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Singular traces and perturbation formulae
for tuples of commuting unitaries

Arup Chattopadhyay and Saikat Giri

Abstract. We derive a natural generalization of the Krein and Neidhardt
trace formulas for tuples of commuting unitaries via a multiplicative path,
allowing perturbations to be in a family of Lorentz ideals of bounded linear
operators.
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1. Introduction
The Taylor approximation is a fundamental tool in classical function theory,

and its operator-theoretic generalization is also a well-known and widely used
tool in perturbation theory. One way to study a noncommutative Taylor ap-
proximation is by analyzing its properties through traces, an approach known
as the trace formula. It was discovered by Lifshitz [20] in a special case and by
Krein [18] in a general case.
Let ℋ denote a complex separable Hilbert space, ℬ(ℋ) the algebra of all

bounded linear operators on ℋ, and 𝒮𝑛(ℋ) the 𝑛-th Schatten-von Neumann
ideal of compact operators on ℋ (see [16] for a detailed discussion on their
properties). Initial trace formulas were derived for trace class perturbations
𝒮1(ℋ) of either a self-adjoint operator𝐻0 or a unitary operator𝑈0, and allowed
to efficiently compute the perturbed operator functions 𝑓(𝐻0+𝑉) and 𝑓(𝑒𝑖𝐴𝑈0)
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in terms of the initial data, namely:

Tr {𝑓(𝐻0 + 𝑉) − 𝑓(𝐻0)} = ∫
ℝ

𝑓′(𝜆)𝑑𝜈(𝜆) (1.1)

and

Tr
{
𝑓(𝑒𝑖𝐴𝑈0) − 𝑓(𝑈0)

}
= ∫

𝕋

𝑓′(𝑧) 𝑑𝜇(𝑧). (1.2)

Here, Tr denotes the standard trace on 𝒮1(ℋ). The relations (1.1) and (1.2)
are known as the Krein trace formulas for pairs of self-adjoint [18] and unitary
operators [19], respectively, and the measures 𝜈 and 𝜇 are called spectral shift
measures (in short, SSM). We refer to [23] and [1] for the description of the
maximal class of functions for which (1.1) and (1.2) hold, respectively.
The extensions of (1.1) and (1.2) toHilbert–Schmidt perturbations 𝒮2(ℋ) are

due to Koplienko [17] and Neidhardt [22], respectively. Let 𝑈 and 𝑈0 be two
unitary operators onℋ such that 𝑈 − 𝑈0 ∈ 𝒮2(ℋ). Then 𝑈 = 𝑒𝑖𝐴𝑈0, where
𝐴 = 𝐴∗ ∈ 𝒮2(ℋ). Denote 𝑈(𝑠) = 𝑒𝑖𝑠𝐴𝑈0, where 𝑠 ∈ ℝ. Then, there exist
measures 𝜇1 and 𝜇2 on 𝕋 such that

Tr
{
𝑓(𝑒𝑖𝐴𝑈0) − 𝑓(𝑈0) −

𝑑

𝑑𝑠

|||||||𝑠=0
𝑓(𝑈(𝑠))

}
=

2∑

𝑘=1

∫
𝕋

𝑓(𝑘)(𝑧) 𝑑𝜇𝑘(𝑧), (1.3)

whenever 𝑓′′ has absolutely convergent Fourier series. Neidhardt’s elegant re-
sult (1.3) is known as the Neidhardt trace formula. An interested reader can
see [24] and [25] for the recent developments on higher order trace formulas
with perturbation operators from the Schatten-von Neumann ideal. For more
on the history of the subject, we refer the reader to [28] and the references cited
therein.
We note that all the spectral shift measures in (1.1)–(1.3) are absolutely con-

tinuous with respect to the Lebesguemeasure. We remind the reader that spec-
tral shift measures are known for their applications in spectral flow [3] and
scattering theory [4], just to name a few. In addition, the first order SSM has
appeared in inverse problems for one-dimensional Schrödinger, Dirac, and Ja-
cobi operators [9].
Taylor-like approximations have been fairly well investigated in the single-

variable case. Now it is worth exploring its several variable generalizations,
which is a common occurrence in the classical case. Although several recent
works, such as [29], [2] and [6] have studied the multivariable counterpart of
one variable trace formulas, it remains largely unexplored. Specifically, [6] es-
tablishes a multivariate analog of (1.1) for tuples of commuting self-adjoint op-
erators. In contrast, [29] focuses on tuples of commuting contractions that ad-
mit a dilation to tuples of commuting normal contractions. Note that Krein’s
trace formula (1.1) does not hold for functions of pairs of noncommuting self-
adjoint operators (see [2]).
It iswell known that, in the one variable setting for contractions, higher order

trace formulas take different forms depending on whether the differentiation is
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performed along the linear path 𝑡 ↦ 𝑇0 + 𝑡(𝑇 − 𝑇0) or the multiplicative path
𝑡 ↦ 𝑒𝑖𝑡𝐴𝑇0, where 𝑇 − 𝑇0, 𝐴 = 𝐴∗ ∈ ℬ(ℋ). Both approaches have been exten-
sively studied in the literature (see, e.g., [7, 25, 26]) and have found significant
applications.
Wewant tomention that there has been significant progress in deriving trace

formulas for self-adjoint operators with non-compact perturbations in the sin-
gle variable case, where these results find applications in the study of Dirac and
Schrödinger operators (see, e.g., [8, 22, 30, 33]). Trace formulas for unitary op-
erators, especially those developed via the multiplicative path, have played a
crucial role in these developments (see [22, 30]). This serves as the primary
motivation for establishing trace formulas for functions of 𝑛-tuple of commut-
ing unitaries via the multiplicative path, which are missing in [29] (where only
the linear path is considered). A further advantage of the multiplicative path
approach is that it allows us to establish trace formulas for a larger class of func-
tions, including non-analytic functions (see Theorems 1.1 and 1.2). Note that
the trace formulas in [29] are restricted only to analytic functions.
The perturbation formulas (1.1)-(1.3) have been extended to include more

general perturbations. In [15, Theorem 3.13], (1.2) has been studied in the con-
text of general symmetrically normed ideals of semifinite von Neumann alge-
bras, which include the trace class ideal and the Lorentz ideal (see Section 2.1).
Lorentz ideals with singular traces (traces that vanish on finite rank oper-

ators) are closely related to important objects of perturbation theory - see, for
example, [10], where Connes used singular traces as a cornerstone of his work
in noncommutative geometry and calculus. The development of perturbation
formulas for singular traces has opened up new possibilities for applications;
for instance, see [27]. These remarkable connections inspired us to establish
multivariable counterparts of (1.2) and (1.3) with perturbations from Lorentz
ideals. Moreover the singularity of the trace plays a crucial role (as we can see
in the proofs of Theorems 1.1 and 1.2) to derive our main results under the
assumption of only the commutativity of the initial operator tuples. This also
highlights an interesting behavior of singular traces. We will further comment
at the end of the paper on possible extensions of our main results to the case of
perturbations from the trace class and Hilbert–Schmidt ideals.

1.1. Summary of main results. Let 𝒰(ℋ) denote the collection of all uni-
taries onℋ. Let 𝜓 ∶ (0,∞) → (0,∞) be a concave function such that

lim
𝑡→∞

𝜓(𝑡) = ∞.

Then the Lorentz ideal associated to 𝜓 is denoted by ℳ𝜓 and consists of all
compact operators 𝐴 such that

sup
𝑛≥0

1

𝜓(1 + 𝑛)

𝑛∑

𝑘=0

𝜆𝑘(𝐴) < ∞,
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where {𝜆𝑘(𝐴)}∞𝑘=0 denotes the singular value sequence of 𝐴. Throughout the
article, we consider perturbations in the Lorentz idealℳ𝜓 and in its root ideal
ℳ

1∕2

𝜓
=
{
𝐴 ∈ ℬ(ℋ) ∶ |𝐴|2 ∈ ℳ𝜓

}
. For more details on the Lorentz ideal, we

refer the reader to Section 2.1.
Let 𝜏𝜓 be a bounded singular trace onℳ𝜓. Assume that the function 𝜓 sat-

isfies
𝜓(𝑡) ≤ 𝐶𝑡𝜖, 𝑡 ≥ 1 (1.4)

for some constant 𝐶 > 0 and 0 < 𝜖 < 1.
Let 𝑚, 𝑛 ∈ ℕ with 𝑛 ≥ 2. Denote by Com𝑛 the set of all 𝑛-tuple of pairwise

commuting elements in ℬ(ℋ). Consider a tuple of unitary operators U𝑛 ∶=

(𝑈1, … ,𝑈𝑛). Define
U𝑛(𝑡) ∶= (𝑒𝑖𝑡𝐴1𝑈1, … , 𝑒

𝑖𝑡𝐴𝑛𝑈𝑛),

where 𝑡 ∈ ℝ andA𝑛 ∶= (𝐴1, … , 𝐴𝑛) is a tuple of bounded self-adjoint operators.
For an 𝑛-tuple of unitary operators U𝑛 and a perturbed 𝑛-tuple U𝑛(1), and for
a sufficiently smooth function 𝑓 ∶ 𝕋𝑛 → ℂ, the𝑚-th order Taylor remainder is
denoted by ℛ𝑚(𝑓,U𝑛,A𝑛) and is defined by

ℛ𝑚(𝑓,U𝑛,A𝑛) ∶= 𝑓(U𝑛(1)) − 𝑓(U𝑛) −

𝑚−1∑

𝑘=1

1

𝑘!

𝑑𝑘

𝑑𝑠𝑘

|||||||𝑠=0
𝑓(U𝑛(𝑠)). (1.5)

Denote by ℱ𝑚(𝕋
𝑛) the collection of all functions 𝑓 ∈ 𝐶𝑚(𝕋𝑛) for which 𝒟𝑘𝑓

has an absolutely convergent Fourier series for each 0 ≤ 𝑘 ≤ 𝑚, where

𝒟𝑘𝑓 ∶=
𝜕𝑘𝑓

𝜕𝑧
𝛼1
1
⋯𝜕𝑧

𝛼𝑛
𝑛

,

with 𝛼1, … , 𝛼𝑛 ≥ 0 and 𝛼1 +⋯+ 𝛼𝑛 = 𝑘.
With this background, we now list the main contributions of this article.

