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Paschke duality and assembly maps

Ulrich Bunke, Alexander Engel and Markus Land

ABSTRACT. We construct a natural transformation between two versions of G-
equivariant K-homology with coefficients in a G-C*-category for a countable
discrete group G. Its domain is a coarse geometric K-homology and its target
is the usual analytic K-homology. Following classical terminology, we call
this transformation the Paschke transformation. We show that under certain
finiteness assumptions on a G-space X, the Paschke transformation is an
equivalence on X. As an application, we provide a direct comparison of
the homotopy theoretic Davis-Liick assembly map with Kasparov’s analytic
assembly map appearing in the Baum-Connes conjecture.
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1. Introduction and statements

The main result of the present paper is the construction of a natural transfor-
mation

G.X G.An
Ko™ = K¢ (1.1)

between two versions of spectrum-valued equivariant K-homology functors,
where G is a countable discrete group. The evaluation of this transformation on
G-finite G-simplicial complexes with finite stabilzers is an equivalence. Follow-
ing the classical terminology, we call this transformation the Paschke transforma-
tion. The functor Kg  in the domain is called the equivariant local K-homology
and is derived from an equivariant coarse K-homology functor using coarse
geometric constructions, while the target Kg Al is a spectrum-valued version of
the classical equivariant analytic K-homology. In both versions, the subscript
indicates a natural dependence on a coefficient G-C*-category C.

The Paschke transformation (1.1) will be used to compare the domains of the
Davis-Liick type assembly map and the Baum-Connes type assembly map. Our
second main result is Theorem 1.9, showing that these two assembly maps are
equal on the level of homotopy groups.

In the following, we give an informal description of the construction of the
two homology theories entering (1.1).

Starting from classical Paschke duality, we further explain the development
of ideas leading to the construction of the map in (1.1). We then state the precise
version of our Paschke duality result as Theorem 1.5, and finally discuss the
comparison of assembly maps.

We emphasize that this paper is not the first to treat the topic of equivariant
Paschke duality and comparisons of assembly maps, most current are the papers
[2] and [26]. We explain more about this in Remarks 1.12 and 1.13.

Constructions with the coefficients. For facts about C*-categories and their
K-theory, we will generally refer to [3] and [9] which were written to provide
the necessary background for the present paper, [7] and [12]. Both K-homology
functors occuring in (1.1) depend on the choice of a G-C*-category C, i.e., an
object of Fun(BG, C*Cat™) (see [3, Sec. 3] or [9, Def. 2.6] for C*Cat™). We
use the symbol MC in order to denote the multiplier category of C [9, Def. 3.1].
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In Definition 2.15, we describe an exact sequence

G G G
0— Cgtd) - Mcgtd) - Qgtd) -0

of G-C*-categories (see [3, Def. 8.5] or [9, Def. 13.2] for the notion of an exact

sequence) defining the Calkin G-C*-category ng;). These constructions depend
functorially on C for non-degenerate morphisms.

Example 1.1. In the case of trivial coefficients, C is the G-C*-category Hilb.(C)
of Hilbert spaces and compact operators with trivial G-action. The multiplier
category of Hilb.(C) can be identified with the category Hilb(C) of Hilbert
spaces and all bounded operators [9, Lem. 8.1]. By specializing Definition 2.15,
the G-C*-category Ciﬁi) turns out to be the category Hilb(C)igl) of all pairs (H, p)
of a Hilbert space H with a unitary G-representation p that are isomorphic to
(LA(G)® H',A ®idyy), where A is the left-regular representation and H' is some
auxiliary Hilbert space. The morphisms (Hy, py) — (Hy, p1) in Hile(C)égi) are
all compact operators Hy, — H;.

The G-C*-category MCiil) is the category Hilb(C)ggj) which has the same
objects, but its morphism spaces are the bigger spaces of all bounded linear
operators. In both cases, the G-action fixes objects and acts by conjugation on

the morphism spaces. The G-C*-category Qgg is the Calkin category

. () jrys G)

Hilb(C)_; /Hilb.(C) ;.
Its objects are the objects (H, p) of Hilb(C)gii), and its morphism spaces are the
quotient spaces of bounded operators by compact operators with the induced
G-action. In particular, the endomorphism algebra of each object (H, p) is the
usual Calkin algebra Q(H) of H with the G-action by conjugation, hence the
name. [l

Example 1.2. More generally, for a G-C*-algebra A we consider the G-C*-
category C = Hilb.(A) of Hilbert A-modules and compact operators. Its multi-
plier category is the category Hilb(A) of Hilbert A-modules and all adjointable
operators [9, Lem. 8.1]. The G-action on both categories is described explicitly
in [9, Ex. 2.10].

If A is unital, then the associated G-C*-category Hilbc(A)ggj) consists of pairs
(H, p) of a Hilbert A-module together with a unitary G-action p such that H
is isomorphic to an orthogonal sum of a family of finitely generated projective
A-modules indexed by a free G-set. Since G acts non-trivially on Hilb,(A) the
details are slightly more complicated to describe, see Definition 2.15. O

Analytic K-homology. The construction of the equivariant analytic K-homo-
logy functor Kg’An with coefficients in C employs the co-categorical version

kk® : Fun(BG, C*Alg™) — KK°
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of the KK-functor from [12, Def. 1.8] and its extension to C*-categories

kk®

Fun(BG, C*Alg™) KK° (1.2)

k) kkg* cat

Fun(BG, C*Cat™)

introduced in [12, Def. 1.29], where incl interprets a G-C*-algebra as a G-C*-
category with a single object. The mapping spectrum functor of the stable
oo-category KK will be denoted by

KK%(—,—): KK x KK% = Sp.

In order to simplify the notation, we drop the symbols kk® or kkg*Cat when
we express the value of a functor F defined on KK on a G-C*-algebra A or a
G-C*-category C. By [12, Prop. 3.5], if A is a separable G-C*-algebra and B is
o-unital, then the homotopy groups 7,KK%(A, B) are canonically isomorphic
to the classical equivariant KKG—groups of Kasparov [25] associated to A, B.
The equivariant analytic K-homology functor Kg A s defined by the formula

KS*": GLCHY™ - Sp, X = KK%(Co(x), Q). (1.3)

The domain of this functor is the category GLCH? * of locally compact Haus-
dorff G-spaces with partially defined proper maps. Equivalently, GLCH" **
is the Gelfand dual of the category GC*AlgS;l mm Of non-unital commutative
G-C*-algebras. The connection with the notation from [12, Def. 1.15] is given by

KoM = Kgg?, (1.4)

G,An

¢ isdifferent from Kg 4" — we apologize for this notational

In particular, K
inconvenience.

In view of (1.4), the basic properties of K42 listed in [12, Thm. 1.15] imply
corresponding properties of Kg AN T particular, the functor Kg AN g homotopy
invariant, is excisive for closed decompositions of second countable spaces with
proper action (this restriction is due to the usage of [12, Prop. 1.12.1]), and it

annihilates spaces of the form [0, c0) X X.

Example 1.3. Let us consider the coefficients C = Hilb.(A) for a unital G-C*-
algebra A. For a G-space X which is homotopy equivalent to a G-finite CW-
complex with finite stabilizers, Proposition 10.15 provides a natural isomorphism

KA (X) 2 KKC |(Co(X), A). (1.5)

This isomorphism identifies our definition of equivariant analytic K-homology
with the classical definition given by the right hand side of (1.5), up to a shift of
degrees. O
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In order to deal correctly with non-G-compact spaces in GLCH, 7, we will
consider the locally finite version Kg Al o Kg’An which is defined as follows.
If X isin GLCHRrOp and U is an open G-invariant subset of X with G-compact

closure, then we have a morphism X — U in GLCHE):O]p given by the partially

id
defined mapX D U Y U which corresponds to the extension-by-zero homo-
morphism Cy(U) — Cy(X) on the level of commutative G-C*-algebras. We
define

ARJE gy L ,
KA (X) = lljlgl( KA, (1.6)

where the limit runs over all open subsets U of X with G-compact closure.
Using right Kan extensions, one can turn this prescription into the definition of
a functor

G,An]f , prop
Ko™ 1 GLCHY™ — Sp, 1.7)
see [6, Sec. 7.1.2] for a similar construction. We have a natural transformation
. pGA G,An,lf
c: Ko™ - Ko™ (1.8)

of functors from GLCHS™® to Sp. The functor Kg**™"" is homotopy invariant.
Its restriction to second countable spaces with proper G-action is excisive for
closed decompositions. Finally, it sends countable disjoint unions to products.

If X is G-compact, then the canonical map cy : Kg’An(X ) - Kg’An’lf(X )isan
equivalence. We refer to Proposition 10.16 for a calculation of the values of

G,An,lf
K™ on more general spaces.

c
The functors Kg’An and Kg Anf depend functorially on the coefficient G-C*-

category C for non-degenerate morphisms.

Remark 1.4. Using the equivariant E-theory functor [4, Def. 3.22], one could
define a version of analytic K-homology

ES™: GLCHY™ - Sp, X v EE9(Co(X), Q)

with better formal properties. Since the E-theory functor sends all exact se-
quences of C*-categories to fibre sequences, in the case of C = Hilb.(A) for a
unital G-C*-algebra A we have the analogue of (1.5)

ESMM(X) = ZEE®(Cy(X), A)

without any restriction on X. Furthermore, the functor Eg AN s excisive for
arbitrary invariant closed decompositions, i.e., we can drop the assumptions

of properness of the G-action and second countability needed for Kg’An. Fi-
nally, since the E-theory functor preserves filtered colimits of G-C*-algebras, the
functor ES™" is already locally finite, i.e., the analogue Eg"" — EG AL of the
comparison map (1.8) is an equivalence (see [13, Prop. 3.30] for an analogous

statement).
The comparison functor KK® — EE® induces a transformation Kg’An -

EG,An

< which is an equivalence on spaces which are homotopy equivalent to
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G-finite G-simplicial complexes with finite stabilizers. Composing the Paschke
morphism (1.17) below with this comparison map we get a Paschke morphism

with target EGAD, Furthermore, our main Theorem 1.5 on the Paschke equiva-

c
lence implies a similar result involving Eg AR

Here are our three reasons to prefer Kg AN First of all, this is the analytic

K-homology functor considered in the classical literature. Secondly, working
with Kg An provides a finer result. Finally, and this is our main reason, in the
application to assembly maps we need reduced crossed products with G which
descend to equivariant KK-theory, but not to equivariant E-theory by the lack

of exactness of — X, G. O

Coarse K-homology. We now turn to a brief description of the equivariant local
K-homology functor Kg,x_ For our purposes, the functor Kg L is most naturally
defined on the category GUBC of G-uniform bornological coarse spaces [10, Def.
9.9]. This category comes with a cone-at-oco functor O* : GUBC — GBC (see
Definition 4.5), where GBC denotes the category of G-bornological coarse spaces
[10, Def. 2.1]. We define our equivariant local K-homology as the composition
of O* with the equivariant coarse homology theory KCJCg : GBC — Sp.

can,max

This functor is the twist (see Definition 4.7) of the equivariant coarse K-homology
KCXC®: GBC — Sp constructed in [7] (see also Definition 3.4) by the object
Geanmax in GBC.

In order to construct KX CC, we must assume that the coefficient G-C*-
category C satisfies further axioms, namely that it is effectively additive and
admits countable AV-sums (see Definitions 2.3 and 2.2). The coefficient category
Hilb.(A) for a G-C*-algebra A satisfies these axioms by [9, Lem. 7.9] since it
admits all small AV-sums.

We define the equivariant local K-homology functor by

KS" :=KCXS  00®: GUBC - Sp. (1.9)

can,max

This composition is an equivariant local homology theory, i.e. it is homotopy
invariant, excisive for closed decompositions, u-continuous, and vanishes on
spaces of the form [0, o) ® X, see Proposition 4.6.

The functor KCX'C and therefore also K(G:x depend also functorially on the
coefficient category C for non-degenerate morphisms.

A common domain for Kg A and Kg X By now, the functors Kg Al and Kg X

can not be compared. They are invariants of different objects: locally compact
Hausdorff G-spaces on the one hand, and G-uniform bornological coarse spaces
on the other hand. In order to compare their domains, we consider the functor

(P : GUBC - GLCHY'™?
from (6.1). It is uniquely characterized by the equalities

Co(X) = Co(1"P(X)) (1.10)
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for all X in GUBC, where the C*-algebra Cy(X) on the left-hand side consists
of the bounded uniformly continuous functions which become arbitrary small
outside of sufficiently large bounded subsets. The symbol C,(:"°P(X)) has the
usual meaning.

We let GSimplEirr(:p denote the category of G-finite G-simplicial complexes
with finite stabilizers and equivariant proper simplicial maps. Equipping G-
simplicial complexes with the spherical path metric provides a functor

GSimpl? ** - GUBC.

We can summarize our first main result, slightly informally, by the following
diagram.

GSimpl?irr?p
GUBC £ S GLCHP™
p
=
Kt KSAn
Sp

The Paschke transformation p will be constructed as a natural transformation
filling the lower triangle. Equivalently, naturality of p can be stated by say-
ing that it makes the lower square lax-commutative. We then show that the
Paschke transformation renders the large square commutative. In other words,
the Paschke transformation becomes a natural equivalence when restricted to
G-finite G-simplicial complexes with finite stabilizers. In addition, the Paschke
transformation is natural in the coefficient category C for non-degenerate mor-
phisms. We will state our main theorem more formally as Theorem 1.5 below.

A review of classical Paschke duality. In order to motivate the definitions
involved in the above diagram, we now review some aspects of classical Paschke
duality. Based on the seminal work of Paschke [32], the general theme of Paschke
duality is to express the analytic K-homology

KZM(X) 1= KK,(Co(X), C)

in terms of the K-theory of a C*-algebra naturally associated to X, which is then
often referred to as the Paschke dual algebra of X.

Classically, this is implemented as follows. Let X be a proper metric space and
¢ : Co(X) - B(H) be a homomorphism of C*-algebras, where H is a separable
Hilbert space. To this data one associates an exact sequence of C*-algebras

0— C(H,$) - D(H,¢p) > Q(H,¢) - 0 (1.11)
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where D(H, ¢) is the C*-subalgebra of B(H) generated by the controlled and
pseudolocal operators and C(H, ¢), called the Roe algebra, is its ideal generated
by the operators which are in addition locally compact.

If (H, ¢) is sufficiently large (very ample in classical terminology or absorbing

in the sense of Definition 11.1) and non-degenerate (meaning that ¢(Cy(X))H =
H), then the K-theory of Q(H, ¢) is a well-behaved invariant of X. More precisely,
for a proper map f : X — X’ and absorbing non-degenerate representations
(H,¢)and (H’, ¢") for X and X’ respectively, there exists a unitary, controlled and
pseudolocal isometry (H', ¢") = (H, ¢o f*) called a covering, which is unique up
to conjugation by unitaries in D(H’, ¢’). This covering induces a homomorphism
D(H,¢) — D(H',¢') preserving the respective Roe algebras and therefore a
homomorphism Q(H, ¢) — Q(H’, ¢') between the quotients. For f = idy, this
shows that the K-theory of Q(H, ¢) is independent of the choice of an absorbing
representation (H, ¢). We recall here that Voiculescu’s Theorem grants the
existence of such absorbing representations. Furthermore, setting

KE(X) = KL M¥(QH, ¢))

for any choice of an absorbing non-degenerate representation (H, ¢), one obtains
a functor

KX (=) : Met"™ — Ab”

defined on the category of proper metric spaces and proper maps and taking
values in graded abelian groups. The superscript XX indicates the coarse geomet-
ric origin of the construction, whose implementation was initiated by Roe [34].
The functor K2 (—) is homotopy invariant and admits Mayer—Vietoris sequences.
In addition, there is a natural Paschke duality isomorphism

KX (X) = K™ (X) (1.12)

given by a concrete cycle level construction, see [23] for details. So up to sus-
pension Q(H, ¢) is the Paschke dual of Cy(X).

The Paschke transformation following Quiao-Roe. The paper [33] dis-
cusses a systematic approach to the isomorphism (1.12), whose basic idea we
now adapt to the equivariant situation. We continue to assume that the G-space
X is equipped with an absorbing non-degenerate representation ¢ : Cy(X) —
B(H, p) where H is a separable Hilbert space equipped with a unitary G-action
p. The idea is to derive the isomorphism in (1.12) from a multiplication map

fx : Co(X) ® QU(X) - Q(H), (1.13)

Q%(X) := Q°(H,p,¢) := D°(H,p,$)/C°(H, p,$),
where DC(H, p, $) and C®(H, p, ¢) are defined as in the non-equivariant case
by just adding the condition that the controlled generators are G-invariant.
Furthermore Q(H) = Q(H, p) is the Calkin algebra of (H, p) with the induced G-
action. Using the multiplication map (1.13), one may define a Paschke morphism
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as the composition

PP KK(C, QO(0) ZSKKE(Co(X), Co(X) ® QO(X)) (1.14)
=5 KK (Co(X), QUH).

The map 6y := Cy(X) ® — is the exterior product in equivariant KK-theory and
is called the diagonal morphism. We note that the algebras Q°(X) and Q(H)
are not separable, which is the reason why E-theory instead of KK-theory is
used in [33]. However, the equivariant KK-theory of [12] is well-defined for
all G-C*-algebras, so we can safely work with this version rather than with
E-theory.

With this more abstract definition, how can one show that the Paschke mor-
phism induces an isomorphism on K-groups, at least for suitable spaces X? Our
strategy to answer this question is as follows. Suppose one could show that

the maps pg(H’p ) in (1.14) were the components of a natural transformation of
functors with values in the co-category of spectra, and that both the domain
and target of the Paschke transformation are homotopy invariant and excisive'

as functors in X. Then for G-finite G-CW-complexes X, by induction over the

number of G-cells, one can reduce the verification that pE(H’p #) isan equivalence
to the cases of G-orbits, i.e., of spaces of the form G/H, where H runs over the
subgroups of G appearing as stabilizer of the G-action on X. While in the non-
equivariant case only the trivial case X == is to be treated, the verification that
the Paschke maps are equivalences on general G-orbits is a non-trivial matter.

The above strategy will indeed be the essential idea of the proof of our main
Theorem 1.5 below. The first difficulty to overcome is to show that the Paschke
maps pg(H’p %) are indeed the components of a natural transformation, in partic-
ular, to show that the spectrum KK(C, Q°(X)) appearing in the domain of the
Paschke map, is a homotopy invariant and excisive functor in X (at the moment
is not even a functor in any obvious manner). The origin of the problem is
that in order to define Q°(X) = Q®(H, p, ¢), one has to choose an absorbing
non-degenerate representation (H, p, ¢), and for a morphism X — X’ one has to
choose a covering in order to define the map KK(C, Q°(X)) — KK(C, Q¢(X")).
Defined in this way, the resulting map of spectra depends on these choices and
is, at best, unique up to an unspecified homotopy, which is not sufficient for our
purposes.

The Paschke transformation in our setup. Our key idea to overcome these
functoriality issues is to work with the category of all representations. In fact, the
categories of such representations themselves depend on the space in a strictly
functorial manner. Their use hence circumvents the need to find absorbing
representations. The idea to work with the whole category of representations is

This is the spectrum analogue of the property of admitting Mayer—Vietoris sequences for
group-valued functors
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not new; it has first been exploited in [6] in order to define a spectrum-valued
coarse K-homology functor KX.

In the present paper, as indicated earlier, we work with its equivariant gener-
alization, the equivariant coarse K-homology functor

KCX%: GBC — Sp

introduced in [7]. Again, the symbol C refers to its dependence on a coefficient
G-C*-category C. In the case of trivial coefficients, it is shown in [8, Thm. 6.1]
that this functor is equivalent to the classical definition of equivariant coarse
K-homology in terms of Roe algebras. More precisely, if the G-space X is nice,
and C¢(X) := C®(H, p, ) with (H, p, ¢) ample, we have a natural equivalence

KCXCG(X) ~ KC™Al8(CC(X)).
By construction, see Definition 3.4, for X in GBC we have

KCXC(X) = KK(C,C" (X)),

where Cg’m(X )is a C*-category of equivariant locally finite X-controlled objects
in C, see Definition 3.2 for the details. The endomorphism algebras of the objects
of Cle’Ctr(X ) are natural analogues of the Roe algebras C(H, p, ¢).

We now indicate the relation between the functor X — Kg,x (X) and the as-
sociation X ~ KK(C, Q°(X)) appearing in the source of the Paschke morphism
(1.14). Recall from (1.9) that Kg ' is defined as a composition of KCX¢ with
the functor O®°(=) ® G qn.max On G-uniform bornological coarse spaces.

If X is in GUBC, then the cone-at-co O®°(X) is the G-set R X X with a certain
G-bornological coarse structure described in Definition 4.4. It contains the
underlying G-bornological coarse space of X as the subspace {0} x X. We further
consider the cone O(X) in GBC defined as the subset [0, 00) XX with the induced
structures. The inclusion X — O(X) induces an inclusion of categories

C (X ® Geanmax) = € (OX) ® Geanymax) (1.15)

to be thought of as the analog of the inclusion C¢(X) — DY(X) in the classical
situation, see Section 10 for more details. The resulting quotient C*-category
Q(X) is then our version of the algebra Q°(X), and we have natural equivalence

KS™ (X) ~ KK(C, Q(X)). (1.16)
We refer to Lemma 6.1 for more details and necessary additions. We construct a
multiplication map (see (6.12))
fx + Co(X) ® QX) — Q).

In complete analogy to the earlier described Paschke morphism (1.14), we define
our version of the Paschke morphism as the composition:
8 %
Px 1 KK(C,Q(X)) — KK°(Co(X), Co(X) ® QX)) —> KK%(Co(X), Q).
(1.17)
The main result of this paper is then the following theorem.
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Theorem 1.5. We assume that C is effectively additive and admits countable
AV-sums.

(1) The morphisms in (1.17) assemble into a natural transformation of
spectrum-valued functors on GUBC

p: K&F — KGMortop (1.18)

that is natural in the coefficient category C for non-degenerate morphisms.
(2) If X is in GUBC and homotopy equivalent to a G-finite G-simplicial com-
plex with finite stabilizers, then

px t K¢ (X) = KgMM(P(x)

is an equivalence.
(3) IfCadmits allvery small AV-sums, G is finite, X is in GUBC and homotopy
equivalent to a countable finite-dimensional G-simplicial complex, then

Pl k&Y (X) - KA (o (x))
is an equivalence.

We refer again to Definitions 2.2 and 2.3 for the conditions on C appearing
in the statement above, and recall that the coefficient category Hilb.(A), for
A a G-C*-algebra, satisfies these conditions. In Assertion 1.5.3, we use the

transformation ¢ : Kg*" — K(G:’An’lf from (1.8) and set pf := cop.

Definition 1.6. The transformation p in (1.18) is called the Paschke transforma-
tion.

The proof of Assertion 1.5.1 will be finished in Section 7, and the proof of
Assertions 1.5.2 and 1.5.3 will be completed in Section 9. Once p is constructed,
which is not at all trivial, the verification that it is an equivalence under addi-
tional conditions follows the route described above, i.e. by reducing it to the case
of orbits. The verification that p is indeed an equivalence on G-orbits with finite
stabilizers also turns out to be quite involved and uses a lot of the properties of
the K-theory functor for C*-categories obtained in [9].

In the case of trivial coefficients and under the assumption of the existence of
an absorbing representation (H, p, ¢), we can compare the version of the Paschke

morphism pg(H’p #) from (1.14) with the newly defined Paschke morphism py
from (1.17) (in particular their domains): Indeed, in Proposition 11.2 we show
that there is a commutative diagram

K$*(X) —L% KK(C,Q%(X))

\lf" \LpngM

K&™MX) 4 KK(Co(X), Q(H))

so that, under the assumption that py is an equivalence, y is an equivalence if

and only if pg(H’P #) is.
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Assembly maps. Our original motivation to show the Paschke duality theorem
above was the wish to write out a complete proof for the fact the homotopy
theoretic assembly map of Davis-Liick [16] and the analytic assembly map
appearing in the Baum-Connes conjecture are equivalent. Such an equivalence
was asserted in [21], but the details of the proof given in this reference remained
sparse. While we were preparing this paper, a comparison of the two assembly
maps was recently also carried out by Kranz [26] with methods different from
ours, see Remark 1.13.

Homotopy theoretic assembly maps are generally defined for any equivariant
homology theory GOrb — M with cocomplete target M and a family & of
subgroups, see Definition 12.1. Our comparison concerns the functor

KCY: GOrb—Sp, S~ KCXS  (Sminmax): (1.19)

see Definition 12.2. Note that the twist is different from the one used in the Def-
inition (1.9) of Kg X namely it is G.qy, min rather than G.q;, 4. For appropriate
choice of coefficients C, the functor KCC is equivalent to the functor introduced
by Davis-Liick, see Remark 10.12.

The equivariant homology theory KC® canonically extends to a functor

KC®: GTop — Sp

denoted by the same symbol, see Definition 10.3. For any family of subgroups
F of G the homotopy theoretic assembly map can be described as the map

Asmblg 5 1 KCO(ExGV) — KCO(x)

GCW GCW

induced by the projection E+ —x, where E4 is a G-CW-complex rep-
resenting the homotopy type of the classifying space of G with respect to the
family #.

For the following we assume that ¥ C Fin. We define

G,A . . G.A
RK(EFGY) 1= colimy g, gewKe (W),
where the colimit runs over the G-finite subcomplexes of E-GV. In Definition
12.12 we construct an analytic assembly map

Asmblgly 1 RKGAM(E;GV) — SKK(C, €% %, G), (1.20)

where the C*-category Ciii) is defined in Definition 2.15 and the reduced crossed
product for C*-categories is as introduced in [9, Thm. 12.1].

The assembly maps Asmbl’é, 7 and Asmbl¢'y depend naturally on the coeffi-
cient category C for non-degenerate morphisms.

In Definition 12.8, we construct a spectrum-valued version of the classical
Kasparov assembly map

K
Hag RKS*(EzGEV) - KK(C,A X, G) (1.21)

which functorially depends on A in KK®. We consider the spectrum-valued
refinement (1.21) of Kasparov’s assembly map as an interesting result in its own
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right. In view of the definition of the domain, one has to construct a family of
such assembly maps indexed by the G-finite subcomplexes W of E+G“Y which
is compatible with inclusions. While it is easy to lift Kasparov’s construction to
a map of spectra for each such W individually, and it is also easy to obtain the
required compatibility on the level of homotopy groups, it is a non-trivial matter
to enhance the compatibility to the spectrum level. We obtain this enhancement
in the form of the natural transformation (12.17).

For a G-C*-category C let C* denote the full unital G-C*-subcategory of unital
objects. In Proposition 16.3, we show the following comparison result.

Proposition 1.7. We have an equivalence between the assembly maps Asmbla}

Kasp
from (1.20) and Z’“(cu)(G),gr from (1.21).

Example 1.8. In the case of a unital G-C*-algebra A and for C := Hilb.(A),
it follows from (12.18) and Proposition 1.7 that the assembly map Asmblacljf is

equivalent to Zuia;p. O

The following theorem (whose proof will be completed at the end of Section
14) now provides a comparison of the Davis-Liick and Baum-Connes assembly
maps on the level of homotopy groups. As indicated earlier, a version of this
result has recently been shown also by [26] with completely different methods.

Theorem 1.9. We assume that C is effectively additive and admits countable
AV-sums. We have a commutative square

ﬂ*Asmblgf

KCS(E+GW) KCC(%) (1.22)

o lz
an

Typ1Asmblc
RKZA™ (B;GOV) ———% KK,(C.C) %, G)

std

in which all terms are natural in C for non-degenerate morphisms.

The left vertical equivalence in (1.22) is, in a non-obvious manner, a con-
sequence of our Paschke Duality Theorem 1.5. If A is a G-C*-algebra, then
C := Hilb.(A) admits all small AV-sums (this follows from [9, Thm. 8.4]) and
hence satisfies the assumption of Theorem 1.9.

We believe that our method can be upgraded to provide a commutative di-
agram on the spectrum level, but carrying this out would involve to control
further large coherence diagrams. We refrain from doing this additional step
at this point, but emphasize that the passage to a statement about homotopy
groups is really only in the very final step where one filters E;G“V through
G-finite subcomplexes. For any G-finite X in place of EzG®W, the diagram in
Theorem 1.9 commutes already before applying homotopy groups. In particular,
the square in (1.22) commutes before applying homotopy groups when there
is a G-finite model of E;-G®V. It is just that we have not worked out that the
homotopies for varying X can be obtained in a compatible way. This problem is



PASCHKE DUALITY AND ASSEMBLY MAPS 499

not visible to homotopy groups, and hence one obtains Theorem 1.9 irrespective
of this issue.

We note that it is important to consider the reduced crossed product in the
target for the approach presented here. While the construction of the analytic
assembly map easily lifts to the maximal crossed product our method unfortu-
nately does not generalize to produce the corresponding comparison of assembly
maps also for the maximal crossed product.

Further remarks. Finally, we explain some relations to previous works on
(equivariant) Paschke duality and the analytical assembly map. We begin with
Paschke duality.

Remark 1.10. Valette established a non-commutative generalization of the clas-
sical Paschke duality [36] whose statement we briefly recall here. We consider a
C*-algebra B with a strictly positive element. Then we have an exact sequence

0 - B®K(¢?) - M(B) 5> O5(B) = 0,

where M?*(B) is the stable multiplier algebra and the stable Calkin algebra Q%(B)
is defined as the quotient. In place of ¢ : Cy(X) — B(H) above, we now consider
a unital separable nuclear C*-algebra A with a representation 7 : A — B(£?)

such that 7(A) N K(¢?) = {0} and set ¢ : A 2o M3(B) it Q5(B). We further
replace Q(H, ¢) from above by the commutant Q(A, ¢, B) := ¢(A)’ of the image
of ¢. The proof of the following result employs Kasparov’s generalization of
Voiculescu’s Theorem.

Proposition 1.11 ([36, Prop. 3]). We have an isomorphism
KK*(C’ Q(A’ ¢’ B)) = KK*—I(Aa B)
which is natural in A and B.

In this statement, KK, denote Kasparov’s KK-groups. Note that the right-
hand side in the original statement of Valette is expressed in terms of Ext-groups
which are isomorphic to the KK,.-groups under the given assumptions on A
and B. If B is in addition o-unital, then by [12, Prop. 1.20] the KK-group on the
right-hand side coincides with the KK-group obtained from the spectrum-valued
KK-theory constructed in [12].

See also [35, Thm. 3.2] for a related result. O

Remark 1.12. Our Theorem 1.5 is similar in spirit to [2, Thm. 1.5]. But while
Theorem 1.5 produces a natural transformation between spectrum-valued func-
tors which becomes an equivalence when evaluated on spaces satisfying suitable
finiteness conditions, [2, Thm. 1.5] states an isomorphism between K-theory
groups for a fixed space. While the class of spaces to which [2, Thm. 1.5] applies
is larger than the class of spaces for which Theorem 1.5 provides an equivalence,
our theorem allows to treat more general coefficients.

But even in the case where both theorems are applicable the technical details
of their statements are quite different so that at the moment it is difficult to
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compare them in a precise way. In the following, we explain this problem in
greater detail.

The space X in [2, Thm. 1.5] (denoted by Z in the reference) is a metric space
with an isometric proper cocompact action of G. In order to fit into our theorem,
we must require that it is homotopy equivalent to a G-finite G-simplicial complex.
The domain of the Paschke map in [2, Thm. 1.5] is the K-theory of a certain
C*-algebra Q°(H, p, ¢), where H is a sufficiently large Hilbert C*-module over
a commutative unital C*-algebra A. In order to compare with our theorem, we
would restrict the coefficients to the special case C = Hilb,.(A). We then could
ask whether we have

KEHQU0) = K. ME(Q(H, p,$)),
see (1.16). The construction of a comparison map could proceed similarly as
the construction of the map y in Proposition 11.2 once we know that (H, p, ¢)
is absorbing in the sense of the natural generalization of Definition 11.1 to
controlled Hilbert A-modules.
On the positive side, in the case C = Hilb,(A), the targets of the two Paschke
duality maps in [2, Thm. 1.5] and Theorem 1.5 are equivalent in view of

Prop. 10.15
KEM 00 = KKACx), Q) = ZRKE (o), 4)

provided X is homotopy equivalent to a G-finite G-CW-complex. (]

Remark 1.13. As mentioned earlier, in [26] Kranz also provides an identifi-
cation of the Davis-Liick assembly map and the Kasparov assembly map. In
fact, the contribution of Kranz is a comparison of the Davis-Liick assembly
map with the version of the assembly map introduced by Meyer-Nest [30]. The
latter is compared in [30] with Kasparov’s assembly map employing work of
Chabert-Echterhoff [15]. In Section 15, we will give a detailed account of the
argument of Kranz using the co-categorical language of equivariant KK-theory
developed in [12]. As an application, in Theorem 16.1 we give an argument
(which is independent of Chabert-Echterhoff [15]) that the Kasparov assembly
map is an equivalence for compactly induced coefficient categories or algebras.

O

2. Constructions with C”-categories

In order to fix size issues, we choose a sequence of four Grothendieck uni-
verses whose sets will be called very small, small, large, and very large, respec-
tively. The group G, bornological coarse spaces or G-topological spaces belong
to the very small universe. The categories of these objects, the coefficient C*-
categories, the categories of controlled objects, and the values of the K-theory
functor K¢ ¢ will belong to the small universe. The categories of spectra Sp
and KK are large, but locally small. They are objects of a category of stable
co-categories CAT¢, which is itself very large.

We let Fun(BG, C*Cat™) denote the category of small not necessarily unital
C*-categories with G-action and equivariant functors, and Fun(BG, C*Cat) be
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the subcategory of unital C*-categories and functors preserving units. Both
versions of K-homology considered in the present paper depend on the choice
of a coefficient C*-category C in Fun(BG, C*Cat™).

Example 2.1. We let Fun(BG,C*Alg"™") denote the full subcategory of
Fun(BG, C*Cat™) of C*-algebras with G-action considered as single object
categories. We furthermore set

Fun(BG, C*Alg) := Fun(BG,C*Alg™) n Fun(BG,C*Cat) .

Our basic example of a coefficient category is the category C = Hilb.(A) of
Hilbert A-modules and compact operators for A in Fun(BG, C*Alg""), see Ex-
ample 1.3. O

Below we will consider conditions on C in C*Cat"" which involve orthogonal
sums of possibly infinite families (C;);¢; of objects of C. Let (C, (e;);¢r) be a pair
of an object of C and a family of mutually orthogonal isometriese; : C; — C in
the multiplier category MC of C.

Definition 2.2 ([9, Def. 3.1]). We say that (C, (e;);c;) represents an AV-sum of
the family (C;);eg if Zi 1 €i€; converges strictly to idc in MC.

