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Singular traces and perturbation formulae
for tuples of commuting unitaries

Arup Chattopadhyay and Saikat Giri

ABSTRACT. We derive a natural generalization of the Krein and Neidhardt
trace formulas for tuples of commuting unitaries via a multiplicative path,
allowing perturbations to be in a family of Lorentz ideals of bounded linear

operators.
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1. Introduction

The Taylor approximation is a fundamental tool in classical function theory,
and its operator-theoretic generalization is also a well-known and widely used
tool in perturbation theory. One way to study a noncommutative Taylor ap-
proximation is by analyzing its properties through traces, an approach known
as the trace formula. It was discovered by Lifshitz [20] in a special case and by
Krein [18] in a general case.

Let J¢ denote a complex separable Hilbert space, B(J() the algebra of all
bounded linear operators on H, and 8"(H) the n-th Schatten-von Neumann
ideal of compact operators on J (see [16] for a detailed discussion on their
properties). Initial trace formulas were derived for trace class perturbations
SL(F() of either a self-adjoint operator H,, or a unitary operator U, and allowed
to efficiently compute the perturbed operator functions f(H,+V) and f(e'AU,)
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in terms of the initial data, namely:

Te{f(Ho + V) — f(H)} = f FAdv(d) (L1)
R
and
Te {0y - FU0)} = [ £/@)dute) (1.2)
T

Here, Tr denotes the standard trace on S'(#). The relations (1.1) and (1.2)
are known as the Krein trace formulas for pairs of self-adjoint [18] and unitary
operators [19], respectively, and the measures v and u are called spectral shift
measures (in short, SSM). We refer to [23] and [1] for the description of the
maximal class of functions for which (1.1) and (1.2) hold, respectively.

The extensions of (1.1) and (1.2) to Hilbert-Schmidt perturbations S?(J() are
due to Koplienko [17] and Neidhardt [22], respectively. Let U and U, be two
unitary operators on # such that U — U, € 82(%(). Then U = ¢!4U,, where
A = A* € 8*(J(). Denote U(s) = €4U,, where s € R. Then, there exist
measures y; and u, on T such that

Tr{f(e4Ug) - f(Up) - o

2

fwen=7Y, f fP@Ddw@,  13)
=0

N

whenever f” has absolutely convergent Fourier series. Neidhardt’s elegant re-
sult (1.3) is known as the Neidhardt trace formula. An interested reader can
see [24] and [25] for the recent developments on higher order trace formulas
with perturbation operators from the Schatten-von Neumann ideal. For more
on the history of the subject, we refer the reader to [28] and the references cited
therein.

We note that all the spectral shift measures in (1.1)—(1.3) are absolutely con-
tinuous with respect to the Lebesgue measure. We remind the reader that spec-
tral shift measures are known for their applications in spectral flow [3] and
scattering theory [4], just to name a few. In addition, the first order SSM has
appeared in inverse problems for one-dimensional Schrodinger, Dirac, and Ja-
cobi operators [9].

Taylor-like approximations have been fairly well investigated in the single-
variable case. Now it is worth exploring its several variable generalizations,
which is a common occurrence in the classical case. Although several recent
works, such as [29], [2] and [6] have studied the multivariable counterpart of
one variable trace formulas, it remains largely unexplored. Specifically, [6] es-
tablishes a multivariate analog of (1.1) for tuples of commuting self-adjoint op-
erators. In contrast, [29] focuses on tuples of commuting contractions that ad-
mit a dilation to tuples of commuting normal contractions. Note that Krein’s
trace formula (1.1) does not hold for functions of pairs of noncommuting self-
adjoint operators (see [2]).

Itiswell known that, in the one variable setting for contractions, higher order
trace formulas take different forms depending on whether the differentiation is
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performed along the linear path t = T + (T — T,)) or the multiplicative path
t — e"AT,, where T — Ty, A = A* € B(J(). Both approaches have been exten-
sively studied in the literature (see, e.g., [7, 25, 26]) and have found significant
applications.

We want to mention that there has been significant progress in deriving trace
formulas for self-adjoint operators with non-compact perturbations in the sin-
gle variable case, where these results find applications in the study of Dirac and
Schrodinger operators (see, e.g., [8, 22, 30, 33]). Trace formulas for unitary op-
erators, especially those developed via the multiplicative path, have played a
crucial role in these developments (see [22, 30]). This serves as the primary
motivation for establishing trace formulas for functions of n-tuple of commut-
ing unitaries via the multiplicative path, which are missing in [29] (Where only
the linear path is considered). A further advantage of the multiplicative path
approach is that it allows us to establish trace formulas for a larger class of func-
tions, including non-analytic functions (see Theorems 1.1 and 1.2). Note that
the trace formulas in [29] are restricted only to analytic functions.

The perturbation formulas (1.1)-(1.3) have been extended to include more
general perturbations. In [15, Theorem 3.13], (1.2) has been studied in the con-
text of general symmetrically normed ideals of semifinite von Neumann alge-
bras, which include the trace class ideal and the Lorentz ideal (see Section 2.1).

Lorentz ideals with singular traces (traces that vanish on finite rank oper-
ators) are closely related to important objects of perturbation theory - see, for
example, [10], where Connes used singular traces as a cornerstone of his work
in noncommutative geometry and calculus. The development of perturbation
formulas for singular traces has opened up new possibilities for applications;
for instance, see [27]. These remarkable connections inspired us to establish
multivariable counterparts of (1.2) and (1.3) with perturbations from Lorentz
ideals. Moreover the singularity of the trace plays a crucial role (as we can see
in the proofs of Theorems 1.1 and 1.2) to derive our main results under the
assumption of only the commutativity of the initial operator tuples. This also
highlights an interesting behavior of singular traces. We will further comment
at the end of the paper on possible extensions of our main results to the case of
perturbations from the trace class and Hilbert-Schmidt ideals.

1.1. Summary of main results. Let U(J() denote the collection of all uni-
taries on J(. Let ¢ : (0, 00) — (0, o) be a concave function such that

[lim P(t) =

Then the Lorentz ideal associated to ¢ is denoted by My and consists of all
compact operators A such that

S T Z Al < o
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where {4;(A)};2, denotes the singular value sequence of A. Throughout the
article, we consider perturbations in the Lorentz ideal Mz/, and in its root ideal

M;/ ? = {A € B(H) : |A]> € M,)}. For more details on the Lorentz ideal, we

refer the reader to Section 2.1.
Let 7y be a bounded singular trace on M. Assume that the function ¢ sat-
isfies

Y@)<Cte, t>1 (1.4)

for some constant C > 0and 0 < ¢ < 1.

Let m,n € N with n > 2. Denote by Com,, the set of all n-tuple of pairwise
commuting elements in B(H). Consider a tuple of unitary operators U, :=
(Uy, ..., Uy,). Define

U,(0) 1= (U, ..., e U,),

wheret € Rand A, := (44, ..., A,)isatuple of bounded self-adjoint operators.
For an n-tuple of unitary operators U,, and a perturbed n-tuple U, (1), and for
a sufficiently smooth function f : T" — C, the m-th order Taylor remainder is
denoted by ®,,,(f,U,, A,) and is defined by

m—1
1 dk
Rm(fa Un,An) = f(Un(l)) - f(Un) - T 31 f(Un(S)) (1-5)
k=1 k! dsk s=0
Denote by #,,(T") the collection of all functions f € C™(T") for which D* f
has an absolutely convergent Fourier series for each 0 < k < m, where

ok f

a A’
625 - 02

with aq,...,a, > 0and a; + --- + a, = k.
With this background, we now list the main contributions of this article.

