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Non-realizability of a triple Massey product
for the algebra 𝔽𝟐[𝒂, 𝒃, 𝒄]∕(𝒂𝒃, 𝒃𝒄)

Eivind Xu Djurhuus and Gereon Quick

Abstract. We show that an often used example of a cohomology algebra
withnon-vanishing tripleMassey product is intrinsically𝐴3-formal and there-
fore, in fact, cannot be realized as the cohomology of a differential graded
algebra with non-vanishing triple Massey product. We prove this result by
computing the graded Hochschild cohomology group which contains the po-
tential obstruction to the vanishing.
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1. Introduction
Let 𝒞∙ be a differential graded 𝔽2-algebra (DGA) with differential 𝛿 and co-

homology algebra 𝐻∙. Let 𝑎, 𝑏, 𝑐 be cohomology classes such that 𝑎 ∪ 𝑏 = 0
and 𝑏 ∪ 𝑐 = 0. We recall that the Massey product ⟨𝑎, 𝑏, 𝑐⟩ is defined as fol-
lows. Let 𝐴, 𝐵, 𝐶 be cocycles representing 𝑎, 𝑏, 𝑐, respectively, and let 𝐸𝑎𝑏
and 𝐸𝑏𝑐 be cochains such that 𝛿𝐸𝑎𝑏 = 𝐴 ∪ 𝐵 and 𝛿𝐸𝑏𝑐 = 𝐵 ∪ 𝐶. The set
𝑀 ∶= {𝐴, 𝐵, 𝐶, 𝐸𝑎𝑏, 𝐸𝑏𝑐} is called a defining system for the tripleMassey product
of𝑎, 𝑏, and 𝑐. The cochain𝐴∪𝐸𝑏𝑐+𝐸𝑎𝑏∪𝐶 is a cocycle. Wewrite ⟨𝑎, 𝑏, 𝑐⟩𝑀 ∈ 𝐻∙

for the corresponding cohomology class. The triple Massey product ⟨𝑎, 𝑏, 𝑐⟩ is
the set of all cohomology classes ⟨𝑎, 𝑏, 𝑐⟩𝑀 for all such defining systems𝑀. The
class ⟨𝑎, 𝑏, 𝑐⟩𝑀 depends on the choice of the defining system𝑀. The image in
the quotient𝐻∙∕(𝑎∪𝐻∙+𝐻∙∪𝑐), however, is uniquely determined by 𝑎, 𝑏, and
𝑐. We say that ⟨𝑎, 𝑏, 𝑐⟩ vanishes if its corresponding class in𝐻∙∕(𝑎∪𝐻∙+𝐻∙∪𝑐)
is zero. Massey products play an important role in the classification of DGAs
with a given cohomology ring.
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To construct the simplest commutative graded algebrawhichmay be realized
as the cohomology of a DGA with a non-vanishing Massey product, one may
consider 𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐) with 𝑎, 𝑏, 𝑐 elements in degree one. We have 𝑎𝑏 =
0 and 𝑏𝑐 = 0 by construction, and hence ⟨𝑎, 𝑏, 𝑐⟩ is defined. Wemay then expect
that it may be possible to find a DGA such that ⟨𝑎, 𝑏, 𝑐⟩ does not vanish. In this
note, however, we show that theMassey product ⟨𝑎, 𝑏, 𝑐⟩ always vanishes. More
precisely, our main result is the following theorem. Recall that a differential
graded algebra is called 𝐴3-formal if the minimal 𝐴∞-model of 𝒞∙ has a trivial
homotopy associator𝑚3 (see e.g. [8], [13], and Section 2).
Theorem 1.1. Let 𝒞∙ be a differential graded algebra over 𝔽2 with cohomology
algebra isomorphic to 𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐). Then 𝒞∙ is 𝐴3-formal. Thus, all triple
Massey products for 𝒞∙ vanish. In particular, the triple Massey product ⟨𝑎, 𝑏, 𝑐⟩
vanishes for 𝒞∙.
Our interest in the realizability of triple Massey products grew out of the

work of Hopkins–Wickelgren in [4] on triple Massey products in Galois coho-
mology. The latter has inspired a lot of research in recent years, see for example
[10] and [11].
Remark 1.2. One may consider other 𝔽2-algebras and ask whether they real-
ize a non-trivial Massey product. Since the definition of the Massey product
does not require distinct elements, wemay first consider the algebra 𝔽2[𝑎]∕(𝑎2)
with just one generator. However, 𝔽2[𝑎]∕(𝑎2) is zero in degree two, and hence
⟨𝑎, 𝑎, 𝑎⟩ must vanish. The algebra 𝔽2[𝑎, 𝑏]∕(𝑎𝑏) is a Boolean graded algebra
in the sense of [12, Definition 6.1]. More generally, any algebra of the form
𝔽2[𝑎1, … , 𝑎𝑛]∕𝐼 where 𝐼 is the ideal generated by all products 𝑎𝑖𝑎𝑗 for 𝑖 ≠ 𝑗 is
a Boolean graded algebra. The algebra 𝔽2[𝑎, 𝑏]∕(𝑎2, 𝑎𝑏) is a connected sum of
a dual and a Boolean graded algebra in the sense of [12, Section 6]. All these
algebras are intrinsically𝐴∞-formal by [12, Theorem 7.13] and do not allow for
non-vanishing Massey products.
We now outline the proof of Theorem 1.1 and thereby describe the content

of the paper. For the whole manuscript, we assume that all algebras and vec-
tor spaces are over 𝔽2. The differentials in complexes of algebras and mod-
ules, except the bar complex, raise the degree by one. In Section 2 we recall
the Hochschild cohomology of graded algebras and construct the Hochschild
cohomology class [𝑚3] ∈ HH3,−1(𝐻∙(𝒞∙)) associated to a differential graded
algebra 𝒞∙. We note that [𝑚3] equals the canonical class of 𝒞∙ introduced by
Benson–Krause–Schwede in [2] as an obstruction for the realizability of mod-
ules over Tate cohomology. We then show that 𝒞∙ is 𝐴3-formal if and only if
[𝑚3] is zero. For the latter, we assume familiarity with some basic theory of
𝐴∞-algebras. In Section 3 we recall the definition of Koszul algebras and show
that 𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐) is Koszul. Knowing that an algebra is Koszul simplifies
the task to compute its Hochschild cohomology significantly. In Section 4 we
prove Theorem 4.1 which states that HH3,−1(𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐)) = 0 by com-
puting the image and the kernel of the differential in the Hochschild complex.
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Theorem 4.1 then implies Theorem 1.1.