Let p be an orthogonal projection on an object C in a C*-category, i.e., an
endomorphism of C satisfying p* = p and p?> = p. A morphismu: C' - C
represents the image of p if u is an isometry, i.e., u*u = idx, and uu* = p. We
say that p is effective if it admits an image. In the present paper, we will only
consider orthogonal projections, and therefore we will omit the word orthogonal
from now on. We refer to [9, 2.16-2.19] for more details.

Definition 2.3 ([7, Def. 3.12]). We say that C is effectively additive if for every
object C of C and mutually orthogonal family of effective projections (p;);c; on C
in MC such that Zi 1 Di converges strictly to a projection p in MC, the latter is
also effective in MC.

If C admits all small AV-sums or is idempotent complete, then it is effectively
additive. If C is in Fun(BG, C*Cat™"), then we will apply the notions introduced
above to the underlying C*-category obtained by forgetting the G-action.

In general, the category C in Fun(BG, C*Cat™") may contain objects which
admit an identity morphism. These objects are called unital. We note that
automorphisms of C preserve unital objects.

Definition 2.4. For Cin Fun(BG, C*Cat™), we let C* in Fun(BG, C*Cat) denote
the full subcategory of unital objects in C.

Example 2.5. Let A bg in Fun(BG, C*Alg) and C = Hilb.(A) as in Example 2.1.
Then C* = Hilb(A)P 2 is the full subcategory of Hilb(A) of finitely generated
projective Hilbert A-modules. (|

For the moment, let D be in Fun(BG, C*Cat). Our main example will be
the multiplier category MC of C in Fun(BG, C*Cat™). We fix the following
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notation convention concerning the G-action on D. If D is an object of D and g is
in G, then we let gD denote the object obtained by applying g to D. Similarly, if
A is amorphism in D, then we write gA for the morphism obtained by applying
gto A.

Definition 2.6. A G-objectin D is a pair (D, p) of an object in D and a family
p = (Pg)gec Of unitaries py : D — gD such that gpy, pg = pgp forall h,g inG.

Example 2.7. If G acts trivially on D, then the datum of a G-object (D, p) in D is
the same as an object D of D together with a homomorphism p : G — Autyp(D),
g~ pg ', such that p,1 = pg. O

Definition 2.8. The category of G-objects in D is the C*-category with G-action
D@ in Fun(BG, C*Cat) defined as follows:

(1) objects: The objects of D'©) are the G-objects in D.

(2) morphisms: The morphisms in D©) are given by

Hompe ((D, p), (D', ")) := Homp(D, D). 2.1)

(3) composition and involution: The composition and involution are inherited
from D.
(4) G-action:
(a) objects: G fixes the objects of D(®).
(b) morphisms: g in G acts on a morphism A : (D, p) — (D', p") by

g-A = pé’_l gApg. (2.2)

Note that we use the notation g - — in order to denote the G-action on mor-
phisms between G-objects which should not be confused with the original action
denoted by g—.

Associated to C in Fun(BG, C*Cat™) we have two derived objects C* and
(€Y@ in Fun(BG, C*Cat). In the following, we will show that they are related
by a canonical zig-zag of fully faithful functors. To this end we construct a third
object C*(©) in Fun(BG, C*Cat).

(1) objects: The G-set of objects of €*(@ is the union of the G-sets of objects
of C* and (C*)©@.

(2) morphisms: The morphism spaces of C*(©) are defined such that C*
and (C*)© are fully faithfully embedded. If C is in C* and (C’, p’) is
in (C*)@, then we define Homg.) (C, (C',0")) := Hom¢(C,C’) and
Homgu)((C', p"),C) := Hom¢(C', C).

(3) The composition and the involution are inherited from C.

(4) G-action: The G-action is defined such that both the inclusions C* —
C¢%@ and (C*)© — €% are G-equivariant.

If f: C - (C',p’) is a morphism in Homg.) (C, (C’, ")) given by
f:C—>C'inC,thengf: gC - (C',p')is givenbypg_logf: gC —
C'. Similarly, if A : (C’,p") — C is a morphism in Homg..c)((C’, p'), C)
givenby h: C' - C, thengh: C’ — gC is given by ghopgy : C' — gC.
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Definition 2.9. We say that G weakly fixes the objects of C* if for every object C
of C* there exists a refinement (C, p) to an object of (C*)(©).

In other words, G weakly fixes the objects of C* if and only if the canonical
functor .
lirngccatz'1 C* — Res®(C%)
from the 2-categorical G-fixed points of C* to C* with G-action forgotten is
essentially surjective.

Lemma 2.10.
(1) The inclusion C* — C*(©) is a unitary equivalence.
(2) If G weakly fixes the objects of C¥, then the inclusion (C*)(©) — €% jsq
unitary equivalence.

Proof. By construction both inclusion functors are fully faithful. We now argue
that they are essentially surjective. We start with the inclusion of C*. We consider
an object (C, p) in (C*)©@. Then C is in C* and id. gives a unitary isomorphism
C - (C,p) in C+(©),

We now consider the inclusion of (C*)(©). Let C be an object of C*. By
assumption there exists an object (C, p) in (C*)(©) and again id. gives a unitary
isomorphism C — (C, p) in C*(9), O

For a G-C*-category C and a G-bornological space X we will introduce the
notion of X-controlled G-objects in C. To this end, we recall that a G-bornology
on a G-set X is a G-invariant subset of the power set Py of X which is closed
under forming finite unions, subsets, and which contains all one-point subsets.
A G-bornological space is a pair (X, B) of a G-set X with a G-bornology B whose
elements will be called the bounded subsets of X. If (X, B) and (X', B’) are
G-bornological spaces and f: X — X’ is an equivariant map of underlying
G-sets, then f is called proper if f~1(8’) C B. By GBorn denote the category
of very small G-bornological spaces and proper maps. We refer to [10] for more
details. We will usually use the shorter notation X for G-bornological spaces.
To any G-set S we can associate the following objects in GBorn.

(1) S,un is S equipped with the minimal bornology consisting of the finite
subsets. The map S — S,,;,, is functorial for morphisms of G-sets with
finite fibres.

(2) Sjuax is S equipped with the maximal bornology consisting of all subsets
of S. We have a functor GSet — GBorn given on objects by S — S,,,4-

Let X be in GBorn.

Definition 2.11. A subset L of X is called locally finite if B N L is finite for every
bounded subset in X.

The following definition is an expanded version of [7, Def. 4.6]. Let X be in
GBorn.

Definition 2.12. A locally finite X-controlled G-object in C is a triple (C, p, 1),
where:
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(1) (C, p) is an object in MC(®,
(2) wisaninvariant, finitely additive measure on X with values in projections
in Endyc(C) such that the following properties hold:
(a) uX) =idc.
(b) u({x}) is effective and belongs to C for all x in X.
(c) C is the orthogonal AV-sum of the images of the family of projections

(u(ExH)xex-
(d) The subset supp(u) of X is locally finite.

Remark 2.13. In this remark, we explain Condition 2 in more detail. It first of
all says that u is a function from the power set Px of X to the set of projections
in Endpc(C) such that for all Y, Z in Py with Y C Z we have u(2) = u(Y) +
u(Z \ Y). The invariance condition of 4 means that

g - u(Y) = u(gYy) (2.3)

for all gin G and subsets Y of X.
Condition 2c says that »; _, u({x}) converges strictly to id.
The support of u is the subset

supp(u) 1= {x € X | u({x}) # 0}

of X.
The Conditions 2b and 2d together imply that p(B) belongs to the ideal C of
MC for every bounded subset B of X. O

Let C be in Fun(BG, C*Cat™) and X be in GBorn.

Definition 2.14. We define C&G)(X ) in Fun(BG, C*Cat) as follows:
(1) objects: The objects of CffG )(X ) are the locally finite X-controlled G-objects
in C.
(2) morphisms: The morphisms in CffG)(X ) are given by

Homefc;)(X)((C’ P, ,M), (Cl7 lol’ ,L{’)) = HOlTlMc(G)((C, P), (C,! IO’)) .

(3) composition, involution and G-action: The composition, involution and
the G-action are induced from MC©),

We have a fully faithful forgetful functor
F: (X)) - MCO,  (C,p,1) = (C,p). (24)

Definition 2.15.
(1) We define MCEE) in Fun(BG, C*Cat) as the full subcategory of MC(© of
objects which are isomorphic to objects of the form F((C, p, w)) for some
object (C, p, u) in CffG)(Ymm) for some free G-set Y.
(2) We let ngl) in Fun(BG, C*Cat™) denote the G-invariant ideal of MCitGd)
of morphisms belonging to C.
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(3) We define the quotient
(©)]
- Mcstd

(©)
Cstd

(2.5)

in Fun(BG, C*Cat).

Remark 2.16. Let us assume for simplicity that C is effectively additive. Ap-
plying Definition 2.3 to the empty family of projections on an object C shows
that C admits zero objects since the zero projection on C must be effective. It

can happen that C* only consists of zero objects. In this case, CffG)(X ) consists

of zero objects for any X in GBorn. Furthermore, the categories c© mc@

std? std?
and Qégj) consist of zero objects. O
Lemma 2.17. The inclusion C(Si) - MC(gj) presents MC(tGd) as the multiplier
(G) S S S
category of C_ /.

Proof. We have a fully faithful forgetful functor Cthd) — Cwhich sends (C, p)
to C. It induces a fully faithful functor M(Ciﬁi)) — MC. This functor has an

obvious factorization M(Cthd)) - Mcgﬁf — MC, where the first functor is the
identity on objects. Since the composition and the second functor are fully

faithful, so is the first which is therefore an isomorphism. O

For a G-C*-algebra A in Fun(BG, C*Alg™) we consider the G-C*-category
C := Hilb.(A) in Fun(BG, C*Cat™"). The following constructions will be used
later to compare K-theoretic constructions involving, e.g., Qgil) with construc-
tions involving A directly.

For C in Fun(BG, C*Cat™) we let Mcgfi) , denote the full subcategory of

MC(© of objects (C, p) which belong to Mcgffi) or (C*)©@ . We furthermore let
Ci?d) , denote the ideal in Mcfd) . of morphisms which belong to C.

Example 2.18. For a G-C*-algebra A in Fun(BG, C*Algnu) and C := Hilb.(A)
in Fun(BG, C*Cat™) we let A be the object of C given by A with the right-
multiplication and the scalar product {a, b); = a*b. Left multiplication iden-
tifies A with End¢(A). For g in G we have a C-linear map x, : A — A given
by the action of g7 on 4, i.e., Kg(a) 1= &' q. This map is a unitary multiplier
isomorphism A — gA in C. The family x := (x,),c¢ refines A to an object
(A, x) of C©©), Moreover, the identification A = Endae)((A, x)) is equivariant.

If A is unital, then the object (4, x) belongs to (C*)(%) and hence to MCEZ)’ T
In this case, we have a zig-zag of equivariant inclusions

(G) G) G) G)
A- Mcstd,+ “« MCstd ’ A- Cstd,+ “« Cstd :
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The left functors sends the unique object of A to the object (A, x) and identify A
with Endpyco) (4, x)) or Endee) ((A, x)), respectively. O

Recall the definitions of a Morita equivalence [9, 16.7], of a relative Morita
equivalence [9, Def. 17.1], and of a weak Morita equivalence [9, Def. 18.3]
between C*-categories. In the equivariant case, an equivariant functor is a
Morita equivalence or weak Morita equivalence if it has the respective property
after forgetting the G-action. In addition, we will need in the following a stronger
version of the notion of a relative Morita equivalence which we call a split relative
Morita equivalence. Let ¢ : D — E in Fun(BG, C*Cat™).

Definition 2.19. We say that ¢ is a split relative Morita equivalence if there exists
a diagram
p

0 D D’ D'/D——0 (2.6)
Lol
0 E E —E/E—0

in Fun(BG, C*Cat™) with horizontal exact sequences such that the two right
vertical functors are Morita equivalences between unital C*-categories and the
functors p and q admit right-inverses.

Let C be in Fun(BG, C*Cat™).

Lemma 2.20.
1 MCEtGd) - MC© isa Morita equivalence.

std,+
2) Cgil) - Ciil)’ .. is a split relative Morita equivalence.
(3) If A is in Fun(BG, C*Alg) and C = Hilb.(A), then A — ngl) L hasa

factorization into the Morita equivalence A — (C*)© followed by the
weak Morita equivalence (C*)©) — ngl) \
Proof. We start with the Assertion 1. The inclusion Mcgf(? - Mcgf’;f . is fully

faithful. We will show that every object of MCS? , isasummand of an object

of MCE%). It suffices to show this for objects of (C*)@. Thus let (C’, o) be an
object of (C*)(@). Then using the fact that C admits countable AV-sums one
can construct an object (C, p, u) in CffG)(Gmm) such that there exists an isometry

u : C' - C in MC representing an image of u({e}). For C we must take an AV-
sum of the family (gC"),c. We consider u as an isometry u : (C’, ") = (C, p)

in MCEZ)’ L With (C,p) € Ob(MCitGd)). It realizes (C’, p’) as a summand of the

object (C, p) of MCEZ). This finishes the proof of Assertion 1.

Let Cgfd)’ﬁ and Cfd)ﬁ be the C*-categories obtained from Cifj) and Cgil), L by

adjoining units to all non-unital objects. We then have a diagram of exact
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sequences
(©) Gy P G, ~(G)
0 Cstd Cstd Cstd / Cstd 0
(©) G4 P+ G4 1 ~(G)
0 Cstd,+ Cstd,+ Cstd,+ /Cstd,+ 0.

Since the objects of (C*)(@ are unital they represent zero objects in ngj)’f_ / ngi) L+

We conclude that the right vertical morphism is a Morita equivalence. Since
the morphisms u : (C’,p") - (C, p) from the argument for Assertion 1 actually
belong to ng)”i we conclude that the middle arrow is a Morita equivalence, too.
The projections p and p, have obvious splits.

In order to show Assertion 3, first note that if (C, o) is an object of (C*)(©@,
then C is a finitely generated projective A-module and hence a summand of a
finite sum of copies of A. This implies that A — (C*)(@ is a Morita equivalence.
In order to show that the second morphism (C*)(©) — ngi) + is a weak Morita
equivalence, we first observe that it is fully faithful. We then use that the mor-
phisms in ngi), ., are compact operators between Hilbert C*-modules. A compact
operator can be approximated arbitrary well by an operator which factorizes
over a finitely generated projective A-module, i.e., an object of C*. This implies

. Q) : R ()|
that the set of objects of (C*)(®) is weakly generating in Co s O

Recall the definition of flasque G-C*-categories [9, Def. 11.3].

Lemma 2.21. If C admits countable AV-sums, then MCitGd) is flasque.

Proof. We claim that Cégj) also admits countable AV-sums. Then M(ngi)) is
flasque by [9, Ex. 11.5]. We finally use Lemma 2.17 in order to conclude that

MCéﬁ; is flasque.

We show the claim. We consider a countable family (C;, p;);er of objects in
Cg. For every g in G we can choose an AV-sum (Cy, (e‘igc")l-el) of the family
(8Cyier in C. We set C := C, and let u, : C; — gC be the canonical multiplier
unitary such that g(eici’*)uge‘l.gci = idgc, foralliinI. Then p := (ug0 Bics Pigec
defines a multiplier cocycle on C such that we have (C,p) € C©). We now

show that (C,p) € Cgf;). By assumption, for every i in I we can refine the

pair (C;, p;) to an object (C;, p;, ;) in Cng)(Xi) for some free G-set X;. Then
(C, p, u) belongs to C&G)(X ), Where X = |_|l. <7 Xi and the measure u is given by
u(Y) 1= @;crui(Y N X;) for all subsets Y of X. Since X is again a free G-set we
conclude that (C, p) belongs to ngl).
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By construction, the sum ). “* strictly converges to id ¢ ) in MC(G).

iel l
By Lemma 2.17 it also strictly converges in M(C(G)) Therefore, the pair (C, p)

represents the AV-sum of the family (C;, p;);er in Cgt d) . (|

IfK is in Fun(BG, C*Cat™), then we can form the reduced crossed product
K X, G introduced in [9, Thm. 12.1]. We use the explicit description of the
algebraic crossed product K X8 G and the notation introduced in [3, Def.
5.1]. Recall that the maximal crossed product is defined in [3, Def. 5.9] as the
completion of the pre-C*-category K X2 G. In contrast, the reduced crossed
product K X, G is defined in [9, Def. 12.9] as the completion of K X2 G in the
norm induced by a specific representation on a W*-category L?(G, WMK) [9,
Def. 12.2], where WMK is the universal W*-envelope of the multiplier category
MK defined in [9, Def. 2.33]. In order to define L?(G, WMK), we must assume
that K admits countable AV-sums. The W*-category L*(G, WMK) has the
same objects as K, and the morphisms are given by

Homyzg wmk)(K, K') = HomWMK(@ gkK, GB gK'). (2.7)
geiG geiG

Let (eK )neg be the family of isometries e : hK - ec 8K witnessing the
sum @g < 8K. On generators the representation K ><1alg G — L*(G,WMK) is
then defined according to [9, (12.8)] by

(f.e)~ 2, ek 71hfeK* (2.8)

heG
(note that f : K — g~'K’), where the sum converges strictly.

In the present paper, we in particular need the reduced crossed product
C(G) X, G for C in Fun(BG,C*Cat™). In the following, by specializing the
general description above, we describe this crossed product and a part of its
multipliers explicitly, thereby introducing notation which will be employed later
in the paper. We assume that C is effectively additive and admits countable

AV-sums. In the proof of Lemma 2.21, we saw that Cgf;) also admits countable AV-

sums. The objects of C( 7 XG are the objects of C( ) The C* -category C( I XGis

the completion of the image the functor o : C(G) ><1alg G — L*(G, WMCS?) The

W*-category L*(G, WMC(G)) has the same objects as C( ). Since the functor

WMCE%) — WMC induced by Cgii) — Cis fully falthful and that G fixes

the objects of C<t d), by specializing (2.7) can identify the morphism spaces of

LX(G, WMC.?)) with
Homy, ; wae@,((C:0). (€. p")) = Homwmce(EP) €. €D €.
geiG geG
where (@g < C>(eieg) and (EBgeG c’, (el’ )icg) represent AV-sums of the con-
stant families (C)geq and (C'),eq, respectively.
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We can now describe the functor o explicitly specializing (2.8) where we use
that the G-action in morphisms in Cthd) is given by (h, f) — h - f. On objects
o acts as the identity. Furthermore, o sends the morphism (f,g): (C,p) —
(€, p")in €& % G to

o(f.h) == e, 1-fe: @cq@cf. (2.9)

leG geG geG

If L is a closed wide subcategory of a C*-category H, then the idealizer of L
in H is the maximal wide subcategory of H containing L as an ideal. It consists
of all morphisms of H which preserve L by left- and right composition.

Definition 2.22. We define the unital C*-category U to be the idealizer of Cthd) X, G

in LG, WMC%).

We will understand Idem(Cthd) X, G) as the idempotent completion relative to
U, see [9, Def. 17.5]. Therefore, objects in Idem(Ciii) X, G) are triples (C, p, p),
where p is a projection on (C, p) in U.

Using formula (2.9), we see that o extends canonically to a functor

. (G) al
o: MC_| X¥G—->U

given by the same formula. By the universal property of the maximal crossed
product it further extends to a morphism

g: MCY) X G - U. (2.10)
Let ¢ : C — C’ be a morphism in Fun(BG, C*Cat™).

Definition 2.23 ([9, Def. 3.11] ). The morphism ¢ is called non-degenerate if for
every two objects C,, C; of C the linear subspaces

¢(Endc(Cy))Home (¢(Co), ¢(C1))  and  Home(¢(Co), ¢(C1))p(Endc(Co))
are dense in Homg (¢(Cy), $(C1)).
We will consider the chain of subcategories

C*Catpgeq,qq S C*Catyy C C*Catpy

nu
ndeg,wadd,eadd = ndeg c C*Cat ’ (2'11)

where

(1) C*Catyge,
phisms,

(2) c* Catﬁgeg’wadd)eadd is full subcategory of C*Cat
objects which admit countable AV-sums,

(3) C*Caty e, 4qq Is full subcategory of C*Cat

ne
small AV-sums.

is the wide subcategory of C*Cat™ of non-degenerate mor-

ndeg Of effectively additive
nu

ndeg Of Objects which admit all
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By [9, Prop. 3.16] a non-degenerate morphism ¢ : C — C’ naturally induces a
morphism M¢ : MC — MC’ of the associated multiplier categories and, again
by non-degeneracy, it restricts to a unital morphism ¢* : C* — C"* of full sub-

categories of unital objects. This implies that the constructions of Cthd), MCEtGd),

Q. ¥, (€)@ and € extend to functors on Fun(BG, C*Cat e cadd wadd)-

Further, ¢ induces a morphism L?(G, WMCEﬁl)) — L?(G, WMCé’t(dG)) (see the

proof of [9, Lem. 12.10]) and hence U and Cgf;) X, G also extend to such functors.

3. G-bornological coarse spaces and KCXX ¢

We fix C in Fun(BG, C*Cat™). In the present section, we recall the construc-
tion of the equivariant coarse homology theory

KCXC: GBC — Sp

introduced in [7] (see Definition 3.4) which will give rise to the equivariant local
K-homology Kg X described in Definition 4.9.

In order to define the functor KCXC the coefficient category C must be effec-
tively additive (Definition 2.3). If C also admits countable AV-sums (Definition
2.2), then KCX' is an equivariant coarse homology theory. Finally, in order to
ensure strong additivity of KCX° by [7, Thm.11.1] we must assume the existence
of all very small AV-sums.

Example 3.1. For every A in Fun(BG,C*Alg™) the category Hilb,(A) in
Fun(BG, C*Cat™") admits all small AV-sums and is idempotent complete, hence
is in particular effectively additive. It therefore satisfies all the conditions listed
above. O

Let X be a set. Subsets of X X X will be called entourages on X. The set Pxyx
of all entourages is a monoid with involution, where the composition of the
entourages U and V is the entourage

UoV :=pr,[(UX V)N (X x diag(X) x X)],
the unit is the entourage diag(X), and the involution is given by the formula
U* :={0,x) | (x,y) € U}.
The monoid Py acts on Py by
U, Y)» U[Y] :==pr,[UNnX xY)]. (3.1)

A G-coarse structure € on a G-set X is by definition a G-invariant submonoid of
Px«x which is closed under taking subsets, applying the involution, and forming
finite unions, and in which the subset of G-invariant entourages €S is cofinal
with respect to the inclusion relation. A G-coarse space is a pair (X, C) of a G-set
and a G-coarse structure. If (X, €) and (X', €") are two G-coarse spaces and
f: X — X' is an equivariant map of the underlying G-sets, then f is controlled
if (f x f)(€) C €C'. Finally, a coarse structure € is compatible with a bornology
Bif e[B] C B.
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The category GBC of G-bornological coarse spaces was introduced in [10,
Def. 2.1]. Its objects are triples (X, C, B) of a very small G-set X with a G-coarse
structure € and a G-bornology B which is compatible with €. Morphisms are
maps of G-sets which are controlled and proper. We usually use the shorter
notation X for G-bornological coarse spaces.

Let X be in GBC. Then we can consider the category

CHX) = lim CP(X) (3.2)

in C*Cat, where CffG)(X ) in Fun(BG, C*Cat) is as introduced in Definition 2.14.

Explicity, CIGf (X) is the wide subcategory of CffG)(X ) consisting of the G-invariant
morphisms, i.e., morphisms A satisfying g - A = A for all g in G, where the
G-action is given by formula (2.2). Note that this construction does not use the
coarse structure yet, but this will be the case in the following.

If Y, Y’ are two subsets of X and U is an entourage of X, then we say that
Y’ is U-separated from Y if Y/ N U[Y] = @, see (3.1) for the definition of the
U-thickening U[Y] of Y. We say that a morphism A : (C,p,u) = (C', 0", 1)
in Cle(X ) is U-controlled if ¢/ (Y")Au(Y) = 0 for all pairs of subsets Y', Y of X
such that Y’ is U-separated from Y.

Definition 3.2. We define Cg’Ctr(X ) in C*Cat as follows:

(1) objects: The objects of Cg’Ctr(X ) are the objects of C(X).

(2) morphisms: The space of morphisms Homcltf;,ctr(X)((C, o, M1),(C', 0", 1)) is
the closed subspace of Homcg(x)((C, o, 1), (C', 0", i) generated by those
morphisms which are U-controlled for some coarse entourage U of X.

(3) composition and involution: The composition and the involution of

Clcf;’Ctr(X ) are inherited from CJ(X).

One must check that the composition defined in Point 3 preserves the mor-
phism spaces defined in Point 2. We refer to [7, Sec. 4] for the argument.
Let C in Fun(BG, C*Cat™) be effectively additive.

Definition 3.3. We define a functor

C°": GBC — C*Cat
as follows:
(1) objects: The functor Clcf;’mr sends X in GBC to Cg’Ctr(X ) in C*Cat.

(2) morphisms: The functor Cg’m sends a morphism f : X — X' in GBC to

the functor f, : Cg’Ctr(X ) = CIC;’CU(X ") defined as follows:

(a) objects: f,(C,p,u) :=(C,p, fip).
(b) morphisms: f.(A) .= A.

For the verification that f, is well-defined we again refer to [7, Sec. 4]. It is at
this point where we need the assumption that C is effectively additive.
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Using the functors from (1.2) for the trivial group we define the topological
K-theory functor for C*-categories as the composition
. KK+ ca KK(C,—
KCCat; crgat™ o kg FKET Sp. (3.3)
The functor (3.3) is equivalent to the functors considered in [24], [6, Sec. 8.5],
[9, Sec. 14]. Note that here we consider C*-algebras like C as C*-categories with
a single object.
Let C be in Fun(BG, C*Cat™") be effectively additive.

Definition 3.4. We define the functor KCXC as the composition

~G ctr *

’ KC Cat
KCXC: GBC — C*Cat —— Sp.

For the definition of the notion of an equivariant coarse homology theory we

refer to [10, Def. 3.10]. References for additional properties are:

(1) strongly additive: [10, Def. 3.12]

(2) strongness: [10, Def. 4.19]

(3) continuity: [10, Def. 5.15] .
The following theorem is shown in [7, Sec. 6] (and [7, Sec. 11] for strong additiv-
ity).
Theorem 3.5. If C in Fun(BG, C*Cat™) is effectively additive and admits count-
able AV-sums, then KCXC is an equivariant coarse homology theory which is in
addition strong and continuous. If C admits all very small AV-sums, then KCX¢
is strongly additive.

By construction the functors Cle’Ctr and KCX¢ depend functorially on the

coefficient category C in Fun(BG, C*Catygeq cadd wadd)-

. . G,X
4. G-uniform bornological coarse spaces, cones and K

A G-uniform structure on X is a G-invariant subset U of Px.x consisting of
entourages containing the diagonal, which is closed under taking supersets,
finite intersections, compositions, and the involution, and which has the prop-
erty that every U in U contains a G-invariant element of U and admits V in U
with VoV C U. A G-uniform space is a pair (X, U) of a G-set and a G-uniform
structure. Let (X, U) and (X', U") be G-uniform spaces and f: X — X' bea
G-invariant map of the underlying sets. Then f is uniform if (f x f)~1(U") C U.
A uniform structure U is compatible with a coarse structure if U N C # @.

Let GUBC denote the category of G-uniform bornological coarse spaces in-
troduced in [10, Def. 9.9]. Objects are tuples (X, C, B, U) such that (X, C, B)
is a G-bornological coarse space and U is a G-uniform structure compatible
with €. Morphisms are morphisms of G-bornological coarse spaces which are
in addition uniform. We will usually use the shorter notation X for G-uniform
bornological coarse spaces. We have canonical forgetful functors

GUBC - GBC, GUBC - GTop 4.1)
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which forget the uniform structure or take the underlying G-topological space,
respectively.

If not said differently, we will consider all subsets of R” as objects of GUBC
with the trivial G-action and the structures induced by the standard metric.

The categories GBC and GUBC have monoidal structures @ which are the
cartesian structure on the underlying G-uniform and G-coarse spaces (see [10,
Ex. 2.17] for the case of GBC) such that the forgetful functor GUBC — GBC is
symmetric monoidal in the canonical way. The bornology on X ® X’ is generated
by the subsets B x B’ for all bounded subsets B of X and B’ of X, respectively.

Let X be in GUBC.

Definition 4.1. X is flasque if it is a retract of [0, c0) ® X.

Note that this definition is a little more restrictive than the definition given
in [5, Text before Def. 3.10]. The same argument as for [6, Lem. 3.28] in the
non-equivariant case shows that the underlying G-bornological coarse space of
X is flasque in the generalized sense.

The notion of homotopy in the category GUBC is defined in the usual manner
using the interval functor X ~ [0,1] ® X.

Recall the definitions of uniformly or coarsely excisive pairs from [5, Def. 3.3]
and [5, Def. 3.5].

Let E: GUBC — M be a functor whose target is a stable co-category.

Definition 4.2.
(1) E is homotopy invariant if it sends the projection [0,1] ® X — X to an
equivalence for every X in GUBC.
(2) E satisfies closed excision if E(§) ~ 0 and for every uniformly and coarsely
excisive pair (Y, Z) of invariant closed subsets of some X in GUBC such
that X =Y U Z the square

E(Y NZ)—— E(Y)

L]

E(Z)—— E(X)

is a push-out square.

(3) E vanishes on flasques if E(X) ~ 0 for any flasque X in GUBC.

(4) E is u-continuous if for every X in GUBC we have colimy E(Xy,) ~ E(X),
where V runs over C° N U, and Xy, is obtained from X by replacing its
coarse structure C on X by the coarse structure generated by V.

Let X be in GUBC with uniform structure U. Note that U and Py.x are
posets with respect to the inclusion relation.

Definition 4.3. A scale for X is a non-increasing function : R — P(X x X)°
with the following properties:

(1) Iftisin (—o0,0], then p(t) = X x X.

(2) ForeveryV in U, there exists ty in R such that (t) CV forallt in [ty, ).
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Definition 4.4. We define the geometric cone-at-oo of X to be the object O (X)
in GBC given as follows:
(1) The underlying G-set of O°(X)is R X X.
(2) The bornology of O®(X) is generated by the subsets [—r,r] X B forall r in
(0, o0) and bounded subsets B of X.
(3) The coarse structure is generated by the entourages U N Uy, for all scales 1,
where U is a coarse entourage of R ® X and

Uy :={((5,%),(t,y)) € RxX) X (R xX) [ (x,y) € p(max{s,t})}. (4.2)

We furthermore define the cone O(X) of X to be the subset [0, c0) X X of O®(X)
with the induced structures.

Definition 4.5. We define functors
0%®,0: GUBC — GBC

as follows:
(1) objects: The functors send X in GUBC to O%(X) or O(X), respectively.
(2) morphisms: The functors send a morphism f: X — X' in GUBC to
the morphism O®(X) - O%(X") or O(X) - O(X') given by idg X f or
idjg,0) X f, respectively.

The definition of the functors for morphisms in Point 2 needs a justification
which is given e.g. by a specialization of the argument for [6, Lem. 5.15].
For X in GUBC, we have a natural sequence of maps in GUBC

X->0X)»0°X) - R®X (4.3)

called the cone sequence. Here the first map is given by x — (0, x), the second
map is the inclusion, and the third map is the identity on the underlying sets.

Let E: GBC — M be a functor with target a stable co-category. Then we
consider the functors

EO%® :=EoO%®: GUBC-> M (4.4)
EQ :=Eo(O: GUBC - M.

Proposition 4.6. We assume that E is a coarse homology theory which is in
addition strong. Then the functors EO*® and EO have the following properties:

(1) homotopy invariance,
(2) closed excision,
(3) vanishing on flasques,
(4) u-continuous.
Moreover, the cone sequence (4.3) induces a fibre sequence of functors

Cone

E—->EO®—->EO® —> XE. (4.5)

This proposition follows from the results stated in [5, Sec. 9] (which are
stated there in the non-equivariant case, but the same proof applies here). In
particular, the list of properties of the functors is given by [5, Lem. 9.6] and
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the cone sequence follows from [5, (9.1)]. Note that we consider E in (4.5) as a
functor on GUBC by using the first forgetful functor in (4.1).
Let Y be in GBC and E : GBC — M be some functor.

Definition 4.7 ([10, (10.17)]). We define the twist Ey of E by Y as the functor
Ey: GBC—>M, Ey(X):=EXQ®Y).
The following has been shown in [10, Lem. 4.17 & 11.25]:

Lemma 4.8. If E is a coarse homology theory, then so is its twist Ey. If E is strong,
then so is Ey.

We apply this construction to the equivariant coarse homology theory KCX°
from Definition 3.4. The group G gives rise to the G-bornological coarse spaces
Geanmin [10, EX. 2.4] and also G4, mqy- Here min and max refer to the minimal
(finite subsets) and maximal (all subsets) bornologies, and the canonical coarse
structure can is the minimal G-coarse structure such that G.,,, is a connected
G-coarse space. It is generated by the entourages {(g, h)} for all (g, h) in G X G.
Later we will in particular consider the coarse homology theories K CDCg

and KCX gm . obtained from KCXY by twisting with G4 max and Gegp mins

respectively.
Let C be in Fun(BG, C*Cat™") be effectively additive.
Definition 4.9. We define the equivariant local K-homology functor
GX .
Ko™ 1 GUBC — Sp
as the composition

) KCxS

Gean,max
K&" 1 GUBC — GBC ———= Sp.
The following proposition lists the properties of the functor K(G:x Itisa
consequence of Theorem 3.5 and Proposition 4.6.

Proposition 4.10. If C is effectively additive and admits all countable AV-sums,
then the functor Kg X has the following properties:

(1) closed excision,

(2) homotopy invariant,

(3) u-continuous,

(4) vanishing on flasques.

Note that the functor Kg A depends functorially on coefficient category C in

nu
Fun(BG’ c* Catndeg,eadd,wadd)'

5. Locality and pseudolocality

For a set X, we let £*°(X) denote the C*-algebra of all bounded functions
X — C with the supremum norm || f| :=sup, .y |f(x)].
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For an entourage U on X and a subset W, we define the U-variation on W of
a function f : X —» Cby

Vary(f,W) := sup lf(x) = fI -

(x,Y)EUN(WXW)

Let Y be a filtered family of subsets in X, ordered by inclusion.

Definition 5.1.
(1) The C*-algebra ¢*°(Y) of functions vanishing away from Y is defined as
the sub-C*-algebra of €¢*°(X) of functions f satisfying
li =0.
s Ifx\vll =0

(2) For a coarse space X with coarse structure C, we define the algebra of
bounded functions with vanishing variation away from Y as

£500) 1= {f € ()| YU € € : IimVary(f.X \Y) = 0}.

