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Categorical ambidexterity

Shay Ben-Moshe

Abstract. Weprove an ambidexterity result for∞-categories of∞-categories
admitting a collection of colimits. This unifies and extends two known phe-
nomena: the identification of limits and colimits of presentable∞-categories
indexed by a space, and the∞-semiadditivity of the∞-category of∞-categories
with 𝜋-finite colimits proven by Harpaz. Our proof employs Stefanich’s uni-
versal property for the higher category of iterated spans, which encodes am-
bidexterity phenomena in a coherent fashion.
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1. Introduction
1.1. Main results. Throughout this paper, we use the terms category tomean
an∞-category, 2-category to mean an (∞, 2)-category, and 3-category to mean
an (∞, 3)-category.
There are two important known results about ambidexterity in categories of

categories:
In the category of presentable categories PrL, limits and colimits indexed by

(small) spaces are canonically isomorphic. This follows from the more general
fact that a limit of a diagram in PrL is computed as in Ĉat, and the colimit is
computed by passing to the right adjoint maps and computing the limit in Ĉat,
as proven by Lurie [Lur09, Proposition 5.5.3.13 and Theorem 5.5.3.18] (see also
[HL13, Example 4.3.11]).
Let Cat𝑚-f in denote the category of categories admitting 𝑚-finite colimits

and functors preserving them. Harpaz showed that it is 𝑚-semiadditive, i.e.
that limits and colimits indexed by𝑚-finite spaces are canonically isomorphic
[Har20, Proposition 5.26]. His proof is based on a comparison with the univer-
sal𝑚-semiadditive category of spans of𝑚-finite spaces Span1(S𝑚-f in).
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The purpose of this paper is to unite these phenomena and provide a uni-
form proof. Let K0 ⊂ S be a full subcategory of spaces including the point
and closed under pullbacks, and let K0 ⊂ K ⊂ Cat be any collection of cate-
gories containing K0. We let CatK denote the category of categories admitting
K-indexed colimits and functors preserving them.

Theorem A (Proposition 2.25). Let C∙∶ 𝑋 → CatK be a diagram indexed by a
space 𝑋 ∈ K0. There is a canonical equivalence

colim
𝑋

C∙
∼,,,→ lim

𝑋
C∙ ∈ CatK.

As an example, considering large categories instead of small ones, lettingK0
be the collection of all small spaces and letting K be the collection of all small
categories, we get that limits and colimits indexed by spaces coincide already
in the category of cocomplete categories Ĉatall. This implies the same for the
full subcategory PrL (see Proposition 2.26). Similarly, taking K = K0 = S𝑚-f in
to be the collection of𝑚-finite spaces recovers the result about Cat𝑚-f in.
A specific interesting case of Theorem A is when the diagram is constant on

a category C ∈ CatK. In this case, we get an equivalence

C[𝑋] ∶= colim
𝑋

C
∼,,,→ lim

𝑋
C =∶ C𝑋 ∈ CatK.

Onemaywonder about the functoriality of this equivalence in𝑋 ∈ K0. Observe
that the left-hand side is canonically covariantly functorial in𝑋, while the right-
hand side is canonically contravariantly functorial by pre-composition. Since
C is assumed to haveK-indexed colimits, the pre-composition functoriality ad-
mits a left adjoint functoriality, given by left Kan extension. Generalizing a
result of Carmeli–Cnossen–Ramzi–Yanovski on the case of PrL from [CCRY25,
§4.1], we show that these functorialities are adjoint to one another.

Theorem B (Proposition 2.21). Let C ∈ CatK. There is a canonical equivalence

C[𝑋] ≃ C𝑋 ∈ CatK

natural in 𝑋 ∈ K0 for the left Kan extension functoriality on the right-hand side.

As one might expect, this functoriality in𝑋 suitably extends to non-constant
diagrams. To encapsulate all functorialities in a coherent form, we employ sev-
eral higher categorical structures. Recall that CatK enhances to a 2-category
𝐂𝐚𝐭K. Let 𝐂𝐚𝐭2 denote the 3-category of 2-categories, and consider the functor

𝐂𝐚𝐭(−)
K
∶ K

op
0 ,,,→ 𝐂𝐚𝐭2,

sending 𝑋 to 𝐂𝐚𝐭𝑋K and 𝑓∶ 𝑋 → 𝑌 to 𝑓∗∶ 𝐂𝐚𝐭𝑌K → 𝐂𝐚𝐭𝑋K. We denote by
𝐒𝐩𝐚𝐧21

2
(K0) the 3-category of iterated spans, whose objects are objects ofK0, 1-

morphisms are spans, 2-morphisms are spans between spans, and 3-morphisms
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are maps of spans between spans, as depicted below.

𝑍 𝑍 𝑍

𝑋 𝑋 𝑌 𝑋 𝑄 𝑌 𝑋 𝑄 𝑃 𝑌

𝑊 𝑊
In [Ste20, Theorem 4.2.6], Stefanich showed that 𝐒𝐩𝐚𝐧21

2
(K0) has a universal

property (recalled in Section 2.1), which we use to prove our main result.

Theorem C (Theorem 2.23). The functor above extends to a 3-functor

𝐂𝐚𝐭(−)
K
∶ 𝐒𝐩𝐚𝐧21

2
(K0) ,,,→ 𝐂𝐚𝐭2.

This indeed subsumes the two previous results. TheoremA follows by noting
that the spans pt ← 𝑋 = 𝑋 and 𝑋 = 𝑋 → pt are adjoint to one another from
both sides in 𝐒𝐩𝐚𝐧21

2
(K0). Moreover, our previouswork on iterated spans shows

that the equivalence is given by a certain norm map [BM24, Proposition 2.24].
Similarly, Theorem B follows by applying the 3-functor to the endomorphisms
of pt ∈ 𝐒𝐩𝐚𝐧21

2
(K0).

Remark 1.1. Our results admit a dual version for the 2-category 𝐂𝐚𝐭K of cat-
egories admitting K-indexed limits and functors preserving them, through the
2-equivalence

(−)op∶ 𝐂𝐚𝐭K
∼,,,→ (𝐂𝐚𝐭K)2-op.

In particular, Theorem C gives a 3-functor

(𝐂𝐚𝐭K)(−)∶ 𝐒𝐩𝐚𝐧21
2
(K0)3-op ,,,→ 𝐂𝐚𝐭2.

