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Endpoint boundedness of singular integrals:
CMO space associated to Schrodinger
operators

Xueting Han, Ji Li and Liangchuan Wu

ABSTRACT. Let £ = —A + V be a Schrédinger operator acting on L2(R"),
where the nonnegative potential V belongs to the reverse Holder class RH,
for some q > n/2. This article is primarily concerned with the study of end-
point boundedness for classical singular integral operators in the context of
the space CMO(R"), consisting of functions of vanishing mean oscillation
associated with £.

We establish the following main results: (i) the standard Hardy-Littlewood
maximal operator is bounded on CMO,(R"); (ii) for each j = 1, ..., n, the ad-
joint of the Riesz transform 8;£7"/? is bounded from C,(R") into CMO ;(R");
and (iii) the approximation to the identity generated by the Poisson and heat
semigroups associated with £ characterizes CMO (R") appropriately.

These results recover the classical analogues corresponding to the Lapla-
cian as a special case. However, the presence of the potential V' introduces
substantial analytical challenges, necessitating tools beyond the scope of clas-
sical Calder6n-Zygmund theory. Our approach leverages precise heat kernel
estimates and the structural properties of CMO ,(R") established by Song and
the third author in [19].
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1. Introduction and main results
Let us consider the Schrodinger operator
L=-A+V(x) on L*(R"), n>3,

where the nonnegative potential V' is not identically zero, and V' € RH, for
some q > n/2, which by definition means that V € quoc([R”), V > 0, and there
exists a constant C > 0 such that the reverse Holder inequality

/g
1 C
(lBl | vora ) < 57 | vy )

holds for all balls B in R". Following [9], a locally integrable function f belongs
to BMO(R") if

Iflsvou@m 1= sup f FO) = f] dy
B=B(xj, 1B

rg): rp<p(xp)

+ sup
B=B(xp,rp): rp=p(xp) |B|

flf(y)l dy <co.  (12)

The critical radii above are determined by the function p(x; V) = p(x), which
was first introduced by Shen [18, Definition 1.3] and takes the explicit form

p(x) = sup {r >0: %—/ V(y)dy <1¢. (1.3)
¥ B(x,r)

This article focuses on CMO . (R"), the space of vanishing mean oscillation
associated to £, which is the closure of C°(R") (the space of smooth func-
tions with compact support) in the BMO(R") norm. As a crucial subspace
of BMO . (R"), it satisfies the duality relations

(CMO.(RM)" = HL(R") and (HL(R")* =BMO,(R"),  (1.4)
where the Hardy-type space HE(IR”) is defined by
H}; (RM) ={f € L} (R") : P*f(x) = sup

t>0

L@y See [7, 9, 14] for details. Additional

equivalent characterizations of CMO . (R") via mean oscillation and tent spaces,
respectively, can be found in [19] by L. Song and the third author.

The space CMO(R") shares key similarities with the classical vanishing
mean oscillation space: when V' = 0, CMO,(R") (resp. BMO,(R™)) coincides
exactly with the standard CMO(R") (resp. BMO(R")), and the dualities (1.4)

e-fﬁf(x)Q e L'(R")

with norm || f|lpwey = ”?*f
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reduce to their classical counterparts. However, CMO ;(R") demonstrates cer-
tain properties distinct from the classical setting. For instance, the convolution
of a compactly supported bump function with a function of CMO ;(R") may
fail to remain in CMO ;(R"); see [19, Lemma 4.1].

The aim of this paper is to study endpoint boundedness for classical singular
integral operators in the context of the space CMO (R"). Central to this pursuit
are the boundedness of cornerstone operators such as the Hardy-Littlewood
maximal operator and the Riesz transforms on this space. Additionally, the de-
velopment of suitable approximations to the identity compatible with the struc-
ture of this space requires careful consideration.

Part I. The (uncentered) Hardy-Littlewood maximal function M on R”
is a well-known operator and plays a fundamental role in harmonic analysis.
However, its behaviour on CMO . (R") remains unclarified.

Recall that for the classical case with V' = 0, it’s known that for a function
f € BMO(R"), it may occur that M f = +o0, and a typical example is f(x) =
log |x| (in contrast, for any f € BMO(R"), we have M f(x) < +oo for a.e.
x € R™). Nevertheless, there exists a constant C depending only on » such that
for any f € BMO(R") for which M f is not identically equal to infinity, we have

IIM fllemown) < ClIfllBmMocrn);

see [1, Theorem 4.2] by Bennett, DeVore and Sharpley. The further bounded-
ness of M and its fractional counterpart on VMO were investigated in [17] and
[11], respectively, where VMO is the BMO-closure of UC n BMO, and UC is
the class of all uniformly continuous functions. Alternatively, f € VMO(R")
if and only if f € BMO(R") and

lim sup |B|‘1/|f(x)—f3|dx=0.
a=0p:rp<a B

Very recently, the boundedness of M on the classical CMO(R") was established
in [15]. Since the nonnegative potential V is assumed not to be identically zero,
we have

CMO,(R") G CMO(R") & VMO(R™).

Our first result is to characterize the Hardy-Littlewood maximal operator M
on CMO ,(R™), which also clarifies the boundedness of M on CMO(R").

Theorem 1.1. Suppose V' € RH, for some q > n/2 and let L = —A + V. For
each f € CMO,(R"), the Hardy-Littlewood maximal function M f belongs to
CMO . (R") as well, with

IM fllemo . mny < ClIf llBmO (mn)s (1.5)
where the constant C > 0 is independent of f.

Recall that the boundedness of M on BMO,(R"), namely,

IM flemo . m) < ClIfllBmo,®7)s (1.6)
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was given in [9, Theorem 5]. To prove Theorem 1.1 based on this result, we
will apply the characterization of CMO ;(R") in terms of the behaviour of mean
oscillation given in [19] (see (vi) of Theorem 2.1 below), and give a more refined
modification of the argument for [1, Theorem 4.2]. Note that CMO(R") can
also be characterized via mean oscillation, which coincides with CMO (R")
whenever taking V' = 0, hence our proof also reveals the behaviour of M on
the classical CMO(R") (Remarkably, functions f € CMO(R") for which M f is
identically infinite must be ruled out, such as f(x) = Inln x| - 14.;5,(x)). See
Remark 3.2 for details.

Part II. Consider the j th Riesz transform R; = %L‘l/ 2 associated to £

J
on R", j =1,...,n. Shen [17] established that when V € RH forn/2 < q <n,
then
IR; flleny < Cpllfllep@ny for 1 < p < po,

1 1 1 .
where — = — — o When V' € RH,,, R; is a Calder6n-Zygmund operator for

Po g
each j. Hence it suffices to consider the case V' € RH, with n/2 < q < n. Let

R;j(x,y) be the kernel of the Riesz transform R;. Then the adjoint of R; is given
by
Rjg(x) = lim R;(y,x)g(y)dy.
0 ly—x|>e

By duality, the above boundedness of R; deduces that R;f is bounded on LP'(R")
with p(’) < p’ < o0, where 1 + i, = 1. Moreover, R;.‘ is bounded from L*®(R")

to BMO (R"), which is useful to give a characterization of BMO ;(R") via R;.k.
Concretely, for each f € BMO(R"), we can write

n
j=1

See [22, Theorem 1.3] by the third author and L.X. Yan.

To continue this line, our second result is as follows. Let Cy(R") be the space
of all continuous functions on R” which vanish at infinity.

Theorem 1.2. Suppose V € RH, for someq > n/2 and let L = —A+ V. The
adjoint Riesz transform R}’.‘ associated to £ is bounded from C,(R") to CMO . (R")

forj=1,..,n

When V = 0, the boundedness above is known, based on the Fourier trans-
form of the classical Riesz transform
0

axj'

see [6, Lemma 1] for details. For any generic potential V' € RH,, techniques
from Fourier transform are not workable, and we will show Theorem 1.2 by

(-A)"Y2, j=1,..,m



ENDPOINT BOUNDEDNESS OF SINGULAR INTEGRALS 1349

exploiting estimates for the kernels of Riesz transforms and applying prelimi-
naries in [18].

