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Characterizations of local product kernels
and Hardy spaces

Shaoyong He and Jiecheng Chen

ABSTRACT. InNageletal. (J Funct Anal 181: 29-118, 2001), Nagel, Ricci and
Stein established the relationships between product kernels and flag kernels
on the Euclidean space. In this paper, we study the local behavior of product
and flag kernels and show that local product kernels are finite sums of local
flag kernels. Furthermore, we prove that the local product Hardy spaces are
the intersection of local flag Hardy spaces, and local product Carleson mea-
sure spaces are the sum of local flag Carleson measure spaces.
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1. Introduction

The theory of singular integral operators is the central topic in harmonic
analysis and has extensive applications in studying PDEs. The classical one-
parameter theory treats those singular integral operators that have singularity
at the origin, and are invariant under the one-parameter dilations

0x = (8xq, ..., 0Xp), d>0.

Singular integral operators that are invariant under the multiparameter dila-
tions

§-x=(81x1,.,0,%,),0 = (6, ...,Sn),5j >0,xeR"
are the product singular integral operators, including the double Hilbert trans-
forms as prototype. The theory for these type of operators has been developed
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by many authors over the past decades; see, for instance, Gundy-Stein [18],
R. Fefferman and Stein [13], R. Fefferman [10, 11], Chang and R. Fefferman
[3, 4, 5], Journé [30], and Pipher [37].

More precisely, R. Fefferman and Stein studied the product convolution sin-
gular integral operators which satisfy analogous conditions enjoyed by the dou-
ble Hilbert transform defined on R X R [13], and established the LP bounded-
ness of such singular operators for 1 < p < . Chang and R. Fefferman devel-
oped a nice theory of product Hardy spaces initially introduced by Gundy and
Stein [18], including the atomic decompositions and their dual spaces [3, 4, 5].
Subsequently, Journé introduced non-convolution product singular integral op-
erators in [30], and many works on the LP boundedness for 1 < p < oo and
Hardy spaces H? boundedness for operators in Journé’s class were obtained
[12, 22, 26, 37, 46]. We would like to remark that Ricci and Stein also consid-
ered the product theory associated with the Zygmund dilations in [38] and see
also [23].

In their remarkable work in [31, 32], Miiller, Ricci and Stein studied the
Marcinkiewicz multipliers on the Heisenberg group. A surprising fact they
proved is that the Marcinkiewicz multipliers can be characterized by the con-
volution operator with flag kernels. Note that these multipliers are invariant
under a two parameter group of dilations on C" x R, while there is no two
parameter group of automorphic dilations on H". The properties of flag ker-
nels and the applications of the corresponding singular integrals were then ex-
tended to the higher step case in [33], largely in the Euclidean setting, and then
in [34, 35] in the general homogeneous groups. It should be pointed out that
Stein and Street [39, 40] established the L? boundedness of multi-parameter
singular Radon transforms, which are sufficiently broad and can include some
of the well known multi-parameter structures studied in the literature.

The multi-parameter analysis in the flag setting have been widely used in sev-
eral complex variables. Applying a type of singular integral operators whose
novel features are related to singular integrals with flag kernels, Nagel and
Stein [36] provided the optimal estimates for solutions of the Kohn-Laplacian
for certain classes of model domains in several complex variables. A different
method to the flag kernels on a homogeneous group can be found in the work
of Gtowacki [15, 16]. For other works related to flag kernels, we refer the reader
to [1,2,9,19, 20, 21, 24, 25, 27, 28, 29, 41, 42, 43, 44, 45], among others.

In [33], Nagel, Ricci and Stein established a relationship between product
and flag kernels on the Euclidean space, namely, product kernels are finite
sums of flag kernels. More recently, Nagel, Ricci, Stein and Wainger [35] con-
sidered the problem of characterizing the kernels of composition of operators
with different homogeneities which arise naturally in the study of -Newmann
problem in several complex variables. It turns out that locally the kernels can
be characterized in terms of flag kernels adapted to two opposite flags and with
different homogeneities.
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These works motivates the present work. We consider similar questions for
local product kernels and provide a characterization of this class of kernels via
local flag kernels introduced in [2] adapted to opposite flags. We also show that
the local product Hardy spaces are the intersection of local flag Hardy spaces,
while the product Carleson measure spaces are the sums of local flag Carleson
measure spaces. This latter result provides new perspectives of the relations
from the viewpoint of function space theory.

For the sake of simplicity, we will restrict ourselves to the case RN := R™ x
R™ and write x = (x;,X,) € R™ x R™ for any x € RN. We begin with the
definition of a class of distributions called local product kernel.

Definition 1.1. A local product kernel X on RY is a distribution on RN which
coincides with a smooth function K away from the coordinate subspaces x; = 0
and x, = 0 and satisfies

(1) (Differential Inequalities) For each multi-index a = («;, @,) and every
M > 0, there exists a constant Cy; , > 0 such that

102, 0 K(O| < Cop gl | 717100 oy 72710l (1 4 |3y | + D™, (D)

2

(2) (Cancellation Conditions)
() Given any ¢; € C°(R™) supported in the unit ball, i = 1,2, and any
scaling parameter r > 0, define a distribution X, . by

(K, rs i) = (K, (¢1)r ® WP;)

for any test function ¥; € S(RN~"%). Then, away from the origin in R, Ko, r
coincides with a smooth function Ky , satisfying the differential inequalities

105 Kg,.r(X2)] < Chp 1327271920 (1 + x5 )7M, ()

105K, r(x1)] < Cop 1|70 7141 Q0 + 2y )~ 3)

uniformly in r.
(ii) For any ry,r, > 0, the quantity

f K(x1, x2)p(r1x1, r2%)dx
RN

is bounded independently of ¢, r; and r,.
The following restricted classes of flag kernels were introduced in [2].

