈 naturally coincide with those in Examples
5.5 and 5.6. In turn, if 𝜃 = 𝜃𝛽±, then𝐻 ▶◀ 𝑈 ≃ 𝐸±0,𝛽 .

5.4. Conclusions. We summarize the results in this section in the following
statement. Recall the definition of the algebras𝐸𝜆𝛼,𝛽 and𝐴

𝜆
𝛼,𝛽 be as in Definition

5.3. As well, recall the examples 𝜏𝜆 and 𝜏
𝛽
± of skew-pairings 𝐻 ⊗ 𝑈 → 𝑘 from

Examples 5.5 and 5.6, respectively.
We recall as well the Hopf cocycles 𝜎𝛼 ∶ 𝐻 ⊗ 𝐻 → 𝑘 as in (5.17) and the

corresponding deformations 𝐻𝛼 in (5.15) and 𝐿𝛼 in (5.16); in particular 𝐻0 =
𝐿0 = 𝐻. Finally, we shall consider the maps 𝜓𝜁 ∶ 𝐻 ⊗ 𝑈 → 𝑘 as in Lemma
5.10, with 𝜁4 = −1.
Corollary 5.12. Let 𝐸 = 𝐻 ⋈ 𝑈 be as in Definition 5.1.
(1) Let 𝜏∶ 𝐻 ⊗𝑈 → 𝑘 be a skew-pairing; then 𝜏 = 𝜏𝜆 or 𝜏 = 𝜏𝛽±.

(a) If 𝜏 = 𝜏𝜆, then𝐻
𝜏
⋈ 𝑈 ≃ 𝐸𝜆0,0 and𝐻#𝜃𝜏𝑈 ≃ 𝐴𝜆

0,0.

(b) If 𝜏 = 𝜏±𝛽 , then𝐻
𝜏
⋈ 𝑈 ≃ 𝐸±0,𝛽 and𝐻#𝜃𝜏𝑈 ≃ 𝐴±

0,𝛽 .

(2) Let 𝜓∶ 𝐻 ⊗𝑈 → 𝑘 be a map satisfying (4.5) for 𝜎 = 𝜎𝛼 and 𝜏 = 𝜀⊗2𝑈 .
(a) If 𝛼 ≠ 0, then 𝜓 = 𝜓𝜁 . We get 𝐿𝛼 ▶◀ 𝑈 ≃ 𝐸𝜁𝛼,0 and𝐻𝛼#𝜃𝜁𝑈 ≃ 𝐴𝜁

𝛼,0.

(b) If 𝛼 = 0 then 𝜓 is a skew-pairing 𝜏𝛽𝜆 . Hence 𝐿𝛼 ▶◀ 𝑈 ≃ 𝐸𝜆0,𝛽 and
𝐻𝛼#𝜃𝑈 ≃ 𝐴𝜆

0,𝛽 .

In the language of Definition 5.3, we could further condense the information
in the examples from this section by saying that algebras in the case 𝛽 ≠ 0 come
from skew-pairings and the case 𝛼 ≠ 0 comes from linear maps and cocycles in
the cleft setting.

Proof. The first assertion in (1) is Proposition 5.8. Then (a) and (b) therein
follow from the corresponding Examples 5.5 and 5.6. In turn, (2)(a) is Lemma
5.10 and (b) is Remark 5.11. □
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6. Hopf-Galois objects over a semi-direct product Hopf algebra
We specialize the results of the previous section to the semi-direct product

Hopf algebra case, i.e. when one of the actions in the matched pair is trivial.
We will see that in that case, we can make Theorem 4.2 and Theorem 4.6 much
more precise, at least when we assume that all the Galois objects over the Hopf
algebra 𝑈 are cleft.