DEf =

Theorem 1.1. Let M, be the Lorentz ideal and suppose the function 1 satisfies
(1.4) for some 0 < & < 1/2. Let Ty be a bounded singular trace on it. Consider
two n-tuple of operators U, and A, such that U; € U(F() and A; = A;f € My
for j = 1,...,n. Suppose that U,, € Com,,. Then, there exist measures Uy, ... , iy
on T" such that

il < Nlzyllag 1A)llag,, 1< j<n

and

" 0
R UnA =Y [ Sz dugn )
j=1Jm OZ]

forevery f € F,(T").

In Theorem 1.1 of this paper, we relax the assumptions on operators made in
[29, Proposition 3.12] (where U,, U,(1) € Com,, were considered), and enlarge
the class of admissible functions to include non-analytic functions.
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Theorem 1.2. Let My be the Lorentz ideal and suppose the function 1 satisfies

(1.4) for some 0 < € < 1/3. Let Ty, be a bounded singular trace on it. Consider two
n-tuple of operators U, and A, such that U; € U(F() and A; = A;‘.‘ € M;)/Z for
Jj = 1,..,n. Suppose that U, € Com,,. Then, there exist finite measures l;;, V;
for1 <i < j<nonT"suchthat

62
Ty {R(f, Uy Ap)} = Z az.afz‘(zl’ = Zn) d'uij(zl’ #>Zn)
1<i<j<n JTn Z2i74)
0
+ Z / a—;(zl,...,zn) dvj(z]_,"'iz}’l)ﬂ
1<j<n YT 49

forevery f € F5(T").

We refer the reader to Remark 5.2 for the total variation of the measures
obtained in Theorem 1.2.

It is noteworthy to mention that the results in [29] are established only for
positive traces (see [29, Hypotheses 3.3]). In contrast, our main results are de-
rived for traces that are not necessarily positive. Furthermore, the techniques
developed in this article allow us to establish our results under the weaker as-
sumption that U,, € Com,, only. This weaker assumption is sufficiently general
for applications.

Finally, a few words about this paper’s methodology. Both the proofs of The-
orem 1.1 and Theorem 1.2 rely on the singularity of the trace 7,,. Our approach
is partly based on the methods considered in [29] and [15]. A key element of the
proof of Theorem 1.2 is the estimate (5.1) (see also Theorem 5.1), which is based
on the estimates of the divided differences (see Lemma 3.4). Additionally, we
have utilized the Riesz-Markov representation theorem and the classical Hahn-
Banach theorem.

Now, we discuss the layout of this paper. Apart from the Introduction, this
article has four sections. Section 2 contains notations and preliminaries on
Lorentz ideal. In Section 3, we derive the essential estimates for the first and
second order divided differences. Section 4 deals with the first order perturba-
tion formula, while Section 5 establishes the second order perturbation formula
for tuples of commuting unitaries.

2. Notations and preliminaries

Notations: We use the following standard notations: N, Z,, Z, R, and C repre-
sent the sets of natural numbers, non-negative integers, integers, real numbers,
and complex numbers, respectively. Throughout the paper, n will denote a nat-
ural number with n > 2. The set Z" consists of all n-tuple of integers. We also
represent k € Z" by the tuple (kq, ..., k,), where each k; € Z. Additionally, T
stands for the unit circle in C, and T" represents the n-dimensional torus in C".

1. U(HK) denotes the collection of all unitaries on H.
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2. Denote by Com,, the set of all n-tuple of pairwise commuting elements in
B(FH).
3. The n-tuple of bounded operators Ay, ..., 4, is denoted by

A, =(A4,..,A),
and
U, () = (Uy(0), ..., Uy(1))

denotes the n-tuple of operators with each U; : R — U(J{). For notational
simplicity, we define for k1, ..., k,, € Z:

K, (0) = H Uk, for 1<i<j<n. (2.1)
I=i

.....

Definition 2.1. A trace 74 on a two-sided ideal J of B(¥() is a unitarily invari-
ant linear functional, that is,

7(UAU") = 74(A)
for all A € J and all unitary operators U € B(¥().

We say the trace 74 is
« positive if A € 7, A > 0 implies 74(A) > 0;
« bounded on 7 if there exists a constant M > 0 such that

| 75(A)| < M||A||g, forall A € J.

The infimum of such M equals || 74 ||5+;
« singular if it vanishes on finite rank operators.
Note that we do not require a trace to be positive.

2.1. Lorentz ideal. Let ¢ : (0,0) — (0, o) be a concave function such that
lim,_ o 3(t) = oo. Then the Lorentz ideals are defined by

My = {A € B(H) is compact : [|A|lp, 1= sup ————— Z A (A) < oo}
n>0 ¢(1

where {4;(A)};2, is a singular value sequence of A. More information about
singular values can be found in [16, Chapter II]. Moreover, the norm || - || )
makes M, into a symmetrically normed ideal (see [21, Definition 1.2.12]). In
particular, we have the following property: if B € M, and A,C € B(J(), then
AB,BC € My and [|ABC]|y, < [|Alll|Bllac,|IC]|- This follows from properties
of the singular value sequence [16, p. 27].

In 1966, J. Dixmier [13] discovered traces that vanish on finite rank operators.
In fact, he considered the following functional

Tr,(A) = w Z (A )} 0), 0< A€M, (2.2)

<{1,b(1+ n) =,
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where w is a dilation invariant state on the algebra of all bounded sequences ¢ ,,
that is, invariant with respect to the dilation semigroup o, : € = €, 1 > 1,
defined by setting

Un(ao, a, ) = (ao, s g, Aqy ..., Aq, )

n times n times

Note that Tr,, extends by linearity to the whole ideal M,. Nowadays, func-
tionals of the form (2.2) are termed Dixmier traces. In [14, Theorem 3.4], the
authors have shown that M, admits non-trivial Dixmier traces if and only if

.. P(2)
lim inf =
t—>o00 ‘(/)(l’)
Later on, it became clear that there are a plethora of singular traces other than
Dixmier traces.
For every a > 0, we have the root ideal

MZ ={A € B(¥() is compact : |A|Y/* € My}

1.

Let 7 be a bounded singular trace on My. If for some 0 < ¢ < 1 there exists a
constant C > 0 such that

P() <Cre, t>1, (2.3)
then according to [6, Proposition 2.3] we have
1
ay — _
r¢(M¢) ={0} forevery o > T (2.4)

There are many Lorentz ideals satisfying (2.3). In particular, these conditions
are met by the Lorentz ideal with (t) = log(t). We will take advantage of
property (2.4) in the proof of our main results.

We also consider perturbations in the root ideal ]V[;)/ % Note that, M;/ ’isa
1/2
My
For the second order perturbation formula we need the following Holder-like
inequality from [15, Proposition 2.5]:

normed ideal with the norm [|A[|, 12 = IIIAI2||.5 (see [15, Proposition 2.5]).
¥

14Blac, < Al 2l1Bl, 0 forall A€ ), (2.5)

From now on, we will use the notation sz and Ty to refer the Lorentz ideal and
a bounded singular trace on it, respectively.

