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The ladder technique - quantum groups

Matthew Gillespie

ABSTRACT. Given a regular C*-algebraic locally compact quantum group
(S,,A) with universal quantum group (S;,As), a C*-algebra A, and a

sufficiently well-behaved full coaction S ¢ ~ A, we construct natural
lattice isomorphisms from the strongly coaction invariant ideals of A to the
strongly coaction invariant ideals of full and reduced crossed product C*-
algebras as an application of the ‘ladder technique’ developed by the author,
S. Kaliszewski, John Quigg and Dana P. Williams. In particular, these lattice
isomorphisms are determined by either the maximality or normality of the
coaction a. This result directly generalizes a recent theorem proven by the
aforementioned authors for locally compact groups, which in turn general-
ized a theorem of Elliot Gootman and Aldo Lazar for amenable groups.
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1. Introduction

Given a C*-dynamical system (A, G, ¢) or cosystem (A, G, §), one can form
the crossed product C*-algebras

AX,G and AX;sG

which are the universal objects for covariant representations of the respective
systems [4, Section A.2,A.5]. For actions specifically, we can also define a re-
duced crossed product A X, , G via quotienting A X, G by the kernel of the reg-
ular representation. Since these C*-algebras are inherently tied to their original
dynamical systems, it is of much interest to understand how the ideal structure
of the crossed product C*-algebras AX, G, AX, G and AXG relate back to the
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ideals of the original C*-algebra A which are invariant in some sense under the
(co)action. Gootman and Lazar resolved this question for amenable groups G
in [8] (with reduced coactions), and later Nilsen in [12] answered this for arbi-
trary locally compact G for actions, but under a different form of invariance for
(full) coactions. Recently, this was proven again for arbitrary locally compact
G except under strong coaction invariance, see [7, Theorem 3.2]. This notion
of invariance was used in [8], and is equivalent to the invariance used in [12]
when G is amenable (the relationship in general has also been worked out in
an upcoming paper by the first three authors of [7]). The main result of this
paper directly extends the result presented in [7] for appropriately defined Kac
systems coming from a regular C*-algebraic locally compact quantum group
G, which we will call a LCQG from now on. This is accomplished via applying
‘the ladder technique’ developed in [7]. This technique amounted to a basic ob-
servation of commuting diagrams involving bijections (see [7, Lemma 3.1]) ap-
plied to iterated crossed products of a fixed C*-dynamical (co)system (A, G, @)
and (A, G, §), where the bijections needed for [7, Lemma 3.1] came from appro-
priately restricting the lattice isomorphisms gotten via the Rieffel correspon-
dence. Much of the machinery presented here is very similar in nature to that
presented in [7], and this is by design. The main purpose of this paper is to high-
light another application of the main techniques in [7]. We begin in section 2
with some quick notational conventions and identifications. In section 3, we
give a basic overview of Hopf C*-algebras, weak Kac systems with full duality,
multiplicative unitaries, LCQGs, and correspondence coactions in line with [4,
Definition 2.10]. In section 4, we discuss crossed product duality, ideal invari-
ance, and the four main propositions needed to prove the main result in section
5 via applying the ‘ladder technique’. I would like to give my sincere thanks to
Stefaan Vaes, Alcides Buss and Siegfried Echterhoff for their remarkable pa-
tience and many helpful conversations assisting me in learning the basics of
this theory.

2. Notation & conventions

We parrot many of the conventions from [6], and insist on only using full
coactions. We do this because we want our coactions to mirror the full coactions
one gets from [4, Definition A.67]. All x-homomorphisms are non-degenerate
unless specified otherwise. The symbol @ always will mean the minimal ten-
sor product of C*-algebras, and otherwise will be decorated to indicate a B-
balanced ®p or exterior tensor product ®.,; of correspondences. If X is an
(A, B)-correspondence, we denote the multiplier correspondence

M(X) = £3(B,X).

That is, the B-linear adjointable operators B — X. Given a Hilbert space
J, we will always denote the compact operators on J by K when there is
no ambiguity of the ambient Hilbert space. We also will utilize the standard
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leg-numbering notation where

(@®b);, =(1d®1)(a®b)=a®@bR1,
(@®b)y;=1Qid)(a®b)=1Qa®b,
(a®b)13=(Z®ld)0(a®b)23=a®l®b

3. Preliminaries

3.1. Hilbert modules & correspondences. Hilbert modules and correspon-
dences are an indispensable tool for the study of Morita equivalence and the
theory of crossed product C*-algebras. Several arguments throughout this work
will use results found in [4]. For the sake of self-containment, we opt to include
a brief background on these objects here.

Definition 3.1. Let A, B be C*-algebras.

(a) A right-Hilbert B-module is a vector space Xg with a positive definite
sesquilinear form (-, -)g : Xg X Xg — B such that
1. (x,y-b)g ={x,y)gb forall x,y € Xz and b € B.
2. (x,y); =(y,x)gforall x,y € Xz and b € B.

1
3. Xp is a Banach space in the norm ||x|| := [[{x, x)3]|2.

We say that X is full if span {(X, X)g} = B.
(b) An (A, B)-correspondence is a right-Hilbert B-module 4Xp which is a
non-degenerate left A-module (A - X = X) satisfying
l.a-(x-b)=(a-x)-bforallx € 4,Xz,a € Aand b € B.
2. {a-x,y)p=(x,a" -y)gforallx,y € 4Xzanda € A.

Definition 3.2. Let A, B be C*-algebras.
(a) An (A, B)-imprimitivity bimodule is an (A, B)-correspondence X with
left A-valued inner product satisfying 4(x,y) - z = x - (y,z)p for all
x,y,z € Xsuch that X is full and span {,(X, X)} = A.
(b) A, B are called Morita equivalent if there exists an (A, B)-imprimitivity
bimodule 4Xj.

Theorem 3.3 ([13, Proposition 3.24]). If A, B are Morita equivalent with im-
primitivity bimodule 4Xg, there is a lattice isomorphism X — Indé 1 ¥(B) —
J(A) by

X — Indy(J) = span{ 4(x - b,y) | X,y € X,b € J}
where F(A), F(B) are the lattices of ideals of A,B. The lattice isomorphism is
called the Rieffel correspondence associated to X.

Note that Rieffel’s theorem actually contains much more detail than the above
statement, but this will suffice for us. We now define the notion of a morphism
between correspondences.