6.1. General results. The framework in this section is that of a matched pair
of Hopf algebras (𝐻,𝑈,⊳, ⊲) with ⊲ trivial. The matched pair conditions be-
come that𝐻 is a left 𝑈-module algebra together with

𝑥(1) ⊗ 𝑥(2) ⊳ 𝑎 = 𝑥(2) ⊗ 𝑥(1) ⊳ 𝑎, 𝑥 ∈ 𝑈, 𝑎 ∈ 𝐻. (6.1)

The resulting Hopf algebra is denoted 𝐻 ⋊ 𝑈. As an algebra it is just a smash
product as before, but to stress out the Hopf structure, we will call it a semi-
direct product Hopf algebra.
In view of the above condition (6.1), the most interesting semi-direct prod-

ucts (i.e. those with⊳ non trivial) will occur with𝑈 cocommutative, and hence
in particular with 𝑈 having the property that any Galois object is cleft, an as-
sumption that will be made in the main results of the section.
We begin with a basic construction. This is certainly well-known, and the

straightforward proof is left to the reader.

Lemma 6.1. Let𝑈 be a Hopf algebra, let 𝜎 ∶ 𝑈 ⊗𝑈 → 𝑘 be a 2-cocycle and let
𝐴 be a𝑈-module algebra. Then the map

𝜃 ∶ 𝜎𝑈 ⊗𝐴 → 𝐴⊗ 𝜎𝑈 𝑥 ⊗ 𝑎 ↦ 𝑥(1) ⋅ 𝑎 ⊗ 𝑥(2)
is a twisting map. The resulting algebra𝐴#𝜎𝑈 is called a twisted smash product.

□

We need one more preparatory result. Again the proof is an immediate veri-
fication, that we leave to the reader.

Lemma 6.2. Let 𝐸 = 𝐻 ⋊ 𝑈 be a semi-direct product Hopf algebra, let 𝜎 ∶
𝑈 ⊗ 𝑈 → 𝑘 be a 2-cocycle and let 𝐴 be a 𝑈-module algebra and a right 𝐻-
comodule algebra. Then the twisting map 𝜃 ∶ 𝜎𝑈 ⊗ 𝐴 → 𝐴 ⊗ 𝜎𝑈 in Lemma
6.1makes Diagram (4.1) commute (with 𝑅 = 𝜎𝑈) if and only if the right coaction
𝜌𝐴 ∶ 𝐴 → 𝐴⊗𝐻 is left𝑈-linear. □

Theorem 6.3. Let 𝐸 = 𝐻 ⋊𝑈 be a semi-direct product Hopf algebra.
(1) Let 𝜎 ∶ 𝑈 ⊗ 𝑈 → 𝑘 be a 2-cocycle and let 𝐴 be a right 𝐻-Galois object.

Assume that𝑈 acts on 𝐴 as a𝑈-module algebra and that the right coac-
tion 𝜌𝐴 ∶ 𝐴 → 𝐴 ⊗ 𝐻 is left 𝑈-linear. Then the twisted smash product
𝐴#𝜎𝑈 is a right 𝐸-Galois object.

(2) Conversely, assuming that any right 𝑈-Galois is cleft, any right 𝐸-Galois
object is isomorphic to a twisted smash product 𝐴#𝜎𝑈 as above.
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Proof. The first assertion is a direct consequence of Lemma 6.2 and of (the first
part of) Theorem 4.2. Let 𝐽 be a right 𝐸-Galois object. By the second part of
Theorem 4.2, we have 𝐽 ≃ 𝐴#𝜃𝑅 where𝐴 is a right𝐻-Galois object, 𝑅 is a right
𝑈-Galois object, and 𝜃 ∶ 𝑅 ⊗ 𝐴 → 𝐴 ⊗ 𝑅 is a twisting map making Diagram
(4.1) commute. By our assumption on𝑈, we can assume that 𝑅 = 𝜎𝑈 for some
2-cocycle 𝜎 ∶ 𝑈 ⊗𝑈 → 𝑘. The commutativity of Diagram (4.1) implies that