Theorem 1.1. Letℳ𝜓 be the Lorentz ideal and suppose the function 𝜓 satisfies
(1.4) for some 0 < 𝜀 < 1∕2. Let 𝜏𝜓 be a bounded singular trace on it. Consider
two 𝑛-tuple of operators U𝑛 and A𝑛 such that 𝑈𝑗 ∈ 𝒰(ℋ) and 𝐴𝑗 = 𝐴∗

𝑗
∈ ℳ𝜓

for 𝑗 = 1,… , 𝑛. Suppose that U𝑛 ∈ Com𝑛. Then, there exist measures 𝜇1, … , 𝜇𝑛
on 𝕋𝑛 such that

‖𝜇𝑗‖ ≤ ‖𝜏𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖ℳ𝜓

, 1 ≤ 𝑗 ≤ 𝑛

and

𝜏𝜓 {ℛ1(𝑓,U𝑛,A𝑛)} =
𝑛∑

𝑗=1

∫
𝕋𝑛

𝜕𝑓

𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑗(𝑧1, … , 𝑧𝑛),

for every 𝑓 ∈ ℱ2(𝕋
𝑛).

In Theorem 1.1 of this paper, we relax the assumptions on operators made in
[29, Proposition 3.12] (whereU𝑛,U𝑛(1) ∈ Com𝑛 were considered), and enlarge
the class of admissible functions to include non-analytic functions.
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Theorem 1.2. Letℳ𝜓 be the Lorentz ideal and suppose the function 𝜓 satisfies
(1.4) for some 0 < 𝜀 < 1∕3. Let 𝜏𝜓 be a bounded singular trace on it. Consider two
𝑛-tuple of operators U𝑛 and A𝑛 such that 𝑈𝑗 ∈ 𝒰(ℋ) and 𝐴𝑗 = 𝐴∗

𝑗
∈ ℳ

1∕2

𝜓
for

𝑗 = 1,… , 𝑛. Suppose that U𝑛 ∈ Com𝑛. Then, there exist finite measures 𝜇𝑖𝑗, 𝜈𝑗
for 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛 on 𝕋𝑛 such that

𝜏𝜓 {ℛ2(𝑓,U𝑛,A𝑛)} =
∑

1≤𝑖≤𝑗≤𝑛

∫
𝕋𝑛

𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑖𝑗(𝑧1, … , 𝑧𝑛)

+
∑

1≤𝑗≤𝑛

∫
𝕋𝑛

𝜕𝑓

𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜈𝑗(𝑧1, … , 𝑧𝑛),

for every 𝑓 ∈ ℱ3(𝕋
𝑛).

We refer the reader to Remark 5.2 for the total variation of the measures
obtained in Theorem 1.2.
It is noteworthy to mention that the results in [29] are established only for

positive traces (see [29, Hypotheses 3.3]). In contrast, our main results are de-
rived for traces that are not necessarily positive. Furthermore, the techniques
developed in this article allow us to establish our results under the weaker as-
sumption thatU𝑛 ∈ Com𝑛 only. This weaker assumption is sufficiently general
for applications.
Finally, a few words about this paper’s methodology. Both the proofs of The-

orem 1.1 and Theorem 1.2 rely on the singularity of the trace 𝜏𝜓. Our approach
is partly based on themethods considered in [29] and [15]. A key element of the
proof of Theorem 1.2 is the estimate (5.1) (see also Theorem 5.1), which is based
on the estimates of the divided differences (see Lemma 3.4). Additionally, we
have utilized the Riesz-Markov representation theorem and the classical Hahn-
Banach theorem.
Now, we discuss the layout of this paper. Apart from the Introduction, this

article has four sections. Section 2 contains notations and preliminaries on
Lorentz ideal. In Section 3, we derive the essential estimates for the first and
second order divided differences. Section 4 deals with the first order perturba-
tion formula, while Section 5 establishes the second order perturbation formula
for tuples of commuting unitaries.

2. Notations and preliminaries
Notations: Weuse the following standard notations: ℕ,ℤ+, ℤ,ℝ, andℂ repre-
sent the sets of natural numbers, non-negative integers, integers, real numbers,
and complex numbers, respectively. Throughout the paper, 𝑛will denote a nat-
ural number with 𝑛 ≥ 2. The set ℤ𝑛 consists of all 𝑛-tuple of integers. We also
represent 𝑘 ∈ ℤ𝑛 by the tuple (𝑘1, … , 𝑘𝑛), where each 𝑘𝑖 ∈ ℤ. Additionally, 𝕋
stands for the unit circle inℂ, and𝕋𝑛 represents the 𝑛-dimensional torus inℂ𝑛.
1. 𝒰(ℋ) denotes the collection of all unitaries onℋ.
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2. Denote by Com𝑛 the set of all 𝑛-tuple of pairwise commuting elements in
ℬ(ℋ).

3. The 𝑛-tuple of bounded operators 𝐴1, … , 𝐴𝑛 is denoted by

A𝑛 = (𝐴1, … , 𝐴𝑛),

and
U𝑛(𝑡) = (𝑈1(𝑡), … ,𝑈𝑛(𝑡))

denotes the 𝑛-tuple of operators with each 𝑈𝑗 ∶ ℝ → 𝒰(ℋ). For notational
simplicity, we define for 𝑘1, … , 𝑘𝑛 ∈ ℤ:

𝑇𝑘𝑖 ,…,𝑘𝑗 (𝑡) =

𝑗∏

𝑙=𝑖

𝑈𝑙(𝑡)
𝑘𝑙 , for 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛. (2.1)

Definition 2.1. A trace 𝜏ℐ on a two-sided ideal ℐ ofℬ(ℋ) is a unitarily invari-
ant linear functional, that is,

𝜏ℐ(𝑈𝐴𝑈
∗) = 𝜏ℐ(𝐴)

for all 𝐴 ∈ ℐ and all unitary operators 𝑈 ∈ ℬ(ℋ).

We say the trace 𝜏ℐ is
∙ positive if 𝐴 ∈ ℐ, 𝐴 ≥ 0 implies 𝜏ℐ(𝐴) ≥ 0;
∙ bounded on ℐ if there exists a constant𝑀 > 0 such that

| 𝜏ℐ(𝐴)| ≤ 𝑀‖𝐴‖ℐ , for all 𝐴 ∈ ℐ.

The infimum of such𝑀 equals ‖ 𝜏ℐ ‖ℐ∗ ;
∙ singular if it vanishes on finite rank operators.
Note that we do not require a trace to be positive.

2.1. Lorentz ideal. Let 𝜓 ∶ (0,∞) → (0,∞) be a concave function such that
lim𝑡→∞ 𝜓(𝑡) = ∞. Then the Lorentz ideals are defined by

ℳ𝜓 =
{
𝐴 ∈ ℬ(ℋ) is compact ∶ ‖𝐴‖ℳ𝜓

∶= sup
𝑛≥0

1

𝜓(1 + 𝑛)

𝑛∑

𝑘=0

𝜆𝑘(𝐴) < ∞
}
,

where {𝜆𝑘(𝐴)}∞𝑘=0 is a singular value sequence of 𝐴. More information about
singular values can be found in [16, Chapter II]. Moreover, the norm ‖ ⋅ ‖ℳ𝜓

makesℳ𝜓 into a symmetrically normed ideal (see [21, Definition 1.2.12]). In
particular, we have the following property: if 𝐵 ∈ ℳ𝜓 and 𝐴,𝐶 ∈ ℬ(ℋ), then
𝐴𝐵, 𝐵𝐶 ∈ ℳ𝜓 and ‖𝐴𝐵𝐶‖ℳ𝜓

≤ ‖𝐴‖‖𝐵‖ℳ𝜓
‖𝐶‖. This follows from properties

of the singular value sequence [16, p. 27].
In 1966, J. Dixmier [13] discovered traces that vanish onfinite rank operators.

In fact, he considered the following functional

Tr𝜔(𝐴) = 𝜔(
{ 1

𝜓(1 + 𝑛)

𝑛∑

𝑘=0

𝜆𝑘(𝐴)
}

𝑛≥0
), 0 ≤ 𝐴 ∈ ℳ𝜓, (2.2)
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where𝜔 is a dilation invariant state on the algebra of all bounded sequences𝓁∞,
that is, invariant with respect to the dilation semigroup 𝜎𝑛 ∶ 𝓁∞ → 𝓁∞, 𝑛 ≥ 1,
defined by setting

𝜎𝑛(𝑎0, 𝑎1, …) = (𝑎0, … , 𝑎0
⏟⎴⏟⎴⏟
𝑛 times

, 𝑎1, … , 𝑎1
⏟⎴⏟⎴⏟
𝑛 times

, …).

Note that Tr𝜔 extends by linearity to the whole ideal ℳ𝜓. Nowadays, func-
tionals of the form (2.2) are termed Dixmier traces. In [14, Theorem 3.4], the
authors have shown thatℳ𝜓 admits non-trivial Dixmier traces if and only if

lim inf
𝑡→∞

𝜓(2𝑡)

𝜓(𝑡)
= 1.

Later on, it became clear that there are a plethora of singular traces other than
Dixmier traces.
For every 𝛼 > 0, we have the root ideal

ℳ𝛼

𝜓
= {𝐴 ∈ ℬ(ℋ) is compact ∶ |𝐴|1∕𝛼 ∈ ℳ𝜓}.