2.2. Functionspaces. Letm € N. Let C"™(T") denote the space of all m-times
continuously differentiable functions on T". For m = 0, we use the convention
that CO(T") = C(T"), the space of all continuous functions on T". Denote

Fm(T") 1= { f €C™(T") | Dkf has absolute convergent

Fourier series for 0 < k < m}, (2.6)
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gk f
9z - azgn
Consider the function

fG@r oz = Y, flozy -z, 2.7)

kezn

where Dk f 1= Apy s Ay 20, 07 4+ -+, = k.

where (zy,...,2,) € T" and ZkeZ"

f(k)| < oo. We then define the operator
function by

fU,.., U) = D fuoud--up,
kezn
for a tuple of unitaries (Uy, ..., U,), which are not necessarily commuting.
Recall that, for a tuple of commuting unitaries U,, and given a bounded Borel
function f on o(U,) (the joint spectrum of the operators Uy, ..., U,), the oper-
ator function f(U,) is representable by the integral

f(Un)=f---ff(/ll,...,/ln)dE(/ll,...,/ln),

N——
a(Uy)
where E is the product of the spectral measures E; of the operators U;, 1 < j <
n [5, Theorem 6.5.1 and Subsection 6.6.2], and it is supported on o(U,,). By the
spectral theorem for an n-tuple of commuting unitaries U,,, it follows that:

L CUDI < NSz crnys (2.8)
for f € F,(T").

3. Preparatory results

The aim of this section is to collect some key results from the literature and
prove some new results, which we need subsequently. Again, we remind the
reader that throughout the paper, n will denote a natural number, and (unless
otherwise stated) we always assume that n > 2.

We begin this section with the following result, which is well-known for trace
class ideal (see, e.g., [30, p. 504]). However, this result also holds for Lorentz
ideals M. The proof follows a similar line of arguments as in ([30, p. 504]).

Theorem3.1. Let U, U, € U(J() be such that U—U, € My (resp. Mi/z)' Then,
there exists A = A* € My (resp. Mz}/ %) such that U = €lAU,,

To proceed further, we need the following lemma, which gives the general
formula for the n-th derivative of the function t € R ~ (e!AU)P, for p € Z.

Note that, the following result is a particular case of [31, Theorem 5.3.4],
where the derivative is expressed in terms of multiple operator integrals, which
is not useful for our purpose. Instead, we present the following expression,
which is particularly useful for our situation.
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Lemma 3.2. Let p € Z, and define U(t) = AU fort € R, where A = A* €
B(FH)and U € U(J(). Then, for all n € N, the following assertions hold.

(i) If p > 0O, then

min{n,p}

an {U( )p} n Z Z n!
— s)Pt =1
ds” | r=1  l,..L>1 -1
Li+-+l=n
,
x[ > U(t)“O{HAlfU(t)“i“}]. (3.1)
0@ yeees 020 j=1

Ao+, =p—r

(ii) If p < O, then

n

e =y S
—_— s)Pt=1i
ds™ |s= r=1 l,enl>1 -l
Li+--+l=n
r
x[ D U(t)‘“O‘l{H(—AIJ)U(I)_“J}]. (3.2)
AQseees >0 j=1

Gttty =|p|-1

The derivatives in (3.1) and (3.2) both exist in operator norm. Moreover, if A €
My, then for n > 1, the derivatives exist in the norm || - ||M¢. IfA e MY 2 they

¥
exist in the norm || - ||, 1/2 for n = 1 and in the norm || - ||M¢ forn > 2.
¥
The following theorem establishes the differentiability of t — f(U,(¢)) for
f € #F,(T"). By making proper adjustments in the proof of [29, Lemma 3.2],
one can obtain the following theorem; hence, the detailed proof is left to the
reader.

Theorem 3.3. Consider U,(t) = ("4 Uy,...,e"U,) fort € R, where A; =
A;’.‘ € B(¥)and U; € U(K) for j = 1,...,n. Then,

(@) for f € F(T")

L3
ds |s—

fUs) = 2, DI, (33)
j=1

where

oo ~ d
ACRIPIRCLI O

.....

Ui Tk, by (). (3.4)
S=t
(ii) for f € F5(T")

& fwsn=2 > dlo+ > bl (3.5)
ds? s=t " 1<i<j<n b 1<j<n 2T .
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where
Dl )= Y Ty, s (t) O IINING)
kezn s=t
d ‘
ngztUj(S)kaij ..... K, (£ (3.6)
and
Dl 0= flor,... Jl(r) U T O GD)
kezn =t

The derivatives in (3.3) and (3.5) both exist and are continuous in the operator
norm. Additionally, if A; € My, 1 < j < n, then (3.3) exists in the || - ||, -norm,

andifA; € Ml/z, 1 < j < n, then (3.5) exists in the || - ||M¢—norm.

Now, let’s delve into one of the key tools, the divided difference. We recall
that the zeroth order divided difference of a function ¢ : T — C is simply the
function itself, that is, ¢[1] = ¢(1). Let m € N. Consider points Ag, 41, ..., A,
in T and let ¢ € C™(T). Then the m-th order divided difference of ¢ is defined
recursively by

[/1 ] = lim P [/10, ’Am—Z’ /1] - [/10, ’Am—Z’/lm—l]
it m A=A, A— lm—l '

(3.8)

It is important to note that ¢ [4,, ..., 4,,] is @ symmetric function of the se-
quence {A,, ..., 4,,}. Basic properties of divided difference can be found in, for
example, [12, Section 4.7].

Let f be a functionon T" and f € C™(T"). We define the m-th order divided
difference of f in the i-th coordinate [29] by

F (2153 Zim15 [0y s A s Zig1s o5 Z0) = @i [Ags e s Al
where
@iD) = f (2105 Zic1s Ay Zig1s oo » Z) 5 (3.9)

and zy, ..., Z;_1, Zi+1, --- » Z,, are fixed points in T.
Letz :=(zy,...,2,) € T", 41,42, U1, 4y € T and f € F,(T") with the repre-
sentation given by (2.7). Define

ﬂlt/ll,/lz]f (Z) = f (Zl, e s Ziq, [/11,/12] s Zjg1s eees Zn) ,

and
i,j
[A1:42]: [ Ivlz]f( )
—_ i
2)[/1 Al #1 N ]f(z)
=f(Z1’---’ i—1,[/11’/12]:Zi+1’---,zj—1,[ﬂl,#z]’zjﬂ’---,zn)-
Note that,
i _ i
2)[/11’/12] [Iv‘lﬂ f( ) [Iv‘ M ] D[/Ilyflz]f(z)'
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We need the following estimates for the sup-norm of the divided difference.

Lemma 3.4. Let f € F5,(T") and z := (zy,...,2,) € 1" Then, the following
assertions hold.

() If A, Ay, iy, My € T then

. T 2 aZf
sup D f@ 2= (3.10)
ll,lz,ul,uzeT;zeT" [/11’/12]’[/"1!#{2] | (2) azlazj ©
(11) If/‘ll,/‘lz,/13 (S T then
2f
sup |f(21,---,zj—1s[/11,/12,/13],Zj+1s--- n)| ( ) . (311)
Z1 5002y A1 A0 A3 ET j -

Proof. The proofis essentially an argument of Curtiss [11], but for the reader’s
convenience we present it here.

(i) We first prove (i). The proof is obtained by elementary methods and in-
volves integral representations. Assume 4; # A, and u; # u,. Firstly, we
represent the divided difference as an integral over the circular arc

6,
1 af it s it
[l" o] f( ) m\/e‘ aZ (zl,...,zj_l,e ,Zj+1,...,Zn) e dt, (312)
1

where u; = €%, u, = /%, with 8, and 6, are such that |8, — 6| < 7.
Similarly, we obtain

6, .6,
-1
D[/h Azl Mz]f( z) = (6162 _ ezel) (e164 — 6193) / / le(Z s, dsdt, (3.13)

where

Yi(z,s,t)

aZf is it i(s+t)
= 5207 57, (2150005211, €5, Zi41, s 2oy, €, 21, o, Zy) €T,

with 1; = e%, 1, = /%, and where 6, and 8, are such that |6, — 8| < 7.
On the other hand, by utilizing the inequality:

|sin6| > [26/x, for -2 <0<Z,

2
_[6-¢
sin >

Finally, combining (3.13) with (3.14) establishes the inequality (3.10). The
proof in the general case follows similarly.

we derive

e — e[ =2 Z%w—g, for 0—¢|<m  (3.14)
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(i) We now prove (ii). Consider

P(&) = f(z1,.,2j_1,§,Zj41, 5 Zn),
where zy,...,2j_1,Zj41, .5 2, L€ fixed points in T. Now, the proof is di-
vided into two cases.
Case 1: 4;,4,,4; are distinct.
Then, by [11, Theorem 2.1] we have
9% f

T o
|p[A1, 42, 43]| < (5) 552 for all distinct 1,,4,,4; € T. (3.15)
j

[e]

Case 2: Atleasttwo of 4,,4,,4; are same.
Without loss of generality, let’s take 1, = 4; and 4, # 15. Then

1

A, A3l = ——
qD[ 1>72> 3] (/11_/12)

A

1

P ) - —— f PO (316)
(A1 —A2)" 4

Because of the absolute continuity of ¢/, integration by parts is valid in

(3.16), with ¢’ to be differentiated and 1 to be integrated with respect to &.

