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Duality for outer LP* spaces

Marco Fraccaroli

ABSTRACT. The LP* quasi-norm of functions on a measure space can be
characterized in terms of their pairing with normalized characteristic func-
tions. We generalize this result to the case of the outer L”»*® quasi-norms
for appropriate sizes. This characterization provides an explicit form for cer-
tain implicitly defined quasi-norms appearing in an article of Di Plinio and

Fragkos.
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1. Introduction

The characterization of the classical LP**® quasi-norm (or weak LP quasi-
norm) of functions on a measure space (X, w) in terms of their pairing with
appropriately normalized characteristic functions is a standard result in anal-
ysis. On one hand, for every p € (1, 0] it exhibits a Kothe duality between
the LP-* spaces and the collection of characteristic functions endowed with the
P quasi-norm analogous to the K6the duality between the L? and L spaces.
On the other hand, for every p € (0, 1] the pairing is more subtle.
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To state both of the characterizations, for every measure space (X, w) we in-
troduce the following auxiliary notations. First, we define X to be the collection
of w-measurable subsets of X and M to be the collection of X-measurable func-
tions on X. Next, we define the collection £, C ¥ by

3, = {A €3 w(A) ¢ {0, oo}},

and for every measurable subset A € ¥, we define the collection T//(A) C T by
A
2(A) = {B €3:BCA wB) > wT)}
We have the following characterization of the LP* quasi-norms, where the no-
tation a ~¢ S for a, 8,C > 0 means that « < Cf and § < Ca.

Theorem 1.1 (e.g. Lemma 2.6 in [MS13]). For every p € (0, co] there exists a
constant C = C(p) such that for every measure space (X, w) the following proper-
ties hold true.

(i) Forevery p > 1 and every function f € LP*°(X, w) we have

1
-—1
1 llpsceay ~c sup{e(A)r | f1allucra * A € T}

(ii) Forevery p <1 and every function f € LP*°(X,w) we have

1
. --1
1 llpsceay ~c sup{inf {(A)r [If15lLera : B € TH(A)}: A € T,}.

In fact, the restriction to major subsets in the pairing is necessary in prop-
erty (ii), but it would still provide the desired characterization even in prop-
erty (i).

In this article, we are interested in proving an analogous result in the case of
the outer LP-* quasi-norm of functions on an outer measure space introduced
by Do and Thiele in [DT15]. We refer to [DT15], the articles [Fr21, Fr23], and
the Ph.D. thesis of the author [Fr22] for a detailed introduction to the theory
of outer LP spaces. However, to make this article self-contained, we recall the
necessary definitions in Section 2.

We also briefly point out that the framework provided by the outer LP spaces
has found many applications within harmonic analysis, in particular in the con-
text of the time-frequency analysis of modulation invariant operators such as
the Carleson maximal operator and the bilinear Hilbert transform. We refer to
[DT15], the articles of Di Plinio and Ou [DO18a, DO18b], of Culiuc, Di Plinio,
and Ou [CDO18], of Di Plinio, Do, and Uraltsev [DDU18], of Amenta and Uralt-
sev [AU20, AU22], of Di Plinio and Fragkos [DF25], of Uraltsev and Warchalski
[UW22], as well as the Ph.D. thesis of Uraltsev [Ur17] for more details.

In particular, in this article we are interested in the case of the outer LP-*
quasi-norms on a o-finite setting (X, u,w), where X is a set, u a o-finite outer
measure on X, and w a o-finite measure on X. For example, for every o-finite
measure space (X, w) we have the o-finite setting (X, u, w) where u is the outer
measure on X generated via minimal coverings by the collection X of measurable
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subsets and the function w : £ — [0, oo]. Another example is given by the set
X = R" x (0, 00), the measure dw(y, t) = dy dt/t, and the outer measure u on
X generated via minimal coverings by the collection & of tents, namely

E(x,s) := {(y,t) EX:|x—y|l<s—tt< s}, &= {E(x,s) D (x,8) eX},
and the function o : € — (0, o) defined for every (x, s) € X by
o(E(x,s)) =s.

Next, let A C X be a collection of measurable subsets and let S = (S, A) be a
size. In particular, every size (S, A) satisfies the following property.

(iv) ThereexistsaconstantK € [1, oo) such that for every measurable function
f onX,every subset A € A, and every measurable subset B € X we have

S(F(A) < K[S(f1p)(A) + S(f1p)(A)]. (1.1

For example, we have the sizes £ and ¢}, with r € (0, o0) on the collection
A={Ae€X: u(A) & {0, oo}} defined by

Co (A = || f 14l (x w)s
L (FIA) = u(A) || f1allLrx w)-

It is easy to observe that the size (£1,.4) satisfies the inequality in (1.1) with
constant K = 1. In fact, it satisfies the equality.

For every size S = (S, .A) we define the outer L;°(S) spaces by the following
quasi-norms on functions f € M

1fllzgs) = 1 fllzgscs) = sup{S(F)A): A € 4},
Next, for every 4 € (0, o) and every function f € M we define
H(S() > 2) = Inf {(A4) 1 A € I Laellres) < A} (1.3)

Finally, for all p € (0, ), g € (0, o] we define the outer Lorentz Lﬁ’q(S ) spaces
by the following quasi-norms on functions f € M

(1.2)

Au(S(f) > A)p

1
§ = q
1fllzzaes) = p L4((0,00).d2/2)’

where the exponent g~ for g = oo is understood to be 0. In fact, we can define
the same quasi-norms via the decreasing rearrangement function f* on [0, o)
associated with f defined by

S0 = inf {a € [0,00) 1 u(S(f)> @) <1},

where the infimum over an empty collection is understood to be co. Then, we
have

tr f*(t)

1/ lzpacs) = La(.co)dt/8)
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To state the main result of this article, for every o-finite setting (X, u, w) we
introduce the following auxiliary notations. We define the collection Z, C X by

%, = {A € u(A) ¢ o, oo}},

and for every r € (0, o) and every size (S, .A) we define the sizes (S,, A), (S, A)
as follows. For every A € A and every measurable function f on X we define

S, (f)A) = (S(f ')(A))%, (1.4)
Seo(IA) = || fLallzeox,0)- (1.5)
It is easy to observe that for every r € (0, o] we have
(€5 Z0) = (CQ)r Zp)-
Note that in general we have

Sw(F)(A) # lim S,(F)A),

for example for X = R, w the Lebesgue measure, u =1, S = fi), f = 1g, and
A = R. In particular, we have w(R) = oo and u(R) = 1, yielding

So(R) =1, Iim S,(f)[R) = co.

We are ready to state the main theorem of this article, which is a generaliza-
tion of property (i) in Theorem 1.1 to the case of the outer L”* quasi-norms
with respect to arbitrary sizes. To improve its readability, we omit explicit ex-
pressions for the constants. However, in the proofs we keep track of their de-
pendence on the parameters.