Acknowledgement. We thank Mads Hustad Sandøy for helpful conversa-
tions. We are grateful to the anonymous referee for comments and suggestions
that helped to improve the manuscript.

2. Hochschild cohomology andMassey products
Let 𝐴 be a graded unital 𝔽2-algebra. We recall that the bar resolution 𝐵(𝐴)

of 𝐴 is the non-negative chain complex of free graded 𝐴-bimodules given by
𝐵𝑛(𝐴) ∶= 𝐴⊗𝑛+2 for 𝑛 ≥ 0. The differential 𝑑𝑛 ∶ 𝐵𝑛(𝐴) → 𝐵𝑛−1(𝐴) is given by

𝑎0 ⊗⋯⊗ 𝑎𝑛+1 ↦
𝑛∑

𝑖=0
𝑎0 ⊗⋯⊗ 𝑎𝑖𝑎𝑖+1 ⊗⋯⊗ 𝑎𝑛+1. (1)

We write𝐴𝑒 = 𝐴⊗𝐴op. Note that𝐴⊗𝑛+2 ≅ 𝐴𝑒⊗𝐴⊗𝑛 as a graded𝐴-bimodule,
hence 𝐵(𝐴) indeed consists of free modules.

Proposition 2.1. The bar resolution 𝐵(𝐴) is a free resolution of 𝐴 as a graded
𝐴-bimodule.

Proof. It suffices to show that the extended complex 𝐵(𝐴) is acyclic, where
𝐵(𝐴) is extended from 𝐵(𝐴) by adjoining 𝐵−1(𝐴) ∶= 𝐴 in degree −1 via the
multiplication map 𝜇∶ 𝐴 ⊗ 𝐴 → 𝐴. We claim that the map ℎ∶ 𝐵(𝐴) → 𝐵(𝐴)
of degree 1 given by

𝑎0 ⊗⋯⊗ 𝑎𝑛+1 ↦ 1⊗ 𝑎0 ⊗⋯⊗ 𝑎𝑛+1
is a contracting homotopy i.e., 𝑑ℎ + ℎ𝑑 = 1. Indeed, we compute directly that

𝑑ℎ(𝑎0 ⊗⋯⊗ 𝑎𝑛+1) = 𝑎0 ⊗⋯⊗ 𝑎𝑛+1 − ℎ𝑑(𝑎0 ⊗⋯⊗ 𝑎𝑛). □

Definition 2.2. Let𝑀 and𝑁 be graded𝐴-bimodules. We defineHom𝐴(𝑀,𝑁)
as the graded𝔽2-vector spacewith degree 𝑠 component given by𝐴-linear graded
maps 𝑓∶ 𝑀 → 𝑁[𝑠], where 𝑁[𝑠] is the graded 𝐴-module given by 𝑁[𝑠]𝑛 =
𝑁𝑠+𝑛.

Definition 2.3. Let 𝑀 be a graded 𝐴-bimodule. We define the Hochschild
cohomology HH𝑛,∙(𝐴,𝑀) as the 𝑛th cohomology of the cochain complex

Hom𝐴𝑒(𝐵(𝐴),𝑀)
of graded 𝔽2-vector spaces with differential 𝛿𝑛(𝑓) = 𝑓◦𝑑𝑛 where 𝑑𝑛 is the dif-
ferential of 𝐵(𝐴). When𝑀 = 𝐴 we will write HH(𝐴) ∶= HH(𝐴,𝐴).

We note that the groups HH∙,∙(𝐴,𝑀) are equipped with a cohomological
grading, and an internal grading induced by the grading of 𝐴 and 𝑀. We can
describeHH𝑛,𝑠(𝐴,𝑀)more concretely as follows. Using the natural contracting
isomorphism

Hom𝐴𝑒(𝐴𝑒 ⊗𝐴⊗𝑛,𝑀) ≅ Hom𝔽2
(𝐴⊗𝑛,𝑀)
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we see that HH𝑛,∙(𝐴,𝑀) is isomorphic to the 𝑛th cohomology of the complex

⋯→ Hom𝔽2
(𝐴⊗𝑛−1,𝑀)

𝜕
,→ Hom𝔽2

(𝐴⊗𝑛,𝑀)
𝜕
,→ Hom𝔽2

(𝐴⊗𝑛+1,𝑀) → ⋯ ,
(2)

where the differentials are given by
𝜕(𝑓)(𝑎1 ⊗⋯⊗ 𝑎𝑛+1) = 𝑎1𝑓(𝑎2 ⊗⋯⊗ 𝑎𝑛+1)

+
𝑛∑

𝑖=1
𝑓(𝑎1 ⊗⋯⊗ 𝑎𝑖𝑎𝑖+1 ⊗⋯⊗ 𝑎𝑛+1)

+ 𝑓(𝑎1 ⊗⋯⊗ 𝑎𝑛)𝑎𝑛+1.
Remark 2.4. By Proposition 2.1, we see thatHH(𝐴,𝑀) computes the graded Ext
modules Ext𝐴𝑒(𝐴,𝑀). In particular, we can computeHH(𝐴,𝑀) using any free
resolution of 𝐴 as a graded 𝐴-bimodule.
We now assume that the reader is familiar with 𝐴∞-algebras. For an intro-

duction to the theory of 𝐴∞-algebras and references with all details we refer to
[8]. Let (𝒞∙, 𝛿, ∪) be a differential graded algebra (DGA) over 𝔽2 with cohomol-
ogy algebra𝐻∙. By the work of Kadeishvili [5, 6] (see also [7], [8], and [9]), one
can equip𝐻∙ with the structure of an𝐴∞-algebra (𝐻∙, {𝑚𝑛}𝑛≥1) such that𝑚1 =
0 together with a quasi-isomorphism of 𝐴∞-algebras (𝐻∙, {𝑚𝑛})

≃
,→ (𝒞∙, 𝛿, ∪).