Remark 1.2. As was mentioned above, in our previous work we have shown
that the 2-category of iterated spans 𝐒𝐩𝐚𝐧2(K0), that is, themaximal 2-category
in 𝐒𝐩𝐚𝐧21

2
(K0), carries aK0-semiadditveK0-parameterized object [BM24, Propo-

sition 2.24]. Moreover, we conjecture that it is the universal example whenK0
is truncated [BM24, Conjecture 2.25]. In light of this, one may wonder why
Theorem C provides a more highly structured result. This stems from the cate-
gorical nature of 𝐂𝐚𝐭K, and has a decategorified analogue. Harpaz proved that
Span1(S𝑚-f in) is the free 𝑚-semiadditive category, so that any object 𝑋 ∈ D in
an𝑚-semiadditive category lifts to a functor 𝑋(−)∶ Span1(S𝑚-f in) → D, encod-
ing the distributivity of integration over restriction. In the categorical caseD =
Cat𝑚-f in, the integration is left adjoint to the restriction, and their distributivity
data is the Beck–Chevalley map. Thus, in this case, the universal property of
the 2-category of spans 𝐒𝐩𝐚𝐧11

2
(S𝑚-f in) (recalled in Section 2.1) shows that every

object C ∈ Cat𝑚-f in further lifts to a 2-functor C(−)∶ 𝐒𝐩𝐚𝐧11
2
(S𝑚-f in) → 𝐂𝐚𝐭𝑚-f in.
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1.2. Sketch of the proof. We briefly outline the proof of the results above for
the reader’s convenience.

(1) Theorem B for C = SK: We prove the case of constant diagrams on
SK by comparing both sides to the functor PK∶ Cat → CatK, the left
adjoint to the inclusion. The comparison to constant colimits is es-
sentially immediate by preservation of colimits (see Lemma 2.16). The
comparison to constant limits is established by analyzing the full sub-
category PK(𝑋) ⊂ P(𝑋) ≃ S𝑋 using the Yoneda density theorem (see
Lemma 2.19).

(2) Theorem B for arbitrary C ∈ CatK: From the first step, we deduce that
SK[𝑋] is self-dual, and that the duality sends SK[𝑋] → SK[𝑌] to its
right adjoint (see Proposition 2.20). This implies the case of an arbitrary
constant diagram by tensoring with C (see Proposition 2.21). This step
closely follows the proof for the case of PrL from [CCRY25, §4.1].

(3) Theorem C:We prove that the functor in question satisfies the property
for which 𝐒𝐩𝐚𝐧21

2
(K0) is universal, by reducing it to the case of a con-

stant diagram from the last step, together with certain coherence con-
ditions verified using the universal property of 𝐒𝐩𝐚𝐧11

2
(K0) (see Theo-

rem 2.23).
(4) Theorem A: We deduce the identification of limits and colimits by not-

ing that the two adjoints of the span pt ← 𝑋 = 𝑋 coincide in the
3-category 𝐒𝐩𝐚𝐧21

2
(K0), which is preserved under the 3-functor from

Theorem C (see Proposition 2.25).

1.3. Acknowledgements. I thank the anonymous referee for carefully read-
ing themanuscript and for their helpful comments and suggestions. I am grate-
ful to Lior Yanovski for numerous conversations about spans and ambidexterity
over the years. I thank Bastiaan Cnossen and Thomas Blom for useful discus-
sions, and Shai Keidar for his comments on the manuscript. I would like to
thank the Max Planck–Weizmann joint postdoctoral program for its financial
support, and the Max Planck Institute for Mathematics in Bonn for its hospi-
tality during the workshop on “Unstable Homotopy Theory”, during which a
part of this manuscript was written.

2. The proof
We fix a full subcategory of spaces K0 ⊂ S including the point and closed

under pullbacks (or empty), and a collection of categories containing it K0 ⊂
K ⊂ Cat. We denote by CatK the category of categories admitting K-indexed
colimits and functors preserving them. Recall from [Lur17, §4.8.1 and Lemma
4.8.4.2] that it is presentably symmetric monoidal, with unit denoted by SK.
Moreover, the inclusion CatK ⊂ Cat admits a symmetric monoidal left adjoint

P
K∶ Cat ,,,→ CatK.
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This makes CatK into a commutative algebra, and in particular a module, over
Cat in PrL. Recalling from [Hei23, Theorem 1.2] that presentable 2-categories
are equivalent to modules over Cat in PrL, this makes CatK into a 2-category,
which we denote by 𝐂𝐚𝐭K.
2.1. Higher spancategories. In this paperwe shallmakeuse of the 2-category
of spans and the 3-category of iterated spans, featuring in Theorem C. We be-
gin by recalling these categories and their universal properties, andwe fill some
gapsmissing from the literature. For this section, we fix the following notation.

Notation 2.1. We let X denote a category admitting pullbacks (which we will
later take to beK0).

The 2-category 𝐒𝐩𝐚𝐧11
2
(X), was constructed by Haugseng [Hau18] (where it

is denoted by Span+1 (X)), to which we refer the reader for a detailed discussion.
We informally recall that this is the 2-category whose objects are the objects
of X, a 1-morphism from 𝑋 to 𝑌 is a span 𝑋 ← 𝑍 → 𝑌 (and composition is
given by pullback), and a 2-morphism is a map between spans. This 2-category
enjoys a universal property, originally stated by Gaitsgory–Rozenblyum [GR19,
Chapter 7, Theorem 3.2.2], and recently proven independently by Macpher-
son [Mac22] (where it is denoted by CorrX) and Stefanich [Ste20] (where it is
denoted by 2Corr(X)). We also refer the reader to [EH23, Theorem 2.2.7] for
another presentation of Macpherson’s proof.

Definition 2.2. Let 𝐀 be a 2-category. We say that a commutative square

𝐷 𝐴

𝐵 𝐶

𝑓′

𝐿′ 𝐿

𝑓

is (vertically) right adjointable if 𝐿 and 𝐿′ admit right adjoints 𝑅 and 𝑅′, and the
Beck–Chevalley map is an isomorphism

𝑓′𝑅′ ∼,,,→ 𝑅𝑓.
Definition 2.3. We say that a functor 𝐹∶ X → 𝐀 to a 2-category 𝐀 satisfies
the left Beck–Chevalley condition if it takes every pullback square inX to a right
adjointable square in 𝐀.
With this at hand, we can state the universal property of 𝐒𝐩𝐚𝐧11

2
(X).