Theorem 1.2. Forall a,q,r € (0, 0], every p € (0, ), and every K € [1, )
there exists a constant C = C(a, p,q,r,K) such that for every o-finite setting
(X, u, w) and every size (S, .A) on X satisfying the condition in (1.1) with constant
K the following property holds true.

(i) Forevery p > a, p # oo and every function f € L2"*°(S,) we have
p p i

1 1
1 llzo=es,) ~e SUp{CAY? "= | fLalloas,, t A € 2,

We point out some comments about the statement of Theorem 1.2. First, for
p = oo, we exhibit a sufficient condition on the size to obtain a generalization
of property (i) too, see Remark 4.3. In particular, the sizes appearing in the
context of time-frequency analysis and considered in [DF25], as well as those
of iterated nature considered in [DDU18, Url7, UW22] satisfy this sufficient
condition, see Section 5.

It is also worth noting that the arguments used to prove Theorem 1.2 are dif-
ferent from those appearing in [Fr21], where we characterized the outer Lﬁ @)

quasi-norm in terms of the outer L}l(f 1) pairing with arbitrary functions with

!/
normalized outer ij (¢ 2)’) quasi-norm. The difference is due to the fact that in
Theorem 1.2 we have the same size S both in the outer LP-*°(S) quasi-norm to
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be characterized and the outer L*4(S) quasi-norm used to measure the pairing.
Therefore, we rely only on the quasi-subadditivity of sizes, namely property (iv)
of sizes, to compare the super level measures

u(S(f) > p), u(S(f1,4) > ),

where A € X is an appropriate measurable subset and p, A € (0, o).

Next, Theorem 1.2 does not contain a generalization of property (ii) in Theo-
rem 1.1 to the case of the outer LP**® quasi-norms with respect to arbitrary sizes.
However, we are not able to show a counterexample to such a generalization
either. In fact, even in the case of the sizes appearing in [DF25] and described
in Section 5, we can neither prove a generalization nor exhibit a counterexam-
ple. It would be interesting to answer whether such a generalization holds true
or not, but the question is beyond the scope of this article.

Nevertheless, in the particular case of the sizes defined in (1.2), we can gener-
alize also property (ii) in Theorem 1.1 to the case of the outer L?* quasi-norms.
To state the second result of this article, for every o-finite setting (X, u, w) we in-
troduce the following auxiliary notation. For every measurable subset A € %,
we define the collection Z;(A) C X by

S (A) = {B €3X:BCAuA\B) < @}
Again, to improve the readability of the theorem, we omit explicit expressions
for the constants but in the proofs we keep track of their dependence on the
parameters.

Theorem 1.3. Foralla, p,q,r € (0, o] there exists a constant C = C(a, p,q,7)
such that for every o-finite setting (X, u, w) the following properties hold true.

(i) Forevery p > a and every function f € Lﬁ’w(fg,) we have

1 1
1 llz=ery ~c SUp (AP e[| fll 2oy A € 3,

(ii) Forevery p < a, p # o and every function f € Lﬁ’m(fg)) we have

1 1
I llzp=eery ~c Sup{inf {M(A)” ‘[ 1sllLeacery : B € ZL(A)} P A€ ZM}-

As for Theorem 1.1, the restriction to major subsets in the pairing is nec-
essary in property (ii), but it would still provide the desired characterization
even in property (i), see Remark 4.4. In fact, given a o-finite measure space
(X,w), let u be the outer measure on X generated via minimal coverings by
¥ and w described above. Then Theorem 1.3 for the o-finite setting (X, u, ),
a =g = 1,and r = oo recovers Theorem 1.1 for (X, w), since in this case we
have Lﬁ’q(fc‘ff) = LP9(X, w).

Moreover, we can compare the collections X//(A) and ZL(A) appearing in the
statement of property (ii) in Theorem 1.1 and Theorem 1.3 respectively. By the
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additivity on disjoint sets of the measure w, in the case of the collection Z//(A)
we have the equality

=/(A) = z’(A)_{Bez BCA, cu(A\B)<w( )}

However, in the case of the collection ZL(A) in general we only have the inclu-
sion

%/,(A) C (A —{Bez BC A, u(B) > “(;4)}
In fact, in the characterization of the outer LP**® quasi-norm stated in prop-
erty (ii) in Theorem 1.3 we cannot replace X/ «(A) with Z’ '(A). We clarify this
claim in Remark 4.5.

Finally, the interest in the characterization of outer LP** quasi-norms by
pairing with normalized characteristic functions was sparked by the function
spaces appearing in Subsection 3.8 in the article of Di Plinio and Fragkos [ DF25].
The latter ones, denoted by X 5 4 (J,x, size, , ), are quasi-normed spaces of func-
tions on the collection 7 of dyadic Heisenberg tiles in R2. In particular, the set
J{ is the collection of dyadic rectangles of area 1 in R2. The spaces introduced
in [DF25] are associated with new implicitly defined quasi-norms. More specif-
ically, the new quasi-norm of a function f is defined in terms of the pairing of f
with appropriately normalized characteristic functions. In particular, both the
pairing and the renormalization of the characteristic functions are measured
in terms of outer Lorentz LP-9 spaces with respect to an appropriate size. As a
corollary of Theorem 1.2, we show that the X}4(J, x, size, ,) quasi-norms are
equivalent to explicit outer LP**° ones with respect to an appropriate size, see
Corollary 5.2. We provide all the definitions to state this equivalence in Sec-
tion 5. Here we briefly point out that the sizes (S",.A) with r € [1, c0) appear-
ing in [DF25] differ from those defined in (1.2) in the following way, namely for
every subset A € A we have

S'(f)(A) = sup{¢L(NA): A € A,

where A is an appropriate collection of strict subsets of A. The size (S, .A)
satisfies the inequality in (1.1) with constant K = 1, but it does not satisfy the
equality. Because of this difference, we cannot use decomposition arguments
akin to those for the size £, appearing in [Fr21]. In fact, the question of Kéthe
duality for the outer LP spaces with respect to these sizes remains open and, in
the case of the sizes appearing in [DF25], it will be addressed in future work.
We briefly comment on the use of the spaces Xg’q(l, x,size, ) in [DF25]. In
[DF25] the main focus of the authors is about improving the LP estimates for
the Carleson maximal operator € defined for every Schwartz function f € S(R)
and every x € R by
Cf(x):= sup{| f&)eixs d«f’ :Ne€ R}.

E<N
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In particular, Di Plinio and Fragkos are interested in the case when the expo-
nent is close to the endpoint case p = 1. The previously known best estimate
was a restricted weak-type LP one of the following form. For every p € (1, o),
every subset |F| C R, and every measurable function f such that |f| < 1y we

have
2 1

|F|»,

oy <
ICS llpeow) < -1

where the constant C is independent of p. This bound was due to the work of
Hunt [Hu68] building on the seminal article of Carleson [Ca66]. An equiva-
lent estimate was later proved by Lacey and Thiele in [LT00] in the language of
generalized restricted weak-type L? bounds.