We thereby immediately obtain

A
1
PlA, 0, 3]l = ———— | (§ —)¢"(§)d§, (3.17)
(A1 —A2)" 4
By applying [11, Lemma 2.2] to (3.17), we derive the following inequality,
52
P[0, 2, A3]| < (E) I foran Audy, Az € Tand A, # 45, (3.18)
2 azj.

Finally, if all 1,, 4,, 15 are equal, then the estimate (3.18) holds trivially.
Combining Case 1 and Case 2 we have

of

dz>
J

|f(Z1’---’Zj—1’ (21,22, A3), Zjg1, o ’Zn)# < (%)

for all z4, ..., z,,4;,4,, 43 € T. This completes the proof the lemma.
O

Finally, we conclude this section with the following lemma. For notational
convenience, we define, for k;, ..., k,, € Z,

k|l = max {|ky], ..., [ky |} (3.19)
Lemma 3.5. Let N € N and
k Ky
?N(Zla'--azn) = Z Ck,Nzll et Zy,
kezn,||k||<N

where ¢y is a constant that depends on k and N.
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() IfA,u €T, then
Pn (215 Zjm1s [ A 1 241, 5 Z)

k ki_
= Z Ck,N le vee ij—ll [ Z /‘1(050+062)Iu0£1
kezn | |k||<N ap,a1,0220
ag+ay+ay=k;—2;k;>2
+ Z A~ (@otar+2) ~(ay+1) ij+1 o gk
K j41 T En
,a1,0,>0

agtag+ay=lk;|-1;k;<-1

(i) If Ay, Ay, 1, My € T, then

i—1
ij _ K
D[/ll)/lz]’[#l,lvtz]?N(zl’ e Zn) = Z Cle,N H Z
kezm [k||<N =1

j-1
D D VI e e D 1

ay,01>0 ap,a,>0 I=i+1
ap+o=k;—1;k;>1 ap+oq=|k;|-1; k;<—1
n
Bo, B —Bo=1, —p1-1 k;
D D Y B
BosP120 BoB120 I=j+1
Bo+Br=k;—1;k;>1 Bo+Br=Ik;|—1; k;<—1

Proof. Both the formulas can be proved analogously to [29, Lemma 4.3] for
(ky, ..., k,) € Z!}. In contrast, the case (ky, ..., k,,) € Z"\Z'} requires some care.
Indeed, one applies the following representation to obtain the desired identity:

¢[AQ, ,/‘lm] = (—l)m[ Z /‘lgao_l/‘ll—al—l /-t;lo{m—ljl’

AQyeeespy 20
g+t =a—1
for p(z) = z7* with « € Nand A, ..., 4,, € T. O

4. Proof of Theorem 1.1

The goal of this section is to prove Theorem 1.1. For the reader’s conve-
nience, we restate the theorem here. Recall the notation introduced in (1.5).

Theorem 1.1. Let My, be the Lorentz ideal and suppose the function ¥ satisfies
(2.3) for some 0 < ¢ < 1/2. Let Ty be a bounded singular trace on it. Consider
two n-tuple of operators U, and A, such that U; € U(F() and A; = A;‘ € M,
for j =1,...,n. Suppose that U,, € Com,,. Then, there exist measures [y, ..., i,
on T" such that

Il < Nlzyllag A)llag,, 1< j<n (4.1)
and
Ty {R1(f, Uy A} = Zf a(zl,...,zn)d,uj(zl,...,zn), 4.2)
j=1J1n OZ]
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forevery f € F,(T").
Proof. From Theorem 3.3(i) we have

d

_v
7| FUL) =2, Dj(0). (4.3)

s=0 j=1

Using (4.3), (3.4), Lemma 3.2, cyclicity of the trace, and the pairwise commu-
tativity of the operators Uy, ..., U,, we derive (see (2.1) for the notation used

below)
d
Tl,b &

zi: D F) Tyfk; (T, e, (0))i Az}

LKy sk j 1 K1k )EZ

f (Un(S))>

s=0

k]>0
n Py
-3 > () Ty {lI; (T, ..k, (0))i A}
J=L (kg kg 1ok )EZ
k;<o0
n
=Z > f 00 Ty, O U Ty i, OV U A}

n
= Z ( -(U,) Uj iA; ) (4.4)
Thus, by (2.8), we have the following estimate forall 1 < j < n,
af . af

On the other hand, it is easy to verify that
RZ(.}C’ UnaAn) € Mi,

(4.5)

< lirylloes 141, -

]

for f € F,(T"). As a result, using the fact that 0 < € < 1/2 and from (2.4), we
deduce that

TZ[) {RZ(fa Un:An)} =0
which together with (4.4) further implies

n
af .
T {R (. U At = D 1y (6_zj(U”) U, lAj) : (4.6)
j=1
Now from (4.5) and (4.6), using the Riesz-Markov representation and Hahn-
Banach theorems, we establish the existence of measures y,, ..., 4, on T", sat-
isfying (4.1) and (4.2). This completes the proof. O
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5. Proof of Theorem 1.2

In this section, we will go a step further and establish the existence of second
order spectral shift measures for n-tuple of commuting unitaries. The main
technical ingredient of the proof of Theorem 1.2 is the following estimate.

Theorem 5.1. Let My, be the Lorentz ideal, and let Ty, be a bounded singular
trace on it. Suppose that the Jordan decomposition of Ty is given by 7y = 7,y —
Toy + iT3y — iTay, Where Ty (for 1 < k < 4) are the positive components of
7y Consider two n-tuple of operators, U, and A,, such that U; € U(J() and
Aj = A* IS ]V[l/zforj = 1,...,n. Suppose that there exists t € [0, 1] such that
U,(t) e Comn T hen, for every f € F3(T"), the following estimate holds:

2
) anuw(—) Millgelldilhe | sz | - <
’T”b (Di '(t))| <) 2
i S ettt o |2 |22 + |22 | iz
k=1 v Mllb/z azjz. . aZJ' o ’ ,
) (5.1)

foon . . . .
where Di’j(t) isgiven by (3.6) for1 <i< j<m,and by (3.7)for1 <i=j < n.

Proof. Let N € N and consider

PN(rysZ) = D (1 ”NH)f(k) (5.2)
kezn,||k|<N
where ||k|| = max{|k;|, ..., |k,|}. For convenience, we will now denote ¢ y =
(1 ”k”)f(k) Then, by [32, Theorem 6.2],
|DPy — Dl e 0 fora =0,1,2 (5.3)

(see (2.6) for the notation). Since

[Pzso, <

kikjf(k)' ”AiHMl/Z”AjllMl/z < 00,
k zn ] )

and

]
N

ik, JO| A2 1A
kezn ||k||<N v 4

1
<y 2 Akl+e ikl
kezn ||k||<N

kile; PO 1Al 114

_)0’
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a brief computation yields

L
D ¥(t)— D; (1), 1<i<j<n.
] N-ooc b/
Therefore
. P ..
7y (D};®) = lim 7, (D¥(®). 1<i<j<n. (5.4)

Hence, it is enough to prove (5.1) for the function Py. The proof is divided into
two cases.

