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Non-realizability of a triple Massey product
for the algebra [,|a, b, c|/(ab, bc)

Eivind Xu Djurhuus and Gereon Quick

ABSTRACT. We show that an often used example of a cohomology algebra
with non-vanishing triple Massey product is intrinsically A;-formal and there-
fore, in fact, cannot be realized as the cohomology of a differential graded
algebra with non-vanishing triple Massey product. We prove this result by
computing the graded Hochschild cohomology group which contains the po-
tential obstruction to the vanishing.
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1. Introduction

Let C* be a differential graded [,-algebra (DGA) with differential § and co-
homology algebra H*. Let a, b, c be cohomology classes such thata U b = 0
and b U c = 0. We recall that the Massey product {a, b, c) is defined as fol-
lows. Let A, B, C be cocycles representing a, b, c, respectively, and let E,
and Ej. be cochains such that 6E,, = A U B and 6E,. = B U C. The set
M :={A,B,C,E,,, Ep.}is called a defining system for the triple Massey product
ofa, b, and c. The cochain AUE,.+E,,UC is a cocycle. We write(a, b,c)y; € H*
for the corresponding cohomology class. The triple Massey product {a, b, c) is
the set of all cohomology classes (a, b, ¢)), for all such defining systems M. The
class {(a, b, c)); depends on the choice of the defining system M. The image in
the quotient H* /(aUH " + H" Uc), however, is uniquely determined by a, b, and
c. We say that(a, b, ¢) vanishes if its corresponding classin H* /(aUH* + H" Uc)
is zero. Massey products play an important role in the classification of DGAs
with a given cohomology ring.
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To construct the simplest commutative graded algebra which may be realized
as the cohomology of a DGA with a non-vanishing Massey product, one may
consider F,[a, b, c]/(ab, bc) with a, b, ¢ elements in degree one. We have ab =
0 and bc = 0by construction, and hence (a, b, c) is defined. We may then expect
that it may be possible to find a DGA such that {a, b, ¢) does not vanish. In this
note, however, we show that the Massey product{a, b, ¢) always vanishes. More
precisely, our main result is the following theorem. Recall that a differential
graded algebra is called As-formal if the minimal A, -model of C* has a trivial
homotopy associator m; (see e.g. [8], [13], and Section 2).

Theorem 1.1. Let C° be a differential graded algebra over [, with cohomology
algebra isomorphic to F,[a, b, c]/(ab, bc). Then C* is Az-formal. Thus, all triple
Massey products for C* vanish. In particular, the triple Massey product {a, b, c)
vanishes for C°.

Our interest in the realizability of triple Massey products grew out of the
work of Hopkins-Wickelgren in [4] on triple Massey products in Galois coho-
mology. The latter has inspired a lot of research in recent years, see for example
[10] and [11].

Remark 1.2. One may consider other [F,-algebras and ask whether they real-
ize a non-trivial Massey product. Since the definition of the Massey product
does not require distinct elements, we may first consider the algebra F,[a]/(a?)
with just one generator. However, [F,[a]/(a?) is zero in degree two, and hence
(a,a,a) must vanish. The algebra [F,[a, b]/(ab) is a Boolean graded algebra
in the sense of [12, Definition 6.1]. More generally, any algebra of the form
F,lai,...,a,]/I where I is the ideal generated by all products a;a; for i # j is
a Boolean graded algebra. The algebra [F,[a, b]/(a?, ab) is a connected sum of
a dual and a Boolean graded algebra in the sense of [12, Section 6]. All these
algebras are intrinsically A, -formal by [12, Theorem 7.13] and do not allow for
non-vanishing Massey products.