The improvement obtained in [DF25] is a proof of a weak-type LP estimate of
the following form. For every p € (1, 2] and every Schwartz function f € S(R)
we have c

ICflLpeom) < FHfllLP(R)’

where the constant C is independent of p. This result (Theorem A in [DF25])
follows from a sparse norm bound for the Carleson maximal operator (Theo-
rem B in [DF25]). In fact, Di Plinio and Fragkos prove a sparse norm bound
for the Carleson maximal operator associated with Hérmander-Mihlin multi-
pliers. We refer to [DF25] for both the definition of a sparse norm bound and
the description of the family of weighted estimates for the operator implied by
the sparse norm bound.

The proof of the sparse norm bound follows from a standard stopping time
argument and two inequalities involving the spaces X5(J, x, size, ). The first
inequality is a version of Holder’s inequality for outer LP spaces, the second is
an estimate for the Carleson embedding map from classical to outer LP spaces.
The role played by the two inequalities is analogous to the two-step programme
outlined in [DT15].

More in details, the result concerning the first inequality (Proposition 3.9 in
[DF25]) states that for all a, p; € (1, ), a < p; and p,, ..., Py € [1, ) such

that .
s==(2p—)—1>o,

j=1FJ

we have

m
||HFJ
j=1

< Ca
L(E()w) ~— ela—1)

”Fl”Xgl’m(],k,sizez,*)x
; (1.6)
X ]11 max{{IF |z - IF |z s}

where the sizes size; 4, s,, ..., S, satisfy an appropriate condition. We provide
all the necessary definitions in Section 5. In view of the equivalence between
X7 quasi-norms and explicit outer LP* ones stated in Corollary 5.2, we obtain
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Proposition 3.9 in [DF25] as corollary of the outer Holder’s inequality for outer
Lorentz LP9 spaces, see Appendix A.
The second inequality is the boundedness of the Carleson embedding map

W measured in the X ;p ,’°°(] , X, size, ) spaces with a constant independent of
p € (1,2] but dependent of t € (1,00) (Theorem D in [DF25]). For every
Schwartz function f € S8(R) the embedded function W[f]: J€ — [0, o) is
defined on every H = Iy X Jy € H by

WISIGH) = sup{I(f, )1 ¢ € @D},

where ®(H) is an appropriate collection of L!-normalized smooth enough func-
tions adapted to Iy and such that supp$ C Jy. Then, for all t € (1, ),
p € (1,2], every dyadic interval J, every collection 2? C H of dyadic Heisenberg
tiles, and every Schwartz function f € S(R) we have

IW U Tl s e, S CE RS .7

In the previous display, the quasi-norm [f], » measures the minimal value on
I for every H € P of the maximal L? average of f. In view of the equivalence
stated in Corollary 5.2 the estimate in (1.7) is a weak version of the boundedness
of the Carleson embedding map W, namely

||W[f]1y||L;p',oo(SK) < CE R f1p2,

for an appropriate size s,.. It should be compared with two previously known re-
sults. First, the weak-type estimate for the Carleson embedding map W proved
by Do and Thiele in [DT15], namely

WL 1llz) < COf Lo

Next, the strong-type estimate for the Carleson embedding map W applied to
the localization of the function f proved by Di Plinio and Ou in [DO18a], namely

WL 131l ) < CC R P Tpo

We conclude the Introduction with two observations. First, spaces similar to
those in [DF25] can be defined in the setting (X, u, w) with X = R" X (0, c0) and
the outer measure ¢ on X generated via minimal coverings by tents described
above. This o-finite setting is associated with the Calder6n-Zygmund theory
of translation and dilation invariant operators, for which endpoint estimates
are well understood. In fact, the sizes used in this o-finite setting are of the
form defined in (1.2), hence Theorem 1.3 holds true for these outer LP** spaces.
It would be interesting to understand whether arguments analogous to those
in [DF25] have useful applications also in the context of Calderén-Zygmund
theory, but this question is beyond the scope of this article.

Next, spaces similar to those in [DF25], namely defined via weak-type test-
ing conditions, have appeared crucially also in [UW22], see the definition of

the local sizes Xz;r’: S in Subsection 3.4. Asin [DF25], the introduction of such
e

(J,x,size; 4
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weaker sizes allows to prove more flexible versions of the outer Holder’s in-
equality, as well as estimates for the embedding maps similar to that in (1.7).
Again, it would be interesting to understand whether these local sizes fit in the
results of this article and, if so, whether this provides any simplification or in-
sight in the arguments in [UW22]. However, also this question is beyond the
scope of this article.

Guide to the article. In Section 2 we recall the definitions for the objects listed
in the Introduction, we introduce additional ones, and we make some auxiliary
observations. In Section 3 we prove Theorem 1.2. After that, in Section 4 we
prove the remaining properties stated in Theorem 1.3. Finally, in Section 5 we
introduce the setting on the collection J¢ of dyadic Heisenberg tiles in R? and all
the relevant notions. Moreover, we state and prove the result about the spaces
introduced by Di Plinio and Fragkos in Corollary 5.2. In view of this result,
we detail the alternative proof of Proposition 3.9 in [DF25] in Appendix A. In
Appendix B we provide the proofs of the auxiliary results stated in Section 4.

2. Preliminaries

2.1. Auxiliary definitions. First, we recall that an outer measure u on a set
X is a function from P(X), the collection of subsets of X, to [0, oo] satisfying the
following properties:

(i) (@) =o0.

(ii) For all subsets A, B C X such that A C B we have u(A) < u(B).
(iii) For every countable collection {4, : n € N} C P(X) we have

u( U 4n) < 35 man.

neN neN

A standard way to generate outer measures is via minimal coverings as fol-
lows. Let & C X be a collection of measurable sets and o: &€ — [0, 0] be a
function. For every subset A C X we define u(A) € [0, o] by

U(A) = inf{ Y w®B):Fceac | B},
BeF BeF
where the infimum over an empty collection is understood to be 0.
Then, we define a o-finite setting (X, u, w) as follows. Let X be a set, let w be
a o-finite measure on X, and let u be a o-finite outer measure on X. Namely,
we assume there exist two countable collections {4, : n € N},{B,: n € N} C

P(X) such that
x=Ja,=JBw
neN neN
Vn e N, w(A,,) < oo, u(B,) < oo.

We also assume that for every subset A C X we have
u(A) = 0= w(A) =0.
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Next, let A C X be a collection of measurable subsets. We recall that a size
S = (S,.A) on the collection M of Z-measurable functions on X is a function
from M X A to [0, oo] satisfying the following properties:

(i) For every 1 € R, every function f € M, and every subset A € A we have

SAf)A) = 1AIS(f)(A).
(ii) For all functions f,g € M such that |f| < |g| w-almost everywhere and
every subset A € A we have

S(f)(A) < S(@)A).