As a consequence, we will show (see Lemma 4.1 below) a Riesz-type rep-
resentation that for every continuous linear functional £ on CMO ,(R"), there
exists a uniquely finite Borel measure y, such that ¢ can be realized by

t(g) = f g(x)duo(x), Vge CMO,(RM),
Rn

where y satifies that its Riesz transforms R;(du,)(x) = f R;(x,y) duo(y) asso-
ciated to £ for j = 1,2, ..., n, are all finite Borel measures.

Part III. Consider the approximation to the identity on CMO.(R"). As
aforementioned, the standard approximation to the identity can not match
CMO,(R") well due to the potential V. Even for a radial bump function ¢
satisfying

supp$ C B(0,1), 0<¢ <1 and /c;b(x)dx =1,

the convolution A, f = t™"¢(t7!-) % f for f € CMO (R") may not belong to
CMO,(R"), unless assuming additional conditions such as f € C*(R"). In
this article, we consider the approximation to the identity arising from semi-
groups associated to L.

Theorem 1.3. Suppose V' € RH, for some q > n/2 and let L = —A + V. For
any f € CMO,(R"), we have e"\/zf € CMO,(R") foreach t > 0, and

limeV4f = f in BMO(R™). (1.7)

t—0

In particular, if f € CP(R™), then we also have lin(l) e_“/zf(x) = f(x) uniformly
t—
forallx € R".

The analogous conclusion remains valid when replacing the Poisson semi-
group etVe by the heat semigroup e~*~.

To establish this, we first show that for any f € BMO(R") and ¢t > 0, the

function e~V4 f also belongs to BMO (R"), and a corresponding result holds
in CMO,(R") (see Lemma 5.1). Our main ingredient is the characterization of
CMO . (R") via the theory of tent spaces established in [19]. Consequently, it
suffices to verify (1.7) for functions in C°(R"), and we can utilize the classical

Poisson semigroup e~V=4 to streamline the argument.

This paper is organized as follows. In Section 2 we introduce the necessary
preliminaries in characterizations of CMO (R") and the auxiliary function p.
In Section 3 we provide the proof of Theorem 1.1. In Section 4 we present the
proof of Theorem 1.2. The argument for Theorem 1.3 will be discussed in the
last section.
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2. Preliminaries

We recall some preliminaries on CMO ,(R") and the auxiliary function p
defined in (1.3).

A remarkable fact is the self-improvement property: if V' € RH, with ¢ >
1, then there exists ¢ > 0 depending only on the constant C in (1.1) and the
dimension n such that V' € RH,,.. Consequently, the assumption “V' € RH,
for some g > n/2” can be rewritten as “V' € RH, for some q > n/2”. This fact
is useful for dealing with some critical indices that appear in our article below.

Combining works in [7, 14, 19], we have the following characterizations of
CMO,(R").
Theorem 2.1. Suppose V € RH, for someq > n/2 and let L = —A+ V. The
following statements are equivalent.

(i) fisin CMO,(R").

(ii) f isin the closure in the BMO ;(R") norm of C°(R").

(iii) f isin the closure in the BMO . (R") norm of C,(R").

(iv) f isin the pre-dual space of the Hardy space HZ(R”).

(v) fisin B, where B is the subspace of BMO ;(R") satisfying 7;(f) = 0
for1 <i < 5 where

1/2
7:(f)=lim sup (IBI‘I f |f(x>—fB|2dx) ;
a—-0p B

irg<a

1/2
7>() = limsup <|B|—1 Ji if(x)—fBFdx) ;
B

“® B:rg>a

1/2
y3(f) = lim  sup (IBI_lflf(X)—fBlzdx) ;
B

a—00 B: BC(B(0,a))°

1/2
74(f)= lim  sup (|B|—1 f |f<x>|2dx>;
B

A= B: rp>max{a, p(xp)}

A= B: BC(B(0,a))°
rpZp(xp)

1/2
75(f) = lim  sup (IBI‘l f If(X)|2dx) .
B

Here xg denotes the center of B, and the function p is defined in (1.3).
(Vi) fisin BMO(R") and satisfies y1(f) = 73(f) = 75(f) = 0.

Next we review the slowly varying property of the critical radii function p(x).
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Lemma 2.2. ([18, Lemma 1.4].) Suppose V' € RH, for some q > n/2. There
existc > 1 and ky > 1 such that forall x,y € R",

k
—ko X0

1+ B2 <o <e(1+ B2 0. e
o(x) p(x)

In particular, p(x) ~ p(y) when 'y € B(x,r) andr < p(x).

Hence 0 < p(x) < oo for each x € R", and p is locally bounded from above
and below. This fact will be used frequently in our article.

3. Hardy-Littlewood maximal operator on CMO .(R"): proof of
Theorem 1.1

Let M denote the uncentered Hardy-Littlewood maximal function. The aim
of this section is to explore the boundedness of M on CMO (R").

Proof of Theorem 1.1. Step I. We begin by showing that for any given f €
BMO,(R"), we have M f < +o0 for a.e. x € R"™.

This fact has been proven in [9] by splitting the function f into a local part
and a nonlocal part. Alternatively, here we present an alternative proof by di-
rectly applying the definition (1.2) of the BMO, norm.

Indeed, for any f € BMO,, it follows from the definition of the BMO, norm
that

M) <Cosp e | 1ty

p(x)
< Cullfllpsio, sup max {(T) ,1},
r>0

and the sup, , can be improved to sup,_ 5 for some & > 0 due to the Lebesgue
differentiation theorem. Specifically, for any ¢ > 0, there exists § = §(¢,x) > 0
such that

Mf(x) <max{|f(x)| +&,Collfllsmo, supmaX§(p( 22 }}

Since 0 < p(x) < oo for each x € R", we obtain M f(x) < +o0, a.e. x € R".

Step II. Now we show that M f belongs to CMO(R") when f € CMO;(R").

For any given f € CMO_(R"), it follows from Theorem 2.1 that it’s equiva-
lentto f € BMO(R")and 7,(f) = 73(f) = 75(f) = 0. By (1.6), we have M f €
BMO(R"™), hence it suffices to verify that 7; (M f) = y3s(M f) = ys(Mf) =0

The following argument refines and modifies the approach in [1, Theorem
4.2]; see also [17].
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Note that for any B,

- f 76— fof dx < ff FGO) = O] dydx
B BXB

B ﬁ ff F) = f5 + f5 = FO)[ dydx
BxB

< 7 171l . )

and

L2 [/ ||f(x)| - |f(J’)||2dydx < — [/ 1f(x) - f(y)| dydx,
|B] BxB |B| BB

from which it follows readily that |f| € CMO(R"). Besides, M|f| = Mf.
Thus we may assume without loss of generality that f is nonnegative.

Now, for any 0 < f € CMO,(R"), note that Mf and y;(Mf) fori = 1,3,5
can be defined using cubes with sides parallel to the coordinate axes instead of
balls. In the following proof, “cube” always refers to such cubes. For any given
cube Q, denote its sidelength by ¢(Q). Let x > 0 be a constant to be chosen
later. For each x € Q, define

M, f(x) := sup fo and M,f(x) := sup for-
Q'ax: ¢(Q)<xt(Q) Q'sx: ¢(Q)>xt(Q)

Clearly, M f = max {M, f, M, f} on Q. Set

O={xeQ: Mf(x)>Mf)}, Q={xe€Q: Mf(x)>M,f(x)}

and Q, = Q\ Q;. Then

o1 f [MFCo) = (M g| dx = 155 f (MfG) = (Mf)g) dx

—zlel f Mif(x) - (Mf)g)dx.  (32)

We begin by considering the term involving M, in (3.2). For the above cube
Q, let Q* = (2x +1)Q denote the cube with the same center as Q and sidelength
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Q

Q/

QH
FIGURE 1. Q" contains Q and Q’, and shares a common vertex
with Q'.

(2x + 1)¢(Q). Then M, f(x) = M;(f1¢:)(x) for any x € Q, and

QI

1
<o fg (M7= (1)

<o f ML) = fo + For = (M, o dx

&/ (s~ 011))

|Q|/|M1f(x) fQ*

<2 <@f‘M1 (f1g- —fQ*)(x)|2 dx)

1/2

1/2

<|Q|./‘M[(f fQ*)1Q*](x)| dx)

<c;<"/2 — f | f(x) = fo- 2dx>1/2 (3.3)
- IQ*I o € ' ‘

It remains to consider the other term (i.e., i = 2) on the right-hand side of
(3.2). For any fixed x € Q,, we have M f(x) = M,f(x) > (Mf)q. Let Q" be
any cube containing x with £(Q") > x£(Q). Let Q” be a cube with £(Q") =
£(Q) + ¢(Q’) which contains both Q and Q' and shares some common faces
(i.e., they have a common vertex); see Figure 1.