Definition 1.2. A distribution K on R" is said to be a local flag kernel adapted
to the flag F, denoted by KX € Py(F), if it coincides with a C* function K away
from the coordinate subspace x; = 0 and satisfies the smoothness condition:
for any multi-index « = (a;, @,) and every M > 0,

Caley | 77190 (g | + e D771 x| + o] <1,

051 952K (x)| < Y
R Crra(L+ x| + D7, if x| + [x5] > 1,

“4)

and the same cancellation condition as that for a local product kernel.
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Similarly, a distribution X on RY is said to be a local flag kernel adapted to
the flag 1, denoted by X € Py(F1), if it coincides with a C* function K away
from the coordinate subspace x, = 0 and satisfies the smoothness condition:
for any multi-index « = (a;,a,) and any M > 0,

Callx1] + [ ) 771l oy |2l if [ | 4+ x| < 1,

1698 K (x)]| < .
o Cra(X+ x| + I, )™M, if |x1| + |x5] > 1,

(5)

and the same cancellation condition as that for a local product kernel.

Our first main result is the following theorem, which establishes a relation-
ship among the local product kernels, local product multipliers, and local flag
kernels.

Theorem 1.3. The following three statements are equivalent:
(i) X is alocal product kernel on RY;
(i) £ = m satisfies
6E6Em(EL E)] < C,A+ BT + &), Va= (@) (6
(iii) X can be decomposed as a sum K = K + K,, where X; € Py(F) and
XK, € Py(FL).

Remark 1.4. Theorem 1.3 can be regarded as a local version of this result in
[33].

We also consider the relation between local product and flag Hardy spaces,
and that between local product and local flag Carleson measure spaces. Before
stating our main results, we need to recall the theory of local flag Hardy spaces
established in [2] for the restricted class Po(F) and Py(F+). Foranyd € N,
let S(R%) denote the class of Schwartz functions on R¢ and 8'(R?) be its dual.
A couple of functions (g, ¥) on R is said to be admissible, if

supp %o C 1€ € RY 1 |&] < 2)L,9(E) = 1 if |£] <1,
supp P C {£ € R? : %s 1&] <23,

PO+ [HE)2 =1 forall € € R

J=1

Let (%b(()l), M) and (zpéz), @) be admissible couples on RN and R"z, respec-
tively. For any positive integers j, k € N, put

1 i 1 i i 2 2
P00y, xp) = 20t D2ix 20x5), PP (xy) = 2 P2k xy).

For j,k € N, set

700 = 2 9200 = [ 9 = 0.
RN
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Recall from [2] that the following local discrete Calderén reproducing for-
mula associated with the flag # holds

=3 D IR — X)), 7)

j,keN J-k
J RER;

where ﬂggk is the set of dyadic rectangles R = I x J with side-length ¢(I) = 27/,

¢(J) = 2737 xp = (x;,x;) denotes the lower-left corner of R, and the series
converges in L2(RY), S(RV) and §'(RN).
The local flag discrete Littlewood—-Paley square function is defined by

N ={ Y 3 xSl ref

j,keN J.k
J RER;

Hence, the local flag Hardy spaces (adapted to the flag ) can be defined as
follows.

Definition 1.5. [2] Let 0 < p < oo. The local flag Hardy space h&p,([RN ) is
defined by

hy(RY) = {f € S[RY) : g5(f) € LA(RM)}.

The definition of hft isindependent of the choice of admissible couples, which
is the content of the following

Proposition 1.6. Let0 < p < co. Suppose that ¢; ; satisfies the same condi-
tions as ;. Then for f € §'(RN)

(S 2 s ol

j,keN Jk
J RER;

T T e Fre

j,keN Jj.k
J ReERy

LP(RN)

LP(RN)’

Interchanging the first variable with the second, we can define the local flag
Hardy space hg .- More precisely, let (¢(()1), ¢W) and (¢(()2), $?) be admissible
couples on RN and R™, respectively. For j,k € N, set ¢i ; = ¢3.1) %] ¢>]((2), that

is, qu.fZ(x) = fd);l)(xl - u,x2)¢l((2)(u)du, where qbg.l),j > 1and qbl({z), k >1are

dilates of ¢ and ¢, respectively. We remark that the subtle convolution #;
and x, reflect the two flag multiparameter structures. The local flag discrete
Littlewood-Paley-Stein square function associated with the flag #+ is defined
by

gr(N@={ ¥ X 19 felPra),

j,kGN RE.'Rj’k
Fl
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where R;’I denotes the set of dyadic rectangles R = I X J with side-length
¢(I) = 273N ¢(J) = 27% and x; = (x;, x;) denotes the lower-left corner of R.
The local flag Hardy spaces hg L(RM),0 < p < oo, consists of all f € §'(RN)
satisfying
||f||h;l(RN) = 187+ (Nlrmny < oo.

Let us now recall the local product Hardy spaces introduced in [7], which
extended the local Hardy spaces of Goldberg [17]. Fori = 1,2, let (cpg), @)
be an admissible couple on R™. For j,k > 1, set ¢§.1)(x1) = 2mepM(2ix,)),

¢§{2)(x2) — 2kn2¢(2)(2kx2)_ FOI'j, ke N, put (Dj’k = ¢§1) ® ¢§€2)

For f € 8'(RYN), define the local product discrete Littlewood-Paley square
function by

b

1/2
gNE={ Y D o feRPar(0)
Jj-keEN ReRI*
where R/K denotes the collection of dyadic rectangles R = IxJ on RN of ¢(I) =
27J and ¢(J) = 27%, and xy denotes the left-lower corner of R. The local product
Hardy space h?(RN), 0 < p < oo consists of all f € 8'(RN) satisfying

1S e rry = I8N Leyy < 0.
We formulate our second main result as follows

Theorem 1.7. Let 0 < p < oo. The local product Hardy space hP(RY) is the
intersection of the local flag Hardy spaces hg(IRN ) and h; L (RN). Moreover,

1 e vy = ||f||h;(RN) + ”f”h;L(RN)'

As is well known that the dual of these multi-parameter Hardy spaces are
corresponding Carleson measure spaces, see [8].