Definition 3.4. Let 4 X and -Yp be correspondences for C*-algebras A, B, C, D.
Moreover,lety : A — M(C)andy : B — M(D) be x-homomorphisms with
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® : X — M(Y) a linear map. We call ® a ¢ — 1 compatible correspondence ho-
momorphism provided that

(a) ®(a-x)=¢(a) - P(x)foralla € Aand x € X.

(b) ®(x - b) = ®(x) - Y(b) forall b € Band x € X.

(©) ¥(x, z)p) = (P(x), D(2))p(p) for all x,z € X.
The maps ¢, are called the coefficient maps of ®. Formally this is denoted
o®Py 4 Xg —> M(cYp). We say that @ is nondegenerate if span{®(X)D} =
®(X) - D =Y and both ¢, ¢ are nondegenerate.

We refer the reader to [4, Chapter 1] for a detailed treatment of correspon-
dences (what they call right-Hilbert bimodules) along with their theory of bal-
anced and exterior tensor products.

3.2. HopfC*-algebras. HopfC*-algebras were largely developed by Iorio, Vaes
and Van Daele in [15, 3] to create an abstract framework for studying LCQGs
and noncommutative duality. Their definition (which differs throughout the
literature) assumes less than what is imposed for a LCQG (see Definition 3.14),
so we begin here and gradually build up towards LCQGs through multiplicative
unitaries via Kac systems. Many of these concepts are pulled directly from [6];
however, since Fischer’s work isn’t easily located in the literature, we transfer
much of the exposition found there.

Definition 3.5. A Hopf C*-algebra is a pair ($, A) consisting of
(a) A C*-algebra 9,

(b) A non-degenerate faithful «*-homomorphism A : $ — M(H ® 9)
called a comultiplcation such that

(A ®idg)oA = (idg ® A)oA, and
span {A(H)(Lys) ® H)} = 5pan {(Ls) ® HIAD)} = H® $.
Moreover, we call a x-homomorphism € : $ — C satisfying
(E ® ldb)OA = (ldg ® €)0A = lds)

a counit.

One also defines what is called an antipode for Hopf C*-algebras, but we have
no real use for it here. We remark that many assume additional structure on
Hopf C*-algebras involving the Haagerup tensor product and no assumption on

the faithfulness of A such as in [3, Definition 2.4]. Regardless, there are three
canonical examples of Hopf C*-algebras.

Example 3.6. Let G be a locally compact group.
(1) Cy(G)is a Hopf C*-algebra with comultiplication
A 1 Co(G) — M(Cp(G) ® Cy(G)) = Cp(G X G)

given by A(f) = fom,wherem : G X G — G is the group multiplica-
tion.
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(2) Ci(G) = A(C*(G)) is a Hopf C*-algebra where A is the integrated form
of the left regular representation:

A(f) = '/f(S)/l(S) ds, f € C(G).
G

The comultiplcation is given by AoA =1 ® 1.

(3) C*(G) with comultiplcation &, is a Hopf C*-algebra, which is the inte-
grated form of the unitary representation u@u : s — u(s) @ u(s) where
u : G — M(C*(G)) is the canonical map [4, Remark A.8].

Comultiplcations are examples of a broader concept known as coactions. A
suitable background for coactions of groups can be found in [4, Section A.3].
Just as in the group case, coactions of Hopf C*-algebras will be used extensively
to define crossed products.

Definition 3.7. A coaction of ($,A) on a C*-algebra A is a x-homomorphism
a: A— M(A® $) such that

(@) (a ®idg)oa = (id4 ® A)oa (the coaction identity), and
() a(A)(Apmu) @ H)CA®H.
Moreover, we say that « is continuous provided that

span {a(A)(1yea) ® H)} = span {(Lyca) ® Ha(A)}=A® H.

Throughout, we will always assume that our coactions are faithful and con-
tinuous unless specified otherwise. We use the term ‘continuous’ to avoid re-
using the term non-degenerate (as a coaction). Note that continuity of a coac-
tion implies its range is contained in the relative $-multiplier algebra Mg(A ®
9), where

Mg(A® 9) :={m e MA® 9H) | m(lywm) ® H) U (yues)m CAQ Hi.

For details of this construction, see [4, Section A.1]. Similar to [6], we will call
coactions of the Hopf C*-algebra $ on a C*-algebra A $-coactions, and indicate
this with the pair (A, @) when the choice of $ is unambiguous. Analogously
to the classical theory of crossed product C*-algebras, one must discuss the ap-
propriate notion of covariance of representations of the systems (A4, $, ).

Definition 3.8. Let (A, @) be an $-coaction and B a C*-algebra.

(a) A right unitary corepresentation of ($,A) on B is a unitary multiplier
u € M(B ® 9) such that (idg ® A)(u) = uyyuy;3.

(b) Aleft unitary corepresentation of ($, A) on B is a unitary multiplier u €
M($ ® B) such that (A ® idg)(u) = uy3uy;3.

(c) A (right) covariant homomorphism of (9, A) from (A, a) to B is a pair
(7r,u) where 7 : A — M(B) is a (possibly degenerate) representation
and u € M(B ® ) is a (right) unitary corepresentation such that

(7 ® idg)oa(:) = Ad(w)o(7(-) @ ly(g))-
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(d) A (left) covariant homomorphism of (9, A) from (A, a) to B is a pair
(7,u) where 7 : A — M(B) is a (possibly degenerate) representation
and u € M($ ® B) is a (left) unitary corepresentation such that

(7 @ idg)oa(:) = Ad(a(u))o(7(-) ® Ly(g))-

Note the above definition still makes sense for degenerate homomorphisms
7, as continuity of o implies a(A) C Mg(A ® ) and 7 ® idg extends to the
relative $-multipliers by [4, Proposition A.6]. That being said, we will assume
our covariant homomorphisms are nondegenerate unless specified otherwise.
Finally, we note that we will sometimes refer to right unitary corepresentations
as simply ‘corepresentations’ and will write ‘left’ whenever dealing with left
corepresentations. We do the same when referring to covariance.

Definition 3.9. Let (A, o) be an H-coaction of (H, A).

(a) A crossed product is a triple (A X, 33 J%» u%) consisting of a C*-algebra
A X, 53, a covariant homomorphism (j%, u®) where

i A—M(Ax, §)

andu® e M (A M 5 ® 5) satisfying the following universal property:
For all covariant homomorphisms (7, u) : (A,a) — M(B) of (A, @) on
C*-algebras B, there exists a unique non-degenerate -homomorphism
TXU AN, 33 —> M(B) such that

(T X u)oj% = m, and
(T X w) @ idg)(u”) = u.