Let 𝜏𝜓 be a bounded singular trace onℳ𝜓. If for some 0 < 𝜀 < 1 there exists a
constant 𝐶 > 0 such that

𝜓(𝑡) ≤ 𝐶𝑡𝜀, 𝑡 ≥ 1, (2.3)

then according to [6, Proposition 2.3] we have

𝜏𝜓(ℳ
𝛼

𝜓
) = {0} for every 𝛼 >

1

1 − 𝜀
. (2.4)

There are many Lorentz ideals satisfying (2.3). In particular, these conditions
are met by the Lorentz ideal with 𝜓(𝑡) = log(𝑡). We will take advantage of
property (2.4) in the proof of our main results.
We also consider perturbations in the root idealℳ1∕2

𝜓
. Note that,ℳ1∕2

𝜓
is a

normed ideal with the norm ‖𝐴‖
ℳ

1∕2

𝜓

= ‖|𝐴|2‖
1∕2

ℳ𝜓
(see [15, Proposition 2.5]).

For the second order perturbation formula we need the following Hölder-like
inequality from [15, Proposition 2.5]:

‖𝐴𝐵‖ℳ𝜓
≤ ‖𝐴‖

ℳ
1∕2

𝜓

‖𝐵‖
ℳ

1∕2

𝜓

for all 𝐴, 𝐵 ∈ ℳ
1∕2

𝜓
. (2.5)

From now on, wewill use the notationℳ𝜓 and 𝜏𝜓 to refer the Lorentz ideal and
a bounded singular trace on it, respectively.

2.2. Function spaces. Let𝑚 ∈ ℕ. Let𝐶𝑚(𝕋𝑛) denote the space of all𝑚-times
continuously differentiable functions on 𝕋𝑛. For𝑚 = 0, we use the convention
that 𝐶0(𝕋𝑛) = 𝐶(𝕋𝑛), the space of all continuous functions on 𝕋𝑛. Denote

ℱ𝑚(𝕋
𝑛) ∶=

{
𝑓 ∈ 𝐶𝑚(𝕋𝑛) ∣ 𝒟𝑘𝑓 has absolute convergent

Fourier series for 0 ≤ 𝑘 ≤ 𝑚
}
, (2.6)



SINGULAR TRACES AND PERTURBATION FORMULAE 443

where𝒟𝑘𝑓 ∶=
𝜕𝑘𝑓

𝜕𝑧
𝛼1
1
⋯𝜕𝑧

𝛼𝑛
𝑛

, 𝛼1, … , 𝛼𝑛 ≥ 0, 𝛼1 +⋯+ 𝛼𝑛 = 𝑘.

Consider the function

𝑓(𝑧1, … , 𝑧𝑛) =
∑

𝑘∈ℤ𝑛

𝑓(𝑘) 𝑧
𝑘1
1
⋯𝑧

𝑘𝑛
𝑛 , (2.7)

where (𝑧1, … , 𝑧𝑛) ∈ 𝕋𝑛 and
∑

𝑘∈ℤ𝑛

||||𝑓(𝑘)
|||| < ∞. We then define the operator

function by

𝑓(𝑈1, … ,𝑈𝑛) =
∑

𝑘∈ℤ𝑛

𝑓(𝑘)𝑈
𝑘1
1
⋯𝑈

𝑘𝑛
𝑛 ,

for a tuple of unitaries (𝑈1, … ,𝑈𝑛), which are not necessarily commuting.
Recall that, for a tuple of commuting unitariesU𝑛 and given a bounded Borel

function 𝑓 on 𝜎(U𝑛) (the joint spectrum of the operators 𝑈1, … ,𝑈𝑛), the oper-
ator function 𝑓(U𝑛) is representable by the integral

𝑓(U𝑛) = ∫ ⋯∫

⏟⎴⏟⎴⏟
𝜎(U𝑛)

𝑓(𝜆1, … , 𝜆𝑛) 𝑑𝐸(𝜆1, … , 𝜆𝑛),

where 𝐸 is the product of the spectral measures 𝐸𝑗 of the operators𝑈𝑗, 1 ≤ 𝑗 ≤

𝑛 [5, Theorem 6.5.1 and Subsection 6.6.2], and it is supported on 𝜎(U𝑛). By the
spectral theorem for an 𝑛-tuple of commuting unitariesU𝑛, it follows that:

‖𝑓(U𝑛)‖ ≤ ‖𝑓‖𝐿∞(𝕋𝑛), (2.8)

for 𝑓 ∈ ℱ1(𝕋
𝑛).

3. Preparatory results
The aim of this section is to collect some key results from the literature and

prove some new results, which we need subsequently. Again, we remind the
reader that throughout the paper, 𝑛 will denote a natural number, and (unless
otherwise stated) we always assume that 𝑛 ≥ 2.
We begin this sectionwith the following result, which iswell-known for trace

class ideal (see, e.g., [30, p. 504]). However, this result also holds for Lorentz
idealsℳ𝜓. The proof follows a similar line of arguments as in ([30, p. 504]).

Theorem3.1. Let𝑈,𝑈0 ∈ 𝒰(ℋ) be such that𝑈−𝑈0 ∈ ℳ𝜓 (resp.ℳ
1∕2

𝜓
). Then,

there exists 𝐴 = 𝐴∗ ∈ ℳ𝜓 (resp.ℳ
1∕2

𝜓
) such that𝑈 = 𝑒𝑖𝐴𝑈0.

To proceed further, we need the following lemma, which gives the general
formula for the 𝑛-th derivative of the function 𝑡 ∈ ℝ ↦ (𝑒𝑖𝑡𝐴𝑈)𝑝, for 𝑝 ∈ ℤ.
Note that, the following result is a particular case of [31, Theorem 5.3.4],

where the derivative is expressed in terms of multiple operator integrals, which
is not useful for our purpose. Instead, we present the following expression,
which is particularly useful for our situation.
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Lemma 3.2. Let 𝑝 ∈ ℤ, and define 𝑈(𝑡) = 𝑒𝑖𝑡𝐴𝑈 for 𝑡 ∈ ℝ, where 𝐴 = 𝐴∗ ∈

ℬ(ℋ) and𝑈 ∈ 𝒰(ℋ). Then, for all 𝑛 ∈ ℕ, the following assertions hold.
(i) If 𝑝 > 0, then

𝑑𝑛

𝑑𝑠𝑛

|||||||𝑠=𝑡
{𝑈(𝑠)𝑝} = 𝑖𝑛

min{𝑛,𝑝}∑

𝑟=1

∑

𝑙1,…,𝑙𝑟≥1

𝑙1+⋯+𝑙𝑟=𝑛

𝑛!

𝑙1!⋯ 𝑙𝑟!

× [
∑

𝛼0,…,𝛼𝑟≥0
𝛼0+⋯+𝛼𝑟=𝑝−𝑟

𝑈(𝑡)𝛼0{

𝑟∏

𝑗=1

𝐴𝑙𝑗𝑈(𝑡)𝛼𝑗+1}]. (3.1)

(ii) If 𝑝 < 0, then

𝑑𝑛

𝑑𝑠𝑛

|||||||𝑠=𝑡
{𝑈(𝑠)𝑝} = 𝑖𝑛

𝑛∑

𝑟=1

∑

𝑙1,…,𝑙𝑟≥1

𝑙1+⋯+𝑙𝑟=𝑛

𝑛!

𝑙1!⋯ 𝑙𝑟!

× [
∑

𝛼0,…,𝛼𝑟≥0

𝛼0+⋯+𝛼𝑟=|𝑝|−1

𝑈(𝑡)−𝛼0−1{

𝑟∏

𝑗=1

(−𝐴𝑙𝑗 )𝑈(𝑡)−𝛼𝑗}]. (3.2)

The derivatives in (3.1) and (3.2) both exist in operator norm. Moreover, if𝐴 ∈

ℳ𝜓, then for 𝑛 ≥ 1, the derivatives exist in the norm ‖ ⋅ ‖ℳ𝜓
. If 𝐴 ∈ ℳ

1∕2

𝜓
, they

exist in the norm ‖ ⋅ ‖
ℳ

1∕2

𝜓

for 𝑛 = 1 and in the norm ‖ ⋅ ‖ℳ𝜓
for 𝑛 ≥ 2.

The following theorem establishes the differentiability of 𝑡 ↦ 𝑓(U𝑛(𝑡)) for
𝑓 ∈ ℱ𝑚(𝕋

𝑛). By making proper adjustments in the proof of [29, Lemma 3.2],
one can obtain the following theorem; hence, the detailed proof is left to the
reader.

Theorem 3.3. Consider U𝑛(𝑡) = (𝑒𝑖𝑡𝐴1𝑈1, … , 𝑒
𝑖𝑡𝐴𝑛𝑈𝑛) for 𝑡 ∈ ℝ, where 𝐴𝑗 =

𝐴∗
𝑗
∈ ℬ(ℋ) and𝑈𝑗 ∈ 𝒰(ℋ) for 𝑗 = 1,… , 𝑛. Then,

(i) for 𝑓 ∈ ℱ2(𝕋
𝑛)

𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑓(U𝑛(𝑠)) =

𝑛∑

𝑗=1

𝐷
𝑓

𝑗
(𝑡), (3.3)

where

𝐷
𝑓

𝑗
(𝑡) =

∑

𝑘∈ℤ𝑛

𝑓(𝑘)𝑇𝑘1,…,𝐾𝑗−1(𝑡)
𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑈𝑗(𝑠)

𝑘𝑗𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡). (3.4)

(ii) for 𝑓 ∈ ℱ3(𝕋
𝑛)

𝑑2

𝑑𝑠2

|||||||𝑠=𝑡
𝑓(U𝑛(𝑠)) = 2

∑

1≤𝑖<𝑗≤𝑛

𝐷
𝑓

𝑖,𝑗
(𝑡) +

∑

1≤𝑗≤𝑛

𝐷
𝑓

𝑗,𝑗
(𝑡), (3.5)
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where

𝐷
𝑓

𝑖,𝑗
(𝑡) =

∑

𝑘∈ℤ𝑛

𝑓(𝑘)𝑇𝑘1,…,𝑘𝑖−1(𝑡)
𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑈𝑖(𝑠)

𝑘𝑖𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)

×
𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑈𝑗(𝑠)

𝑘𝑗𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡), (3.6)

and

𝐷
𝑓

𝑗,𝑗
(𝑡) =

∑

𝑘∈ℤ𝑛

𝑓(𝑘)𝑇𝑘1,…,𝑘𝑗−1(𝑡)
𝑑2

𝑑𝑠2

|||||||𝑠=𝑡
𝑈𝑗(𝑠)

𝑘𝑗𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡). (3.7)

The derivatives in (3.3) and (3.5) both exist and are continuous in the operator
norm. Additionally, if 𝐴𝑗 ∈ ℳ𝜓, 1 ≤ 𝑗 ≤ 𝑛, then (3.3) exists in the ‖ ⋅ ‖ℳ𝜓

-norm,

and if 𝐴𝑗 ∈ ℳ
1∕2

𝜓
, 1 ≤ 𝑗 ≤ 𝑛, then (3.5) exists in the ‖ ⋅ ‖ℳ𝜓

-norm.