Definition 1.8. Let0 < p < 1 and let {p; ;} be defined as above. We say that
f € 8'(RN) belongs to the local product Carleson measure spaces cmoP(RN) if

1

1 2
I llomarey = sup}—5—= 35 37 IRllgy x fGen)lf <o
p  JkeENReri*
|Q|P RcQ

for all open sets in RN with finite measure.

Definition 1.9. Let 0 < p < 1 and let {1; ;} be defined as above. We say that
f € 8'(RN) belongs to the local flag Carleson measure spaces (adapted to the
flag &) cmo;(RN) if

1
1 2
W llenopny =supf—— 3 3 IRl flf < oo
2 C|Qlp T JkeNgerlk
RCQ
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for all open sets in RN with finite measure.

Similarly, we can define the local flag Carleson measure spaces (adapted to
the flag 71) cmo; . Our last main result of this paper can be formulated as
follows:

Theorem 1.10. Let 0 < p < 1. The local product Carleson measure space
cmoP(RN) is the sum of the local flag Carleson measure spaces cmoft(RN )and

cmoft L (RM). Moreover,

Lf llemormny & inf{”fl”cmo;(RN) + ||f2||cmo;l(RN) f=ht fz},

where the infimum is taken over all decompositions f = f; + f, with f; €
cmol(RN) and f, € cmogl(RN).

Remark 1.11. Similar relations between global Hardy and Carleson measure
spaces were established in [1]. Theorem 1.7 and Theorem 1.10 can be viewed
as a natural extension of these results to the local setting. We also mention that
the (local) flag Hardy spaces can also be used to characterize the (local) Hardy
spaces associated with different homogeneities; see [2] for more details.

This paper is organized as follows. In Section 2, we will show that every lo-
cal product kernel can be written as a sum of flag kernels. Section 3 is given
to the proof that the definition of h+(RYN) is independent of the choice of ad-
missible couples, which is rather standard. Section 4 is devoted to the local
product Hardy space is the intersection of the two local flag Hardy spaces. Fi-
nally, in Section 5, we give the proof of the local product Carleson measure
space cmoP(RN) is the sum of two local flag Carleson measure spaces.

Throughout this paper, the letter C and c stand for a positive constant which
is independent of the essential variables, but whose value may vary from line to
line. We use the notation A =~ B to denote that there exists a positive constant
C such that C-'B < A < CB. For any two positive numbers c;, ¢,, denote
¢ V¢, = max{cy, ¢}, ¢; A ¢, = minf{cy,c,}. Let —a A b mean —(a A b) not
(—a) A b. Let N denote the set of all non-negative integers, and N be the set of
all positive integers.

2. Proof of Theorem 1.1

We first prove (i) = (ii). Let X be a local product kernel which coincides
with a smooth function K away from subspaces {x; = 0} and {x, = 0}. As
pointed out in [33], we may assume that K has compact support by using a
smooth truncation argument. By Theorem 2.1.11 in [33], the Fourier transform
of K,m=%X,isa product multiplier satisfying

0798 m(E, )| S CIE TG, & £0, 640, (8)

for all multi-indices (a;, o).
We consider four cases separately.
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Case 1: |£;] > 1,|&,| > 1. In this case, (6) follows from (8).
Case 2: |£;] > 1,|&,| < 1. In this case, (6) is equivalent to

| llaliag ag m gy, )] < C. ©)
We may assume that |ct,| > 0, as the case |a,| = 0 follows from (8). Write
16111831872 m(&1, &) = 16,1918718;2 | K(xy, xp)e ™4 dx, dx,
&6 576 Jon

= | (=il& ) (=ix,) 2K (xy, xp)e > S doxy dx,.
RN
Suppose that ¢ is a smooth function on the positive halfline, supported on [0, 1],
and equal to 1 near the origin. Consider first

(—i1&, %)M (—ixp)2K (x1, x)p(| &1 [x, Ne™> € dxy dox,.
RN

iy L
Note that for every a; the function xi‘le RN ¢(]x;|) is a normalized bump
function. By the cancellation properties of K, we have

[ il iR mpUglxbe ™ Sdnds,
RN

[as|
scf 12| _dx, <C,
k2 1%2]™2(1 + |x5])

where we have chosen M > |a,|.
Let us now estimate the remainder term

(=i]&1 120" (=) 2K (1, X2)(1 = ¢(1 61| 131 e ™™ dxydx,.
RN

Choose the index ¢ so that | f | ~ |&;]. Integrating by parts k (k > |o|) times

¢

1» We can rewrite it as

inx

(igf)_k_/ a,l:t’ (=i &y )% (=ixz)*2K (1, x2)(1 — $(|€111%11)))e "¢ dx; dx,.
RN 1

Utilizing Liebniz’s rule, we distribute the derivatives on various factors and de-
compose it as a sum of distributions, which will individually satisfy the required
estimates. More precisely, if one of the derivatives fall on the factor 1 — ¢, then
the integration takes place on the region where |x;| < |&;|™!, and we can apply
the same argument as the first term. If no derivative falls on the factor 1 — ¢,
we can basically reduce ourselves to the single term