We now outline the proof of Theorem 1.1 and thereby describe the content
of the paper. For the whole manuscript, we assume that all algebras and vec-
tor spaces are over [,. The differentials in complexes of algebras and mod-
ules, except the bar complex, raise the degree by one. In Section 2 we recall
the Hochschild cohomology of graded algebras and construct the Hochschild
cohomology class [m;] € HH3’_1(H *(€C*)) associated to a differential graded
algebra C*. We note that [m;] equals the canonical class of ¢* introduced by
Benson-Krause-Schwede in [2] as an obstruction for the realizability of mod-
ules over Tate cohomology. We then show that €* is As-formal if and only if
[m3] is zero. For the latter, we assume familiarity with some basic theory of
A-algebras. In Section 3 we recall the definition of Koszul algebras and show
that F,[a, b, c]/(ab, bc) is Koszul. Knowing that an algebra is Koszul simplifies
the task to compute its Hochschild cohomology significantly. In Section 4 we
prove Theorem 4.1 which states that HH3’_1([F2[a, b,c]/(ab, bc)) = 0 by com-
puting the image and the kernel of the differential in the Hochschild complex.
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Theorem 4.1 then implies Theorem 1.1.

Acknowledgement. We thank Mads Hustad Sandey for helpful conversa-
tions. We are grateful to the anonymous referee for comments and suggestions
that helped to improve the manuscript.

2. Hochschild cohomology and Massey products

Let A be a graded unital [F,-algebra. We recall that the bar resolution B(A)
of A is the non-negative chain complex of free graded A-bimodules given by
B,(A) := A®"*2 for n > 0. The differential d,, : B,,(A) — B,_;(A) is given by

a0®...®an+1H2a0®---®aiai+1®---®an+1- (1)

i=0
We write A° = A® A%. Note that A®"2? ~ A°® A®" as a graded A-bimodule,
hence B(A) indeed consists of free modules.

Proposition 2.1. The bar resolution B(A) is a free resolution of A as a graded
A-bimodule.

Proof. It suffices to show that the extended complex B(A) is acyclic, where
B(A) is extended from B(A) by adjoining B_;(A) := A in degree —1 via the
multiplication map u: A ® A — A. We claim that the map h : B(4) — B(A)
of degree 1 given by

QR R 1P 1Q®AR - ®ay
is a contracting homotopy i.e., dh + hd = 1. Indeed, we compute directly that
dh(ap® - ®apt1) =4y ® - ® Ay —hd(ay ® -+ ® a,). O

Definition 2.2. Let M and N be graded A-bimodules. We define Hom A(M ,N)
as the graded [F,-vector space with degree s component given by A-linear graded
maps f: M — N|s], where N[s] is the graded A-module given by N[s]" =
Ns+n.

Definition 2.3. Let M be a graded A-bimodule. We define the Hochschild
cohomology HH™" (A, M) as the nth cohomology of the cochain complex

Hom , (B(A), M)

of graded [F,-vector spaces with differential §"(f) = fod, where d,, is the dif-
ferential of B(A). When M = A we will write HH(A) := HH(A, A).

We note that the groups HH™"(A, M) are equipped with a cohomological
grading, and an internal grading induced by the grading of A and M. We can
describe HH™*(A, M) more concretely as follows. Using the natural contracting
isomorphism

Hom  (A° ® A®", M) = Ho_m[FZ(A‘g’”,M)
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we see that HH™"(A, M) is isomorphic to the nth cohomology of the complex

SN I_I()—mFZ(A®n_1’M) i I_I()—mFZ(A®n’M) i HO—m[FZ(A®n+1’M) — e,
()
where the differentials are given by
INa; @+ ®any1) =a1f(a; ® - @ ayy1)

+ 2, (@ ® - ® a1y ® -+ ® Apyr)
i=1

+fla; ® - ® ap)ay.

Remark 2.4. By Proposition 2.1, we see that HH(A, M) computes the graded Ext
modules Ext (A, M). In particular, we can compute HH(A, M) using any free
resolution of A as a graded A-bimodule.

We now assume that the reader is familiar with A -algebras. For an intro-
duction to the theory of A -algebras and references with all details we refer to
[8]. Let (€C*, 8, V) be a differential graded algebra (DGA) over [, with cohomol-
ogy algebra H*. By the work of Kadeishvili [5, 6] (see also [7], [8], and [9]), one
can equip H* with the structure of an A -algebra (H*, {m, },~,) such that m; =

0 together with a quasi-isomorphism of A -algebras (H*,{m,}) — (C*,5,U).
The A -algebra (H*,{m,}) is called a minimal model of (C*,5,U). Since any
two minimal models of (C*, 8, U) are isomorphic as A -algebras, we speak of
the minimal model from now on. A DGA is called A, -formal, or formal as an
A -algebra, if its minimal model can be chosen such that m,, = 0 foralln > 3.
We now consider the following weaker notion.