(b) A universal dual of ($,A) is a crossed product (5, t,1t) for the trivial
coaction C — M(C ® H) by z = z ® 1jg). Note here thatt : C —

M (33) is just the embedding of scalars and so we usually exclude it in
the notation. .
(c) A fulluniversal dualis a universal dual $ of  such that there addition-
ally exists a closed subspace §§ C H* such that
(i) Forally € andy € 9, the functionals - y,y - p € & where
Y-y xePpx)andy -y : x - P(xy) (H-invariance).
(i) The collection (idg ® F)(1t) = {(id§ QY|P 3} c §is

dense.

If (7r,u) is a (possibly degenerate) covariant homomorphism of (A, @) on a
C*-algebra B, we have that (¢, u) is covariant for the trivial coaction on C and
thus there is a unique (non-degenerate) s-homomorphism y,, = tXu : 53 —
M(B) such that (¢, ® idg)(1t) = u. Thus, covariant homomorphisms (7, u)
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(degenerate or not) may be described as a pair (also called a covariant homo-
morphism) (7, i) : ((A, a), 53) — M(B) such that

(7 ® idg)oa = Ad(u, ® idg)(1)(T ® lyy(g))-

All LCQGs are Hopf C*-algebras that (amongst other things) admit a univer-
sal dual in this sense, and so we will only concern ourselves with Hopf C*-
algebras which admit a universal dual. We also note the universal property of

(A P 35, J% jA) states that there is a bijective correspondence between covari-
ant homomorphisms (7, 1) of (A, ) and non-degenerate x-homomorphisms of
A X, 33, where j4 := u,.. Finally note that one can flip the unitary u® so that
the crossed product (A P 33, J% c;’(u“)) is universal for left covariant homo-
morphisms.

Example 3.10. Let G be a locally compact group with & : G — Aut(A) be a
continuous action on a C*-algebra A,and § : A — M(A ® C*(G)) a coaction
of G on A.

(a) For = Cy(G), observe that a right corepresentation u € M(B ®
Co(G)) = C,(G, MP(B)) is a strictly continuous unitary valued function
satisfying (idg ® A)(u) = u;,u;3. In particular it’s easy to see that

A X, C*(G) = AX,G.

Notice also that 33 = C*(G) since unitary corepresentations of Cy(G)
correspond to unitary representations of G, which correspond to
x-homomorphisms of C*(G) by the universal property.
(b) Now let $ = C*(G). First, observe that the coactiond : A — M(A ®
C*(G)) of G on A is exactly a coaction of the Hopf C*-algebra C*(G) on
A by our definitions. One also checks that
AXsCo(G) =2 ANXsG

~

canonically. Dual to the situation in (a), we have = Cy(G) since
unitary corepresentations of C*(G) correspond to x-homomorphisms
of Cy(G) through the canonical unitary wg, see [4, Section A.3].

These two examples encapsulate the classical theory of crossed products.

We have defined the crossed product, but have yet to introduce a condition on
the Hopf C*-algebra to guarantee the existence of a crossed product in general.
It turns out that the existence of a full universal dual is a sufficient condition
[6, Theorem 1.10]. We are now in a position to discuss LCQGs and how they
arise.

Definition 3.11. Let J be a Hilbert space, B a C*-algebra, Eg a right Hilbert
B-module and V € B(H ® J) a unitary.
(a) We say that V' is multiplicative provided that the following equation
holdsin H @ H @ H:

Vi12V13Vas = VsV,
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(b) A unitary U € L3(E Q¢ J() is called a right corepresentation of V pro-
vided that U,,U;3V,3 = V,3U;, and we denote the subspace

Sy = 5pan {(ide ® @)(U) | w € B(H),} C Ly(E).

(c) A unitary W € Lp(H Qe E) is called a left corepresentation of V' pro-
vided that V,W;3W,3; = W,3V, and we denote the subspace

Sw = span{(@ @ idg)(W) | @ € B(F().} C Lp(E).

Note that a multiplicative unitary is clearly a right and left corepresentation
of itself, and so we have the subspaces Sy, §V of B(¥(). By adding additional
assumptions to the unitary V, we can ensure that Sy, S, are C*-algebras with
comultiplcations A, A respectively.

Lemma 3.12 ([1, 6, Theorem 3.8]). Let H be a Hilbert space, B a C*-algebra,
Ep a right Hilbert B-module, V. € B(H ® H) a multiplicative unitary with
U € LE(E Quy F), W € L(H @,y E) right and left corepresentations of V
respectively. Moreover assume that §U, Sy are C*-subalgebras of L(E) such that

UeM (§U ® SV) and W e M <§V ® SW)for all such E,U,W. Then there are
comultiplcations A : Sy — M (Sy ® Sy) and A : §V — M (§V ® §V) given
by

A(x) = V(x ® 1y, ))V*, and

0= (15 ©)

In particular, (Sy, A) and (§V, 3) are Hopf-C*-algebras and in this case we denote
(S,,A) == (Sy,A) and (§,, 3) = (§V, 3) respectively.

Moreover, one can construct a full universal dual ((§ I3 A f) , u) of (S,,A),
namely by taking § = {w] s, |w € B(IH ).}. Thus given a right corepresenta-
tionU € M (§U ® Sr) of S,, the induced %-homomorphism py : §f — §U
surjects onto Sy In particular we have a surjective *-homomorphism Ty o=
My : Sy — S, called the canonical surjection of Sy. Analogously there is a

full universal dual ((Sf,Af), i) of (§,,K) with canonical surjection of Sy de-

noted 7y : Sy — S,. Notably, what we call left corepresentations of S, are
referred to simply as ‘corepresentations’ in [6]. In particular, since we want i
to implement a bijective correspondence between left corepresentations of S,
(since these correspond to the left corepresentations of V') and non-degenerate
*-homomorphisms of Sy, we take 1i to be the flip of the unitary one gets from
Definition 3.9.(b). We now introduce what are known as weak Kac systems with
full duality. These are a special subclass of the more general weak Kac systems,
see [14, Section 2.2] for details.
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Definition 3.13 ([6, Definition 2.1]). A weak Kac system with full duality is a
triple (, V, U) consisting of a Hilbert space 7, a multiplicative unitary V' €
B(H @ H) and a self-adjoint unitary U € B(HK) such that

(a) The hypothesis of Lemma 3.12 holds for all C*-algebras B, Hilbert B-
modules Ep and left, right corepresentations of V on Ej.