𝜃 ∶ 𝑈 ⊗ 𝐴 → 𝐴⊗𝑈

is right 𝑈-colinear (where 𝑈 ⊗ 𝐴 and 𝐴 ⊗ 𝑈 have the comodule structure in-
duced by the comultiplication of 𝑈). A standard argument then shows that
there is a linear map 𝜇 ∶ 𝑈 ⊗𝐴 → 𝐴 such that

𝜃 = (𝜇 ⊗ id𝑈)◦𝛼𝑈⊗𝐴
with 𝛼𝑈⊗𝐴(𝑥 ⊗ 𝑎) = 𝑥(1) ⊗ 𝑎 ⊗ 𝑥(2). Thus if we denote 𝜇(𝑥 ⊗ 𝑎) = 𝑥 ⋅ 𝑎, we
have:

𝜃(𝑥 ⊗ 𝑎) = 𝑥(1) ⋅ 𝑎 ⊗ 𝑥(2), 𝑥 ∈ 𝑈, 𝑎 ∈ 𝐴.
Since 𝜃 is a twistingmapwe get that 𝜇 defines a left𝑈-module algebra structure
on𝐴. Then, again, the commutativity of Diagram (4.1) ensures, by Lemma 6.2,
that the right coaction 𝜌𝐴 ∶ 𝐴 → 𝐴 ⊗ 𝐻 is left 𝑈-linear, and this finishes the
proof. □

Theorem 6.4. Let 𝐸 = 𝐻 ⋊ 𝑈 be a semi-direct product Hopf algebra, with 𝑈
cocommutative.

(1) Let 𝐿 be a Hopf algebra, let 𝐴 be an (𝐿,𝐻) bi-Galois object, and let 𝜎 ∶
𝑈 ⊗ 𝑈 → 𝑘 be a 2-cocycle. Assume that 𝑈 acts on 𝐴 as a 𝑈-module
algebra and that the right coaction 𝜌𝐴 ∶ 𝐴 → 𝐴 ⊗ 𝐻 is left 𝑈-linear, so
that 𝐴#𝜎𝑈 is right 𝐻 ⋊ 𝑈-Galois object. Then the associated left Hopf
algebra 𝐹 = 𝐿(𝐴#𝜎𝑈,𝐻⋊𝑈) is a semi-direct Hopf algebra 𝐿⋊𝑈, where
the action of 𝑈 on 𝐿 is such that the left coaction 𝜆𝐴 ∶ 𝐴 → 𝐿 ⊗ 𝐴 is left
𝑈-linear.

(2) Conversely, any Hopf algebra 𝐹 such that there exists an 𝐹 − 𝐻 ⋊ 𝑈 bi-
Galois object satisfies 𝐹 ≃ 𝐿 ⋊𝑈, for𝑈 acting on 𝐿 as above.

Proof. (1) We know from Theorem 4.6 that 𝐹 ≃ 𝐿 ▶◀ 𝑈𝜎 and we have to
prove that the right action◀∶ 𝑈𝜎 ⊗𝐿 → 𝑈𝜎 is trivial. Recall also from Theo-
rem 4.6 that the following commutes:

𝑈 ⊗𝐴 𝜃 //

𝜆𝑈⊗𝐴
��

𝐴⊗𝑈
𝜆𝐴⊗𝑈
��

𝑈 ⊗ 𝐿 ⊗𝑈 ⊗𝐴
𝜔▶◀⊗𝜃 // 𝐿 ⊗ 𝑈 ⊗𝐴⊗𝑈

where we omit the 𝜎 subscripts since only coalgebras and comodules structures
are involved in the diagram. We thus have, for 𝑥 ∈ 𝑈 and 𝑎 ∈ 𝐴,