Now, let’s delve into one of the key tools, the divided difference. We recall
that the zeroth order divided difference of a function 𝜑 ∶ 𝕋 → ℂ is simply the
function itself, that is, 𝜑[𝜆] = 𝜑(𝜆). Let 𝑚 ∈ ℕ. Consider points 𝜆0, 𝜆1, … , 𝜆𝑚
in 𝕋 and let 𝜑 ∈ 𝐶𝑚(𝕋). Then the𝑚-th order divided difference of 𝜑 is defined
recursively by

𝜑 [𝜆0, … , 𝜆𝑚] = lim
𝜆→𝜆𝑚

𝜑 [𝜆0, … , 𝜆𝑚−2, 𝜆] − 𝜑 [𝜆0, … , 𝜆𝑚−2, 𝜆𝑚−1]

𝜆 − 𝜆𝑚−1
. (3.8)

It is important to note that 𝜑 [𝜆0, … , 𝜆𝑚] is a symmetric function of the se-
quence {𝜆0, … , 𝜆𝑚}. Basic properties of divided difference can be found in, for
example, [12, Section 4.7].
Let 𝑓 be a function on𝕋𝑛 and 𝑓 ∈ 𝐶𝑚(𝕋𝑛). We define the𝑚-th order divided

difference of 𝑓 in the 𝑖-th coordinate [29] by

𝑓 (𝑧1, … , 𝑧𝑖−1, [𝜆0, … , 𝜆𝑚] , 𝑧𝑖+1, … , 𝑧𝑛) = 𝜑𝑖 [𝜆0, … , 𝜆𝑚] ,

where

𝜑𝑖(𝜆) = 𝑓 (𝑧1, … , 𝑧𝑖−1, 𝜆, 𝑧𝑖+1, … , 𝑧𝑛) , (3.9)

and 𝑧1, … , 𝑧𝑖−1, 𝑧𝑖+1, … , 𝑧𝑛 are fixed points in 𝕋.
Let 𝑧 ∶= (𝑧1, … , 𝑧𝑛) ∈ 𝕋𝑛, 𝜆1, 𝜆2, 𝜇1, 𝜇2 ∈ 𝕋 and 𝑓 ∈ ℱ2(𝕋

𝑛) with the repre-
sentation given by (2.7). Define

𝒟𝑖

[𝜆1,𝜆2]
𝑓 (𝑧) = 𝑓 (𝑧1, … , 𝑧𝑖−1, [𝜆1, 𝜆2] , 𝑧𝑖+1, … , 𝑧𝑛) ,

and

𝒟
𝑖,𝑗

[𝜆1,𝜆2],[𝜇1,𝜇2]
𝑓 (𝑧)

=𝒟𝑖

[𝜆1,𝜆2]
⋅ 𝒟

𝑗

[𝜇1,𝜇2]
𝑓(𝑧)

=𝑓
(
𝑧1, … , 𝑧𝑖−1, [𝜆1, 𝜆2] , 𝑧𝑖+1, … , 𝑧𝑗−1, [𝜇1, 𝜇2] , 𝑧𝑗+1, … , 𝑧𝑛

)
.

Note that,
𝒟𝑖

[𝜆1,𝜆2]
⋅ 𝒟

𝑗

[𝜇1,𝜇2]
𝑓(𝑧) = 𝒟

𝑗

[𝜇1,𝜇2]
⋅ 𝒟𝑖

[𝜆1,𝜆2]
𝑓(𝑧).
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We need the following estimates for the sup-norm of the divided difference.

Lemma 3.4. Let 𝑓 ∈ ℱ2(𝕋
𝑛) and 𝑧 ∶= (𝑧1, … , 𝑧𝑛) ∈ 𝕋𝑛. Then, the following

assertions hold.
(i) If 𝜆1, 𝜆2, 𝜇1, 𝜇2 ∈ 𝕋 then

sup
𝜆1,𝜆2,𝜇1,𝜇2∈𝕋;𝑧∈𝕋

𝑛

||||𝒟
𝑖,𝑗

[𝜆1,𝜆2],[𝜇1,𝜇2]
𝑓 (𝑧)

|||| ≤
(𝜋

2

)2 ‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

. (3.10)

(ii) If 𝜆1, 𝜆2, 𝜆3 ∈ 𝕋 then

sup
𝑧1,…,𝑧𝑛 ,𝜆1,𝜆2,𝜆3∈𝕋

||||𝑓(𝑧1, … , 𝑧𝑗−1, [𝜆1, 𝜆2, 𝜆3], 𝑧𝑗+1, … , 𝑧𝑛)
|||| ≤

(𝜋

2

)
‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

. (3.11)

Proof. The proof is essentially an argument of Curtiss [11], but for the reader’s
convenience we present it here.
(i) We first prove (i). The proof is obtained by elementary methods and in-

volves integral representations. Assume 𝜆1 ≠ 𝜆2 and 𝜇1 ≠ 𝜇2. Firstly, we
represent the divided difference as an integral over the circular arc

𝒟
𝑗

[𝜇1,𝜇2]
𝑓(𝑧) =

1

𝑒𝑖𝜃2 − 𝑒𝑖𝜃1
∫

𝜃2

𝜃1

𝜕𝑓

𝜕𝑧𝑗

(
𝑧1, … , 𝑧𝑗−1, 𝑒

𝑖𝑡, 𝑧𝑗+1, … , 𝑧𝑛
)
𝑖𝑒𝑖𝑡 𝑑𝑡, (3.12)

where 𝜇1 = 𝑒𝑖𝜃1 , 𝜇2 = 𝑒𝑖𝜃2 , with 𝜃1 and 𝜃2 are such that |𝜃2 − 𝜃1| ≤ 𝜋.
Similarly, we obtain

𝒟
𝑖,𝑗

[𝜆1,𝜆2],[𝜇1,𝜇2]
𝑓(𝑧) =

−1
(
𝑒𝑖𝜃2 − 𝑒𝑖𝜃1

) (
𝑒𝑖𝜃4 − 𝑒𝑖𝜃3

) ∫

𝜃2

𝜃1

∫

𝜃4

𝜃3

Ψ𝑓(𝑧, 𝑠, 𝑡)𝑑𝑠𝑑𝑡, (3.13)

where

Ψ𝑓(𝑧, 𝑠, 𝑡)

∶=
𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗

(
𝑧1, … , 𝑧𝑖−1, 𝑒

𝑖𝑠, 𝑧𝑖+1, … , 𝑧𝑗−1, 𝑒
𝑖𝑡, 𝑧𝑗+1, … , 𝑧𝑛

)
𝑒𝑖(𝑠+𝑡),

with 𝜆1 = 𝑒𝑖𝜃3 , 𝜆2 = 𝑒𝑖𝜃4 , and where 𝜃3 and 𝜃4 are such that |𝜃4 − 𝜃3| ≤ 𝜋.
On the other hand, by utilizing the inequality:

| sin 𝜃| ≥ |||2𝜃∕𝜋
||| , for − 𝜋

2
≤ 𝜃 ≤

𝜋

2
,

we derive

||||𝑒
𝑖𝜃 − 𝑒𝑖𝜁

|||| = 2

|||||||||

sin (
𝜃 − 𝜁

2
)

|||||||||

≥
2

𝜋
|𝜃 − 𝜁|, for |𝜃 − 𝜁| ≤ 𝜋. (3.14)

Finally, combining (3.13) with (3.14) establishes the inequality (3.10). The
proof in the general case follows similarly.
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(ii) We now prove (ii). Consider

𝜑(𝜉) = 𝑓(𝑧1, … , 𝑧𝑗−1, 𝜉, 𝑧𝑗+1, … , 𝑧𝑛),

where 𝑧1, … , 𝑧𝑗−1, 𝑧𝑗+1, … , 𝑧𝑛 are fixed points in 𝕋. Now, the proof is di-
vided into two cases.
Case 1: 𝜆1, 𝜆2, 𝜆3 are distinct.
Then, by [11, Theorem 2.1] we have

|||𝜑[𝜆1, 𝜆2, 𝜆3]
||| ≤

(𝜋

2

)
‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

for all distinct 𝜆1, 𝜆2, 𝜆3 ∈ 𝕋. (3.15)

Case 2: At least two of 𝜆1, 𝜆2, 𝜆3 are same.
Without loss of generality, let’s take 𝜆1 = 𝜆3 and 𝜆2 ≠ 𝜆3. Then

𝜑[𝜆1, 𝜆2, 𝜆3] =
1

(𝜆1 − 𝜆2)
𝜑′(𝜆1) −

1

(𝜆1 − 𝜆2)
2
∫

𝜆1

𝜆2

𝜑′(𝜉)𝑑𝜉. (3.16)

Because of the absolute continuity of 𝜑′, integration by parts is valid in
(3.16), with 𝜑′ to be differentiated and 1 to be integrated with respect to 𝜉.
We thereby immediately obtain

𝜑[𝜆1, 𝜆2, 𝜆3] =
1

(𝜆1 − 𝜆2)
2
∫

𝜆1

𝜆2

(𝜉 − 𝜆2)𝜑
′′(𝜉)𝑑𝜉, (3.17)

By applying [11, Lemma 2.2] to (3.17), we derive the following inequality,

|||𝜑[𝜆1, 𝜆2, 𝜆3]
||| ≤

(𝜋

2

)
‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

for all 𝜆1, 𝜆2, 𝜆3 ∈ 𝕋 and 𝜆2 ≠ 𝜆3. (3.18)