Definition 2.5. Let C* be a DGA. We say that C* is Az-formal if its minimal
model can be chosen such that m; = 0.

We refer to [13] for a more detailed discussion of A;-formality. We recall the
following special case from [3, Theorem C]. Let a,b,c € H* be cohomology
classes such thataub =0andbuc =0. Then m;(a ® b ® ¢) € {a, b, ¢). This
implies the following well-known fact.

Proposition 2.6. Let C* be a DGA with cohomology algebra H*. Leta,b,c € H*
be cohomology classes such thata Ub = 0and b U c = 0. Assume that C* is
As-formal. Then the triple Massey product {a, b, c) contains zero. (|

Let C* be a DGA with cohomology algebra H*. We note that my : (H*)®? —
H*[-1] is a graded map which we can construct as follows (see for example
[2, Section 5], [9], [13]). We choose an [,-linear graded map f,: H* — Kerd
which induces the identity when taking cohomology. Since f; is multiplicative
on cohomology, we can find a graded F,-linear map f,: H* @ H' — C° of
degree —1 satisfying

8(f2(a® b)) = f1(aub) + f1(a) U f1(b).
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Now we define a graded F,-linear map @5 : (H*)®3 — €*[—1] by

D3;(a®b®c) = fr(a)f2(b®c) + f(a®Db)f1(c) + f((ab) ® ¢ + a ® (bc))
(3)

for all homogeneous elements a, b,c € H* where we write xy for the product
x Uy to shorten the notation. We check that ®; has image in the cocycles of ¢,
and hence ®; induces a graded map [®;]: (H*)® — H'[-1]. We set m; :=
[®5]. By [2, Proposition 5.4], m5 is a cocycle in the complex (2). By [2, Corollary
5.7], the corresponding Hochschild cohomology class [m;] € HH>'(H") is
independent of the choice of f, and f,, and it is called the canonical class of C*
following Benson-Krause-Schwede who studied this class as an obstruction to
the realizability of modules over Tate cohomology in [2]. The following result
is a modified version of Kadeishvili’s theorem [6] (see also [13, Theorem 3.9],
and [15, Theorem 4.7]).

Theorem 2.7. Let C* be a DGA with canonical class [m;] € HH>"'(H"). Then
C* is As-formal if and only if [m;] = 0.

Proof. If C* is A;-formal then m; is a trivial cocycle, and the class of m; van-
ishes in HH* '(H"). Now we assume that [m;] = 0in HH>"'(H"). We may
assume that ®; and hence m; is constructed using maps f;, f, as in (3). Then
there exists an [F,-linear map 7 : (H*)®? — (Ker §)[—1] such that 8%[n] = m;
as maps (H*)®? — H'[-1]. We set f, = f, + 7. We note that f, satisfies

6f(a®b) = 6(fr(a®b) +n(a®b)) = f1aub) + f1(a) U f1(b)

since o7y = 0. We then define the map ®; by replacing f, with f5, i.e., we
define

P:(a®b®0) := f1(a)f,(b®c)+ frla®b)f1(c) + f>((ab) @ c + a  (bc))

for all homogeneous elements a, b,c € H* where we again write xy for x U y
to shorten the notation. We then have

(@3- ®3)a®b®c)
= f1(a)n(b ® c) +n(a ® b)f1(c) + n((ab) ® ¢ + a & (bc)).

By definition of 8% and the assumption on 7, this implies ®; = ®; — 3%y = 0 as
maps (H*)®3 — H'[-1]. O

As a direct consequence we get:

Corollary 2.8. Let A be a graded algebra with HH> '(A) = 0. Then every DGA
C* whose cohomology algebra is isomorphic to A is Az-formal. (]

By Proposition 2.6 and Corollary 2.8, in order to show Theorem 1.1 it will
suffice to show HH3’_1([F2[a, b,c]/(ab,bc)) = 0. This is what we now set out
to prove.