𝜔▶◀(𝑥(1) ⊗ 𝑎(−1)) ⊗ 𝑥(2) ⋅ 𝑎(0) ⊗𝑥(3) = (𝑥(1) ⋅ 𝑎)(−1) ⊗𝑥(2) ⊗ (𝑥(1) ⋅ 𝑎)(0) ⊗𝑥(3)
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and hence

𝑥(1)▶𝑎(−2) ⊗ 𝑥(2)◀𝑎(−1) ⊗ 𝑥(2) ⋅ 𝑎(0) ⊗ 𝑥(3)
= (𝑥(1) ⋅ 𝑎)(−1) ⊗ 𝑥(2) ⊗ (𝑥(1) ⋅ 𝑎)(0) ⊗ 𝑥(3). (6.2)

Applying the counit to the first factor, this gives

𝑥(1)◀𝑎(−1) ⊗ 𝑥(2) ⋅ 𝑎(0) ⊗ 𝑥(3) = 𝑥(2) ⊗ 𝑥(1) ⋅ 𝑎 ⊗ 𝑥(3).

Applying the antipode of 𝑈 on the right term and making it act on the middle
one, gives by the cocommutativity of 𝑈

𝑥◀𝑎(−1) ⊗ 𝑎(0) = 𝑥 ⊗ 𝑎.

For 𝑙 ∈ 𝐿, let
∑

𝑖 𝑎𝑖 ⊗ 𝑏𝑖 ∈ 𝐴 ⊗ 𝐴 be such that 𝑙 ⊗ 1 =
∑

𝑖 𝑎𝑖(−1) ⊗ 𝑎𝑖(0)𝑏𝑖 (𝐴 is
left 𝐴-Galois). We then have

𝑥◀𝑙 ⊗ 1 =
∑

𝑖
𝑥◀𝑎𝑖(−1) ⊗ 𝑎𝑖(0)𝑏𝑖 =

∑

𝑖
𝑥 ⊗ 𝑎𝑖𝑏𝑖 = 𝜀(𝑙)𝑥 ⊗ 1

and this proves that the right action ◀ is indeed trivial. Another glance at
Equation 6.2 then shows that the left coaction 𝜆𝐴 ∶ 𝐴 → 𝐿⊗𝐴 is left𝑈-linear,
as claimed.
(2) follows from Theorem 6.3, from the first assertion, and from the unique-

ness of the left Hopf algebra associated to a right Galois object. □

In the situation with a trivial cocycle, Theorem 6.3 gives:

Corollary 6.5. Let 𝐸 = 𝐻 ⋊𝑈 be a semi-direct product Hopf algebra, let 𝐴 be a
𝐿-𝐻-bi-Galois objets and assume that 𝑈 acts on 𝐴 and 𝐿 as 𝑈-module algebras
and that the right coaction 𝜌𝐴 ∶ 𝐴 → 𝐴⊗𝐻 is left𝑈-linear and the left coaction
𝜆𝐴 ∶ 𝐴 → 𝐿⊗𝐴 is left𝑈-linear. Then the smash product𝐴#𝑈 is a 𝐿⋊𝑈-𝐻⋊𝑈-
bi-Galois object.

Example 6.6. Let 𝑈 = 𝑘⟨𝑡|𝑡2 = 1⟩ be the group algebra of the cyclic group
𝐶2 and consider matrices 𝐩 = (𝑝𝑖𝑗), 𝐪 = (𝑞𝑖𝑗) ∈ 𝑀𝑛(𝑘) with 𝑝𝑖𝑖 = 1 = 𝑞𝑖𝑖 and
𝑝𝑖𝑗𝑝𝑗𝑖 = 1 for every 1 ≤ 𝑖 ≠ 𝑗 ≤ 𝑛 . The algebra𝒪𝐩,𝐪 = 𝒪𝐩,𝐪(GL𝑛(𝑘)) associated
to such a pair of matrices 𝐩, 𝐪 is defined by 𝑛2 generators 𝑥𝑖𝑗, 𝑦𝑖𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑛
and relations