Finally, if all 𝜆1, 𝜆2, 𝜆3 are equal, then the estimate (3.18) holds trivially.
Combining Case 1 and Case 2 we have

||||𝑓(𝑧1, … , 𝑧𝑗−1, [𝜆1, 𝜆2, 𝜆3], 𝑧𝑗+1, … , 𝑧𝑛)
|||| ≤

(𝜋

2

)
‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

for all 𝑧1, … , 𝑧𝑛, 𝜆1, 𝜆2, 𝜆3 ∈ 𝕋. This completes the proof the lemma.
□

Finally, we conclude this section with the following lemma. For notational
convenience, we define, for 𝑘1, … , 𝑘𝑛 ∈ ℤ,

‖𝑘‖ = max {|𝑘1|, … , |𝑘𝑛|} . (3.19)

Lemma 3.5. Let𝑁 ∈ ℕ and

𝒫𝑁(𝑧1, … , 𝑧𝑛) =
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑧
𝑘1
1
⋯𝑧

𝑘𝑛
𝑛 ,

where 𝑐𝑘,𝑁 is a constant that depends on 𝑘 and𝑁.
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(i) If 𝜆, 𝜇 ∈ 𝕋, then

𝒫𝑁
(
𝑧1, … , 𝑧𝑗−1, [𝜆, 𝜆, 𝜇], 𝑧𝑗+1, … , 𝑧𝑛

)

=
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑧
𝑘1
1
⋯𝑧

𝑘𝑗−1

𝑗−1
[

∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=𝑘𝑗−2; 𝑘𝑗≥2

𝜆(𝛼0+𝛼2)𝜇𝛼1

+
∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝜆−(𝛼0+𝛼2+2)𝜇−(𝛼1+1)]𝑧
𝑘𝑗+1

𝑗+1
⋯𝑧

𝑘𝑛
𝑛 .

(ii) If 𝜆1, 𝜆2, 𝜇1, 𝜇2 ∈ 𝕋, then

𝒟
𝑖,𝑗

[𝜆1,𝜆2],[𝜇1,𝜇2]
𝒫𝑁(𝑧1, … , 𝑧𝑛) =

∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁

𝑖−1∏

𝑙=1

𝑧
𝑘𝑙

𝑙

× [
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑖−1; 𝑘𝑖≥1

𝜆
𝛼0
1
𝜆
𝛼1
2
−

∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑖|−1; 𝑘𝑖≤−1

𝜆
−𝛼0−1

1
𝜆
−𝛼1−1

2
]

𝑗−1∏

𝑙=𝑖+1

𝑧
𝑘𝑙

𝑙

× [
∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=𝑘𝑗−1; 𝑘𝑗≥1

𝜇
𝛽0
1
𝜇
𝛽1
2
−

∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝜇
−𝛽0−1

1
𝜇
−𝛽1−1

2
]

𝑛∏

𝑙=𝑗+1

𝑧
𝑘𝑙

𝑙
.

Proof. Both the formulas can be proved analogously to [29, Lemma 4.3] for
(𝑘1, … , 𝑘𝑛) ∈ ℤ𝑛

+. In contrast, the case (𝑘1, … , 𝑘𝑛) ∈ ℤ𝑛∖ℤ𝑛
+ requires some care.

Indeed, one applies the following representation to obtain the desired identity:

𝜑[𝜆0, … , 𝜆𝑚] = (−1)𝑚[
∑

𝛼0,…,𝛼𝑚≥0

𝛼0+⋯+𝛼𝑚=𝛼−1

𝜆
−𝛼0−1

0
𝜆
−𝛼1−1

1
⋯𝜆

−𝛼𝑚−1
𝑚 ],

for 𝜑(𝑧) = 𝑧−𝛼 with 𝛼 ∈ ℕ and 𝜆0, … , 𝜆𝑚 ∈ 𝕋. □

4. Proof of Theorem 1.1
The goal of this section is to prove Theorem 1.1. For the reader’s conve-

nience, we restate the theorem here. Recall the notation introduced in (1.5).

Theorem 1.1. Letℳ𝜓 be the Lorentz ideal and suppose the function 𝜓 satisfies
(2.3) for some 0 < 𝜀 < 1∕2. Let 𝜏𝜓 be a bounded singular trace on it. Consider
two 𝑛-tuple of operators U𝑛 and A𝑛 such that 𝑈𝑗 ∈ 𝒰(ℋ) and 𝐴𝑗 = 𝐴∗

𝑗
∈ ℳ𝜓

for 𝑗 = 1,… , 𝑛. Suppose that U𝑛 ∈ Com𝑛. Then, there exist measures 𝜇1, … , 𝜇𝑛
on 𝕋𝑛 such that

‖𝜇𝑗‖ ≤ ‖𝜏𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖ℳ𝜓

, 1 ≤ 𝑗 ≤ 𝑛 (4.1)

and

𝜏𝜓 {ℛ1(𝑓,U𝑛,A𝑛)} =
𝑛∑

𝑗=1

∫
𝕋𝑛

𝜕𝑓

𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑗(𝑧1, … , 𝑧𝑛), (4.2)
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for every 𝑓 ∈ ℱ2(𝕋
𝑛).

Proof. From Theorem 3.3(i) we have

𝑑

𝑑𝑠

|||||||𝑠=0
𝑓(U𝑛(𝑠)) =

𝑛∑

𝑗=1

𝐷
𝑓

𝑗
(0). (4.3)

Using (4.3), (3.4), Lemma 3.2, cyclicity of the trace, and the pairwise commu-
tativity of the operators 𝑈1, … ,𝑈𝑛, we derive (see (2.1) for the notation used
below)

𝜏𝜓 (
𝑑

𝑑𝑠

|||||||𝑠=0
𝑓(U𝑛(𝑠)))

=

𝑛∑

𝑗=1

∑

(𝑘1,…,𝑘𝑗−1,𝑘𝑗+1,…,𝑘𝑛)∈ℤ
𝑛−1

𝑘𝑗>0

𝑓(𝑘) 𝜏𝜓
{
𝑘𝑗
(
𝑇𝑘1,…,𝑘𝑛(0)

)
𝑖 𝐴𝑗

}

−

𝑛∑

𝑗=1

∑

(𝑘1,…,𝑘𝑗−1,𝑘𝑗+1,…,𝑘𝑛)∈ℤ
𝑛−1

𝑘𝑗<0

𝑓(𝑘) 𝜏𝜓
{
|𝑘𝑗|

(
𝑇𝑘1,…,𝑘𝑛(0)

)
𝑖 𝐴𝑗

}

=

𝑛∑

𝑗=1

𝜏𝜓

{ ∑

𝑘∈ℤ𝑛

𝑘𝑗𝑓(𝑘) 𝑇𝑘1,…,𝑘𝑗−1(0)𝑈
𝑘𝑗−1

𝑗
𝑇𝑘𝑗+1,…,𝑘𝑛(0)𝑈𝑗 𝑖𝐴𝑗

}

=

𝑛∑

𝑗=1

𝜏𝜓 (
𝜕𝑓

𝜕𝑧𝑗
(U𝑛)𝑈𝑗 𝑖𝐴𝑗) . (4.4)

Thus, by (2.8), we have the following estimate for all 1 ≤ 𝑗 ≤ 𝑛,
|||||||||

𝜏𝜓 (
𝜕𝑓

𝜕𝑧𝑗
(U𝑛)𝑈𝑗 𝑖𝐴𝑗)

|||||||||

≤ ‖𝜏𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖ℳ𝜓

⋅

‖‖‖‖‖‖‖‖

𝜕𝑓

𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

. (4.5)

On the other hand, it is easy to verify that

ℛ2(𝑓,U𝑛,A𝑛) ∈ ℳ2

𝜓

for 𝑓 ∈ ℱ2(𝕋
𝑛). As a result, using the fact that 0 < 𝜀 < 1∕2 and from (2.4), we

deduce that
𝜏𝜓 {ℛ2(𝑓,U𝑛,A𝑛)} = 0,

which together with (4.4) further implies

𝜏𝜓 {ℛ1(𝑓,U𝑛,A𝑛)} =

𝑛∑

𝑗=1

𝜏𝜓 (
𝜕𝑓

𝜕𝑧𝑗
(U𝑛)𝑈𝑗 𝑖𝐴𝑗) . (4.6)

Now from (4.5) and (4.6), using the Riesz-Markov representation and Hahn-
Banach theorems, we establish the existence of measures 𝜇1, … , 𝜇𝑛 on 𝕋𝑛, sat-
isfying (4.1) and (4.2). This completes the proof. □
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5. Proof of Theorem 1.2
In this section, we will go a step further and establish the existence of second

order spectral shift measures for 𝑛-tuple of commuting unitaries. The main
technical ingredient of the proof of Theorem 1.2 is the following estimate.

Theorem 5.1. Let ℳ𝜓 be the Lorentz ideal, and let 𝜏𝜓 be a bounded singular
trace on it. Suppose that the Jordan decomposition of 𝜏𝜓 is given by 𝜏𝜓 = 𝜏1,𝜓 −

𝜏2,𝜓 + 𝑖𝜏3,𝜓 − 𝑖𝜏4,𝜓, where 𝜏𝑘,𝜓 (for 1 ≤ 𝑘 ≤ 4) are the positive components of
𝜏𝜓. Consider two 𝑛-tuple of operators, U𝑛 and A𝑛, such that 𝑈𝑗 ∈ 𝒰(ℋ) and
𝐴𝑗 = 𝐴∗

𝑗
∈ ℳ

1∕2

𝜓
for 𝑗 = 1,… , 𝑛. Suppose that there exists 𝑡 ∈ [0, 1] such that

U𝑛(𝑡) ∈ Com𝑛. Then, for every 𝑓 ∈ ℱ3(𝕋
𝑛), the following estimate holds:

|||||
𝜏𝜓

(
𝐷
𝑓

𝑖,𝑗
(𝑡)
)|||||
≤

⎧
⎪
⎪

⎨
⎪
⎪

⎩

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓

(𝜋

2

)2
‖𝐴𝑖‖ℳ1∕2

𝜓

‖𝐴𝑗‖ℳ1∕2

𝜓

‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

, 𝑖 < 𝑗,

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖

2

ℳ
1∕2

𝜓

⎡
⎢

⎣

𝜋 ⋅

‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

+

‖‖‖‖‖‖‖‖

𝜕𝑓

𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

⎤
⎥

⎦

, 𝑖 = 𝑗,

(5.1)

where 𝐷𝑓

𝑖,𝑗
(𝑡) is given by (3.6) for 1 ≤ 𝑖 < 𝑗 ≤ 𝑛, and by (3.7) for 1 ≤ 𝑖 = 𝑗 ≤ 𝑛.