(iii) There exists a constant C € [1, o) such that for all functions f,g € M
and every subset A € A we have

S(f +8)(A) < CIS(f)(A) + S(g)(A)].

In particular, for every size (S, A) the constant K appearing in property (iv)
stated in the Introduction is smaller than or equal to the constant C appearing
in property (iii).

Finally, let (X, u, w) be a o-finite setting. For every measurable subset A € X
we define the collection £,(A) C Z by

T,(A) = {B €3: BCA,uB) & 0, oo}},
the collection X (A) C X by
22 (A) = {B €%: BCAwA\B)= o},
and the value u°(A) € [0, co] by
4°(A) = inf {/,L(B): Be z;(A)}.

2.2. Auxiliary observations. Let (X, 1, w) be a o-finite setting. First, we ob-
serve that for all p € (0, ), g € (0, ] and every measurable subset A € X we

have
1

DYwwr, @

1
(o] 1 » =
A (1) > A)» L£9((0,00),d2/2) (q

1
Lallzpacesy = P

where (p/q)9 for g = co is understood to be 1.
Next, we state and prove the following auxiliary result.

Lemma 2.1. Let (X, u, ) be a o-finite setting, and let (S, .A) be a size on X satis-
fying the condition in (1.1) with constant K € [1, c0).

For every r € (0,0), every p € (0,00), every § € [0, 1], every measurable
function f on X, and every measurable subset Q € X such that

1 1
1/ 1gellres,) <K r(1—38)rp, (2.2)
we have )
(S, () > p) < p(S(f1a) > K 78p).
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Proof. We argue by contradiction and we assume that

KS,() > ) > u($,(F10) > K7 8p).
In particular, by the definition in (1.3), there exists a measurable subset ® € Z,
© C Q such that
I lalecllizcs,) <K 78p, u(®) < WS, () > p).
Therefore, there exists a subset A € A such that
S(f"1ale:)(A) = S,(flale)(A) < K™'6"0",
S(f1e)(A) = S, (flee)(A) > po".
By the inequality in (1.1), we have
S/ (flae)(A) = S(fM1ge)(A) > K11 = 8")p".

Together with the condition in (2.2), the inequality in the previous display yields
a contradiction. (]

3. Proof of Theorem 1.2

We prove Theorem 1.2 under the assumption K = 1. For arbitrary K € [1, o)
we apply the same arguments only obtaining a different constant C.

Moreover, we make some additional assumptions. At the end of the proof
we comment on the modifications needed to drop them.

Let p € (0,00), f € Ly™(S,), 2 € (0,00),and A € 3.

« We assume that there exists p € (0, o) such that

1
1f 12>,y = PU(S(f) > p)? € (0, ). (3.1)
« We assume that there exists a measurable subset Q; € Z such that
1/ et s,y < 4 WQ) = u(S,()> D e0,0).  (32)
« We assume that there exists a measurable subset B € X (A) such that
u(B) = u°(A) = inf {,u(D) ‘De z;;(A)}. (3.3)
« We assume that a = 1 and we define p’ € (—00,0) U [1, 00| by
11,1
p b

Therefore, for p € [1,00] we have p’ € [1,00] and for p € (0,1) we
have p’ € (—0,0).

Proof of Theorem 1.2. Without loss of generality we assume f # 0, otherwise
the property is trivially satisfied.
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For every p € (1, 00] we have p’ # oo. Therefore, for every q € (0, oo] the
inequality

y 1

o
) 1A llzp=s,

1
sup {(A) ¥ || Lallgasy A € T <2

1
where (p’/q)e for ¢ = co is understood to be 1, follows from outer Holder’s
inequality for outer Lorentz LP4 spaces (Theorem A.2) and the equality in (2.1).
We turn to the proof of the inequality

1
1 llgcs,y < € sup {s(A) 7 [If Lallprags ) * A € Z,:

We distinguish two cases.
Case I: r = o0. Without loss of generality we assume

Q, C {x eX: |f)l >p}.
By the inclusion in the previous display and the equality in (2.1), for every q €

(0, co] we have

1
||f10p||L!1‘vQ(Lpz]o) 2 ||PlQp||L/1;q(€5)o) =q qP#(Qp):
1
where g4 for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)—(3.3), the previous inequality yields the desired inequality.
Case II: ¥ # 0. By Lemma 2.1, for every § € [0, 1] we have

uS,() > p) < (5,0 > 00).
By the assumption on p in (3.1), we have
W _sryng) = K(S,(F) > (1= 87p) < (1 =8 u(S,(f) > p).

By the inequalities in the previous two displays, for every q € (0, co] we have

1/ 1o
1

(a-snl/rp

-1 A L 1
lisas) 2 @ #6(L= 87 W@ sryirg) PU(S) > PP,

a-sr/7p

where g for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)-(3.3), the previous inequality yields the desired inequality for every q €
(0, o]

1
1 llzecs,) < Csup () 7 [If Lallrags, A € 2,
where the minimal value of the constant C is defined by
1 _r I p 1-p
guinf{el (1 -6 7 : sefo,1l}=qip-(p-1)7,

1
where g4 for ¢ = oo is understood to be 1. O

We comment on the modifications needed to drop the additional assump-
tions.
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« For every function f € Lﬁ’w(Sr) and every 6 > 0 there exists ps €
(0, ) such that

Ps(S,(f) > ps)? < Ifllp=s,) < (1 + 8)psu(S,(f) > ps)?.

« For every function f € ij’w(S,), every 1 € (0,00), and every § > 0
there exists a measurable subset Q, s € X such that

11 lleges,) <4, u(Q;5) < (A +Hu(S,(f) > A).

« For every measurable subset A € Z and every > 0 there exists a mea-
surable subset Bs € X (A) such that

u(Bs) < (1 + 8)u°(A).

In particular, for every measurable subset A € X we have
u(A) 2 u°(A) = ”]‘A”L}“q(fgf)'

« For all a,p,q,r € (0, 00], every setting (X, i, w), and every function
fe Li’q(S,) we have

1

I llpacs,) = 117401

LB/ 9%(S,4)

In particular, for every constant C = C (1, B, 2, 1) such that
a a a

L
”f”Lﬁ/am(Sr/a) < Csup {:u(A)P ||f1A”L:¢’q/a(Sr/a) A€ ZM}’

we have

1 11
1fllz=(s,) < Cosup{u(A)r @l flallsas,: A€S) (34

and analogously for an inequality in the opposite direction.

For every fixed § > 0 we can apply the arguments we described in the previous
proofs. Taking & > 0 arbitrarily small we obtain a proof of Theorem 1.2 with
the appropriate constants.