Case 1:(1 i< j < n). From (3.6) we derive (see (2.1) for the notation used
below)

P d .
Di,j'v(t) = Z cenN T,.... ki_l(t)% U,-(s)leki+1 ,,,,, K ()
kezn |k||<N s=t
X 4 Ui(s)iT t)
dS ot J kj+1 ..... kn .
By Lemma 3.2 it follows that
P
DY)
= Y anTeal O] X GORATEn
kezZn,||k||<N &gty >0

ag+a;=k;—1;k;>1

- T GO AT T, ©

A, >0
ag+a=lki|—-1;k;<—1

X [ > U (0P (iA)U (1P +
BosB120
Bo+pr1=k;—1;k;>1

- Y GRG0 P, 0.

BosB120
Bo+Pr=lk;|-1;k;j<-1

Let U,(¢) € Com,, for a fixed ¢t € [0, 1]. Then, the tracial property of 7, and the
pairwise commutativity of the tuple U, (t) further imply that

P
A HO)

= Z Ck.N r¢[ - Z Z Ski>1,k;21(0)
kezn,||k||<N %, 20 Bo-B120

agtar=k;—Lki21 By+8,=k;—1;k;>1

+ Z Z Skizl,kjg—1(f)

0,120 Bo.6120
agtoy=k;—1;k;>1 Bot+B1=k;|-1;k;<—1
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+ 2 2 Ski<-1,k;21(0)

oo, 20 Bo»B120
agtar=lk;| -1k <=1 Bo+p,=k;—1;k;>1
- >, >, Ske-1.=—1 O], (5.5)
0to,0t1 20 Bo-B1=0

agtay=|k;|-1;k;<-1 Bo+Bi=lkj|-Lk;<-1

where

.....

X Ui Ty, ., , OU;0P [A;U;(0)],

{5 3 ELEEE] Jj—1

Ski>1,k;<-1(8) =T, k,-_l(t)Ui(t)a"Uj(f)_ﬁl_lTij K, (8) [A;U;(0)]

.....

X Ui()Ty,,,.... kj_l(t)Uj(t)_ﬁO_l [A;U;(0)],
Ski<1.k;21() = Ty g, QU™ U (O Ty, i, (O [AU(D)]
X U™ Ty (OU (0P [A;U(0)],

i4+1sees j—1

Ski<—1,k;<-1(0) =T, ki_l(t)Ui(lf)_"‘O_lUj('f)_ﬁl_lTkj+1 ..... K, (D) [A;U;(0)]
X U™ Ty o (OU;0)P7A;U;(0)].

i41seees Jj—1

Let E; ; be the spectral measure of U;(t) and E; be the joint spectral measure of
the tuple U, (t). Then, by the spectral theorem, we have

U0 = fz“dEt’j(z), ae”. (5.6)
T

.....

j be the spectral measure defined by

E i j(Si,sS) =E (CX - XCXS;x--XS8;xCX--XC).
Therefore, we have
_ ki kj-1 B
Ui(t)*Ty, ..., kj_l(t)Uj(t)ﬁ = fTH“ 2z, -z 20dEy (2,0 2)). (5.7)

For every 1 < | < n, there is a sequence of Borel partitions (6,1, )1<p<m 0f T, a
sequence of complex numbers (z,, ; , )1<y <m» and, for every integer i < p < j,
there is a sequence of partitions (gm,p,yp)ISypSm of T and a sequence of com-
plex numbers (Z,,, p,yp)ISyPSm’ from which, using Lemma 3.5(ii) and applying a
similar approach from [29, Theorem 4.6] to equation (5.5), we conclude that

7, (ij N(t)) = — lim D [Di’j

m— oo ZE[ZZ]
L0 e Vi <M [ m,in;» m,t,n]’ m.j.yjrem.jn;

Py (Zm,l,rhs s I g 20 Bty 0 Emyj—1yp Ws
Zm, 1540 me,,?n)

X Tlp (Et (5m,1,771 X X 5m,n,nn) [Ai Ui(t)]
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Eyi... (gm,i,yi X e X gm,j,yj)[Aj Uj(t)]) ] (5.8)
At this point, we recall the following Jordan decomposition of 7, from [21, The-
orem 4.2.2]:
Ty =Tiy — Toy +iT3y — T4y,

where each component is a positive bounded trace on M. Hence, by applying
(3.10) and [6, Lemma 4.6] to (5.8) we finally arrive at

7 (DY )|

77\ 2 4 2\ 1/2 2\\"/? 0°P

(5 B (o ()" o (o)) |35
el 9%P

<(%) kz::l||T,{,¢||M;||Ai||M;/z||A,~|IM;/z —aziagj § (5.9)

Thus, (5.9) establishes the estimate (5.1) for 1 <i < j < n.

Case 2:(1 <i=j<n). Again recall that

Py d?
DO = Y N Thk,® PP
kez k| <N

.....

N

which is same as saying

P
D i) = - Y Thpi,
kezn ||k||<N
- T goeraes
ap,a1>0
ap+ay=lk;|-1;k;<-1
+2 2 U ()™ AU, (6 AU (0
0(0,0(1,0(220
aptay+ax=lkj|l-1;k;<-1
+ Z Uj(t)“"AJZ. Uj(t)“1+1
OC(),OllZO

apta=kj—1;k;>1

1 1
+2 > U0 AU ON AU O Ty g, (0
ag,a1,02>0
0(0+a1+a2:kj—2;kj22

(5.10)

The last equality follows from Lemma 3.2. Due to the pairwise commutativity
of the tuple U, (¢) and the tracial property of 7, (5.10) further reduces to

7y (D7X(0) = S10(0) + S50 (0), (5.11)
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where

SN =-2 Y, aw sz[ D S,’{js_l(f)

kezn k|| <N 0t 01220
0c0+a1+a2=|kj|—1; kjS—l

!
+ 2 Si;2(t )]
ag,a1,0,>0
ot +ar=k;—2; k;>2

and

Son(t) =— Z Ck,N T¢[ Z Sk;>1(t)

kezn||k||<N ®,01 >0
ag+a;=kj—1;k;>1

- 2 Stz (0, (5.12)
9,120
apto=|k;j|-Lk;<-1

with

St e = T ,O U@ Ty (0[A;U50)]

.....