D™ | (ilglx) ™ (=ixy)™0% K, x2)(1 = (1€ |11 ]))e™™ “ dixydicy,
RN 1

which converges absolutely and is uniformly bounded. This establishes (9).
Case 3, where |&;| < 1 and |&,| > 1, can be treated in the same way, the
details being omitted.
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Case 4: |£;] £ 1,]&,| < 1. In this case, it is sufficient to show that

alaazm(gl’ &)l <C. (10)
To this end, we consider four subcases.
If |et; | = |etp| = 0, then (10) follows from (8).
If || > 0, |a,| > 0, then the size condition of K gives

10;19; m(¢1, )| =

(—ix1) (—ixp)®2K (%, xp)e ™1 S1e™ 2 C2dx, dx,

RN
ey | [a|
X X
SC/ |21 "1 ] x| dx,dx, < C,
R

v X [ "2(1 4+ [xq | + [ DM
where we have chosen M > |o;| + |a;].

If |o;| > 0,|a,| = 0, the cancellation of K is involved. Let ¢ be as before.
Hence,

me e = [

$(1x2 ) (=i )1 K (3, xp)e™ 1 6172 2y dx,
RN

(1 = p(|xaD)(=ixy )1 K (x4, xz)e—ixl«§le—ix2«§2dxldx2.
RN

For the first term,

$(|x2)(—ix )1 K (3, xp)e™ 1 6172 2 dx,
RN

B f R(xp)(—ixy)*re ™ S1dx,,
R™
where

R(x) = f Koy x)b(x e d s,
R"2

Observe that ¢(|x,|)e™2%2 is a normalized bump function on R™ for every
|£€,] < 1. By the cancellation condition, we have

_ ) . |2 |1l
R(x))(—ix)) e ™didy, | < Cf dx; < o0,
fRnl ren 2 ["M1(1 + | DM

where we have chosen M > |o|.
For the second term,

f (1 = ¢ (=ix)) K (e, xp)e— 1 fre-adx, doxy

ey !
< Cf f delde < 00,
ERUPARE ey " (X + || + |x2])

where M is chosen to be larger than |a, | + n,.

The remaining case |a;| = 0, |@,| > 0 can be treated in a similar way. The
details are omitted. This completes the proof of (10).
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Next we prove (ii) = (iii). For the simplicity of presentation, we assume that
n; = n, = 1. But our proof presented below can be extended to higher dimen-
sions without any essential difficulty. Suppose that m = K satisfies (6). Take
a cutoff function » supported on [—2, 2], and identically equal to 1 on [—1,1].

Let my(§1,£2) = m(én, £2)(1 = n(E2D) and ma(61,€2) = m(E &G,

XK, = (my)Y and X, = (m,)Y. Then X = K; + K,. To prove (iii), it suffices to
show that K; € Py(F) and K, € Po(F*1). By Theorem 2.1 in [2], it suffices to
show that their Fourier transforms m; and m, satisfy

alaa2m1(§1,§2)| <C+ & ] + &)1 + (&)1l (11)

and
858 ma &) < CA+IEDTHIA+ &+ 16T (12)

for all multi-indices («;, o).
We only show (11) as (12) can be treated in the same way. Leibniz’s rule
yields that

1+ £
+ 18]

+|§| 4
LD Y- A A AL 9Tm(E, £).
1<By <y, Br+B1 =m0
17,512+, =,

alaazml(flagz) ~ ( - ( )) alaaz (61,62)

For the first part, observe that supp m; C {1 + |&;]| > 1 + |&,]},

(- ameen £

+14, < CQA+ & DI + |57

< CA+ 1G]+ 16D + (&)1l

For the remaining part, observe in fact that if one of the derivatives falls on
the factor 1 — , then 1 + |&;| ~ 1+ |&,| = 1 + |&;| + |&,]| due to the support
property of the derivative of . Hence,

2[ Ab1 1 + |§1|
aéz <a§1 (1= + &, )))

which implies that

< CL+ 16 DTBIQA + &,

Br 72 + 1811\ 28 )
3g o7 (1 - Ifll))a 9,.m(&1,£2)

<Ca+1&D° '51'(1 +1EITIA + & |+ 1D + 167!
< CA+ & ]+ &N + &),

Hence, (11) is proved.

Finally, we prove (iii) = (i). It is easy to see that the local flag kernels X
and X, are local product kernels, and hence so is X; + X, = X.

The proof of Theorem 1.1 is complete.




76 SHAOYONG HE AND JIECHENG CHEN

3. Proof of Proposition 1.6

To prove Proposition 1.6, we need some preliminaries.
For L € N, we denote

S (R") = {q& e S(R") : /c;b(x)x“dx =0forall |a| <L - 1}.

The following lemma is the classical almost orthogonality estimates.

Lemma 3.1. [14] Let ,¢ € S.(R"), j,k € N. Then for any given positive
integer M, there exists a constant C > 0 depending only ¥, ¢, n, M and L such

that
. 2(=jNOM
. x)| < C2- LIkl - , xeR"
19+ ¢ T T

We also need the almost orthogonality estimates in the flag setting.

Lemma 3.2. [24] Let j, j’, k, k" € N. Suppose that9; , and ¢ ;- are defined as
in Proposition 1.6. Then, for any L, M > 0,

| * Pjr i )(x1, X))

—Jjn" M —JjAJ' Nk )M
< ComLj— 141k 2(=jni") 2(=JAJ ARAK')

(2—j/\j’ + |x1|)n1+M (z—jAj’Ak/\k’ + |x2|)n2+M'

(13)
We also need the following maximal function estimate.