Theorem 2.4 ([Ste20, Theorem 3.4.18]). Let 𝐀 be a 2-category. The inclusion
X → 𝐒𝐩𝐚𝐧11

2
(X) induces an equivalence

Map(𝐒𝐩𝐚𝐧11
2
(X), 𝐀) ∼,,,→ MapBCL(X, 𝐀)

from the space of 2-functors 𝐒𝐩𝐚𝐧11
2
(X) → 𝐀 to the space of functors X → 𝐀

satisfying the left Beck–Chevalley condition.
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IfX is symmetricmonoidal, and the tensor product preserves pullbacks, then
the 2-category 𝐒𝐩𝐚𝐧11

2
(X) inherits a compatible symmetric monoidal structure.

Macpherson proved a symmetric monoidal version of the universal property.
Theorem 2.5 ([Mac22, 4.4.6 Theorem]). Assume thatX is symmetric monoidal
and that the tensor product preserves pullbacks. Let 𝐀 be a symmetric monoidal
2-category. The inclusion X → 𝐒𝐩𝐚𝐧11

2
(X) induces an equivalence

Map⊗(𝐒𝐩𝐚𝐧11
2
(X), 𝐀) ∼,,,→ Map⊗

BCL
(X, 𝐀)

from the space of symmetric monoidal 2-functors 𝐒𝐩𝐚𝐧11
2
(X) → 𝐀 to the space of

symmetricmonoidal functorsX → 𝐀 satisfying the left Beck–Chevalley condition.

The 3-category of iterated spans 𝐒𝐩𝐚𝐧21
2
(X) mentioned in the introduction

was also constructed by Haugseng [Hau18] (where it is denoted by 𝐒𝐩𝐚𝐧+2 (X)).
Stefanich proved an analogues universal property for this 3-category (which he
denotes by 3Corr(X)), which we now recall.
Definition 2.6. Let 𝐀 be a 3-category. We say that a commutative square

𝐷 𝐴

𝐵 𝐶

𝑓′

𝐿′ 𝐿

𝑓

is (vertically) 2-fold right adjointable if the following conditions hold:
(1) 𝐿, 𝐿′, 𝑓, 𝑓′ admit right adjoints𝑅, 𝑅′, 𝑔, 𝑔′, with counitmaps 𝑐𝐿, 𝑐𝐿′ , 𝑐𝑓, 𝑐𝑓′ .
(2) The square is right adjointable.
(3) The commutative square

𝐿𝑓′𝑔′𝑅 ≃ 𝑓𝐿′𝑅′𝑔 𝑓𝑔

𝐿𝑅 Id𝐶

𝑐𝐿′

𝑐𝑓′ 𝑐𝑓

𝑐𝐿

in the 2-category 𝐄𝐧𝐝(𝐶) is right adjointable.
Definition 2.7. We say that a functor 𝐹∶ X → 𝐀 to a 3-category 𝐀 satisfies
the 2-fold left Beck–Chevalley condition if it takes every pullback square in X to
a 2-fold right adjointable square in 𝐀.
Theorem 2.8 ([Ste20, Theorem 4.2.6]). Let 𝐀 be a 3-category. The inclusion
X → 𝐒𝐩𝐚𝐧21

2
(X) induces an equivalence

Map(𝐒𝐩𝐚𝐧21
2
(X), 𝐀) ∼,,,→ MapBCL2 (X, 𝐀)

from the space of 3-functors 𝐒𝐩𝐚𝐧21
2
(X) → 𝐀 to the space of functors X → 𝐀

satisfying the 2-fold left Beck–Chevalley condition.
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Important for our applications will be the case where the target 2-category
is 𝐀 = 𝐂𝐚𝐭, the 2-category of categories, or, more generally, 𝐀 = 𝐂𝐚𝐭K. Recall
that the 2-category of spans encodes two functorialities adjoint to one another
(and satisfying the Beck–Chevalley condition). At the same time, one can pass
between left and right adjoints via the mate equivalence

𝐂𝐚𝐭L ≃ 𝐂𝐚𝐭R,2-op,op

from [HHLN23a, 3.1.11] (see also [Lur17, Corollary 4.7.4.18(3)]). Recall that a
morphism in 𝐂𝐚𝐭K is a left adjoint, if and only if the underlying functor is a left
adjoint (in 𝐂𝐚𝐭) and its right adjoint preservesK-indexed colimits (i.e. belongs
to𝐂𝐚𝐭K), and themate equivalence restricts to the corresponding subcategories

𝐂𝐚𝐭LK ≃ 𝐂𝐚𝐭R,2-op,op
K

.
As one might expect, the two constructions are compatible with one another,
as we now prove.

Notation 2.9. Let C∙∶ 𝐼 → 𝐂𝐚𝐭K be a functor from a category 𝐼. Assume
that it sends each morphism to a left adjoint morphism, i.e. lands in 𝐂𝐚𝐭LK. We
denote by CR∙ ∶ 𝐼op → 𝐂𝐚𝐭K the diagram obtained by passing to right adjoints
via the mate equivalence above. Dually, we denote by CL∙ the diagram obtained
by passing to left adjoints.

Proposition 2.10. Let C∙∶ X → 𝐂𝐚𝐭K be a functor satisfying the left Beck–
Chevalley condition. Then CR∙ is equivalent to the pre-composition of the lift

C∙∶ 𝐒𝐩𝐚𝐧11
2
(X) → 𝐂𝐚𝐭K

from Theorem 2.4 with the inclusion Xop → 𝐒𝐩𝐚𝐧11
2
(X).

Proof. We first handle the case whereK = ∅, i.e. for a functor landing in 𝐂𝐚𝐭.
Recall that the passage between C∙ and CR∙ using the mate equivalence from
[HHLN23a, 3.1.11] (or [Lur17, Corollary 4.7.4.18(3)]) is given by first applying
cocartesian unstraightening, observing that the resulting cocartesian fibration
is also cartesian, and applying cartesian straightening. Now, [CLR25, Theorem
3.12] gives a description of the inverses of the equivalences

Map(𝐒𝐩𝐚𝐧11
2
(X), 𝐂𝐚𝐭) ∼,,,→ MapBCL(X, 𝐂𝐚𝐭),

Map(𝐒𝐩𝐚𝐧11
2
(X), 𝐂𝐚𝐭) ∼,,,→ MapBCR (Xop, 𝐂𝐚𝐭)

from Theorem 2.4 and its dual. These inverses are given by applying (co)carte-
sian unstraightening, applying the functor 𝐒𝐩𝐚𝐧11