(b) There existsaunitaryb € M (§ r®S f) such that b is aright corepresen-
tation of S I and a left corepresentation of S ¥ where ((§ I3 A f) , b) and
((Sf,Ay), v) are universal duals of (S;, Ay) and (§ A f) respectively.

(c) The unitary v is such that (7, 7f) : ((Sf,Af),§f) — B(H) is co-
variant.

(d) The unitary U is such that (7, Ad(U)ozy) : ((S’\f, Ef) , Sf) — B(H)
is covariant where the commutators

[7(x), Uy (X"U*] = 7 (), UZ;(Y)U*] =0

forall x,x’" € Syandy,y’ € S‘}.
Moreover we say that (¥, V, U) is strongly regular provided that

For weak Kac systems with full duality, we call

(a) (S,,A) the quantum group associated to 'V,
(b) (§r, 3) the dual quantum group associated to 'V,
(¢) (Sy,Ap) the universal quantum group associated to V, and

(d) (§ s A f) the universal dual quantum group associated to V.

Note by ‘universal dual’ in condition (b), we mean in the sense that left corep-
resentations u of Sy are in bijection with non-degenerate *-homomorphisms of

Sy via (id§f ® ,uu) () = u, and right corepresentations w of Sy are in bijection

with non-degenerate *-homomorphisms of S ¢ via (,uw ® idg f) (v) = w.

3.3. C*-algebraiclocally compact quantum groups. We define in the sense
of Kustermans and Vaes [11] what we mean by LCQG.

Definition 3.14. Let (G, A) be a Hopf C*-algebra with faithful KMS-weights
@,y respectively satisfying
(@) ¢ ((@ ®idg)oA(x)) = w (1yg) p(x) for all x € M and w € G (left
invariance), and
(b) ¥ ((idg ® w)oA(x)) = w (1pg)) P(x) for all x € M and w € G, (right
invariance).
Then Giscalled a (C*-algebraic reduced) locally compact quantum group (LCQG)
and ¢, 3 are called the left and right Haar weights respectively.
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For a detailed background on these objects, see [2, 10, Section 2]. We denote
L?(9) to be the Hilbert space associated to the left Haar weight ¢, and regard
G C B(L*(G)) = M(X) as anon-degenerate C*-subalgebra of B(L*(G)) =~ M(X)
whenever convenient. Importantly, this construction is (one way to see) how
LCQGs can be realized as Hopf C*-algebras arising from multiplicative uni-
taries. Associated to a KMS weight ¢ is a unique anti-unitary operator J called
the modular conjugation of . A very detailed discussion of this operator can be
found in [16].

Lemma 3.15 ([6, Section 2]). Let (G, A) bea LCQG. Then (L*(G), W, U) isaweak
Kac system with full duality, where W is the left corepresentation and U = JJ for
J,7T the modular conjugations associated to the left Haar weight of G and its dual
G respectively.

Thus given (G, A) in the sense of Kustermans and Vaes, one has the weak Kac
system with full duality (L?(G), W, U). One then induces the quantum groups
(Sr,A), (S5, Ap), (S, A), and (S I3 A 7)- In the Kusterman Vaes conventions, one
also obtains similar objects (G, A), (G, Ay), (§, 3), and (§u, Ku), see [18]. The
correspondence between these is the following

(S, A) = (G, &%),
S, 8) = (5, 0),

where °P denotes the flip of the comultiplcations. For more details on how to
swap between these conventions, see |5, Section 1.3.5]. Since we wish to talk
about crossed product duality for LCQGs, we mention what regularity is.

Definition 3.16. Let (F(,V,U) be a weak Kac system with full duality. We say
the Kac system (¥¢, V, U) is regular provided that

C(V) = span{(id ® w)(V) | @ € B(H),} = X

Note that when we say ‘(#(,V,U) is a weak Kac system with full duality
arising from a regular LCQG’, we will always mean that given a LCQG G, we
take (F(,V,U) = (L*(9),W,U) for W, U defined above such that Definition
3.16 holds. Moreover, by [6, Remark 2.2] regularity is equivalent to

m{@ : Ad(U)oSr} = X.

3.4. More crossed product constructions. We are finally in a position to
discuss crossed products in a detailed manner. For this, fix a weak Kac sys-
tem with full duality (¥, V, U) arising from a regular LCQG G. We call a coac-
tiona : A — M(A ® Sy) of Sy a full S-coaction and a coaction 8 : B —>
M (B ®S f) of S ¢ a full S-coaction. We will always assume our coactions are
continuous. Crossed products by a full S-coaction (A, a) will be denoted A X,
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S ¢ and similarly for full S-coactions (B, 8) by B X g Sy. This reflects the fact
that covariant homomorphisms of ((A4,a),Sy) are written as pairs (7, ) :

(A, S f) —> M(D) where u € M(D ® Sy) is the associated right corepresen-
tation of Sy on D. Analogously for systems ((B, 8),8 f) we have pairs (7, u,) :

(B,Sf) — M(D) where u € M (§ r ® D) is the associated left corepresenta-
tion. In particular, covariance of homomorphisms for full S-coactions (7, u) :
((A, a), §f) — M(D) is then given as

(7 ® ids,Joar() = Ad( ® ids J0)(T() ® Lyycs ).

Similarly, covariance of homomorphisms (v,7) : ((B, B, S f) — M(D) for full
S-coactions is then

(v @idg, ) 0B() = Ad (1 ® idg, ) (6(2) (v() ® s, -
This is the case since for these Kac systems since we know Sy and S  admit the

unique universal duals (§ I3 b) and (Sy, ) respectively. In particular, See the
comments proceeding Definition 3.13.

Definition 3.17. Let (A, @) be a full S-coaction and (B, 8) a full S-coaction.
(1) Define the maps jz’r = (idy ® 7)o and ji = Lyca) ® ﬁf. We call
the map A, = jfx,r X jd T AN, §f — M(A ® X) the S-regular
representation. We define the S-reduced crossed product to be A X,
S = Aa (A%, Sf)
(2) Define the maps j;, := (idy ® Ad(U)oR)of and P = 1y ® 7;.
We call the map /A\B = j]f’r xjB : B Xg Sy — M(B ® X) the S-
regular representation. We define the S-reduced crossed product to be
B Mg, S, = Kﬁ (B Xg Sf).