Remark 3.1. Forr # oo, instead of assuming a = 1, we can assume r = 1. The
same argument in the proof above yields the desired inequality for every q € (0, ]

1 1
Ifllzp=(sy < Csup {#(A)" “Nflalloas) : A€ Zu}’

where the minimal value of the constant C is defined by
1

(3 feria-a7 7D s o) = (9 2S04
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1
where (%)5 for g = o0 and a # oo is understood to be 1. Analogously to the last

point of the list above, we obtain the inequality in (3.4) up to the constant

1P\ (P—a\TTGT
(881 = (B () (547 =L Ly

4. Proof of Theorem 1.3

1 1 1 1
r

We prove Theorem 1.3 under the additional assumptions listed at the be-
ginning of the previous section. Moreover, we make some other additional as-
sumptions.

Let g € LY(¢}), p € (0, ), feLp°°(€ ),A € (0,0),and B € .

« We assume that there exists A, € A C 2, such that

I18llzeocer) = €e(8)(Ap) = p € (0, 00). (4.1)

« We assume that there exists a measurable subset Q;(B) € %, Q;(B) C B
such that

1/ 110,y L) <4, u(Q(B)) = u(ty,(f1g) > A1) € [0,0). (4.2)

In fact, the second additional assumption in this list is analogous to the second
one listed at the beginning of the previous section. At the end of the proof we
comment on the modifications needed to drop the first.

Next, we state the following auxiliary results. We postpone their proofs to
Appendix B.

Lemma 4.1. Let (X, u, w) be a o-finite setting. Letr € (0, 0). Let f € L7 (¢,).
Let A € £, be a measurable subset such that

Co(f)(A) 2 p € (0, ). (4.3)
Then for every 1 € (0, p) we have

wwﬂ)
HA) < ——2 (e () > A).

Lemma 4.2. Let (X, u,w) be a a-ﬁnite setting. Let p,r € (0,00]. Let f €
Ly(&g)n ij’m(fg)). For every 1 € (0, o) such that

I llzgocery > A (44)
there exists a measurable subset B € X such that
fg)(f)(B) > A, ||lec||Lz<>(fz)) <A (4.5)

Proof of property (i) in Theorem 1.3 for p = co. Without loss of generality
we assume [ # 0, otherwise the property is trivially satisfied.
We turn to the proof of the remaining inequality

1 lliper) < € sup {uC)f Lallpagr * A € 2

We distinguish two cases.
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Case I: ¥ = . See Case I in the proof of Theorem 1.2.
Case II: ¥ # co. By Lemma 4.1, for every k € (0,1) we have

KAL) £ (A = k") 7 u(Qy(Ap)). (4.6)
By the previous inequality, for every q € (0, oo] and every k € (0, 1) we have

1
HflApHLll;q(fg,) 2q (k- kr+1)P,u(Ap)-
1
where g for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)—(3.3) and in (4.1)-(4.2), the previous inequality yields the desired inequal-
ity for every q € (0, o]

1 llier) < Csup (A Lalltag,) 0 ASX.A# @),

where the minimal value of the constant C is defined by
l l r+l
q7 inf {(k — k1)1 ke (0, 1)} =qir+1)7 r},
where g4 for g = oo is understood to be 1. O

Remark 4.3. A sufficient condition on the size (S, A) to generalize both Lemma 4.1
and property (i) in Theorem 1.3 for p = oo to the case of the sizes (S,, A) is the
following.

There exists a constant K € [1, o) such that for every measurable function f
on X, every subset A € A, and every measurable subset B € X we have

S(HAKA) < K| Il sH(B) + S(fL)(Au(A)]- (4.7)

The conclusion of the generalized version of Lemma 4.1 for a size (S,, A) where
(S, A) satisfies the inequality in (4.7) would be the following.
For every A € (0, 0/K'") we have

~||f”2,‘2°(5r)
u(A) < Kmﬂ(sr(f) > 2).

The minimal value of the constant C in the proof of property (i) in Theorem 1.3
for p = oo would change accordingly.

It is easy to observe that the size (¢, L) satisfies the inequality in (4.7) with
constant K = 1.

Proof of property (ii) in Theorem 1.3. Without loss of generality we assume
f # 0, otherwise the property is trivially satisfied.
Let K’ be defined by
1
K = sup{inf {,u(A) 711/ 18l eyt B E z;(A)} CAe zy}.
Case I: r = co. We start with the proof of the inequality
K" < ClIfllp=es)-
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For every measurable subset A € Z, we define 4, € (0, o) by

1 1
Ao =20 u(A) P Ifllp=ces)-
By the definition of the outer Lﬁ’m(t’ o2) quasi-norm we have
Py £11P K(A)
hence we define the measurable subset B € ZL(A) by
B:=A\Q, g{xeA: 1F (0 </10}.

By the inclusion in the previous display and the equality in (2.1), for every q €
(0, o] we have
1 1
- > -1
u(A) » ”le”L;'q(ggf) <2ru(A) ”f”Lﬁ’w(f;")||1B||L;'q(5;°)
1 1
<27q I flleces)-
1
where g4 for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)—(3.3), the previous inequality yields the desired inequality.
We turn to the proof of the inequality

Ifllzp=(esy < CK.
Without loss of generality we assume
Q, ¢ {x eX: |fx)| > p}. (4.8)
For every measurable subset B, € ZL(QP) we have

M(€2p)
u(By) 2 ——.

By the inclusion in (4.8), the equality in (2.1), and the previous inequality, for
every q € (0, o] we have

1
If 15, llzracesy 2 o1 llLraesy = q 1 pu(Bp),
1
where g4 for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)—(3.3), the previous two inequalities yield the desired inequality.
Case II: r # oco. We start with the proof of the inequality

K" < ClIfllpser-

For every measurable subset A € 2, we define 4, € (0, o) by

1 1
Ao =20 u(A) #(Ifllp=ery.
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By the definition of the outer Lﬁ’w(f %) quasi-norm we have
- u(A)
#02) S A5 W) € =5
and we define the measurable subset B € ZL(A) by
B:=A \ Q/IO'

By outer Hélder’s inequality for outer Lorentz LP spaces (Theorem A.2 in Ap-
pendix A) and the equality in (2.1), for every q € (0, co] we have

1 1
/"(A) ¢ ”le”Llll’q(f;) < 2/"(14) ¢’ ”leflO”L;f(f;)”lB”Lll"q(fg)

142 -1
<2 rq lfllze=cer)s
1
where q¢ for ¢ = oo is understood to be 1. Together with the assumptions in
(3.1)—(3.3), the previous inequality yields the desired inequality.
We turn to the proof of the inequality

Ifllzpssery < CK. (4.9)