Sl/cjzz(t) =T,,.., kj_l(f) Uj(t)(aowﬁ Ty, K, (DLA;U ()]

Sk>1(6) = Ty, g, , (O U (O STV Ty
Skyc1(t) = Thy g, (O U(0)CoratD T () [A?Uj(t)]-

..... j—1 yorey

Claim 1:

4 2?
2 N
|S1v(0)| sn-;”rwnM;nAjuM;ﬁ o VN eN. (5.13)
= il

Similarly as in Case 1, for every 1 < I < n, there is a sequence of Borel par-
titions (8,15, )1<n<m Of T, a sequence of complex numbers (z,, 1  )1<y<m» and
also a sequence of partitions (gm,yhsygm of T and a sequence of complex num-
bers (Z,,, , )1<y<m along with employing Lemma 3.5(i) to the sum S; (¢) we ar-
rive at
Sl,N(t) =-2 r}tl—l;rolo Z ?N(zm,l,nls s Zm, -1y
1<91,0),y<m

[zm,j,nj’ Zm.jn;> Zm,y] s Zm L ’Zm,n,nn)

X Ty (B (Smg, X+ X Oy, ) [AjUO1E, ;G ) [A;U;O) . (5.14)
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Finally, applying (3.11) and [6, Lemma 4.6] to (5.14) yields

4
2\ ||0%P
k=1
which immediately proves Claim 1.
Claim 2:
4
2 6.’PN
S ()] < kz=:1 ITcpllac; “AJ'HM;” EN VN eN. (5.15)
In view of (5.12), we have
Syn (D)
== Y awty kT (OU;0F T, i, (O [A20,0])
keZ",||k||<N
k;>0
2wty I T, OU;O T, 0 [a20,00]),
kez,||k|<N
kj<0
(5.16)
which further reduces to
0Py
Sy (D) = —1y {a—zj(Un(t)) [A? Uj(r)]g. (5.17)
Finally, (5.17) along with (2.5) establishes (5.15).
Applying (5.13) and (5.15) in (5.11) we immediately obtain
4 2
P ) 0Py 0PN
|T¢ (D]’;](t))| < kzl ”Tk,zp”]V[:; ||14]-||j‘/[;}/2 |:71' . azz + ‘ z . (518)
= i I
This establishes the estimate (5.1) for 1 < i = j < n, which completes the proof
of the theorem. O

The estimate in the above theorem is crucial for establishing the second order
perturbation formula, which is one of the key components of this section. The
reader familiar with the work of [29] could easily find similarities between the
estimates (5.1) and [29, Theorem 4.6]. Despite the similarity, one can not ob-
tain the estimate (5.1) directly from [29] because [29] deals with linear path in
comparison with multiplicative path considered in this article. In other words,
establishing these estimates for multiplicative paths is usually more difficult
than for linear paths (see the expressions in Lemma 3.2 and in [29, Lemma
3.1)).

We now supply a proof of Theorem 1.2. Again, for the reader’s ease, we re-
state Theorem 1.2 below.
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Theorem 1.2. Let My be the Lorentz ideal and suppose the function 1 satisfies

(2.3) for some 0 < & < 1/3. Let Ty, be a bounded singular trace on it. Consider two
n-tuple of operators U, and A, such that U; € U(F() and A; = A;‘.‘ € M;)/Z for
Jj = 1,..,n. Suppose that U, € Com,,. Then, there exist finite measures l;;, V;
for1 <i < j<nonT"suchthat

9%f
aziaZj

Ty {Rz(f, UnaAn)} = Z

1<i<j<n JIn

)
+ > a—;(zl,...,zn)dvj(zl,...,zn), (5.19)
1<j<n YT 77

(Z15 5 2) A (21, v 5 Z)

forevery f € F5(T").

Proof. Observe that
R3(f, Up, An) € M2,

Since 0 < € < 1/3, it follows from (2.4) that Ty {R:(f,U,,A,)} = 0. Hence, we
obtain

1 d?
Ty {R(f, Uy, A} = 3%\ 72

f (Un(S))) :
0

S=

From the last equation and (3.5), we derive

T {R(f U A = D) T¢(D{j(0))+% > r¢(D]f:j(o)). (5.20)

1<i<j<n 1<j<n

We again recall the following Jordan decomposition of 7, from [21, Theorem
422]:

Td) = Tl,lll — TZ,I,D + iT3’¢ — l'T4’¢,
where each 7y (k = 1,2, 3,4) is a positive bounded trace on M.

Next, to proceed, we need to revisit the proof of Theorem 5.1, particularly
Case 2. Indeed, (3.11) and (5.14) collectively implies that

A}l_r}olo Sin(0) = =2 Wlll_{rolo Z f(zm,l,nl’ s Zmj—1; Ly

1<n1,.mp,y<m

[Zm’j’nj’ Zm"]’n] > Zm’y] ’ Zm’j+1’nj+l’ e Zm)n’nn)
X sz (Eo (Sm,l,m X - X 5m,n’,}n) [A]U]] EO,j(Sm,}’) [A]U]])
= r}’f(o), (5.21)
and

3%f

— 5.22
i (522)

4
1,j 2
O] < 7 2 sl 1415

o0
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From (5.17) and (5.3), it is evident that
. _ af 2 . 2,
lim 8;5(0) = 7y za—zjwn(o» [AJ.U,-]} =170, (523

with

4

g

[T @[ < 3 Iegllog 1A 12 e (5.24)
k=1 v M¢

52,
Hence, by combining (5.4), (5.11), (5.21), and (5.23), we obtain
7y (D{, j(o)) = r}’j (0) + rj;j (0). (5.25)

Finally, applying the Riesz-Markov representation theorem for a bounded
linear functional on C(T") and the Hahn-Banach theorem, we deduce from
(5.20), (5.25), (5.22), (5.24), and Theorem 5.1 the existence of measures y;; and
vjfor1l <i < j < nsatisfying

82 o
Ty (D{j.(o)):/ 6zdf (z15 o ,zn)duij(zl,...,zn), i<j,

L) = o s ( )
— 32 2 Z1y s Zp lu]] Z1s .32y ),

1 % af
J(O) /n a_zj(zl’ s Z0) AV (21, o0 s Zp).
This leads to (5.19). Thus, the proof is complete. O

A closer look at the proof of Theorem 1.2 yields additional information about
the measures obtained there, which we record in the following remark.

Remark 5.2. Note that the total variation of the measures obtained in Theorem
1.2 can be computed. Moreover, from the final part of the proof of Theorem 1.2,
we have

4
sl < (5 )annw Iy 4l 1<i<i<n

4
”/“‘jj” < %kzl”l'k,zp”M* ]||M1/2a 1<j<n, and
4
Vil =5 Z ”Tk,z/zHM* Aj 2 12, 1Zj<mn,
P e
=1

where 7)., (k = 1,2, 3,4) are the positive components of the Jordan decompo-
sition of 7.

Finally, it is natural to ask whether Theorems 1.1 and 1.2 can also be es-
tablished for perturbations from the trace class ideal and the Hilbert-Schmidt
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ideal, respectively. In fact, with all the necessary estimates in hand (see (4.5)
and (5.1), which also hold for 8}(J() and 8?(J() perturbations, respectively,
with respect to the canonical trace Tr), these results can indeed be obtained
using arguments analogous to those in [29], under the more restrictive assump-
tion that U, (t) € Com,, for every t € [0,1]. Whether the results remain valid
when only U, € Com, under these ideal perturbations is a question that re-
mains open.

Acknowledgements. The authors would like to heartily thank the anonymous
referee for a careful reading of the manuscript and several helpful suggestions.
They also gratefully acknowledge useful conversations with Chandan Pradhan.
A. Chattopadhyay is supported by the Core Research Grant (CRG), File No:
CRG/2023/004826, from SERB. S. Giri is grateful to the Ministry of Education,
Government of India, for financial support through the Prime Minister’s Re-
search Fellowship (PMRF-ID: 1902164) grant.