2
(−) to the resulting fibration,

and finally applying cartesian straightening. This shows that the two construc-
tions in question are indeed equivalent.
The result follows formally for arbitraryK aswenowexplain. Let 𝜄 ∶ 𝐂𝐚𝐭K ↪

𝐂𝐚𝐭 denote the inclusion, and consider the composition 𝜄C∙∶ X → 𝐂𝐚𝐭. By
the previous case, we know that (𝜄C∙)R is equivalent to the pre-composition of
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the lift 𝜄C∙ with Xop → 𝐒𝐩𝐚𝐧11
2
(X). Now, the uniqueness of lifts shows that

there is an equivalence 𝜄C∙ ≃ 𝜄C∙ of functors 𝐒𝐩𝐚𝐧11
2
(X) → 𝐂𝐚𝐭. Since the

mate equivalence for 𝐂𝐚𝐭K is defined by restricting the one for 𝐂𝐚𝐭, we have
an equivalence (𝜄C∙)R ≃ 𝜄CR∙ . Combining these, we get that 𝜄CR∙ is equivalent to
the pre-composition of the lift 𝜄C∙ withXop → 𝐒𝐩𝐚𝐧11

2
(X), which concludes the

proof since 𝜄 is an inclusion. □

While we expect the mate equivalence to be natural in 2-functors, we are
unaware of such a result in the literature. Nevertheless, we can use the last
proposition to prove that, if we further assume the Beck–Chevalley condition,
as follows.

Proposition 2.11. Let K,K′ ⊂ Cat be two collections of categories and let 𝐹∶
𝐂𝐚𝐭K → 𝐂𝐚𝐭K′ be any 2-functor. Let C∙∶ X → 𝐂𝐚𝐭K be a functor satisfying
the left Beck–Chevalley condition. There is a canonical equivalence of functors
Xop → 𝐂𝐚𝐭K′

(𝐹C∙)R ≃ 𝐹CR∙ .

Proof. The uniqueness of lifts shows that there is an equivalence 𝐹C∙ ≃ 𝐹C∙
of functors 𝐒𝐩𝐚𝐧11

2
(X) → 𝐂𝐚𝐭K′ . Therefore, their restrictions along Xop →

𝐒𝐩𝐚𝐧11
2
(X), which by Proposition 2.10 are (𝐹C∙)R and 𝐹CR∙ , are also equivalent.

□

Proposition 2.10 shows that the 2-category of spans implements the passage
between left and right adjoints functorially. For our applications, it will be im-
portant to understand the following specific case in more detail. Let C be a
cocomplete category, and consider the functor

C(−)∶ Sop ,,,→ 𝐂𝐚𝐭
sending 𝑋 ∈ S to C𝑋 and 𝑓∶ 𝑋 → 𝑌 to the pre-composition functor 𝑓∗∶ C𝑌 →
C𝑋 . Since C is cocomplete, the functors 𝑓∗ admit left adjoints 𝑓! given by left
Kan extension, and it follows from [HL13, Proposition 4.3.3] that C(−) satisfies
the left Beck–Chevalley condition. Therefore, by Theorem 2.4, it extends to a
2-functor

C(−)∶ 𝐒𝐩𝐚𝐧11
2
(S) ,,,→ 𝐂𝐚𝐭.

We know that this sends the span pt ← 𝑋 → pt to the functor 𝑓𝑋!𝑓∗𝑋 ∶ C → C,
namely, the constant colimit functor colim𝑋(−). Our next goal is to prove this
description functorially in𝑋. Recall that the category of endomorphisms of the
point is End𝐒𝐩𝐚𝐧

112
(S)(pt) ≃ S. Thus, the lift C(−) induces a functor

𝐹∶ S ,,,→ End(C),
sending 𝑋 to the image of the span pt ← 𝑋 → pt under C(−), i.e. to colim𝑋(−).
We claim that 𝐹 agrees with the colimit functor coherently. Namely, that 𝐹 is
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equivalent to IdC[−]∶ S → End(C), given by the left Kan extension of IdC∶ pt →
End(C) along the inclusion pt → S. We prove this in two steps, starting with
the following weaker lemma.

Lemma 2.12. The functors 𝐹 and IdC[−] above agree point-wise on objects, mor-
phisms and 2-morphisms. That is, for 𝑋 ∈ S we have

𝐹(𝑋) ≃ 𝑓𝑋!𝑓∗𝑋 ≃ colim
𝑋

(−).

Under this identification, for 𝑓∶ 𝑋 → 𝑌, the map 𝐹(𝑓) identifies with

𝑓𝑋!𝑓∗𝑋 ≃ 𝑓𝑌!𝑓!𝑓∗𝑓∗𝑌
𝑐𝑓
,,,→ 𝑓𝑌!𝑓∗.

Finally, under this identification, for a homotopy 𝛼∶ 𝑓 ≃ 𝑔, the 2-morphism
𝐹(𝑓) ≃ 𝐹(𝑔) identifies with the 2-morphism 𝑐𝑓 ≃ 𝑐𝑔.

Proof. Recall from [RV16, 4.4.17] that for a fixed functor 𝑅∶ E → D, the space
of counits, that is, pairs of 𝐿∶ D → E and 𝑐∶ 𝐿𝑅 → IdE exhibiting 𝐿 as left
adjoint to 𝑅, is either contractible (if 𝑅 is a right adjoint) or empty (if it is not).
We apply this to our situation. Let𝑓∶ 𝑋 → 𝑌 be amap of spaces, and recall that
C(−)∶ Sop → 𝐂𝐚𝐭 sends 𝑓 to 𝑓∗∶ C𝑌 → C𝑋 . Also recall that the 2-morphism in
𝐒𝐩𝐚𝐧11

2
(S)

𝑋

𝑌 𝑌

𝑌

𝑓 𝑓

𝑓

is a counit exhibiting the spans 𝑌 ← 𝑋 = 𝑋 and 𝑋 = 𝑋 → 𝑌 as adjoints (see
for example [Ste20, Proposition 3.3.1]). Using the uniqueness result above, and
that the extension

C(−)∶ 𝐒𝐩𝐚𝐧11
2
(S) ,,,→ 𝐂𝐚𝐭

is a 2-functor, we see that the spans𝑌 ← 𝑋 = 𝑋 and𝑋 = 𝑋 → 𝑌 are sent to the
functors 𝑓∗ and the left Kan extension 𝑓!, and the 2-morphism above is sent to
their counit

𝑐𝑓 ∶ 𝑓!𝑓∗ ,,,→ IdC𝑌 .