The 𝐴∞-algebra (𝐻∙, {𝑚𝑛}) is called a minimal model of (𝒞∙, 𝛿, ∪). Since any
two minimal models of (𝒞∙, 𝛿, ∪) are isomorphic as 𝐴∞-algebras, we speak of
theminimal model from now on. A DGA is called 𝐴∞-formal, or formal as an
𝐴∞-algebra, if its minimal model can be chosen such that𝑚𝑛 = 0 for all 𝑛 ≥ 3.
We now consider the following weaker notion.

Definition 2.5. Let 𝒞∙ be a DGA. We say that 𝒞∙ is 𝐴3-formal if its minimal
model can be chosen such that𝑚3 = 0.
We refer to [13] for a more detailed discussion of 𝐴3-formality. We recall the

following special case from [3, Theorem C]. Let 𝑎, 𝑏, 𝑐 ∈ 𝐻∙ be cohomology
classes such that 𝑎 ∪ 𝑏 = 0 and 𝑏 ∪ 𝑐 = 0. Then𝑚3(𝑎 ⊗ 𝑏 ⊗ 𝑐) ∈ ⟨𝑎, 𝑏, 𝑐⟩. This
implies the following well-known fact.

Proposition 2.6. Let 𝒞∙ be a DGAwith cohomology algebra𝐻∙. Let 𝑎, 𝑏, 𝑐 ∈ 𝐻∙

be cohomology classes such that 𝑎 ∪ 𝑏 = 0 and 𝑏 ∪ 𝑐 = 0. Assume that 𝒞∙ is
𝐴3-formal. Then the triple Massey product ⟨𝑎, 𝑏, 𝑐⟩ contains zero. □

Let 𝒞∙ be a DGA with cohomology algebra𝐻∙. We note that𝑚3∶ (𝐻∙)⊗3 →
𝐻∙[−1] is a graded map which we can construct as follows (see for example
[2, Section 5], [9], [13]). We choose an 𝔽2-linear graded map 𝑓1∶ 𝐻∙ → Ker 𝛿
which induces the identity when taking cohomology. Since 𝑓1 is multiplicative
on cohomology, we can find a graded 𝔽2-linear map 𝑓2∶ 𝐻∙ ⊗ 𝐻∙ → 𝒞∙ of
degree −1 satisfying

𝛿(𝑓2(𝑎 ⊗ 𝑏)) = 𝑓1(𝑎 ∪ 𝑏) + 𝑓1(𝑎) ∪ 𝑓1(𝑏).
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Now we define a graded 𝔽2-linear map Φ3∶ (𝐻∙)⊗3 → 𝒞∙[−1] by

Φ3(𝑎 ⊗ 𝑏 ⊗ 𝑐) ∶= 𝑓1(𝑎)𝑓2(𝑏 ⊗ 𝑐) + 𝑓2(𝑎 ⊗ 𝑏)𝑓1(𝑐) + 𝑓2((𝑎𝑏) ⊗ 𝑐 + 𝑎 ⊗ (𝑏𝑐))
(3)

for all homogeneous elements 𝑎, 𝑏, 𝑐 ∈ 𝐻∙ where we write 𝑥𝑦 for the product
𝑥∪𝑦 to shorten the notation. We check thatΦ3 has image in the cocycles of 𝒞∙,
and hence Φ3 induces a graded map [Φ3]∶ (𝐻∙)⊗3 → 𝐻∙[−1]. We set 𝑚3 ∶=
[Φ3]. By [2, Proposition 5.4],𝑚3 is a cocycle in the complex (2). By [2, Corollary
5.7], the corresponding Hochschild cohomology class [𝑚3] ∈ HH3,−1(𝐻∙) is
independent of the choice of 𝑓1 and 𝑓2, and it is called the canonical class of 𝒞∙
following Benson–Krause–Schwede who studied this class as an obstruction to
the realizability of modules over Tate cohomology in [2]. The following result
is a modified version of Kadeishvili’s theorem [6] (see also [13, Theorem 3.9],
and [15, Theorem 4.7]).

Theorem 2.7. Let 𝒞∙ be a DGA with canonical class [𝑚3] ∈ HH3,−1(𝐻∙). Then
𝒞∙ is 𝐴3-formal if and only if [𝑚3] = 0.

Proof. If 𝒞∙ is 𝐴3-formal then 𝑚3 is a trivial cocycle, and the class of 𝑚3 van-
ishes in HH3,−1(𝐻∙). Now we assume that [𝑚3] = 0 in HH3,−1(𝐻∙). We may
assume that Φ3 and hence𝑚3 is constructed using maps 𝑓1, 𝑓2 as in (3). Then
there exists an 𝔽2-linear map 𝜂∶ (𝐻∙)⊗2 → (Ker 𝛿)[−1] such that 𝜕2[𝜂] = 𝑚3
as maps (𝐻∙)⊗3 → 𝐻∙[−1]. We set 𝑓2 = 𝑓2 + 𝜂. We note that 𝑓2 satisfies

𝛿𝑓2(𝑎 ⊗ 𝑏) = 𝛿(𝑓2(𝑎 ⊗ 𝑏) + 𝜂(𝑎 ⊗ 𝑏)) = 𝑓1(𝑎 ∪ 𝑏) + 𝑓1(𝑎) ∪ 𝑓1(𝑏)

since 𝛿◦𝜂 = 0. We then define the map Φ̃3 by replacing 𝑓2 with 𝑓2, i.e., we
define