Without loss of generality we assume f € L7 (¢7,)N Lﬁ’w(t’ »,)- In fact, for every
f e ij’w(f;) and every € > 0 there exists a measurable subset A, € X such

that
1

1f 1 llLeer) < oo, I allze=cery S 1fllp=eery < A=€P) P|IfLallLp=cer)-
More in details, by the choice of p we have

#(Qp/a) < Ep:u(Qp)'
For A, := Q; /e Ve have f1, € L7(¢g,). Moreover, by the inequality in the
previous display, the definition in (1.3), and the subadditivity of u we have
(1 - Ep)lu(Qp) < M(Qp) - /"(Qp/a) < Iu(Qp(AE) U Qp/s) - ,u(Qp/a) < M(Qp(As))’
yielding

1 1 1 1
1 lpery = pu(Q)» < (1 = €P) »pu(Qp(Ae))» < (1 =€P) [l 1 [lLp(er)-

Proving the inequality in (4.9) for f1, € L7(¢;,) N Lﬁ’m(f »,) and taking e > 0
arbitrarily small yield the desired inequality for f € Li’m(f o)

To prove the inequality in (4.9) we argue as follows. By the definition of the
outer Lﬁ’m(f »,) quasi-norm, the choice of p, and the subadditivity of u, for every
M € (1, o0) we have

Mpu(Qpp)? < pu(Qp)?, () < Q) + H(Q(Q5 ).
Hence, we have
0 < MPu(Qp) — u(Qp) < MP[1(Qp) — i(Qurp)] < MPu(Q,(Qy, ). (4.10)
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The previous chain of inequalities yields

1 1
1fllzeogery < MMP =1) »pp(Qp(Qy,))7 (4.11)

Moreover, by the chain of inequalities in (4.10) we have Q,(Qj, p) # @. In
particular, for every € > 0 we have

1 Las, llrgecery > Pe
where p. € (0, p) is defined by
pe = (1 —¢)p.
Therefore, by Lemma 4.2 there exists a measurable subset B, € Zy(Qg/Ip) such
that
Ceu(F)(By) > pe, ||floglp Lge llreer) < pe- (4.12)
By the inequality in (4.11) and the second inequality in (4.12), we have

1 1
1 llpsery < MMP = 1) »pu(By )?. (4.13)
By the definition of K”, there exists a subset D, € X, (B, ) such that

1
1/ 1p, Ilptaer) < K'u(Bs )7 (4.14)
Furthermore, by the first inequality in (4.12) and the inclusion B, C Q]CWP, for
every subset D € ZL(BPE) we have

1 1
Co(f)D) > u(D) r[pru(B,,) — M"o"u(B, \ D)]-
1 K(B,)1; M\*
r 3 r € \r
> u(By,) | PEu(By) = M —2 | 2 (1= 52) e,
where M, € (M, o) is defined by

M 1/r
In particular, for every 1 = k(l - 7‘) pe with k € (0,1) we have

r

M\ -1
u(B,) <2u(D) <2MI(1- =F) A -k (@), (415

where the second inequality follows by Lemma 4.1. By the second inequality
in (4.15), for every g € (0, o0) and every k € (0, 1) we have
y I+l

M\~
1 1p ey = M7 (1= 55) © (k= k™*Dpeu(D).

Taking € > 0 arbitrarily small, together with the assumptions in (3.1)—(3.3) and
in (4.2), the inequality in (4.13), the first inequality in (4.15), and the inequality
in (4.14), the previous inequality yields the desired inequality for every q €
(0, 0]

1f Iz ery < 2CK7,
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where the minimal value of the constant C for every q € (0, oo] is defined by

1 _1 r\-"= !
g inf{(1 —M~P) » (1 - MT) "Mk — K+l M e (1,27),k € (0, 1)} =

r+l

é(r+ 1)

1
o

-1 M 1
s r _ —p - ro. r
mf{M(l M-P) P(l : ) : M e (1,2 )},
1
where g4 for g = oo is understood to be 1. a

We comment on the modifications needed to drop the additional assump-
tion. For every function g € L;°(¢;,) and every § > 0 there exists A, 5 € A
such that

(1-08)p <5,(8)(Ass) < p = lI8llrecer)-
For every fixed § > 0 we can apply the arguments we described in the pre-

vious proofs. Taking & > 0 arbitrarily small we obtain a proof of Theorem 1.3
with the appropriate constants.

Remark 4.4. In the proof we never used the assumption p < a. The same argu-

ment yields the following alternative version of property (i) in Theorem 1.3, which

is consistent with the case of classical LP**° quasi-norms on a measure space (X, ).
For every p > a and every function f € sz’m(f %) we have

1 1
1fllzz=ery ~c sup{inf {u(A)r 2| f1gll000r) : B € Tp(A)}: A €2},

Remark 4.5. For every measurable subset A € %, we recall we defined the collec-
tion 2;/(A) C Z by

: K(A)
=1(A) = {B €%: BCA,uB) > 7}

Let K" be defined by

1 1
K" = sup{inf {,u(A)P N\ f1pll 2y : B € z;{(A)} CAe ZM}.
For every measurable subset B € ZL(A) we have u(A) < 2u(B), hence
K" <K'

In fact, for every p < a and every function f € Lﬁ’m(t’ o) we have
Ifllzes ey ~c K.

Moreover, for all p < a, r # oo and every function f € ij""’(f;) we have
K" < Cllfllzp=er)-

However, for every M € (1, o0) there exists a o-finite setting (X, 4, w) and a func-
tion f € Lﬁ"’o(fcro) such that

1fllzpsoery = MK".
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In particular, let
X={eN:1<j<m
u(A) =1, for every subset A C X, A # @,
w(A) = |A], for every subset A C X.

Then, for the function f = 1x we have

1

1
||f||L5’°°(f;) =mr, K" < sup {,u({xA})P tACX, A+ @} =1,
where for every subset A C X, A # @ we choose x, € A arbitrarily. Taking
m € N big enough we obtain the desired inequality.
5. Function spaces on the collection of Heisenberg tiles

5.1. o-finite setting on the collection of Heisenberg tiles and lacunary
sizes. For all m,l € Z we define the dyadic interval D(m, ) in R by

D(m, 1) == (2'm, 2 (m + 1)),
and the collection D of dyadic intervals in R by
D := {D(m, D:mle Z}.

Moreover, for all m,n,l € Z we define the dyadic Heisenberg tile H(m,n,l) in
R? by

H(m,n,l) := D(m,l) X D(n, -1),
and the collection 7 of dyadic Heisenberg tiles in R? by

X = {H(m,n, D: mn,le Z}.

Then, for all M, L € Z we define the stripe E(M,L) C ¥ by
E(M,L) = E(D(M, L)) := {H(m, n,1) € % : D(M,L) C D(m, l)}.

Moreover, for all M, N, L € Z and for every x € Z, x > 0 we define the tree of
2*-tiles T,,(M,N, L) C J( by

T,(M,N,L) = {H(m, n,1) € 7 : D(m,1) C D(M, L), D(N, L) C D(|n/2¥],x — l)},

where for every x € R we define |[x] € Z to be the biggest integer number
smaller than or equal to x.