With this in mind we return to the statement of the lemma.
For an object 𝑋 ∈ S, the functor 𝐹(𝑋) is given by the image of the span pt ←

𝑋 → pt, corresponding to the case 𝑓𝑋 ∶ 𝑋 → pt above, so we get a canonical
equivalence

𝐹(𝑋) ≃ 𝑓𝑋!𝑓∗𝑋 ≃ colim
𝑋

(−).
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For a morphism 𝑓∶ 𝑋 → 𝑌, the morphism 𝐹(𝑓) is the image of the 2-
morphism in 𝐒𝐩𝐚𝐧11

2
(S) depicted on the left, which is equivalent to the com-

position of 2-morphisms on the right

𝑋 𝑌 𝑋 𝑌

pt pt ≃ pt 𝑌 𝑌 pt

𝑌 𝑌 𝑌 𝑌

𝑓

𝑓 𝑓

𝑓

Thus, using the description of the counit from the discussion above, we con-
clude that 𝐹(𝑓) is equivalent to

𝑓𝑋!𝑓∗𝑋 ≃ 𝑓𝑌!𝑓!𝑓∗𝑓∗𝑌
𝑐𝑓
,,,→ 𝑓𝑌!𝑓∗𝑌 .

Finally, for𝛼∶ 𝑓 ≃ 𝑔, the uniqueness of counits implies that the 2-morphism
𝐹(𝑓) ≃ 𝐹(𝑔) is identified with the isomorphism 𝑐𝑓 ≃ 𝑐𝑔. □

Proposition 2.13. Let C be a cocomplete category, and consider the lift

C(−)∶ 𝐒𝐩𝐚𝐧11
2
(S) ,,,→ 𝐂𝐚𝐭.

The functor induced on the endomorphisms of the point

𝐹∶ S ,,,→ End(C)
is naturally isomorphic to IdC[−].
Proof. By Lemma 2.12, 𝐹 agrees with IdC[−] on objects, and in particular on
the point 𝐹(pt) ≃ IdC. Since IdC[−] is left Kan extended from the point pt ∈ S,
there is a canonical map IdC[−] → 𝐹. It thus suffices to show that 𝐹 commutes
with colimits, which we prove by showing that it preserves (arbitrary) coprod-
ucts and pushouts.
Observe that for coproducts and for pushouts, the cocone diagramwhich we

need to show is universal involves only objects, 1-morphisms, and (in the case of
a pushout) a single 2-morphism. Hence by the non-coherent comparison from
Lemma 2.12, 𝐹 and IdC[−] agree on these cocone diagrams, and since IdC[−]
commutes with colimits, this cocone is indeed universal, as required. □

2.2. The constant case. Recall that the category CatK is presentable, and in
particular both cocomplete and complete, which allows us to define the follow-
ing functors.

Definition 2.14. Let C ∈ 𝐂𝐚𝐭K. We define the functors
C[−]∶ S ,,,→ 𝐂𝐚𝐭K, C(−)∶ Sop ,,,→ 𝐂𝐚𝐭K,

sending a space 𝑋 to the colimit or limit of the constant 𝑋-indexed diagram on
C, respectively.

Note that C(−) sends 𝑓∶ 𝑋 → 𝑌 to the pre-composition functor 𝑓∗∶ C𝑌 →
C𝑋 . When the spaces are assumed to be inK0, we can say more.
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Proposition 2.15. For any C ∈ 𝐂𝐚𝐭K, the functor
C(−)∶ K0 ,,,→ 𝐂𝐚𝐭K

sends morphisms to right adjoints, and sends every pullback square to a left ad-
jointable square.

Proof. Since C admits K0-indexed colimits, for a map 𝑓∶ 𝑋 → 𝑌 in K0, the
functor 𝑓∗∶ C𝑌 → C𝑋 admits a left adjoint 𝑓!∶ C𝑋 → C𝑌 given by left Kan
extension. The second part follows from the formula for left Kan extension, as
in the proof of [HL13, Proposition 4.3.3]. □

Our first goal, achieved in Proposition 2.21, is to compare C[−] with C(−),L,
where (−)L denotes the passage to left adjoints from Notation 2.9. We begin by
analyzing the case C = SK, where we can saymore, by comparing both functors
to PK.

Lemma 2.16. There is a natural equivalence

SK[−] ≃ P
K(−)

of functors S → 𝐂𝐚𝐭K.

Proof. The two functors have the same value on pt and commutewith colimits,
hence they are equivalent, since S is freely generated from pt under colimits.

□

To prove the second comparison, we shall make use of the twisted arrow
category, introduced by Joyal in the higher categorical setting, and extensively
studied by Barwick [Bar13, Bar17] and Lurie [Lur17, §5.2.1]. We recall that it
can be defined as a complete Segal space in the following way.

Definition 2.17 ([HMS22, Definition A.2.2]). Let C be a category, with associ-
ated complete Segal space C∙∶ ∆op → S. The twisted arrow category Tw(C) is
the category associated with the complete Segal space

∆op
[𝑛]↦[𝑛]op⋆[𝑛]
,,,,,,,,,,,,→ ∆op

C∙,,,→ S.
There is a map Tw(C) → C, corresponding to the inclusion [𝑛] → [𝑛]op ⋆ [𝑛].

Lemma 2.18. For any space 𝑋, the map Tw(𝑋) → 𝑋 is an isomorphism.

Proof. Recall that a category C is a space if and only if the associated complete
Segal space C∙∶ ∆op → S is a constant functor. We see that the complete Segal
space associatedwithTw(𝑋) is constant on𝑋 aswell, concluding the proof. □

We turn to comparing PK to the functor S(−),L
K

.

Lemma 2.19. There is a natural equivalence

P
K(−) ≃ S

(−),L
K

of functorsK0 → 𝐂𝐚𝐭K.
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Proof. Recall that the free cocompletion functor

P∶ Cat ,,,→ Ĉat
sends a category C to the category of presheaves Fun(Cop, S), and the functorial-
ity is given by left Kan extension. In other words, we have a natural equivalence

P(−) ≃ Fun((−)op, S)L

of functors Cat → Ĉat (see for example [HHLN23b, §8]). Restricting this to
K0 ⊂ Cat, we obtain a natural equivalence

P(−) ≃ S(−),L.