References

[1] ALEKSANDROV, ALEKSEI B.; PELLER, VLADIMIR V. Krein’s trace formula for unitary oper-
ators and operator Lipschitz functions (Russian). Funktsional. Anal. i Prilozhen. 50 (2016),
no. 3, 1-11. English Transl.: Funct. Anal. Appl. 50 (2016), no. 3, 167-175. MR3646713, Zbl
1450.47009, doi: 10.1007/s10688-016-0145-0. 437

[2] ALEKSANDROV, ALEKSEI B.; PELLER, VLADIMIR V.; POTAPOV, D. On a trace formula for
functions of noncommuting operators (Russian). Mat. Zametki 106 (2019), no. 4, 483-490.
English Transl.: Math. Notes 106 (2019), no. 3-4, 481-487. MR4017563, Zbl 1498.47050,
doi: 10.1134/S0001434619090189. 437

[3] AzaMOV, NURULLA A.; CAREY, ALAN L.; SUKOCHEV, FEDOR A. The spectral shift function
and spectral flow. Comm. Math. Phys. 276 (2007), no. 1, 51-91. MR2342288 (2008h:58049),
7Zbl 1129.58008, doi: 10.1007/s00220-007-0329-9. 437

[4] BIRMAN, MIKHAIL S.; KREIN, MARK G. On the theory of wave operators and scatter-
ing operators. Dokl. Akad. Nauk SSSR 144 (1962), 475-478. MR0139007 (25 #2447), Zbl
0196.45004. 437

[5] BIRMAN, MIKHAIL S.; SOLOMYAK, MIKHAIL Z. Spectral theory of self-adjoint operators in
Hilbert space, Mathematics and its Applications (Soviet Series), D. Reidel Publishing Co.,
Dordrecht, 1987, xv+301 pp. MR1192782 (93g:47001), Zbl 0744.47017, doi: 10.1007/978-94-
009-4586-9. 443

[6] CHATTOPADHYAY, A.; GIRI, S.; PRADHAN, C.; USACHEV, ALEXANDR S. Trace formulas in
higher dimensions, preprint, (2023). doi: 10.48550/arXiv.2303.13298. 437, 442, 453, 455

[7] CHATTOPADHYAY, A.; PRADHAN, C.; SKRIPKA, A. Higher-order trace for-
mulas for contractive and dissipative operators. Canad. J. Math. (to appear).
doi: 10.4153/S0008414X25101296. 438

[8] CHATTOPADHYAY, A.; SKRIPKA, A. Trace formulas for relative Schatten class pertur-
bations. J. Funct. Anal. 274 (2018), no. 12, 3377-3410. MR3787595, Zbl 1441.47011,
doi: 10.1016/j.jfa.2018.02.019. 438

[9] CLARK, STEPHEN L.; GESZTESY, F. Weyl-Titchmarsh M-function asymptotics, local
uniqueness results, trace formulas, and Borg-type theorems for Dirac operators. Trans.
Amer. Math. Soc. 354 (2002), no. 9, 3475-3534. MR1911509 (2003i:34191), Zbl 1017.34019,
doi: 10.1090/S0002-9947-02-03025-8. 437

[10] CONNES, A. Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994, Xiv+661
pp- MR1303779 (95j:46063), Zbl 0818.46076. 438


http://mathscinet.ams.org/mathscinet/article?mr=3646713
http://zbmath.org/1450.47009
http://zbmath.org/1450.47009
http://dx.doi.org/10.1007/s10688-016-0145-0
http://mathscinet.ams.org/mathscinet/article?mr=4017563
http://zbmath.org/1498.47050
http://dx.doi.org/10.1134/S0001434619090189
http://mathscinet.ams.org/mathscinet/article?mr=2342288
http://zbmath.org/1129.58008
http://dx.doi.org/10.1007/s00220-007-0329-9
http://mathscinet.ams.org/mathscinet/article?mr=0139007
http://zbmath.org/0196.45004
http://zbmath.org/0196.45004
http://mathscinet.ams.org/mathscinet/article?mr=1192782
http://zbmath.org/0744.47017
http://dx.doi.org/10.1007/978-94-009-4586-9
http://dx.doi.org/10.1007/978-94-009-4586-9
http://dx.doi.org/10.48550/arXiv.2303.13298
http://dx.doi.org/10.4153/S0008414X25101296
http://mathscinet.ams.org/mathscinet/article?mr=3787595
http://zbmath.org/1441.47011
http://dx.doi.org/10.1016/j.jfa.2018.02.019
http://mathscinet.ams.org/mathscinet/article?mr=1911509
http://zbmath.org/1017.34019
http://dx.doi.org/10.1090/S0002-9947-02-03025-8
http://mathscinet.ams.org/mathscinet/article?mr=1303779
http://zbmath.org/0818.46076

(11]

(12]
[13]

[14]

(17]
(18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

SINGULAR TRACES AND PERTURBATION FORMULAE 459

CURTISS, JOHN H. Limits and bounds for divided differences on a Jordan curve in the com-
plex domain. PacificJ. Math. 12 (1962), 1217-1233. MR0148879 (26 #6376), Zbl 0112.04801,
doi: 10.2140/pjm.1962.12.1217. 446, 447

DEVORE, RONALD A.; LORENTZ, GEORGE G. Constructive approximation. Springer-Verlag,
Berlin, vol. 303, 1993, x+449 pp. MR1261635 (95f:41001), Zbl 0797.41016. 445

DIXMIER, J. Existence de traces non normales. C. R. Acad. Sci. Paris Sér. A-B 262 (1966),
A1107-A1108. MR0196508 (33 #4695), Zbl 0141.12902. 441

DoDDS, PETER G.; DE PAGTER, B.; SEMENOV, EVGENII M.; SUKOCHEV, FEDOR A. Sym-
metric functionals and singular traces. Positivity 2 (1998), no. 1, 47-75. MR1655756
(99m:46072), Zbl 0915.46021, doi: 10.1023/A:1009720826217. 442

DYKEMA, KENNETH J.; SKRIPKA, A. Perturbation formulas for traces on normed
ideals. Comm. Math. Phys. 325 (2014), no. 3, 1107-1138. MR3152748, Zbl 1287.47056,
doi: 10.1007/s00220-013-1828-5. 438, 440, 442

GOHBERG, I.; KREIN, MARK G. Introduction to the theory of linear nonselfadjoint opera-
tors. Translations of Mathematical Monographs, vol. 18, American Mathematical Society,
Providence, RI, 1969, xv+378 pp. MR0246142 (39 #7447), Zbl 0181.13503. 436, 441
KOPLIENKO, L. S. The trace formula for perturbations of nonnuclear type. Sibirsk. Mat. Zh.
25(1984), no. 5, 62-71. MR0762239 (86g:47012), Zbl 0574.47021. 437

KREIN, MARK G. On the trace formula in perturbation theory. Mat. Sbornik N.S. 33/75
(1953), 597-626. MR0060742 (15,720b), Zbl 0052.12303. 436, 437

KREIN, MARK G. On perturbation determinants and a trace formula for unitary and self-
adjoint operators. Dokl. Akad. Nauk SSSR 144 (1962), 268-271. MR0139006 (25 #2446), Zbl
0191.15201. 437

LIFSHITZ, ILYA M. On a problem of the theory of perturbations connected with quantum
statistics. Uspehi Matem. Nauk (N.S.) 7 (1952), no. 1(47), 171-180. MR0049490 (14,185b),
7Zbl 0046.21203. 436

LORD, S.; SUKOCHEV, FEDOR A.; ZANIN, D. Singular traces. Theory and applications. De
Gruyter Studies in Mathematics, vol. 46, De Gruyter, Berlin, 2013, xvi+452 pp. MR3099777,
Zbl 1275.47002, doi: 10.1515/9783110262551. 441, 453, 456

NEIDHARDT, H. Spectral shift function and Hilbert-Schmidt perturbation: extensions of
some work of L. S. Koplienko. Math. Nachr. 138 (1988), 7-25. MR0975197 (90h:47030), Zbl
0674.47003, doi: 10.1002/mana.19881380102. 437, 438

PELLER, VLADIMIR V. The Lifshitz-Krein trace formula and operator Lipschitz func-
tions. Proc. Amer. Math. Soc. 144 (2016), no. 12, 5207-5215. MR3556265, Zbl 1353.47023,
doi: 10.1090/proc/13140. 437