Lemma 3.3. [24] Let R be a rectangle in je;”‘ and R’ be a rectangle in ﬁg’kl.

Then for any point (47, u,) € R, and any § € (—222— 1], we have
y p (uy,uy) y ((n1Vn2+M) ]
2=ini"IM 2(=jAj AkAK M

/ .
% (2_j/\jl + |x; — XI'|)n1+M (2—j/\j’/\k/\k’ + |x; — XJ/|)"2+M IR ”z'bjl’k, * S e, x|
RIER,’
F

S

<SCUMG[C DD [y fCep, xp)Pxr)? | wp)}e, (14)

R’eﬂeg’k/
where Mg is the strong maximal operator on RY and

C, = Sl =DVO ol AK = AlYVOD(5 ~1)

We are now ready to present the

Proof of Proposition 1.6. Let f € §'(R™*™). By the Calder6n reproducing
formula (7) and Lemma 3.2,

| jr o SOy xp0)
=| >0 >0 IRk fCerny)bipr * YixCep — xp, Xy — x5)

j,keN Jj.k
J RERy
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<C Y 27U KD SR g w F X))

j,keN ok
J ReR;

77

(=jAjIM 2 (=JjAJ NeAK )M

X — -
Q7IN 4 |xp = xpp [y1+M (27INARAK" 4 |x; — x| yratM

where M is chosen large enough so that MLM < min{p,1}and L > 10M.
Applying Lemma 3.3 with MLM < 6 < min{p, 1}, we arrive at
|¢j’,k’ * fOcpr, xp0)

)

<C Y 2 M HERDC I (N T % f X))’ (), uh)}
Jj.keN Reﬂ;k

| =

[

2 1
<C Y VUKD (T gy f e xR ae ) @ up)le,
jkeN ReR¥

for any (u},u}) € R', where L' := L — N(1/8 — 1) > 0. Applying the Cauchy-
Schwarz inequality, we have

Z Z [Pk FCers x50 xre (1, X2)

j'k'eN R’Eﬁg'k,

<c 3 [ 2 HUT DD (S gy % FOex)Pag)? e x|

j/,k/EN j,kEN RGR?;I{

<c 3 {[ S o LT k=K D)

j.k'eN * jkeN
X[
2

<C % POICE s reaxProlon o)

j,keN J.k
J RER]

S 2 PR D (S [y f(x[,x])lz)(R)z(xl’xZ)}g]}

j,keN ik
J RER]

From the Fefferman-Stein vector-valued maximal inequality, we know that Mg
p 2
is bounded on L (¢ ¢) and hence,

. 2 2
J's
< Z Z |¢ N f(xp,x]/)| XR’)

j'k'eN R’eﬂ%j,’k,
F L

<cl( Z PICE s s P

2
5)

j,keN J:k

J RER

| =

LpP
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2 94
d\2

=c|( Z Pl T s s anPa))

j,keN Jj.k
J Reﬂf

1

<C ( Z Z |¢j,k*f(x1’y])|2XR>2

i kEN p o pirk
J RER)

LpP

By symmetry, we establish the reverse inequality and hence, Proposition 1.6.
O

4. Proof of Theorem 1.7

This section is devoted to proving that the local product Hardy spaces is the
intersection of two local flag Hardy spaces. We need the following almost or-
thogonality estimate.

Lemma 4.1. Let j,k,j’, k' e N.If j/ > k’ + 5, orif j > k, then any M, L > 0,
(@ * ¥k )(x15 %)
2-UA"OM 9—(inJ AkAK )M

< 2 Li=J'1+lk=k"T) - — .
(2—]/\1’ + |x1|)"1+M (2—]A]’/\k/\k’ + |x2|)"2+M

(15)

Proof. Observe that if k is small, that is 0 < k < ¢ for some ¢ > 0, then by
spectral localizations, k€’ must be small. On the other hand, if k is large, that
is k > c for some ¢ > 0, then by spectral localizations we have |k’ — k| < 2.
Hence, ¢; * ¥ ,» does not vanish identically only if |k’ — k| <C.

We prove (15) first under the assumption j' > k’ + 5. Observe that

supp ') C {(&1,6) € RV 1 2771 < || + 6] < 271}
We now consider three cases separately: /\ e
Case 1: || > 1, |€,| < 1. The support properties of go§.1) and 1/’5}) imply that
lj—J'l<2.
Case 2: |£§] £ 1,1&] > 1. By spectral localizations, we have j = 0 and

k,k’ > 0. Observe that supp z/)]({z,) c{& e R™ : 2K-1 < |&,| < 2K'+1} which,
together with our basic assumption j’ > k’ + 5, yields

€]+ 16 2K+ +1<1+2/4

e

The support properties of zpﬁ.}) and i, force 0 < j' < C for some certain C > 0.

Hence, |j — j'| < C in this case.
Case 3: |£;| > 1, |&,] > 1. In this case, we have j, j’,k,k’ > 1. Taking the
Fourier transform,

@i * Pya)(E1, &) = 92T E PP 27k E)PD(2T &), 277 £)pD (27K &),
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Observe that gD (277 &))e@(27*£,)pM (27", 277 £,) does not vanish only if

22 < \22) 4 22k < 2/'+2,

The second inequality gives j < j’ + 2; The first inequality, together with j" >
k' + 5and |k — k’| < 2, yields
22j > 22]'—4 _ 22k > 22]’—4 _ 24+2k’ > 22]'—4 _ 22]’—6 > 22]'—6’

which implies j > j’ — 2.