Φ̃3(𝑎 ⊗ 𝑏 ⊗ 𝑐) ∶= 𝑓1(𝑎)𝑓2(𝑏 ⊗ 𝑐) + 𝑓2(𝑎 ⊗ 𝑏)𝑓1(𝑐) + 𝑓2((𝑎𝑏) ⊗ 𝑐 + 𝑎 ⊗ (𝑏𝑐))

for all homogeneous elements 𝑎, 𝑏, 𝑐 ∈ 𝐻∙ where we again write 𝑥𝑦 for 𝑥 ∪ 𝑦
to shorten the notation. We then have

(Φ3 − Φ̃3)(𝑎 ⊗ 𝑏 ⊗ 𝑐)
= 𝑓1(𝑎)𝜂(𝑏 ⊗ 𝑐) + 𝜂(𝑎 ⊗ 𝑏)𝑓1(𝑐) + 𝜂((𝑎𝑏) ⊗ 𝑐 + 𝑎 ⊗ (𝑏𝑐)).

By definition of 𝜕2 and the assumption on 𝜂, this implies Φ̃3 = Φ3 − 𝜕2𝜂 = 0 as
maps (𝐻∙)⊗3 → 𝐻∙[−1]. □

As a direct consequence we get:

Corollary 2.8. Let 𝐴 be a graded algebra withHH3,−1(𝐴) = 0. Then every DGA
𝒞∙ whose cohomology algebra is isomorphic to 𝐴 is 𝐴3-formal. □

By Proposition 2.6 and Corollary 2.8, in order to show Theorem 1.1 it will
suffice to show HH3,−1(𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐)) = 0. This is what we now set out
to prove.
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3. Koszul algebras
Let 𝑉 denote a finite-dimensional 𝔽2-vector space, and let 𝑇(𝑉) denote its

graded tensor algebra over 𝔽2. For 𝑅 ⊆ 𝑉 ⊗ 𝑉, let (𝑅) denote the two-sided
ideal in 𝑇(𝑉) generated by 𝑅. We recall from [14] that a graded algebra of the
form 𝑇(𝑉)∕(𝑅) is called a quadratic algebra. For any quadratic algebra we can
define the following chain complex of free graded 𝐴-bimodules.
Definition 3.1. Let 𝐴 = 𝑇(𝑉)∕(𝑅) be a quadratic algebra. For 𝑛 ≥ 0 and
1 ≤ 𝑖 ≤ 𝑛 − 1, let

𝑋𝑛
𝑖 ∶= 𝑉⊗𝑖−1 ⊗ 𝑅 ⊗𝑉⊗𝑛−𝑖−1 ⊆ 𝑉⊗𝑛 (4)

and

𝐾′
𝑛 ∶=

𝑛−1⋂

𝑖=1
𝑋𝑛
𝑖 ⊆ 𝑉⊗𝑛.

Here we interpret the empty intersection as the whole space, i.e., 𝐾′
0 = 𝔽2 and

𝐾′
1 = 𝑉. TheKoszul complex𝐾(𝐴𝑒, 𝐴) of𝐴 is defined as the non-negative chain

complex of graded 𝐴-bimodules with
𝐾𝑛(𝐴𝑒, 𝐴) = 𝐴 ⊗ 𝐾′

𝑛 ⊗𝐴,
and differential 𝑑𝑛 induced by the one in the bar resolution 𝐵(𝐴), i.e.,
𝑑𝑛 ∶ 𝑎 ⊗ 𝑣1 ⊗⋯⊗ 𝑣𝑛 ⊗ 𝑏 ↦ 𝑎𝑣1 ⊗ 𝑣2 ⊗⋯⊗ 𝑣𝑛 ⊗ 𝑏 + 𝑎 ⊗ 𝑣1 ⊗⋯⊗ 𝑣𝑛𝑏.
Note that for the differential 𝑑𝑛 in the Kozul complex, the middle terms of

the bar construction differential, see Equation (1), vanish. This is because each
product 𝑣𝑖𝑣𝑖+1 in a middle term has its factors 𝑣𝑖, 𝑣𝑖+1 in the space of relations
𝑅, so the product 𝑣𝑖𝑣𝑖+1 vanishes in 𝐴, which is where the product in the ex-
pression of the differential is taking place.

Definition 3.2. A quadratic algebra 𝐴 is called Koszul if its Koszul complex
𝐾(𝐴𝑒, 𝐴) is a resolution of 𝐴 as a graded 𝐴-bimodule, i.e., if 𝐻𝑛(𝐾(𝐴𝑒, 𝐴)) = 0
for 𝑛 > 0 and𝐻0(𝐴𝑒, 𝐴) = 𝐴.
We will now show that 𝐴 = 𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐) is Koszul. Consider the 𝔽2-

vector spaces 𝑉 ∶= Span𝔽2{𝑎, 𝑏, 𝑐} and
𝑅 ∶= Span𝔽2{𝑎 ⊗ 𝑏, 𝑏 ⊗ 𝑎, 𝑐 ⊗ 𝑏, 𝑏 ⊗ 𝑐, 𝑎 ⊗ 𝑐 + 𝑐 ⊗ 𝑎} ⊆ 𝑉 ⊗ 𝑉,

chosen such that we can identify 𝐴 with 𝑇(𝑉)∕(𝑅). In particular, we see that
the algebra 𝐴 is quadratic.
Let 𝑒 ∶= 𝑎⊗𝑐+𝑐⊗𝑎. To find a convenient linear basis for𝑉⊗𝑛, we introduce

the set ℬ𝑛 consisting of strings 𝑥 = 𝑥1⋯𝑥𝑘 of symbols from the set {𝑎, 𝑏, 𝑐, 𝑒}
such that |𝑥1| + ⋯ + |𝑥𝑘| = 𝑛 and 𝑐𝑎 does not occur as a substring of 𝑥. Here
|𝑥𝑖| denotes the degree of the symbol 𝑥𝑖, so |𝑎| = |𝑏| = |𝑐| = 1 and |𝑒| = 2. We
identify the strings in ℬ𝑛 with tensors in 𝑉⊗𝑛. As an example we see that