POTAPOV, D.; SKRIPKA, A.; SUKOCHEV, FEDOR A. Spectral shift function of higher order.
Invent. Math. 193 (2013), no. 3, 501-538. MR3091975, Zbl 1282.47012, doi: 10.1007/s00222-
012-0431-2. 437

POTAPOV, D.; SKRIPKA, A.; SUKOCHEV, FEDOR A. Functions of unitary operators: deriva-
tives and trace formulas. J. Funct. Anal. 270 (2016), no. 6, 2048-2072. MR3460234, Zbl
1336.47014, doi: 10.1016/j.jfa.2016.01.001. 437, 438

PoTAPOV, D.; SUKOCHEV, FEDOR A. Koplienko spectral shift function on the unit
circle. Comm. Math. Phys. 309 (2012), no. 3, 693-702. MR2885605, Zbl 1236.47017,
doi: 10.1007/s00220-011-1338-2. 438

PotAaPOV, D.; SUKOCHEV, FEDOR A.; TOMSKOVA, A. A.; ZANIN, D. Fréchet differen-
tiability of the norm of L,-spaces associated with arbitrary von Neumann algebras. C.
R. Math. Acad. Sci. Paris 352 (2014), no. 11, 923-927. MR3268764, Zbl 1315.46070,
doi: 10.1016/j.crma.2014.09.017. 438

SKRIPKA, A. Taylor approximations of operator functions. Oper. Theory Adv. Appl.
vol. 240, Birkhduser/Springer, Cham, 2014, 243-256 pp. MR3134555, Zbl 1343.47018,
doi: 10.1007/978-3-319-06266-2_12. 437


http://mathscinet.ams.org/mathscinet/article?mr=0148879
http://zbmath.org/0112.04801
http://dx.doi.org/10.2140/pjm.1962.12.1217
http://mathscinet.ams.org/mathscinet/article?mr=1261635
http://zbmath.org/0797.41016
http://mathscinet.ams.org/mathscinet/article?mr=0196508
http://zbmath.org/0141.12902
http://mathscinet.ams.org/mathscinet/article?mr=1655756
http://zbmath.org/0915.46021
http://dx.doi.org/10.1023/A:1009720826217
http://mathscinet.ams.org/mathscinet/article?mr=3152748
http://zbmath.org/1287.47056
http://dx.doi.org/10.1007/s00220-013-1828-5
http://mathscinet.ams.org/mathscinet/article?mr=0246142
http://zbmath.org/0181.13503
http://mathscinet.ams.org/mathscinet/article?mr=0762239
http://zbmath.org/0574.47021
http://mathscinet.ams.org/mathscinet/article?mr=0060742
http://zbmath.org/0052.12303
http://mathscinet.ams.org/mathscinet/article?mr=0139006
http://zbmath.org/0191.15201
http://zbmath.org/0191.15201
http://mathscinet.ams.org/mathscinet/article?mr=0049490
http://zbmath.org/0046.21203
http://mathscinet.ams.org/mathscinet/article?mr=3099777
http://zbmath.org/1275.47002
http://dx.doi.org/10.1515/9783110262551
http://mathscinet.ams.org/mathscinet/article?mr=0975197
http://zbmath.org/0674.47003
http://zbmath.org/0674.47003
http://dx.doi.org/10.1002/mana.19881380102
http://mathscinet.ams.org/mathscinet/article?mr=3556265
http://zbmath.org/1353.47023
http://dx.doi.org/10.1090/proc/13140
http://mathscinet.ams.org/mathscinet/article?mr=3091975
http://zbmath.org/1282.47012
http://dx.doi.org/10.1007/s00222-012-0431-2
http://dx.doi.org/10.1007/s00222-012-0431-2
http://mathscinet.ams.org/mathscinet/article?mr=3460234
http://zbmath.org/1336.47014
http://zbmath.org/1336.47014
http://dx.doi.org/10.1016/j.jfa.2016.01.001
http://mathscinet.ams.org/mathscinet/article?mr=2885605
http://zbmath.org/1236.47017
http://dx.doi.org/10.1007/s00220-011-1338-2
http://mathscinet.ams.org/mathscinet/article?mr=3268764
http://zbmath.org/1315.46070
http://dx.doi.org/10.1016/j.crma.2014.09.017
http://mathscinet.ams.org/mathscinet/article?mr=3134555
http://zbmath.org/1343.47018
http://dx.doi.org/10.1007/978-3-319-06266-2_12

460

[29]

[30]

(31]

(32]

(33]

ARUP CHATTOPADHYAY AND SAIKAT GIRI

SKRIPKA, A. Trace formulas for multivariate operator functions. Integral Equations Opera-
tor Theory 81 (2015), no. 4, 559-580. MR3323567, Zbl 1325.47030, doi: 10.1007/s00020-014-
2199-9. 437, 438, 439, 440, 444, 445, 448, 452, 455, 458

SKRIPKA, A. Estimates and trace formulas for unitary and resolvent compara-
ble perturbations. Adv. Math. 311 (2017), 481-509. MR3628221, Zbl 06766547,
doi: 10.1016/j.aim.2017.02.026. 438, 443

SKRIPKA, A.; TOMSKOVA, A. A. Multilinear operator integrals, theory and applications. Lec-
ture Notes in Mathematics, vol. 2250, Springer, Cham, 2019, xi+190 pp. MR3971571, Zbl
1458.47003, doi: 10.1007/978-3-030-32406-3. 443

WEISZ, F. Summability of multi-dimensional trigonometric Fourier series. Surv. Approx.
Theory 7 (2012), 1-179. MR2943169, Zbl 1285.42010, doi: 10.48550/arXiv.1206.1789. 450
YAFAEV, DMITRI R. A trace formula for the Dirac operator. Bull. London Math.
Soc. 37 (2005), no. 6, 908-918. MR2186724 (2006j:47013), Zbl 1114.47011,
doi: 10.1112/50024609305004911. 438

(Arup Chattopadhyay) DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY
GUWAHATI, GUWAHATI, 781039, INDIA
arupchatt@iitg.ac.in

(Saikat Giri) DEPARTMENT OF MATHEMATICS, INDIAN INSTITUTE OF TECHNOLOGY GUWA-
HATI, GUWAHATI, 781039, INDIA
saikat.giri@iitg.ac.in

This paper is available via http://nyjm.albany.edu/j/2026/32-21.html.


http://mathscinet.ams.org/mathscinet/article?mr=3323567
http://zbmath.org/1325.47030
http://dx.doi.org/10.1007/s00020-014-2199-9
http://dx.doi.org/10.1007/s00020-014-2199-9
http://mathscinet.ams.org/mathscinet/article?mr=3628221
http://zbmath.org/06766547
http://dx.doi.org/10.1016/j.aim.2017.02.026
http://mathscinet.ams.org/mathscinet/article?mr=3971571
http://zbmath.org/1458.47003
http://zbmath.org/1458.47003
http://dx.doi.org/10.1007/978-3-030-32406-3
http://mathscinet.ams.org/mathscinet/article?mr=2943169
http://zbmath.org/1285.42010
http://dx.doi.org/10.48550/arXiv.1206.1789
http://mathscinet.ams.org/mathscinet/article?mr=2186724
http://zbmath.org/1114.47011
http://dx.doi.org/10.1112/S0024609305004911
mailto:arupchatt@iitg.ac.in
mailto:saikat.giri@iitg.ac.in
http://nyjm.albany.edu/j/2026/32-21.html

	1. Introduction
	2. Notations and preliminaries
	3. Preparatory results
	4. Proof of Theorem 1.1
	5. Proof of Theorem 1.2
	References