Then Mf(y) > for forany y € Q, so for < (Mf)o. Without loss of gen-
erality, one may assume that £(Q’) / £(Q) € N, thus Q”\Q’ can be partitioned
QI 14 (Q) Q)
£(Q). Hence, by the pigeonhole principle, there exists a cube P C Q" \ Q with
¢(P) = ¢(Q) such that fp < fon - As a consequence and by the nonnegative

into mutually disjoint cubes of side length
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assumption of f,

fo—Wf)o < fo—for

/| 1

= fo —fo T f F)dy
CTIRNY 1R Jong

< 1219 ||Q_/,|Q | [for = fone]

< % [fQ’ —fP]
Q) + Q) — Q) . (£(Q)

< 1

ST+ ey 8 (f(Q)>”f o
1

< 25 fllewvor

Taking the supremum over all such cubes Q’, we obtain

log x
Myf(x) = (Mf)g < C—Z| il for x € 0

Consequently,
1 log x
— M,f(x)—(Mf)o)dx < C—— .
= fﬂz( S~ (1)) B | llvio
Therefore, for any x > 1,

o [[ s - g ax
ai J,

1/2
2 log x
dx) + 2 ||f||BMo]. (34

ol 1
X /2<@ fQ* FC0) = for

Now we verify y;(Mf) = 0 fori = 1,3,5. For any given ¢ > 0, since f €
CMO,(R") satisfies y;(f) = 0 for i = 1, 3,5, there exist two integers I, >> 1
and J, >> 1 such that

1/2
sup /|f(x) fpl?dx <e, (3.52)
P: e(P)<2-Te 1P|
1/2
sup f |f(x)— fp|?dx <e, (3.5b)
P: PC(Q(0,27))e 1Pl
1/2
sup /lf(x)lzdx <k, (3.5¢)
PCQOo. £P2pep) \ IP]

where cp dentoes the center of the cube P, and Q(0, 2’<) denotes the cube with
co =0and £(Q) = 2.

Hence, taking x = ¢/,
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« one may combine (3.4) and (3.5a) to see when (2x + 1)£(Q) < 27, we
have

|(12| f |Mf(x) —( f)Q‘ dx < C["? + || fllpmo €/ V], (3.6)
Q
SO

lim sup (IQl—lf [Mf() = (Mf)q) dx) =0.

a-= Q: sta Q

Applying a John-Nirenberg type inequality associated to small cubes
with (2x +1)¢(Q) < 27!¢, we conclude that 7, (M f) = 0. This approach
can be used to verify 73(M f) = 75(Mf) = 0, that is, the L? integrals
involved therein can be replaced by the corresponding L' integrals.

« Similarly, one may combine (3.4) and (3.5b) to see when Q* = (2x +
1)Q C (Q(0,27¢))¢, (3.6) still holds. Hence, 75(M f) = 0.

It remains to show y5(M f) = 0. Note that for any cube Q with £(Q) > p(co),
there exists a constant C > 0 independent of Q such that there exists a sequence

{Q(xy, p(xx))}, such that

Q< | Qi p(xi)) and Y 1Q0x p(xi))| < ClQL. (3.7)
k k

Hence, to verify ¥s(M f) = 0 for any given 0 < f € CMO(R"), it suffices to
show
. 1
lim sup — f Mf(x)dx = 0. (3.8)
a=w : ocu.) 1Ql Jo
t(Q)=p(cq)

For any given Q with £(Q) = p(cp) and for any x € Q, define

M f(x) := sup fo and Mf(x):= sup for
Q'3x: £(Q)<plcg) Q'3x: £(Q)2p(co)

Clearly, M f = max {M/ f,M/,f}on Q, and so

1 1 ,
il fQ M f(x)dx s;@ fQ M! f(x)dx.
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Note that
1

! 1 !/
@Lle(x)dx = @fQMl(fHQ)(x)dx

1 , 2
= @-[Q’M (f13Q)(x)| dx

1/2
1 2

1/2

<C 1 2d 3.9
< le’f(X)| X . (3.9)

On the other hand, there exists a constant C > 0 such that for any cube
Q' 3 x with £(Q") > p(cq), for < Cfgr < CM] f(co), where Q" is the smallest
cube containg Q and Q’. Hence,

1
Q|
For any given ¢ > 0, let J; be the positive integer as in (3.5c). For any

Q(,p(») N Q(0,27¢) # @, it follows from Lemma 2.2 that p(y) ~ p(z) for

any z € Q(, p(»)) N Q(0,2%), thus Q(y, p(»)) C Q(z, Cp(2)) for some C > 1
independent of y and z. Without loss of generality, we may assume that

1/2

fM;f(x)dx < CM, f(co).
Q

p(0) < 2, (3.10)
which can be achieved by taking J, sufficiently large. Then by Lemma 2.2 again,
sup  p(x) < Cp(xO)"olﬁzjf'kt% <2
x€Q(0,2)
for some c > 1. Hence,
QW o)) C Q(0,C"2%) (3.11)

Q(,p(¥): Q(,p(¥)NQ(0,2'c )4

for some C’ > 1.
Note that M, is bounded by its corresponding centered maximal counterpart,
thus when ¢, is far away from the origin,

M/ f(cg) <C sup fo
Q'=Q'(cq,£(QN): (Q")=p(cq)

= C max sup fors
Q' (co,£(Q")C(Q0,27¢))¢ 1 £(Q")=p(cq)

sup forg-
Q' (co,£(QNNQ0,2%)#@: £(Q")2p(cq)
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For any Q'(co, £(Q") with £(Q") > plc). if Q'(co, £(@) € (Q(O,2%)), it
follows from (3.5c) to see fr < ¢, as desired.

On the other hand, Q"(cq, £(Q")) N Q(0,2’¢) # @ and €(Q") > p(cq). Similar
to (3.7), there exists a sequence {Q(xy, o(xx))}, such that

Q'(cq. @) € |J @Gtk pe)) and 3 1Q0xk. p(xi)] < C1Q (equ E@QD)]-
k k

Denote
Ay =tk Qxk, p(x1)) € (Q(0,27))}

and

Ay =kt Q(xg, p(xk)) N Q(O0,27¢) # B}
Combining the definition (1.2), (3.5c) and (3.11), whenever

Q' (ce. £(Q)) N Q(0,2%) # 4,
we have
1

’ C, / S - . . d
fQ (e, (Q") |Q’(CQ, f(Q,))l k;\l /Q\(xk’p(Xk)) f(x) X
L1

|Q(co, €(Q"))] Uken, QQuepGer)

Diken, 1Q0¢k, p(x)] Lo 10(0, C'2%)] ;

Q' (o, E(@Q)] 1Q'(cq. £CQYI” X0
1Q(0,C'279)]

<C C _—,
<Cec+ ”f”BMOL |Q,(CQ’€(Q,))|

where the last inequality follows from (3.10) and C’ > 1.
To continue, observe that there exists a positive J, > J, such that for any

Q(eg, p(cq)) € Q(0,2")°, we have
|Q(0, C"2%))|
|Q(cq, (@)

f0)dx

<& whenever Q'(cq,¢(Q")) N Q0,2%) # @, £(Q") > p(co).

(3.12)
Indeed, since [co| > 2%¢ for any cube Q'(cg, (Q")) having nonnempty inter-
section with Q(0, 2’<), we have
6Q) 2 legl — 2% 2 27,
which ensures (3.12) by taking J 2 J. — (log, £)/n. Note that the condition
“0(Q") > p(cq)” for such Q' is also compatible: since Q(cq, p(cg)) € Q(0, 200)e,
there exists some integer j > 0 such that |cq| ~ 2’:+J | then by Lemma 2.2 and

(3.10),

;o Kk
o) < 2o,

which implies that if Q'(co,€(Q")) N Q(0,2) # @, we must have £(Q") >
2=l _ ol > p(co) by taking J{ 2 (ko + 1)J, sufficently large.
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Therefore, for any ¢ > 0, there exists a positive integer J. > J, such that for
any cube Q(cq, p(Q)) € (Q(0,27))",

M) f(co) S €.