Recall that in [Lur09, Proposition 5.3.6.2], Lurie constructs PK as a subfunctor
of P. Specifically, given C ∈ Cat, the category PK(C) is the full subcategory of
P(C) generated from the image of the Yonedaよ∶ C → P(C) underK-indexed
colimits. It suffices to show that under the equivalence above, this subfunctor
corresponds to S

(−),L
K

. This can be check on objects, i.e. we need to show that
P
K(𝑋) ⊂ P(𝑋) corresponds to S𝑋

K
⊂ S𝑋 for any 𝑋 ∈ K0.

We start with the inclusion P
K(𝑋) ⊂ S𝑋

K
. For a point 𝑥 ∈ 𝑋, the Yoneda

よ(𝑥)∶ 𝑋 → S is the functor sending 𝑦 ∈ 𝑋 to the path space from 𝑥 to 𝑦 in
𝑋. SinceK0 is closed under pullbacks, this pullback is inK0, and in particular
よ(𝑥) ∈ S𝑋

K
. Since SK is closed underK-indexed colimits, we see that PK(𝑋) is

indeed contained in S𝑋
K
.

It remains to show the reverse inclusion. Recall that the Yoneda density the-
orem (c.f. [Hau22, Remark 4.2]) says that any presheaf 𝐹 ∈ P(C) can be ex-
pressed as a weighted colimit (i.e., coend) of representables

𝐹 ≃ colim𝐹
よ.

That is, 𝐹 is the colimit of the composition

Tw(C) ,,,→ Cop × C
𝐹×よ
,,,,,→ S × P(C)

×
,,,→ P(C).

We note that since the functor PK is symmetric monoidal, PK(𝑋) is a module
over PK(pt) ≃ SK, i.e. the subcategory P

K(𝑋) ⊂ P(𝑋) is closed under taking
the product with an object from SK ⊂ S. Going back to our case, let 𝐹 ∈ P(𝑋)
be a presheaf taking values in SK. By Lemma 2.18, we have Tw(𝑋) ≃ 𝑋, so
in this case the colimit above is indexed over 𝑋. The value of the diagram at
𝑥 ∈ 𝑋 is 𝐹(𝑥) × よ(𝑥). Since よ(𝑥) ∈ P

K(𝑋) and 𝐹(𝑥) ∈ SK, we get that
𝐹(𝑥) ×よ(𝑥) ∈ P

K(𝑋). By the closure of PK(𝑋) underK-indexed colimits, we
see that 𝐹 is in P

K(𝑋).
In conclusion, we have shown that PK(𝑋) ≃ S𝑋

K
under the equivalence con-

structed above, as required. □

Using these lemmas we conclude our analysis of the case C = SK.
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Proposition 2.20. For any 𝑋 ∈ K0, the category SK[𝑋] ∈ CatK is self-dual.
Moreover, we have equivalences

SK[−] ≃ P
K(−) ≃ S

(−),L
K

≃ SK[−]∨,L

of functorsK0 → 𝐂𝐚𝐭K.

Proof. By Lemma 2.16 the functor SK[−] is equivalent toP
K(−), and in partic-

ular it inherits a symmetric monoidal structure. By Lemma 2.19, it is further-
more equivalent to S

(−),L
K

, whence by Proposition 2.15 it sends morphisms to
left adjoints and pullback squares to right adjointable squares. Thus, by Theo-
rem 2.5, SK[−] extends into a symmetric monoidal 2-functor

SK[−]∶ 𝐒𝐩𝐚𝐧11
2
(K0) ,,,→ 𝐂𝐚𝐭K.

By [Hau18, Theorem 1.4], every object 𝑋 ∈ 𝐒𝐩𝐚𝐧11
2
(K0) is self-dual, so we con-

clude that SK[𝑋] ∈ 𝐂𝐚𝐭K is indeed self-dual.
Turning our attention to the equivalences, note that the first is Lemma 2.16

and the second is Lemma 2.19. As for the third equivalence, since the symmet-
ric monoidal structure on 𝐂𝐚𝐭K is closed, we have

SK[−]∨ ≃ FunK(SK[−], SK)

≃ FunK(P
K(−), SK)

≃ Fun(−, SK)

≃ S
(−)
K
,

where we have used that PK is left adjoint to the inclusion CatK ⊂ Cat. □

Finally, we prove the case of constant colimits.

Proposition 2.21. There is an equivalence

C[−] ≃ C(−),L

of functorsK0 → 𝐂𝐚𝐭K.

Proof. First, note that as the symmetric monoidal structure on𝐂𝐚𝐭K preserves
colimits in each coordinate, we have

C[−] ≃ SK[−] ⊗K C.
Second, observe that the functor

−⊗K C∶ CatK ,,,→ CatK
is colimit preserving and CatK-linear. Via the symmetric monoidal functor
P
K∶ Cat → CatK, it is also Cat-linear, that is, a morphism in ModCat(PrL).

Thus, using [Hei23, Theorem 1.2] we conclude that it enhances into a 2-functor

−⊗K C∶ 𝐂𝐚𝐭K ,,,→ 𝐂𝐚𝐭K.
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We get the following chain of equivalences

C[−]R ≃ (SK[−] ⊗K C)R

≃ SK[−]R ⊗K C

≃ SK[−]∨ ⊗K C

≃ FunK(SK[−],C)

≃ FunK(P
K(−),C)

≃ Fun(−,C)
≃ C(−),

where the first step follows from equivalence above, the second step follows
from Proposition 2.11 using the 2-functoriality of −⊗K C, the third is Proposi-
tion 2.20, the fourth is by duality, the fifth is by Lemma 2.16, and the sixth is by
the fact that PK is left adjoint to the inclusion CatK ⊂ Cat. The claim follows
by passing to left adjoints. □

2.3. Lifting to iterated spans. Our next goal is to lift the functor

𝐂𝐚𝐭(−)
K
∶ K

op
0 ,,,→ 𝐂𝐚𝐭2,

sending 𝑋 to 𝐂𝐚𝐭𝑋K and 𝑓∶ 𝑋 → 𝑌 to 𝑓∗∶ 𝐂𝐚𝐭𝑌K → 𝐂𝐚𝐭𝑋K, to a 3-functor
from 𝐒𝐩𝐚𝐧21

2
(K0). Recall from Proposition 2.15 that 𝐂𝐚𝐭(−)

K
satisfies the Beck–

Chevalley condition, so Theorem 2.4 already provides a lift

𝐂𝐚𝐭(−)
K
∶ 𝐒𝐩𝐚𝐧11

2
(K0) ,,,→ 𝐂𝐚𝐭2,

which we use in the proof of the following lemma.