354 EIVIND XU DJURHUUS AND GEREON QUICK

3. Koszul algebras

Let V denote a finite-dimensional [,-vector space, and let T(V') denote its
graded tensor algebra over F,. For R C V ® V, let (R) denote the two-sided
ideal in T(V') generated by R. We recall from [14] that a graded algebra of the
form T(V')/(R) is called a quadratic algebra. For any quadratic algebra we can
define the following chain complex of free graded A-bimodules.

Definition 3.1. Let A = T(V)/(R) be a quadratic algebra. For n > 0 and
1<i<n-1,let
Xln = V@i—l ® R ® V®l’l—i—1 g V®n (4)

and

n—1

Ky, =) Xrcven

i=1
Here we interpret the empty intersection as the whole space, i.e., K(’) =[F, and
K{ = V. The Koszul complex K(A¢, A) of A is defined as the non-negative chain
complex of graded A-bimodules with

K, (A%, A)=AQK, ® A,
and differential d,, induced by the one in the bar resolution B(A), i.e.,
d;:a®@u® - Q, @b~ av; @V, @ QV, @b+a®v; @ - Qv,b.

Note that for the differential d,, in the Kozul complex, the middle terms of
the bar construction differential, see Equation (1), vanish. This is because each
product v;v;,; in a middle term has its factors v;, v;; in the space of relations
R, so the product v;v;,; vanishes in A, which is where the product in the ex-
pression of the differential is taking place.

Definition 3.2. A quadratic algebra A is called Koszul if its Koszul complex
K(A¢, A) is a resolution of A as a graded A-bimodule, i.e., if H,(K(A¢ A)) =0
forn > 0 and Hy(A%, A) = A.

We will now show that A = F,[a, b, c]/(ab, bc) is Koszul. Consider the [F,-
vector spaces V .= Span[Fz{a, b,c}and

R :=Span[Fz{a®b,b®a,c®b,b®c,a®c+c®a}gV®V,

chosen such that we can identify A with T(V)/(R). In particular, we see that
the algebra A is quadratic.

Lete := a®c+c®a. To find a convenient linear basis for V®", we introduce
the set B" consisting of strings x = x; --- x; of symbols from the set {a, b, c, e}
such that |x;| + -+ + |xx| = n and ca does not occur as a substring of x. Here
|x;| denotes the degree of the symbol x;, so |a] = |b] = |¢| = 1 and |e| = 2. We
identify the strings in B" with tensors in V®". As an example we see that

B2={a®a,a®b,a®c,b@a,b@®b,bRc,c®b,c®c,e}

Lemma 3.3. For each n, the set B" is a basis for V®".
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Proof. From the basis{a, b, c} of V we obtain a standard basis of V®" consisting
of the pure tensors in the symbols {a, b, c}. We will show that we can obtain B"
from this standard basis using only elementary column operations, from which
it follows that B" is also a basis. Starting from the standard basis, we can replace
each occurrence of ¢ ® a with e by adding a suitable linear combination of the
standard pure tensors. More formally, we do this using induction.
For i > 0, let B™ be the set of strings x; --- X in the symbols {a, b, c, e} satis-

fying the conditions:

P R Y

« there are at most i occurrences of e,

« the substring ca only occurs after all the e’s,

« if there are less than i occurrences of e, there are no occurrences of ca.

We see that B0 is the standard basis, while B = B" for large enough i (e.g.,
for i > n/2). We will show that each B8™*! can be obtained from B™ using
only elementary column operations, where we have identified the strings with
tensors in V®", We obtain B"*1 from B™! in the following manner. If x € B"™
has no occurrences of ca, then we already have x € B+l 50 we do nothing.
Otherwise, there are precisely i occurrences of e and at least one occurrence
of ca in x. Consider the string x” obtained by replacing the first occurrence
of ca with ac. We see that x’ € 8™ and we add x’ to x to obtain the tensor
x' + x € B™*1, All tensors in B™*! can be obtained in precisely one of these
two ways, and thus we obtain B"™*! from B"™! as wanted. O