Proof. Let 𝑁 ∈ ℕ and consider

𝒫𝑁(𝑧1, … , 𝑧𝑛) =
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

(1 −
‖𝑘‖

𝑁
)𝑓(𝑘) 𝑧

𝑘1
1
⋯𝑧

𝑘𝑛
𝑛 , (5.2)

where ‖𝑘‖ = max{|𝑘1|, … , |𝑘𝑛|}. For convenience, we will now denote 𝑐𝑘,𝑁 =
(
1 −

‖𝑘‖

𝑁

)
𝑓(𝑘). Then, by [32, Theorem 6.2],

‖𝒟𝛼𝒫𝑁 −𝒟𝛼𝑓‖
∞
⟶
𝑁→∞

0 for 𝛼 = 0, 1, 2 (5.3)

(see (2.6) for the notation). Since
‖‖‖‖‖
𝐷
𝑓

𝑖,𝑗
(𝑡)
‖‖‖‖‖ℳ𝜓

≤
∑

𝑘∈ℤ𝑛

|||||
𝑘𝑖𝑘𝑗𝑓(𝑘)

|||||
‖𝐴𝑖‖ℳ1∕2

𝜓

‖𝐴𝑗‖ℳ1∕2

𝜓

< ∞,

and
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

‖𝑘‖

𝑁

|||||
𝑘𝑖𝑘𝑗𝑓(𝑘)

|||||
‖𝐴𝑖‖ℳ1∕2

𝜓

‖𝐴𝑗‖ℳ1∕2

𝜓

≤
1

𝑁
⋅

∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

{|𝑘1| +⋯ + |𝑘𝑛|}
|||||
𝑘𝑖𝑘𝑗𝑓(𝑘)

|||||
‖𝐴𝑖‖ℳ1∕2

𝜓

‖𝐴𝑗‖ℳ1∕2

𝜓

⟶
𝑁→∞

0,
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a brief computation yields

𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)

‖⋅‖ℳ𝜓

,,,→
N→∞

𝐷
𝑓

𝑖,𝑗
(𝑡), 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛.

Therefore

𝜏𝜓

(
𝐷
𝑓

𝑖,𝑗
(𝑡)
)
= lim

𝑁→∞
𝜏𝜓

(
𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)
)
, 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛. (5.4)

Hence, it is enough to prove (5.1) for the function 𝒫𝑁 . The proof is divided into
two cases.

Case 1:(1 ≤ 𝑖 < 𝑗 ≤ 𝑛). From (3.6) we derive (see (2.1) for the notation used
below)

𝐷
𝒫𝑁
𝑖,𝑗
(𝑡) =

∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑇𝑘1,…,𝑘𝑖−1(𝑡)
𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑈𝑖(𝑠)

𝑘𝑖𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)

×
𝑑

𝑑𝑠

|||||||𝑠=𝑡
𝑈𝑗(𝑠)

𝑘𝑗𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡).

By Lemma 3.2 it follows that

𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)

=
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑇𝑘1,…,𝑘𝑖−1(𝑡)[
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑖−1; 𝑘𝑖≥1

𝑈𝑖(𝑡)
𝛼0(𝑖𝐴𝑖)𝑈𝑖(𝑡)

𝛼1+1

−
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑖|−1; 𝑘𝑖≤−1

𝑈𝑖(𝑡)
−𝛼0−1(𝑖𝐴𝑖)𝑈𝑖(𝑡)

−𝛼1]𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)

× [
∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=𝑘𝑗−1; 𝑘𝑗≥1

𝑈𝑗(𝑡)
𝛽0(𝑖𝐴𝑗)𝑈𝑗(𝑡)

𝛽1+1

−
∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝑈𝑗(𝑡)
−𝛽0−1(𝑖𝐴𝑗)𝑈𝑗(𝑡)

−𝛽1]𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡).

LetU𝑛(𝑡) ∈ Com𝑛 for a fixed 𝑡 ∈ [0, 1]. Then, the tracial property of 𝜏𝜓 and the
pairwise commutativity of the tupleU𝑛(𝑡) further imply that

𝜏𝜓

(
𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)
)

=
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝜏𝜓[ −
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑖−1;𝑘𝑖≥1

∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=𝑘𝑗−1;𝑘𝑗≥1

𝑆𝑘𝑖≥1, 𝑘𝑗≥1(𝑡)

+
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑖−1;𝑘𝑖≥1

∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=|𝑘𝑗|−1;𝑘𝑗≤−1

𝑆𝑘𝑖≥1, 𝑘𝑗≤−1(𝑡)
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+
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑖|−1;𝑘𝑖≤−1

∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=𝑘𝑗−1;𝑘𝑗≥1

𝑆𝑘𝑖≤−1, 𝑘𝑗≥1(𝑡)

−
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑖|−1;𝑘𝑖≤−1

∑

𝛽0,𝛽1≥0

𝛽0+𝛽1=|𝑘𝑗|−1;𝑘𝑗≤−1

𝑆𝑘𝑖≤−1, 𝑘𝑗≤−1(𝑡)], (5.5)

where

𝑆𝑘𝑖≥1, 𝑘𝑗≥1(𝑡) = 𝑇𝑘1,…,𝑘𝑖−1(𝑡)𝑈𝑖(𝑡)
𝛼0𝑈𝑗(𝑡)

𝛽1𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡) [𝐴𝑖𝑈𝑖(𝑡)]

× 𝑈𝑖(𝑡)
𝛼1𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

𝛽0 [𝐴𝑗𝑈𝑗(𝑡)],

𝑆𝑘𝑖≥1, 𝑘𝑗≤−1(𝑡) = 𝑇𝑘1,…,𝑘𝑖−1(𝑡)𝑈𝑖(𝑡)
𝛼0𝑈𝑗(𝑡)

−𝛽1−1𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡) [𝐴𝑖𝑈𝑖(𝑡)]

× 𝑈𝑖(𝑡)
𝛼1𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

−𝛽0−1 [𝐴𝑗𝑈𝑗(𝑡)],

𝑆𝑘𝑖≤−1, 𝑘𝑗≥1(𝑡) = 𝑇𝑘1,…,𝑘𝑖−1(𝑡)𝑈𝑖(𝑡)
−𝛼0−1𝑈𝑗(𝑡)

𝛽1𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡) [𝐴𝑖𝑈𝑖(𝑡)]

× 𝑈𝑖(𝑡)
−𝛼1−1𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

𝛽0 [𝐴𝑗𝑈𝑗(𝑡)],

𝑆𝑘𝑖≤−1, 𝑘𝑗≤−1(𝑡) = 𝑇𝑘1,…,𝑘𝑖−1(𝑡)𝑈𝑖(𝑡)
−𝛼0−1𝑈𝑗(𝑡)

−𝛽1−1𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡) [𝐴𝑖𝑈𝑖(𝑡)]

× 𝑈𝑖(𝑡)
−𝛼1−1𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

−𝛽0−1[𝐴𝑗𝑈𝑗(𝑡)].

Let 𝐸𝑡,𝑗 be the spectral measure of𝑈𝑗(𝑡) and 𝐸𝑡 be the joint spectral measure of
the tupleU𝑛(𝑡). Then, by the spectral theorem, we have

𝑈𝑗(𝑡)
𝛼 = ∫

𝕋

𝑧𝛼𝑑𝐸𝑡,𝑗(𝑧), 𝛼 ∈ ℤ. (5.6)

Let 𝐸𝑡,𝑖,…,𝑗 be the spectral measure defined by

𝐸𝑡,𝑖,…,𝑗(𝑆𝑖, … , 𝑆𝑗) = 𝐸𝑡
(
ℂ ×⋯ × ℂ × 𝑆𝑖 ×⋯ × 𝑆𝑗 × ℂ ×⋯× ℂ

)
.

Therefore, we have

𝑈𝑖(𝑡)
𝛼𝑇𝑘𝑖+1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

𝛽 = ∫
𝕋𝑗−𝑖+1

𝑧𝛼
𝑖
𝑧
𝑘𝑖+1
𝑖+1

⋯𝑧
𝑘𝑗−1

𝑗−1
𝑧
𝛽

𝑗
𝑑𝐸𝑡,𝑖,…,𝑗(𝑧𝑖, … , 𝑧𝑗). (5.7)

For every 1 ≤ 𝑙 ≤ 𝑛, there is a sequence of Borel partitions (𝛿𝑚,𝑙,𝜂𝑙 )1≤𝜂𝑙≤𝑚 of 𝕋, a
sequence of complex numbers (𝑧𝑚,𝑙,𝜂𝑙 )1≤𝜂𝑙≤𝑚, and, for every integer 𝑖 ≤ 𝑝 ≤ 𝑗,
there is a sequence of partitions (𝛿𝑚,𝑝,𝛾𝑝)1≤𝛾𝑝≤𝑚 of 𝕋 and a sequence of com-
plex numbers (𝑧𝑚,𝑝,𝛾𝑝)1≤𝛾𝑝≤𝑚, from which, using Lemma 3.5(ii) and applying a
similar approach from [29, Theorem 4.6] to equation (5.5), we conclude that