If X is a coarse space, then Y is a big family if for every Y in Y and coarse
entourage U of X the thickening U[Y] is again contained in a member of ¥ [6,
Def. 3.2]. If Y is a big family, then we have £*°(Y) C f‘;(X).

For C in Fun(BG, C*Cat™) and X in GBorn, we consider the G-C*-category
C&G )(X ) introduced in Definition 2.14. Let (C, p, u) be an object in C&G)(X ). We
then extend the projection-valued measure ¢ to a homomorphism of C*-algebras

Ui €°(X) = Endpe(C)
which sends f in £*°(X) to

u(f) = f fdg. (5.1)
X

Remark 5.2. This integral can be interpreted as follows. For every x in X, we
can choose a representative u, : C, — C of the image in MC of the projection
u({x}) on C. By Definition 2.12.2¢

(C, (uy)xex) (5.2)

represents the AV-sum of the family (C,),ex. Using that f is bounded and that
the family (u,),ex is mutually orthogonal we conclude using [9, Lem. 7.8] that
the sum
() = Y wfOou;
xeX
strictly converges in MC. O

One checks that u is a homomorphism of C*-algebras and that u(yy) = u(Y)
for the characteristic function yy of a subset Y of X. Furthermore, using the
equivariance (2.3) of u, one checks that ¢ is equivariant in the sense that

g™t u(f) = pu@E*f) (5.3)

for all g in G, see (2.2) for notation.
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Let X be in GBC and Y be a big family on X. Let (C, p, u), (C’, o', ") be objects
of CffG)(X) and A : (C,p,u) — (C', ', ') be a morphism in this C*-category.
The argument for the following commutator estimate is taken from [33], see
also [13, Lemma 3.9].

Lemmas5.3. If fisin€ ‘;’(X ) and A is U-controlled for some coarse entourage U,

then
;lgly I X\Y) (W (A= Au(f) X \Y)||=0.

Proof. Let € in (0, o) be given and set 7 := €/4||A||. We then choose Y in Y
such that Vary(f,X \ Y’) < nforeach Y’ in Y with Y C Y’. We define the
partition (Sy)xez of X \ Y by

S i={x€eX\Y | (k-1 < f(x) <kn}.

Since f is bounded, only finitely many of these sets are non-empty. If k, [ are
in Z, then x € S; and y € S, implies |f(x) — f(y)| > (lk — I| — 1)n. Since the
U-variation of f on X\Y = rez Sk is bounded by 7, the condition |k — | > 2
implies that S, N U[S;] = U[Sk] N S; = @. Since A is U-controlled we can
conclude that u’(Sy)Au(S;) = 0.

We set

f3=XY'f+UZk'Xsk-

kez

Then by construction ||f — f || < 7 and hence

I (HA = Ap(f) — W (HA = Au(P)I < 29]1A|| = % : (5.4)
Since A is U-controlled, we have
WX\ UIYDW (HA = Au(f)HuX \ UIY])
=7 kZZ k- W X\ UIYDW (SOA = ApSOX \ U[Y]) .
(5.5)

Inserting the identities u(X \ Y) = 3}, _, u(Sx) and W' (X \ Y) = 3, _, &' (Sx)
and using that ¢/ (S )Au(S;) = 0 whenever |k — | > 2, we get

D k(' (S)A — Ap(Sy))
kez

=W X\Y) D (W (SAUSK-1) — 1 (SAU(SK )X\ Y) .
kezZ

The right-hand side is an operator with norm bounded by 2||A||. Using
pX\UIY]) = puX\ U[YDuX \ Y)
and plugging the above equality into (5.5), we get

I/ X\ UTY D& (A = AP\ UIY D] < 29)lA]| = 5.



518 ULRICH BUNKE, ALEXANDER ENGEL AND MARKUS LAND

Combining this with (5.4), we see that

WX\ Y)W (A = Au(f DX\ Y| <€
forall Y/ in Y with U[Y] C Y. O

Recall Definition 3.2 of the C*-category CG T(X).

Corollary 5.4. For a morphism A : (C,p, ) = (C',0', 1) in CG U(X)and f in
4 c;’(X ), we have

Hm, I/ XN\ Y)W (A = Ap(HuX\ V)| =0.

Proof. We use that A can be approximated in norm by U-controlled equivariant
morphisms A’ and apply Lemma 5.3 to the approximants A’. (|

IfY isan invariant subset of X, then we define the wide subcategory CG Ty C

X) of CG "(X) (see [7, Def. 5.5]) such that for objects (C, p, u) and (C’, o', 1) in
G Ctl‘(Y C X)
Homclf;,Ctr(YgX)((C, P lu)a (C/9 Io” /",))
1= W (Y)Homgoa ) ((C, o, i)(C", o, WY -

Similarly, for an invariant big family ¥ = (Y;);e; on X (see [10, Def. 3.5]) we
have the wide subcategory

Gctr(y CX) - U CG ctr X) (5.6)
iel

of C& Ctr(X ) (the union and closure are both taken on the level of morphisms).

By [7 Lem. 5.9] we know that CG ‘(Y C X)is an ideal in CG Tx).

Corollary 5.5. For a morphism A : (C,p,u) = (C',p', 1) in CG U(X)and f in

€°°(X)for an invariant big family Y on X, we have u'(f)A — A,u(f) S CG Ty c
X )

Let X be in GUBC and 3B denote the bornology of X.

Definition 5.6.

(1) We let C,(X) C €*°(X) be the sub-algebra of uniformly continuous func-
tionson X.
(2) Weset Cyp(X) := C,(X)NEX(B).

Note the discussion [13, 3.13] about the difference of Cy(X) and the possi-
bly smaller C*-algebra C,(3B) generated by uniformly continuous functions
supported on bounded subsets.

Recall the cone construction © : GUBC — GBC introduced in Definition 4.5.
For X in GUBC, we consider O(X) ® G, 4.max in GBC. The underlying G-set of
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this G-bornological coarse space is [0, 00) XX XG. Welet 7 : [0, 00) XX XG — X
be the projection. It induces a homomorphism
T LX) = °(0X) Q@ Gcan,max)-
In the following, B denotes the bornology of O(X) ® G.qy.max-

Lemma 5.7. The homomorphism 7* restricts to a homomorphism
T CO(X) - f;(O(X) ® Gcan,max) .

Proof. Let f be in Cy(X) and V be a coarse entourage of O(X) ® G.qp max- For
every ¢ in (0, o), we must find a bounded subset A of O(X) ® G.4 max Such
that Vary(7* f,X \ A) <e.

We can find a bounded subset B of X such that || yx\gf]| < g By uniform con-

tinuity we can further find a uniform entourage U of X such that Vary(f,X) <e.

There exists t in (0, co) such that ((s, x, g),(s’, x’,g’)) € Vands > tors’ > t im-

plies (x, x") € U. It follows that Vary (7*f,Y,;) < ¢, where Y, :=[t,00) XX XG.
We also have ||y 1x\p)7" || < % so that actually

Vary(z*f, Y, unr~}(X \ B)|| < e.
Finally note that A := (O(X) ® Geanmax) \ (Y; U7~(X \ B)) is a bounded
subset of O(X) @ G qn.max- O

Let (C, p, u) be an object of Clcf;’Ctr(O(X ) ® Geanmax)- Using (5.1) we define
the homomorphism
¢: 0°(X) = Endmc(C), [ ¢(f) :=pu@*f). (5.7)

Let A: (C,p,u) = (C',0', 1) be a morphism in Cg’Ctr(O(X) ® Geanmax)-
Recall that A is in particular a multiplier morphism from C to C’. Our next
result states that A is pseudolocal (in the sense of [23, Def. 12.3.1] if one replaces
the ideal of compact operators in all bounded operators by the ideal C in the
multiplier category MC and we consider the objects of Clcf;’Ctr(O(X )G an.max) as
X-controlled via (5.7)). Let ¢’ be defined as in (5.7), but for the object (C’, p’, u’).

Lemma 5.8. For f in Cy(X), the difference Ap(f) — ¢'(f)A belongs to C.

Proof. Recall that B denotes the bornology of O(X) ® G.uy max- By Lemma 5.7
we have

7 f € € 5(0(X) ® Geanmax) -
By Corollary 5.5 we have

AP(f) = ¢'(NA € C(B € OX) ® Ceanmar) -
By local finiteness of the objects of Cle’Ctr(O(X ) ® Geanmax) We conclude that
AP(f)—¢'(HA: C >

is a morphism in C. O
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We consider the big family
Z:=Zen, Zn :=[0,n]XXXG. (5.8)

on O(X) ® Gcan,max'

LetA: (C,p,u) — (C', o', ') be amorphismin Cle’Ctr(Z C O0:(X)®Gcanmax)s
see (5.6). Our next result shows that it locally belongs to C. Let By denote the
bornology of X.

Lemma 5.9. For f in €¢*°(By), we have ¢'(f)A € C and A¢(f) € C.

Proof. It suffices to show that ¢’(f)A € C. In order to deduce A¢(f) € C, we
then use the involution.
We fix ¢ in (0, o). Then we can find A’ in Cﬁm(z C OX) ® Geanmax) and

nin N such that ||A — A’|| < — and u(Z,)A’u(Z,) = A’. We can furthermore

2|11l

find a bounded subset B of X such that |[xx\gf|| < ﬁ. We set f/ := xgf.

Then ||¢'(f)A — ¢'(f")A’|| < €. Since € can be taken arbitrary small and C is
closed in MC it suffices to show that ¢'(f")A’ € C. But ¢'(f")A’ is supported
on the bounded set [0, n] X B X G of O(X) ® Gean max- Hence, ¢’'(f)A’ € C by
local finiteness of (C’, o', u'). O

6. Construction of the Paschke morphism

To X in GUBC we can associate the commutative G-C*-algebra C,(X) intro-
duced in Definition 5.6. Since a morphism f : X — X’ in GUBC is uniform
and proper it induces a homomorphism f* : Cy(X’) — Cy(X) given by pre-
composition. We therefore get a functor

Co : GUBC — (GC*Alg, P, X Co(X).
Using Gelfand duality (GC*Alg,, )°P ~ GLCHY ** we thus get a functor
(P : GUBC - GLCH,' ™ (6.1)

uniquely characterized by the equality (1.10).

The main result of the present section is the description of the Paschke mor-
phism for a given space X in GUBC. The general idea for its construction via
a multiplication map like uy as below, but with completely different technical
details otherwise, has been used at various places, see e.g. [37, Sec. 6.5] or [38,
Sec. 6.4]. In the Section 7, we will provide a refinement of this construction to a
natural transformation of functors defined on GUBC”™P.

We start with a description of the following intermediate constructions which
go into the construction of the Paschke morphism:

(1) The functor X — Q(X) from GUBC to C*Cat™,

(2) the tensor product Cy(X) ® Q(X),

(3) the multiplication morphism uy : Co(X) ® Q(X) — Qthd),
(4) thediagonal morphism 8y : KK(C, Q(X)) — KKG(CO(X ), Co(X)®Q(X)).
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Using the cone functor @ introduced in Definition 4.5 we define the functor
GUBC - GBC, X O0X)® Geanmax - (6.2)

For an effectively additive C in Fun(BG, C*Cat™"), composing (6.2) with Cg’m
from Definition 3.3 we get a functor

GUBC — C*Cat, X+ D(X) := C7"(0X) ® Geanmar)-  (6.3)
We furthermore have the subfunctor
GUBC — C*Cat™, X C(X) := Clcf;’Ctr(Z C OX)®Geanmax) (6.4)

(see (5.6) and (5.8) for notation) such that C(X) is a closed ideal in D(X). Note
that C(X) is our replacement for Cg’m(X ® Geanmax) Which can be considered

as a subcategory of CE’CH(O(X ) ® Gegn.max) of objects which are supported on
{0} X X X G, but which is not an ideal (these two C*-categories actually have the
same K-theory as will be used and also explained further below in Diagram (6.8)).
Our choice of notation C(X) and D(X) should indicate that these C*-categories
are our versions of the Roe algebra and the algebra of pseudolocal operators. We
refer to Section 10 for more details. By forming quotients of C*-categories we
finally define the functor
(41U ._ DX)
GUBC — C*Cat™, X r Q(X) := TR (6.5)

The functors C, D and Q depend functorially on the G-C*-category C in
Fun(BG, C*Catyge, cadd wada) SINCE Cg’m has this property.

Recall the functor Kg X from Definition 4.9, and the K-theory functor KC Cat
for C*-categories from (3.3).

We assume that C in Fun(BG, C*Cat™) is effectively additive and admits
countable AV-sums.

Lemma 6.1. We have a canonical equivalence of functors
K¢t ~ K€ CtoQ: GUBC — Sp. (6.6)

Proof. We have a natural (naturality here and below refers to X in GUBC)
commutative diagram of C*-categories

CIC;’CH.(X ® Gcan,max) I CE,CH(O(X) ® Gcan,max)

l |

0 C(X) D(X) QX) 0
(6.7)
where the top horizontal and left vertical morphisms are induced from canonical
inclusions of bornological coarse spaces. We apply K¢ € to Diagram (6.7).
Since K€ €2t sends exact sequences in C*Cat™ to fibre sequences in Sp ([12,
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Thm. 1.32.5] or [9, Prop. 14.7]) we get a natural morphism of fibre sequences

K CHEF(X @ Goanmax)) — K HEF M (OX) @ Gaanmar)) —MI 6.8)
KE'Cat(e(x) KE'C(D(X)) ————— K C4(Q(X)

in Sp, where P is defined as the cofibre of the left upper horizontal morphism.
In order to see that the left vertical morphism is an equivalence, we argue as in
the proof of [7, Thm. 7.2]. For every n in N, the inclusion X ® G g max = Zn
(see (5.8)) is a coarse equivalence and hence induces an equivalence

KC*Cat(CG (X @ Gan, max)) chG(X ® Geanmax) = chG(Z,,)
The inclusion
G ctr G ctr
“Z,) - (Z,CcO0X)® Gean, max)

isaunitary equivalence by [7, Lem. 6.10(2)] and therefore induces an equivalence

KCxo(z,) “ KC*CM(CG “(Zy) = KECHCT(Z, € OX) ® Gegnymax)) -

We therefore get an equivalence
K TN (X @ Gean max)) = colimenK U (Z, € OX)@GCeanmax)) -

Finally using (5.6), (6.4) and the fact that K¢ €2t preserves filtered colimits (see
[9, Thm. 14.4]) we get the equivalence

KEC(CEN (X @ Gognmax)) — K H(O(X))

appearing as the left vertical arrow in (6.6).

It follows that the right vertical morphism is an equivalence, too.

Using the Definition 3.4 of KCX'C we get a natural morphism of fibre se-
quences

KC"‘Cat(cl(z»th(X ® Gcan,max)) — KC*Cat(Cl(;,CtY(O(X) ® Gcan,max)) — P (69)

| | i

KCcxS ' (X) —————KCxg , (O(X))—>chc R Ca9)

where, by inserting definitions, we have rewritten the lower sequence as an
instance of the cone sequence (4.5) applied to E := KCXY

Gcan,max

Composing the inverse of the right vertical equivalence in (6.9) with the
right vertical equivalence in (6.8) and invoking Definition 4.9 yields the natural
equivalence

K3 (X) = K CY(QX)). (6.10)

as desired. O
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In the present paper, ® denotes the maximal tensor product of C*-categories
[12, Def. 7.2]. By [12, Prop. 1.21] the stable co-category category KK has a
presentably symmetric monoidal structure induced by the maximal tensor prod-
uct of C*-algebras, and by [12, Thm. 1.35] the functor kkg*cat has a symmetric
monoidal refinement. We define the functor

kkaResg}

N ®
—® —: Fun(BG, C*Alg"™) x KK —— KK x KK — KK%, (6.11)

where @ is structure map of the symmetric monoidal structure of KK and

es{é} is the restriction induced by the projection G — {1} from [12, Thm. 1.22]
W i given by equipping a C*-algebra with the trivial G-

G
action). Using that KKC is presentably symmetric monoidal category and Res{é}

preserves small colimits we see that ® preserves small colimits in its second
variable.
Let A be in Fun(BG, C*Alg) and Q be in C*Cat™.

(on C*-algebras Res

Lemma 6.2. We have an equivalence
A®kkccat(Q) = kke.car(4 ® Resg'(Q)
which is natural in A and Q.

Proof. The chain of natural equivalences
def
= kk(A) ® Resp (K car(Q)

KkC-cae(4) ® KkC.cae(Res; (Q))
2

~  Kkk.car(A ® Rest(Q))

(see [12, Thm. 1.22] for (1) and [12, Thm. 1.35] for (2)) gives the desired equiva-
lence, where in the last two lines we implicitly consider A as a G-C*-category
with a single object. O

A®Kke-cat(Q)
1)

From now on, in order to simplify the notation, we will write Q instead of

Resg}(Q).

For X in GUBC, we have the objects C;(X) in Fun(BG, C*Alg™) and Q(X)
in C*Cat™ and can thus define Cy(X) ® Q(X) in Fun(BG, C*Cat™), where
consider the left tensor factor as a C*-category. The objects of this category
are the objects of Q(X), and the morphism spaces are certain completions of
the algebraic tensor products of the morphism spaces of Q(X) with Cy(X). For
concreteness, we will work with the maximal tensor product [12, Def. 7.2].

Recall the Definition 2.15.3 of Qggi) in Fun(BG, C*Cat™). We define the
multiplication morphism

iyt CoX) ® QX) —» Q) (6.12)
in Fun(BG, C*Cat™) as follows.
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(1) objects: The morphism uy sends the object (C, p, 1) to the object (C, p)
of Qg?. Note that (C, p) belongs to Qgii) since the underlying G-set of
OX) ® Gegnmayx is a free G-set (see (6.3), (6.4) and (6.5)).

(2) morphisms: The morphism y is defined on morphisms uniquely by the
universal property of the maximal tensor product of C*-categories such
that it sends the morphism f®[A]in Co(X)®QX)with A : (C,p', 1) -
(C, p, 1) to the morphism [¢p(f)A]in Qgii). Here the brackets [—] indicate
classes in the respective quotients (6.5) and (2.5), and ¢(f) is defined in
(5.7).

To see that this map is well-defined note that if A is in C(X), then
P(HA e Cigl) by Lemma 5.9. Further, by Lemma 5.8 we have [¢(f)A] =
[A¢'(f)] which implies that this prescription is compatible with the
composition and the involution.

Finally, we define the diagonal morphism Jx as the composition
8x : KK(C, QX))
KK(Kkccat(C), kKkexcat (Q(X))
CoX)® -

= KK%(Co(X) ® Kkegar (C), Co(X) @ kkpecar (Q(X)))

KK (Kk- cae (Co(X) ® €), kkcae (Co(X) ® QX)) (6.13)
KK®(Co(X), Co(X) ® Q(X)).

The last equivalence is given by the identification Cy(X) ® C = Cy(X), and the
equivalence marked by ! uses Lemma 6.2

We now define the Paschke morphism whose existence was claimed in The-
orem 1.5.1. We assume that C in Fun(BG, C*Cat™) is effectively additive and
admits countable AV-sums.

1R

1R

Definition 6.3. The Paschke morphism for X in GUBC is defined as the compo-
sition

px: KST00 7 kK€, Q)
% KKO(Cy(X), Co(X) ® QX))
B KRKO(C(x),Q9) (6.14)
(1.3)

2 KIMP(X)).

Note that from this definition is not clear that the Paschke morphism is natural
in X. The naturality will be discussed in the next Section 7.

7. Naturality of the Paschke morphism

In this subsection, we discuss the naturality of the Paschke morphism from
Definition 6.3. More precisely, we will construct a natural transformation whose
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component on X in GUBC is the Paschke morphism of Definition 6.3. Note that
naturality in the co-categorical sense is more than the existence of a filler for
the square

K (X) S K3 (x) (7.1

| |

KA 0) —L KEA ()

for all morphisms f: X — X', in GUBC. The existence of such a filler can
indeed be easily seen by considering the big diagram (7.2) below. In order to
produce the data of a natural transformation, we must reformulate the con-
struction of the Paschke morphisms appropriately. The main problem is that
KKG(CO(X ), Co(X) ® Q(X)) is not a functor on X so that §x and uy can not be
interpreted as natural transformations separately.

We assume that C in Fun(BG, C*Cat™) is effectively additive and admits
countable AV-sums. In order to get an idea what we have to do to get the
existence of a filler of (7.1), we first consider the diagram

KK(C, QX)) —— KKY(Co(X), Co(X) ® QX)) —2— KKO(Co(x), Q) (7:2)
5y KKO(f*.-)

KK(Co(X"), Co(X) ® QX))
KK (—,Q(f)) KKO(=,f*) KKO(f*,-)
KK®(Cy(X"), Co(X") ® QX)) x

KK°(-,Q(f)

KK(C, Q(X")) — KKO(Co(X"), Co(X") ® QX)) —2 KKE(Cy(X7), Q%)

all of whose cells have essentially obvious fillers. This already implies that the
Paschke morphism is natural on the level of homotopy categories.

Remark 7.1. Our idea for showing that the Paschke morphism is an equivalence
is to reduce this by homotopy invariance to G-simplicial complexes, and then
by excision to G-orbits where it can be verified by an explicit calculation. The
excision step requires a natural transformation on the spectrum level. If one
is only interested in homotopy groups, then it would be sufficient to know
the compatibility of the Paschke map with the Mayer—Vietoris boundary maps
which is an immediate consequence of the spectrum-valued naturality. So even
if we were finally only interested in the Paschke isomorphism on the level of
homotopy groups we would still need the spectrum level natural transformation
for the proof that it is an isomorphism.

For similar reasons, the spectrum-valued version is also crucial in the proof
of our second Theorem 1.9 comparing the two assembly maps, though the latter
is indeed a statement on the level of homotopy groups. O
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In the following remarks about general co-categorical constructions, we pre-
pare the actual construction of the natural Paschke transformation.

Remark 7.2. For a category C let Tw(C), denote the twisted arrow category.
Objects are morphisms C — C’ in €, and morphisms (Cy, — C;) = (C; — C})
are commutative diagrams

Co —C, (7.3)

||

C, —C;
‘We have a canonical functor
(ev,ev): Tw(C) - C®?x C, (C-C"Hw (C,C).

IfF,G: € — D are two functors to a stable co-category, then we can express
the spectrum of natural transformations between F and G as

nat(F,G) ~ Tlvivr(%) map.,(Foev, Goev'). (7.4)

We refer to [17, 18] where this is discussed even in the more general case of C
being an co-category. O

Remark 7.3. Recall that our universe in which we do homotopy theory is the
one of small sets. The corresponding categories then belong to the large universe.
A locally small, large presentable stable co-category C is enriched and tensored
over Sp. We thus a functor

CxSp—-C, (C,E)m» CAE (7.5)
preserving small colimits in both variables and such that

—AS~ide. (7.6)

Furthermore, for every object Cy in € we have an adjunction
CoA—:Sp S C: mapy(Co,—). (7.7)

The counit of the adjunction in (7.7) is a natural transformation

Co A mapy(Co, =) — ide(-) (7.8)
of endofunctors of €. O

Remark 7.4. Let C, D, £ be co-categories and — ®—: CxXD — &be a func-
tor. We consider co-categories J, J and natural transformations of functors

(F ey ): J - Cand (G ﬁ G'): J —» D. Then we get a natural transforma-
tion of functors

axf
(FXG - F'xG):9Ixd—>CxD,
and by composition with — ® — a natural transformation

Foc S &) 1xg— ¢, (7.9)
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where we write F ® G for (— ® —)o(F X G). O

Applying (7.5) to € = KK we get a functor
(B,E)» BAE: KKxSp — KK.
In the following, we specialize B to kk(C). We then have a functor (A, E) — AAE
given as the composition

idx(kk(C)A-)
—_—

—®-
Fun(BG, C*Alg™) x Sp Fun(BG, C*Alg™) x KK —— KK,

(7.10)
where ® is as in (6.11). Note that
(7.10)  » (76) 4
AAS 2 AQ KK A S) " A @ Kkpocqe(C)
Lem.6.2

=" Kk9(A ® Res[},(C)) ~ kk°(A).

Since the functor —®— in (6.11) preserves small colimits in its second variable,
the functor in (7.10) is essentially uniquely determined by the equivalence
AANS ~ kkG(A) and the fact that it preserves small colimits in the second
variable. Furthermore, by the adjunction (7.7) we have a natural equivalence

mapg, (E, KK%(A,B)) ~ KK°(A AE, B) (7.11)

for E in Sp, A in Fun(BG, C*Algnu), and B in KK°.
‘We consider the functor

Co(—=)XKK(C,-) —A—,(7.10)
_—

Fun(BG, C*Alg™) x Sp ———— KK°
(7.12)

F: GUBC® x KK

written as
(X,B) — Cy(X) AKK(C,B).
We further consider the functor

Co(=)xid(-)

—®—
H: GUBC® x KK Fun(BG, C*Alg™) x KK —— KK°

written as
(X,B)~» Co(X)®B.
We now construct the diagonal transformation

5 op G
(F - H): GUBC™" xKK — KK". (7.13)
Its specialization at X in GUBC and B in KK is a morphism
Sx5: Co(X) AKK(C,B) » Cy(X)® B (7.14)

in KKC. Inserting (7.10) into the definition (7.12) of F, we get
F = (— ® —)o(Cy(—) X kk(C) AKK(C,-)).

We now obtain & in (7.13) by specializing (7.9) to the transformations

id
(Co(=) = Co(=)) : GUBC® — Fun(BG, C*Alg™)
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and
(kk(C) AKK(C,—) — id(-)) : KK —» KK
given by (7.8).
We define the functor
Q: GUBC - KK, X Q(X) := kkeecat(QX)), (7.15)
see (6.5) for Q(X). Then we consider the functor
Tw(GUBC)® - GUBC®? xKK, (X = X')m (X',Q(X)). (7.16)

The pull-back of § in (7.13) along (7.16) yields a natural transformation
(81 Co(—") AKK(C, Q(-)) = Co(—") ® Q(-)) : TW(GUBC)® — KK’ (7.17)
whose evaluation at an object f : X — X’ in Tw(GUBC)? is a morphism
8r 1 Co(X") AKK(C, QX)) = Co(X") & Q(X) (7.18)

in KKC. This is our version of the diagonal (6.13) as a natural transformation.
In fact, under the canonical equivalence

KKG(CO(X) A KK(C, Q(X)), Co(X) ® Q(X)) (7.19)

Y map(KK(C, X)), KKE(Co(X), Co(X) ® QX))

the map &y, in (7.18) corresponds to §x from (6.13).
We now construct the refinement (7.24) of the family of multiplication maps
ux from (6.12) for all X in GUBC. We start with the functor

Co(=")®Q(=
Tw(GUBC)® Y2 pun(Ba, c*cat™)

X > X') ———— C(X)®QX).

We also consider Qthd) as a constant functor from Tw(GUBCP™P)P to
Fun(BG, C*Cat™). We first construct a natural transformation

(7: Co(-) ®Q(-) —» Q) : TW(GUBC)® — Fun(BG, C*Cat™). (7.20)

For every object f : X — X’ in Tw(GUBC)°P, we must define a functor

it Cox)® Q) - Q9. (7.21)

This construction extends the construction of wy in (6.12) which will be recov-
ered as ux = fliq, -

(1) objects: The functor fi; sends the object (C, p, u) in Cy(X " ® QX)

(hence an object of Q(X)) to the object (C, p) in Qthd).
(2) morphisms: If [A] : (C', 0, ") — (C, p, u) is a morphism in Q(X) and h
isin Cy(X"), then fir(h ® [A]) := [¢(f*h)A], see (5.7) for the definition

of ¢.
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The argument that the functor i is well-defined is the same as for uy. We now
check that &t := (fi7) reTw(cuBcy» i @ natural transformation. We consider a
morphism f — g in Tw(GUBC)P, see (7.3). Since we work with the opposite
of the twisted arrow category, it is given by a commutative diagram

f

X=X (7.22)
[, ¢l
8 ’
Y—Y
We must show that
B*®Q(a)
CoX") ® QX) Co(Y) ® Q(Y)
By fg
(©)
Qstd
commutes.
(1) objects: Let (C, p, ) be an object in Cy(X’) ® Q(X). Then we have the
equality

fg((B* @ Q(e))(C, p, ) = fig(C, p, o) = (C, p) = s (C, p, ).

(2) morphisms: Let [A]: (C',p’,u') = (C, p, u) be a morphism in Q(X)
and h be in Cy(X’). Then we have the equality

fig((B* ® Qa))(h ® [A]) = g(B*h @ [a. A]) =[¢(g"(B*(M))at.Al

= [(a.$)(g" B WA].
On the other hand,
pr(h @ [A]) = [¢(f*M)A].
The desired equality

[¢(f*WA] = [(a.$)(g"B*h)A]
now follows from the identity
(a.p)(g"Bh) = p(a*g"f*h) = ¢(f*h)
since a*g*f*h = f*h by the commutativity of (7.22).

We post-compose the transformation in (7.20) with the functor kkg*cat and
get a natural transformation

(KKE (1) : KkG-cae(Co(—") ® Q(=)) » QD) : TW(GUBC)® — KK, (7.23)

std
where we use the abbreviation
G) . G G
Qgtd) = kkc*Cat(Qgtd)) :
Composing the transformation (7.23) with the equivalence

Co(—") ® Q(=) = Kk cae (Co(—") ® Q(-))
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given by Lemma 6.2 (see (7.15) for the notation Q(—)) we get a natural transfor-
mation
(1 Co(-")® Q=) - 0'9): TW(GUBC)® — KKC. (7.24)
The composition of (7.17) and (7.24) then gives a natural transformation

(108 : Co(=") AKK(C,Q(-)) = Co(-") ® Q(=) = Q) : Tw(GUBC)® — KK®

whose value at the object f : X — X’ is the morphism

7087 1 CoX') ARK(C, QX)) — Co(X") ® QX) ~ Q).

Equivalently, by (7.4) and since the target functor is constant we can interpret
this as a map of spectra

S — KK (colimpyguncyrCo(—") AKK(C,Q(-)), Q). (7.29)

Note that Tw(GUBC)? is small and the presentable category KK admits all
small colimits. We now use the chain of canonical equivalences

KKG(COHI’I’ITW(GUB(:)OP CO(—I) A KK(C, Q(_))a Qiii))
~  lim  KK%(Co(-") ARK(C,Q(-)), QD)

Tw(GUBC) std
"2 lim  map(KK(C, Q(=), KK (Co(—"), Q)

Tw(GUBC) ’ ’ > ostd
(7.4)

i

= nat(KK(C,Q(-), KK (Co(-), Q5.
where nat denotes the spectrum of natural transformations between functors
from GUBC to Sp. Therefore, (7.25) provides a map

S - nat(KK(C, Q(—)), KK°(Co(-), D).

This is the desired natural transformation

p: KK(C,Q(-)) — KK%(Co(-), Q) (7.26)

of functors from GUBC to Sp. It follows from the identifications of &;4, with 5x
by (7.19) and of &y, with uy stated after (7.21) that the evaluation of p at X in
GUBC is equivalent to the morphism py from (6.14).

Recall that we use the notation

KK(C, QX)) ~ KK(C, QX)) ~ K¢ (X),

and

KK (Co(X), QL)) = KKU(Co(x), Q%) = KIA (1 (X)) .

Therefore, (7.26) is the desired Paschke transformation
p: Kg,x - Kg’AnoLwP.

By construction, we see that the Paschke transformation is natural in the co-
nu

efficient category C in Fun(BG, C*Cat e, caqd wada)- This finishes the proof of
Theorem 1.5.1.
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8. Reduction to G-orbits

In this section, we reduce the verification of the Assertions 1.5.2 and 1.5.3 to
the case of G-orbits. A discrete G-uniform bornological coarse space is a G-set
with the minimal coarse and bornological structures and the discrete uniform
structure. An object Y of GSet can canonically be considered as a discrete object
in GUBC which we will also denote by Y. Alternatively we may use the more
informative, but lengthier notation Y i, i disc» Where the first min indicates
the minimal coarse structure, the second min the minimal bornology, and finally
disc the discrete uniform structure. Note that the construction Y = Y i, min disc
is functorial only for maps between G-sets with finite fibres.

Let F denote a family of subgroups of G. We will be mainly interested in the
family Fin of finite subgroups, but the following proposition is valid for any
family . We let G#Set be the category of very small G-sets with stabilizers in
F.

Let X be in GUBC. We assume that C in Fun(BG, C*Cat™) is effectively
additive and admits countable AV-sums and recall the Definition 6.3 of the
Paschke morphism.

Proposition 8.1. Assume:

(1) The Paschke morphism for S is an equivalence for every S in G4Orb.
(2) X is homotopy equivalent to a G-finite G-simplicial complexwith stabilizers
in F and with structures induced by its spherical path metrics.

Then the Paschke morphism for X is an equivalence.

Proof. We argue by induction on the dimension n of the G-simplicial complex
in Assumption 8.1.2. In order to simplify the notation, we drop the functor (*°P
from the notation if we apply Kg AR t0 an object of GUBC.

Assume that n = 0 and that K is in GUBC such that K is a 0-dimensional
G-finite G-simplicial complex with stabilizers in F. For every orbit S in G\K,
we consider the closed invariant partition (S, K \ S) of K. Applying excision for

the functors Kg  and Kg AN (e get the respective projections qg : Kg’x(K ) —

KZ*(S) and gA™ 1 KgAM(OP(K)) — KA (1°P(S)) for all S in G\K. We have a
commutative square

Dsqy
K™ (K) = Dsco K¢ )
J{PK :J(QBSPS
G,An; to Eng?n G,An/ to
Ko (PK) ——— Dsepx Ko™ (PS)

Since we assume that G\K is finite the horizontal morphisms are equivalences
by excision. Furthermore, the right vertical morphism is an equivalence by
Assumption 8.1.1. Consequently, the left vertical morphism is an equivalence.

Let n be in N and assume that we have shown that pg is an equivalence
provided K is G-finite G-simplicial complex of dimension n with stabilizers in
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F and with structures induced by its spherical path metrics. Let then X be
in GUBC and assume that there exists a homotopy equivalence X — K. By
the naturality of the Paschke transformation we can consider the commutative
square

K& (X)) ——— KSM(K)

| i

KM (WoP0) —— K" (1P(K))
Since the functors and Kg AN and Kg * are homotopy invariant by [12, Thm. 1.15]
and Proposition 4.10, respectively, the horizontal morphisms are equivalences.
By assumption the right vertical morphism in an equivalence, too. Consequently,
the left vertical morphism is also an equivalence.

We now show the induction step. Assume that K in GUBCissuch thatK isa G-
finite G-simplicial complex of dimension zn with stabilizers in & with structures
induced by its spherical path metrics. Let Y be the closed 1/2-neighbourhood of
the (n — 1)-skeleton K,,_; of K and set Z := K \ int(Y). Then (Y, Z) is a closed
decomposition of K.