ℬ2 = {𝑎 ⊗ 𝑎, 𝑎 ⊗ 𝑏, 𝑎 ⊗ 𝑐, 𝑏 ⊗ 𝑎, 𝑏 ⊗ 𝑏, 𝑏 ⊗ 𝑐, 𝑐 ⊗ 𝑏, 𝑐 ⊗ 𝑐, 𝑒}.
Lemma 3.3. For each 𝑛, the setℬ𝑛 is a basis for 𝑉⊗𝑛.
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Proof. From the basis {𝑎, 𝑏, 𝑐} of𝑉weobtain a standard basis of𝑉⊗𝑛 consisting
of the pure tensors in the symbols {𝑎, 𝑏, 𝑐}. We will show that we can obtainℬ𝑛

from this standard basis using only elementary column operations, fromwhich
it follows thatℬ𝑛 is also a basis. Starting from the standard basis, we can replace
each occurrence of 𝑐 ⊗ 𝑎 with 𝑒 by adding a suitable linear combination of the
standard pure tensors. More formally, we do this using induction.
For 𝑖 ≥ 0, letℬ𝑛,𝑖 be the set of strings 𝑥1⋯𝑥𝑘 in the symbols {𝑎, 𝑏, 𝑐, 𝑒} satis-

fying the conditions:
∙ |𝑥1| +⋯ + |𝑥𝑘| = 𝑛,
∙ there are at most 𝑖 occurrences of 𝑒,
∙ the substring 𝑐𝑎 only occurs after all the 𝑒’s,
∙ if there are less than 𝑖 occurrences of 𝑒, there are no occurrences of 𝑐𝑎.

We see that ℬ𝑛,0 is the standard basis, while ℬ𝑛,𝑖 = ℬ𝑛 for large enough 𝑖 (e.g.,
for 𝑖 ≥ 𝑛∕2). We will show that each ℬ𝑛,𝑖+1 can be obtained from ℬ𝑛,𝑖 using
only elementary column operations, where we have identified the strings with
tensors in𝑉⊗𝑛. We obtainℬ𝑛,𝑖+1 fromℬ𝑛,𝑖 in the followingmanner. If 𝑥 ∈ ℬ𝑛,𝑖

has no occurrences of 𝑐𝑎, then we already have 𝑥 ∈ ℬ𝑛,𝑖+1, so we do nothing.
Otherwise, there are precisely 𝑖 occurrences of 𝑒 and at least one occurrence
of 𝑐𝑎 in 𝑥. Consider the string 𝑥′ obtained by replacing the first occurrence
of 𝑐𝑎 with 𝑎𝑐. We see that 𝑥′ ∈ ℬ𝑛,𝑖 and we add 𝑥′ to 𝑥 to obtain the tensor
𝑥′ + 𝑥 ∈ ℬ𝑛,𝑖+1. All tensors in ℬ𝑛,𝑖+1 can be obtained in precisely one of these
two ways, and thus we obtain ℬ𝑛,𝑖+1 from ℬ𝑛,𝑖 as wanted. □

We now define certain subsets of ℬ𝑛 which we will show are bases for the
spaces 𝑋𝑛

𝑖 from Equation (4). For 1 ≤ 𝑖 ≤ 𝑛 − 1, let ℬ𝑛
𝑖 consist of the strings in

ℬ𝑛 where the (𝑖, 𝑖 + 1)-part is in 𝑅, where we count 𝑒 with multiplicity 2. More
precisely, for a string 𝑥 ∈ ℬ𝑛 and an integer 𝑖, 1 ≤ 𝑖 ≤ 𝑛, we obtain a symbol 𝑥(𝑖)
by the following process. We first modify the string 𝑥 into a string 𝑥′ of length
𝑛 by doubling every occurrence of 𝑒 in 𝑥, and we then set 𝑥(𝑖) = 𝑥′𝑖 . We can now
define

ℬ𝑛
𝑖 ∶= {𝑥 ∈ ℬ𝑛 ∣ 𝑥(𝑖)𝑥(𝑖+1) ∈ {𝑎𝑏, 𝑏𝑎, 𝑐𝑏, 𝑏𝑐, 𝑒𝑏, 𝑏𝑒, 𝑒𝑒}}.

For instance, for the string 𝑥 = 𝑏𝑒𝑏𝑒 we get that 𝑥′ = 𝑏𝑒𝑒𝑏𝑒𝑒 such that, e.g.,
𝑥(4) = 𝑏, and we see that 𝑥 ∈ ℬ6

𝑖 for all 1 ≤ 𝑖 ≤ 5.
Now we can prove the main result of this section.

Proposition 3.4. The quadratic algebra 𝐴 = 𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐) is Koszul.