Note that the above homomorphism pairs are covariant by [6, Lemma 4.5,Re-
mark 4.13]. We will also refer to these objects as simply ‘regular representa-
tions’ and ‘reduced crossed products’ when no confusion arises.

Remark 3.18. Although we only state our results for full S-coactions, we remark
that every result proven also holds for full S-coactions via switching from right
to left corepresentations and using the formulas defined for full S-coactions.
Moreover, there are many statements that obviously are true for full S-coactions
despite their absence. We opt to include the details for the crossed product,
dual coactions, the regular representation, and the canonical surjection for full
S-coactions since once one has the necessary formulas from these statements,
the proof techniques employed for full S-coactions carry over verbatim for full
S-coactions. Examples of statements that have obvious carry-over to full S-
coaction include the theory of equivariant morphisms, crossed product duality,
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the propositions in section 4, and the statement of the main result. Discussion
about full S-coactions can be found throughout [6, 5].

As with classical crossed products, there are accompanying dual coactions
associated to crossed product C*-algebras by quantum groups. In particular
if (A, @) is a full S-coaction, then there are naturally defined full S-coactions

(A . S‘},&) and (A Ma.r §r,62”).

Lemma 3.19. Let ($,A) be a Hopf C*-algebra that admits a full universal dual
(5, 3), and suppose that (A, ) is an $H-coaction. Then

(5@ 1(e) 0 @ids)B) : (4.8) — M ((4 . $) @ §)
is a covariant homomorphism whose integrated form @ we call the dual coaction
of a.
Lemma 3.20. Let (A, a) and (B, 8) be full S and S-coactions respectively. Then
(a) There is a full S-coaction (A P §f, 62) given by
a = (]z ® 1M(§j)) X (]A ® ldg\f) Oﬁf TA X, §f — M (A Ay S\f ®§f) .

(b) Thereis a full S-coaction (A Mo r S, 62”) making the following diagram
commute:

(Aa®id§f )oa

A%, 5, > M(AXq, S, ®8)

~

A >40c,r SV
(c) Thereis a full S-coaction (B Xg S, B\) given by
B= (15 ®us)) X (17 ®ids;) oty : Bxg Sy — M (B X Sy ® ).
(d) Thereis a full S-coaction (B Xgr Srs BA”) making the same diagram as in

(b) commute.

Proof. Parts (a) and (c) are applying Lemma 3.19. Parts (b) and (d) are [6,
Proposition 4.9,Lemma 4.11] and [6, Remark 4.13]. O

Definition 3.21. Let (A, a), (B, 8) be full S-coactions a : A — M(A ® Sy),
B : B—> M(B® Sy). A (possibly degenerate) *-homomorphism¢ : A — B



THE LADDER TECHNIQUE - QUANTUM GROUPS 473

is called a — B equivariant provided the following diagram commutes:

A s > M5, (A® Sy)
¢ §0®idsf :
B ; > Ms,(B®Sy)

Note here that although ¢ is possibly degenerate, ¢ ®id still extends uniquely

to a Sy-strict to S-strictly continuous *-homomorphism ¢ ® id on the relative
S p-multipliers of A ® S;. This is (as previously referenced) a consequence of
[4, Proposition A.6]. Equivariant homomorphisms are extremely important,
since equivariance is carried to the dual coaction through taking the S-crossed
product ¢ X S ¢ of the homomorphism ¢. We refer the reader to the appendix
of [4] for a detailed discussion of equivariant morphisms.

Lemma 3.22. The S-crossed product ¢ X S risa— [/5’\ equivariant.

4. Duality and ideals of crossed products

This section deals with the bulk of the technical results needed to prove The-
orem 5.1. Throughout this section, we again fix a weak Kac system with full
duality (#,V,U) arising from a regular LCQG G. We now mention the two
types of coactions we will consider throughout the rest of this work. With this,
we can state the duality theorems. As before, several of these results we directly
credit to [6], and state them here for convenience’s sake. Let (4, «) and (B, 3)
be a full S and S-coaction respectively. Recall that a strict cocycle (for, say the
S-coaction a) is a unitary u € M(A ® Sy) such that

(a) (idy ® a)(u) = upp(a ® idg, )(u) and

(b) span{(1, ® Sp)Ad(u)oa(A)} = A® S;.
The maps Ad(U)oﬁf : §f — B(J) and Ad(U)ory : Sy —> B(H) corre-
spond to unitary corepresentations

w = (Ad(U)oR; ® idg, () € M(X ® Sy)

and
= (Ad(U)orr; ® idg )(0(v)) € M(X ® 5)

respectively by Definition 3.13. One can check by [6, Example 1.3] that ((id4 ®
Do(a®idy), AQK) and ((idz ®L)o(BRidy ), BQ X) are full S and S-coactions
respectively, where = : Sy ® X — X ® Sy and 3 §f R —>KQ® §f are
the flip isomorphisms. One can then verify that 1,5, b, are strict cocycles for
(id4 ® Z)o(ar @ idy) and (idg ® £)o(B @ idy ) respectively, so that one obtains
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perturbed full S and S-coactions on A ® X and B ® X respectively via

€ := Ad(y3)o(id4, ® Z)o(ax ® idy), and

&= Ad(B3)0(ids ® £)o(8 @ idy)
by [6, Example 1.15]. We will denote the coaction (id4 ® X)o(ax ® idy) by
(o ®, id4 ) as is common practice. Clearly, we have defined the obvious gener-

alization of the usual coaction on the stabilization of an algebra in the statement
of Katayama duality, see [12, Remark 5].

Lemma 4.1. Let (A, a) and (B, 8) be full S and S-coactions respectively.
(@) The pair (Ag, Lya) ® Ad(U)ory) (A My §f,a) — M(A® X) is
covariant and induces an @ — ¢ equivariant surjective homomorphism
Dy i AXy Sy XSy — AR K.
(b) The pair (Kﬁ, Iye ® 7f) - (B Ny Sf,E) —> M(B ® X) is covariant
and induces an ﬁ’\ — € equivariant surjective homomorphism Cf)ﬁ : B Xg
We call the maps ®,, and @5 the canonical surjections.
These are the obvious generalizations of Nilsen’s canonical surjections from
[12].
Definition 4.2. Let (A, x) be a full S-coaction.

(a) «a is called maximal provided that ®, is an isomorphism.
(b) a is called normal provided that j is faithful.