Lemma 2.22. Let 𝑓∶ 𝑋 → 𝑌 be a map inK0. The counit map

𝑐𝑓 ∶ 𝑓!𝑓∗ ,,,→ Id𝐂𝐚𝐭𝑌K

is a left adjoint in the 2-category 𝐄𝐧𝐝(𝐂𝐚𝐭𝑌K).

Proof. The exponential adjunction gives an equivalence of 2-categories

𝐄𝐧𝐝(𝐂𝐚𝐭𝑌K) ≃ 𝐅𝐮𝐧(𝑌 × 𝐂𝐚𝐭𝑌K, 𝐂𝐚𝐭K).

Therefore, by [AGH25, Corollary 4.2.12], 𝑐𝑓 is a left adjoint if and only if
(1) for every 𝑦 ∈ 𝑌 and C∙∶ 𝑌 → 𝐂𝐚𝐭K, the map

𝑐𝑓 ∶ (𝑓!𝑓∗C∙)𝑦 ,,,→ C𝑦

is a left adjoint, and
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(2) for every 𝑦 → 𝑧 in 𝑌 and 𝐹∙∶ C∙ → D∙ in 𝐂𝐚𝐭𝑌K, the following commu-
tative square is right adjointable

(𝑓!𝑓∗C∙)𝑦 (𝑓!𝑓∗D∙)𝑧

C𝑦 D𝑧

𝑐𝑓 𝑐𝑓

For the first part, we begin by identifying the map in question. Let 𝑋𝑦 ∶=
𝑋 ×𝑌 pt be the fiber of 𝑋 over 𝑦, and denote by 𝑓𝑦 ∶ 𝑋𝑦 → pt the unique map.
Recall that in the 2-category 𝐒𝐩𝐚𝐧11

2
(K0), the counit map 𝑐𝑓 is the 2-morphism

𝑋

𝑌 𝑌

𝑌

𝑓 𝑓

𝑓

The evaluation of 𝑐𝑓 at 𝑦 amounts to pulling-back along 𝑦∶ pt → 𝑌, that is,
considering the composition of maps of spans appearing on the left in the fol-
lowing diagram, which is in turn equivalent to the composition appearing on
the right.

𝑋 pt pt 𝑋𝑦

𝑌 𝑌 pt ≃ 𝑌 pt pt

𝑌 pt pt pt

𝑓 𝑓

𝑓

𝑦 𝑦 𝑓𝑦 𝑓𝑦

𝑓𝑦

𝑦 𝑦

This shows that the map

𝑐𝑓 ∶ (𝑓!𝑓∗C∙)𝑦 ,,,→ C𝑦

is equivalent to the map

𝑐𝑓𝑦 ∶ 𝑓𝑦!𝑓
∗
𝑦C𝑦 ,,,→ C𝑦.

By Proposition 2.13, the latter is equivalent to the map

C𝑦[𝑋𝑦] ,,,→ C𝑦.

By Proposition 2.21, this is equivalent to the colimit functor

colim
𝑋𝑦

∶ C
𝑋𝑦
𝑦 ,,,→ C𝑦,

which is left adjoint to the constant diagram functor, concluding the first part.
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For the second part, note that since 𝑌 is a space, the morphism 𝑦 → 𝑧 is
an isomorphism, so we may assume that 𝑦 = 𝑧. As in the first part, Proposi-
tion 2.13 and Proposition 2.21 identify the square in question with

C
𝑋𝑦
𝑦 D

𝑋𝑦
𝑦

C𝑦 D𝑦

𝐹𝑦

colim𝑋𝑦 colim𝑋𝑦

𝐹𝑦

It is clear that this is right adjointable, as the constant diagram functor com-
mutes with applying 𝐹𝑦, concluding the proof. □

We now prove our main theorem.

Theorem 2.23. The functor

𝐂𝐚𝐭(−)
K
∶ K

op
0 ,,,→ 𝐂𝐚𝐭2,

extends to a 3-functor

𝐂𝐚𝐭(−)
K
∶ 𝐒𝐩𝐚𝐧21

2
(K0) ,,,→ 𝐂𝐚𝐭2.

Proof. To avoid opposites and stay closer to Stefanich’s formulation of Theo-
rem2.8, weworkwith the left adjoint functoriality. More precisely, as explained
above, we already have a lift

𝐂𝐚𝐭(−)
K
∶ 𝐒𝐩𝐚𝐧11

2
(K0) ,,,→ 𝐂𝐚𝐭2,

and we wish to further lift it to 𝐒𝐩𝐚𝐧21
2
(K0), so it suffices to check that its re-

striction along K0 → 𝐒𝐩𝐚𝐧11
2
(K0) satisfies the 2-fold left Beck–Chevalley con-

dition. While we do not have a coherent description of this restriction similar to
Proposition 2.10, the description of adjunction data in the 2-category of spans
𝐒𝐩𝐚𝐧11

2
(K0) (see for example [Ste20, Proposition 3.3.1]) shows that it is given

point-wise by passing to left adjoints. That is, it sends an object 𝑋 ∈ K0 to
𝐂𝐚𝐭𝑋K, a morphism 𝑓∶ 𝑋 → 𝑌 to the left Kan extension 𝑓!∶ 𝐂𝐚𝐭𝑋K → 𝐂𝐚𝐭𝑌K,
and a 2-morphism 𝑓 ≃ 𝑔 to the canonical 2-morphism 𝑓! ≃ 𝑔!.
With this in mind, we check the 2-fold left Beck–Chevalley condition, so let

𝑃 𝑌

𝑋 𝑍

𝑓′

𝑔′
⌟

𝑔

𝑓
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be a pullback square in K0, and let us denote by ℎ∶ 𝑃 → 𝑍 the composite
𝑓𝑔′ ≃ 𝑔𝑓′. The functor in question sends this to the commutative square

𝐂𝐚𝐭𝑃K 𝐂𝐚𝐭𝑌K

𝐂𝐚𝐭𝑋K 𝐂𝐚𝐭𝑍K

𝑓′!

𝑔′! 𝑔!