Proof. We will show that, for each 𝑛 ≥ 0, the basis ℬ𝑛 of 𝑉⊗𝑛 distributes over
the subspaces 𝑋𝑛

1 , … , 𝑋
𝑛
𝑛−1, i.e., for each 𝑋

𝑛
𝑖 the subset ℬ

𝑛
𝑖 ⊆ ℬ𝑛 forms a basis

for 𝑋𝑛
𝑖 . By the work of Backelin in [1], see also [14, Chapter 2, Theorem 4.1],

this implies that 𝐴 is Koszul. By definition, 𝑋𝑛
𝑖 = 𝑉⊗𝑖−1 ⊗ 𝑅 ⊗𝑉𝑛−𝑖−1, hence

from the standard basis of𝑉 and the basisℛ = {𝑎⊗𝑏, 𝑏⊗𝑎, 𝑐⊗𝑏, 𝑏⊗𝑐, 𝑒} of 𝑅,
we obtain a basis of𝑋𝑛

𝑖 . This basis consists of strings 𝑥 in the symbols {𝑎, 𝑏, 𝑐, 𝑒}
with 𝑒 only possibly occurring as the 𝑖-th symbol and with 𝑥(𝑖)𝑥(𝑖+1) ∈ ℛ, where
𝑥(𝑖) is the notation introduced above to define ℬ𝑛

𝑖 . Using a similar induction
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argument as in the proof of Lemma 3.3, we replace each occurrence of 𝑐𝑎 with
𝑒 in this basis using only elementary column operations to obtain a new basis
for 𝑋𝑛

𝑖 . This gives precisely the set ℬ
𝑛
𝑖 ⊆ ℬ𝑛, which shows that ℬ𝑛 distributes

𝑋𝑛
1 , … , 𝑋

𝑛
𝑛−1. □

Remark 3.5. As a consequence of the proof of Proposition 3.4 we see thatℬ′
𝑛 ∶=⋂𝑛−1

𝑖=1 ℬ
𝑛
𝑖 is a basis for 𝐾

′
𝑛 =

⋂𝑛−1
𝑖=1 𝑋

𝑛
𝑖 . This basisℬ

′
𝑛 can be explicitly described

as the set of strings 𝑥1⋯𝑥𝑘 in the symbols {𝑎, 𝑏, 𝑐, 𝑒} satisfying that |𝑥1| +⋯+
|𝑥𝑘| = 𝑛 and that the symbols in the string alternate between 𝑏 and a symbol
from the set {𝑎, 𝑐, 𝑒}. For example, we get

ℬ′
3 = {𝑎𝑏𝑎, 𝑎𝑏𝑐, 𝑐𝑏𝑎, 𝑐𝑏𝑐, 𝑏𝑎𝑏, 𝑏𝑐𝑏, 𝑒𝑏, 𝑏𝑒} (5)

and
ℬ′
4 = {𝑎𝑏𝑎𝑏, 𝑎𝑏𝑐𝑏, 𝑏𝑐𝑏𝑎, 𝑏𝑐𝑏𝑐, 𝑏𝑎𝑏𝑎, 𝑏𝑎𝑏𝑐, 𝑐𝑏𝑎𝑏, 𝑐𝑏𝑐𝑏, 𝑎𝑏𝑒, 𝑒𝑏𝑎, 𝑐𝑏𝑒, 𝑒𝑏𝑐, 𝑏𝑒𝑏}.

(6)

4. Proof of the main result
By Proposition 2.6 and Corollary 2.8, Theorem 1.1 will follow from the fol-

lowing:

Theorem 4.1. We haveHH3,−1(𝔽2[𝑎, 𝑏, 𝑐]∕(𝑎𝑏, 𝑏𝑐)) = 0.
Proof. Since 𝐴 is Koszul, the natural inclusion 𝐾(𝐴𝑒, 𝐴) ↪ 𝐵(𝐴) is a quasi-
isomorphism. Hence we can compute HH(𝐴) as the cohomology of the com-
plex Hom𝐴𝑒(𝐾(𝐴𝑒, 𝐴), 𝐴). We first observe that we have

𝐾(𝐴𝑒, 𝐴)𝑛 = 𝐴⊗𝐾′
𝑛 ⊗𝐴 ≅ 𝐴𝑒 ⊗𝐾′

𝑛,
as graded 𝐴-bimodules. Using the contracting isomorphism

Hom𝐴𝑒(𝐴𝑒 ⊗𝐾′
𝑛, 𝐴) ≅ Hom𝔽2

(𝐾′
𝑛, 𝐴)

of graded vector spaces we see thatHH(𝐴) can be computed as the cohomology
of the following complex of graded vector spaces:

⋯→ Hom𝔽2
(𝐾′

𝑛−1, 𝐴)
𝜕𝑛−1
,,,,→ Hom𝔽2

(𝐾′
𝑛, 𝐴)

𝜕𝑛
,,→ Hom𝔽2

(𝐾′
𝑛+1, 𝐴) → ⋯

where the differential 𝜕𝑛 is given by
𝜕𝑛(𝑓)(𝑣1 ⊗⋯⊗ 𝑣𝑛+1) = 𝑣1𝑓(𝑣2 ⊗⋯⊗ 𝑣𝑛+1) + 𝑓(𝑣1 ⊗⋯⊗ 𝑣𝑛)𝑣𝑛+1.

To compute HH3,−1(𝐴) = 0, we need to show that

Hom𝔽2(𝐾
′
2, 𝐴

1)
𝜕2
,,→ Hom𝔽2(𝐾

′
3, 𝐴

2)
𝜕3
,,→ Hom𝔽2(𝐾

′
4, 𝐴

3)
is exact in the middle, i.e., Im 𝜕2 = Ker 𝜕3.
First we will describe Ker 𝜕3. To do so, we use the following notation for

elements in the bases ℬ′
3 and ℬ

′
4 of 𝐾

′
3 and 𝐾

′
4, respectively. Since 𝑎 and 𝑐

play symmetrical roles in 𝐴, we will introduce the notation (𝑎|𝑐) to mean that
each of 𝑎 and 𝑐 can be used in the expression. For example, for a map 𝑓 ∈
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Hom𝔽2(𝐾
′
3, 𝐴

2), the equation 𝑓((𝑎|𝑐) ⊗ 𝑏) = 0 would mean that we have two
equations 𝑓(𝑎⊗𝑏) = 0 and 𝑓(𝑐 ⊗𝑏) = 0. If there are several instances of (𝑎|𝑐)
in the expression, each instance can be replaced by 𝑎 or 𝑐 independently of each
other.