A remarkable fact is that dual coactions on full crossed products are always
maximal, see [6, Proposition 6.6]. As a remark, the dual coaction on the re-
duced crossed product @" is always a normalization of &, see [6, Lemma 4.11,Re-
mark 4.13]. This is why we use a " to denote this coaction.

We now state crossed product duality for full S-coactions, and explain where
this statement comes from.

Theorem 4.3 ([6]). Let (A, ) be a full S-coaction.

~hn

» (Maximal Duality) If a is maximal, there are@ —e¢ and & — ¢ equivariant
isomorphisms:

(A >4a§f ><1an,§) ~(A® X,e), and

A~ ~n
(A% S X0 .8 ) = (A® K, 6).

~n ~ .
for & the dual coaction of @" and € given above.
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~
~

n
» (Normal Duality) If a is normal, there is a (oc) — € equivariant isomor-
phism:

A //Q n
(A Mo Sf Xar S (oc) ) ~(A® K,e).

The a” — € equivariant isomorphism follows from the regular representation
Ay (A My S Iz a) — (A Moy S, 62") being a normalization of the dual coac-
tion @ see [6, Lemma 4.11]. In particular, this means A is an @ — " equivariant
surjection, such that its crossed product

AXSs 1 AXg Sy Xg Sy —> AXg, Sy Xan Sy

is an isomorphism, which is é-&" equivariant by Lemma 3.22. We now possess
the tools to productively discuss coaction invariance of ideals, and how to prove
the main result. Note if I < A is a closed two-sided ideal of A, then we may (and
will implicitly throughout) identify Mg ; (I®Sy) C Mg ; (A®S;) CM(ARSy)
via [4, Lemma 1.46].

Definition 4.4. Let (A, a) be a full S-coaction and I <1 A a (closed two-sided)
ideal of A. We say that I is ct-invariant provided that a(I) C Mg ; (I®Sy), and the

restriction map a|; : I — M(I ® Sy) defines a full S-coaction on I. Moreover,
we denote the collection of all a-invariant ideals of A by .¥,(A).

Upon restriction to invariant ideals, we note that continuity of the coaction
is preserved.

Lemma 4.5. Let (A, ) be a full S-coaction and I < A. ThenI € F,(A) if and
only if

span {a(D(Aya) @ S} =1Q Sy
Proof. This is the proof of [2, Proposition 2.6.23] included for completeness. If
I € J,(A), then a(I)(1p ) ® Sf) C I Q Sy. Now let x € I ® Sy. Since a is
n
continuous we have that x & »; a(ay)(1pa) ® 2x) for ay € Aand z, € S

k=1
However since «|; is a coaction, it is non-degenerate so that for (e;); C I an
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approximate unit, we have a(e;) — 1gs ; strictly, implying

x ~ a(e)x

~ a(e;) (Z a(ar)(Ipra) ® Zk))

k=1

ale;ar)(Inca) ® zi)

ale;ar )1y ® zx)

=
k=1
=
k=1
€ span {a(D(1pp ® Sp)}

proving continuity of a|;. Conversely if the latter condition holds, then a|;(I) C
M, (I®Sy), where a|; is a faithful non-degenerate #-homomorphism satisfying
the coaction identity. Hence, I € ¥ ,(A). O

To prove the main result, we collect several technical propositions. Thank-
fully, these are roughly the steps needed to prove [7, Theorem 3.2], just in higher
generality. This is thanks to the employment of the ladder technique. To be-
gin, we define correspondence coactions on quantum groups in line with [4,
Definition 2.10].

Definition 4.6. Let X be an (A, B) correspondence with full S-coactions (A, )
and (B, ). View Sy as an (Sy, Sy)-correspondence and form the exterior tensor
product to get:

A@s; (X ext Sf)pws,

which is an (A ® Sy, B ® Sy)-correspondence. A correspondence coaction com-
patible with a and 8 is a non-degenerate correspondence homomorphism ¢ :
X — M(A®Sf(X ®ext Sf)B®Sf) SLlCh that

(¢ ®ids,)o¢ = (idy ® Ap)ol.
Moreover, we say that ¢ is continuous provided that
span{(1ya) ® Sp)S(X)} = ags, (X Qext Sf)pes, -

Proposition 4.7. Let (A, «) and (B, 8) be full S-coactions and X be an (A, B)-
imprimitivity bimodule, with J <« B, and I <1 A the ideal of A associated to J
under the Rieffel correspondence (thatis, I = X — Indﬁ(] )). Moreover let ¢ be
a continuous a — § compatible coaction on X. Then I is a-invariant if and only
if J is B-invariant.

Proof. Suppose thatJ<iBis S-invariant. It suffices to prove that I is a-invariant
by symmetry. To do this, it suffices to appeal to Lemma 4.5. Computing we have
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that

span{(1 ® Sy)a(I)} = span {(1 ® Sp)a (4(X - J, X))}
=5pan {(1 ® Sy) m(S(X - 1), { (X))}
= span { \i((1 ® SHS(X - J), SO}
=span{ y((1 ® Sp)*(1 @ SS(X - 1), ¢(X))}
=span{ \{((1 @ SH¢(X - 1), (1 ® S (X))}
{
span {
span {
span {
span {

=span { \((1 ® SH¢X)BU), (1 @ SN

= 5pan { (X ®ext SPIBW), X ®ext Sp)}

= span { y{((X ®ext S1)(1 @ SIBW), X Qext S}
= 5pan { \{(X @ext S ® Sf), X Qext Sy}

= span M(X'J®ext Sf’x®extsf>}

where M = M(A ® S¢). Note that the M(A ® Sy)-valued inner product extends
that of the A ® Sy-valued inner product. Hence we have

Span{MO( I ext Sf’x®ext Sf>} = Span{A®5f<X I @ext Sf’x®ext Sf>}

= span{A(X I X)® S/_(Sf,Sf>}

Hence, we have shown

span {(1 ® Sp)a(D} =1 ® Sy
=(I®Sp)*
= span {a()(1 ® Sy)}.

Thus, J being B-invariant implies I is a-invariant by Lemma 4.5. (]

Proposition 4.8. Let (A, a) be a full S-coaction with I € ¥,(A). Then the
inclusion map ¢ : I & Ais a| — a equivariant and the crossed product ¢ X Sy

is an isomorphism of I X, S ¢ ontoan @-invariant ideal I ><1a§ r € JIq (A X S f).
Moreover, the image I X, , §r = Ag (I My S f) under the regular representation

A, is @"-invariant, where @" is the dual coaction of « on the reduced crossed
product A X, S.