Next, for every x € Z, x > 0 we define (X, U, @,) to be the o-finite setting
on the collection J of dyadic Heisenberg tiles as follows. Let

X, =X,
T, = {Tk(m,n,l) tm,n,l e Z},
0 (T (m,n, 1)) = 2, forall m,n,l € Z,

w (H(m,n, 1) = 2!, forallm,n,l € Z,
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and let i, be the outer measure on X, generated via minimal coverings by J7,
and o, as described in Section 2.

After that, for every x € Z, x > 0 we define a collection of tiles T C J( a
x-lacunary tree if it satisfies the following properties:

o There exists M, N, L € Z such that

T C T.(M,N,L).
e Forall m,n,l,m’,n’,l' € Z such that
H(ma n, l)a H(m,a n,9 l,) S T’ D(na _l) ;é D(n,’ _l/),

we have
D(n,-)nD®,-1I") = @.
Moreover, we define 7T ,. to be the collection of all x-lacunary trees.
Finally, we define the lacunary size (Sy jac, Tx1ac) as follows. For every x-
lacunary tree T, 1o € T 1ac We define

Sk,lac(f)(TK,lac) = #K(Tx,lac)_l“flTK,laC ||L1(Xk,w,<)’

and the outer Lorentz Lﬁ;q(SK,lac) spaces as in the Introduction. In particular,
for every r € (0, co] we denote by S the size (S, j,c), defined in (1.4) and in
(1.5).

It is easy to observe that the size (S, jac, Ty 1ac) Satisfies the inequality in (1.1)
with constant K = 1 and the inequality in (4.7) with constant K = 1.

Remark 5.1. On the collection of Heisenberg tiles and its continuous counterpart,
the upper half3-space R?x (0, o), further sizes of iterated nature were considered.
We refer to [DDU18, Ur17, UW22] for more details. We briefly recall an instance
of such sizes.

We define I = T, u = Uy, and (X, v, w) the o-finite setting on the collection
of dyadic Heisenberg tiles as follows. Let X = F, w = wy, E ={E(M,L): M,L €
Z}, and ©(E(M,L)) = 2L forall M,L. € Z. Let v be the outer measure on X
generated via minimal coverings by € and t as described in Section 2.

First, for every t € (0, c0) we define the size (S', ) as follows. For every tree
T € T we define

SHf)T) = If 1rllzecsty + 11 17l x ), (5.1)

where S(t) = (Sp,1ac)r» and the outer Lebesgue Llll(St ) spaces as in the Introduction.
Next, we define the size (S', &) as follows. For every stripe E € & we define

Sl,[(f)(E) = V(E)_lllflEllLi(S[)’

and the outer Lorentzg Lf (st spaces as in the Introduction.

For every t € (0, o) the size (S, &) satisfies the inequality in (1.1) with con-
stant K = 2 by the definitions in (1.3) and in (5.1). In particular, for all measur-
able functions f, g on X and every 1 € (0, o) we have

H(S'(f +8) > ) < u(S'(f) > 4/2) + u(S'(g) > 1/2),
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yielding the quasi-triangle inequality for the quasi-norm Llll(St).
Thesize (S', &) satisfies the inequality in (4.7) with constant K = 8 too, namely

SHAW(A) < 8|1 fllrg(s1ov(B) + SH(f1p) AW (A)],

by the quasi-triangle inequality for the quasi-norm LPIL(S‘ ), the definitions in (1.3)
and in (5.1), and the geometry of stripes, trees, lacunary trees, and their intersec-
tions, see Lemma 4.4 in [Fr23]. In particular, for every measurable function f on
X, every A € (0, 00), every collection & C & of pairwise disjoint stripes, every tree
T € T, and every lacunary tree U € T, we have

H(S'(f) > 2) < u(Sy(f) > 1/2) + (€5 (f) > 4/2),
H(S(f) > 1)+ u(€S(f) > A) < 2u(S'(f) > ),

1 :
SHFRU) < (m PICh PSMRU))’ < sup Si(f12V),

te (f1pXT) < sup €5 (f1p)(T),
FeF
where F = U < F. The last two inequalities in the previous display yield the
following inequality both for S = Sé andS =¢3

u(S(f1p) > 1) < D) u(S(f1p) > A).

FeF

5.2. ThespacesX21(J, x, size, , ) and equivalence with the outer Lﬁ:x’ (82)
spaces. The spaces X.1(J, «, size, , ) appearing in Section 3.8 in [DF25] are as-
sociated with a triple of exponents p,q,a € [1,], p > a, a dyadic interval
J € R, and a non-negative integer x € Z, x > 0. The size (size, ., T,) on
the collection of functions with support in the stripe E(J) is defined as follows.
Let 75, € T, be the collection of trees of 2*-tiles contained in the stripe E(J).
For every tree T,, € 7, and every function F supported in the stripe E(J) we
define

SiZeZ,*(F)(TK) = ||F1T1< ||L;‘;{(S£)' (52)

The space X2(J, x, size, ,) is defined by the following quasi-norm on functions
F supported in the stripe E(J)

11
”FHXg’q(J,k,sizez’*) = sup {/,LK(A)P “ ”FlAHLZ;(q(sizez’*) CAE€ ZuK(E(J))}- (5-3)

We are ready to state the equivalence between the X29(J, x, size, ) spaces
and the outer L;*(S7) ones.

Corollary 5.2. For all a,p,q € [1,0], p > a there exists a constant C =
C(a, p, q) such that the following properties hold true.

Foreveryx € Z, x > 0 let (X,,, Wy, ,.) be the setting and T, be the collection of
generators described above. For every dyadic interval J € D, and every function



DUALITY FOR OUTER LP* SPACES 343

f on X, we have

||f1E(J)||L£;C°°(Si) =a~cpB= ”f”Xg’q(J,K,sizezy*)'

In particular, we have
1 P 1
9\q /[P—A/ P \u (P g
<(Z < 2a .
a_(a) a (p—a) B, < (q(p_a))a
In fact, we can define analogous quasi-norms and spaces and prove an anal-
ogous statement in the case of the settings on the upper half 3-space R?x (0, o)
described in [DT15, Fr23]. The settings on H described above are discrete mod-
els of those on the upper half 3-space.