From these considerations, we see that the left hand of (15) does not vanish
onlyif |j’ — j'| < Cand |k — k’| < C. Thus,

|§0j,k * ¢j’,k/(x1, X,)|
2-UA"M 2—CAJ NeAK )M

<C
- (2—j/\j’ + |x1|)”1+M (z—jl\j’/\k/\k’ + |x2|)”2+M
2-UAIM 9—CiA] NeAK M

(2-inN' + |x1|)n1+M (2—jAj’/\k/\k’ + |x2|)n2+M’
which concludes the proof of Lemma 4.1 when j’ > k’ + 5.

For the case j > k, the left hand of (15) dose not vanish only if |k — k’| < C.
If j/ = 0, the spectral localizations implies j = 0. It is easy to check g *
Yo satisfies the desired estimate. We now assume that j’ > 0. Let p}?;l be
the degree (L — 1) Taylor polynomial of the function ¢; ;. By the cancellation

< 2 LUj=J"1+1lk=K"])

condition of gb;.}), we get that
1
|§0j,k * l)bﬁ-/)(xlst)’

f [@j(x1 = Y1, %2 — ¥2) — Pﬁl(xl, xz)]ﬁbﬁ-})(yp y2)dyidy,
Rn1+n2

<C/ @ y,] + 24y )" 2n 2
< + -
e T = By, )+ (1 + 2K |x, — By, |
2]’”1 2j'"2
X - - dy.d
L+ 20 |y )M (1 + 27 [y, [yt 10?2
2-UAOM 7=(A] NOM

< C2-Lli-7'l ,
} @I+ [y [ (2EINTAR [y |t

where 6 € (0,1) and M’ is large enough so that M’ > M + L + n + m. Thus,

}%‘,k * Ebj',k'(xl’xz)}

[ s w0, = g
R"2

Co-Lli-| =AM f 2—(iA] NOM k', .
<Cc27Vm — — u
(2—}/\}’ + |x1|)n1+M R (2—jAJ’/\k + |x2 _ ul)n2+M (1 + 2k’|u|)n2+M
2-(UAIOM 2—(nj AkAK M

< C2 LAj=J'1+lk=K"D)

(2—j/\j’ + |x1|)n1+M (2—]/\j’/\k/\k’ + |x2|)n2+M'
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This finishes the proof of Lemma 4.1. O
We now turn to the

Proof of Theorem 1.7. We begin by writing
1

gﬂf)(x)ﬁ( >y o3 |¢,-f,k,*f<xR/>|2xR,<x>)2

j,,k,EN R’e"R}, k!
j'=5<k/<j'+2
1

+( D)) |¢jf,kf*f(xR,)|2xR,<x>)2

J ' k'eN R'e RJ K
kK'<j'-5

=1 &1 (N) + &(NHX).
For the first part, we observe that ¢ ; ;. satisfy the same smoothness and can-

cellation conditions as ) and the rectangles R’ in R;’k are almost cubes in RN,
provided j' — 5 < k’ < j' + 2. Thus, by arguments similar to that given in the
proof of Proposition 1.6, we conclude that

81(PNLe@ny < ClIfllne @y < CllS llnoyy,

where hplasswa (RN) represents the classical one-parameter local Hardy space
of Goldberg [17], and the last inequality uses the relation between local Hardy
spaces and local product Hardy spaces (see [6, 7]).

We treat next the second part. In view of the almost orthogonality esti-
mate in Lemma 4.1 with j* > k’ + 5, by repeating the same argument as used
in the proof of Proposition 1.6, we derive

2
é

N

lex(Dllgs < C { 3 {Ms[( 5 |¢j,k*f<xR)|2xR>z]}}
j.keN RERIk LP(RN)
< ¢ { Z 2 |¢j,k >’<f(xR)|2)(RI2 ~ | f 1l rry-
j,keEN ReRik LP(RN)

Thus, we have shown that ||f||h;(RN) < C||fllwpmyy- The inequality

171k, @y < Cllf Hlneey

can be demonstrated in the same way. We omit the details.
Let us now turn to prove the reverse inequality, namely,

1 oy < CQU Nngam + 11l vy

From Theorem 1.3, we see that each local product kernel can be written as a
sum of two local flag kernels. By adapting this idea to the vector-valued setting,
we shall prove that the product square functions is the sum of two semiproduct
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square functions, which are essentially local flag square functions in view of
Lemma 4.1. Assume that f € hﬁ"l N hgz, define

gs(N)(x) 1= { SS g f(xR)P;cR(x)}z
J.keN ReRik
j>k
and
g5 () :={ SS e f<xR>|2xR<x>}2.

J.keEN ReRik
j<k

Since g(f)(x) and gs(f)(x)+gs.(f)(x) are pointwise comparable, it is sufficient
to show

18s(Nllzr@ny < CllF llnp oy (16)
and

llgs: (Pllr@ny < C”f“h;l(RN)' 7)

We only need to show (16) taking into account symmetry. Recall from Lemma
4.1thate; ) * P s satisty the almost orthogonality estimate of flag type. Hence
arguing as in the proof of Proposition 1.6, we obtain

[SH N

clf ¥ et 2 |zpj,,kf*f(xR/)Ffo)?]}g}

Jj'k'eN R’Gﬁg‘k/

IA

llgs(U)Izr )

LP(RN)

1

{8 Wpw s rowiize)

JITEN g ¥
R 1l RY).