We now define certain subsets of 8" which we will show are bases for the
spaces X' from Equation (4). For 1 <i < n — 1, let B/ consist of the strings in
B" where the (i,i + 1)-part is in R, where we count e with multiplicity 2. More
precisely, for a string x € B" and an integeri, 1 < i < n, we obtain a symbol x;
by the following process. We first modify the string x into a string x’ of length
n by doubling every occurrence of e in x, and we then set x(;y = xlf . We can now
define

23;1 = {x € B" | x(;»X(+1) € {ab, ba,cb, bc, eb, be, ee}}.
For instance, for the string x = bebe we get that x’ = beebee such that, e.g.,

X4 = b, and we see that x € B? foralll <i<S5.
Now we can prove the main result of this section.

Proposition 3.4. The quadratic algebra A = F,[a, b,c]/(ab, bc) is Koszul.

Proof. We will show that, for each n > 0, the basis B" of V®" distributes over
the subspaces X7, ..., X}, i.e., for each X' the subset B]' C B" forms a basis
for Xl.”. By the work of Backelin in [1], see also [14, Chapter 2, Theorem 4.1],
this implies that A is Koszul. By definition, X = V®~!' @ R® V"~'"!, hence
from the standard basis of V and the basis R = {a®b,b®a,c®b,b®c, e} of R,
we obtain a basis of X l" This basis consists of strings x in the symbols {a, b, c, e}
with e only possibly occurring as the i-th symbol and with x;yX(;1+1) € R, where
X(;) is the notation introduced above to define B!". Using a similar induction



356 EIVIND XU DJURHUUS AND GEREON QUICK

argument as in the proof of Lemma 3.3, we replace each occurrence of ca with
e in this basis using only elementary column operations to obtain a new basis
for X;". This gives precisely the set B]' C B", which shows that B" distributes
X7 X O

Remark 3.5. As a consequence of the proof of Proposition 3.4 we see that B/, :=
ﬂ::ll B! is a basis for K, = ﬂ::ll X". This basis B;, can be explicitly described
as the set of strings x; --- x; in the symbols {a, b, c, e} satisfying that |x;| + --- +
|x;| = n and that the symbols in the string alternate between b and a symbol
from the set {a, c, e}. For example, we get

B; = {aba, abc, cba, cbc, bab, beb, eb, be} (5)

and
23"l = {abab, abch, bcba, bcbe, baba, babce, cbab, cbeb, abe, eba, cbe, ebe, beb}.
(6)

4. Proof of the main result

By Proposition 2.6 and Corollary 2.8, Theorem 1.1 will follow from the fol-
lowing:

Theorem 4.1. We have HH3’_1([F2[a, b,c]/(ab,bc)) = 0.

Proof. Since A is Koszul, the natural inclusion K(A¢, A) & B(A) is a quasi-
isomorphism. Hence we can compute HH(A) as the cohomology of the com-
plex Hom e (K(A¢,A), A). We first observe that we have
K(A%A),=AQK, @ A= A°QK],
as graded A-bimodules. Using the contracting isomorphism
e ! ~ i
HomAe(A ®K;,,A) = Hom[FZ(Kn,A)

of graded vector spaces we see that HH(A) can be computed as the cohomology
of the following complex of graded vector spaces:
n—1

an
!/ / !/
RN Hom[Fz(Kn_l,A) —_— Homle(Kn,A) — Hom[Fz(KnH,A) - ..

where the differential 9" is given by
()1 @+ @ Upy1) = V1 f (L ® - @ Vpy1) + f(U1 ® -+ ® VIV
To compute HH? ’_l(A) = 0, we need to show that

! 1 3 / 2 & / 3
Homg (K}, A*) — Homg (K3, A*) — Homg, (K, A”)

is exact in the middle, i.e., Im % = Ker 93.

First we will describe Kerd3. To do so, we use the following notation for
elements in the bases B, and B of K} and K], respectively. Since a and ¢
play symmetrical roles in A, we will introduce the notation (a|c) to mean that
each of a and c can be used in the expression. For example, for a map f &€
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Homg, (K’, A?), the equation f((a|c) ® b) = 0 would mean that we have two
equations f(a® b) = 0and f(c ® b) = 0. If there are several instances of (a|c)
in the expression, each instance can be replaced by a or ¢ independently of each
other.