From the above, (3.8) holds, and y75(M f) = 0 follows readily.
We complete the proof of Theorem 1.1. O

Remark 3.1. Let R;f be the adjoint of the Riesz transform R; associated to £ for
Jj=1,2,..,n. Recall that (see [18, (5.5)]) for V € RH, with q > n/2,

IR? fllzoqeey < Cpllfllerny  for py < p < oo,

where p; = po/(po — 1) and 1/(py) = (1/q) — A/n).
For the endpoint case p = oo, we have

IR fllsmo, < Cllf llLs(n)-

n
More precisely, for each g € BMO ;(R"), we can represent g as g = ¢+ Z R;fgoj,
Jj=0

n
where g; € L*(R") for0 < j < n, and ||g|lgmo, ~ Z ll@;llze; see [22, Theorem
j=0
1.3].
Furthermore, one may combine (1.6) and the John—Nirenberg type inequality
toseefor1 < p < oo and f € L*(R"),

1 1/p
swp (o [IRgrax) <l e
B

B=B(xp,rg): rg=>p(xp) |B|

Remark 3.2. As a straightforward consequence, when V = 0 (i.e., p(x) = +0),
our Theorem 1.1 implies that the Hardy-Littlewood maximal operator is bounded
on the classical CMO(R"), which has been established in [15]. Specifically, for any
f belongs to CMO(R™) for which M f is not identically equal to infinity, then M f
also belongs to CMO(R"), and

1M f |lemony < ClIf lsmomn)-

This result is a straightforward consequence of our argument by noting that f €
CMO(R") if and only if f € BMO(R") and ¥71(f) = 7,(f) = 73(f) = 0, hence
it suffices to prove y1(M f) = ¥,(Mf) = y3(Mf) = 0. Among them, y,(Mf) =
y3(M f) = 0 has been proved, and one may combine (3.4) and y,(f) = 0to deduce
(3.6) also holds for any cube whose sidelength is sufficiently large, that is, we obtain
the remaining y,(M f) = 0.

Now we address the fact that there exists f € CMO(R") such that M f = +oo.
An interesting example illustrating this phenomenon was constructed in [15], and
we present a distinct one here.
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We consider n = 1 for simplicity. Define

Inln |x|, |x| > e,

fx) =

0, |x| < e.

It’s clear f is a uniformly continuous function on R. As a consequence, y,(f) = 0.
We begin by verifying that f € BMO(R). To see it, we will use

. 1
Ry~ sup inf
Il £ lIsmow) I:=[ablcR Avg€R b — a

b
/ |f(x) - Ang| dx.

Let M be a sufficiently large integer. For any interval I = [a, b],

o Casel. I C[—10M,10M]. Then

b
1
5z [ V60~ fia]dx < 20 leg-somaon
a

e CaseILIN(R\ [-10M,10M]) # @.
Write [a,b] = [c — R,c + R] with ¢ = GTH’ andR = b%a.
- Subcase 1. INn[—-M,M] = @.
Since f is an even function, one may assume that [a, b] C (M, +0).

* Subsubcase 1-1. If ¢ > 2R, let Avg, = Inlnc. Combining
a = ¢ — R > max{M, R}, we have

1 b
m '/a‘ |f(X) - AVgI| dx
< max{ln Inc—Inln(c — R),InIn(c + R) — Inln c}

In(1+ %) In(1 + =)

— 2 |.In|1+
Ina

In2
<In(l1+ ——
_n( +lnM>’

<max+In|1+ ne

which is sufficiently small.
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* Subsubcase 1-2. Otherwise, if ¢ < 2R, let Avg, = InInR.

1 b
m f 'f(X) - AVgI| dx

1 In %
=— In]1+—||dx
2R Jyrcx<ar InR

3

Inx
< In{1+ ——)|dx < Cy,
Nj; n( +1nM> xS tM
and C,, is sufficiently small since M >> 1.

Note that the argument in Subcase 1 also implies that 7;(f) = 0 (in
fact we do not use the assumption “I N (R \ [-10M, 10M]) # @”).

- Subcase 2. IN[—-M,M] # @. Then R > 9M /2 and it’s obvious that
|c| < 2R, thus [a,b] C [-3R,3R]. Similar to Subsubcase 1-2, let
Avg, = InlnR and

1 b
m-l )f(x)—Ang’dx

|x]

<— Inf1+—2&
2R e<|x|<3R InR

<[ fmfoeny
|x|<3

InM
<2Cy-

dx

dx

Notably, we also complete the proof of 7,(f) = 0.

From the above, we obtain f € BMO(R) and y,(f) = 7,(f) = 73(f) = 0.
Hence f € CMO(R), as desired.

For any x € R, we may assume x > 0 since f is even. Consider the interval
Ix = [x,x + 2R] for some R >> 1,

R
1 f 1 [ InlnR
= | [fW]dy = 55 Inlnydy > ,
2R IR‘ | 2R ), 2

which deduces that M f(x) = +oo for every x € R. This is a remarkable phe-
nomenon that f € CMO can not ensure that M f < +oo. However, for any f
that belongs to CMO for which M f is not identically equal to infinity, then M f is
bounded on CMO.
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4. Riesz transforms and CMO ;(R"): proof of Theorem 1.2

Foreach j = 1,...,n,letR;(x, y) be kernels of Riesz transforms R; = %5_1/2.
J
Then the adjoint of R; is given by

Rjg(x) = lim R;(y, x)g(y)dy.

N
|ly—x|>¢e

Proof of Theorem 1.2. For each given j = 1, ..., n, recall that R; is a bounded

linear operator from L*®(R") to BMO ,(R"). This, combined with the fact that
Co(R™) is the closure of C°(R") in L*(R™), deduces that

_  BMOg
R7(Co(R)) € R} (C°(RM)) ,

where Cy(R") is the space of all continuous functions on R"” which vanish at in-
finity. Meanwhile, it follows from Theorem C in [19] that the spaces CMO . (R")
is the closure in the BMO/(R") norm of Cy(R") (i.e., (iii) of Theorem 2.1).
Therefore, to prove Theorem 1.2, it suffices to show

R? (C(R™) € Cy(RM). (4.1)

0
axj
Jj=1,..,n. SinceV € RH, forsomeq > n/2, we may assume thatn/2 < g <n
(the case for g > n is simpler because the relevant kernels then exhibit better
regularity). Notably, one remarkable fact is the self-improvement of the RH,
class that for any V' € RH,, there exists ¢ > 0 depending only on C in (1.1)
and the dimension n such that V & RHg,.. Therefore, V € By, for some
n/2<q<gq <n.

Applying Lemmas 5.7 and 5.8 in [18], we have for each ¢ € C(R"),

StepI. Let R?(x, y) be kernels of the classical Riesz transforms R? = —(=A)"1/2,

Ri(9)(x)| <

f R;(y,x) p(y)dy
[y—=x|>p(x)

ly—x|<p(x)

—x|<p(x)

+ f Ry, ) () dy
ly
M

<C (|¢|Pi) (x)]l/pi + 2sup

>0

, (4.2)

| Bewema
ly—x|>1
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1 1 1 .
where - =1-—=—+ p and M denotes the uncentered Hardy-Littlewood

D q1
maximal operator. It’s clear that

[M(|<o|p;)]””4 L

provided by ¢ € C°(R"). Moreover, by Cotlar’s inequality,

<llglle and [ (lg1#) 0] ™" = 0 as 1x] = oo,

sup
>0

| Bewemm| <M (®e)0+ Mexw)]. @
ly—x|>1

It’s clear that R;?(go) € Cy(R™) since the Fourier transform of R?(qo) belongs to

LY(R™). This allows us to verify readily that the left-hand side of (4.3) is an L*®
function and vanishes at infinity, as desired.
From the above, R;f(go) € L*® and | llim R;(qo) = 0 for any given ¢ € C(R").
X|— 00

Step II. Tt remains to show R;f (@) is continuous. To this end, it suffices to show

for any given x, € R" and ¢ > 0, there exists a positive constant 8 = 8(x, €)
sufficiently small, such that for any x; € B(x,, 6),

Ri(@)(x) ~ Ri(@)(xo)| S ¢ for x, € Blxo,6). (4.4)
Firstly, we fix a positive integer xy >> 1 such that
2-%C=n/q) < £ . (4.5)

[ (1e)] .