We can consider Y, Z and Y N Z as objects in GUBC with the induced struc-
tures. We then have the following commutative diagram

KSM(Y n2) kS - 81

Pynz Pz

~ ~

KSAM(WOP(Y 1 Z)) — KGN (1P (2))

l l

KM (WoP(Y) ——— K" (1P(K))

G,X G, X
K (Y) K™ (K)

R

Since Y, Z and Y N Z are homotopy equivalent in GUBC to G-finite G-simplicial
complexes of dimension < n with stabilizers in F their Paschke morphisms
are equivalences by the induction hypothesis. Since the functors Kg’Anott"P

and Kg X are excisive for this closed decomposition (for Kg’An we use [12, Prop.
5.1.2]) the inner and the outer square are push-out squares. Alltogether we can

then conclude that the Paschke morphism py is an equivalence, too. O

In order to prepare the proof of Theorem 1.5.3, we replace the Paschke mor-
phism p in Proposition 8.1 by the locally finite version p'f with target Kg’An’lf.
In Assumption 8.1.1, we further replace G#Orb by G+Set. Note that thisis a
stronger assumption. Let X be in GUBC. The argument for Proposition 8.1 then
also shows the following statement.
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Proposition 8.2. Assume:

(1) The Paschke morphism pg : Kg’x(S) - K(G:’An’lf(t“’p(S)) is an equiva-
lence for every countable S in G#Set.

(2) X is homotopy equivalent to a countable, finite-dimensional G-simplicial
complex with stabilizers in F and with structures induced by its spherical
path metrics.

Then the Paschke morphism pg : Kg’x(X ) — Kg’An’lf(LtOP(X )) is an equivalence.

Proof. Using the stronger Assumption 8.2.1 instead of Assumption 8.1.1 one can
redo the proof of Proposition 8.1 for p!f avoiding the step where we decompose
the zero-dimensional complex K into a finite union of G-orbits. O

In the following lemma, we show that Assumption 8.1.1 implies Assumption
8.2.1 provided G is finite and C admits all very small AV-sums.

Lemma 8.3. We assume that G is finite and that C admits allvery small orthogonal
AV-sums. If the Paschke morphism pr is an equivalence for every T in GOrb, then
the Paschke morphism pg is an equivalence for every countable S in GSet.
Proof. The functor Kg Al t0p gends countable disjoint unions into products.
Hence, we have an equivalence

JAnIf JAnIf
K™ (S = T KSA™ (WOP(Tgise)) - (8.2)
TeG\S

If G is finite, then we have an equality G.y;, max = Gmax.max- Recall the notion
of the free union from [10, Ex. 2.16]. As in the proof of [10, Lem. 3.13], by
exploiting the equality G.q, max = Gmax.max> W€ have an isomorphism

free
Smin,min ® Gcan,max = ( |_| Tmin,min) ® Gcan,max
TeG\S
free

= |_| (Tmin,min ®Gcan,max) (8-3)

TEG\S

in GBC. The additional assumption on C implies that KCX© is strongly additive
by [7, Thm. 11.1], see also Theorem 3.5. It therefore sends free unions to products.
Applying now KCXC to (8.3) and using Definition 4.9 we consequently have an
equivalence

G, X G,AnIf
KC (*S‘min,min,disc)z H KC " (ltOp(Tmin,min,disc)) (8-4)
TeG\S
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arising in the following way:

G,X
Kc (Smin,min,disc) = chg (Om(smin,min,disc))

can,max

IZ —

ZKng (Smin,min,disc)

can,max

free
(8.3)
~ ZKCIG( |_| (Tmin,min®Gcan,max))
TeG\S

Z H KCIG(Tmin,min ® Gcan,max)
TeG\S

G,X
H KC (Tmin,min,disc)
TeG\S

G,A
|| KC n(ltOp(Tmin,min,disc))
TeG\S

G.An,If
= H K (P (T min, min,dise)) -
TEC\S

R

|2 —

HT Pr

Here we use [10, Prop. 9.35] for the equivalences marked by !. By naturality of
the Paschke transformation, under the equivalences (8.2) and (8.4) the Paschke
morphism pg corresponds to the product of the Paschke morphisms py for the
G-orbits T in S. If the latter are equivalences, then pg is an equivalence. O

At the moment we do not know whether this lemma generalizes to infinite
groups, possibly with restrictions on allowed stabilizers.
Combining Proposition 8.2 with Lemma 8.3 we get the following result.

Corollary 8.4. Assume:

(1) G is finite.

(2) C admits all very small AV-sums.

(3) The Paschke morphism pr is an equivalence for every T in GOrb.

(4) X is homotopy equivalent to a countable, finite-dimensional G-simplicial
complex with structures induced by its spherical path metric.

Then the Paschke morphism pg : Kg ’x(X ) —> Kg’An’lf(t“’p(X )) is an equivalence.

Remark 8.5. We cannot expect that the Paschke morphism is an equivalence
for spaces which are not proper G-spaces. More precisely, we do not expect that
Assumption 8.1.1 is satisfied if # contains infinite subgroups.
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Indeed, assume that S = G/H with H infinite. Then we have

G,x def. G o
Kc ((G/H)min,min,disc) = chGmn’max(O ((G/H)min,min,disc)))

@

~ ZKCXZ  ((G/H)pinmin) (8.5)
def. G
=~ 2ZKCX ((G/H)min,min ® Gcan,max)
2
2 o,

where the equivalence (1) is an instance of [10, Prop. 9.35] since (G /H) i min.disc
is discrete. In order to see the equivalence (2), we use that the functor KCXC is
continuous: We refer to [10, Def. 5.15] for the definition of this notion and to [7,
Thm. 6.3] for the fact. Continuity implies that the value of KCX¢(X) for any X in
GBC is given as a colimit of the values KCX°(L) over the locally finite invariant
subsets L of X. We now observe that if H is infinite, then (G /H) nin min ®@Gean.max
does not admit any non-empty invariant locally finite subset. Indeed, if L would
be such a subset, then on the one hand (eH X G) N L is finite, but the infinite
group H acts freely on this set on the other hand.
In contrast, the spectrum

Kg’An((G/H)disc) ~ KK%(Co((G/H)gise), Qgii))

does not vanish in general. As an example we consider the case G = H, and we

further specialize to C = Hilch(A) for a unital G-C*-algebra A. By Proposition
10.15 we have an equivalence

KSM(G/H)gise) = ZKK(C, A).
We claim that this spectrum is non-trivial if we take A = C with the trivial
G-action. Indeed, in this case we have the class idkkG(C) in KKg (C,C) and
idkkG(C) ~ 0 if and only if KK%(C,C) ~ 0. Since kkG(C) is the tensor unit of
KK® we have KKG(C, C) ~ 0 if and only if KK® ~ 0. But since

KK®(Cy(G), C) ~ KC"Ag(C) ~ KU
by [12, Thm. 1.23] this never happens. 0

Consider Y in GLCH® . At various places we will use the following proper-
ties of this functor.

Lemma 8.6. IfY is homotopy equivalent to a G-finite G-CW-complex with finite
stabilizers, then:

(1) KKG(CO(Y), —) sends exact sequences in Fun(BG,C*Cat™) to fibre se-
quences.

(2) KK°(Cy(Y), —) annihilates flasque objects in Fun(BG, C*Cat™).

3) KKG(CO(Y), —) sends relative Morita equivalences to equivalences.
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Proof. By [12, Prop. 1.26] the object kkG(CO(Y)) is G-proper and therefore ind-
G-proper in the sense of [12, Def. 1.25]. The assertions now follow from [12,
Thm. 1.32]. O

Let X be in GUBC. Then we have the multiplication map (6.12)

12 CoX) ® QLX) —» Q).

We add a superscript Q since we are going to consider other versions of this
map which will be distinguished by other choices for this superscript. The main
ingredient in the verification that ,ug is well-defined was Lemma 5.8 saying that
for a morphism A : (C,p,u) = (C',p', ) in Cl(;’Ctr(O(X) ® G.an.max) We have
¢'(f)A — Ap(f) € Cforall f in Cy(X). If X is discrete, then we actually have
¢'(f)A — A¢(f) = 0 for all such f. This has the effect that in the construction
of ux in (6.12) on morphisms (see Item 2 in the list below (6.12)) we do not have
to go to the quotients in order to ensure compatibility with the composition.

From now one we assume that X is discrete. Using the observation just made
we can lift /,tg to a multiplication map

Wy GO ®DMX) - MC), f®A fA,

where D(X) is defined in (6.3). Using in addition Lemma 5.9 and the definition
(6.4) of C(X) the map ,u}]? restricts to a map ,ug so that we get a morphism of
exact sequences in Fun(BG, C*Cat™)

0 —— Cp(X) ® C(X) — Cp(X) @ D(X) —— Cp(X) ® Q(X) —— 0

0 @ Mc© Q© 0

std std
(8.6)
Here in the upper line we used (6.5) and that Cy(X) ® — (involving the maximal
tensor product) preserves exact sequences of C*-categories by [12, Prop. 7.23.1].
In the definition (6.13) of the diagonal morphism 8y, we could replace Q(X)
by C(X) or D(X). Using the obvious naturality of the construction of x in this
variable we get a commutative diagram

KK(C,C(X)) ——————— KK(C, D(X))

KK(C, QX))
5 a2 5
KK (Co(X), Co(X) ® C(X)) — KK (Co(X), Co(X) ® D(X)) — KK (Co(X), Co(X) ® QX))

8.7)

Recall that we assume that X is discrete. We now in addition assume that X is

G-finite and has finite stabilizers. Using the exactness of the upper horizontal

sequence in (8.6) and (6.5) we can conclude with Lemma 8.6.1 that the horizontal

sequences are segments of fibre sequences. Applying KKG(CO(X ), —) to (8.6)

and composing the resulting morphism of fibre sequences with the morphism
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(8.7) we get the morphism of fibre sequences

KK(C, C(X)) — KK(C, D(X)) —— KK(C, Q(X)) (8.8)

lpff lp;’? lpff

KK (Co(X), €9)) —— KK (Co(X), MCLZ) —— KK (Co(X), Q1)

where p)? is the Paschke morphism (6.14).

For a family of subgroups #, we denote by G+Set the full subcategory of GSet
of G-sets with stabilizers in F. Let Y be a discrete object of GUBC.
Proposition 8.7.

(1) We have KK(C,D(Y)) ~ 0.
(2) IfY is in GinSet and G\Y is finite, then KK®(Co(Y), MCL)) = 0.
Proof. We have the chain of equivalences:

(6.3) & Def. 3.4

KK(C, D(Y)) KCx§ — (O0Y)

can,max
~ 0

since the cone O(Y') of a discrete object in GUBC is a flasque object in GBC by
[10, Ex. 9.25] and the coarse homology theory K Cl’g vanishes on flasques.

Since MCS;) is flasque by Lemma 2.21 we conclude Assertion 2 with Lemma
8.6.2. ([l

Using Proposition 8.7 and the morphism of fibre sequences (8.8) we get the
following corollary.

Corollary 8.8. If X is in Gg;, Orb, then we have a commutative square

QKK(C, Q(X)) ———— KK(C, C(X))

lQp)? lp)(é
G e G
QKK (Co(X), Q%)) —=— KKO(C,y(X), %)
In particular, the Paschke morphism for X in Gg;, Orb is an equivalence if and
only if the morphism p)c( = ,u)c(oé)c( is an equivalence.

In view of Corollary 8.8 and Proposition 8.1 and Corollary 8.4% the following
proposition finishes the proof of the Theorems 1.5.2 and 1.5.3. We assume that
C in Fun(BG, C*Cat™) is effectively additive and admits countable AV-sums.

Proposition 8.9. If X is in G, Orb, then
pS 1 KK(C,C(X)) = KK(Co(x), € (8.9)
is an equivalence.

The whole of Section 9 is devoted to the proof of this proposition.

“This corollary is needed only for Theorem 1.5.3.
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9. Verification of the Paschke equivalence on G-orbits

We assume that C in Fun(BG, C*Cat™) is effectively additive and admits
countable AV-sums. We fix a finite subgroup H of G and consider the G-set G/H
in Ggin Orb. As a first step we construct an explicit functor ©® in C*Cat™ and
show in Proposition 9.3 that pg /i is an equivalence if and only if K¢ ©2(®) is an

equivalence. In the second step, we then verify in Proposition 9.6 that K€ 2(@)
is an equivalence.
We form the G-bornological coarse space (G /H)pin min @ Gean.max- It contains
the locally finite subset
X :=G(H,e), 9.1)

the G-orbit of the point (H, e) in G/H X G. Note that in contrast to the example
in Remark 8.5 the group H is finite. We equip X with the bornological coarse
structures induced from (G/H)pin min @ Geanmax- The map g = g(H,e)is a
G-equivariant bijection of sets between G and X which will be used below to
name points and subsets of X. The induced bornology on X is the minimal
one. The induced G-coarse structure reflects the information about the finite
subgroup H and is in general smaller than the canonical coarse structure on G.
For instance, the subset H is a coarse component of X.

The following lemma states that the inclusion X — (G/H)in.min ® Geanmax
is a continuous equivalence in the sense of [11, Sec. 7].

Lemma 9.1. The inclusion X — (G /H)upin.min ® Geanmax induces an equiva-
lence E(X) — E((G/H)pminmin @ Gean.mayx) for any continuous equivariant coarse
homology theory E.

Proof. ForY in GBC, we let LF(Y) denote the poset of G-invariant locally finite
subsets. Let L be in LF((G/H)pinmin @ Geanmax)- Then Ly := LN ({H} X G)
is a finite set which we will sometimes consider as a subset of G. Since every
G-orbit in L meets Ly we have L = GL,,.

We claim that for every L in LF((G/H)uinmin ® Gean.max) the inclusion
i: X - LUX isa coarse equivalence. Indeed, we can construct an inverse
equivalence p : LUX — X. The map p is the identity on X, and it sends a point
g(H,h) (with hin Ly \ {e})in L \ X to g(H,e) in X. Then poi = idy and iop is
close to the identity. In order to see the second assertion, note that L, is finite
and therefore diag(G/H) X {(gh,g) | h € Ly,g € G} is a coarse entourage of
(G/H)minmin ® Gean.max- We then use that

(idx, iop)(diag(L U X)) C diag(G/H) X {(gh,g) | h € Ly, g € G}.
If E is any equivariant coarse homology theory, then the canonical morphism
E(X) - COlimLELF((G/H)min,min®Gsan,max)E(L)

is an equivalence since the elements of LF((G /H)pin.min ® Gean.max) cOntain-
ing X are cofinal and for those elements the inclusions X — L are coarse
equivalences. Since we assume in addition that E is continuous, the canonical
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morphism

COlimLeLF((G/H)mm,mm®Gcan,max)E(L) - E((G/H)min,min ® Gcan,max)

is an equivalence. Hence, the composition of these equivalences is an equiva-
lence

E(X) — E((G/H)min,min ® Gcan,max) . O
Using the inclusion
i:X—>G/HXG — Z, (9.2)
(see (5.8) for the notation Z, as a subspace of O((G /H) pin.min) @ Geanmax)
i, : CT"(X) > C(G/H) (9.3)

(where we use (6.4) for C(G/H ) = CU(G/H)min min.disc)) We get an inclusion
which identifies Cg’Ctr(X ) with the full subcategory of objects of C(G/H) sup-
ported on i(X).

In the following, Idem(Res H(C( )X H) is the relative idempotent completlon
using the embedding of ResH(C( ) X H as an ideal into ResH(MC( )X H,[9,

Def. 17.5]. In order to keep the notation readable?, in contrast to the reference we
will not indicate the bigger unital category by a superscript. Recall the notation
for morphisms in crossed products from [3, Def. 5.1]. In the formulas below,
e.g., in order to interpret the term u(H) in (9.5), we use the bijection between G
and X mentioned above.

Definition 9.2. We define the functor
0: Cg’Ctr(X) - Idem(ResH(C( )X H) (9.4)
as follows:

(1) objects: © sends the object (C, p, ) in C (X) to the object (C, p, ) in

the category Idem(ResH(C@) X H), where the orthogonal projection
on (C, p) is given by

G,ctr

> (uH), ). (9.5)

|H| heH

(2) morphisms: © sends A: (C,p,u) = (C',0', i) in CG U(X) to the mor-
phism
m'(A,e)m: (C,p,m) = (C', 0/, 7')

in Idem(ResH(C( ) X H).

Note that A: C — C’ belongs to MC, but since H is a finite and hence
bounded subset of X, the projection u(H) belongs to C by the local finiteness

of (C, p, u). Therefore, 7’ (A, e)7r belongs to the ideal Idem(Rest(Cthd)) X H) as

stated. In order to see that © is compatible with the composition, note that the

3 RESH(MCm )NH)(ReSH(C(G)) 4 H)

i.e., to avoid symbols like Idem atd
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relations Au(H) = u/(H)A (since H is a coarse componentof X)and h- A = A
for all hin H imply that (A, e)7 = 7'(A, e).

Proposition 9.3. The morphism pg /i in (8.9) is an equivalence if and only if the
morphism K€ €(0) is an equivalence, where O is as in Definition 9.2.

Proof. Recall that we consider G/H as the object G/H,;,, min.dgise ©f GUBC so

that Co(G/H) is given by Definition 5.6.2. In analogy to the diagonal morphism
(6.13), we define

5 KK(C, €30 BT KKO(Co(G/H), ColG/H) ® €T ().

We then have a commutative diagram

KK(C, € (X)) —C KK(C,C(G/H) ;

c
16’ las/u

v KKO(CHG/H), Co(G/H) @ €T (X)) — L2, kKO (Co(G/H), Co(G/H) @ C(G/H)) )y
luf l“g/u
KK (Co(G/H), €5 KK (Co(G/K), C))
(9.6)

Ho(CO(G/H) ® i,) and i, is as in (9.3). The filler of the upper
square is induced from the fact that (6.11) is a bifunctor. Implicitly we also used
the Lemma 6.2 in order to relate ® and ®.

Lemma 9.4. The morphism KK(C, i,) : KK(C, C*"(X)) - KK(C, C(G/H)) is
an equivalence.

where ¢/ := ,ug/

Proof. Using the definitions
KCXC(-) := KE'C(CT"(-)) and KC'C(-) := KK(C,-)

and (9.2) we can rewrite the morphism in question as

KCIG(X) - KCIG((G/H)min,min &® Gcan,max) - Kc*cat(C(G/H)) , (9.7
where the morphisms are induced by the canonical inclusions of C*-categories.
We have seen in the proof of Proposition 6.1 that the second morphism in (9.7) (it
is an instance of the left vertical morphism in (6.8) applied to (G /H),in min.disc
in place of X) is an equivalence. The first morphism in (9.7) is induced by

the inclusion X — (G/H)pminmin ® Geanmax- Since KCXC is a continuous
equivariant coarse homology theory it is an equivalence by Lemma 9.1. O

We continue with the proof of Proposition 9.3. We define p’ := ¢/08’. In
view of (9.6) and Lemma 9.4, we conclude that

~ nC
P~ PGy (9.8)

We consider the morphism ¢ : C — C X H which sends 1 to the projection

ﬁ ZheH(l, h). Let furthermore t: C — Rest(CO(G /H)) be the homomor-

phism sending z in C to z y5, where yy is the characteristic function of the orbit
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H in G/H. We then have the following commutative diagram:

KKC(Cy(G /H), ColG/H) ® €I (X)) — & KK(Cy(G/H), C%)

| |

S (= KKT(Resf(Co(G/H)), ResH(co(G/H)cacGC“(X)))L‘("»)KK (ResS(Co(G/H)), Reso(C D)) ¢

std
J,l* ll*

R G !
KKY(C, Res(Co(G/H) ® € (X)) — %0, kg (C, Res§(C))

[ [

ResH(;t )XH

KK(C Xt H, (Resf(Co(G/H) ® €7 (X)) X H) ————— KK(C X H, Resf(C'?)) x H) jH

|- | |-

Reso (W)} H
KK(C, (Res§j(Co(G/H) ® € ()) 31 H) — 2P vy (C, Resy(€©)

E)
14

14

) X H)

(9.9)
The second and the last middle square commute by the associativity of the com-
position in KK and KK, respectively. The first and the third square commute
since Resg and — X H are functors. In order to see that rg and j" are equiva-
lences, we observe that ¢ and € are instances of the units of the adjunctions in [12,
Thm. 1.23.1 & 2] (induction and restriction (Indg = Resf,) and the Green-Julg
adjunction (Res™ 4 — X H)) and that rg and jH are precisely the corresponding
equivalences of mapping spectra.

We furthermore have the diagram

HoMp, 0 56,c+atg)(Co(G/H), Co(G/H)) X KK(C, € (X)) ——— 5 RRO(Co(G/H), Co(G/H) @ CI (X))

| l

HOMp (377, Alg" u)(ResrCo(G /H), Resf; Co(G/H)) x KK(C, CF(X)) N (Resy(Co(G/H)), Resfi(Co(G/H)) @ C(X))

lw | l

HOM g1 - atghty (€5 Res$s Co(G/H)) X KK(E, EZ () ————————— KK (C, Resj(Co(G/H)) @ €Z(X)
l(—NH)XId J(—NH
Homg. g (C X H, Resf;Co(G/H) Xt H) x KK(C, € (X)) _°® KK(C X H, (Res; (Co(G/H)) ® €™ (X)) X H) ) =
Homc. pg(C, ResgyCo(G/H) X1 H) X KK(C, €7 (X)) - KK(C, (Resf;(Co(G/H)) ® €7 (X)) } H)
(9.10)
In the targets of the two lower maps, we implicitly used the identification
AXH)B2(A®B)XH (9.11)

for A in Fun(BH, C*Alg™) and B in C*Cat™. The second and the last square
commute since & in (6.11) is a bifunctor. We now provide the fillers for the first
and the third square. We consider the diagram

G
Fun(BG, C*Alg™) x C*Alg™ —2— Fun(BG, C*Alg™) < KKC

lResgxid lResg lResg

Fun(BH, C*Alg™) x C*Alg™ —— Fun(BG, C*Alg™) s kK!
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The left cell obviously commutes, and the right cell commutes by [12, Thm.
1.22]. We now extend using the universal property of kk : C*Alg™ — KK [12,
Thm. 1.19] in order to get a commutative diagram

Fun(BG, C*Alg™) x KK —2>— KK°

lResgxid lResf,

Fun(BH, C*Alg™) x KK —2— KK"

This applied to morphism spaces yields the filler of the first middle square
in (9.10). In order to justify the third middle square, we argue similarly. We
consider the diagram

G
Fun(BH, C*Alg™) x C*Alg™ —2 Fun(BH, C*Alg™) £ kK"

l—NHXid l—NH l—XH

Fun(BH, C*Alg™) x C*Alg™ —2 Fun(BG, C*Alg™) —% KK

The left square commutes because of (9.11), and the right cell commutes by [12,
Thm. 1.22]. We now extend using the universal property of kk : C*Alg"" — KK
in [12, Thm. 1.19] in order to get a commutative diagram

Fun(BH, C*Alg™) x KK —>— KK

l—xHXid l—xH

Fun(BH, C*Alg™) x KK —>— KK

This square yields the of the third middle square in (9.10).
We specialize the diagram (9.10) at id¢ (g /m) in

Homg,,gg ca1g™)(Co(G/H), Co(G/H)) .
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Then we get

KK(C, €3 (X)) ——— - KKO(C,(G/H), Co(G/H) ® CS(X)) ,

dkesgcg(c /H)®

KK(C, C " (X)) l KK (Res;(Co(G/H)), Resfi(Co(G/H)) ® Cji (X))

KK(C, €5 gy ® gy, Res}(Co(G/H)) ® €7 (X))

—XH

KK(C, € (x)) — 208 kR (C*(H), (Res (Co(G/H) @ I (X)) X H)

13

KK(C, €O (X)) ——L 4 KK(C, (Res§(Co(G/H) ® CEU(X)) 31 H)
(9.12)
where
8" = e*(L X H)®—: KK(C,C (X))
- KK(C, (ResH(co(G/H)) X H) ® C (X))
~ KK(C, (Resfj(Co(G/H)) ® C (X)) X H).

Composing (9.12) with (9.9) we get a commutative square

pI:MIOSI

KK(Co(G/H), )

std

KK(C, ResH(C( ) X H)

KK(C, €™ (X))

KK(C, C*" (X))

p" :=Res% (u')xHo8"

We therefore have an equivalence

, 9-8)
p'xp = pc/H (9.13)

By construction the morphism p’’ is induced by an explicit functor

©: CO(X) — Resi(CO) X H. (9.14)

Inserting all definitions we see that @’ is given by follows:

(1) objects: @' sends the object (C, p, u)in CG T(X)to(C, p)in ResH(C( )X
H.
(2) morphisms: The functor ® sendsa morphism A : (C,p, u) — (C', 0", ')
in CE’C“(X ) to the morphism
n'Arm: (C,p) — (C',0")

in ResH(C( ) X H, where 7 is as in (9.5).
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The observations made after the Definition 9.2 of ® also show that @’ is well-
defined. Note, however, that ®' is not full.
Let

G G
c: ResH(Cgtd)) X H — Idem(Resg(Citd)) X H)

be the inclusion into the relative idempotent completion. We consider the two
functors

©,c00’ : CT"(X) — Idem(Resf(C)) x H)
in C*Cat™.
Recall the notion of a Murray von Neumann (MvN) equivalence [9, Def.
17.12].

Lemma 9.5. There is a MvN equivalence ® — co®’. In particular,

KC'C(@) = KO 4 (co®) : K™ (ECT(X)) — KO Ca(Idem(Resfy (C7) x H)).  (9.15)

Proof. Applying [9, Rem. 17.13] to the inclusion of Idem(ResH(C(G)) X H) as

an ideal into Idem(Rest(MC(G)) X H) it suffices to construct a natural transfor-
ti 10 ©' impl ted by a famil ar yy Of partial
mation v — co®' implemented by a family (U(C,P,#))(C,p,ﬂ)ecg w(xy Of partia

isometries in Idem(ResH(MC( ) X H).

We define v, - (C,p, p) — (C, p) to be the canonical inclusion. Since
the formulas for the actions of ® and ®" on morphisms are equal, this family is
indeed a natural transformation. O

We continue with the proof of Proposition 9.3. Since the homological functor
K€ Cat is Morita invariant by [9, Thm. 16.18] the morphism

KCCat(c) : KO Cat(Resf(C9)) x H) — K€ Co(Idem(Resf(C)) x H))

is an equivalence by [9, Prop. 17.8]. Therefore, K¢ €2(@) is an equivalence if
and only if K¢ €3(@’) is an equivalence. The Proposition 9.3 now follows from
the combination of (9.13) and the fact that p” is induced by the functor ®’. I

Recall the Definition 9.2 of the functor ® and that H denotes a finite subgroup
of G. The next proposition finishes the proof of Proposition 8.9 and hence of
Theorem 1.5.

Proposition 9.6. K¢ C2(@) is an equivalence.

Proof. The proof of Proposition 9.6 is based on the factorization of ® as de-
scribed by the commutative diagram (9.17). The functors in this diagram will
all induce equivalences in K-theory, but for different reasons. The rest of this
section is devoted to the proof of Proposition 9.6 which is split in several lemmas.

Lemma 9.7. The functor © is fully faithful.
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Proof. Recall that X = G(H, e) is a subspace of (G/H)in.min ® Geanmax» S€€
(9.1). Let (C,p, 1) and (C’, o', ') be objects of CG Ctr(X). Then O(C, p, u) =
(C, p, w) with 7 given by (9.5), and similarly @(C’, p w) = (o', 7"). Let

B: (C,p,m) = (C',p,7")
by any morphism. We can write B = }, _..(By, h), where B, : C — C’. The
condition 7z’B7r = B implies that By, = u'(H)B,u(H) and h - B, = B, for every h
in H. Using [9, Lem. 7.8] we can define the morphism

g B, (Copp) = (C 0" 1) (9.16)

|H| geG

in Cg’Ctr(X ). Then ®(A) = B. The formula (9.16) defines an inverse of ® on the
level of morphisms. O

In Idem(ResH(C(G)) X H), we consider the full subcategory D of objects of
the form (C, p, (u(H), e)), where (C, p, u) is in C(G)(X ). We let furthermore
D’ be the full subcategory of Idem(ReSH(C( ) X H) on objects of the form
(C, p,(u(Z),e)), where (C, p, 1) is in CifG)(Y) for some free G-set Y and Z is a

H-invariant subset of Y. By A we denote the canonical inclusion of D into D’.
Below, the idempotent completions of D and D’ are formed relative to the full

subcategories of Idem(ResH(MC( ) X H) on objects from D or D’, respectively.
Then we have the following dlagram

S
G e Idem(A) oA G)
(X) —2 Tdem (D) <t » Idem(D’) —2— Idem(ResH(C )X H),
T 4
D A D’

(9.17)
where A is again the canonical inclusion. The upper line is then a factorization
of ® as indicated.

In the following, we will show that all solid morphisms in (9.17) induce equiv-
alences after applying K€ 2, It is clear that this implies that K¢ €2(©) is an
equivalence. To this end we use that K¢ €2 sends unitary equivalences, Morita
equivalences, relative idempotent completions, and weak Morita equivalences
(see [9, Sec. 16-18]) to equivalences. In the following lemmas, we argue case by
case that all solid arrows in the above diagram have one of these properties.

Recall the notion of a relative idempotent completion [9, Def. 17.5].

Lemma 9.8. E and ¥ are relative idempotent completions.
Proof. This is true by construction. O

Therefore, K€ C2{(8) and K¢ C2(¥) are equivalences by [9, Prop. 17.4].
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Lemma 9.9. A is a unitary equivalence in the sense of [9, Def. 3.19].

Proof. It suffices to show the claim that every object of Idem(D’) admits a uni-
tary isomorphism to an object of Idem(Rest(Cgf;)) XH)in Idem(Rest(Mcggj) )X
H). Since D’ in particular contains all objects of the form (C, p, (u(Y), e)) for
all free G-sets Y and all (C, p, u) in CffG )(Y), every object of Resg(ngl)) X H is
unitarily isomorphic in Resﬁ(MCEg) X H to an object of D’. This implies the
claim by going over to the relative idempotent completions. O

Since K€ 2t js a homological functor by [9, Thm. 14.4] the morphism K€ C2{(A)
is an equivalence.

Lemma 9.10. ® is a Morita equivalence.

Proof. The functor Idem(A) is fully faithful by construction. Since @ is fully
faithful by Lemma 9.7 and A is also fully faithful, we can conclude that @ is fully
faithful, too.

Let (C, p, u) be an object of Cg’Ctr(X ). Then we define

U= % 3 (u(thd), b)

heH
in Endp((C, p, (u(H), e))). We calculate that

UU* = (u(fed),e), U*'U=m,

where 7 is as in (9.5). This calculation shows that the projection 7 is MvN-
equivalent to (u({e}), ). For h in H, we consider the unitary V;, := (u(H),h™!)
in Endp((C, p, (u(H), €))). Then

Vi(udeh), eV, = (u{h}), e).

So the projection (u({h}), e) is also MvN-equivalent to 7 for every h in H. Since
the projections ((u({h}), €))ner are mutually orthogonal and ) neg(W{hd), e) =
(u(H), e) we see that any object of D is an orthogonal summand of a finite
orthogonal sum of objects in the essential image of ®. This implies that also
every object of Idem(D) is an orthogonal summand of a finite orthogonal sum
of objects in the essential image of ®. O

Since K€ € is Morita invariant by [9, Thm. 16.18] the morphism K¢ ©{(®)
is an equivalence.

Lemma 9.11. A is a weak Morita equivalence.

Proof. The functor A is fully faithful by definition. Furthermore, D is unital
since the identity on an object (C, p, (u(H), e)) of D is given by (u(H),e) and
u(H) is in C. It remains to show that the set of objects of D is weakly generating
in D/, see [9, Def. 18.1].

Let (C, p, (u(Z), e)) be any object of D/, where (C, p, 1) is in CffG )(Y) for some
free G-set Y and Z isa H-invariant subset of Y. Let y be a pointin Y. Then we can
form the object (C, p, (u(Hy), e)) in D’. We claim that this object is isomorphic
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to an object in D. We consider the G-equivariant injectioni: X — Y which
sends (H,e) to y. We choose an image u: C’ — C in MC of the projection
u(Gy). Then we define (C’, o', ¢') in CIGf’Ctr(X ) by setting o, = gu*pgu for every
gin G and @/ (W) = u*u(i(W))u for every subset W of X. Then we have an
isomorphism

(w,e): (C', 0", (W' (H), ) = (C,p,(u(Hy), )
in D’. More generally, if Z is any finite H-invariant subset of Y (note that H is
finite), then (C, p, (u(Z), e)) is isomorphic to a finite sum of objects in D.

Let now (A;) ey with A; 1 (Cj, pj, pj) = (C, p, p) be a finite family of mor-
phisms in D’.

Let € in (0, 00) be given. Since C is isomorphic to the AV-sum in C of the
family of projections (u(S))sem\y the sum ZSEH\Y u(S) converges strictly in
MC to idc. Since the morphisms A; belong to C there exists a finite H-invariant
subset Z of Y such that

|4 — (u(2),e)Aj|| <€
forall jinJ. O

By [9, Thm. 18.6] the morphism K€ €2{(A) is an equivalence.
Applying K€ C to the diagram in (9.17) and combining the results above we
conclude the proof of Proposition 9.6. (|

Therefore, the proofs of the Theorems 1.5.2 and 1.5.3 are also complete.

10. Calculation of the domain and target of the Paschke
transformation

The domain of the Paschke transformation is the functor
K&* 1 GUBC - Sp.

The first goal of this section is to describe its values on sufficiently nice spaces
in terms of the equivariant homology theory

KC®: GOrb — Sp

introduced in (1.19), see Definition 12.2 below for the technical description. Our
final result is stated in Proposition 10.10.

In order to understand why the construction of the comparison map in Propo-
sition 10.10 is difficult, note that on the one hand for X in GUBC the spectrum
Kg’x(X ) is defined as the K-theory of an explicitly constructed C*-category as-
sociated to X and the coefficient category C. On the other hand the spectrum
KCCY(X) is the value on the underlying G-topological space of X of the equi-
variant homology theory given by a spectrum-valued functor KC® on the orbit
category GOrb of G determined by C. The construction of a natural map be-
tween Kg X(X) and KCC(X) will involve a classification of functors with certain
homological properties on subcategories of GTop. This classification is related
to Elmendorf’s theorem and the techniques behind it.
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The second theme of the present section is the calculation of the domain
and target of the Paschke transformation. Our main example of a coefficient
category is C = Hilb.(A) for a C*-algebra A with an action of G. If A is unital,
then one can express the values of the functors Kg,x on G-orbits and of Kg An
on sufficiently nice spaces directly in terms of constructions with the algebra A.
The results are stated as Corollary 10.13 and Propositions 10.15 and 10.16.