𝜏𝜓

(
𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)
)
= − lim

𝑚→∞

∑

1≤𝜂1,…,𝜂𝑛 ,𝛾𝑖 ,…,𝛾𝑗≤𝑚

[𝒟
𝑖,𝑗

[𝑧𝑚,𝑖,𝜂𝑖 ,𝑧𝑚,𝑖,𝛾𝑖 ],
[
𝑧𝑚,𝑗,𝛾𝑗 ,𝑧𝑚,𝑗,𝜂𝑗

]

𝒫𝑁
(
𝑧𝑚,1,𝜂1 , … , 𝑧𝑚,𝑖−1,𝜂𝑖−1 , 𝑧, 𝑧𝑚,𝑖+1,𝛾𝑖+1 , … , 𝑧𝑚,𝑗−1,𝛾𝑗−1 , 𝑤,

𝑧𝑚,𝑗+1,𝜂𝑗+1 , … , 𝑧𝑚,𝑛,𝜂𝑛

)

× 𝜏𝜓

(
𝐸𝑡
(
𝛿𝑚,1,𝜂1 ×⋯ × 𝛿𝑚,𝑛,𝜂𝑛

)
[𝐴𝑖𝑈𝑖(𝑡)]
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𝐸𝑡,𝑖,…,𝑗

(
𝛿𝑚,𝑖,𝛾𝑖 ×⋯ × 𝛿𝑚,𝑗,𝛾𝑗

)
[𝐴𝑗𝑈𝑗(𝑡)]

)
]. (5.8)

At this point, we recall the following Jordan decomposition of 𝜏𝜓 from [21, The-
orem 4.2.2]:

𝜏𝜓 = 𝜏1,𝜓 − 𝜏2,𝜓 + 𝑖𝜏3,𝜓 − 𝑖𝜏4,𝜓,

where each component is a positive bounded trace onℳ𝜓. Hence, by applying
(3.10) and [6, Lemma 4.6] to (5.8) we finally arrive at

|||||
𝜏𝜓

(
𝐷
𝒫𝑁
𝑖,𝑗
(𝑡)
)|||||

≤
(𝜋

2

)2 4∑

𝑘=1

(
𝜏𝑘,𝜓

(
|||𝐴𝑖𝑈𝑖(𝑡)

|||
2
))1∕2

(𝜏𝑘,𝜓 (
||||𝐴𝑗𝑈𝑗(𝑡)

||||

2
))

1∕2 ‖‖‖‖‖‖‖‖

𝜕2𝒫𝑁

𝜕𝑧𝑖𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

≤
(𝜋

2

)2 4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑖‖ℳ1∕2

𝜓

‖𝐴𝑗‖ℳ1∕2

𝜓

‖‖‖‖‖‖‖‖

𝜕2𝒫𝑁

𝜕𝑧𝑖𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

. (5.9)

Thus, (5.9) establishes the estimate (5.1) for 1 ≤ 𝑖 < 𝑗 ≤ 𝑛.

Case 2:(1 ≤ 𝑖 = 𝑗 ≤ 𝑛). Again recall that

𝐷
𝒫𝑁
𝑗,𝑗
(𝑡) =

∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑇𝑘1,…,𝑘𝑗−1(𝑡)
𝑑2

𝑑𝑠2

|||||||𝑠=𝑡
𝑈𝑗(𝑠)

𝑘𝑗 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡),

which is same as saying

𝐷
𝒫𝑁
𝑗,𝑗
(𝑡) = −

∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝑇𝑘1,…,𝑘𝑗−1(𝑡)

× [ −
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝑈𝑗(𝑡)
−𝛼0−1𝐴2

𝑗
𝑈𝑗(𝑡)

−𝛼1

+ 2
∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝑈𝑗(𝑡)
−𝛼0−1𝐴𝑗𝑈𝑗(𝑡)

−𝛼1𝐴𝑗𝑈𝑗(𝑡)
−𝛼2

+
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑗−1; 𝑘𝑗≥1

𝑈𝑗(𝑡)
𝛼0𝐴2

𝑗
𝑈𝑗(𝑡)

𝛼1+1

+ 2
∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=𝑘𝑗−2; 𝑘𝑗≥2

𝑈𝑗(𝑡)
𝛼0𝐴𝑗𝑈𝑗(𝑡)

𝛼1+1𝐴𝑗𝑈𝑗(𝑡)
𝛼2+1]𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡).

(5.10)

The last equality follows from Lemma 3.2. Due to the pairwise commutativity
of the tupleU𝑛(𝑡) and the tracial property of 𝜏𝜓, (5.10) further reduces to

𝜏𝜓

(
𝐷
𝒫𝑁
𝑗,𝑗
(𝑡)
)
= S1,𝑁(𝑡) + S2,𝑁(𝑡), (5.11)
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where

S1,𝑁(𝑡) = − 2
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝜏𝜓[
∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=|𝑘𝑗|−1; 𝑘𝑗≤−1

𝑆′
𝑘𝑗≤−1

(𝑡)

+
∑

𝛼0,𝛼1,𝛼2≥0

𝛼0+𝛼1+𝛼2=𝑘𝑗−2; 𝑘𝑗≥2

𝑆′
𝑘𝑗≥2

(𝑡)]

and

S2,𝑁(𝑡) = −
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑐𝑘,𝑁 𝜏𝜓[
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=𝑘𝑗−1;𝑘𝑗≥1

𝑆𝑘𝑗≥1(𝑡)

−
∑

𝛼0,𝛼1≥0

𝛼0+𝛼1=|𝑘𝑗|−1;𝑘𝑗≤−1

𝑆𝑘𝑗≤−1(𝑡)], (5.12)

with

𝑆′
𝑘𝑗≤−1

(𝑡) = 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)
−(𝛼0+𝛼2+2) 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡) [𝐴𝑗𝑈𝑗(𝑡)]

× 𝑈𝑗(𝑡)
−(𝛼1+1) [𝐴𝑗𝑈𝑗(𝑡)],

𝑆′
𝑘𝑗≥2

(𝑡) = 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)
(𝛼0+𝛼2) 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡)[𝐴𝑗𝑈𝑗(𝑡)]

× 𝑈𝑗(𝑡)
𝛼1 [𝐴𝑗𝑈𝑗(𝑡)],

𝑆𝑘𝑗≥1(𝑡) = 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)
(𝛼0+𝛼1) 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡)

[
𝐴2
𝑗
𝑈𝑗(𝑡)

]
,

𝑆𝑘𝑗≤−1(𝑡) = 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)
−(𝛼0+𝛼1+2) 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡)

[
𝐴2
𝑗
𝑈𝑗(𝑡)

]
.

Claim 1:

||||S1,𝑁(𝑡)
|||| ≤ 𝜋 ⋅

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖

2

ℳ
1∕2

𝜓

‖‖‖‖‖‖‖‖‖‖

𝜕2𝒫𝑁

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

∀ 𝑁 ∈ ℕ. (5.13)

Similarly as in Case 1, for every 1 ≤ 𝑙 ≤ 𝑛, there is a sequence of Borel par-
titions (𝛿𝑚,𝑙,𝜂𝑙 )1≤𝜂𝑙≤𝑚 of 𝕋, a sequence of complex numbers (𝑧𝑚,𝑙,𝜂𝑙 )1≤𝜂𝑙≤𝑚, and
also a sequence of partitions (𝛿𝑚,𝛾)1≤𝛾≤𝑚 of 𝕋 and a sequence of complex num-
bers (𝑧𝑚,𝛾)1≤𝛾≤𝑚 along with employing Lemma 3.5(i) to the sum S1,𝑁(𝑡) we ar-
rive at

S1,𝑁(𝑡) = −2 lim
𝑚→∞

∑

1≤𝜂1,…,𝜂𝑛 ,𝛾≤𝑚

𝒫𝑁

(
𝑧𝑚,1,𝜂1 , … , 𝑧𝑚,𝑗−1,𝜂𝑗−1 ,

[
𝑧𝑚,𝑗,𝜂𝑗 , 𝑧𝑚,𝑗,𝜂𝑗 , 𝑧𝑚,𝛾

]
, 𝑧𝑚,𝑗+1,𝜂𝑗+1 , … , 𝑧𝑚,𝑛,𝜂𝑛

)

× 𝜏𝜓
(
𝐸𝑡
(
𝛿𝑚,1,𝜂1 ×⋯ × 𝛿𝑚,𝑛,𝜂𝑛

)
[𝐴𝑗𝑈𝑗(𝑡)] 𝐸𝑡,𝑗(𝛿𝑚,𝛾) [𝐴𝑗𝑈𝑗(𝑡)]

)
. (5.14)
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Finally, applying (3.11) and [6, Lemma 4.6] to (5.14) yields

||||S1,𝑁(𝑡)
|||| ≤ 𝜋 ⋅

4∑

𝑘=1

𝜏𝑘,𝜓 (
||||𝐴𝑗𝑈𝑗(𝑡)

||||

2
)

‖‖‖‖‖‖‖‖‖‖

𝜕2𝒫𝑁

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

,

which immediately proves Claim 1.
Claim 2:

||||S2,𝑁(𝑡)
|||| ≤

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓

‖‖‖‖𝐴𝑗
‖‖‖‖

2

ℳ
1∕2

𝜓

‖‖‖‖‖‖‖‖

𝜕𝒫𝑁

𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

∀ 𝑁 ∈ ℕ. (5.15)

In view of (5.12), we have

S2,𝑁(𝑡)

= −
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑘𝑗>0

𝑐𝑘,𝑁𝜏𝜓

{
𝑘𝑗 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

𝑘𝑗−1 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡)
[
𝐴2
𝑗
𝑈𝑗(𝑡)

]}

+
∑

𝑘∈ℤ𝑛 ,‖𝑘‖≤𝑁

𝑘𝑗<0

𝑐𝑘,𝑁𝜏𝜓

{
|𝑘𝑗| 𝑇𝑘1,…,𝑘𝑗−1(𝑡)𝑈𝑗(𝑡)

𝑘𝑗−1 𝑇𝑘𝑗+1,…,𝑘𝑛(𝑡)
[
𝐴2
𝑗
𝑈𝑗(𝑡)

]}
,

(5.16)

which further reduces to

S2,𝑁(𝑡) = −𝜏𝜓 {
𝜕𝒫𝑁

𝜕𝑧𝑗
(U𝑛(𝑡))