For every j = 1,...,n and x € B(xy,270p(x,)), rewrite

Ri(@)(x) = f Ri(y,x)p(y)dy
[y=x[>270p(x)
+lim R, %) = Ry, )| @) dy
720 Je<]y—x|<27%0p(xp)
+| R (@)(x) — R?(y,x)qo(y)dyl
|y=x|>27%0p(x)

=1 T1(@)(x) + T2(e)(x) + T3(p)(x),
where (R?)*(qo)(x) = —R?(qo)(x) due to the anti-symmetric property of the ker-
nel of R®.
We observe the following facts:
 Note that (see [18, p. 540])

» 1/py
1
( / Rj(2, %) = RY(y, )| dy)
, A J
277 p(x)<|y—x|<2/ p(x)

< C(zj)2—(n/ql)(2jp(x))—n/p{ for j <0,
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and p(x) ~ p(xp) for x € B(xy, 27 p(x,)), thus there exists a positive
integer M such that

» 1/py
1
2171 p(xg)<|y—x|<27 p(x)

< ( f
2/ Mp(x)<|y—x|<2/*Mp(x)

<CQI2=/a)(2 p(xy)) /P for j < 0.

» 1/p;
1
Ry(y,%) = R)(y, )| dy)

Consequently, in combination with (4.5),

T2 ()]

S /
|ly—x|<C27%0 p(x)

% 1/p
<Y ( | |qo(y)|P1dy)
j=—o00 \Y|y—x|<2/p(x0)

» 1/p1

1

: ( f [R; (. ) = R, ) dy)
2171 p(xp)<|y—x|<2/ p(xg)

]I/Pi

R;(y, ) = R}y, x)| e )] dy

<C2*@-1/q)) [M (|¢|p§) (x)
<Ce¢

for any x € B(xy, 27 p(x,)).
« For the continuity of T;(¢p), note that (Rj.’)*(qo) = —R?(go) € Cy(RM)
mentioned in Step I, it remains to show the continuity of

Ty(p) := f Ry, x) p(y)dy,
[y—x[>27%0p(xo)

which is a bounded function by combining (4.3) and the fact
RICE(R™) € Co(R™).
Denote E, :={y : |y — x| > 27%p(x)} for x € B(xg, 27 p(xy)),
then
Ayt x> [AE(X)| := |(Bx N Ey) \ (Bx NEy,)|

is continuous on B(x,, 27 p0(x,)) and A, (x,) = 0. This, combined with
the explicit expression of R?(y, X), deduces that T,(¢) is continuous on
X9, Whenever ¢ € C(R"™).
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From the above, (4.4) follows readily if one could prove that for any given
Xy € R", there exists 6 < 27 p(x;) such that

|T1(§0)(X1) - T1(§0)(Xo)‘ Se for x; € B(x,0). (4.6)

Step III. Now let’s verify the continuity of T, (¢) by proving (4.6).
Given x, € R", for each x; € B(x,270p(xy)),

T1(p)(x1) — T1(e)(x0)

=f [Ri(y,x1) = R;(, x0)| o(») dy + E(xy),
|y=xo[>27%0 p(x)

where
o) < [ R o0] dy =0 as 31 = xo
AE(x;)

Hence it remains to show
f R, 1) — B3 x0)] @) dy = 0 as x; — xo.
[y—x0[>270 p(x0)

Let I'(x,y, ) denote the fundamental solution for the Schrodinger operator
—A+ (V +it), T € R. Clearly,

I'(x,y,7) =T(y,x,—71),
and V,T'(x, y, 7) is a solution to the equation —Au + (V' +it)u = 0in R" \ {y} as
a function of x. Consequently, V,I'(y, x, 7) is a solution to the equation —Au +
(V4i(=7))u = 0in B(x,, 2~*0*Dp(x,)), whenever |y —x,| > 27%p(x,). Denote
§=2-n/q; >0 and ry=2"®"2p(x,).
By the imbedding theorem of Morrey and [18, Lemma 4.6] (see also the last

inequality in [18, page 534]), we have for any x; € B(x,, 2" %™ p(x,)) =
B(xo,70/4),

VT, x1,7) = V, Dy, X0, 7))

1/p
<C|x; — xo|1~/P1 (/ |VxVy1“(y,x,1')|p1 dx)
B(x0.r0)

1
1+ — f V(x)dxl ,
rn—Z
0 B(xg,2rg)

where p; is the index in (4.2). Alternatively, one can apply a similar argument
to that of [13, Proposition 2.12] to show the Holder continuity.
To continue, we address the following facts.

« By Lemma 1.2 in [18],

1
— f Vdx < C27%% S 1.
B(x0,2ro)

é
|1 — Xl
<c(Z2) 9, ronx )

L (B(x0,2r¢))

n
o
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« It’s known that p(x) ~ p(x,) whenever |x — x,| S p(x,). Now regard
I'(y, x, ) is a solution to the equation —Au+(V +it)u = 0in R"\ {x} as
a function of y, and B(y, |y — xy|/4) N B(x,, 2ry) = @. Hence it follows
from combining (4.8) and Theorem 2.7 in [18] that for each m € N,
there exists a constant C,,, > 0 such that

||VyF(y, X, T)

L (B(x0,2r0))
Chn

<
- m m
(1+I71*2Ry)" (1 + Ry /p(xp))
1 V(z 1
n—2 / ( )n—l dz + n-11’
Ry B(y,Ry) |Z - )’| Ry

where R, := |y — xy|/4.

Therefore, when x; € B(xy,7,/4) and |y — xo| > 27%p(x,) = 4r,, one may
combine these estimates above to obtain

|Vyr(y’ X1, T) - Vyr(y’ Xo> T)|

. Co <|x1 — %ol )‘5
T (14 1712R)" (1 + Ry /p(x0))" ro

1 V(2)
2 [P L ——"]
Ry B(y,Ry) |Z - yl Ry
Furthermore,

|Rj(y, x1) — R;(y, xo)‘

1 N
“2r fR(_”) V2V, Ty, x1,7) = V, Ty, Xo,7)] d7

1 V(z 1
n—1 / ( )n—l dz + —
Ry B(y.Ry) |Z - yl Ry

< Cm m(|x1_x0|>5
(1+Ry/p(x0)) Yo

Note that

{y ER" 1 |y —xo| > 2"‘°p(xo)}

= U {y eR™ : 2K 1p(xy) < |y — x| < ZkP(xo)},

k:—K0+1
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and for each k > x,+1, it follows from the Hardy-Littlewood-Sobolev inequal-
ity to obtain

[R;(y, x1) — R;(y, x0)] 9(») dy

'/Z.k‘lp(x())< ly—2x0|<2%p(x0)

Cm |x1_x0| ’ 1
—(sz)m( 7o ) §M§°("0)+ (25 p(eg)yT

V(2) 5y 8,)(2)
: / f ——— 4z ) p(y)ldy
21 p(xg)<|y—xo| <2k p(xg) \VR" |z =l

Cm ( |x1 - xOl
T(1+20" ro (2kp(xp))n—1

V(2)
. —n_ldz
261 p(xg)<ly—xo | <2 pxo) |/BOy.R,) 12 =V

1/p;
- (f Iqo(y)lpldy>
|y—x0|<2kp(xo)

Cm <|x1 — X
T @+20)" ro

5
Cm ( |x1 B xOl ) 1
1+ 20" ro (2kp(xq))n—1

1/q
. < / V(z)1 dz)
2k=2p(x0)<|y—2x0]<2K+1p(x0)

ot (1017 )] )

)5 cho(xo) +

el 1/p:
dy)

)5 Mo(xo)

Moreover, the reverse Holder inequality possessed by V' € RH,;, deduces

1/q
( f V(z)n dz)
2k=2p(x0)<|y—xo| <2k p(x0)

n/q—2 1
<c(@pr)" T L vy,
(2kp(x0)) ~ IBxo.25+1p(xp))
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Moreover, by using the doubling property (1.1) in [18], we have

1/q
( / v<y>q1dy>
2k=1p(x0)<|y—2x0|<2¥p(xp)

(2%p(Ge) 72, it k<o
@4.7)

- -2
(200xy)" " 2 CK, if k>0,
where C;, > 1 is the doubling constant in (1.1) in [18]. Without loss of general-
ity, assume that Cy > 2 and take m = 2 - log, C,, such that for any k > 0,
Ccr < ,
(14 2K)" 07 2klog, o

where C is a positive constant independent of k > 0.
Therefore, for any given ¢ € C°(R") and x, € R",

f R, x0) = R (v, x0)] @(3) dy
[y—=xo|>27"0 p(xp)

(&) J /
2 = ( = )[M(|¢|Pi)<xo)]”p1

T =S p1 max{1, 2K108 Coy | 2=(0tDp(x, )
)

D ( A )Mqo(xo)

I 2k \ 2=0co+D) p(x,)

K
<C 0

(e p(xy)
as x; = X.