𝑥𝑘𝑙𝑥𝑖𝑗 = 𝑝𝑘𝑖𝑞𝑗𝑙𝑥𝑖𝑗𝑥𝑘𝑙, 𝑦𝑘𝑙𝑦𝑖𝑗 = 𝑝𝑘,𝑖𝑞𝑗𝑙𝑦𝑖𝑗𝑦𝑘𝑙, 𝑦𝑘𝑙𝑥𝑖𝑗 = 𝑝𝑖𝑘𝑞𝑙𝑗𝑥𝑖𝑗𝑦𝑘𝑙,

together with
∑𝑛

𝑘=1 𝑥𝑖𝑘𝑦𝑗𝑘 = 𝛿𝑖,𝑗 =
∑𝑛

𝑘=1 𝑥𝑘𝑖𝑦𝑘𝑗.
In this way 𝒪𝐩 ∶= 𝒪𝐩,𝐩 and 𝒪𝐪 ∶= 𝒪𝐪,𝐪 are Hopf algebras and 𝒪𝐩,𝐪 is a

(𝒪𝐩, 𝒪𝐪)-bi-Galois object [8, 3.4], with comultiplication, resp. coaction, induced
by the comatrix comultiplication

𝑥𝑖𝑗 ↦
𝑛∑

𝑘=1
𝑥𝑖𝑘 ⊗ 𝑥𝑘𝑗, 𝑦𝑖𝑗 ↦

𝑛∑

𝑘=1
𝑦𝑖𝑘 ⊗ 𝑦𝑘𝑗.

The antipode in these Hopf algebras is determined by 𝑆(𝑥𝑖𝑗) = 𝑦𝑗𝑖, 𝑆(𝑦𝑖𝑗) = 𝑥𝑖𝑗.
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Then 𝑈 acts as an 𝑈-module algebra on all 𝐻 = 𝒪𝐪, 𝐴 = 𝒪𝐩,𝐪 and 𝐿 = 𝒪𝐩
by switching 𝑥𝑖𝑗 ↔ 𝑦𝑖𝑗, and it is immediate that the involved coactions are 𝑈-
linear. Hence 𝒪𝐩,𝐪#𝑈 is a 𝒪𝐩 ⋊𝑈-𝒪𝐪 ⋊𝑈-bi-Galois object

6.2. UnrolledHopf algebras. Aparticular instancewhere a semidirect prod-
uct 𝐻 ⋊𝑈 as in Theorem 6.3 is considered is the setting of unrolled Hopf alge-
bras: here 𝐻 is a Hopf algebra and 𝑈 = 𝑈(𝔤), where 𝔤 is a Lie algebra acting
on 𝐻 by 𝑘-biderivations (i.e. by endomorphisms that are both derivations and
co-derivations); see [5] for details.
We may re-brand Theorem 6.3 into the following.

Corollary 6.7. Let𝐻 and 𝔤 as above and assume there is a right𝐻-Galois object
on which 𝔤 acts by 𝑘-biderivations. Let𝐹 = 𝐿(𝐴,𝐻) and let 𝜎 ∶ 𝑈(𝔤)⊗𝑈(𝔤) → 𝑘
be a 2-cocycle. Then the left Hopf algebra 𝐿(𝐴#𝜎𝑈,𝐻 ⋊ 𝑈) is an unrolled Hopf
algebra 𝐹 ⋊𝑈(𝔤). Conversely, any Hopf algebra 𝐹 for which there is an 𝐹 −𝐻 ⋊
𝑈(𝔤) bi-Galos object is an unrolled Hopf algebra. □

We now specialize to the context of unrolled quantum 𝔰𝔩2 in [16], where
𝐻 is (a cover of) the small quantum group 𝔲𝑞(𝔰𝔩2) and 𝑈 = 𝑘[𝑋] (namely
dim𝔤 = 1). As an illustration, we revisit this situation within our setup.
We fix 1 < 𝓁 ∈ ℕ and 𝑞 ∈ 𝑘 a primitive 2𝓁th root of 1. We consider the Hopf