Proof. It’simmediately clear that ¢ is | —a equivariant. A standard argument
shows that j4|I X j4 = ¢ X S 1 is faithful, see [17, Proposition 2.1]. Now, to see
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that 14,5 = (¢ X 8;) (I Xo Sy ) is actually an ideal of A X, S, we compute
(124 S5) (4 x40 ) = (51 % ) (pam " (S5)}) span {4 (87 ) 5}
= span{j5(Dj* (Sy)}span{j* (8y) js(a))
= span{j5(Dj* (Sy) j4(A)}

span
span
pan { j%(D)span {4 (S;) 5 (A}
pan |
{

jgmspan {5 (87
= span {3 (54 (57))

= Span{JA(I)J ( )}
=1 X, Sy

Similarly we also obtain (A Mo S f) (I Ny S f) =1 X, S t» 80 we conclude I X
§f <A A, §f. To get that I X, §f € I, (A Ha §f), we again compute

(14 §y) = a ({505 (5))
= (13 @ Lugsp) > (1* @ ids, ) o (span {505 (5)f)

= {150 ® L)) (1 @35 8, (5)
By Lemma 4.5 it is sufficient to prove that

sPan {@ (I X Sf) (Tny(arees,) ® Sr)} = (1 4 S7) ® 5.
Indeed, we have

Span {2 (1 46 57 ) (Lu(ans) ® 51}
span {(Jj4(D ® 1yy(s,y) (/4 ®ids,
(508 1ugey) [ 03
i
n{

)o
)
D8 L) (7 @1ds))
)G
(S

(
(

spa

II
.’3

Spa
Spa

(J5D ®1,5,)) (4 ®1ids
= span{]A(a)]A(x) ®ylaelx,y
= (1. 5) ® 5.

S'\f}

—/

Therefore we obtain I X, S € Jq (A Ny S f) as claimed. Now, consider the

dual coaction @". Since A, is onto A X, S,, we have that

I ¥y Sy = Mg (I X §p) 9 A X, S,
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Moreover, observe that
T (15 5) (o, 59 @)
= 5pan {@"0Aq (I 4a 8 ) (L., 5,) ® 57}
= span{(A, ®idg, ) o& (I X4 Sf) (a5 ® 57}
570 @105 ) (21 5) (o5 1)
- (re 10 (T2 5) () 051 ))
= (Ax ®idg, ) (I3 S; ® )
=1X,, S, ®S;
proving that I X, S, € Fan (A Mecr §) as claimed. 0

Let (C,y), (D, 6) be full S-coactions. If ~Xp is a (C, D)-correspondence with
y — & compatible coaction ¢, we denote this data by (¢ ,y(X, {)p,s)-

Lemma 4.9 ([5, Proposition 2.28]). Let (4 4)(X, {)z,8)and  g)(Y,n)(c,9) be (A, B)
and (B, C)-imprimitivity bimodules respectively, where (A, ), (B, ) and (C, 8)
are full S-coactions. The map

S g n =00 Q1)

is a (continuous whenever {, 1 are) a — 8 compatible full correspondence coaction
on X ®g Y, where:

(@ (@57 1 X®pY — M ((X ®ex Sy) ®pes, (Y ®ex Sp)) is the ac—9 com-
patible correspondence homomorphism defined via [4, Proposition 1.34].

(B) O 1 X®extSy) ®B5s, (YQextSf) — (X®pY)®x Sy is the isomorphism
defined via [4, Lemma 2.12].

Now, let (A, a) be a maximal full S-coaction with I € ¥,(A) with ¢ : T X,
Sp o AXg §f and ¥ @ I X, S oA Mo r S, the canonical inclusions. Then

D, A X, S Xz Sy — AQ® X isan a-c¢ equivariant isomorphism via
Theorem 4.3. Hence, we obtain the obvious imprimitivty bimodule

(Xl’ gl) = ((Axa§fNan,§)(A ® gC)(A@.’K',e), €> .

The ideal I X, §f Xg Sy = (¢ X Sy) (I Mo §f Xa| Sf) is then sent to I ® K
by the Rieffel correspondence since @, restricts to the canonical surjection of
I X Sy Xg S¢. Now, define the imprimitivty bimodule

(X2,$3) = (ugs.oA ® Kasx.aw.idy) W23(a @ idyx))

with the usual operations one places on ,Dp for a C*-algebra D. The Rieffel
correspondence then sends I ® X to itself clearly. Finally, one defines the usual
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imprimitivty bimodule
(X3,$3) = ((A®56,a®*idgc)(’4 ® K)(A,oc)’ o Qs idL2(9))

that establishes the Morita equivalence between A @ X and A. It’s once again
clear the Rieffel correspondence sends I @ X to I so that when taking the
(A® X)-balanced tensor product to obtain an (A X, S XSy, A)-imprimitivity
bimodule

(X, $) = (X1 @agx X2®aguxs X3, $1 agx $2 Bagx §3)
that the Rieffel correspondence sends I X, S  Xg Sy to I. Still in the maximal

~ ~n
case, we have that ®,0(A, X Sf)_1 PAXG, S Mg S — AQ K isanad —¢
equivariant isomorphism again via Theorem 4.3. In particular, one yields the
obvious imprimitivty bimodule

X], ¢ = ( ,/:")(A ® jC)(A@?C,e)’ €).

(AXg S Xgn Sr.a

A~

The Rieffel correspondence then sends I X, , §r Xan Sp = (P X Syf) (I Mo r Sy

XanSy) to I ® X since Ag X Sy (I Xy Sp Xz sf) = I Mg, S, Xgn Sy. Using
(X5,¢,) and (X3,¢3) as above, we see that I ® X gets sent to I via composing
Rieffel correspondences. Thus, we again may take an (A ® X)-balanced tensor
product to yield an (A X, S, Xan S ¢, A)-imprimitivity bimodule

X", ) = (X} ®agx X2 agx X3,$1 Hagx2 fagx §3)

where the Rieffel correspondence sends I X, S, Xan S ¢ to I. Finally, assume

that (A, ) is normal so that we obtain an (é)“ — € equivariant isomorphism
@ 1 AXy Sy XNg, S, — A® X and thus we obtain the obvious imprimitivty
bimodule

(Xr’ g) = ((Axagfxa,rsr)(é)n)(A ® :K)(A®.7€,€)’ €)

again via Theorem 4.3. Then the Rieffel correspondence sends I X S r Nar
Sy = (¢ X Sy) (I Ha §f Xa|.r Sr) to I ® X using the fact that (Ibg{of\a = &, for
Ay @ AX, S XaSp — AXy S Mg, Sy the S. -regular representation associated
to &@. Using the same imprimitivity bimodules (X5, {,), (X3, {3) as above, we see
that I ® X once again is sent to I via composing the Rieffel correspondences.
Thus, we obtain a (A X Sy Xg, S,, A)-imprimitivity bimodule

(X", $) = (X] Qagx X2 ®agx X351 agx $2 fagx $3)

such that the Rieffel correspondence sends I X, S 7 Mg, Sy to I. Compatibil-
ity of the correspondence coactions ¢, ¢,, {5 follows from [9, Proof of Proposi-
tion 4.2]. We have thus proven the following two propositions.