3 {[M(pr;)(xo)]l/p; +Mgo(x0)} I, — xo|° = 0

That is, (4.6) holds and T (¢) is continuous on arbitrary given x.
This, combined with the result in Step I, deduces that T;(¢) € Cy(R"), as
desired.

Therefore, we complete the proof of Theorem 1.2. O

As aconsequence, we have the following representation based on Theorem 1.2.

Lemma 4.1. Suppose V' € RH, for some q > n/2. For every continuous linear
functional € on the CMO ;(R™) space, there exists a uniquely finite Borel measure
Mo whose Riesz transforms Rj(du)(x) = [ R;(x,y)duy(y) associated to £ for
j = 1,2,...,n are all finite Borel measures, such that the functional € can be
realized by

t(g) = f g(x) duo(x),
[R}’l

which is initially defined on the dense subspace C,(R"), and has a unique exten-
sion to CMO . (R™).
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Proof. Given ¢ € (CMO,)*, then there exists a constant ¢ > 0 such that
12(g)| < cligllsmo, forallg € CMO,.

Notice that CMO,(R") is the closure of Cy(R") in the BMO (R") norm and
the space Cy(R") is equipped with the supremum norm, clearly for each ¢ €
(CMO(R™))*,

1£(2)l < cligllsmo, < 2¢ligllz~ forallg € Co(R™).

That s, ¢ is also a bounded linear functional on Cy(R"). Hence it follows from
the Riesz representation theorem (see [16, Section 6.19] for instance) that there
exists a uniquely regular (complex-valued) Borel measure u, whose total vari-
ation |uy|(R") < o0, such that

£(g) = f () dpo(x) =: polg) forallg € Co®").  (4.8)

In turn, since Cy(R") is dense in CMO ;(R"), the linear functional y, given by
(4.8) initially defined on Cy(R") has a unique extension to CMO,(R"). Thus
every ¢ € (CMO,(R"))* can be realized by a uniquely finite Borel measure u,.
In the sequel we fix such ¢ and .

Moreover, it follows from combining (4.8) and ¢ € (CMO .(R"))* that

l1o(@)] = 1£(8)] < cllgllpmo, forallg € Co(R™). (4.9)

We aim to characterize properties of the measure y, from the perspective of
Riesz transforms, motivated by the analogous result for the Laplacian operator
in place of £.

To this end, note that the linear operator RJ*. i Co(R™) - CMO,(R™) is

bounded by Theorem 1.2, and Cy(R") and CMO . (R") are both Banach spaces,
so the operator R j»as the adjoint of R;‘.‘, satisfies

R; ((CMO,)") € (Co)*.

Alternatively, the above inclusion can be deduced by recalling that R; : Hz =

(CMO,)" — L! is bounded (see [10] for instance). Hence R ;i(€) is a bounded
linear functional on C, by means of

(Ri(£), 8) = (£, RI(@) = ¢(R)(g)) forallge CoR™.  (4.10)

This, combined with R;.‘(Cg>o ) C C, (i.e., (4.1) in the proof of Theorem 1.2) and
the representation (4.8), implies that

C(R3 (@) = uo(Rj(¢)) = (R;(o), ) for all ¢ € CZ(R™).
That is,

$(x) (4.11)

f R;(x,y) duo(y)
Rn

n Rn
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On the other hand, since R;(¢) is a bounded linear functional on Cy(R"), by
the Riesz representation theorem again, there exists a finite Borel measure u;
such that

n

®(0)8) = [ gdiy(x) for all g€ Cy®M.

In particular, using R;.‘(Cé"’) C C, again,

$(x) du;j(x) = (R;(£), ¢) = C(R}(¢)) = / R ($)(x) dpto(x)
R~ R~

for all ¢ € C°(R"). This, together with (4.11), deduces that

[ 960

for all ¢ € CP(R").
Then a standard argument by contradiction shows that
Ri(duo)(x)dx = duj(x), ie., uj=R;(du). (4.12)

Therefore, for any given ¢ € (CMO)*, it can be realized by a uniquely finite
Borel measure y,, whose Riesz transforms R;(y,) for j = 1,2, ..., n are all finite
Borel measures. The proof is complete. (]

ij(x,y)dMo(y)ldX= $(x) du;(x)
Rl’l Ri’l

Remark 4.2. (Riesz transforms and subharmonicity)

(). WhenV = 0, then CMO(R") = CMO_,(R") = CMO(R") is known by (ii)
of Theorem 2.1 (since CMO(R") is the closure of C°(R") in the BMO(R™) norm).
In this case, Lemma 4.1 says that every continuous linear functional on CMO can
be realized by a finite measure p, whose classical Riesz transforms Rj.)(d,uo) for
j =1,...,nareall finite measures.

Hence, it follows from the F. and M. Riesz theorem (see Corollary 1 in [20, p.
221] for instance) that there exists a function f € H'(R") such that duy(x) =
f(x)dx, where H'(R") is the classical Hardy space.

That is, we obtain (CMO(R"))* C H'(R"), as a straightforward consequence
of Lemma 4.1 by taking V' = 0. Note that the reverse inclusion

H'(R™) € (CMO(R™))*

is trivial by combining (H(R"))* = BMO(R") and CMO(R") & BMO(R").
Hence Lemma 4.1 implies the classical well-known result (see [ 5, Proposition 3.5]
for instance)
(CMO(R™)* = HY(R").
Notably, we remind that a crucial ingredient to show the F. and M. Riesz theo-
rem is the subharmonicity of |F|P for p > (n — 1)/n, where
F(x,t)

= (V=2 (dpo)(x), V=2 (R(dio)) (), . e™V=2 (RS (dptg)) ()



1370 XUETING HAN, JI LI AND LIANGCHUAN WU

for(x,t) € RTI, and the subharmonicity follows from the fact that F(x, t) satis-
fies the generalized Cauchy-Riemann equations; see §3 in Chapter VII of [20] or
§4 in Chapter III of [21] for details.

(ii). Let uy be the finite measure in Lemma 4.1 and u;j = R;(du) for j =
1,...,n. Let

uj(x,t) 1= e‘“/z(d/xj)(x) = f P(x,y)du;(y), i=0,1,..,n,

Rn
be the Poisson-Stieltjes integral of the finite Borel measure ;. By using estimates

for the Poisson kernels associated to the semigroup e~tVe givenin[19, Lemma 2.6,
it’s clear that each u; is continuous in [Ri“ and

supf luj(x, )] dx < C |u;|(R") < oo.
Rn

t>0

Obviously, u; is an L—harmonic function associated to the operator L = —0,; + £
in the sense of

R:l—+1 Ri+1

where V = (V,, 8,), and the capital letter Y = (y, t) denotes a point in R+,
Moreover, we now give an extension of Lemma 2.6 in [8] that the index p > 1
therein can be extended to p > 0: for any B(Y,4r) C R,

c
sup luj(x, DIP < —pf luj(x,0)|Pdxdt for p>0. (4.13)
(x,)EB(Y.r/2) IB(Y, ")l Jpeyr)
To this end, we claim that
(F) foreach j = 0,1,...,n, |uj(x,1t)|2 is a non-negative sub-harmonic func-
tion in R"*1,
Let Re z and z be the real part and the complex conjugate of z € C, respectively.