𝑘-algebra𝐻 ∶= 𝑈̄𝑞(𝔰𝔩2) generated by 𝐸, 𝐹, 𝐾±1 and relations

𝐾±1𝐾∓1 = 1, 𝐾𝐸 = 𝑞2𝐸𝐾, 𝐾𝐹 = 𝑞−2𝐹𝐾, 𝐸𝐹 − 𝐹𝐸 = 𝐾 − 𝐾−1

𝑞 − 𝑞−1 , 𝐸𝓁 = 0, 𝐹𝓁 = 0.

Let𝑈 = 𝑘[𝑋] denote the polynomial algebra on a variable𝑋 (or the envelop-
ing algebra of the one-dimensional Lie algebra 𝔤 = 𝑘) and let 𝑘[𝑋] act on𝐻 via

𝑋 ⊳ 𝐾±1 = 0, 𝑋 ⊳ 𝐸 = 2𝐸, 𝑋 ⊳ 𝐹 = −2𝐹. (6.3)

This defines a semidirect product Hopf algebra𝐻 ⋊ 𝑘[𝑋], with commutators:
[𝑋, 𝐾] = 0, [𝑋, 𝐸] = 2𝐸, [𝑋, 𝐹] = −2𝐹.

This algebra is denoted 𝑈̄𝑋
𝑞 (𝔰𝔩2) in [16] and called the unrolled quantum group

of 𝔰𝔩2.
We observe that the algebra𝐻 = 𝑈̄𝑞(𝔰𝔩2) fits into a chain of quotients

𝑈𝑞(𝔰𝔩2) ↠ 𝐻 ↠ 𝔲𝑞(𝔰𝔩2)

as 𝐻 = 𝑈𝑞(𝔰𝔩2)∕⟨𝐸𝓁, 𝐹𝓁⟩ and 𝔲𝑞(𝔰𝔩2) = 𝐻∕⟨𝐾2𝓁 − 1⟩. The cleft objects for the
left and right ends of this sequence were computed in [25, Lemma 16] and [25,
Lemma 25], respectively.
The same tool developed therein, particularly [25, Theorem 8] together with

its systematization [4, §5], shows that the cleft objects for 𝐻 are the algebras
𝐴(𝑎,𝑏,𝑐), 𝑎, 𝑏, 𝑐 ∈ 𝑘, generated by 𝑒, 𝑓, 𝑔±1 so that

𝑔±1𝑔∓1 = 1, 𝑔𝑒 = 𝑞2𝑒𝑔, 𝑔𝑓 = 𝑞−2𝑓𝑔, 𝑒𝑓 − 𝑓𝑒 = 𝑎𝑔 − 1
𝑞 − 𝑞−1 𝑔

−1, 𝑒𝓁 = 𝑏, 𝑓𝓁 = 𝑐.

The coaction 𝜌∶ 𝐴(𝑎,𝑏,𝑐) → 𝐴(𝑎,𝑏,𝑐) ⊗𝐻 is as expected. Now [25, Theorem 12],
also [4, §5.5], shows that the associated leftHopf algebra𝐿(𝑎,𝑏,𝑐) ∶= 𝐿(𝐴(𝑎,𝑏,𝑐), 𝐻)
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is the algebra generated by 𝐾±1, 𝐸, 𝐹 with commutation 𝐾±1𝐾∓1 = 1, 𝐾𝐸 =
𝑞2𝐸𝐾, 𝐾𝐹 = 𝑞−2𝐹𝐾 and the liftings:

𝐸𝐹 − 𝐹𝐸 = 𝑎𝐾 − 𝐾−1

𝑞 − 𝑞−1
, 𝐸𝓁 = 𝑏(1 − 𝐾2𝓁), 𝐹𝓁 = 𝑐(1 − 𝐾2𝓁).