Proposition 4.10. Let (A, @) be a full S-coaction with I € .7, (A).
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(1) If @ is maximal, then the ideals of A X, §f Xg Sy and A X, S, Xan S¢
associated to I via the Rieffel correspondence are

I X, §f Mg Sp=@ XSy (I A §f Hz| Sf) and
I>40{,r§r Hgn Sf :=11b>qsf(l><]a,r§f >46m|Sf)
where
qo:l><1a§fL>A><la§fand
P Ixa,rg\f L’A><]ot,r§f

are the canonical inclusions.
(2) If « is normal, then the ideal of A X, Sy Xg, S, associated to I via the
Rieffel correspondence is

I3 Sy Xar Sy =9 XS, (I X4 S g, S,
where
@ 11X, Sp o AX, Sy
is the canonical inclusion.

Proposition 4.11. Let (A, a) be a full S-coaction.
(a) If a is maximal, there are A X, §f XgSp—Aand A Xy, S, Xan Sp—A

~ ~n
imprimitivity bimodules (X,¢) and (X",{) with{ an@ —aand & — «
compatible correspondence coaction.
(b) If « is normal, there is an A X, S r Xag, Sy — A imprimitivty bimodule

~~\h
(X", ¢) where ¢ is an <&) — a compatible correspondence coaction.

5. Main result
We now present the main result of the paper.

Theorem 5.1. Let (H,V,U) be a weak Kac system with full duality arising from
a regular LCQG G, and moreover let (A, ct) be a full S-coaction.

(a) If a is maximal, there exist lattice isomorphisms

FJ[(A) — S5 (A Mo §f) and F,(A) — Fgn (A Mo r §r) via
I|—>I><1a§f and I|—>I>4a,r§r.
(b) If o is normal, there exists a lattice isomorphism
F[(A) — S5 (A Mg §f) via
I's1IX, §f.

Proof. (a) Suppose that «r is maximal. Consider the ‘ladder’ diagram
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95 (A% Sy Xz Sy x5 5)

—
I3 (A% Sy % S) TY—Ind
\
X —1Ind

—

Fa(A)

where X is the imprimitivity bimodule gotten from Proposition 4.11(a)
applied to (A, @) and Y the corresponding imprimitivity bimodule got-
ten from Proposition 4.11(a) applied to the maximal dual coaction (A X,
S r,a). Note that the codomains for the restricted Rieffel bijections make
sense via Proposition 4.7, and thus are lattice isomorphisms since Perpo-

Ja (A Ay §f)

sition 4.11 endows X, Y with continuous correspondence /82 —a and /82 —-a
compatible coactions (and since the restriction of a lattice isomorphism
to a sub-lattice is another lattice isomorphism). Now we define the ob-

vious maps
fiI-TIX, §f
g I J XSy
h:Le LXs S'}.
yielding the diagram

T2 (A Sy Xz Sp %5 5)

2
I3 (A Ha §f Xa Sf) TY—Ind

8
5
/f

By Proposition 4.8, the maps f, g, h have images contained in the in-
variant ideals. We claim that f, g, h are in fact lattice isomorphisms.
Indeed, by Proposition 4.10 the diagram above commutes. We then ap-
peal to [7, Lemma 3.1] to get that f, g, h are bijections. To see that f is
in fact a lattice isomorphism, note I C I’ in .¥,(A) implies from Propo-
sition 4.8 that

DN

X—Ind 2 (A Mo §f)

Fa(A)

I X1, S = 5pan {414 (Sy)}
c span {51 (8)}
=1 X, Sf
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so f is an order preserving bijection of lattices. Analogously one can do
the same thing to g so that

~ -1

AXySXaS
f_l = (X—Il’ldA>4 ke f) og

is an order preserving bijection of lattices. However any bijection of
lattices that is order preserving with order preserving inverse is a lattice
isomorphism. Hence f is a lattice isomorphism. Now, we can repeat
this same argument by instead considering the ladder diagram

T5 (A Xy 8, Xan Sy X0 S,)

/
o (A Xy Sy Xan S¢) /]\Y—Ind
\
X—Ind/l\ Fan (A Mo §,)
/

Fo(A)

~n
where § is the dual coaction of & on the reduced crossed product AX,, ,
S, Xgn S IR S,. The Morita equivalence on the right vertical rung is

~

obtained via normal duality applied to the C*-algebra (A Mear Srs oc”)
Hence, by applying Proposition 4.11 we obtain the imprimitivity bimod-
ules X, Y needed for the calculation. As before, note that by Proposition
4.7, the restrictions of the Rieffel bijections above are in fact lattice iso-
morphisms. We again define obvious maps f’, g’, h’ by sending an in-
variant ideal to its crossed product. As before, f’,g’, h’ have images
contained inside the invariant ideals by Proposition 4.8, and the dia-
gram commutes by Proposition 4.10 giving us bijections of lattices via
[7, Lemma 3.1]. Just as we showed f was an order preserving bijection
of lattices, so is f’.

If « is normal, we obtain another completely analogous ladder diagram

7, <A Mo S; Xa, S, Xy §,-)
_—
j(a)" (A >4a Sf X&,r Sr) Y—Ind

\

X—Ind I (A X, §f)

-

~\
where y is the dual coaction of (a) and where X, Y are the appropri-
ate imprimitivity bimodules equipped with compatible correspondence
coactions from Proposition 4.11. Note on the right vertical rung, the
Morita equivalence is via maximal duality since the dual coaction @ is

Fo(A)
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maximal. Again by Proposition 4.7, the Rieffel lattice isomorphisms
restrict to lattice isomorphisms on the appropriate sub-lattices given
above. The remainder of the proofis completely analogous to the above
calculations.

O
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