1 —
Let(z,w) = Z;.lzl Z;W; forz = (z1,...,Zp41), W = (W1, ..., Wyy1) € C™HL
; +1 _ +1 . :
For any givenY € R’™ and B = B(Y,4r) C R}, let ¢ > 0 be a Lipschitz
function satisfying supp ¢ C B, we have

j](vx,t |uj|2, Vi @) dxdt
B

=2 /](Re (uj Vi uj), Vi, @) dx dt
B

=2Re '/](Vx,t uj, Vi (u;p)ydxdt — 2Re ff(vx,t uj, V., u;)dxdt
B B

=—2Re /:/‘(Ax,[uj)u_jqodxdt—2/]|Vx’tuj|2godxdt
B B



ENDPOINT BOUNDEDNESS OF SINGULAR INTEGRALS 1371

=— 2[/V|uj|2go dxdt — 2./] |V ;2o dx dt
B B
<o0.
Hence |u;(x, 1)|? is weakly subharmonic, and so the claim (F) holds by Prob-

lem 2.8 in [12, p. 29]. This allows us to apply Theorem 5.4 in 2] to see for every
p >0,

1/p
1
sup e D < e [t f e, 0 2Pdxdt)
(OB r/2) PAIBOYL O gy

where ¢, < oo is a positive constant depending on p. As a consequence, (4.13) fol-
lows readily. Indeed, one may verify that the function u; in (4.13) can be replaced
by any L—harmonic function in the ball B(Y, 4r).

Furthermore, let

Fr(x,t) = (up(x, 1), u (x, 1), ..., up(x, 1))

and |[F;(x,t)|* = Z';zo |u;(x, t)|*. The argument above shows that |F ;(x,t)|* is

a non-negative sub-harmonic function in [RTI and

sup |Fe(x,t)|P < C—pf |Fc(x,t)|Pdxdt for p> 0.
(x,t)EB(Y,r/2) |B(Y, l")l B(Yr)

It’s natural to ask whether or not we can establish the subharmonicity of |F ; |P
for some p < 1, by noticing the generalized Cauchy-Riemann equations are now
no longer satisfied. Furthermore, it’s interesting to consider the possibility of es-
tablishing an analogous version of the F. and M. Riesz theorem associated to £
such that the finite measure [, in Lemma 4.1 must be absolutely continuous with
Radon-Nikodym derivative in HZ(R”), that is, there exists [ € H}(R”) such that

duo(x) = f(x)dx.

5. An approximation to the identity and CMO ,(R"): proof of
Theorem 1.3

In the end, we turn to consider an approximation to the identity arising from
the semigroups associated to £.

Actually, this is not a trivial fact, since the standard approximation to the
identity can not match CMO . (R") well due to the potential V. Even for a radial
bump function ¢ satisfying

supp¢ C B(0,1), 0<¢<1 and '/gb(x)dx =1,

the convolution A, f = t7"¢(-/t) = f for f € CMO(R") satisfies 7;(A;(f)) =
7,(A () = 73(A(f)) = 74(A,(f)) = 0, while the remaining ¥5(A,(f)) = 0
needs furthermore conditions on f such as compact support; see [19, Lemma
4.1]. This means that the usual average of a CMO, function may not fall into
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CMO,, which is quite different from the standard identity approximation in
the classical CMO space and the CMO_, . space (see [6]).

However, we will see that the limit behavior of the Poisson integral of f €
CMO,, also possesses nice approximate properties, i.e., Theorem 1.3. The argu-
ment is also workable for the heat semigroups.

To show Theorem 1.3, we introduce the following auxiliary result first.

Lemma 5.1. SupposeV € RH, for some q > n/2 andlet L = —A + V. There
exists a constant C > 0 such that for any given s > 0 and f € BMO(R"), we

have e_“/zf € BMO(R"), and
Jo=ves

< Cllf llsmo , mny- (5.1
BMO . (R")

Additionally, if f € CMO;(R"), then e‘s‘/zf belongs to CMO(R") as well.

For any given s > 0, it’s clear that Le‘s‘/z f(x)] £ CMf(x). However, this,
e used to deduce the BMO . (R") norm

of e=5VE f- To prove Lemma 5.1, we apply the characterization of CMO ;(R")
in terms of tent spaces.

combined with Theorem 1.1, can not

Theorem 5.2. (see [19, Theorem B]) Suppose V € RH , for some q > n/2. Then
f € CMOy ifand only if f € LA(R",(1 + |x|)~"*Fdx) for some § > 0 and
t\/_e_t\/—f € T2 - With

I lsmo, ~ ||tﬁe-fﬁf

The space T5° is the class of functions F defined on RTl for which €(F) €
L*(R") and the norm ||F||T§o = ||C(F)||r~, Where

dyde\”
C(F)(x) = sup (rg” ff IF(y,t)lzyT) .
XxXeB B

It’s well known from the Carleson measure that f € BMO (R") if and only if
t\/_e‘t\/_f € T3°. Moreover, we say F € T5% if F € T3 and

/2
dydt
G) n(F) - —hm sup ( /]lF( i y ) —0,
a—=0pB: rp<a
dydr\"”
lim sup r;”fle(y,t)P—y =0,
a—>+ooB:rBZG 5 t

1/2
dy dt
lim  sup (@n ff |F(y,t)|2y—) —o,
a=+® . pc(B(0,a))° B t

2

(i) n,(F) :

(iif) n3(F) :
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where B is the classical tent of B. Clearly, one may replace B by B x (0, r3), and
by a similar argument, one may also characterize CMO(R") in terms of the
heat semigroup of £ rather than its Poisson counterpart. That is, the condition

lt\/Ze_“/Z f € T3 involved in Theorem 5.2 can be replaced by F'(y,t) :=
r2Le "L f e TS, This observation implies that one may verify e™** f € CMO,
for any fixed s > 0 in a similar manner.

Proof of Lemma 5.1. For any fixed s > 0, let

Fy(y,t) := tV e Vee Ve f(p).

Step 1. we claim that Fy € T2°, that is, €(F;) € L*.
To see it, for any x € R" and for any ball B = B(xg,rg) containing x, if

s < rg, then
ry 1/2
dydt
(rg" f f IF\, t)|2yT>
o JB
. 1/2
=(r§” f f t|\/2e-<f+s>ﬁf(y>|2dydr)
0o JB
2rp 1/2
dyd
<C ((ZrB)'”f f itV LeVE ()22 T)
o /B T
<CGC (t\/Ze_“/Z f) (x). (5.2)
Otherwise, s > rp, thenforanyy € Band 0 < ¢ < rg,
|Fs(y, )]

e=sVE (t\/Ze‘“/zf ) (y)'

g f +2 f %Ig_wz(y,z)t\/Ze—Nz f(2)dz
B(y,s) k=1YB(y,2ks)\B(y,2k"1s)

(5.3)

b
B(x,2k+1s)

"3 dyde\””
(rg” [ |Fs(y,t>|27)
0 B

1/2
(o9 rp 2
1 dt
SO — t\ Le VL —
=0 2k (,/(; ‘ f B(x,2k+1s)

then
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1/2
o L[ 1 / 2 dzdt
S22 5k —_— t Le Ve f(z)‘ dazat
Ié) 2k (v/(; |B(x, 2k+15)| B(x,2k+15) t

<G (t\/Ze_“/z f) (x). (5.4)
Hence, for any x € R",
S(F)() < C6 (1VLe Ve f) ()

and the constant C > 0 is independent of x and s > 0.

Due to the characterization of BMO ;(R") via the Carleson measure, we ob-
tain (5.1).

Step II. We continue to verify that »;(F) = 0 for i = 1,2, 3, which ensures
e=VE f € CMO,(R™).