We remark that 𝐿(𝑎,0,0) ≃ 𝐻 when 𝑎 ≠ 0 and 𝐿(0,0,0) ≃ 𝑘[𝐸, 𝐹]#𝑘ℤ is graded.
It is easy to check that for each 𝜆 ≠ 0, the assignment 𝑋𝑛 ⊗𝑋𝑚 ↦ 𝛿𝑛,𝑚𝑛!𝜆𝑛

defines a Hopf cocycle 𝜎 = 𝜎𝜆 ∶ 𝑈 ⊗𝑈 → 𝑘; moreover these are all such cocy-
cles. The associated cleft object 𝜎𝑈 is the vector space 𝑘[𝑋]with multiplication

𝑋𝑟𝑋𝑠 =
min{𝑟,𝑠}∑
𝑖=0

𝜆𝑖
(𝑟
𝑖

)(𝑠
𝑖

)
𝑖!𝑋𝑟+𝑠−2𝑖.

The following is a direct consequence of Theorem 6.3 and Corollary 6.7.

Example 6.8. Let us set𝐻 = 𝑈̄𝑞(𝔰𝔩2) and 𝑈 = 𝑘[𝑋], as above.
(1) An𝐻-Galois object 𝐴(𝑎,𝑏,𝑐) is an𝑈-module algebra so that the coaction

𝜌∶ 𝐴(𝑎,𝑏,𝑐) → 𝐴(𝑎,𝑏,𝑐) ⊗ 𝐻 is 𝑈-linear if and only if 𝑏 = 𝑐 = 0. The
action is

𝑋 ⋅ 𝑔±1 = 0, 𝑋 ⋅ 𝑒 = 2𝑒, 𝑋 ⋅ 𝑓 = −2𝑓.

(2) The associated smash product algebra 𝐴𝑋
(𝑎,0,0) = 𝐴(𝑎,0,0)#𝜎𝑈 is a right

𝑈̄𝑋
𝑞 (𝔰𝔩2)-Galois object and 𝐿(𝐴𝑋

(𝑎,0,0), 𝑈̄
𝑋
𝑞 (𝔰𝔩2)) is a semidirect product

𝐿𝑋(𝑎,0,0) = 𝐿(𝑎,0,0) ⋊ 𝑘[𝑋], for 𝑘[𝑋] acting on 𝐿(𝑎,0,0) via (6.3).

It follows that 𝐿𝑋(𝑎,0,0) ≃ 𝑈̄𝑞(𝔰𝔩2)𝑋 when 𝑎 ≠ 0.

Proof. Remember that the coinvariants 𝐴co𝐻
(𝑎,𝑏,𝑐) = {𝑎 ∈ 𝐴 ∶ 𝜌(𝑎) = 𝑎 ⊗ 1} are

trivial, namely 𝐴co𝐻
(𝑎,𝑏,𝑐) ≃ 𝑘. Thus there is 𝜇 ∈ 𝑘 so that 𝑋 ⋅ 𝑔±1 = ±𝜇𝑔±1, as

(𝑋 ⋅ 𝑔±1)𝑔∓1 ∈ 𝐴co𝐻
(𝑎,𝑏,𝑐), by (6.3). This fact, together with the linearity of 𝜌, sets

𝑋 ⋅ 𝑒 = 2(𝜇 + 1)𝑒 and 𝑋 ⋅ 𝑓 = −2(𝜇 + 1)𝑓. As 𝑋 ⋅ 𝑒𝓁 = 2𝓁(𝜇 + 1)𝑒, similarly for
𝑓, we get that either 𝜇 = −1 or 𝑏 = 𝑐 = 0. However, as 𝑋 ⋅ (𝑒𝑓 − 𝑓𝑒) = 0, we
get that 𝜇 = 0 and therefore (1) follows. (2) is Corollary 6.7. □
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