We start with the statement of Elmendorf’s theorem. Let M be a cocomplete
stable co-category. In the present paper, we adopt the following simple definition
which in some sense reverses the history of this notion.

Definition 10.1. An equivariant M-valued homology theory is a functor
E: GOrb - M.

Recall that a weak equivalence between topological spaces is a continuous
map which induces a bijection between the sets of connected components and
isomorphisms between the higher homotopy groups at all base points. We have
a functor

¢ : Top — Spc (10.1)
which presents Spc as the localization of Top at the weak equivalences. We now
consider the functor

YS : GTop — PSh(GOrb) (10.2)

which sends X in GTop to the presheaf

S f(Mapc;'rop(sdisc’)()) ’
where MapGTop(Sdisc,X ) in Top is the topological mapping space of equivariant
maps. By definition, a map f : X — Y between G-topological spaces is an equi-

variant weak equivalence if it induces weak equivalences MapGTop(Sdi ser X) —
MapGTop(Sdl-SC, Y) for all S in GOrb.

Theorem 10.2 (Elmendorf’s theorem). The functor YC presents PSh(GOrb) as
the Dwyer-Kan localization of GTop at the equivariant weak equivalences.

By the universal property of presheaves, the pull-back along the Yoneda
embedding yo : GOrb — PSh(GOrb) induces an equivalence

yo* : Fun®™(PSh(GOrb), M) — Fun(GOrb, M).

Let E: GOrb — M be an equivariant homology theory. Its colimit preserving
extension to presheaves is the left Kan-extension yo,E : PSh(GOrb) — M of E
along yo.

Definition 10.3. The evaluation of E on G-topological spaces is defined as com-
position (which we will again denote by E)

Y¢ yo,E
E: GTop — PSh(GOrb) - M. (10.3)



PASCHKE DUALITY AND ASSEMBLY MAPS 549

If S is in GOrb, then the value of the original functor E on S and the evaluation
of E on the discrete G-space S, coincide so that there is no conflict of notation.
The value of the equivariant homology theory on a general space X in GTop is
given by the coend

GOrb
EX) := f EAZPYC(X), (10.4)

where A : M X Sp — M is the tensor structure of M (the same as (7.5)) which
exists by the cocompleteness and stability assumptions on M.

We let GUBCP® be the full subcategory of GUBC of G-uniform bornological
coarse spaces which have the following properties:

(1) the underlying topological space is Hausdorff,

(2) the bornology is generated by relatively compact subsets,

(3) the coarse structure is generated by all entourages of the form G(K X K),
where K is a relatively compact connected subset,

(4) G acts properly and cocompactly.

The category GUBCP* contains all G-finite G-simplicial complexes with finite
stabilizers with the structures induced by the spherical path metric. We consider
the functor ¢t : GUBC — GTop which takes the underlying G-topological space.

Lemma 10.4. The restriction ygygcr= : GUBCP™ — GTop is fully faithful.

Proof. It is clear that (gypcre is faithful. We must show that it is full. Let X, Y
be in GUBCP“ and f : X — Y be an equivariant continuous map. We must
show that it is controlled, uniformly continuous and proper.

We first show that f is proper. Let K be a relatively compact subset of Y and
let (x,), be a netin f~1(K). Since K is relatively compact, and G\ X is compact,
we can assume by taking a subnet that (f(x,)), and ([x,]), converge in Y and
G\X, respectively. By the latter there exists a family (g,), in G such that (g,x, )4
converges. Since then (g, f(x,)), also converges and G acts properly on Y we
can assume after taking a subnet that (g, ), is constant. But this means that (x, ),
has a subnet converging in X, which shows that f~1(K) is relatively compact.

We claim that any invariant open entourage of the diagonal of X is uniform.
The claim implies that f is uniformy continuous: Indeed, if V' is any uniform
entourage of Y, then by the axioms for a G-uniform structure there exists an
invariant uniform entourage V’ of Y such that V/ C V. But then (f X f )" (V')is
invariant and open, hence a uniform entourage of X by the claim. The relation
(f x £)~Y(V") C (f x £)~Y(V) implies that (f x f)~'(V) is uniform.

We now show the claim. Assume by contradiction that U is not uniform.
Then for every invariant uniform entourage V of X there exists (xy, yy,) in V\ U.
By compactness of the quotient we can assume, after taking a cofinal subnet
(Vg)q of uniform entourages, that [xy_] — [x] and [yy_] — [y]. We can find
anet (g4)q in G such that g,x;; — x in X. But then also g,yy_ — x since X
is Hausdorff and the net (V). of uniform entourages is cofinal. Since U is G-
invariant we have (g, xy_,g,yv,) & U forall o, and since U is open we conclude
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that also (x, x) ¢ U. But this is impossible since U was an open neighbourhood
of the diagonal.

We check on generators that f is controlled. Let K be a relatively compact
connected subset of X and consider the generator G(K XK) of the coarse structure
of X. Then f(K) is relatively compact and connected, too. Therefore, (f X
f)G(K X K) = G(f(K) X f(K)) is a coarse entourage of Y. O

Recall that Kg,x is defined on GUBC. By the Lemma 10.4 we can restrict

Kg “ to a functor defined on the full subcategory GUBCP* of GTop. In contrast,
the equivariant homology theory KCC gives rise to a functor defined on all of
GTop by Definition 10.3. Therefore, as a preparation we present a general result
which helps to compare a functor with homological properties defined on some
full subcategory of GTop with an associated equivariant homology theory.

Let V be a simplicial model category with weak equivalences W, homotopy
equivalences W, and with functorial factorizations. The associated co-category
of Vis defined by V, := V[W™!]. Welet¢ : V — V_, denote the canonical
functor. We furthermore let V! denote the full subcategory of cofibrant/fibrant
objects in V. The following lemma is of course well-known, but for lack of
reference, we include a proof here.

Lemma 10.5. The inclusion V' — V induces an equivalence of Dwyer-Kan

localizations VCf[ng] ~ V[W1].

Proof. We consider the following square

t
ch h ch [W;l]

|,

v—L v,

where the dotted arrow is obtained from the universal property of the localization
¢, We claim that it is an equivalence as desired. In order to produce an inverse,
we consider the square

v—' v

p <
VCf h VCf [W;l]

where RL is the fibrant-cofibrant replacement functor. The dotted arrow is
obtained from the universal property of ¢ since RL sends weak equivalences to
homotopy equivalences. We have a diagram

id /L \RL
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of endofunctors of V, where L and R are the fibrant and cofibrant replacement
functors. It is sent by ¢ to a diagram of equivalences. Similarly, ¢, sends the
restriction of this diagram to V°f to a diagram of equivalences. From this we
can conclude that the two dotted arrows are inverse to each other. O

Let E: V — M be a homotopy invariant functor.

Lemma 10.6. There exists a functor E* : Vo, — M such that the following
square commutes:

[vef

E
vt — M
|
V——V,

Proof. We obtain the desired square from
E|ch

2
vef 21, ch[ng] ey M

|,

\% V, —— M

where the dotted arrow exists since E sends homotopy equivalences to equiva-
lences. 0

We consider some full subcategory W of GTop and let E : W — M be some
functor. We assume that & is a family of subgroups of G and that G4+Orb C W.
We then define the equivariant homology theory E%7 : GOrb — M as the left
Kan extension of the functor E|g, orp along iy

EG1orb

G;O0rb ——— M.

iqg
fl %

GOrb

Following Definition 10.3 we will consider E®7 also as a functor E*” : GTop —
M.

We now use that GTop admits a simplicial model category structure with the
weak equivalences as described after (10.2) and such that the notion of homotopy
is the usual one. By Theorem 10.2 the functor Y° : GTop — PSh(GOrb) is
equivalent to the functor GTop — GTop_ in the notation introduced before
Lemma 10.6. Let j : W — GTop denote the inclusion.

Lemma 10.7. Assume:
(1) G4Orb C W C GTop®
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(2) W is closed under taking the product with [0, 1].
(3) E is homotopy invariant.

Then we have a canonical natural transformation of functors

J*E%" > E: W —> M.

Proof. Since j is fully faithful, we have an equivalence E — j*j,E. We claim
that j,E is homotopy invariant. Let X be in GTop. Then we must show that
(iE)([0,1] X X) — (jiE)(X) is an equivalence. We use the point-wise formula
for the left Kan extension in order to rewrite this map as

COIim(Y—»[0,1]xX)eW/[O,1]XXE(Y) d COlim(Z%X)GW/XE(Z) . (105)

We now observe that the maps of the form [0,1]XZ — [0, 1] XX for maps Z — X
are cofinal in the index category of the left colimit. At this point we use that W is
closed under taking products with an interval. Indeed, let (a,b) : Y — [0,1] XX
be a map. Then we consider the factorization

(a,idy) (id . ,b)
Y “B700,11xy = [0,1]x X

Consequently, the morphism in (10.5) is equivalent to
colim(Z_,X)ew/XE([O, 1]x2) - colim(z_)X)ew/XE(Z).

This map is an equivalence since E is homotopy invariant. This finishes the
proof of the claim.

By Lemma 10.6 we get a functor (j,E)*® : PSh(GOrb) — M fitting into the
commutative square in

W
//) E
of (j!E)\GTopCf
J

(10.6)

G4#Orb GTop M
GOrb—— GTop e PSh(GOrb)

yo
Here the triangle involving ( j!E)| GTop® COMMutes since j* j|E ~ E as observed
already above. The commutative diagram provides an equivalence E|g,orp =
i;yo*(jiE)®. Applying the left Kan extension yo i, we get an equivalence
yo,E%T ~yo,is \E|g,orb = YO, ir i5y0*(HLE)®.

The counit yo,is iz yo* — id then yields the transformation yo!E%f - (JLE)*™.
We finally apply j*(Y°)* and get the desired transformation

JE® = (YO (JE)®* ~E: W > M,
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where the second equivalence follows form the commutativity of a part of the
diagram (10.6) above. O

Recall that W is a full subcategory of GTop and that E: W — M is some
functor. We call E reduced if E(@) ~ 0. We let ngin denote the full subcategory
of W of spaces which are homotopy equivalent to a G-finite G-CW complex with
stabilizers in & .

Proposition 10.8. Assume:

1) WcC GTopCf and W contains all G-finite CW -complexes with stabilizers
in¥.

(2) W is closed under taking the product with [0, 1].

(3) E is reduced, homotopy invariant, and excisive for cell attachments.

Then the natural transformation from Lemma 10.7 induces an equivalence

i 7%, F . )
(] E”* )lwl;fm s Elwl;fm .

Proof. We note that j*E%*7 : W — M is reduced, homotopy invariant, and
excisive for cell attachments. .
We must show that E®”(X) — E(X) is an equivalence for all X in W};f‘n.

Since j*E*7 and E are homotopy invariant we can assume that X is a G-finite
CW-complex with stabilizers in F.

We then argue by induction by the number of cells. The assertion is clear for
the empty G-CW-complex since both functors are reduced. Assume now that
the assertion is true for the G-CW-complex Y, and that X is obtained from Y by
a cell-attachement. Then we have a push-out diagram

G/KXS"— Y

| ]

G/KxD"! —— X

where n isin N and K is a subgroup of G belonging to #. The natural transfor-
mation induces a map of push-out diagrams

E*»7(G/K x S") —— E*»7(Y) - E(G/K x S") —— E(Y)

| | l l

E*»?(G/K x D) —— E*»7(X) E(G/K x D"*') —— E(X)
which is implemented by equivalences at the two upper and the lower left
corners by the induction hypothesis. We conclude that E%»¥ (X) — E(X). O

We now consider two functors E, F : W — M and assume that we are given
an equivalence
¢: Eig,orb ~ Fig,orb -

Corollary 10.9. Assume:
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(1) WC GTopCf and W contains all G-finite CW -complexes with stabilizers
in#.

(2) W is closed under taking the product with [0, 1].

(3) E and F are reduced, homotopy invariant, and excisive for cell attachments.

Then ¢ extends to an equivalence

¢ Elw?rﬁn - Flwl;fin .

Proof. The equivalence ¢ induces an equivalence ¢ : E%*% — F%7_ The desired
equivalence is now given by the composition

~ X é,: . ~
E|W}}ﬁn « (]*E%"T)lwl’}fin g (‘]*F%’f)lw];fin g Flwl;fin
where the outer equivalences are supplied by Proposition 10.8 O

We let GUBCP*“M™ pe the full subcategory of GUBCP NnGTop®" of G-spaces
which are homotopy equivalent to G-finite G-CW complexes with stabilizers
in Fin. We consider C in Fun(BG, C*Cat™) which is effectively additive and
admits countable AV-sums.

Proposition 10.10. We have an equivalence
G,.X o G ,
KC (—)lGUBCpcc,hfln = ZKC (-)lGUBCpcc,hfln .

Proof. We start with the equivalence

G, def
KC jC(Smin,rm'n,disc) = chg (Ooo(smin,min,disc))

can,max

~TKCXS  (Spinmin)»

can,max

where the second equivalence is given by the cone boundary [10, Prop. 9.35].
For every S in Ggj, Orb, the sets of invariant locally finite subsets LF(S i, max ®
Geanmin) a0d LE(S i min ® Geanmax) are equal. Using that KCXC is a con-
tinuous equivariant coarse homology theory we get the middle equivalence
in

def
chG ((_)min,min) =chG((_)min,min ® Gcan,max)

Gcan,max

def
=~ KC%G((_)min,max ® Gcan,min)) = KCG(_)

of functors on G, Orb. We now apply Corollary 10.9 with W = GUBCP® n
GTopCf, F =Fin,E = Kg,x(_) and F = ZKC®(-) in order to get the desired
equivalence. O

Using Proposition 10.10 we can express the domain of the Paschke transfor-
mation in terms of the equivariant homology theory KCC. In the following, we
describe the values of this functor on G-orbits in some detail. We use remark
environments in order to be able to refer to this discussion later.
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Remark 10.11. We assume that C in Fun(BG, C*Cat™) is effectively additive.
By [7, Prop. 8.2.3] we have an explicit description of the values of the functor
KCC on G-orbits S:

G c*Cat @
KC™(S) ~ K& = (Cy¢ (Smin,max) X, G). (10.7)

Here Clcftr(Smm,max) in Fun(BG, C*Cat™) is the C*-category C{i"(Sin,max) With
the G-action induced by functoriality by the actions of G on S and C, and — X, G
is the reduced crossed product for G-C*-categories introduced in [9, Thm. 12.1].
Note that the objects of Clcftr(Smm,max) are objects of C which are decomposed as
AV-sums of S-indexed families of objects of C* with finitely many non-zero terms,
and morphisms are morphisms in MC which are diagonal with respect to this
decomposition. We note that (10.7) implies that the functor KCC is the functor
defined in [9, Def. 19.12] for Hg = K “ and denoted there by (K “*)S, .

The right-hand side of the equivalence in (10.7) reflects the functorial de-
pendence on S in an obvious manner. If one is not interested in functoriality,
then one can give even simpler formulas. For a subgroup H of G, we have the

equivalence

0.7)

(1 % = *
KCO(G/H) =" K “CH(G/H)minmax) Xy G) = K& (C* X, H)

by using [9, Cor. 19.13] and the Morita invariance of K€ €2, O

Remark 10.12. We continue the calculations from Remark 10.11 but now
specialize further to the case C = Hilb.(A) for an A in Fun(BG, C*Alg). Since
A is unital, the inclusion A — Hilb,(A)" is a Morita equivalence (combine [9,
Ex. 16.9 & 18.15]) and therefore induces by [9, Prop. 16.11] (stating that — X, H
preserves Morita equivalences) and [9, Thm. 16.18] (stating that K¢ €2t is Morita
invariant) an equivalence

KC"Al8(A 1, H) - KC'Ca(Hilb,(A)* X, H).

So in this case
KCO(G/H) ~ K¢ A8(A X, H).

We see that the functor KC® has the same values as the functor introduced
in [16] (with additions by [24] or alternatively by [28])*. If A is unital and is
equipped with the trivial G-action, then by [9, Prop. 19.18] the functor KC® and
the Davis-Liick functor are actually equivalent as functors. O

Using (8.5) and Proposition 10.10 combined with Remark 10.12 we can de-

scribe the values on the orbit category for the functor Kg’iﬁc “ appearing in the

domain of the Paschke morphism. Let A be in Fun(BG, C*Alg™).

4To be precise, in [16] only the case A = C is considered, but the generalization to unital
C*-algebras with trivial G-action is straightforward. The additions concern a correction in the
construction of a K-theory functor for C*-categories.
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Corollary 10.13. If A is unital, then for every subgroup H of G we have an equiv-
alence

0 |H| =
KHllb (A)((G/H)mm min, dzsc) - ZKC*Alg(A X, H) |H| < 0.

We now turn our attention to the target of the Paschke morphism. We show
that in the case of C = Hilb.(A) for unital A, we can express the functor

K& 2 RKE(Co(-), Q)

in terms of the more familiar functor
K$™(=) 1= KKO(Cy(-), A)

from GLCH!, *” to Sp, see [12, Def. 1.14]. In order to state the results properly,
we introduce the following notation.
Definition 10.14.

(1) We let GLCHTOP’hfin denote the full subcategory of GLCHY * on spaces
which are homotopy equivalent in GLCH?:Op to G-finite G-CW complexes
with finite stabilizers.

(2) We let GLCHp mp M Genote the full subcategory of GLCHI:LrOp of second

countable spaces with proper G-action which are homotopy equivalent in
GLCHTOP to countable G-CW complexes with proper G-action.

Let A be in Fun(BG,C*Alg™).
Proposition 10.15. If A is unital, then we have an equivalence of functors

G,An _
(I<H11|:lc (A) ) | GLCHI:_TOD,hfm .

Proof. We abbreviate C := Hilb.(A). Using the notation of [12, Def. 1.14] we
have the equality

G,an
(EKA )lGLCHprop hfin =

Gan( ) GAn( )

(G)
std

If X is in GLCH, ™" PR then by Lemma 8.6 the functor B +— Kg™(X)
sends exact sequences in Fun(BG C*Cat™) to fibre sequences of functors on
GLCH'? BN o nnihilates flasques, and sends relative Morita equivalences to
equivalences. By [12, Thm. 1.32.3] it also sends weak Morita equivalences to
equivalences.

We apply the exactness property to the exact sequence

) G) ™ (G)
0— Cstd - Mcstd QStd . (10.8)

Since Cthd) admits countable AV-sums, we know by Lemma 2.21 that MCEZ) is

G,
flasque. Therefore, K %1
M

std

(=) ~ 0 and the boundary map of the fibre sequence
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obtained by applying K% 0 (10.8) is an equivalence

G, G, G,
KM = KQ;;‘(—) — 3K (g;“( ) (10.9)
std std
of functors on GLCHprOp’hﬁn. We consider the zig-zag
A= (€O >l <) (10.10)

in Fun(BG, C*Cat™), where by Lemma 2.20.3 the first map is a Morita equiv-
alence, the second is a weak Morita equivalence, and the third one is a split
relative Morita equivalence by Lemma 2.20.2. We therefore get an associated
zig-zag of equivalences
kG G =~ .G, = kG
KGan(_ 3 (Ci?«;)(‘) - K7 (=) <K (;‘)“( ) (10.11)
std,+ std
of functors on GLCHErOp’hﬁn.
Composing the equivalences in (10.9) and (10.11) we get the asserted equiva-
lence. O

In the next proposition, we calculate the values of the functor KG AL from

(1.7). We will use the notation introduced in Definition 10.14.2. Let Abein
Fun(BG, C*Alg™).

Proposition 10.16. If A is unital and separable, then we have an equivalence

(KG Al’l,lf

G,an |
(ZK, Hlth(A))chCHg;prhfm )

)lGLCHprop cohfin =

Proof. The argument is similar as for Proposition 10.15. However, if X is in

GLCHS“&p 7 hinthen kk%(Cy(X)) is not ind-G-proper in general so that B —
G an

K5 (X) does not send all exact sequences to fibre sequences, i.e., Lemma 8.6 is
not directly applicable.
In analogy with (1.6), we can define the locally finite evaluation F'f of any
functor F on GLCH?, " (with complete target) by

Fi(X) := Lljlgl( FU),

where U runs over the open subsets of X with G-compact closure. We have a
natural transformationcp : F —» F I "and the transformation cpr . F I (FHE
is an equivalence by a cofinality argument.

We again abbreviate C := Hilb.(A). We will construct an equivalence

Jf ,An,If
(ZKG7an )lGLCHpropohfm = (KG n

¢ (10.12)

) prop,chfin
|GLCH2nd,+
and furthermore show that the canonical morphism cyc.n induces an equiva-
A

lence

(Kg,an)chCHpmpyahﬁn 2 (Kg’amlf)|GLCHpmp‘Ghﬁn . (10.13)
2nd,+ 2nd,+
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The asserted equivalence is then defined as the composition of the equivalences
in (10.12) and (10.13).

We start with the construction of (10.12). We consider the following diagram
. G
in KK

Kk, e ()

KK cat (Clpp) —— KkCcat (MC) ——=—— kk°(Q()

F(n) Kk car(MCL?) kkgocat Q).
(10.14)
The lower part is a segment of a fibre sequence with F(rr) defined as the fibre

of kkG(ﬂ'), where 7 is the quotient morphism MCS’;) - Qiil). The upper com-
position vanishes since (10.8) is exact, but it is not necessarily part of a fibre
sequence since kkg*cat is only conditionally exact. The dotted arrow and the
corresponding square is then given by the universal property of the fibre.

We consider an ind-G-proper object P and apply the exact functor

J

= kG 0t (Q9)

KK®(P,-): KK° > Sp

to (10.14). We then get the following diagram in Sp (as usual we drop the symbol
kkg*c‘at if we insert objects in KK°(—, —))

KK (P, ) —— kx%p,MC'?) s KK°(P, QD)

std

=71KKO(P, Q¥)) —=— KKU(P, F(m)) — KK (P, MC'Y)) ——— KK°(P,Q)).

(10.15)
By [12, Thm. 1.32.5] the upper sequence becomes a fibre sequence, too. There-

fore, the dotted arrow becomes an equivalence. Furthermore, MCES;) is flasque
by Lemma 2.21 so that KKG(P, MCétC;)) ~ 0by[12, Thm. 1.32.7], and j, becomes

an equivalence.
We consider the following two natural transformations

_1.-G,An def _ G,an Js G,an
DI GHEED) 1KQ(G) — K0 (10.16)
std
and

KG,an (1%1) G,an L KG,an

LR KO = K (10.17)
std

of Sp-valued functors on GLCHTOP, where i, and j, are induced by the mor-
phisms i and j in (10.14). Since by [12, Prop. 1.26] the restriction of kkGoCQ(—)
to GLCHY'™? hIn ¢ kes values in ind-G-proper objects, the restrictions of j, in
(10.16) and i, in (10.17) to GLCHE’:OP’hfin are equivalences.
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We apply the (—)!f-construction to the transformations in (10.16) and (10.17)
and get transformations

—11-G,AnIf G,an,If
K - Ky (10.18)
and
G,an,If G,an,If
AR (10.19)

We now show that the evaluations of (10.18) and (10.19) at X in GLCHg;prhfm
are equivalences. By homotopy invariance of the domains and targets we can
assume that X is a countable G-CW-complex with proper G-action. By local
compactness, it admits a cofinal family of open subsets U with G-compact clo-
sure belonging to GLCHl_'fOp’hfm. This implies that j, in (10.16) and i,, in (10.17)
become equivalences after evaluation at such U. We get the equivalences (10.18)
and (10.19) as limits of equivalences. The desired equivalence (10.12) is now
defined as the suspension of the composition

~(10.19)~ (KGanlty A
pperin = Ky iorcamgper

(KG,an,lf

A )lGLCH (10.20)

~,(10.18)

(Z_lKG,An,lf

) prop,chfin .
c |GLCHS,

It now remains to show that the canonical transformation (10.13) is an equiv-
alence. We can again assume that X is a countable G-CW-complex with proper
G-action. We let (U,),ecn be an exhaustion of X by an increasing family of
invariant open subsets with G-compact closure. Then settingY,, := X \ U,
the family (Y,,),.en is a decreasing family of closed invariant subsets of X with
Npen Yn = 9. We get a diagram of maps

G, G, G,
K (Y1) — K (X) —— K" (Upy1)

G,an G,an G,an
K7 (Y,) —— K, (X)—— K, (Uy)

whose horizontal pieces are fibre sequences by [12, Thm. 1.15.3]. Here we
use that the inclusions Y,, — X are split-closed by [12, Prop. 5.1.1] and our
topological assumptions on X. We now consider the fibre sequence obtained
as the limit of this diagram in the vertical direction. Using that A is separable
and [12, Thm. 1.15.6] the limit of the left column vanishes. Hence, we get an
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equivalence
G, = .G, G,anIf
K (X0) = lim K™ (Uy) = K™ (X)

as desired. O

11. Comparison with classical constructions

As explained already in the introduction the classical definition of the do-
main of the Paschke morphism does not involve a C*-category of controlled
Hilbert spaces but it involves the choice of a single sufficiently large contin-
uously controlled Hilbert space. So in order to compare the approach of the
present paper with the classical one we specialize to the case of trivial coef-
ficients characterized by C = Hilb.(C) and MC = Hilb(C). According to
Definition 2.8 the objects of Hilb(C)© are pairs (H, p) of a Hilbert space H and
a unitary representation p : G - U(H), g = p,. The morphisms are given by
Homyimcyo (H, p), (H', 0)) = B(H,H'), the bounded linear operators from
H to H'. The group G fixes the objects of Hilb(C)(© and acts on the morphisms
byg-A = pg_lApg.

We consider a second countable proper metric space X with an isometric
action of the group G. In the following, we construct an exact sequence of
C*-categories

0—- C°X) - DCX) - Q%X) - 0. (11.1)
We start with the definition of a C*-category B(X) with G-action. Its objects
are triples (H, p, ¢), where (H, p) is in Hilb(C)© such that H is separable and
¢: Co(X) —» B(H) is homomorphism of C*-algebras satisfying the following
properties:
(1) The representation ¢ is equivariant, i.e., we have g=! - ¢(f) = ¢(g*f)
for all f in Cy(X) and g in G, see (5.3).
(2) The representation ¢ is non-degenerate in the sense that ¢(Cy(X))H =
H.
(3) There exists an equivariant unitary isomorphism (H, p) = (L*(G) ®
H’,1 ® idy), where 1 is the left-regular representation of G on L?*(G)
and H’ is some auxiliary separable Hilbert space.

The morphisms of B(X) are inherited from Hilb(C)(©). The group G fixes the
objects of B(X) and acts on morphisms as in Hilb(C)©.

Let (H, p,¢) and (H’, o', ¢') be objects of B(X). An operator A in B(H,H')
is called locally compact if ¢'(f)A and A¢(f) belong to K(H, H') for all f in
Co(X), where K(H, H') denotes the set of compact linear operators from H to
H'. Further, A is called pseudolocal if ¢'(f)A — A¢(f) € K(H,H’) for all f
in Cy(X). Finally, it is called controlled if there exists R in (0, o) such that
d(supp(f"), supp(f)) > R implies that ¢' (f)A¢(f) = 0. The C*-category C¢(X)
is the wide C*-subcategory of B(X) generated by the invariant, locally compact
and controlled operators. Similarly the C*-category D(X) is generated by the
invariant, pseudolocal and controlled operators. Finally Q°(X) is defined as
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the quotient, see (11.1). If (H, p, ¢) is an object of B(X), then the corresponding
endomorphism algebras form an exact sequence

0 — CY(H,p,¢) - D°(H,p,$) - Q°(H,p,$) — 0

which is the equivariant generalization of (1.11) from the introduction.

Definition 11.1. An object (H, p, ¢) of D®(X) is called absorbing if for every
other (H', o', ¢") in DY(X) there exists an isometryu : (H',p’,¢") = (H,p, $) in
DS (X).

The existence of absorbing objects in the case of trivial G follows from [22,
Lem. 7.7].5 For the following discussion, we assume that we can choose an
absorbing object (H, p, ). We set Q°(X) := Q°(H, p, ¢) and let Q(H) be the
Calkin algebra of H with the induced G-action. With these choices we can define
the Paschke morphism

PP = uyody  KK(C,Q0(X)) — KKE(Co(X), QH))

as in (1.14). We can consider X as an object of GUBC with the structures
induced by the metric. We furthermore assume that X is homotopy equivalent
to a G-compact G-CW-complex with finite stabilizers. The following proposition

asserts that the Paschke morphism py from (1.17) is compatible with pg(H’p ),

Proposition 11.2. There exists a commutative square

K& (xX) —L— KK(C, QX)) (11.2)

lpx lpg(H:F*ﬁ)

K& (1oP(X)) +—— KK (Co(X), QUH))
Proof. We use the identifications

KST 0 R RK(C, Q)

and

Kg’An(ltOP(X)) (1_;3) KKG(Co(X), Qgil)) ’

The objects of Q(X) (and also of D(X) and C(X), see (6.3) and (6.4)) are the
objects of CE’CU(O(X) ® Geanmax)- I (H',p', ') is such an object, we get the
object (H', p’,¢") of D¢(X) with ¢’ as in (5.7). Note that since X is second
countable and has the bornology of relatively compact subsets, the Hilbert
space H' is separable by the local finiteness conditions (see Definition 2.12) on
(H',p’, ). Furthermore, using that X X G is a free G-set we see that (H’, p’) is
a multiple of the regular representation of G on L*(G). Since we assume that
(H, p, $) is absorbing there exists an isometry u’ : (H',p’,¢') - (H,p,¢) in
DS (X).

>We neither know a reference nor have a proof for the existence of absorbing objects in the
equivariant case in full generality, see Remark 11.4.
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We consider the category D*(X) consisting of pairs ((H', p’, 1), u’) of an
object (H', p’, 4') in D(X) and an isometry u as above. A morphism
A : ((HI,‘O,,IM’), u/) N ((H”,p”,,u”), ull)

is a morphism A: (H',p',u') - (H",p"”, ") in D(X). We define C*(X) and
Q*(X) similarly. Then we have a diagram of maps of exact sequences of C*-
categories

0 C(X) D(X) Q(X) 0
[ 1 ]

0 CY(X) D*(X) Q“(X) 0
[

0 Cco(X) DO(X) —— Q%(X) —— 0

where in the lower sequence we consider the C*-algebras as C*-categories
with a single object. The upper vertical functors just forget the embedding
u’ and are unitary equivalences. The definition of the lower vertical func-
tors on the objects is clear. The functor D¥(X) — D®(X) sends a morphism
A (H, o, u)u') - (H',p",u"),u") to u” Au"*. The other functors are
defined similarly. Since K€ ©2 sends unitary equivalences to equivalences, we
get the following morphism

KE"C(C(X)) —— K€ C3(D(X)) —— KC"CH(Q(X))

KC*Alg(CG(X)) N KC*Alg(DG(X)) SN Kc*Alg(QG(X))

of fibre sequences. The right vertical map is the map y in the square (11.2). The
map « is an equivalence by [8, Thm. 6.1], but this will not be used here.

If X is homotopy equivalent to a G-finite G-CW complex with finite stabilizers,
then the functor KKG(CO(X ), —) sends exact sequences in Fun(BG, C*Cat™) to
fibre sequences by a combination of [12, Prop. 1.26] and [12, Thm. 1.32.5]. The

lower horizontal map in (11.2) is induced by the functor Q(H) — Qigj) which
just views (H, p) as an object of Qgil). In order to show that it is an equivalence,

we consider the map of fibre sequences obtained by applying KKG(CO(X ),—) to
the map of exact sequences

0—  +K(H)—— s B(H) —— Q(H) —— 0 (11.3)

| [

0 —— Hilb,(C){j; — Hilb(C); Qi 0
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The vertical maps send the unique object of the domain to the object (H, p). We
have KKG(CO(X), B(H)) ~ 0 by [12, Cor. 6.22], and we also have

KK(C, Hilb(C)'?) ~ 0

by [12, Thm. 1.32.7] since Hilb(C)gii) is flasque by Lemma 2.21.

We will show that the left vertical map in (11.3) induces an equivalence

after applying KKG(CO(X ), —). We let Hilbc(C)g’}’sep and Hilb(G:)étGd)’Sep denote

the full subcategories of Hilbc(C)ggl) and Hilb(C)thd), respectively, of separable
Hilbert spaces. Then we have a factorization of the left vertical morphism in

(11.3) as

K(H) - Hilb,(C)\9** - Hilb,(C)\%). (11.4)

We claim that first morphism is an idempotent completion relative to the ideal
inclusion K(H) — B(H), and therefore a relative Morita equivalence by [9, Prop.
17.8]. In order to see the claim, note we have an equivariant unitary isomorphism
(H,p) = (L*(G) ® H',A ® idyy). Since (H, p, ¢) is absorbing we can in addition
assume that dim(H’) = oo. Since every separable Hilbert space is isomorphic to
a subspace of H’ we see that every object of Hilb(C)'%*®

aa  admits an isometry
to (H, p). We now consider the square

K(H) —— + B(H)

l |

Hilb,(C)'2*® — Hilb(C) %P

where the horizontal maps are ideal inclusions. By the observation above the
right vertical map presents Hilb(C)if(?’seP as the idempotent completion of B(H).

The second morphism in (11.4) is easily seen to be a weak Morita equivalence.
Since KKG(CO(X ), —) sends both relative Morita equivalences and weak Morita
equivalences to equivalences by [12, Thm. 1.32.8] and [12, Thm. 1.32.3], respec-
tively, the left vertical morphism in (11.3) induces an equivalence after applying
KKG(CO(X ), —). This together with the fact that this functor annihilates B(H)
and Hilb(C)'") implies that

KK (Co(X), Q(H)) — KK(Co(X), Q%)

is an equivalence. This explains the lower horizontal equivalence in (11.2).
It is obvious from the definitions of the Paschke morphisms in (1.14) and
Definition 6.3 that the diagram commutes. O

In the following, we assume that X satisfies the assumptions of Theorem 1.5.2
such that py is an equivalence.

Corollary 11.3. The morphism y is an equivalence if and only if png’p ) isan
equivalence.
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This says that in all cases where the classical Paschke morphism pg(H’P #) is
an equivalence it is equivalent to our morphism px as a spectrum map. An

independent proof® that y is an equivalence would then allow us to conclude

from Theorem 1.5.2 that png”o #) s an equivalence.

Remark 11.4. This is a remark about the existence of absorbing objects an in
Definition 11.1. First of all the discussion above depends on the existence of an
absorbing object in D®(X) for which we neither have a reference nor a proof.
Related results are [37, Lem. 4.5.5 & Prop. 4.5.14]. They are adapted for the
approach based on localization algebras but do not imply directly what we need.
A similar remark applies to [2, Thm. 1.3].

In the non-equivariant case, the existence of absorbing objects is settled in
[22, Lem. 7.7] by an application of Voiculescu’s Theorem.