Lemma 4.2. Amap f € Homg (K}, A?) lies in Ker 8° if and only if it satisfies
the following relations:

f(b ® (ale) ® b) € Span,. {b%, (i)

f((ale) ® b ® (alc)) € Span, {a%, ac, ¢}, (i
a(fc®b®a)+ f(e®@b))+cf(a®b®a) =0, (iii)
c(fa®b®c)+ f(e®b) +af(c®b®c) =0, (iv)
a(fa®b®c)+ f(b®e)+cfa®b®a) =0, )
c(fc®b®a)+ f(b®e)+af(c®b®c)=0, (vi)
fle®b)+ f(b®e) € Span[Fz{az, ac,c?}. (vii)

Proof. Amap f € Homg, (K}, A?)is in the kernel of 6* if and only if 3°(f) van-
ishes on all elements of the basis Bg. We now evaluate 83(f) on B 2 as described
in (6). First, since (a|c)b = 0 in A2, the equation
B (H(ale)®bR(alc)®b) = (ale)f(b®(alc)®@b)+ f((alc)®b®(alc))b =0
implies
f(b® (alc) ® b) € Spang. (b2,

and

f((ale) ® b ® (alc)) € Spang. {a®, ac,c?}.

The equation 33(f)(b ® (alc) ® b ® (alc)) = 0 gives the same relations. This
shows that (i) and (ii) are necessary and sufficient. Second, (iii) and (iv) are
imposed by the equations

F(f)e®@bR®a)=af(c®b®a)+cf(a®bRa)+ f(e®@b)a=0
and

F(e@b®c)=af(c®b®c)+cfla®b®c)+ fle®b)c=0.
Similarly, (v) and (vi) are imposed by the equations

F(a®bRe)=af(b®e)+ f(a®b®a)+ f(a®b®c)a=0
and

F(Nc@®bRe)=cf(bRe)+ f(c®bR®a)+ f(c®b®c)a=0.
Finally, the condition

*(f)b®e®b)=bf(e®@b)+ f(b®e)b =0

gives the relation f(e ® b) + f(b®e) € Span[Fz{az, ac,c?}which is (vii). O
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Notation 4.3. Forv € B/, and x € Al we write F,(v; x) for the map in
Homg (K}, A") sending v to x and other basis vectors in B;, to zero.

Lemma 4.4. The set of maps
83 1= {0%(Fa(b ® a;b)) = F3(b ® a ® b; b?),
6%(F,(b @ ¢; b)) = F3(b @ ¢ ® b; b),
0%(Fy(e; b)) = F3(b @ e;b?) + F3(e @ b; b?),

0%(F,(c ® b;a)) = F3(e ® b;a?) + F5(c ® b ® a;a®) + F5(c ® b ® c; ac),
0%(F,(b®c;a)) = F3(b ® e;a?) + F3(a ® b ® c;a?) + F5(c ® b ® c; ac),
0%(Fy(a ® b;a)) = F3(e ® b;ac) + F3(a® b ® c;ac) + F3(a ® b ® a;a?),
3*(Fy(a®b;c)) = F3(e @ b;c?) + F3(a® b @ ¢;¢?) + F3(a ® b ® a; ac),
0*(Fy(b® a;¢)) = F3(b ® e;¢?) + F3(c ® b ® a;¢?) + F3(a ® b ® a; ac),
9%(F5(c ® b;c)) = Fs(e @ b;ac) + F3(c ® b ® a;ac) + F5(c ® b @ c; c?),
0%(Fy(b®c;c)) = Fy(b®e;ac)+ F3(a®b®c;ac) + F3(c® b Qc; cz)}

is a basis of Ker 3°.

Proof. We consider the set 8} of F,-linear maps K, — A? defined by
8, 1= {F3(b ® a ® b;b), F5(b ® ¢ ® b; b?), F3(b ® ¢; b%), F3(e ® b; a?), F3(b @ e;a2),
Fi(a®b ® a;a?),F5(e ® b;c?),F5(b ® e;¢?),F3(c ® b ® a;ac), F5(b ® e; ac)}.