[
𝐴2
𝑗
𝑈𝑗(𝑡)

]
} . (5.17)

Finally, (5.17) along with (2.5) establishes (5.15).
Applying (5.13) and (5.15) in (5.11) we immediately obtain

|||||
𝜏𝜓

(
𝐷
𝒫𝑁
𝑗,𝑗
(𝑡)
)|||||
≤

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖

2

ℳ
1∕2

𝜓

⎡
⎢

⎣

𝜋 ⋅

‖‖‖‖‖‖‖‖‖‖

𝜕2𝒫𝑁

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

+

‖‖‖‖‖‖‖‖

𝜕𝒫𝑁

𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

⎤
⎥

⎦

. (5.18)

This establishes the estimate (5.1) for 1 ≤ 𝑖 = 𝑗 ≤ 𝑛, which completes the proof
of the theorem. □

The estimate in the above theorem is crucial for establishing the second order
perturbation formula, which is one of the key components of this section. The
reader familiar with the work of [29] could easily find similarities between the
estimates (5.1) and [29, Theorem 4.6]. Despite the similarity, one can not ob-
tain the estimate (5.1) directly from [29] because [29] deals with linear path in
comparison with multiplicative path considered in this article. In other words,
establishing these estimates for multiplicative paths is usually more difficult
than for linear paths (see the expressions in Lemma 3.2 and in [29, Lemma
3.1]).
We now supply a proof of Theorem 1.2. Again, for the reader’s ease, we re-

state Theorem 1.2 below.
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Theorem 1.2. Letℳ𝜓 be the Lorentz ideal and suppose the function 𝜓 satisfies
(2.3) for some 0 < 𝜀 < 1∕3. Let 𝜏𝜓 be a bounded singular trace on it. Consider two
𝑛-tuple of operators U𝑛 and A𝑛 such that 𝑈𝑗 ∈ 𝒰(ℋ) and 𝐴𝑗 = 𝐴∗

𝑗
∈ ℳ

1∕2

𝜓
for

𝑗 = 1,… , 𝑛. Suppose that U𝑛 ∈ Com𝑛. Then, there exist finite measures 𝜇𝑖𝑗, 𝜈𝑗
for 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛 on 𝕋𝑛 such that

𝜏𝜓 {ℛ2(𝑓,U𝑛,A𝑛)} =
∑

1≤𝑖≤𝑗≤𝑛

∫
𝕋𝑛

𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑖𝑗(𝑧1, … , 𝑧𝑛)

+
∑

1≤𝑗≤𝑛

∫
𝕋𝑛

𝜕𝑓

𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜈𝑗(𝑧1, … , 𝑧𝑛), (5.19)

for every 𝑓 ∈ ℱ3(𝕋
𝑛).

Proof. Observe that

ℛ3(𝑓,U𝑛,A𝑛) ∈ ℳ
3∕2

𝜓
.

Since 0 < 𝜀 < 1∕3, it follows from (2.4) that 𝜏𝜓 {ℛ3(𝑓,U𝑛,A𝑛)} = 0. Hence, we
obtain

𝜏𝜓 {ℛ2(𝑓,U𝑛,A𝑛)} =
1

2
𝜏𝜓 (

𝑑2

𝑑𝑠2

|||||||𝑠=0
𝑓(U𝑛(𝑠))) .

From the last equation and (3.5), we derive

𝜏𝜓 {ℛ2(𝑓,U𝑛,A𝑛)} =
∑

1≤𝑖<𝑗≤𝑛

𝜏𝜓

(
𝐷
𝑓

𝑖,𝑗
(0)
)
+
1

2

∑

1≤𝑗≤𝑛

𝜏𝜓

(
𝐷
𝑓

𝑗,𝑗
(0)
)
. (5.20)

We again recall the following Jordan decomposition of 𝜏𝜓 from [21, Theorem
4.2.2]:

𝜏𝜓 = 𝜏1,𝜓 − 𝜏2,𝜓 + 𝑖𝜏3,𝜓 − 𝑖𝜏4,𝜓,

where each 𝜏𝑘,𝜓 (𝑘 = 1, 2, 3, 4) is a positive bounded trace onℳ𝜓.
Next, to proceed, we need to revisit the proof of Theorem 5.1, particularly

Case 2. Indeed, (3.11) and (5.14) collectively implies that

lim
𝑁→∞

S1,𝑁(0) = −2 lim
𝑚→∞

∑

1≤𝜂1,…,𝜂𝑛 ,𝛾≤𝑚

𝑓
(
𝑧𝑚,1,𝜂1 , … , 𝑧𝑚,𝑗−1,𝜂𝑗−1 ,

[
𝑧𝑚,𝑗,𝜂𝑗 , 𝑧𝑚,𝑗,𝜂𝑗 , 𝑧𝑚,𝛾

]
, 𝑧𝑚,𝑗+1,𝜂𝑗+1 , … , 𝑧𝑚,𝑛,𝜂𝑛

)

× 𝜏𝜓
(
𝐸0
(
𝛿𝑚,1,𝜂1 ×⋯ × 𝛿𝑚,𝑛,𝜂𝑛

)
[𝐴𝑗𝑈𝑗] 𝐸0,𝑗(𝛿𝑚,𝛾) [𝐴𝑗𝑈𝑗]

)

∶= Γ
1,𝑗

𝑓
(0), (5.21)

and

|||||
Γ
1,𝑗

𝑓
(0)
|||||
≤ 𝜋

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖

2

ℳ
1∕2

𝜓

‖‖‖‖‖‖‖‖‖‖

𝜕2𝑓

𝜕𝑧2
𝑗

‖‖‖‖‖‖‖‖‖‖∞

. (5.22)
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From (5.17) and (5.3), it is evident that

lim
𝑁→∞

S2,𝑁(0) = −𝜏𝜓 {
𝜕𝑓

𝜕𝑧𝑗
(U𝑛(0))

[
𝐴2
𝑗
𝑈𝑗

]
} ∶= Γ

2,𝑗

𝑓
(0), (5.23)

with

|||||
Γ
2,𝑗

𝑓
(0)
|||||
≤

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑗‖

2

ℳ
1∕2

𝜓

‖‖‖‖‖‖‖‖

𝜕𝑓

𝜕𝑧𝑗

‖‖‖‖‖‖‖‖∞

. (5.24)

Hence, by combining (5.4), (5.11), (5.21), and (5.23), we obtain

𝜏𝜓

(
𝐷
𝑓

𝑗,𝑗
(0)
)
= Γ

1,𝑗

𝑓
(0) + Γ

2,𝑗

𝑓
(0). (5.25)

Finally, applying the Riesz-Markov representation theorem for a bounded
linear functional on 𝐶(𝕋𝑛) and the Hahn-Banach theorem, we deduce from
(5.20), (5.25), (5.22), (5.24), and Theorem 5.1 the existence of measures 𝜇𝑖𝑗 and
𝜈𝑗 for 1 ≤ 𝑖 ≤ 𝑗 ≤ 𝑛 satisfying

𝜏𝜓

(
𝐷
𝑓

𝑖,𝑗
(0)
)
= ∫

𝕋𝑛

𝜕2𝑓

𝜕𝑧𝑖𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑖𝑗(𝑧1, … , 𝑧𝑛), 𝑖 < 𝑗,

1

2
Γ
1,𝑗

𝑓
(0) = ∫

𝕋𝑛

𝜕2𝑓

𝜕𝑧2
𝑗

(𝑧1, … , 𝑧𝑛) 𝑑𝜇𝑗𝑗(𝑧1, … , 𝑧𝑛),

1

2
Γ
2,𝑗

𝑓
(0) = ∫

𝕋𝑛

𝜕𝑓

𝜕𝑧𝑗
(𝑧1, … , 𝑧𝑛) 𝑑𝜈𝑗(𝑧1, … , 𝑧𝑛).

This leads to (5.19). Thus, the proof is complete. □

A closer look at the proof of Theorem 1.2 yields additional information about
the measures obtained there, which we record in the following remark.

Remark 5.2. Note that the total variation of themeasures obtained in Theorem
1.2 can be computed. Moreover, from the final part of the proof of Theorem 1.2,
we have

‖‖‖‖𝜇𝑖𝑗
‖‖‖‖ ≤

(𝜋

2

)2 4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓
‖𝐴𝑖‖ℳ1∕2

𝜓

‖‖‖‖𝐴𝑗
‖‖‖‖ℳ1∕2

𝜓

, 1 ≤ 𝑖 < 𝑗 ≤ 𝑛,

‖‖‖‖𝜇𝑗𝑗
‖‖‖‖ ≤

𝜋

2

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓

‖‖‖‖𝐴𝑗
‖‖‖‖

2

ℳ
1∕2

𝜓

, 1 ≤ 𝑗 ≤ 𝑛, and

‖‖‖‖𝜈𝑗
‖‖‖‖ ≤

1

2

4∑

𝑘=1

‖𝜏𝑘,𝜓‖ℳ∗
𝜓

‖‖‖‖𝐴𝑗
‖‖‖‖

2

ℳ
1∕2

𝜓

, 1 ≤ 𝑗 ≤ 𝑛,

where 𝜏𝑘,𝜓 (𝑘 = 1, 2, 3, 4) are the positive components of the Jordan decompo-
sition of 𝜏𝜓.

Finally, it is natural to ask whether Theorems 1.1 and 1.2 can also be es-
tablished for perturbations from the trace class ideal and the Hilbert–Schmidt
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ideal, respectively. In fact, with all the necessary estimates in hand (see (4.5)
and (5.1), which also hold for 𝒮1(ℋ) and 𝒮2(ℋ) perturbations, respectively,
with respect to the canonical trace Tr), these results can indeed be obtained
using arguments analogous to those in [29], under themore restrictive assump-
tion that U𝑛(𝑡) ∈ Com𝑛 for every 𝑡 ∈ [0, 1]. Whether the results remain valid
when only U𝑛 ∈ Com𝑛 under these ideal perturbations is a question that re-
mains open.
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