This concludes the proof of Theorem 1.7. O

c

IA

LP(RN)

5. Proof of Theorem 1.10

Proof of Theorem 1.10. Assume first that f € cmoft + cmo; | . For any partition
f = f1+ fawith f| € cmo}} and f, € cmo?, andany g € h? = hl N kY, we
have

K/ &)l

IA

|<f1’g>| + |<f2ag>|
(I llemet + WF2llener, ) ma e gl |

Fl

IA

IA

C(Ifllamap + Wl )l
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which implies f € emo? with | llmor < (11l + /2t ). Taking
F

the infimum over all possible partitions f = f; + f, with f; € cmog and
f> € cmo®. |, we obtain

FL
lonor <€ i (I illonet, + ol )
flecmoft,fzecmo;l

Conversely, given f € cmo?, we need to construct a partition f = f; + f5

with f; € cmoft,fz S cmoftl and

||f1||cmo§, + ||f2||cmopj_ S C”f”cmoi’- (18)

F

Fori = 1,2, we choose ¢g), ¢® e $(R™) with

supp o) C{& e R™ 1 |5 <2}, ¢(E) =1for |&] <1,

/\. 1
8 (&) + Y, #0(27E) =1 forall § € R™,
j=1

and set ¢ jn = gbg.},) ® qﬁ(z,,) for every j”, k" € N. For f € cmoP, define

=T =K = Z ¢j”,k’/ * f
j”,k"GN
jNZk”

and

f2 = Tz(f) = .7(:2 * f = Z ¢j”,k” * f
" k"eN
<k

Then f = f; + f,, and (18) will follow if we can prove
171 Mlemor. < Cllf llemor

and
172 Mlemor, < Cllfllemor-
We only consider J7; as the other can be similarly treated. For R € ,’R;’k and
R € RI'K set
Sg = |[¢j,k * T1(f)](xR)|2 and T = |(§0j',k’ * f)(xR')|2-

As observed before, ; , does not identically vanish only if k < j + 2. The
Caldero6n reproducing formula in (7) and the support properties of ¢; ;- and
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qb/j,/,k\,/ yield that
1

Sk
=1 2 2 2 IRk b * @) g = Xp)(@jrar * )Xy

J1 k' EN j kN rre i’ K
j”Zk”

= Z Z Z |R,|(¢j,k * ¢j”,k” % qu’,k’)(xR - xR’)((Pj’,k’ * f)(XR/)
' k'eN j" K" eN Rer”
K <jl+4 | —j" <2, |k —k" | <2 F

, .
=| D0 D IRIN@jk * Pjpr * @)Xk — xp ) @jrjer * [)(XRr)
jK'eN preri’ K

kK'<j'+4

k]

where

5]1’]{/ = Z ¢j”,k”
j”,k”EN
|j/—jN|S2,|k/—k”|S2

for every j/,k’ € Nwith k" < j” + 4. We observe that ¢ s * @ s satisfies
the same smoothness and cancellation conditions as ¢ ;. It then follows

from Lemma 4.1 that
1
S}% <C Z Z o=@ |j=j'|+na|k=k'DLy~j'ny 5—k'n;,
J'K'eN rreRi’' K
K'<j'+4
2-UAIOM 9—(Aj AkAK M

1(jr i f)XRo)I

X — —
(7IN" 4 |xp — xp [)+M (27IN AN 4| x ) — x| yr2tM

1
<C D, 2, r(RR)PR,R)T,
j’,k’eN R/E_'Rj”k,
K'<j'+4

L L
_ (i I 1
I"(R,R’) = VL(R,R,) = (m A m m AN m

where

and

e = xp [\ g = xp [\ TR
P(R,R") = Py(R,R’ =(1 —) (1 —)
( ) M( ) + 2(—]/\]’) 2(—k/\k’)
Squaring both sides, multiplying by |R|, adding up all the terms over
jkeNk<j+2Re Rj’k,R C Q, taking the supremum over all open sets Q

with finite measure in RY, and applying Holder’s inequality, we get

sgp{ Ly ¥ |R|SR}

21 . .

P Jj.keN Rejej’k
2] k<j+2 7
RCQ
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> Y R[ DY D rRRPRR)]

|Q|7 " JKEN perik  JKEN RIERI ¥
k<j+2 RCQ K'<j' +4

SCsup{

> R R’)P(R,R’)TR,]}

j/,k/eN R’E.’Rj,’k,
kK'<j' +4

Sngp 12 DI IS |R|r(R,R')P(R,R’)TR,}

|Q|Z_1 J.kEN pegik j'kK'eN RreRi' ¥
k<j+2 pod K<j'+4

Sngp 12 DI IS |R’|f(R,R’)P(R,R’)TR/}

|Q|;_1 J:kEN pepik j' k'eN RreRi’ K
k<j+2 T K<i'+4
JT2 Recq KSitt

-2 X 2 2 IRIRERPR, R')TR,}

|Q| » 1 jkeN Rerik j' k' eN RieR) K
RCQ

< Csup
Q

where #(R,R") = r;_1(R,R") and the last inequality follows from the fact that,
for any fixed j € N,

7 =

Rk _ Rk ifk < j;
R, ifk=j+1orj+2.