We observe that each element of 8’3 occurs exactly once as a term in one of the
maps in 8. Since A, :={a? b?,c?,ac} C A?is a basis of A2, it follows that the
set 85 is linearly independent. It remains to show that 8; generates Ker d3. Let
f € Ker 8> be an arbitrary element. For v € B; and x € A,, let p(v; x) € [, be
the coefficient such that, for all v € Bg,

f =D e;x)x.

X€A,

Again, since each element of 8’3 occurs exactly once as a term in one of the maps
in 83, we can assume by adding a linear combination of the elements of S5 to f
that the coefficients

¢(b ® a ® b;b?), (b @ ¢ ® b; b?), p(b @ e;b*), p(e ® b; a*), p(b ® e; a?),
p(a®b® a;a?),p(e ® b;c?), p(b ® e;¢2),p(c ® b ® a;ac), p(b ® e; ac)

are all zero. Now it suffices to show that then f must be the zero map. Since
f € Kerd®, f must satisfy the relations in Lemma 4.2. We see that (i) implies
that (b ® (alc) ® b; x) = 0 for x # b2. Hence we have f(b ® (alc) ® b) = 0.
We also see that (vii) implies that (b ® e; b?) = p(e ® b; b?) = 0. We therefore
have f(b ® e) = 0. Equation (v) implies that ¢(a ® b ® a;c?) = 0, and (ii)
implies that ¢(a ® b ® a; b?) = 0. This shows that either f(a ® b ® a) = ac or
fla®b®a)=0.If f(a®b®a) = ac, then (v) implies that f(a@®bQc) = c2.
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Now (iv) forces f(e ® b) = c?, which contradicts (e ® b; c*) = 0. We thus have
f(a® b ® a) =0. From (v) and (ii), we then get f(a ® b ® ¢) = 0. From (iii)
we deduce that p(e ® b;ac) = p(c ® b ® a;ac) = 0, and hence f(e ® b) = 0.
It now follows from (iii) and (ii) that f(c ® b ® a) = 0. Finally, from (vi) and
(ii) we get f(c ® b ® c¢) = 0. This shows that f vanishes on all elements of the
basis 23;, and hence f is the zero map. O

Since the elements in the set $3 belong to the subset Im 02 of Ker 0%, Lemma
4.4 implies Im 6 = Ker 8°. This finishes the proof of Theorem 4.1. O