We furthermore do not know a reference for the fact that p§(H’p %) is an equiv-
alence. In fact, [2, Thm. 1.5] states a Paschke duality isomorphism in the equi-

variant case. But it is not obvious how to identify the targets and the maps in [2,
Thm. 1.5] with p{{"*%. 0

12. Homotopy theoretic and analytic assembly maps

In this section, we describe the homotopy theoretic and the analytic assembly
maps which we will eventually compare in Theorem 1.9. The homotopy the-
oretic assembly introduced in Definition 12.2 is a standard construction from
equivariant homotopy theory [16]. For the historic development of the ana-
lytic assembly map, we refer to [19]. Our Definition 12.12 is a spectrum valued
refinement of the assembly map of [25, 1] which is new in this form.

We begin with the homotopy theoretic assembly map. Let GOrb denote the
orbit category of G and M be some cocomplete stable co-category. Recall that by
Definition 10.1 an equivariant M-valued homology theory is simply a functor

E: GOrb - M.

Let F be a family of subgroups of G. By G+Orb we denote the full subcategory
of the orbit category GOrb of transitive G-sets with stabilizers in the family F.
Since * is a final object of GOrb we have a natural transformation E — E(x) in
Fun(GOrb, M). This transformation induces the homotopy theoretic assembly
map:

Definition 12.1. The homotopy theoretic assembly map for E and ¥ is the canon-
ical morphism

Asmblg’f : colimg, orpE — E(%)

in M.

We do not know a reference for such a proof.
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Recall that we can evaluate the equivariant homology theory E on G-topological
spaces using (10.3). For every X in GTop, we get a morphism

Asmbly y 1 E(X) — E(x) (12.1)

which is induced by the projection X —x. We let E+GV be a G-CW complex
representing the homotopy type of the classifying space for the family #. It is
characterized essentially uniquely by the condition that

§ S¢&GsOrb,

YOEFGNS) ﬁ{ + S€GyOrb.

(12.2)

Asa consequence of (10.4) we then get the equivalence E(E+G“V) ~ colimg orbE>
and under this identification we have the equivalence

sm ~ ASm _GCW .
Asmblj ; ~ Asmbly ;g (12.3)

of assembly maps. Further below, in the special case of the functor E = Kg

introduced in Definition 15.10 for A in KK we will use the notation

h h
HoL = AsmblKg X poh = Asmblkgf (12.4)
indicating that u2”,_is the assembly map introduced by Davis-Liick [16].

We have a functor
t: GOrb —» GBC, S+ Spinmax> (12.5)

where Sy,i, max 1S the G-set S equipped with the minimal coarse structure and
the maximal bornology. For a coefficient category C in Fun(BG, C*Cat™) which
is effectively additive and admits countable AV-sums, we have an equivariant
coarse K-homology functor

KCXS :GBC—Sp

can,min

(see Definition 3.4 for KCX'¢ and Definition 4.7 for the twist of an equivariant
coarse homology theory by an object of GBC, in the present case by G4y, min)-
The following is the technical definition of the functor described in (1.19).

Definition 12.2. We define the functor

KCcx¢

Gcan,min

KCC: GOrb —» GBC —3"™"sp.

We now apply the definitions of assembly maps explained above to the functor
KCPC in place of E and introduce a shorter notation.

Definition 12.3. The homotopy theoretic assembly map associated to G, F and
C is defined to be the map

Asmblg 1= Asmblgs 4 : colimg, opKCE — KCO(%).
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More generally, for every X in GTop, specializing (12.1), we have the mor-
phism
Asmbl¢ x = Asmbljco y : KCO(X) — KCO(x) (12.6)

induced by the projection X —#. Since KCX'® depends naturally on the coeffi-
cient category C in Fun(BG, C*Catggeg cadd, wadd) see (2.11) for the definition of

this category, so do the assembly maps AsmblC x and AsmblC 7

We now turn to the analytic assembly map whose final definition will be
stated in Definition 12.12. We start with introducing the notation for its domain.
Recall that GLCHRr0p is the category of locally compact Hausdorff G-spaces
with partially defined proper maps.

Definition 12.4. We denote by GLCHT;E the full category of GLCHﬂrOp of spaces

on which G acts properly and cocompactly.
We will describe the analytic assembly map Asmblélj? associated to C in

Fun(BG,C*Cat"™) and a family F contained in Fin. In analogy to (12.1), we
will further describe a natural transformation

Asmblg : K3A"(-) - EKK(C, ) X, G)

of functors from GLCHT;E to Sp. Note that for infinite G the morphism

Asmblgy : K&A"(X) — ZKK(C, €% x4, G) (12.7)

can not simply be induced by a map X — since * and therefore this map are

not in the category GLCHT;E If E-GW happens to be in GLCHI:;E, then we

will have an equivalence Asmblg s =~ Asmbl?fEchw in analogy to (12.3).
The classical definition of the analytic assembly map is based on a construc-
tion of a family (Asmblacr,}’*)XEGLCHirog of homomorphisms in Ab”
. G
AsmbIgly , : KIAM(X) = KKI(Co(x), Q) - KK,,(C.€¥) x, 6), (12.8)

which implement a natural transformation

KSM(=) = KK, 1(C,.€) %, G) (12.9)

of functors from GLCHT;E to AbZ.

In the following, we describe the details of the construction of Asmbli‘;rfx,>k
in (12.8) thereby lifting it to the spectrum level. The construction has three
steps. The first is an application of functor — X G from [12, Thm. 1.22.3], where
X without subscript refers to the maximal crossed product. The second is a
pull-back along the Kasparov projection given by (12.16) below. The last step
consists of changing target categories (12.20).

The following discussion will be used to get rid of the choice of cut-off func-
tions involved in the Kasparov projection. Here we can take full advantage of
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the co-categorical set-up. We let

®R: GLCHY ™ — Set

be the following functor:

(1) objects: The functor R sends X to the set R(X) of all functions y in
C.(X) such that
Dgt=1. (12.10)
geiG
(2) morphisms: The functor R sends a morphism f : X — X’ in GLCHT’;E
to the map R(f) : R(X’) — R(X) which sends y’ in R(X’) to f*y’ in

R(X).
For y in R(X), we define the Kasparov projection
Py =2, (x -8 2.8 (12.11)
geiG

in Cy(X) X G. Note that this sum has finitely many non-zero terms.
If f 1 X - X’ is a morphism in GLCHT,;E and y’ is in R(X"), then we have
the relation
(f* > G)(p)(’) =Dy -
Hence, we get a natural transformation of contravariant Set-valued functors

R(=) = Homgupem (C, Co(—) X G)
on GLCHY ! which sends y in R(X) to the homomorphism
Co24p Ap, € Cy(X) XG.

Composing with kk we get a natural transformation of Spc-valued functors

' R(—) - Q®KK(C,Cy(X) X G),
where ¢/ : Set — Spc is the canonical inclusion. Using the (25, Q*)-adjunction
we can interpret the result as a transformation

T®¢'R(—) = KK(C, Co(—) X G) (12.12)

of Sp-valued functors.
()
LetE: GLCHT’;E ’ 5 Mbe any functor to a cocomplete target. We have a
functor

q: GLCHY Y x A - GLCHY ?

which sends (X, [n]) to X x A" with the G-action only on the first factor. We
define the homotopification of E by

H(E) := q,q"E : (GLCH”"®)* - sp,

+,pC
where g* is the pull-back along g and g, is the right-adjoint of g*, the right

Kan-extension functor. The unit of the adjunction (g*, g,.) provides a natural
transformation E — J((E). We say that E is homotopy invariant if the projection
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X xA! — X induces an equivalence E(X) 2 E(X xAl). A proof of the following
lemma is for instance implicitly given in the proof of [14, Lem. 7.5]

Lemma 12.5 (cf. [14, Lem. 7.5]).
(1) H(E) is homotopy invariant.
(2) E is homotopy invariant if and only if the canonical morphism E — JH(E)
is an equivalence.

prop©P

Let S denote the sphere spectrum and S : GLCH e

functor with value S.

— Sp be the constant

Lemma 12.6. The projection R — * induces an equivalence H(Z¢'R) ~ S.

Proof. By the pointwise formula for the left Kan extension q, we must show
that the projection R — * induces for every X in GLCH?:,;E an equivalence
colimpyeamnECE' R(X X A") 5 S .

Since % : Spc — Sp preserves colimits it actually suffices to show that

colimy,jepent’ R(X X A™) Sk

in Spc. For a simplicial set W, the colimit colimpep€’W is given by €(|W]),
where ¢ is as in (10.1) and |W| in Top is the geometric realization of W. Since
the geometric realization of the total space of a trivial Kan fibration over a
point is contractible it therefore suffices to show that the map of simplicial sets
R(X X A7) —= is a trivial Kan fibration. So we must show that for every n in N
a function y in R(X X dA") can be extended to a function y in R(X x A").

For the case n = 0, we observe that for any X in GLCHT;E we have R(X) # 0.
For n > 1, using barycentric coordinates, we can write a point in A” in the form
ot where g isin [0, 1] and ¢ is in A". Then an extension of y is given by

2(x,01) 1= o6, 02 + (1 — 0)x(x. 12,
where ¢ is the zero’th vertex of the simplex. O
We now use that KK(C, Cy(—) X G) is a homotopy invariant Sp-valued functor.
Applying J to (12.12) we get a transformation

Lem. 12.6 A
€18 & HETE'R)

~ Lem. 12.5.2
— KK(C,Cy(=) X G).

(12.12)
—  H(KK(C,Cy(-) X G)) (12.13)

Let A be an object of KK and consider the functor from [12, Def. 1.14]:

K$™ := KK(Co(-),A): GLCHY™® — Sp. (12.14)
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We have the maximal’ crossed product functor — X G [12, Thm. 1.22.3] whose
action on mapping spectra induces the following natural transformation

—X G : K$*™ (=) = KK(Cy(=), A) = KK(Co(-) X G,AXG). (12.15)

of functors from GLCHY )\ to Sp. The composition of morphisms in KK provides

a natural transformation

We interpret its pre-composition with (12.13) as a natural transformation

€* 1 KK(Cy(—=) X G,A X G) = KK(C,A X G) (12.16)
of functors on GLCHY, 7 with values in Sp. The composition of (12.15) and
(12.16) is a natural transformation

Kasp . G,an

AP e K3 (=) > KR(C,A X G) (12.17)
of functors from GLCHT’;E to Sp. We now assume  C Fin. In general, E-GV
does not belong to GLCH} ? so that we can not apply K$™ or yfiif’max to

E+GCV directly. Therefore, we adopt the following definition.
Definition 12.7. We let

RKg’aln : GTop — Sp
be the left Kan extension of (K(j’an)lGLCngr;g along the inclusion

GLCHY ? — GTop.

In particular, we have the diagram

G,an

prop A
GLCHY Sp.
2
s
\ => Ve Gan
p s RKS

GTop

The following definition introduces the spectrum-valued refinement of the
classical Kasparov assembly map as introduced in [25, 1].

Definition 12.8. The Kasparov assembly map associated to G, F and A is defined

as the map

K
e - RS (B GV) > KK(C, A X G)

induced by the natural transformation in (12.17). We further define

K
- RK$™(EzGV) — KK(C, A X, G)

as the composition of uia;pmax with the canonical morphism A X G — A X, G.

In the present paper, we use the convention to denote the maximal crossed product by X and
the reduced by X,.
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Note that both versions of the Kasparov assembly map are, by construction,
natural in the coefficient object A in KKC.

Using the functor kkc.cae : Fun(BG, C*Cat™) — KK we consider the Kas-
parov assembly map as depending on a coefficient C*-category with G-action in
place of A. Recall that we drop kkc-«cae from the notation.

Consider a morphism C — D in Fun(BG, C*Cat).

Lemma 12.9. If C — D is a Morita equivalence, then the induced morphism
Kasp

N Kasp . val
,ucf ,LlD’f IS an equivalience.

Proof. By the functoriality of the Kasparov assembly map we have a commuta-
tive square

Kasp

U
RKS™(B,GEV) —24 KK(C, C X, G)

I o

u
RKS*™(EFG™V) -2 KK(C,D X, G)

It suffices to show that the vertical morphisms are equivalences. We start with
the left vertical morphism. Note that

RKg’an(EfGCW) =~ colimy cg, gew KK®(Co(W),C),

where W runs over the G-finite subcomplexes of E;G®V. By [12, Prop. 1.26]
the objects kkG(CO(W)) of KK are G-proper and hence ind-G-proper (recall
that we assume that the family & is contained in Fin). By [12, Thm. 1.32.8]
the functor KKG(CO(W), —) sends relative Morita equivalences to equivalences.
Hence, the left vertical arrow in the square above is equivalent to the colimit of
equivalences

colimy ¢, gewKK® (Co(W), €) — colimyycr, gewKK® (Co(W), D)

and hence itself an equivalence.

The right vertical arrow in the square is an equivalence since — X, G preserves
Morita equivalences by [9, Prop. 16.11], and KK(C, —) sends Morita equivalences
to equivalences by [9, Thm. 16.18]. O

Example 12.10. Assume that A is an object in Fun(BG, C*Alg) and set C :=
Hilb.(A) in Fun(BG, C*Cat™). Then by Lemma 2.20.3 we have a Morita equiv-
alence A — (C*)@ induced by the canonical inclusion. We then have an
equivalence

Kasp =  Kasp
Hag = Mo s (12.18)

by Lemma 12.9. (|

We will now derive the analytic assembly map (12.7) associated to C in
Fun(BG, C*Cat™). The composition of the two transformations —XG — —X,G
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and id — Idem yields a morphism of exact sequences

c©

(©) (G)
std C

X G ———MCY) 4G —— Q¥ xG6——0

Tk

0 —— Idem(C'?) X, G) —— Idem(U) dem(0)

G
Idem(C'")x, G)

00—

(12.19)
where the middle vertical arrow is the composition of (2.10) with the inclusion
U — Idem(U). In the upper line, we also used that the functor — X G is exact.
The functor ctc will be called the change of target categories functor.

The change of target categories functor ctc in (12.19) yields the first morphism
in the following composition. The second is the boundary map associated to
the second exact sequence in (12.19). Finally, the left-pointing morphism is an
equivalence by the Moria invariance of KK(C, —) = K¢ € [9, Thm. 16.18]:

Idem(U)
Idem(C(G) X, G)

KK(C, Q) x 6) = KK(C, (12.20)

— ZKK(C,1dem(C\%) X, G)) « ZKK(C,C¥) %, G).

We now specialize the assembly maps introduced in Definition 12.8 to A =
kk (Q( ), but we will drop the symbol kk? in order to shorten the formulas.

We use that Kg(zl)“ = KG AR compare (12.14) and (1.3).

std
Definition 12.11. We define the natural transformation

Kasp

K )

Q —, max
M RR(E, Q€ % 6) 'Y skk(e, ¢ %, 6)

an G,An
Asmbl¢e_ 1 K (=) std std

C

of functors from GLCHT;E to Sp. We then define

Asmbl?fX,* = ﬂ*(Asmblng) .

We now use Definition 12.7 for RKG AR RKG(E;;1

std

Definition 12.12. The analytic assembly map associated to G, F and C is defined
as the map

Asmbly : RKSAM(E;GV) - ZKK(C, %) %, G)
induced by the natural transformation Asmblg' in Definition 12.11.

The assembly maps Asmblg’ and Asmbl 5 depend naturally on the coeffi-
cient category C in Fun(BG, C*Caty e, cad wadd)-
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13. C"-categorical model for the homotopy theoretic assembly
map

The homotopy theoretic assembly map Asmblﬁf in Definition 12.3 is defined
in terms of the equivariant homology theory KC®. On the other hand, the
analytic assembly map Asmbl'g’} is constructed in Definition 12.12 in terms of
KK-theory. Our goal is to compare these two assembly maps. As a first step, in

this section we will construct an assembly map Asmblg induced by an explicit
functor ®x between C*-categories and show that it is equivalent to the homotopy

theoretic assembly map Asmblg x on G-finite G-simplicial complexes. Asmblg
also depends on C, but we drop this subscript from the notation in order to
simplify the notation.

Let C be in Fun(BG, C*Cat™) and assume that it is effectively additive and
admits countable AV-sums. In the following, we will use the C*-category

U defined in Definition 2.22 which contains Cthd) X, G as an ideal, and the
morphism o : MCEtGd)NG — U from (2.10). Recall the Definition 3.3 of the
functor C°" : GBC — C*Cat. Let X be in GBC. For an object (C, p, u) in

If
Cle’Ctr(X ® G_an.min)> We use the abbreviation

Mg = H(X ®{g}) (13.1)

denoting a projection in MC on C. We refer to Proposition 13.2 below for the
verifications related with the following definition.

Definition 13.1. We define a functor
Ox : Cg’Ctr(X ® Geanmin) — 1dem(U).
as follows:
(1) objects: The functor Oy sends the object (C, p, u) in Cg’Ctr(X ® Gean.min)
to the object (C, p, p) in Idem(U), where
p = o(kee). (13.2)

(2) morphisms: The functor ©x sends a morphism A : (C, p, ) = (C', o', 1)
in Cg’Ctr(X ® Geanmin) to the morphism

Ox(A) 1= D, o), A 8): (C.p.p) = (C'.0', ') (13.3)
geiG
in Idem(U).
For the interpretation of the infinite sum in (13.3), we refer to the proof of

Lemma 13.3 below. Let GBC,4 denote the full category of GBC of bounded
G-bornological coarse spaces.

Proposition 13.2.
(1) Forevery X in GBC, the functor Oy is well-defined.
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(2) The family (Ox)xegpc is a natural transformation
©: €7 (= ® Gegnymin) — 1dem(U) (13.4)

of functors from GBC to C*Cat™.
(3) The transformation @ restricts to a transformation

©: €7 (= ® Geanmin) — 1dem(C?) X, G) (13.5)

of functors from GBC,4 to C*Cat™.

Proof. We start with Assertion 13.2.1. Since X X G is a free G-set and (C, p, 1)

is locally finite it follows that (C, p) belongs to Cgf?. Furthermore, p belongs to
U since u, belongs to MC. Consequently, (C, p, p) is a well-defined object in
Idem(U).

The following lemma finishes the verification that ©y is a well-defined functor
between C*-categories and therefore proves Assertion 13.2.1.

Lemma 13.3. The formula (13.3) determines an isometric map ©x(—) on mor-
phism spaces which is compatible with the composition and the involution.

Proof. We first observe thatif A : (C, p,u) — (C’, p’, u’) has controlled propa-
gation then the sum in (13.3) has finitely many non-zero terms which all belong
to U since A belongs to MC.

It follows from Definition 2.12.2¢ and [9, Lem. 7.10] that C is isomorphic to
the orthogonal AV-sum of the images of the family of projections (¢g)ee- Using
[9, Lem. 7.8] we therefore get a multiplier isometry

u:C—»@C, uzzZeg,ug, (13.6)
geiG geG

where the sum converges strictly. We have an analogous multiplier isometry
u: C - @g < C'- Still assuming that A is controlled, we calculate by using

(2.3) (saying that g - u, = u,), for all g, h in G) and the G-invariance of A (saying
thatg - A = A for all g in G) that

Ox(A) 1= D, o, Ap,, ) = u'Au*. (13.7)
geG

Since U is closed in L?(G, Cgil)), this formula shows that ®y extends by continu-

ity to an isometric map defined on all morphisms in Cg’Ctr(X ® Gean,min) With
values in U. Using the equality

uu* =p (13.8)
and (13.3) we see that
P'0x(A) = ©x(A)p = Ox(A).
Altogether we obtain an isometric map

®X(_) : HOITIC?“"(X@GCG"{MM)((C7 P> M)’ (C’a p,7 Ml)) - Homldem(U)((C’ P> p): (C,’ pl’ p,)) .
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We finally show that Ox(—) is compatible with the composition and the
involution. Let A: (C,p,u) — (C',p',u')Yand A" : (C', 0", ') = (C",p", ")
be morphisms in CG (X ® G gnmin)- Since Oy is continuous, as shown above,
we can assume for simplicity that the morphisms are controlled. We then
calculate using that u and u’ are isometries and (13.7) that

®X(A,)@X(A) = GX(A,A), G)X(A)* = G)X(A*)- U

In order to see the Assertion 13.2.2, we consider amap f : X - X’ in GBC.
Then Cle’Ctr( f)C,p, 1) = (C,p, f.u). We observe by inspection of the definitions
that

Ox (CL(F)C, p, 1) = Ox(C,p, 1),  Ox(CT()(A) = Ox(A).

We finally show Assertion 13.2.3. If X is bounded, then X X {g} is a bounded
subset of X ® G.qpmin for every g in G. Consequently, u, belongs to C, see
the explanations in Remark 2.13. Every summand of (13.3) is a morphism in

Cigi) X, G. Since C(G) X, G is closed in U we conclude that ®x takes values in

the wide subcategory Idem(C(G) X, G) of Idem(U), provided X is bounded. [
For X in GUBC, 4, we will also write

Ox 1 CI™(2 C OX) ® Granmin) — 1dem(C?) %, G) (13.9)

for the restriction of the functor ® ¢y to the ideal CG (2 C OX) ® Geanmin)s
see (5.6) for the notation.

We now apply the functor K¢ €a(—) = KK(C, —) to the transformations (13.4)
and (13.5). Using the Definition 3.4 of KCX'¢ in order to rewrite the domain
and the Morita invariance of K¢ ©2(—) together with [9, Prop. 17.4 & 17.8] in
order to remove Idem(—) in the target we get the assertions of the following
corollary.

Corollary 13.4.
(1) We have a natural transformation

0: chG — KK(C, U) (13.10)

Lan min

of functors from GBC to Sp.
(2) We have a natural transformation

6: KCXS - KK(C,C9 %, 6) (13.11)

can min Std’

of functors from GBCyq to Sp.

Proposition 13.5. The morphism
6.: KCX§ (%)= KK(C, ¢ %, 6) (13.12)

is an equivalence.
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Proof. The proofis very similar to the proof of Proposition 9.6. But the difference
is that here G is infinite while in Proposition 9.6 H was finite. By definition the
morphism in question is

KCXS (%) =K (CT (G min)

Lan min

KC*Cat(@ ) . G
K (1dem(C) x4, G)).

We will construct a factorization of ®, as
co G
Y (Goanmin) = D — Idem(D) — Idem(C) X, G),

where CG Ctr(Gcan,mm) — D is a weak Morita equivalence, D — Idem(D) is

a relative idempotent completion, and Idem(D) — Idem(C( ) X, G) is a uni-

tary equivalence. Since K€ €2 sends functors with any of these properties to
equivalences [9, Sec. 14 -16] the assertion then follows.

Lemma 13.6. O, is fully faithful.

Proof. By Lemma 13.3 the functor @, is an isometric inclusion on morphisms.
It remains to show that it is surjective.

Let (C,p,u) and (C’, 0, ') be two objects of CG ““(Geanmin)- Note that
0.(C,p,u) = (C,p,p)and ©,(C’, o', ') = (C'p’, p’) in Idem(C( X, G). Let
A: (C,p,p) = (C'P, p') be amorphism in Idem(ngi) X, G). We will construct
amorphism A : (C,p,u) = (C',0', 1) in CG 7"(Geanmin) such that ©,(A) = A

Note that A is a morphism (C, p) — (C’, p’) in Ciﬁl) X, G which in addition
satisfies p’Ap = A. There is a unique family (Ag)geq of morphisms A, : C — C
in C such that

A= Z U(Ag’g),

geiG
where the sum converges in norm in U. From the equality

2, 0(Ag8) = A=p'Ap =) o(,_ Aghto,8)
geG gei
we conclude that
y;_lAgye = A, (13.13)

for all g in G. Using the notation from (13.7) we define

A =u* Z o(Ag, 8u

geiG
in Hompc(C, C”). Inserting all definitions we get A = 3, Zg g k- Ag where
the g-sum converges in norm and the k-sum converges strictly. This formula
shows that A is G-invariant. Furthermore, by (13.13) for every g in G the support

of 37, < k - Ag is the coarse entourage G({(g™', e)}) of G gpmin- 1t follows that
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A can be approximated in norm by controlled and invariant operators, i.e., we
have A € CS’Ctr(Gcan,m,-n).

By construction we have ©,(A) = A. This finishes the verification that ©, is
full faithful. U

For every free G-set Y, every subset F of Y, and every object (C, p, ) in
CffG )(Ymm) we can consider the projection pr := o(u(F), e) on (C, p) considered
as an object of U. We let D be the full subcategory of Idem(Cthd) X, G) of objects
of the form (C, p, pr) for some choice of Y, F and (C, p, u) as above. We can

consider Y = G and F = {e}. Then p = py, so that D contains the image of ©,.
Recall the notion of a weak Morita equivalence from [9, Def. 18.3].

Lemma 13.7. The functor Cﬁ’m (Geanmin) — D is a weak Morita equivalence.

Proof. It follows from Lemma 13.6 that the morphism in question is fully
faithful. It remains to show that set of objects G*(Ob(Cg’Ctr(Gcan,mm))) is weakly
generating [9, Def. 16.1]. In order to simplify the notation, we write p, := pg
and note that p = p,. We have

o(id¢, g)p.o(idc, 8)* = pg-

This shows that for every g in G and (C, p, ) in CE’Ctr(Gcan,mm) the object

(C,p,pg) in Idem(ng) X, G) is isomorphic to the object (C, p, p) which be-
longs to the image of ©,.. Furthermore, for every finite subset F of some free
G-set Y and (C, p, 1) in CffG )(Ymin) the object (C, p, pr) is isomorphic to a finite
sum of objects in the image of ©,.

Let now (C, p, pr) be any object of D and (A4;);¢; be a finite family of mor-
phisms in Idem(Cgii) X G) with target (C, p, pr). Let € be in (0, o0). We write
A = Zh < 0(Aip, h) where the A;, belong to C. Since these sums converge
in norm and I is finite there exists a finite subset F’ of G such that ||4; —
Yiner F(Aip M|l < €/2foralliin 1. Since Zy oy H({y}) converges strictly to id¢

we can find a finite subset F”’ of Y such that

—1gn €
|Aijg — u(g™ F'")A.ll < 2F]
foralliinI and gin F’. Then ||A; — pprA;|| < eforalliin]. (]

Recall the definition [9, Def. 17.5] of a relative idempotent completion. In the
following, we let E be the full subcategory of Idem(U) with the same objects
as D. Then D is an ideal in E and the idempotent completion D — Idem(D) is
understood relative to E. We summarize this in the following corollary:

Corollary 13.8. The functor D — Idem(D) is a relative idempotent completion.

Lemma 13.9. The inclusion Idem(D) — Idem(Cg?d) X, G) is a unitary equiva-
lence.
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Proof. We apply the characterization of unitary equivalence given in [9, Rem.
3.20.3]. We consider the square

Idem(D) ———— Idem(E)

| |

Idem(Cthd) X, G) —— Idem(U)

Its horizontal morphisms are ideal inclusions by construction. It remains to
show that the right vertical morphism is a unitary equivalence in C*Cat. In
fact, it is fully faithful by definition. Since E contains the all objects of the form
(C, p, py) = (C, p) for free G-sets Y and (C, p, 1) in CffG)(Ymm) conclude that it
is also essentially surjective. O

This finishes the proof of Proposition 13.5. (]
We now apply the cone sequence (4.5) to the functor K ng ~ and obtain

can,min

a boundary map
gceme : KCX§
: G

can,min

(0®(=) - ZKCXS (=)

can,min

between functors from GUBC to Sp.

Definition 13.10. We denote by GUBC, the full subcategory of GUBC of bounded
G-uniform bornological coarse spaces.

We have a forgetful functor GUBC,; — GBC,4 which we always drop from
the notation. We can also restrict the cone boundary transformation along the
inclusion GUBCqy — GUBC.

Let X be in GUBC,4. We use the Corollary 13.4.2 in order to see the that the
natural transformation defined below takes values in the correct target.

Definition 13.11. We define the natural transformation

Asmbl® 1= og%me : KCXS  (0%(-)) - EKK(C,C9) X, G)

can,min

of functors from GUBC, to Sp.
We consider the functor
I: GSet - GUBCypy, S+ Spinmaxdiscs (13.14)

where disc stands for the discrete uniform structure. A G-simplicial complex is
a simplicial complex with a simplicial G-action. We assume that if g in G fixes a
point in the interior of a simplex, then it fixes the whole simplex pointwise. This
can always be ensured by going over to a barycentric subdivision. We let GSimpl
denote the category of G-simplicial complexes and simplicial equivariant maps.

Let GSimplﬁn'Cllrn be the full subcategory of GSimpl of finite-dimensional
G-simplicial complexes. We have a natural functor
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which sends a G-simplicial complex X to the G-uniform bornological coarse
space §(X) given by X with the coarse and the uniform structures induced by the
spherical path metric, and with the maximal bornology. We have a commutative
diagram of canonical functors

GSlmplﬁn -dim T GTop
\ 5 /

GSimpl

where arrow (1) interprets a G-set as a zero-dimensional G-simplicial set, and ar-
row r sends a uniform bornological coarse space to the underlying G-topological
space.

Proposition 13.12.
(1) The transformation *3°°"e : T*KCJCg (O®(=)) = Fr*zKCC(-) of

can,min

functors from GSet to Sp is an equivalence.
(2) We have an equivalence

S*KCXS  (0%°(-)) ~ t*ZKC(-) (13.16)

can min

of functors from GSimpt"™ ™ to Sp.
(3) We have a commutative square of natural transformations

t* ZAsmblg

t*YKCC(-) SKCO(x) (13.17)

~ [(13.16) (13.5) | =

S'KCXS  (0°(- y) SAsmb® s, c% %, 6)

Cﬂl’l min

between functors from GSimplﬁ"'dim to Sp which depends naturally on
the coefficient category C in Fun(BG, C”‘Catndeg cadd.wadd)"

Proof. By [10, Prop. 9.35] for every S in GSet we have an equivalence
geore 1 KCXG  (O=(i(S)) it ZKCXS  (I(S)).

If L is a locally finite subset of S,;;, ax ® Gean.min> then L N (S X {e}) is finite. It
follows that L is a finite union of G-orbits. By continuity of KCX® we have

ZI<C:rgcan,min(Z(S)) = @ ZI<C‘x.gcan,min(l(T)) ’
TeG\S
where ¢ is as in (12.5). By Definition 12.2
ZKCXS  ((T)) = ZKCO(r(K(T))) .
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Since the homology theory KC® sends disjoint unions of orbits to sums we
conclude that
P zKCCErET))) =~ TKCE(r(K(S))) .
TEG\S

Combining these equivalences we get Assertion 13.12.1.

We now show Assertion 13.12.2. Note that KC®(—) in the statement is the eval-
uation of an equivariant homology theory defined on all of GTop by (10.3). The
other functor KCDCgm mm(0°°(—)) is defined on GUBC. By restricting KC%(—)

along the forgetful functor GUBC — GTop we can consider them on the same
domain GUBC. Assertion 13.12.1 then provides an equivalence between the fur-
ther restrictions of both functors to zero-dimensional simplicial complexes. We
then argue that this natural equivalence canonically extends to an equivalence

between these functors at least on GSimplﬁn'dlm since they are both homotopy
invariant and excisive for cell-attachements.

We will construct the desired equivalence by induction with respect to the
dimension. We let GSimpl _, be the full subcategory of G-simplicial complexes
of dimension < n. We let s,, and t,, denote the restrictions of s and ¢ to GSimpl <

The case of zero-dimensional simplicial complexes is done by Assertion 1.

We assume now that we have constructed an equivalence

st KCXS  (0®(-) ~t:_ZKCO(-) (13.18)

for n > 1. The induction step exploits the fact that s,,(X) in GSimpl_, has a
canonical decomposition (Y, Z) in GUBC,y, where Z is the disjoint union of
2/3-scaled n-simplices, and Y is the complement of the disjoint union of the
interiors of the 1/3-scaled n-simplices (see the pictures in [6, P. 80]). We equip
the subspaces Y and Z with the uniform bornological coarse structures induced
from s,(X).

Since both functors KCLL’g (O%(-)) and ZKCC(-) are excisive for such

can,min

decompositions we get push-out squares

KCX§ (0®°(YNZ)——KCXS (0°(2)) (13.19)
KCXS  (O%®(Y)) oy KCXG  (O%®(X))
and
TKCP(Y NnZ) —— ZKCC4(2) (13.20)
ZKCO(Y) -y TKCO(X)

We now use that both functors are homotopy invariant. The projection of Z to
the G-set Z,, of barycenters is a homotopy equivalence in GTop and GUBCy.
Similarly, there is a projection of Y to the (n — 1)-skeleton X,,_; of X and a
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projection of Y NZ to a disjoint union (Y NZ),_; of boundaries of the n-simplices.
These two maps are homotopy equivalences in GTop and GUBC,4. These
projections identify the bold parts of the push-out squares above canonically
with the respective bold parts of the push-out squares below:

KCXS  (0°((Y NZ),—1)) — KCX§  (0%(Zy)) (13.21)
chgcan’mm(ooo(xn_l)) S chgcan,mm(OOO(X))
and
TKCO((Y N Z),_;) — ZKC(Z,) (13.22)
TKCO(Y,_;) -y ZKCO(X)

The induction hypothesis now provides an equivalence between the bold parts
of (13.21) and (13.22). This equivalence then provides the desired equivalence
of push-outs

KCXS  (0®(X)) =~ ZKCU(X).

The whole construction is functorial in X. To see this interpret the symbols
X,Y,Z as placeholders for entries of diagram valued functors.

Remark 13.13. In order to give a more formal argument for naturality, we
could proceed as in the proof of Corollary 10.9. Let g : GSet — GSimpl be the
canonical inclusion. Then we have a counit morphism

Qg SKCAG  (0%(-) = FKCXG ~ (0°(-).
Using excision and homotoby invariance one checks ,that
fraq*S'KCXg  (0%(-)) = s*KCXG  (0%(-)).
is an equivalence. Since KCC is an equivariant homology theory the counit
qq" F*KCC > F*KCC

is an equivalence. Finally, applying g, to the equivalence from Assertion 1. we
get the equivalence

Qg SKCXS  (0°(=) > qg"F'KCE .
The desired equivalence is now given by

SKCXS  (0%(=) « f*qq"FKCXS  (0%(-)

n,min n,min

5 frqq*F*KCC S t*KCC .
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Assertion 13.12.3. becomes obvious if we expand the square (13.17) as follows

t*Asmblg

t*IKCO (=) ZKCO(x)

6,,(13.12)
~|@3.16) ZTaCWM

SKCAG, (O ——KCX;  (0°() — ZKK(C,C %, G)
»~can,min »~can,min AS b

s

s*Asmbl®
(13.23)
The left horizontal maps in the square are induced by the natural transformation

(=) — const, (see (12.6) for Asmblg), and the upper-left square commutes by
the naturality statement in Assertion 13.12.2. The upper right triangle commutes
by the definition of Asmbl?, and finally the lower triangle commutes by the
naturality of Asmbl®. (]

14. C"-categorical model for the analytic assembly map

At the end of this section we finish the proof of Theorem 1.9.