𝑓!

which we need to show is 2-fold right adjointable. The morphisms in the dia-
gram admit right adjoints 𝑓∗, 𝑓′∗, 𝑔∗, 𝑔′∗, and the square is right adjointable by
[HL13, Proposition 4.3.3]. It remains to show that the commutative square

ℎ!ℎ∗ 𝑓!𝑓∗

𝑔!𝑔∗ Id𝐂𝐚𝐭𝑍K

𝑐𝑔′

𝑐𝑓′ 𝑐𝑓

𝑐𝑔

in 𝐄𝐧𝐝(𝐂𝐚𝐭𝑍K) is right adjointable. The fact that the vertical morphisms are left
adjoints is Lemma 2.22, and it remains to check the Beck–Chevalley condition.
Since the Beck–Chevalley morphism is a natural transformation, we may

check that it an isomorphism on each component, i.e. evaluate at some C∙ ∈
𝐂𝐚𝐭𝑍K. By the same logic, we may further evaluate at some 𝑧 ∈ 𝑍. Thus, we
need to check the Beck–Chevalley condition for the square

(ℎ!ℎ∗C∙)𝑧 (𝑓!𝑓∗C∙)𝑧

(𝑔!𝑔∗C∙)𝑧 C𝑧

𝑐𝑔′

𝑐𝑓′ 𝑐𝑓

𝑐𝑔

Let𝑋𝑧 ∶= 𝑋×𝑍 pt denote the fiber of𝑋 over 𝑧, and similarly for 𝑌𝑧 and 𝑃𝑧, and
observe that 𝑃𝑧 ≃ 𝑋𝑧 × 𝑌𝑧. Arguing as in the proof of Lemma 2.22 using the
lift to 𝐒𝐩𝐚𝐧11

2
(K0), and applying Proposition 2.13 and Proposition 2.21, we see

that the square is equivalent to the square

C
𝑋𝑧×𝑌𝑧
𝑧 C

𝑋𝑧
𝑧

C
𝑌𝑧
𝑧 C𝑧

where all morphisms are given by left Kan extension. This square indeed satis-
fies the Beck–Chevalley condition as explained in Proposition 2.15, concluding
the proof. □



388 SHAY BEN-MOSHE

2.4. Consequences. We now turn to the proof of Theorem A, showing that
K0-shaped limits and colimits coincide in 𝐂𝐚𝐭K. In fact, the isomorphism be-
tween them can be described explicitly via the twisted norm map, whose con-
structionwe briefly recall. We refer the reader to [BM24, Definition 2.15] for the
definition appearing here, and to [Cno23] for a more detailed recent account of
norm maps.

Definition 2.24. LetD be a category with all small limits and colimits, and let
𝑓∶ 𝑋 → 𝑌 be a map of spaces. Consider the commutative diagram

𝑋

𝑋 ×𝑌 𝑋 𝑋

𝑋 𝑌

∆

𝜋2

𝜋1
⌟

𝑓

𝑓

We define the dualizing map to be

𝐷𝑓 ∶= 𝜋1∗∆!∶ D𝑋 ,,,→ D𝑋 .
We define the twisted norm map

Nm𝑓 ∶ 𝑓!𝐷𝑓 ,,,→ 𝑓∗
between functorsD𝑋 → D𝑌 to be the composite

𝑓!𝐷𝑓 ∶= 𝑓!𝜋1∗∆!
𝑢𝑓
,,,→ 𝑓∗𝑓∗𝑓!𝜋1∗∆!

∼,,,→ 𝑓∗𝜋2!𝜋∗1𝜋1∗∆!
𝑐𝜋1,,,→ 𝑓∗𝜋2!∆! ≃ 𝑓∗

of the unit, Beck–Chevalley, and counit maps.
Specializing to the case of the terminal map 𝑋 → pt, the twisted norm map

takes the form
Nm𝑋 ∶ colim

𝑋
(𝐷𝑋(−)) ,,,→ lim

𝑋
(−).

With these in place, we go back to the caseD = 𝐂𝐚𝐭K.

Proposition 2.25. Let 𝑋 ∈ K0. The dualizing map is canonically isomorphic to
the identity 𝐷𝑋 ≃ Id𝐂𝐚𝐭𝑋K , and the norm map induces an equivalence

Nm𝑋 ∶ colim
𝑋

C∙
∼,,,→ lim

𝑋
C∙ ∈ 𝐂𝐚𝐭K,

natural in diagrams C∙∶ 𝑋 → 𝐂𝐚𝐭K.

Proof. The 3-functor from Theorem 2.23 sends the span pt ← 𝑋 = 𝑋 to the
constant diagram functor

𝐂𝐚𝐭K ,,,→ 𝐂𝐚𝐭𝑋K.
Recall that in the 3-category 𝐒𝐩𝐚𝐧21

2
(K0), this span is both left and right ad-

joint to the span 𝑋 = 𝑋 → pt. We thus conclude that the two adjoints of
the constant diagram functor are naturally equivalent, namely that the colimit
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and limit functors coincide. Moreover, [BM24, Proposition 2.24] shows that
the dualizing map is the identity, and that the equivalence is given by the norm
map. □

As an example, this reproves the case of presentable categories, only by know-
ing that the inclusion PrL ⊂ Ĉat preserves limits (i.e. without knowledge about
colimits).

Proposition 2.26. Let 𝑋 be a (small) space. The dualizing map is canonically
isomorphic to the identity 𝐷𝑋 ≃ Id(PrL)𝑋 , and the norm map induces an equiva-
lence

Nm𝑋 ∶ colim
𝑋

C∙
∼,,,→ lim

𝑋
C∙ ∈ PrL

natural in diagrams C∙∶ 𝑋 → PrL.

Proof. Consider the diagram as landing in the larger category PrL ⊂ Ĉatall of
all cocomplete categories and colimit preserving functors. By applying Propo-
sition 2.25 to the large categories version withK0 = S andK = Cat, the corre-
sponding statement holds in Ĉatall. It thus suffices to show that the inclusion
PrL ⊂ Ĉatall preserves these limits and colimits.
For the limit, recall that the inclusion PrL ⊂ Ĉat preserves limits by [Lur09,

Proposition 5.5.3.13], and so does the inclusion Ĉatall ⊂ Ĉat by [Lur09, Corol-
lary 5.3.6.10]. Thus, the inclusion PrL ⊂ Ĉatall preserves limits.
Now, as the colimit colim𝑋 C∙ computed in Ĉatall is equivalent to the limit

lim𝑋 C∙, we learn that it lands in PrL. Therefore, since PrL ⊂ Ĉatall is a full
subcategory, the same cocone exhibits it as the colimit in PrL, as required. □
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