Lemma 4.2. A map 𝑓 ∈ Hom𝔽2(𝐾
′
3, 𝐴

2) lies in Ker 𝜕3 if and only if it satisfies
the following relations:

𝑓(𝑏 ⊗ (𝑎|𝑐) ⊗ 𝑏) ∈ Span𝔽2{𝑏
2}, (i)

𝑓((𝑎|𝑐) ⊗ 𝑏 ⊗ (𝑎|𝑐)) ∈ Span𝔽2{𝑎
2, 𝑎𝑐, 𝑐2}, (ii)

𝑎(𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑎) + 𝑓(𝑒 ⊗ 𝑏)) + 𝑐𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑎) = 0, (iii)
𝑐(𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑐) + 𝑓(𝑒 ⊗ 𝑏)) + 𝑎𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑐) = 0, (iv)
𝑎(𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑐) + 𝑓(𝑏 ⊗ 𝑒)) + 𝑐𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑎) = 0, (v)
𝑐(𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑎) + 𝑓(𝑏 ⊗ 𝑒)) + 𝑎𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑐) = 0, (vi)

𝑓(𝑒 ⊗ 𝑏) + 𝑓(𝑏 ⊗ 𝑒) ∈ Span𝔽2{𝑎
2, 𝑎𝑐, 𝑐2}. (vii)

Proof. Amap 𝑓 ∈ Hom𝔽2(𝐾
′
3, 𝐴

2) is in the kernel of 𝜕3 if and only if 𝜕3(𝑓) van-
ishes on all elements of the basisℬ′

4. We now evaluate 𝜕3(𝑓) onℬ′
4 as described

in (6). First, since (𝑎|𝑐)𝑏 = 0 in 𝐴2, the equation

𝜕3(𝑓)((𝑎|𝑐)⊗𝑏⊗(𝑎|𝑐)⊗𝑏) = (𝑎|𝑐)𝑓(𝑏⊗(𝑎|𝑐)⊗𝑏)+𝑓((𝑎|𝑐)⊗𝑏⊗(𝑎|𝑐))𝑏 = 0
implies

𝑓(𝑏 ⊗ (𝑎|𝑐) ⊗ 𝑏) ∈ Span𝔽2{𝑏
2},

and
𝑓((𝑎|𝑐) ⊗ 𝑏 ⊗ (𝑎|𝑐)) ∈ Span𝔽2{𝑎

2, 𝑎𝑐, 𝑐2}.
The equation 𝜕3(𝑓)(𝑏 ⊗ (𝑎|𝑐) ⊗ 𝑏 ⊗ (𝑎|𝑐)) = 0 gives the same relations. This
shows that (i) and (ii) are necessary and sufficient. Second, (iii) and (iv) are
imposed by the equations

𝜕3(𝑓)(𝑒 ⊗ 𝑏 ⊗ 𝑎) = 𝑎𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑎) + 𝑐𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑎) + 𝑓(𝑒 ⊗ 𝑏)𝑎 = 0
and

𝜕3(𝑓)(𝑒 ⊗ 𝑏 ⊗ 𝑐) = 𝑎𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑐) + 𝑐𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑐) + 𝑓(𝑒 ⊗ 𝑏)𝑐 = 0.
Similarly, (v) and (vi) are imposed by the equations

𝜕3(𝑓)(𝑎 ⊗ 𝑏 ⊗ 𝑒) = 𝑎𝑓(𝑏 ⊗ 𝑒) + 𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑎)𝑐 + 𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑐)𝑎 = 0
and

𝜕3(𝑓)(𝑐 ⊗ 𝑏 ⊗ 𝑒) = 𝑐𝑓(𝑏 ⊗ 𝑒) + 𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑎)𝑐 + 𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑐)𝑎 = 0.
Finally, the condition

𝜕3(𝑓)(𝑏 ⊗ 𝑒 ⊗ 𝑏) = 𝑏𝑓(𝑒 ⊗ 𝑏) + 𝑓(𝑏 ⊗ 𝑒)𝑏 = 0
gives the relation 𝑓(𝑒 ⊗ 𝑏) + 𝑓(𝑏 ⊗ 𝑒) ∈ Span𝔽2{𝑎

2, 𝑎𝑐, 𝑐2} which is (vii). □
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Notation 4.3. For 𝑣 ∈ ℬ′
𝑛 and 𝑥 ∈ 𝐴𝑖, we write 𝐹𝑛(𝑣; 𝑥) for the map in

Hom𝔽2(𝐾
′
𝑛, 𝐴𝑖) sending 𝑣 to 𝑥 and other basis vectors in ℬ′

𝑛 to zero.

Lemma 4.4. The set of maps

𝒮3 ∶=
{
𝜕2(𝐹2(𝑏 ⊗ 𝑎; 𝑏)) = 𝐹3(𝑏 ⊗ 𝑎 ⊗ 𝑏; 𝑏2),

𝜕2(𝐹2(𝑏 ⊗ 𝑐; 𝑏)) = 𝐹3(𝑏 ⊗ 𝑐 ⊗ 𝑏; 𝑏2),
𝜕2(𝐹2(𝑒; 𝑏)) = 𝐹3(𝑏 ⊗ 𝑒; 𝑏2) + 𝐹3(𝑒 ⊗ 𝑏; 𝑏2),

𝜕2(𝐹2(𝑐 ⊗ 𝑏; 𝑎)) = 𝐹3(𝑒 ⊗ 𝑏; 𝑎2) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑎2) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑐; 𝑎𝑐),
𝜕2(𝐹2(𝑏 ⊗ 𝑐; 𝑎)) = 𝐹3(𝑏 ⊗ 𝑒; 𝑎2) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑐; 𝑎2) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑐; 𝑎𝑐),
𝜕2(𝐹2(𝑎 ⊗ 𝑏; 𝑎)) = 𝐹3(𝑒 ⊗ 𝑏; 𝑎𝑐) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑐; 𝑎𝑐) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑎2),
𝜕2(𝐹2(𝑎 ⊗ 𝑏; 𝑐)) = 𝐹3(𝑒 ⊗ 𝑏; 𝑐2) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑐; 𝑐2) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐),
𝜕2(𝐹2(𝑏 ⊗ 𝑎; 𝑐)) = 𝐹3(𝑏 ⊗ 𝑒; 𝑐2) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑐2) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐),
𝜕2(𝐹2(𝑐 ⊗ 𝑏; 𝑐)) = 𝐹3(𝑒 ⊗ 𝑏; 𝑎𝑐) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑐; 𝑐2),