The analytic assembly map Asmblg' in Definition 12.11 was obtained using
a construction on the level of spectrum-valued KK-theory. If we precompose
this assembly map with the Paschke transformation from Theorem 1.6, then we
get a functor whose domain is also expressed through the coarse K-homology
functor KCXC and therefore in terms of C*-categories of controlled objects. In
the present section, we construct an assembly map Asmbl” in terms of a natural
functor A between C*-categories which models this composition. We then relate
Asmbl” with both Asmbl® and Asmblg'. The intermediate objects also depend
on C, but we again drop this subscript in their notation in order to simplify the
notation.

Definition 14.1. We let GUBC,, denote the full subcategory of GUBC of G-
uniform bornological coarse spaces which have the bornology of relative compact
subsets and whose underlying G-topological space belongs to GLCHT’;E introduced
in Definition 12.4.

We consider C in Fun(BG, C*Cat™") and assume that it is effectively additive
and admits countable AV-sums. Let X be in GUBC,,. and choose x in R(X),

where the functor R is as in (12). If (C, p, ) is an object in Cg’m(O(X) ®
Gan.mayx)» then we can consider the homomorphism ¢ : Cy(X) — Endy;c(C)
defined in (5.7). The sum

py = D, o@($(m*x), m) (14.1)
meG

has finitely many non-zero terms and defines a projection on (C, p) considered
as an object in the C*-category U described in the Definition 2.22, where o is



582 ULRICH BUNKE, ALEXANDER ENGEL AND MARKUS LAND

as in (2.10). We refer to Proposition 14.3 for the necessary verifications related
with the following definition.

Definition 14.2. We define a functor
A(X,)() . G Ctr(O(X) ® Gcan max) - Idem(U)

in C*Cat™ as follows:

(1) objects: The functor A ) sends the object (C,p, u) in CG TOX) ®
Gean,max) to the object (C, p, p,,) in Idem(U), where p, is as ll’l (14.1).
(2) morphisms: The functor A¢x ;) sendsamorphism A : (C,p,u) — (C',p', &)

in Cg’Ctr(O(X ) ® Geanmax) to the morphism
A p(A) 1= D) o(@' (m* Y)A(x), m) (14.2)
meG
in Idem(U).

We refer to the proof of Lemma 14.4 below for the interpretation of the infinite
sum in (14.2).

In order to state the naturality of A(x ,), we introduce the category GUBCffC
given by the Grothendieck construction of the functor [R. Its objects are pairs
(X, x)ofan objectX in GUBC,, and y in R(X), and a morphism f: (X, ) —
X', x'") in GUBC ¢ is a morphism f : X — X’ in GUBC,, such that f*y’ =
X- We have a forgetful functor GUBCpC — GUBC,,. which we will not write
explicitly in formulas.

Proposition 14.3.

(1) Forevery (X, x)in GUBCPC, the functor A(x . is well-defined.
(2) The family (Ax, x))(x, 2)EGUBCY is a natural transformation

A CE(O() ® Geanmax) — Idem(U)

of functors from GUBCffC to Sp.
(3) The transformation restricts to a natural transformation

A: EXN(Z C O(=) ® Gegnmar) — 1dem(CY) %, G) (14.3)

of functors from GUBijc to Sp.

Proof. The structure of this proof is the same as for Proposition 13.2.
We first observe that (C, p, p,,) is an object of Idem(U).

Lemma 14.4. The formula (14.2) determines a continuous map of morphism
spaces which is compatible with the composition and the involution.

Proof. In analogy to (13.6), for every (C, p, u) in CG COX) ® Gegnmax) We
consider the isometry

1 C > EBC vi= ) egp(g M y). (14.4)

g€eG g€eG
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Then similarly as (13.7) we have

Ax,)(A) = V' Av* (14.5)

and
py = vv* (14.6)
in analogy to (13.8). O

This finishes the verification of Assertion 14.3.1. We continue with Asser-
tion 14.3.2. Let f: (X,x) — (X’,x’) be a morphism in GUBCffC and note
CO"()C, o, 1) = (C, p, fupt). Welet f£,($) : Co(X") — Ende(C) be the homo-
morphism defined with f,u. Then we have the relation

[0 = ¢(f*0")
for all 8’ in Cy(X’). In particular, (f.¢)(x") = (). This relation implies that
Py =Py and A, X/)(Cg’m( F)(A)) = A ,)(A) (note Definition 3.3.2b). These
equalities imply the assertion.

We finally verify Assertion 14.3.3. If A : (C, p, u) = (C', p’, ') is a morphism
in Cg’Ctr(Z C O(X) ® Geanmax)- then Ag(y) is in C by Lemma 5.9. This implies

that A(x ,)(A) is a morphism in the ideal Idem(ngi) X, G). O

We now consider the cone sequence (4.5) for E = K ng whose bound-

can,max

ary is the natural transformation

glone 1 KCX§

can,max

(0%(=)) - TKCXG (=) (14.7)

of functors from GUBC to Sp. The canonical inclusions Cg’Ctr(X ® Geanmin) =
cG,Ctl‘

i (B € OX) ® Geanmin) give a further transformation

G
SKCXS

can,max

(=) = ZKECHEF(Z € O(=) ® Geanmin) (14.8)

which is actually an equivalence (see the argument for the left vertical equiv-
alence in (14.13) applied to the case Y = G g min)- The composition of the
transformations (14.7) with the equivalence (14.8) will also be called the cone
boundary transformation

gtome 1 KCXS

can,max

(0°(=)) = ZKECHCT(Z € O(=) ® Gegnymax))

of functors from GUBC to Sp, but we add the = in order to distinguish it from
(14.7).

Definition 14.5. We define the natural transformation

Asmbl 1= KCCat(A)od%me : KCXG  (0°(-)) —» EKK(C,C9) X, G)
(14.9)

of functors from GUBCffC to Sp.
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If X isin GUBC,, (see Definition 14.1), then it is G-bounded, but not neces-
sarily bounded. We let X5 denote the object of GUBCq (see Definition 13.10)
obtained from X by replacing the bornology of X by the maximal bornology.

Proposition 14.6. There is a canonical equivalence of functors

(0°((—)3,,,,) = KCXg,,, ,..(OF (=) (14.10)

can,max

KCX;

can,min

Jfrom GUBC,, to Sp.

Proof. We employ the notion of continuous equivalence introduced in [11, Def.
3.21]. Recall the Definition 2.11 of a locally finite subset of a G-bornological
space. In the present situation, we have a G-coarse space Z with two G-bornologies.
We denote the two objects in GBC by Z, and Z;. The identity map of Z is a
continuous equivalence between Z, and Z; if the following conditions on every
G-invariant subset L of Z are equivalent:

(1) L islocally finite in Z,,.
(2) Lislocally finite in Z;.

In this case, we have an obvious equality in C*Cat™

C"(Zy) = €M (2y). (14.11)

Lemma 14.7. If X in GUBC is G-bounded and such that G acts properly, then
the bornological coarse spaces

X® Gcan,max and XBmaX &® Gcan,min
are continuously equivalent, and
O(X) ® Gcan,max and O(XB ) ® Gcan,min

max

are continuously equivalent (in both cases by the identity map of the underlying
sets).

Proof. We consider the second case. The firstis similar and simpler. Let L be a G-
invariant subset of [0, 0c0) XX XG. Since X is G-bounded we can choose a bounded
subset B of X such that GB = X. For n in N and subset A of X, we consider the
intersections L,,, := LN ([0,n] XX X{e})and L, 4 :=LN([0,n] X AXG).

(1) Lislocally finite in O(X) ® G.q max if and only if L, , is finite for every
nin N and bounded subset A of X. In particular, L, p is finite. Hence, L
is locally finite in O(X) ® G.qn max if and only if L, x consists of finitely
many G-orbits for every n in N. Here we use that every G-orbit is locally
finite in O(X) ® G g max Since G acts propertly on X.

(2) If L is locally finite in O(Xg__ ) ® Gean min, if and only if L, , is finite for
every n in N. This is the case exactly if L, x consists of finitely many
G-orbits. O
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Let Y be any object in GBC and X be in GUBC. Then we have a diagram in
c*Cat™

Cr"X ® Y) ——— €I (0(X) @ Y) — € (0°(X) ® Y)

| |

0—CIMEZCOX)®Y) — C(OX) ®Y)

G ctr

CrO08Y) 0
M (2COX)®Y)

(14.12)
which is natural in X, where the lower sequence is exact, and where the square
commutes. If we apply K€ €2 and use Definition 3.4, then we get the (natural

in X) commutative diagram

— S KCXY(X) —————————— KCAG(0(X)) —————— KCX(O*X) ® Y) —— -

[ \

~G.ctr
ccay Gt ¢ C*Cat( GOt crcat [ G (OX0®Y)
— KSR € 000 @ V) —— K SHE00) @ ) —— KOO (e S8

(14.13)
The lower sequence is a fibre sequence by the exactness of K€ €2 ([12, Thm. 1.32.5]
or [9, Prop.14.7]), and the upper sequence is an instance of the cone sequence
(4.5). We now argue that the left vertical morphism is an equivalence (essentially
the same argument as for the left vertical arrow in (6.8)). First of all, for every n
in N the inclusion

Gctr(Zn) ~ Gctr(Z C O(X) ® Y)

is a unitary equivalence by [7, Lem. 6.10(2)], where Z,, := [0,n] X X X Y has
the structures induced from O(X) ® Y. The inclusion X ® Y — Z, given by
(x,y) — (0,x,y) is a coarse equivalence. Hence, the induced map

KCXO(X ® Y) » KCXO(CT(Z,)) > K (CE™(Z, C 0X) ® V)
is an equivalence for every n in N. We now use that by definition
C"(Z C OX) ® Y) = colim,e € (Z, C OX) ® Y)

and that K€ 2 commutes with filtered colimits by [9, Thm. 14.4]. Hence, we
get an equivalence

KCXO(X ® Y) = K& H(CF™(Z € 0(X) @ Y))

induced by the canonical inclusion. This is exactly the left vertical arrow in
(14.13).

We now assume that X is in GUBC,, (see Definition 14.1) and note that X
is then G-bounded. Using two instances of the the diagram (14.13), one for X
and Y = Gegnmax » and one for Xz and Y = G,qp min, and the equalities of C*-
categories resulting from Lemma 14.7 and (14.11) saying that the corresponding
lower fibre sequences of the two diagrams are equivalent we get the desired
equivalence (14.10). O
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Let (X, y) bein GUBCffC (see the text before Proposition 14.3). Recall Defini-
tion 13.11 of Asmbl® and Definition 14.5 of Asmbl”.

Proposition 14.8. We have a commutative square

Asmbl
KCXS  (0°(Xs,,)) —— ", SKK(C, €9 %, G) (14.14)
(14.10) | = H
mblfy )

KCX§  (0%(X) SKK(C,C?) , G)

which depends naturally on the coefficient category C in Fun(BG, C* Catndeg cadd.wadd)"

Proof. Recall the construction of the functor ® in Definition 13.1 (see also
(13.9)) and of A in Definition 14.2. We get the following morphism of exact
sequences of C*-categories.

oG G, i (OX)DGeanmar)
Gerz 0<X> ® Geannar) ——— CE(O() & Guanma) et g . (14.15)

A<x ) A(x 0 / J
Idem(U
Idem(C( e Idem(U) Idem(ecr?”(’; 6) 0

(O 5,3, )®Gcanmin)
(63= O(Xzs ) ® Geanmin) — G (0K, >® Geanmin) — g ‘(m(; Seoe

Gl
ctr 0

The right vertical maps are induced from the universal property of quotients. The
round equalities are consequences of Lemma 14.7 and (14.11). The right equality
is responsible for the left vertical equivalence in (14.14) up to identifications, see
the proof of Proposition 14.6. We apply K€ €2 and consider the segment of the
long exact sequences which involve the boundary map. We use the identification
given by the right vertical equivalences in the two instances of (14.13) with X
and Gegpmax and X and Y = G.q, min in order to express the K-theory of
the quotient categories in terms of coarse K-homology.

QCone * —
KCXG,  (0°(X)) ——— EKEME(CT(Z C O(X) ® Geanma)

KC*Alg(A(X,)())

N N ©)
= = KK(C,C) %, G)

KC*Alg(G)XBmax )

§Cone " _
KCXG;  (0%°(Xg,,)) — EKCNECTU(Z C OXp,,) ® Geanmin)

¢,Geq ‘max 'max
(14.16)
The left square commutes since it is induced by an equality of exact sequences
of C*-categories. We must provide the filler of the right triangle.

This filler will be given by a unitary equivalence (see [9, Def. 17.9] for the
definition of this notion in the non-unital case) of functors on the level of C*-
categories which will be induced from the equivalence provided by the following
lemma.
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Lemma 14.9. The following triangle is filled by a natural unitary equivalence:

CI(OX) ® Geanmax)
Ax,p)

Idem(U)

G)XBmax

CIGf’Ctr(O(‘Xﬁmax) ® Gcan,min)

Proof. We consider an object (C, p, u) on the common domain of the functors.
We define

U :=uv*
in U with u as in (13.6) and v as in (14.4). By (13.8) and (14.6) we have
Uu*=p, U'U=p,,

where p and p, are asin (13.2) and (14.1), respectively. We conclude that Up,, =
pU and that we therefore have a unitary isomorphism U : (C, p, p,) — (C, p, p)
in Idem(U) as desired.

In order to verify that U implements a natural transformation we must check
the compatibility with morphisms. Let A: (C,p,u) — (C', 0, u’) be a mor-
phism in the domain of the functors. We let U’ be defined as above for (C’, p’, u').
Then by (13.7) and (14.5) we have

U,A(X,)()(A) = @X(A)U .
O

In view of [9, Rem. 17.10], the unitary equivalence from Lemma 14.9 imple-
ments a unitary equivalence filling

C"(Z € OX) ® Geanmax)

m

Idem(C(G) X, G)

std
%mw

Cl(;,ctr(z c O(Xﬂmax) ® Gcan,min)

We now use [9, Lem. 17.11] which provides the desired filler of the right
triangle in (14.16). O

Remark 14.10. In Proposition 14.8, we could state a stronger assertion saying
that there is an equivalence of natural transformations from GUBCffC. The
constructions on the C*-category level done in the proof are sufficiently natural.
But writing out the details would amount to write out large higher coherence
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diagrams. Since we do not really need this naturality, we refrain from doing so.
O

We consider (X, y) in GUBCffC. Recall the Paschke morphism py from (1.18).
We use Definition 4.9 in order to rewrite the domain of Asmbl&’ ) introduced
in Definition 14.5. Recall the Definition 12.11 of Asmblg .

Proposition 14.11. We have a commutative square

Asmbl?
Ko™ (X) *0 L, FRK(C, €9 %, 6) (14.17)
| |
Asmblé’itop )

KGAMP(X) EKK(C, C(g) X, G)

std

nu

which depends naturally on the coefficient category C in Fun(BG, C* Catndegﬁadd’wadd).

Proof. We consider the following commutative diagram of exact sequences in
Cc*Cat™

0 C(X) D(X) QX) 0 -
(64) (6.3) (6.5)
~G,ctr ~Gctr CO(OX)®Gean max)
00— le (Z < O(X) ® Gcan,max) e C]f (O(X) ® Gcan,max) e m —0
l/\@m JA(XJ() lf\(xm
(G) Idem(U)
0 ———— Idem(Cy; X, G) Idem(U) e 0

std

(14.18)
We use the right vertical equivalence of (14.13) for X and Y = G4y, ymax and
Definition 4.9 in order to get the equivalence

Cg’Ctr(O(X) ® Gcan,max)
C"(Z € OX) ® Geanmax)

KRG (0) = KO Cat ~ KCCH(QX)).
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We now expand the square (14.17) as follows:

Asmblg(yx)
KoY — L sRCCaECe(Z C 0(X) ® G, ) KT o), TKK(C, % %, G)
C 1f = can,max » Sotd N
. I KO Ay ) . Idem(U) E H(G)
KCQ(x) : Ky ) ZKK(C,C(] X, G)
Idem(C{¥)%,G) std 7
px
G,An, cteoe™ o(—XG) c*cat,  1dem(U) 3 (G)
K (oP(X)) KCCa (Idem(c(fd)x,c)) ZKK(C,C; X, G)

W
(14.19)

where ctc is the change-of-target functor (12.19) and €* is as in (12.16). The
commutativity of the upper triangle reflects the definition of Asmbl&,){) in
Definition 14.5. The filler of the middle hexagon is obtained from the naturality
of boundary operators for the morphism of fibre sequences obtained by applying
K" Cat t0 (14.18). The lower triangle reflects the Definition 12.11 of Asmblg,)
where also the notation appearing on the lower left horizontal arrow is explained.

So in order to produce a filler of the square (14.17) we must provide a filler of

the lower left square in (14.19). This is the assertion of the following lemma.

Lemma 14.12. We have a commutative square

: K (R, ) " Idem(U)
KC Cat X ‘ KC Cat
Q) (Idem(Cigi)N,G))
le
G.An_ top cteoe™o(—XG) C*Cat Idem(U)
KC ([ (X)) K Idem(Cg‘? X, G) )

Proof. We start with the following diagram:

KK (Co(X), Co(X) ® QX)) — 12, kK9 (Cy(x), Q)

[

KK(Co(X) X G, (Co(X) ® QX)) X G) 2% KK(Co(X) % G, Q¥ x4 G)

std
€* le*

KK(C, (Co(X) ® QU0)) 1 6) —22% L kK(C,Q%) % G)

(14.20)
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where €¢* is given by pre-composition in KK with the morphism described in
(12.13). The first square commutes since — X G is a functor. The second square
commutes since KK is a bifunctor.

The next diagram extends (14.20) to the left:

HomFun(Bc,c*A1g"“)(Co(X), Co(X)) x KK(C, QX)) L* KKG(Co(X)s Co(X) ® QX))

l(—le)xid l—xG

Hom. p g (Co(X) X G, Co(X) X G) ® KK(C, QX)) —— KK(Co(X) X G, (Co(X) ® QEX)) X G)

la*xid le*

Homg. p1gm(C, Co(X) X G) ® KK(C, Q(X)) —— S KK(C, (Co(X) ® QX)) X G)

(14.21)
The second square commutes since & in (6.11) is a bifunctor. The argument for
the commutativity of the first square is the same as for the third square in (9.10).
We finally specialize (14.21) at id¢ (x) in Homp,pgg,c+a1g™)(Co(X), Co(X)) and
get

ey e

KK(C,Q(X)) KK®(Cy(X), Co(X) ® QX)) (14.22)

idCO(X)XG R

KK(C, QX)) S8, KK(Cy(X) X G, (Co(X) ® QX)) X G)

H e ®idguXG J’e
KK(C, QX)) KK(C, (Co(X) ® QX)) X G)

Forming the horizontal composition of (14.22) and (14.20) and using Definition
6.14 of py yields the bold part of the commutative diagram

KK(C, Q(X) —2— KK (Co(x), Q') (14.23)
H €*o(—XG)
KK(C,Q(X) ——KK(C, Q) X 6)

cte

KC Cat(r(x,){)) ,&
KC*Cat( Idem(U) )

Idem(C'¥ %, G)

Unfolding the definitions we see that the dotted morphism is induced by a
functor
Idem(U)

( ’X)

(14.24)

which has the following description:
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(1) objects: The functor I'ix , sends the object (C, p, u) in Q(X) to the object
&0

. . Idem(U)
(C,p,idc) in Idem(C9)%,G)

2) morphisms: The functor I'(x ,) sends a morphism [A]: (C,p,u) —
©) hi he f x.y) send hism [A] 1 (C,p, 1)
(C,p', 1) in Q(X) to the morphism
[D) (@' ()¢ (g 1A, @) : (C,p,idc) = (C', p,ider) (14.25)
geiG
Idem(U)

G
Idem(C\%%,G)

the definition of €*, and o is as in (2.10).

Note that the sum in (14.25) has finitely many non-zero terms. In order to show
Lemma 14.12, we must provide an equivalence

KC Ty ) = KC (A ) (14.26)

. Here we use the formula (12.11) for p, which enters

where
Idem(U)

(G)
Idem(C_; X, G)

is as in (14.18). It has the following explicit description derived from Definition
14.2:

(1) objects: The functor A(x ) sends the object (C, p, u) in Q(X) to the object
(Cp, D) in —

Idem(C)%,G)
(2) morphisms: The functor [\(X,)() sends a morphism [A]: (C,p,u) —
(€, 0, 1) in Q(X) to the morphism

[\(X’)() . Q(X) g (14.27)

[D) o(¢'(g* A, 9] = (C.p,py) = (C'. 0", Py) (14.28)
geG
em®) _ see (14.2)

Idem(C%,G)’

Recall the notion of a MvN equivalence of functors from [9, Def. 17.12]. We
claim that the functors Ay ,y and Iy ,y are MVN equivalent. The claim implies
the equivalence (14.26) by [9, Prop. 16.18 & 17.14].

The MVN equivalence v : Ay ) = L(x ) is given by the family of partial
isometries v = ([v(c o010 eQ00)> Where v, ) 2 (C,p, py) = (C,p,1dc) is
the canonical inclusion. This inclusion is given by the morphism p, : C —» C
which indeed belongs to U. Note that in the summands in (14.25), we can
replace A¢(y) by ¢’(¥)A since A is pseudo-local by Lemma 5.8 and we take the
quotient by Idem(Cgf;) X, G). Naturality of v is now obvious since the formulas
(14.25) and (14.28) for the action of the functors on morphisms coincide after
this replacement. This finishes the proof of Lemma 14.12. O

To complete the proof of Proposition 14.11 we observe by an inspection of

the constructions that they depend naturally on the coefficient category C in
nu

Fun(BG, C*Catndeg,eadd,a)add)‘ -
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By equipping a G-simplicial complex X with the structures induced by the
metric we obtain an object m(X) of GUBC. We further use the notation in-
troduced in the diagram (13.15) in order to interpret X in GUBC,y or GTop.
In the following statement and its proof, we must be very precise about this
interpretation.

Proposition 14.13. If X is a G-finite G-simplicial complex with finite stabilizers,
then we have a commutative square

ZAsmblét(X)

TKCC(t(X)) TKCO(x) (14.29)

- |-

Asmbl™" 1P (m
KEA W (m(x))) ——— " SKK(C, €)%, §)

which depends naturally on C in Fun(BG, C"‘Catleeg cadd.wadd)"

Proof. Note that s(X) = m(X)g__ in the notation introduced before Proposi-
tion 14.6. Note further that m(X) actually belongs to the subcategory GUBC,,
described in Definition 14.1. We can therefore choose y in R(m(X)). We con-
sider the diagram

h
ZAsmbIC’[(X)

TKCC(t(X)) S ZKCO(x)

\1/13 12 13. 5\1/:

s(X )

KCXG  (0°(s(X)) Oy SKK(C, 9%, 6)

il% [

KCXS  (0®(m(X)) ﬂﬁ“ SKK(C, %) %, G)
Joet [

(m(X) X)

K& (m(x)) s o srk(e, c9 %, 6)

pur ||

KO (@ (m(0) Y (e, 6 3, G)

The lowest left vertical map is an equivalence by an application of our main
Theorem 1.5.2. The statement that each of the above squares commute is proven,
from top to bottom, in Proposition 13.12.3, Proposition 14.8, the definitions, and
Proposition 14.11. All squares depend naturally on the coefficient category C in
Fun(BG, C*Catrlcleg eadd.wadd)- This shows the proposition. O

Proof of Theorem 1.9. We choose a model for E+GV which is a G-simplicial
complex. Then we apply 7, to the square (14.29) and form the colimit of the
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resulting squares of homotopy groups for X running over the G-finite subcom-
plexes of E+G. This yields (1.22). O

Remark 14.14. In the proof of Theorem 1.9, we must apply 7, before taking
the colimit over the subcomplexes. The reason is that we have only constructed
the boundary of the square (14.29) naturally in X. For the fillers, we just have
shown existence for every X separately. O

15. Davis-Liick functors and the argument of Kranz

In this section, we review the argument of Kranz [26] for the comparison of
the Davis-Liick assembly map with the Kasparov assembly map which involves
the Meyer-Nest assembly map as an intermediate step. In more detail, Kranz
compares the Davis-Liick assembly map with the Meyer-Nest assembly map,
which is known to coincide with the analytical assembly map. We will review
these comparisons below. In fact, Kranz’ paper has two separate parts. On the
one hand, he shows that the Davis-Liick assembly map associated to a functor

K : KK, — Fun(GOrb, Sp)

satisfying certain axioms (stated in Assumption 15.6) is equivalent to the Meyer-
Nest assembly map. On the other hand, he provides a concrete construction of
such a functor K¢. We recall this construction in detail with the goal of showing
that it only involves formal manipulations using the calculus of equivariant
KK-theory as developed in [12].

We first recall the Meyer—Nest approach to the Baum-Connes assembly map
[30]. Given the results of [12] and the present paper, we will give an almost
self-contained treatment, the only exception is the usage of [30, Prop. 4.6] in
the proof of Proposition 15.2 below. We interpret the terminology introduced in
[30] in the stable co-category KK?ep introduced in [12, Def. 1.8] instead of the

triangulated homotopy category of Kngp as considered by Meyer—Nest. We call

a subcategory of Kngp localizing® if it is thick and closed under countable direct
sums. In the following, we use the restriction, induction and crossed-product
functors on the level of stable co-categories as introduced in [12, Sec. 1.5].

Definition 15.1.
(1) Wedefine CJ as the localizing subcategory of KKSGep generated by the objects
of the form Indg’s(A) for all finite subgroups H of G and objects A in KKfep.
The objects of CJ will be called compactly induced.
(2) We define CC as the localizing subcategory of KKSGep given by all objects A

with Resg’s(A) = 0 for all finite subgroups H of G.

8Usually, localizing subcategories are stable, cocomplete subcategories of stable, cocomplete
oo-categories. Since KKEep is only known to admit countable colimits, we must use this ad-hoc
definition.
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We note here that CC is localising because the restriction functors commute
with countable sums [12, Lem. 4.3]. The proof of the following proposition is
based on a general adjoint functor theorem applicable in this situation.

Proposition 15.2. There exists an adjunction

incl : €7 5 KK, : C (15.1)

Proof. For any object A in KKfep, by [30, Prop. 4.6], there is an object A in CJ
with a morphism A — A (called the Dirac morphism) inducing an equivalence
of functors Kngp(_’ A) » KKfep(—, A) from CJI? to Sp. Hence, for any A in
KK;’;p, the functor KKfep(—, A)jggw 1 €I — Sp is representable by an object
of €J. This implies the existence of the right adjoint C to incl as follows for
instance from [27, Prop. 5.1.10]. O

Let C be a stable co-category. Recall that a semi-orthogonal decomposition
of C is a pair (A, B) of full stable subcategories such that map,(A, B) =~ 0 for
all A in A and B in B, and such that for every object C of C there exists a fibre
sequence A - C — B with A in A and B in B. For the sake of completeness of
the presentation, we give the following list of equivalent conditions on a pair
(A, B) of stable subcategories, and refer for more details to [29, Sec. 7.2.1]:

(1) The pair (A, B) is a semi-orthogonal decomposition of C.

(2) The pair (A, B) is a t-structure on C.

(3) The inclusion A — C has a right adjoint and 3 is the right orthogonal
complement of A.

(4) The inclusion B — C has a left adjoint and A is the left orthogonal
complement of B.

Proposition 15.3. The pair (CJ, CC) is a semi-orthogonal decomposition of KKSGep.
Proof. For every subgroup H of G, we have an adjunction
Indj; : KKy S KK&, : Resfy

which can be obtained from [12, Thm. 1.23.1] by restriction to the separable sub-
categories. It is an immediate consequence of the existence of these adjunctions
that KKfep(A,B) ~ ( for all A in €J and B in CC. We get in fact the follow-
ing stronger assertion that CC consists precisely of the objects B of KKSGep with
KKSGep(A, B)~ 0 for all A in €7, i.e. that CC is the right orthogonal complement
to CJ.

In view of Proposition 15.2, the following is precisely a specialization of the
argument that Condition 3 above implies Condition 1. We must show that for

any object A of KKip, there is a fibre sequence
CA)— A— N4 (15.2)

with C(A) in €J and N(A) in CC. By Proposition 15.2 we have a fibre sequence of
functors C — idgec — N, where N : KK?ep - KKSep is defined as the cofibre

sep
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of the counit of the adjunction in (15.1). It suffices to show that N takes values
in CC. Let A be in KKfep. Then for every B in CJ we have KKSGep(B,N (A) ~
cofib(KK,,(B, C(A)) — KKg.,(B, A)). But KK, (B, C(A)) — KKG, (B, A) is
an equivalence by the construction of C so that KKSGep(B, N(A)) ~ 0. Since, as

seen above, CC is precisely the right-orthogonal complement of CJ this implies
that N(A) belongs to CC. O

Let A be in KKg,.
Definition 15.4. The Meyer—Nest assembly map for G is the map
pMN : KK ep(C, C(A) X, G) = KKep(C, A X, G)
induced by C(A) — A in KKg.

The following theorem is an immediate consequence of [30, Prop. 5.2] which
yields the comparison of the Meyer—Nest assembly map and Kasparov’s assembly
map.

Theorem 15.5. There is a commutative square

G, ~ G,
RK (5D ErinGY) —— RK " (EginGY)

~ Kasp Kasp
—l/“‘cm) l/‘A
™

KKep(C, C(A) X, G) —— KK, (C, A X, G)

where the vertical maps are instances of Kasparov’s assembly map of Definition
12.8 for the family of finite subgroups, and the horizontal maps are induced by the
morphism C(A) — A.

Proof. First we note that the square commutes by the naturality of the Kasparov
assembly map with respect to morphisms between coefficients. Using Definition
12.7 the upper horizontal map is equivalent to the map

colimy . gowKKep(Co(W), C(A)) — colimy e, gewKK Sy (Co(W), A),

where the colimits run over the G-finite sub-complexes of Eg;, GEV. It is an
equivalence by the definition of C(A) — A, since Cy(W) belongs to CJ for every
W appearing in the colimit.

The verification of the fact that y??:]; is an equivalence is more complicated.

The reference [30] employs the work of [31] (isomorphism of the induction map)
and [15, Prop. 2.3] (compatibility of induction with the Kasparov assembly map).
Using the results of the present paper, Theorem 16.1 gives an independent proof
of this fact in the case of discrete groups. Note that [30] considers the more
general case of locally compact groups. (]

We now consider a family (K*) ¢ of functors

K': KK§, - Fun(HOrb,Sp), A K
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indexed by the subgroups H of G. In order to formulate the properties of this
family required for Kranz’ argument, we consider the functor

¢ : HOrb— GOrb, S+~ GxyS

and let i¢ i, denote the left Kan extension functor along i¢. We assume (K)y¢
has the followmg properties:

Assumption 15.6.

(1) K© preserves countable colimits.
(2) Forevery Ain KKSep and subgroup H of G, we have an equivalence’

KS(G/H) = KKgep(C, (Resfy (A) X, H);). (15.3)

(3) For any subgroup H of G, we have a commutative square

H KT
KK, — Fun(HOrb, Sp) (15.4)

jmag,s J

G K¢
KKep — Fun(GOrb, Sp)

Note that we are mainly interested in the member K of the family (K*) <.
The other members are only used to formulate Assumption 15.6.3. In the ex-
ample of the family (K)y . used below, the functors K are constructed by
applying Definition 15.10 to H in place of G. In this case, the members K have
analoguous properties as K°.

In view of Definition 10.1, we consider K€ as a functor from Kngp to the
stable co-category of Sp-valued equivariant homology theories. In particular,
for A in KKSGep and X in GTop we have a well-defined evaluation Kg(X ) in Sp.

The argument of Kranz is then based on the following commutative diagram

,LlMN
AEpinGEW

C(A)(EFm ) KS(EpinGW) (15.5)
lugb‘)ﬁpinccw J{MBL 1EFinGCW
MN
Ax G
K K (%)

Here the vertical Davis-Liick assembly maps (12.4) are induced by the map
EginG®Y —x. Moreover, the horizontal Mayer-Nest assembly maps are induced
by the map C(A) — A. By Assumption 15.6.2 the map u\' is indeed the map
from Definition 15.4. ’

Theorem 15.7 (Kranz). We have an equivalence u° A E gow = uM A e

9The subscript s at various functors indicates their restriction to the subcategory of separable
algebras.
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Proof. The square in (15.5) yields an equivalence of uPt

A’EFinGCW
MN . . .
and u A Eg GOV OTE equivalences. This is

with Y™ pro-

vided one can show that ug(LA) B GOW
>EFin

the content of the following two lemmas.

Let A be in KKg,.

Lemma 15.8. The Meyer—Nest assembly map ™ is an equivalence.

A,Epin GV

Proof. Since K¢ is exact by Assumption 15.6.1, using (15.2) we see that it suf-
fices to show that
Kg( A)(EFinGCW) ~0. (15.6)

Since N(A) belongs to CC we have Resfl’s(N (A)) ~ 0forall H in Fin. As a
consequence of (15.3) we conclude Kf]( A)(G /H) ~ 0 for every H in Fin. On

the other hand, by the characterization (12.2) of the homotopy type of Eg; GV
we have YC(Eg;nG“V)(G/H) ~ 0 (see (10.2) for Y©) provided H ¢ Fin. As an
immediate consequence of the formula (10.4) for the evaluation of a homology
theory on a G-topological space we get the desired equivalence (15.6). O

Let A be in KKg,.

DL

A, Epin GV iIsan

Lemma 15.9. If A isin CJ, then the Davis-Liick assembly map u
equivalence.

Proof. Since K¢ preserves countable colimits and CJ is generated by Indg,s(B)
for all B in KKSep and all finite subgroups H of G it suffices to show that

“Ellég,s(g),Emccw is an equivalence for such data. By Diagram (15.4) we have

an equivalence K¢ _ ~ ig ,Kg. It is now a general fact (see e.g. [9, Lem.
Ind§; (B) A

19.25] for an argument) that for a functor E : HOrb — M with cocomplete
stable target M we have a natural equivalence of functors

i% E ~ EoResy; : GTop — M.

We therefore get the commutative square

DL
G
Indpy ((B).EinGCW

K¢ (%)

Indf; (B)

y y

!
KH (Resf; (EpinGY)) ———— KX (Resf;(+))

KG Eu GCW
Indg,S(B)( Fin )

Since Resg(EFinGCW) — Resg(*) is a homotopy equivalence in HTop we con-
clude that the map marked by ! is an equivalence. This implies that the map
uPL . is an equivalence. a
Indy; s(B),Epin GV

This finishes the proof of Theorem 15.7. O
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We now discuss the construction of the functor K¢. It is based on the ideas
of Kranz [26], but we reformulate the construction such that it only uses the
formal aspects of the calculus of equivariant KK-theory as developed in [12].
We give full details since we use them crucially in the argument for Proposition
16.2, which in turn is used in Theorem 16.1.