To finish the proof, we only need to bound the last term by

> % IRk}

|_Q|;_ J k' eN pegpi’ K
RcQ

qupg

For j,k € N and every dyadic rectangle R’ =1'xJ', denote
RJ =2/I' x 2K7. Set 'k =, _ _pxieq 3R - Givenany R C Q, let o be
the collection of dyadic rectangles R’ deﬁned as follows

SZQ0,0(R) = {R, . 3R6,0 N 3R # @},

slio(R) ={R' : 3R] N3R# @and 3R]_| ' N3R =g},

Ao (R) = {R : 3R’ N3R+#@and 3R, N3R =g}

o (R) = {R' : 3le1 N3R+#@and3R_ N3R=@and3R/,_ N3R =0}

Clearly, every dyadic rectangle R’ belongs to exactly one of; ;. Consequently,

-3 X 2 X IRIRRPRR)T

|Q| » 1 jkeNRegI* j' K'EN iR ¥
RCQ
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(T +3 ¥ +3

Redyo(R) i21R'ed;o(R) I[>1R'ed((R)

D) )Z Y. IRIrR,R)P(R,R)Tg

LI21R'ed (R) " j,keEN ReRrI*
RCQ

IA

= Il +IZ +I3 +I4

We only consider I, as the other three terms can be treated similarly; see [24]
for more Details. Fori,[ > 1, set

a =

=Y ¥ IRIFRRIPRR)Ty

|Q|p RcQR’ed 1(R)

and B;; = {R’ : R}, n Q% # &}. Then Upcqd;; C %;;. Denote

1
%”lz{R’e%,l:|R{an°’°|22—h|lel|}, heN, h>o,

il il
9 - 9: \9:]1 1 and Q R’EQ)”R h Z 1.
Thus,
as——2 % 2 IRIRRPRR)T,. (19)
h>1 ’ il R:RcCQ
ol e, R'ed;y(R)

Note that R" € o, ;(R) implies |x; — xp| > ¢(I) v 2'¢(I") and

lx; — x5| > €(J) v 2L¢(J’). We consider the following four cases: Case 1.
20| > |1, |2Y7] > |J|; Case 2. |2iI"| > |I], [24| < |J|; Case 3. |2iT'] < |I],
|2l77| > |J|; Case 4. |2I'| < |I|, |207] < |J]. Hence,

Z Z |R,|TRI< Z + -+ Z )}’(R,R’)P(R,R,)

|Q| e L p>1 R gbll ReCase 1 ReCase 4

=0t A

We first estimate a;; ,. Observe that
[T x (24| <|3R’ n3R|<|3R’ n900|< |3R’ [,

which implies 2#~1|1| < 3m2im || < 20+2m ||, We consider two subcases.
Category 1: |I’| > |I]. In this category, one has |I’| = 2h~1-i(m+2)+7 for
some 7 > 0. For each fixed 7, the number of such I's must be less than
(}7 + h)n1+n22n+h.
Category 2: |I'| < |I|. In this category, we have |I’| < |I| < |2/I’|. Then
24¢(I") = ¢(I) for some positive integer A satisfying 1 < A < i. For each A, the
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number of I’s must be finite. Moreover, 2-124m |['| = 2h=1|1| < 20+Dm ||,
which yields h < 3n,i. Also, observe that
- ! - ! ! .
|xr — xp| _ |x; — xp| €I") > C2ih,
¢(I) ACORRAC))
In Case 2, |2!J’| < |J| implies 2!"2*%|J’| = |J| for some x > 0. For each fixed «,

the number of such J’s must be finite. Given a sufficiently large M > n,L, we
have

> r(R,RHP(R,R")

Category 1
L L — M — M
5 (Y by e
TV 200) D)
<C Z (h +n)nl+n2277+h2—(h+n—in1)L2—(ln2+x)L2—(n1+M)i
7,x>0
< Cz—h(L—nl—n2—1)2—i(M—n1L)2—ln2L
and
>, r(R,RHP(R,R)
Category 2
L L — M — M
5 (Y bl e
cae \irT) 17| 00) 0

i
<C Z Z 2—nllL2—(ln2+K)L2—M(i—/1)
A=1%x>0

< Cz—inle—lnzL .

We decompose a;; , as

Qs = ! > > |R'|TR,< o+ > )r(R,R’)P(R,R’)z:b1+b2

2
|Q| ;_1 h>1 R’e@;l Category 1  Category 2

For x € Q;;l, we have x € R for some dyadic rectangle R C Qzl, and therefore

Ms(opo)(x) > IR, N Q20| /IR] | = 27,

which yields
9] < Hx : Mis(xaoo)(x) > 27H}| < C220|Q000) < €221
Consequently,
1 . 2 1
bl <C : Z 2—11(L—(n1+n2)—1)2—z(M—n1L)2—ln2L|Q;;l|p 1 - Z |R’|TR/

|Qr k21 |£2"};l|7’_1 ReQ!



CHARACTERIZATIONS OF LOCAL PRODUCT KERNELS AND HARDY SPACES

1 . 2
<Cc— 1 Z2—h(L—(n1+n2)—1)2—l(M—n1L)2—ln2L(22h|Q|)p 1
|Q|;_ h>1
1
Xqu{ 2 Z |R’|TR/}
Q |Q|;_1 R'cQ
. 1
SCZ_I(M_HIL)Z_anL'Sl}p{ - : Z |R,|TR/}
Q |Q|;_ R'cQ
and
1 ; i1c-1 1
by < C—— > 2imlpminligpt) — > IR Tw
- i LI - 5
|Qp ~ 1sh<3mi |th|p rReQ)
1 i - 1
<C PR S T 1qu{ — 2 |R’|TRf}
e % oy Ko
—i(m L1y 1
<Cc2 7 r2 l”zL'S@P{ — 2 IR’ITR'}'

Q |Q|;_1 R'CO

Choosing M > n;L > 6ﬂ, we obtain
p

2G2S D bt by < CS‘}PI 12 >, |R’|TR/}.

i1>1 iI>1 iI>1 Q |Q|;‘1 R'cQ

Similar arguments apply to other three terms, the details being omitted.

Putting together these estimates, we derive that

1
IV = Z <ai,l,1 oo ai,l,4> < qup{ > Z |R’|TR/}.
51 Q |Q|;_1 R'cQ

This establishes the cmo? — cmoft boundedness of 7, and hence Theorem

1.10 follows.
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