𝜕2(𝐹2(𝑏 ⊗ 𝑐; 𝑐)) = 𝐹3(𝑏 ⊗ 𝑒; 𝑎𝑐) + 𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑐; 𝑎𝑐) + 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑐; 𝑐2)
}

is a basis of Ker 𝜕3.
Proof. We consider the set 𝒮′3 of 𝔽2-linear maps 𝐾

′
3 → 𝐴2 defined by

𝒮′3 ∶=
{
𝐹3(𝑏 ⊗ 𝑎 ⊗ 𝑏; 𝑏2), 𝐹3(𝑏 ⊗ 𝑐 ⊗ 𝑏; 𝑏2), 𝐹3(𝑏 ⊗ 𝑒; 𝑏2), 𝐹3(𝑒 ⊗ 𝑏; 𝑎2), 𝐹3(𝑏 ⊗ 𝑒; 𝑎2),

𝐹3(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑎2), 𝐹3(𝑒 ⊗ 𝑏; 𝑐2), 𝐹3(𝑏 ⊗ 𝑒; 𝑐2), 𝐹3(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐), 𝐹3(𝑏 ⊗ 𝑒; 𝑎𝑐)
}
.

We observe that each element of 𝒮′3 occurs exactly once as a term in one of the
maps in 𝒮3. Since𝒜2 ∶= {𝑎2, 𝑏2, 𝑐2, 𝑎𝑐} ⊆ 𝐴2 is a basis of 𝐴2, it follows that the
set 𝒮3 is linearly independent. It remains to show that 𝒮3 generates Ker 𝜕3. Let
𝑓 ∈ Ker 𝜕3 be an arbitrary element. For 𝑣 ∈ ℬ′

3 and 𝑥 ∈ 𝒜2, let 𝜑(𝑣; 𝑥) ∈ 𝔽2 be
the coefficient such that, for all 𝑣 ∈ ℬ′

3,

𝑓(𝑣) =
∑

𝑥∈𝒜2

𝜑(𝑣; 𝑥)𝑥.

Again, since each element of 𝒮′3 occurs exactly once as a term in one of themaps
in 𝒮3, we can assume by adding a linear combination of the elements of 𝒮3 to 𝑓
that the coefficients

𝜑(𝑏 ⊗ 𝑎 ⊗ 𝑏; 𝑏2), 𝜑(𝑏 ⊗ 𝑐 ⊗ 𝑏; 𝑏2), 𝜑(𝑏 ⊗ 𝑒; 𝑏2), 𝜑(𝑒 ⊗ 𝑏; 𝑎2), 𝜑(𝑏 ⊗ 𝑒; 𝑎2),
𝜑(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑎2), 𝜑(𝑒 ⊗ 𝑏; 𝑐2), 𝜑(𝑏 ⊗ 𝑒; 𝑐2), 𝜑(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐), 𝜑(𝑏 ⊗ 𝑒; 𝑎𝑐)

are all zero. Now it suffices to show that then 𝑓 must be the zero map. Since
𝑓 ∈ Ker 𝜕3, 𝑓 must satisfy the relations in Lemma 4.2. We see that (i) implies
that 𝜑(𝑏 ⊗ (𝑎|𝑐) ⊗ 𝑏; 𝑥) = 0 for 𝑥 ≠ 𝑏2. Hence we have 𝑓(𝑏 ⊗ (𝑎|𝑐) ⊗ 𝑏) = 0.
We also see that (vii) implies that 𝜑(𝑏⊗ 𝑒; 𝑏2) = 𝜑(𝑒⊗𝑏; 𝑏2) = 0. We therefore
have 𝑓(𝑏 ⊗ 𝑒) = 0. Equation (v) implies that 𝜑(𝑎 ⊗ 𝑏 ⊗ 𝑎; 𝑐2) = 0, and (ii)
implies that 𝜑(𝑎 ⊗ 𝑏⊗𝑎; 𝑏2) = 0. This shows that either 𝑓(𝑎 ⊗ 𝑏⊗𝑎) = 𝑎𝑐 or
𝑓(𝑎⊗𝑏⊗𝑎) = 0. If 𝑓(𝑎⊗𝑏⊗𝑎) = 𝑎𝑐, then (v) implies that 𝑓(𝑎⊗𝑏⊗𝑐) = 𝑐2.



NON-REALIZABILITY OF A TRIPLE MASSEY PRODUCT 359

Now (iv) forces 𝑓(𝑒⊗𝑏) = 𝑐2, which contradicts 𝜑(𝑒⊗𝑏; 𝑐2) = 0. We thus have
𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑎) = 0. From (v) and (ii), we then get 𝑓(𝑎 ⊗ 𝑏 ⊗ 𝑐) = 0. From (iii)
we deduce that 𝜑(𝑒 ⊗ 𝑏; 𝑎𝑐) = 𝜑(𝑐 ⊗ 𝑏 ⊗ 𝑎; 𝑎𝑐) = 0, and hence 𝑓(𝑒 ⊗ 𝑏) = 0.
It now follows from (iii) and (ii) that 𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑎) = 0. Finally, from (vi) and
(ii) we get 𝑓(𝑐 ⊗ 𝑏 ⊗ 𝑐) = 0. This shows that 𝑓 vanishes on all elements of the
basis ℬ′

3, and hence 𝑓 is the zero map. □

Since the elements in the set 𝒮3 belong to the subset Im 𝜕2 of Ker 𝜕3, Lemma
4.4 implies Im 𝜕2 = Ker 𝜕3. This finishes the proof of Theorem 4.1. □
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