We start with the adjunction

C[-] : GSet < Fun(BG,C*Cat) : Ob (15.7)

whose left adjoint sends a G-set S to the G-C*-category C[S] with the G-set S
of objects and morphisms generated by the identities [3, Lem. 3.8]. By [3, Lem.
3.7] the inclusion Fun(BG, C*Cat) — Fun(BG, C*Cat"™") is again a left-adjoint.
By post-composition with this inclusion we therefore get a left-adjoint functor

C[-]: GSet — Fun(BG, C*Cat™)
which we denote by the same symbol for simplicity.
Recall the functor y© : KKSGep — KK from [12, Def. 1.8].
Definition 15.10. We define the functors
K¢ : KKY - Fun(GOrb,Sp), A — K Cat((A ®@nay Kk cat(C[=1) X, G)
and

o G ¥ G RG
KC := KK§, — KK® — Sp.

In order to verify that K¢ satisfies the Assumption 15.6, we analyse the con-
struction of these functors through various intermediate constructs. The most
difficult part is thereby Assumption 15.4.3. If one is not interested in the details
of the argument one could skip the material until Theorem 15.18 and just accept

its statement.
We start with the functor

Fun(BG, C*Cat™) x GSet

idgyn(ag,crcattyXCl—]

> Fun(BG, C*Cat™) x Fun(BG, C*Cat™)
_®max_
=5 Fun(BG, C*Cat™)

G
ka* Cat
—

KKC . (15.8)
Using the exponential law, the above defines a functor
RC : Fun(BG, C*Cat™) — Fun(GSet,KK°), Cm— RG.

Let i, : GSet, — GSet denote the inclusion of the full subcategory of count-

able G-sets, and let Funlle denote the full subcategory of a functor category of
countable coproduct preserving functors.

Lemma 15.11.
(1) RO is s-finitary.
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(2) The restriction of R® to Fun(BG, C*Cat) sends unitary equivalences to
equivalences.

(3) The functor R® sends weak Morita equivalences to equivalences.

(4) We have a canonical factorization

G
Fun(BG, C*Alg™) kk KKC
incl FC¢
nu RS - G
Fun(BG,C*Cat ) ———— Fun(GSet,KK")

(5) The functor FC preserves colimits.
(6) We have a factorization

KKS,, Y KKC (15.9)
H FG
7 Fun(GSet, KK°)

s

ifl)

M G
Funlls(GSet,,, KKS,) —— Fun(GSet,,, KK)
such that FS preserves countable colimits.

Proof. Using the fact that kkg*Cat is symmetric monoidal [12, Thm. 1.35] we
can rewrite the functor in (15.8) as

G G
KK (o cae XKK e cae (CI 1) G ~Omax—
q q

KK
(15.10)
The Assertions 1, 2 and 3 now follow from the corresponding properties of

the functor kkg*Calt stated in [12, Thm. 1.32], where for 1 we also use that the

tensor structure on KK preserves colimits in each variable. In order to show

Assertion 4, we again use the Formula (15.10). It is then clear that we must

define F© by the composition

Fun(BG, C*Cat™) x GSet KK’ x KK

id G XkkSscqp (C[-1)
ETTSET TRKC x Fun(GSet, KK9)

_®max -
-

FG : KK®

Fun(GSet, KKG) ,
A F§ (15.11)

Since — ®ax — preserves colimits in each argument we conclude Assertion 5.

We finally show Assertion 6. We let C;[—] denote the restriction of C[—]
to countable sets. We consider C,[—] as a functor with values in the full sub-
category C*Catge, of C*Cat™ of C*-categories with countably many objects
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and separable morphism spaces. The functor C,[—] is still a left-adjoint. The
restriction of the adjunction

Al crcat™ s C*Alg™ : incl
(see e.g. [3, Lem. 3.9]) to separable objects yields an adjunction
Al crcatly, s C*Alg), - incl,
We define F¢ by the formula
FO,_ (=) = (=) @max kKeep(A] (C[-1). (15.12)

The following chain of equivalences yields the commutative square (15.9), where
for the moment we ignore the superscript ] [ | at the lower left corner

YIOFS,_ () Z yO((=) @pax Kk (4L (€, 1))

~ (=) @max Kkcar Cli (D) = FS,_ (1u(-)).
For the marked equivalence, we use that y° is symmetric monoidal and the ob-
vious equivalence y®(kk$p, (A7 (Cy[—1))) = kk&.ca¢ (Cli,(—)]) of functors from
GSet,, to KKC.
It remains to show that for any A in KKSep the functor Ff ', breserves countable
coproducts. By definition, we have an equivalence

def
FO, (=) = A @max kkeup (A1 (C,[-])

of functors from GSet,, to KKfep. Because C,[—] is a left-adjoint it preserves
countable coproducts. The functor kkSGep oA{ sends the relevant countable co-
products to sums by [12, Lem. 6.6]. Finally, by [12, Prop. 1.7] the tensor product
— ®max — ON KKSGep preserves countable sums in each argument. This finishes
the construction of the factorization F¢ asserted in 6.

It immediately follows from the definition in (15.12) that the functor FC pre-

serves countable colimits. Here we use again that — ®,,x — on KKSep preserves
countable colimits in each argument [12, Prop. 1.7]. This finishes the verification
of Assertion 6. U

Let H be a subgroup of G and consider the object G/H in GSet. We let
rg : GSet — HSet denote the functor which restricts the G-action on a set to
an H-action. We consider the object G/H in GSet.
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Lemma 15.12.
(1) We have a commutative square
G FS G
KK” —— Fun(GSet,KK"”) . (15.13)
lResg leVG/H
g Indj G
KK KK

(2) We have a commutative square

H
KK £ Fun(HSet, KK) . (15.14)

G,

Ind$, Fun(GSet, KK)

llndg

G
KK® -2 Fun(GSet, KK®)

Proof. We use the functor A : C*Cat}; — C*Alg"" (see e.g. [3, Def. 6.5]) and

inj
note that for S in GSet we get A(C[S]) = C,(S) in Fun(BG,C*Alg""). Applying
this to G/H in place of S und using the definition of the induction functor Indfl
from Fun(BH, C*Alg™) to Fun(BG, C*Alg™) applied to C with the trivial H-
action we obtain the isomorphisms

A(C[G/H)) = Co(G/H) ~ Ind%(C).

By [12, Prop. 6.9] for every C in Fun(BG, C*Cat™) we have an equivalence

KKG. 00 (©) = kK% (A7(0)) > kKO (A(C).

Hence,
kk¢.cat(C[G/H]) =~ kk®(A(C[G/H])) =~ kk®(Ind7;(C)) ~ Indj(kk®(C)),

where the symbol Indg on the right-hand side is the induction functor from

KK to KK® [12, Thm. 1.22]. Using (15.11), the following projection formula
[12, Cor. 4.13]

Ind;(—) @max (=) = IndF((—) Omax Rese(-)) (15.15)

for functors KK x KK® — KK, and that kkG(C) is the tensor unit of KK° we
get the following chain of equivalences of endofunctors

eVG/HoFl, = (=) ®may Indg(kkY(C))
Ind} (Resfy(—) ®pmax kk(C))
~ Indj(Res§(-))
of KK® which provides the filler of the square in (15.13).

14
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In order to construct the filler of the pentagon in (15.14), we note that we
have obvious equivalences

ro (kkgecat (CI=1)) = KKeecar(rfy*(C[=1) = KK ca(Resg (C[-])
~ ResZ (KkS. car (C[=1)). (15.16)
The chain of equivalences

def

Indjoryy™oFfl, = Indg((=) @max iy " (kke-car (CI=1)

(15.16)
= Indp(— ®pmax Resf(Kkucar(C[-1)))

(15.15)
=" Indj(~) ®max kKkeecat(C[-1)
def
~ FO oInd®

=)
provides the filler of the pentagon. O

‘We now consider the functor

G. G F° G —X:G
LY : KK” — Fun(GSet,KK”) — Fun(GSet,KK).

By [12, Lem. 4.16] the restriction of — X, G to the subcategories of compact
objects is a countable sum preserving functor

(— X, G); : KKg,, = KKop -
‘We can therefore also consider
G ¢ ¥ _ I G\ %G ]
Ly : KKy, — Fun»(GSet,,KK,) — Fun-(GSet,,KKp) .

Lemma 15.13.

(1) LC preserves colimits.
(2) For every subgroup H of G, we have a commutative square

KKH L
—— Fun(HSet, KK) (15.17)

J{Indg J{rff

G I°
KK” —— Fun(GSet, KK)

(3) For every subgroup H of G, we have a commutative square

G
KK —2 Fun(GSet, KK) (15.18)

lResg JVEVG/H

H —X,.H
KK® — KK
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(4) We have a commutative diagram

KKS., d KK
1.6
LY Fun(GSet, KK)

%
Igy

Funlle(GSet,, KKgep) 2 Fun(GSet,, KK)

(5) For every subgroup H of G, we have a commutative square

H L 1T
KK, — Fun'-«(HSet,,, KKp)

lIndg,S lrg*

LY
KKS,, —— Funlle(GSet,, KK,.,)

(6) The functor Lg preserves countable colimits.
Proof. Assertion 1 follows from 15.11.5 and the fact that — X, G

preserves colimits [12, Thm. 1.22].
For Assertion 2, we expand the square in (15.17) as follows:

H H
KK? £, Fun(HSet, KK7) 271 Fun(HSet, KK)

G,*
'y

md)  Fun(GSet,KK™) [0

—X,H
llndg :
FG

-x,G
KK £ Fun(GSet, KK) = Fun(GSet, KK)

603

(15.19)

(15.20)

- KK - KK

(15.21)

The left pentagon is precisely (15.14) and commutes by 15.12.2. The upper
right square in (15.21) commutes by the associativity of composition of functors.

Finally, the lower triangle commutes by the equivalence
(=) X, H =~ Indf(=) X, G

of functors from KK to KK [12, Thm. 1.23].

(15.22)
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In order to show Assertion 3, we expand the square (15.18) as follows:

LG

G~ F¢ G\ —XG
KK” —— Fun(GSet, KK~) —— Fun(GSet, KK) (15.23)

JrRest leVG/H levG/H

Indé
H___ T gg© KK

KK\_/

—,K

The right square commutes obviously, and the commutativity of the left square
is considered in 15.12.1. The upper triangle reflects the definition of LY, and the
lower triangle commutes by (15.22).

By composing 15.11.6 with — X, G and the equivalence

(_ >4r G)OyG = yo(_ ><]r G)s
we conclude Assertion 4.

In order to show Assertion 5, we precompose the square in (15.17) with y#
and yG, respectively, and restrict the results to countable sets. We use that

Indf, oyH ~ yGoIndg,s. This gives the outer square in

(L);H )| Hsety,

17
KK — Funlle(HSet,, KK,,,) —— Fun(HSet,, KK) (15.24)

G G, Gk
lde,s J(rH* J{rH*

Ly
KKSGep — s punll (GSet,,, KKsep) LA Fun(GSet,,, KK)

(L;;G )iGSet,,

We then use that rg preserves countability and coproducts and therefore that

G,
r*

1 preserves countable coproduct preserving functors. If we now employ the
fact that y is fully faithful, then we get the filler of the left square.
Assertion 6 follows from 15.13.6 and the fact that (—X,.G), preserves countable

colimits [12, Lem. 4.16]. O
Let H be a subgroup of G. We have an adjunction

i% : HSet = GSet : r¢,

where ig sends the H-set S to the G-set G Xy S. Consequently, we have an
equivalence

ry" =iS  : Fun(HSet, €) - Fun(GSet, €)
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for any target category C, where ig , is the left Kan-extension functor. It restricts
to an equivalence

ro* ~iG : Funlle(HSet,, €) » Funlls(GSet,, ©)

provided C has countable coproducts.
The functor ig restricts to a functor ig : HOrb — GOrb. We note that the
slice categories HOrb g for any S in GOrb are countable discrete. Therefore,

the left Kan extension functor
if“ : Fun(HOrb, ) - Fun(GOrb, ©)

exists provided € admits all countable coproducts. We let i® : GOrb — GSet de-
note the inclusion. From now on we assume that € admits countable coproducts.
We consider the square

Fun(HSet,,, ©) IH—*> Fun(HOrb, C)

G,* iG
I’H H,!

exs
Fun(GSet,,, ©) —— Fun(GOrb, )
In general, we do not expect that the square commutes.

Lemma 15.14. The restriction of the square to countable coproduct preserving
functors is a commutative square

Funll (HSet,,, ©) ~—— Fun(HOrb, €©) (15.25)

G,* iG
Ty H,!

exy
Fun!le(GSet,,, ©) ——— Fun(GOrb, €)

Proof. The inverse of the horizontal arrows are the left Kan-extension functors

along i and i, respectively. Since we have a canonical isomorphism Since

ig[oiH = iGoig of functors from HOrb to GSet the square

=

Funlle (HSet,, C) «—— Fun(HOrb, ©) (15.26)

:G .G -G
llH,!_rH '
G
]

1
Fun!le(GSet,,, €) «—— Fun(GOrb, )

14

commutes. We obtain (15.25) from (15.26) by inverting the horizontal arrows.
O

Note that KK, admits countable colimits [12, Thm. 1.4].
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Proposition 15.15. We have a commutative square

iHs 7 H

5 LS
KK — " Fun(HOrb,KK,,) (15.27)

}ndz,s l
0+

KK§, ———— Fun(GOrb, KK,

Proof. We expand the square as

Lg'l <H %
KK —— Funlle(HSet,, KK,,,) = Fun(HOrb, KKy,

llndgys J{i‘g* J{ifl,!

LSG G,
KK, —— Funlle(GSet,,, KKy,) ——— Fun(GOrb, KK,,)

The left square commutes by 15.13.5. The right square commutes by Lemma
15.14. [l

We now observe by an inspection of the constructions:
Corollary 15.16. We have a canonical equivalence of functors
K6 ~ KK®(C, —)oi®*LC : KK® - Fun(GOrb, Sp).

Corollary 15.17.

(1) The functor K¢ preserves colimits.
(2) For every subgroup H of G, we have an equivalence

RC (G/H) = KK(C, Resg(-) X, H)

of functors KK - Sp.
(3) The composition

G
ka *Cat

KG
Fun(BG, C*Cat™) —— KK% — Fun(GOrb, Sp)
sends Morita equivalences to equivalences.

Proof. Assertion 1 follows from Lemma 15.13.1, the fact that i®* obviously
preserves colimits, and that KKG(C, —) preserves colimits since KK is stable
and kkG(C) in KKC is compact.

Assertion 2 is a consequence of the commutativity of (15.18) and the defini-
tions.

In order to show Assertion 3, note that the collection of evaluations at the
orbits G/H for all subgroups H of G detects equivalences. In view of Assertion
2, it thus suffices to show that KK(C, Resg(—) X, H) sends Morita equivalences
to equivalences. But this is true since Resfl(—) obviously preserves Morita
equivalences, — X, G preserves Morita equivalences by [9, Prop. 16.11], and
KK(C, —) = K€" €at(—) sends Morita equivalences to equivalences by [9, Prop.
16.18]. O
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Using the equivalence KKY(C, y9(=-)) ~ KKSGep(C, —) of functors from KK,
to Sp we get the formula

KC o KK (C, iC*LE(-)). (15.28)
Theorem 15.18. The functor K© satisfies the Assumption 15.6.

Proof. The functor K¢ is exact since K¢ is exact by Corollary 15.17.1 and y© is
exact.

In order to show that the functor K¢ preserves countable colimits, we use
(15.28), that LY preserves countable colimits by 15.13.6, and that KKSGep(C, -)

preserves countable colimits: Indeed, KKip(C, —) is exact by definition. To see
that it preserves countable sums, we use the identification KKSGEP(C, kKgep(—)) =
KC Alg(—) of functors from C *Algge‘; — Sp, the fact that countable sums in KKy,

are presented by countable sums in C*Alg:;p, and that K€ A8 sends countable
sums to coproducts.
For A in KKip, we have a natural equivalence
K3(G/H) = KK(CLj ,(G/H)
15.13.3 G
~  KK(C,Resy(A) X, H).
Finally the commutativity of the square in (15.4) is obtained by applying KK,,(C,
to the right part of the square in (15.27) and using that KK,(C, =) : KKgep —

Sp preserves countable colimits in order to commute ig , with this functor. [J

16. The generalized Green-Julg Theorem

In this section, we show a version of the generalized Green-Julg theorem,
see [20, Thm. 13.1] stating that the Kasparov assembly map for the family Fin
and proper G-C*-algebras is an equivalence. In our statement, we replace the
condition that the separable G-C*-algebra A is proper by the weaker (see [30, Cor.
7.3]) homotopy theoretic condition that kkgep(A) belongs to the set CJ generated
by the compactly induced objects, see Definition 15.1.

In [15], it was shown more generally for locally compact groups G that the
Kasparov assembly map is an equivalence for compactly induced coefficients.
Our proof for discrete groups is logically independent of the results of [15] and
also different from the one in [20]. In particular, it makes the proof of Theorem
15.5 independent of [15]. Our approach is based on the equivalence between
the analytic and Davis-Liick assembly maps and that the analoguous assertion
for the latter is known.

We consider A be in KKSGep.

Theorem 16.1. If A belongs to CJ, then the Kasparov assembly map
Kasp . G,
A,alifn : RKA an(EFinGCW) — KK(C,A X, G)
is an equivalence.
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Proof. The proof of this theorem is based on a chain of comparison results of
independent interest which eventually will be combined to provide an equiva-
lence between /,tifl;fn and /"B,Ii:in' The latter is known to be an equivalence by
Lemma 15.9.

Let C be in Fun(BG, C*Cat . eadd wada) SO that K€% : GOrb — Sp is given
by Definition 12.2. We then form C* in Fun(BG, C*Cat) by Definition 2.4 and
Kgu : GOrb — Sp by Definition 15.10. Note that the latter only depends on the
object kkg*Cat(C”) in KK°, but according to our general conventions we dopped
the symbol kkg*Cat from the notation.

Recall the Definition 12.3 of Asmblg,f and ugy , from (12.4).

Proposition 16.2. We have a canonical equivalence KC® ~ Kgu and therefore
for any family F of subgroups of G a commutative diagram

X ~ . N 'MBZI;,? 5
RS, (ExG™Y) —— colimg, orpKG, KRG (%)  (16.1)

l l Asmbléf l

KCC(E4GV) —— colimg, orpKC? KCC(x)

which is natural for C in Fun(BG, C*Cat geq eadd wadd):

Proof. For any effectively additive C*-category D, we define a functor
D%[—]: Set — C*Cat.

It sends a set X to the C*-category D*[X | whose objects are pairs (D, (py)xex)
of an object D of D* and a family of mutually orthogonal effective projections
on D such that {x € X | p, # 0} is finite and }; _, p, = idp. The morphisms
(D, (P)xex) = (D', (pl)rex) in D¥[X] are morphisms a: D — D’ in D such
that for all x, x" in X with x # x’ we have p’,ap, = 0. Amorphism f : X — X’
of sets induces a unital functor D*[X] — D*[X’] which sends (D, (p,)xex)
to (D, (Zx ef-10x) Dy)xex) (here we use the assumption that D is effectively
additive) and acts as identity on morphisms.

The construction of D¥[—] from D is functorial in C*Catggeg,eadd. If G acts on
X and D, then we get an induced action on D*[X] by functoriality. We have thus

defined a functor from Fun(BG, C*Catﬁgeg’eadd) to Fun(GSet, Fun(BG, C*Cat)).

o~ t
For X in GSet and C in Fun(BG, C*Cat ., cpq4)> We let Cffr(Xmin’max) in

Fun(BG, C*Cat) denote the object C_’lcftr(X min.max) introduced in Definition 3.2
for the trivial group with the G-action induced by functoriality. In [7, Prop. 9.12
(1)], we have constructed an isomorphism

~Ctr

le ((_)min,max) = Cu[_]
of functors from GSet to Fun(BG, C*Cat). For X in GSet, it sends the ob-

ject (C, u) in (zllcftr(Xm,-n’max) to the object (C, (u({x})) ex) in C*[X] and acts as
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identity on morphisms. This isomorphism is clearly natural for C in
Fun(BG, C*Caty ., .,qq)- Restricting along GOrb C GSet and applying — X, G

we therefore get an equivalence

~Ctr

KC*Cat(le ((_)min,max) X, G) ~ KC*Cat(Cu[_] X, G) (16.2)

of functors from GOrb to Sp which is natural for C in Fun(BG, C*Catggeg’eadd).
We now use that C admits countable AV-sums. By (16.2) and [7, Prop. 9.12

(3)] we have a unitary equivalence

~ Ctr ~
¢ : le ((_)min,max) >4r G- Clcftr((_)min,max ® Gcan,min)

of functors from GSet to C*Cat. This construction is not natural in C since the
first step in the proof of [7, Prop. p.1] going into [7, Prop. 9.12 (3)] involves the
choice of an AV-sum (@g < 8C, (egc)geG) for every object C of C. Butifx: C —

C’ isamorphism in Fun(BG, C*Catyge, cadd wada)> then it preserves AV-sums and

for every object C of C we have a unique multiplier unitary uc : EBg - 8C —
@g < 8x(C) such that ucegc = eg(c) for every g in G. These unitaries induce a

unitary filler of the square of C*Cat-valued functors

~Ctr

¢ _
Ci ((_)min,max) X, G —C> Ci:ftr((_)min,max ® Gcan,min)

| |

=/ctr ¢C’ —/ctr

C 1f ((_)min,max) Xy G—C 1f ((_)min,max ® Gcan,min)
whose vertical maps are induced by x. We therefore get an equivalence of func-
tors from Fun(BG, C*Catggeg’eadd)wadd) to Fun(GSet, C*Cat, ). Since K¢ ©at
factorizes over the localization C*Cat — C*Cat,; at unitary equivalences, after
applying K¢ €2t restricting along GOrb C GSet, and using Definitions 12.2
and 3.4 we get an equivalence

¥ ~Ctr ~ ¥ _
KC Cat(clf ((_)min,max) >4r G) - Kc cat(clcftr((_)min,max ® Gcan,min)) = KCG

(16.3)
which is natural for C in Fun(BG, C*Catyge, cadd wadd)-
We have a natural transformation
U: C* ®@uax C[—] — CH[-], (16.4)

see (15.7) for C[—], of functors from GSet to Fun(BG, C*Cat). Its component
on X in GSet is the functor

Ux - ct ®max C[X] - Cu[X] }
which sends the object (C,y) in C* ®,.x C[X] to the object (C, (p¥)rex) With

Yy o._ 1dC xX=Y,

px'_{ 0 X$éy,
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and which acts by a ® z — za on morphisms. The functor vy is a Morita
equivalence: It is fully faithful, and every object of C*[X] is isomorphic to a
finite sum of objects in the image of vy. Since K€ €t is Morita invariant and
— X, G preserves Morita equivalences by [9, Prop. 16.11], after restriction along
GOrb C GSet we get a natural transformation of functors

RE, = K& (€ ®max C[-]) X, G) = KE (€[] X, G) (16.5)

from GOrb to Sp where we have used Definition 15.10 in order to see the
first equivalence. Since the transformation (16.4) is clearly natural for C in
Fun(BG, C*Catﬁgeg’eadd’wadd), so is (16.5).

Combining (16.5), (16.3) and (16.2) we get the equivalence asserted in the
proposition. ([

Proposition 16.3. If F C Fin, then have a commutative square

Kasp
’u(cu)(G)f

ERK o) (Er GTY) ZRK(C, (€) D%, 6) (166

(©)® T

RKSAM(E,GCY) TKK(C,C) %, 6)

td
Asmblg s s

which is natural in C in Fun(BG, C*Catﬁgeg cadd.wadd)-

Proof. We start with the construction of the square (16.6). Its left vertical
morphism will be induced by a zig-zag and therefore does not have a preferred
direction. We expand the square into the following commutative diagram:

Kasp

Hicuo)

Kasp
ZRK(Gc’j;IG(E_«;GCW) (cu)(G),F max ZKK(C’ (Cu)(G) >4 G) ZKK(C, (Cu)(G) X, G) . (16.7)

- MKasp - -
(G)
std,+"¢ max

i G G
ZRK 3 (B GOW) —— TKK(C, €1, , X G) — ZKK(C,C\p, | X, G)

std,+

= Kasp )
C(G),.'f,max

ERK o7 (B G°) ——*——— EKK(C, Cf) X G) —— ZKK(C, € X, G)
std

Kasp

©)
Qsld 5

KK(C, Q9 3 6) —— SKK(C, €9 %, G)

G,
RKQ o (Ef GCW) std std

G)
std

H Asmbl‘é‘?j
G,Al
RK(EFGEY)
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The two upper rows of vertical maps are induced by the zig-zag

(G) (©) (©)
(Cu) - Cstd,+ “« Cstd

(see (10.10)), where the first map is a weak Morita equivalence and the second
is a split relative Morita equivalence. We use (see below for details) that the
functors RK*(E+GWV) and KK(C, — X, G) send weak Morita equivalences
and split relative Morita equivalences to equivalences.

(1) Recall that RKg’an(EfGCW) ~ colimy g chng’an(W), where the col-
imit runs over the filtered poset of G-finite G-CW subcomplexes of E+G.
For fixed W, the functor D — Kg’an(W) sends relative Morita equiva-
lences to equivalences by Lemma 8.6.3. Its sends weak Morita equiva-
lences to equivalences by [12, Thm. 1.32.3].

(2) Since we have the equivalence
KK(C, — X G) = KK(C, —)o(— X G)okk{. cay

of functors from Fun(BG, C*Cat™) to Sp, the functor KK(C,— X G)
sends weak Morita equivalences to equivalences since already kkg*cat
does so by [12, Thm. 1.32.3]. Hence, the middle upper vertical arrow is
an equivalence. One could also show that the other vertical arrow in this
column is an equivalence, but since this is not needed in our argument
we will not go through the details here.

(3) Since KK(C, — X, G) ~ KK(C, —)o(— X, G)okkg*Cat, as in the previ-
ous point, the functor KK(C, — X, G) sends weak Morita equivalences
to equivalences. Since — X, G preserves Morita equivalences by [9,
Prop. 16.11] and KK(C, —) = K€ €2t sends Morita equivalences to equiv-
alences by [9, Prop. 16.18] we see that KK(C, — X, G) sends Morita
equivalences to equivalences. In order to see that it also sends split
relative Morita equivalences to equivalences, we apply — X, G to the
diagram (2.6). In view of the existence of splits for p and g, exactness of
the horizontal sequences is preserved. Because — X, G preserves Morita
equivalences the resulting diagram shows that $ },G : DX, G — EX,G
is a relative Morita equivalence. Since KK(C, —) = K¢ at js a Morita
invariant homological functor, it sends relative Morita equivalences to
equivalences by [9, Prop. 17.4].

The two upper right squares are provided by the natural transformation
— X G — — X, G. The two lower left vertical arrows are induced by the bound-

ary map of the fibre sequence associated to the exact sequence 0 — Ciii) -

Mcgil) - Qgg — 0 in Fun(BG, C*Cat™), see the proof of Proposition 10.15.
This connecting map is an equivalence since MCEtGd) is flasque. The three left
squares commute by the naturality of the Kasparov assembly map with respect
to the coefficients in KK®. The upper triangle and the lower triangle reflect the

cps Kasp an
Definitions 12.8 and 12.12 of,u(cu)(c)f and Asmblg . U



612 ULRICH BUNKE, ALEXANDER ENGEL AND MARKUS LAND

Note that the statement of Theorem 16.1 depends on an object kkG(A) in
KKS3p for a separable G-C*-algebra A. In the proof, we want to relate the Kas-

parov assembly map ,uia;fn with the Davis-Liick assembly map uBLFin

paring them with the analytic assembly maps AsmblffFin and AsmblZ’Fin, re-
spectively, for a suitably choice of G-C*-category C and invoking Theorem 1.9.
If A is a unital separable G-C*-algebra, then we could take C = Hilb.(A). But
not every class in KKSep is represented by a unital G-C*-algebra. But every class
is a fibre of a morphism between classes of unital algebras algebras. Indeed,
if a class is represented by a G-C*-algebra A, then it is equivalent to the fibre
of kkG(A+) - kkG(C). In order to apply this, we must model the unitaliza-
tion map by a suitable essential functor between associated effectively additive
G-C*-categories. This is the contents of the following proposition.

Let A be in Fun(BG,C*Alg"") and consider the split unitalization sequence

by com-

0sA-A*SCoo0
whose split will be denoted by e : C — A*.

Proposition 16.4. There exists the following data:

(1) C,, C¢ in Fun(BG, C*Catﬁgeg,eadd,wadd),

(2) q: €4 = C¢ in Fun(BG, C*Catgey cadd wadd)

(3) s: Cc = C, in Fun(BG, C*Catpgeq cadd wadd )

(@) i: At > (C)Dand j: C— (CL)P in Fun(BG,C*Cat),
with the following properties:

(1) The squares

At b C and At ‘ C
G (1)@
G G G G
(Ci)( ) (C%)( ) (Ci)( ) (C%)( )
commute.

(2) G weakly fixes the objects of C' and C¢, see Definition 2.9.
(3) iand j are Morita equivalences.
(4) qisa quotient and gos = id¢,.

Proof. We let AT be the full subcategory of Hilb,(A") on the objects which are
isomorphicto A*, see Example 2.18. Since the object A* has an extension (A*, x)
in ((A¥)*)© we have unitary isomorphisms kg1 At —> gA* in Hilb (A") for
all gin G. It follows that A¥ is G-invariant and therefore inherits a G-action
from Hilb,(A*). Furthermore, we have A¥ = (A*)* and G weakly fixes the
objects of (ﬁ)“.
We set
C, := A¥ ®.x Hilb,(C)
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with the G-action induced from the first factor. We furthermore let F be the
G-C*-category with the same objects as A* but morphism spaces isomorphic
to C between any two objects. We have a canonical projection q’ : A¥ > F
involving p and a splits’ : F — A+ involving the units of A*. We set

Cc := F ®p, Hilb,(C).

Then we have a quotient projection g := g’ ® idgim () : C+ = Cc and the
split functor s := s’ ® idgi,(c) : Cc — Cy such that gos = idc,_. Because of
this equality the condition that g is a quotient simply means that it is bijective
on objects.

We define j : C — (C¥)(© using the object ((A*, C), x ®id¢) and the canoni-
cal identification End(c%)(c)(((/l*, C),x®id¢)) = C. We further definei: At —
(C*)(© using the object (A", C), x ®idc) and the canonical G-equivariant iden-
tification End(q)(c)(((fl‘“, C),x ® idc)) = A*. Then the two squares commute.

If we forget the G-action, then C, is isomorphic to A" ® . Hilb.(C). We
can conclude that C, admits all AV-sums and is therefore effectively additive. A
similar reasoning applies to Cc.

The functor q is full and hence non-degenerate. The split s': F — A7 is
unital and hence also non-degenerate. This implies that s is non-degenerate.

In order to show that i is a Morita equivalence, we note that any object in
(C*)©) is unitarily isomorphic to an object (4, H), x ® idy) for some finite-
dimensional Hilbert space H. It is therefore unitarily isomorphic to a finite
sum of copies of i(A*). The same reasoning applies to show that j is a Morita
equivalence. O

We now finish the proof of the Theorem 16.1. The statement of the theorem
depends on an object A of KKSep which is assumed to belong to CJ. We can

choose an object of Fun(BG, C*Alglslel;) which realizes A in KKgsp upon applying

kkfep. So from now on A denotes this G-C*-algebra.

We apply Proposition 16.4 to A in order to get the asserted data. For any
functor F from Fun(BG, C*Caty e, caqd wada) t0 an additive category, we get a
decomposition

F(C+) ~ Fintrs ® F(CC) ,

where the projection to and inclusion of the second summand are given by F(q)
and F(s). We call Fint's the interesting summand. A natural transformation
f: F = F’ of functors induces a map fints ; pintrs _, p/ints petyween the
interesting summands. We call ™ the interesting summand of f. Finally, a
natural equivalence f ~ f’ between natural transformations induces a natural
equivalence f"S ~ fInts hetween the interesting summands. We now have
the following facts:

(1) The interesting summand of ,ufg: ])D(G) Fin is equivalent to the interesting
O,

summand of Asmbli‘i,Fin by Proposition 16.3.
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(2) By Theorem 1.9 the interesting summand of Asmbl?:ri,Fin is an equiva-

lence if and only if the interesting summand of Asmblﬁ)ﬂpi11 is an equiv-
alence.
(3) The interesting summand of Asmbngr,Fin is equivalent to the interesting
summand of ,uBuL Fin Y Proposition 16.2.
% Fin

DL
(C4)©),Fin

summand of ,uguL Fin 0¥ Lemma 2.10. Here we use Property 2 of the data
4

(4) The interesting summand of u is equivalent to the interesting

from Proposition 16.4.
(5) We note that the Davis-Liick assembly map u"%. depends functori-

ally on an object of KKC. The pair of morphisms p: At — C and
e: C —» A* provides a decomposition kkG(A+) ~ kkG(A) ® kkG(C).
The commutative squares in Property 1 of the data from Proposition
16.4 provide a decomposition of the transformation uj;  into a sum

DL \intrs DL : P s : : _
(,ui,Fin @ M} Fin' Since i is a Morita equivalence and the transfor

mation between the Davis-Liick assembly maps depends on Kl.G, by

Corollary 15.17.3 the transformations u°% and hence (uP% )""S are

i,Fin i,Fin
equivalences. We conclude that the interesting summand of /ch; Y@ Fin
DL o
A,Fin”’

(6) Byacompletely analogous argument the summand of u

is equivalent to u
Kasp
(C,)©,Fin

alent to ,uia;fn. Here we use that the domain and target RKZ*" (Eg;n GEV)

and KK(C, —,G) of ,ufa:,fn considered as functors on Fun(BG, C*Cat™)

via kkg*Cat send Morita equivalences to equivalences. For KK(C, —X,G),
this has been observed above in the proof of Corollary 15.17.3. For the
other functor, we use the formula

isequiv-

RKE™(Egin GEV) ~ colingEFchwKKG(Co(W), =)

where W runs over the G-finite subcomplexes of Eg; GV, and Lemma
8.6.3 saying that KKG(CO(W), —) sends Morita equivalences to equiva-
lences for every W.

By a combination of these facts we see that ,uia;fn is an equivalence if and only

if /"B,LFin is an equivalence. Under the assumption that kkgip(A) belongs to CJ

DL

AFin is an equivalence by Lemma 15.9. O

we know that u
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