References

[1] BACKELIN, JORGEN. A distributiveness property of augmented algebras and some related
homological results, Ph. D. Thesis, Stockholm, 1981. 355
[2] BENSON, DAVID; KRAUSE, HENNING; SCHWEDE, STEFAN. Realizability of modules over
Tate cohomology, Trans. Amer. Math. Soc. 356 (2004), no. 9, 3621-3668. MR2055748, Zbl
1070.20060. 350, 352, 353
[3] Buws, URTZI; MORENO-FERNANDEZ, JOSE M.; MURILLO, ANICETO. A -structures and
Massey products, Mediterr. J. Math. 17, (2020), no. 1, Paper No. 31, 15 pp. MR4045178, Zbl
1439.55020. 352
[4] HOPKINS, MICHAEL J.; WICKELGREN, KIRSTEN G. Splitting varieties for triple Massey prod-
ucts, J. Pure Appl. Algebra 219 (2015), no. 5, 1304-1319. MR3299685, Zbl 1323.55014. 350
[5] KADEISHVILI, T. V. The algebraic structure in the homology of an A_-algebra, (Rus-
sian. English summary) Soobshch. Akad. Nauk Gruzin. SSR 108 (1982), no.2, 249-252.
MR720689, Zbl 0535.55005 352
[6] KADEISHVILL, T. V. The structure of the A -algebra, and the Hochschild and Harrison co-
homologies, (Russian. English summary) Trudy Tbiliss. Mat. Inst. Razmadze Akad. Nauk
Grugzin. SSR 91 (1988), 19-27 (an English version is available at arXiv:math/0210331).
MR1029003, Zbl 0717.55011. 352, 353
[7] KADEISHVILL, T. V. A -algebra Structure in Cohomology and its Applications, Lecture
notes 2023, arXiv:2307.10300. 352
[8] KELLER, BERNHARD. Introduction to A-infinity algebras and modules, Homology Homo-
topy Appl. 3 (2001), 1-35. MR1854636, Zbl 0989.18009. 350, 352
[9] MERKULOV, SERGEI A. Strong homotopy algebras of a Kdhler manifold, Internat. Math.
Res. Notices 1999, no. 3, 153-164. MR1672242, Zbl 0995.32013. 352
[10] MERKURJEV, ALEXANDER; SCAVIA, FEDERICO. The Massey Vanishing Conjecture for four-
fold Massey products modulo 2, Ann. Sci. Ec. Norm. Supér. (4) 58 (2025), no. 3, 589-606.
MR4962157, Zbl 08096906. 350
[11] MINAC, JAN AND TAN, NGUYEN DuY. Triple Massey products and Galois theory, J. Eur.
Math. Soc. 19 (2017), no. 1, 255-284. MR3584563, Zbl 1372.12004. 350
[12] PAL, AMBRUS; QUICK, GEREON. Real projective groups are formal, Math. Ann. 392 (2025),
no. 2, 1833-1876. MR4906311, Zbl 08045538. 350
[13] PAL, AMBRUS; QUICK, GEREON. A;-formality for Demushkin groups at odd primes,
Preprint, arXiv:2601.07551 (2026). 350, 352, 353
[14] POLISHCHUK, ALEXANDER; POSITSELSKI, LEONID. Quadratic algebras, University Lecture
Series, 37. American Mathematical Society, Providence, RI, 2005. xii+159 pp. ISBN:0-8218-
3834-2. MR2177131, Zbl 1145.16009. 354, 355
[15] SEIDEL, PAUL; THOMAS, RICHARD. Braid group actions on derived categories of coherent
sheaves, Duke Math. J. 108 (2001), no. 1, 37-108. MR1831820, Zbl 1092.14025. 353


http://mathscinet.ams.org/mathscinet/article?mr=2055748
http://zbmath.org/1070.20060
http://zbmath.org/1070.20060
http://mathscinet.ams.org/mathscinet/article?mr=4045178
http://zbmath.org/1439.55020
http://zbmath.org/1439.55020
http://mathscinet.ams.org/mathscinet/article?mr=3299685
http://zbmath.org/1323.55014
http://mathscinet.ams.org/mathscinet/article?mr=720689
http://zbmath.org/0535.55005
http://mathscinet.ams.org/mathscinet/article?mr=1029003
http://zbmath.org/0717.55011
http://arXiv.org/abs/2307.10300
http://mathscinet.ams.org/mathscinet/article?mr=1854636
http://zbmath.org/0989.18009
http://mathscinet.ams.org/mathscinet/article?mr=1672242
http://zbmath.org/0995.32013
http://mathscinet.ams.org/mathscinet/article?mr=4962157
http://zbmath.org/08096906
http://mathscinet.ams.org/mathscinet/article?mr=3584563
http://zbmath.org/1372.12004
http://mathscinet.ams.org/mathscinet/article?mr=4906311
http://zbmath.org/08045538
http://arXiv.org/abs/2601.07551
http://mathscinet.ams.org/mathscinet/article?mr=2177131
http://zbmath.org/1145.16009
http://mathscinet.ams.org/mathscinet/article?mr=1831820
http://zbmath.org/1092.14025

360 EIVIND XU DJURHUUS AND GEREON QUICK

(Eivind Xu Djurhuus) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OSLO, BLINDERN, 0316
OsLO, NORWAY
eivindxd@uio.no

(Gereon Quick) DEPARTMENT OF MATHEMATICAL SCIENCES, NTNU, NO-7491 TRONDHEIM,
NORWAY
gereon.quick@tnu.no

This paper is available via http://nyjm.albany.edu/j/2026/32-15.html.


mailto:eivindxd@uio.no
mailto:gereon.quick@ntnu.no
http://nyjm.albany.edu/j/2026/32-15.html

	1. Introduction
	2. Hochschild cohomology and Massey products
	3. Koszul algebras
	4. Proof of the main result
	References