Proof. The desired equivalence follows from Theorem 1.2, Remark 4.3 the def-

initions in (5.2) and in (5.3), and the following auxiliary observation. For every

dyadic interval J € D and every function F supported in E(J) we have
IEze (s2) = [IFllLe (size, 05

K

hence for all p, g € (0, oo] and every function F supported in E(J) we have

IFlas) = 1Pl se, O

Appendix A. A proof of the inequality in (1.6)

We prove the inequality in (1.6) originally stated in Proposition 3.9 in [DF25]
applying standard interpolation results in the theory of outer L? spaces.

exists a constant C = C(m) such that the following property holds true.
LetJ € DbeadyadicintervalinR. Leta, p; € (1,0),a < p;and p,, ..., Py, €
[1, o) satisfy

Proposition A.1 (Proposition 3.9 in [DF25]). For every m € N, m > 2 there

= (% 5)-150

j=1
Let the sizes (size; 4, Ty), (82, T ), . » (Sp> T) satisfy for every tree T, € T, and
for all functions Fy, ..., F,, supported in E(J)

m m
eL (TTF;)(To < sizen o (P T TT s,(F T,
j=1 Jj=2
Then for all functions F4, ..., F,, supported in E(J) we have

m
”HFJ
j=1

Ca

.Ll(E(J),coK) = ea — 1)”F 1lx2r e size, )X

m
x T maxtlFll gy Iz
J:
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We point out that in [DF25] the outer measure y, is renormalized with the
length of the dyadic interval J. Therefore, a normalizing factor |J|~! appears on
the left hand side of the chain of inequalities in the statement of Proposition 3.9
in [DF25].

To improve the readability of the proof, we omit explicit mention of x in the
notation of , and w,.

Proof. First, a standard inequality between classical and outer LP quasi-norms
(Proposition 3.6 in [DT15]) yields

e

Next, we recall outer Holder’s inequality for outer Lorentz LP-4 spaces (Propo-
sition 3.5 in [DF25]).

(A1)

m
< F; .
LYE(),w) — HH MLkt el

Theorem A.2. Let (X, u, w) be a o-finite setting. Lets, sy, ..., S,, be sizeson (X, u, @)
such that for all measurable functions F, ..., F,, on X and every measurable sub-
set A € X we have

s(TTE)@ < IT sExa). (A2)
i=1 i=1

Then for all p, py, ..., pm € (0,0] and all q,qy, ..., q,, € (0, 0] such that

m m

1 1

=T

>

we have

1
) <mpep ||Fl'||L5i*qi(Si).

m
e
i=1

We apply the previous theorem with the sizes s and s; defined by

pg
L, (s

1 2
S = fw, Sl = SK’

and the sizes s,, ..., 5, satisfying the condition associated with the inequality in
(A.2). Moreover, starting with the exponents a, p;, p,, .- » P, Satisfying the con-
ditions in the statement of Proposition A.1 we define the exponentsr,, ...,7,, €
(1,00) and qy, ..., g, € (1, ) by

-1 1
P=Z—=—,+E, q; = pjP, rj=agq;.
Therefore, we obtain the inequality

m
“HFJ

j=1

m
e < m|Fylpees,) gHFjHL;jvqj(sj), (A.3)
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In particular, we observe that

Pd’ > (? +£>p1 > 1,
1

hence for every j € {2, ..., m} we have
I’j > p]’

hence the logarithmic convexity of the outer Lorentz LP-4 spaces (Proposition 3.3
in [DT15]) yields the inequality

1 ribj b

PNG rj
Al rigi —_ )9 . .
WSl < (3)" IF g I

rj

pbj. °
L# (S])

(A.4)

Finally, the equivalence between the X 5 W, x, size, ) spaces and the outer
Lﬁ’w(S,%) ones (Corollary 5.2) yields the inequality

P

P—as P \u
”F”Lﬁ’“’(S,%) < a (p — a)2 ||F||X5’°°(],K,sizez,*)' (A.5)
The inequalities in (A.1) and in (A.3)—(A.5) yield the result stated in Propo-
sition 3.9 in [DF25]. O

Appendix B. Proofs of Lemma 4.1 and Lemma 4.2

Proof of Lemma 4.1. Let¢ > 0. By the existence of a measurable subset satis-
fying the inequality in (4.3), for every 1 € (0, p) we have

(o, (f) > 2) > 0.
For every 1 € (0, p) we choose a measurable subset Q,; € X such that
1 Lac llzseer) < A Q) < (1+ L) > A).
We have
11 20 2 11,
2 (LAl i 0y = 1P LA 7, o) 2 AN = A0,
Taking € > 0 arbitrarily small we obtain the desired inequality. O

Remark B.1. Under the condition on the size (S, A) stated in (4.7), the chain of
inequality in the previous display becomes
1
1 s, (22D = I zes)p(Q2) 2 = S(fHAUA) — S(f e )(AIu(A)
u \Pr K s
> KA
K

yielding the desired inequality.

(@Y = RS (F1a)(A) ) 2 %w - KA,
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Proof of Lemmma 4.2. We argue by contradiction and we assume that there ex-
ists no measurable subset B € X such that

to(f)(B) 2 4,
hence
A2 | fllLgcer)-
This yields a contradiction with the inequality in (4.4).

Therefore, there exists a measurable subset B € X satisfying the first inequal-
ity in (4.5). We define the collection {B,, : n € N;} C ¥ of measurable subsets
by a forward recursion on n € N, where N is a finite non-empty initial string
of N. We define the subset A, = @ and for all n € N; we define the measurable

subset A, € Z by
Ay = B

m<n

and the collection B,, C ¥ of measurable subsets of X by
B, = {B €X: Ch(flac )B) > /1}.
In particular, we have B, # @. If B,, is empty, we define N; C N by
N, ={1,..,n—1%
If B,, is not empty, by Lemma 4.1 for every measurable subset B € B,, we have

H(B) < Cllfllegery w(Eo(f) 2 4/2) < C2PAP| fllngery 1 Nl s, ) < 005
u 12}

hence there exists j = j(n) € Z such that
sup{,u(B) :Be Bn} e (2/,2/*1].
We choose B, € B,, such that
H(B,) € (27,27+1].
We claim that there exists N = N(r, 4, || f]| L, )) € N'such that
Jjn+N) < j(n) -1, (B.1)

We argue by contradiction and we assume there exists a collection {B,,,; : i €
{0,...,N}} C X of pairwise disjoint measurable subsets such that for every i €
{0,1,..., N} we have

Co(F)Bpsi) Z 4, U(Byi) € (zj(n)’ 2j(n)+1]'
Then we have

N N
“flUZOBYHi :r(X7a)) 2 A ;ﬂ(BnH) > A" max {,u( L:JO Bn+i)’ (N + 1)2}(")}’

~

so that by the definition of j(n) we have

M( CJ Bn+i> < 2/,
i=0
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hence
1

N
a(UBu) 2 (557) 3> Wiz
i=0

yielding a contradiction for N too big.
Therefore, the sequence {j(n) : n € N,} is non-increasing and we have that
either N, is finite or it is infinite and, by the inequality in (B.1),

inf{j(n): ne NA} = —00.

Defining the measurable subset B € X by

B= ] B,

HENA

we obtain the desired inequality. (]
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