For any given € > 0, by ni(t\/Ze“‘/Zf) = 0fori = 1,2,3, there exist two
integers J, >> 1 and J, >> 1 such that

'p 1/2
sup (G"f flf\/ze_t*/zf(y)P@) <g, (5.5a)
0 B

B:rg<27

rp 1/2
sup (rE" / f sz&f(}))ﬁ@) <g, (5.5b)
0 B

B:rg>2Jc

'p 1/2
sup (VE"/ fltﬁe‘tﬁf(y)lzg) <e. (5.5¢)
0 B

B: BC(B(0,27¢))c
Let’s consider , (F,).
For any ball B’ = B(xp, rg) with rg < 2771 sufficiently small, if s < rg,
then combine (5.2) and (5.5a) to obtain

" dy dt 2
(VE," f IFs(y,t)IzT) < Ce.
0 B’

Otherwise, rg: < s, then apply (5.3) to see
IF(. 01 = eV (1 gem /2 £) )

09
1 - 2V L
Sckz_;)z_k't\/ze (ts/2VE f

b
B(xpr,2ks)

and so

rpr zdydt 1/2 i 1 rp 1
rf /|F<y,r>|— <cy L f 1
B o’ t “ 2k \ Jo |B(xps, 2k+1s))|

1/2
2
f ! (t +s/2)‘\/£e‘(t+s/2)‘/zf(z) dzdt)
B(xpr,2k+1s) [+ S/2
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2k+1 s

e w1 1
<C iZ:_k k+1
5 =02 Jo |B(xpr, 2k+1s)|

‘/B;(xB/,Zkﬂs)
137
<C,/ % ‘t\/Ze_“/zf
rp
<C4/ T”f”BMOL([R")-

Note that s > 0 is fixed, thus

ray 1/2
_ dydt
sup (rB/n f f |Fs(y, t)lzT) < C”fHBMOL(R”)g- (56)
0 B

B': rpr<se?

1/2
ZeVE f(z)r dzdr)

T

Ty

Consequently, 5, (F,) = 0 from these two cases.

To continue, we consider 7,(F;). For any ball B’ = B(xg, rg) with rg, > 2%
sufficiently large, if s < rp/, then combine (5.2) and (5.5b) to obtain

" dydr\"’
(rg,” [ |Fs<y,t)|27) <ce
0 !/

as well. If s > rp/, then s > 2%, and it follows from (5.3), (5.4) and (5.5b) to see

B dyde\"” 1
(r];n/ |Fs(y, t)lzyT) <C —¢ < Ce.
0 B

Thus 7,(F,) = 0.

It remains to consider n;(F,). For any ball B = B(xp,rg) which is far
away from the origin, it suffices to assume that rg < 2% due to the argu-
ment of 7,(F,) = 0. Furthermore, assume that B’ C (B(0,27:*1))¢, then 2B’ C
(B(0,27¢))°. This, combined with (5.2) and (5.5c), implies that

" dyde\”’
(Vg,nf / |Fs(y,t)|2yT) < Ce if s < Ipr.
o Jm

Otherwise, if s > rp/, then

rp 1/2 00
_ dydt 1 1,2
2 2
(;»B,n\/(; \/B:, |Fs(y, t)l t ) <C Zka ’

k=0

where
2k+ls

Wis [ e
k= —
o |B(xpr, 2KF19)| Jp(y, prenrs)

Using (5.5b) again, it suffices to consider the case rg < s < 27,

Wz |

T
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Let N, € N, such that ZZlNE o 27k < ¢, then whenever
B’ C (B(0,20:+Net1y)e,
it’s clear that B(xg, 2K*1s) C (B(0,27¢))° for 0 < k < N,. Hence we use (5.5¢)
&1
=¢ kZ=:0 ?E ¥ k=N.+1

to see
rg
_ dydt
(VB/nf |Fs(y,t)|2T)
0o JB
<C(lIfllemo, + De.

Hence 1;(F,) = 0. We complete the proof of Lemma 5.1. O

Remark 5.3. Note that the constant C in (5.2) and (5.3) is independent of s > 0,

hence
sup e—s\/Zf ~ sup t\/ze—t\/Z(e—S\/Zf)
>0 BMO;  s>0 T
<C t\/Ze_“/zf W IlfllBmo, -
2

Remark 5.4. It’s natural to continue to study the behavior of the maximal oper-
ator P* defined by
P*f(x) = sup

s>0
on CMO,(R"™). Recall that it has been shown in [9] that P* is bounded on
BMO(R"). On one hand, this result cannot be used to deduce our (5.1). On
the other hand, the condition rg < se? in (5.6) indicates that estimating the limit
behaviour n,(P* f) is non-trivial.

e-sﬁfoo\ ,

Based on Lemma 5.1, we continue to finish the remaining argument of The-
orem 1.3.

Proof of Theorem 1.3. For any f € CMO,(R"), note that CMO(R") is the
closure of CZ°(R™)in BMO (R"), hence there exists a sequence { f} }; in C°(R")
such that

lim |1k = fllpgo, ey = O

which, combined with the (uniform) boundedness of ¢=V£ on BMO - (R™) for
t > 0, deduces that for any k € N,

eVEf—f

BMO,

e—t\/Z(f _fk)HBMO + ”fk _fHBMOL +

<

eVEf, — kaB

<C\fic = fllgo,, + |le™V i = fi

b
BMO,
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where the positive constant C is independent of .

1377

Hence, to prove (1.7), it suffices to verify it for f € C°(R").
We start by showing that for any f € C°(R"), ltirr(} etVe f(x) = f(x) uni-

formly for all x € R", which is crucial for our purpose.
Note that by the Kato-Trotter formula, there exists constants C, ¢ > 0 such

that for all x,y € R" and t > 0,
0 < Kua(x,y) — Kot (x,y)

n

-
gl gl
Vi + p(x) t2

where q; >
7.13]. Let

n 1
5=min{2——,—},
Q1 2

then combining the Bochner subordination formula

il el

we have that whenever t < p(x),

0 <K _m/?A(X,J’) - Ke_m/Z(X,J’)

1-6

| —

|x — y|?
ct ’

q > n/2is the index in the proof of Theorem 1.2; see [4, Proposition

12
4se

(5.7)

~s£ds

>

S

o0 2
f % exp (—%) [Kesa(x,y) = Ke-sc (X, )] %

_lx-y?\ds
(6N S

T
<
<) [ (H)

<(x)) t2+|x—y|2< S) sii%

t
=€ (p(x)>

For f € C®(R"), it’s clear that e‘“/__Af(x) -

-8

n+1-8 °

B+ x=y» 2

%(\ﬁp(x)) : exp<_‘t‘_zs
)

n+1

(2 +|x=yl») 2

(5.8)

f(x) uniformly for x € R" as

t — 0. That is, for any € > 0, there exists some t, > 0 such that for any ¢ < ¢,

'e‘t‘/__A o) - f(x)] <e, Vxern
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Meanwhile, suppose supp f C B(0,M;) for some M; > 0. Then there exists
M, > M, such that for any t < ¢,

e‘t\/zf(x)' <e¢ for |x| > M,.

Let

.= inf ,
Prmin xeég,Mz)p(x)

then p,;, > 0by Lemma 2.2. Without loss of generality, assume that ¢ satisfies
8

5 <

Pmin

Then for any t <ty and x € R", one may combine (5.8) and f € C°(R") to see
o if |x] < My,

e VEf(x) - f(X).
eV f(x) - e—fV—_Af(x)' +
<CMf(x)-e+¢

<

VA f(x) — f(x)]

<e.
o if |x| > M,,
eVEf) = 00| = e E o) < 6
Therefore,
e‘t\/zf(x) - f(x)' Se for t <tjyand x € R". (5.9

Hence eV£ f — f uniformly for all x € R" ast — 0.
It remains to prove (1.7) for f € CZ(R"™).
For any ball B = B(xp,rp) and for any ¢ < ¢,

« ifrg < p(xp), then by (5.9),
51 |- (e - 1),
e Ve f(x) - f(x)[

2
dx

<sup
XEB
<e

~C

e ifrg > p(xp), similarly, by (5.9) again, we also have

Lf
1Bl Jg

Therefore, we complete the proof of Theorem 1.3. O

2
dx Se.

eVEF(x) — f(x)
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Remark 5.5. Similarly, due to (5.7) and the fact that for any f € CZ(R"),
e f(x) — f(x) uniformly for all x € R" ast — 0, the approximation to the
identity arising from the heat semigroup associated to £ also matches CMO ;(R").
Thatis, for any f € CMO(R"), we have

lirrée_“f = f in BMO,(R").
t—

In particular, if f € CZ(R"), then we also have ltin(q) e~ * f(x) = f(x) uniformly
forallx € R™.

Remark 5.6. Recall that
lime_“/zf = f in LP(R")

t—0

for1 < p < oo; see [3]. Our Lemma 5.1 and Theorem 1.3 can be regarded as
certain endpoint results. All of these will be useful in further applications such as
function spaces, density arguments, partial differential equations and so on.
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