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Carleson embeddings and pointwise
multipliers between Hardy-Orlicz
and Bergman-Orlicz spaces of

the upper half-plane

Jean-Marcel Tanoh Dje and Benoît F. Sehba

Abstract. In this article, we give a general characterization of Carleson
measures involving concave or convex growth functions. We use these char-
acterizations to establish continuous injections and pointwisemultipliers be-
tween Hardy-Orlicz spaces and Bergman-Orlicz spaces.
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1. Introduction.
Let 𝔻 be the unit disc of ℂ. For 𝛼 > −1, and 0 < 𝑝 < ∞, the Bergman space

𝐴𝑝
𝛼(𝔻) consists of all holomorphic functions 𝑓 on 𝔻 such that

‖𝑓‖𝑝𝑝,𝛼 ∶= ∫
𝔻
|𝑓(𝑧)|𝑝(1 − |𝑧|2)𝛼𝑑𝜈(𝑧) < ∞. (1.1)

Here, 𝑑𝜈(𝑧) is the normalized area measure on 𝔻.
When 𝛼 → −1, the corresponding space 𝐴𝑝

−1(𝔻) is the Hardy space 𝐻
𝑝(𝔻)

that consists of all holomorphic functions 𝑓 on 𝔻 such that

‖𝑓‖𝑝𝑝 ∶= ‖𝑓‖𝑝𝑝,−1 ∶= sup
0≤𝑟<1

∫
2𝜋

0
|𝑓(𝑟𝑒𝑖𝜃)|𝑝𝑑𝜃 < ∞. (1.2)
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One of themost studied questions on holomorphic function spaces and their
operators is the notion of Carleson measures for these spaces. In the unit disc,
this is about characterizing all positive measures 𝜇 on 𝔻 such that for some
constant 𝐶 > 0, and for any 𝑓 ∈ 𝐴𝑝

𝛼(𝔻), 𝛼 ≥ −1,

∫
𝔻
|𝑓(𝑧)|𝑞𝑑𝜇(𝑧) ≤ 𝐶‖𝑓‖𝑞𝑝,𝛼. (1.3)

This problemwasfirst solved byL. Carleson in [3, 4] forHardy spaces in the case
𝑝 = 𝑞. Extension of this result for 𝑝 < 𝑞 was obtained by P. Duren in [14]. The
case with loss 𝑝 > 𝑞 was solved by I. V. Videnskii in [37]. The corresponding
results for Bergman spaces of the unit disc and the unit ball were obtained by
W. Hastings and D. Luecking, J. A. Cima andW.Wogen in [8, 16, 20, 21, 22, 23].
For other contributions, we refer the reader to the following [17, 26, 36].

Our interest in this paper is about the inequality (1.3) in the case where the
power functions 𝑡𝑞 and 𝑡𝑝 are replaced by some continuous increasing and onto
functions on [0,∞),Φ2 andΦ1 respectively. In the unit ball ofℂ𝑛, this problem
was solved in the casewhere 𝑡 ↦ Φ2(𝑡)

Φ1(𝑡)
is nondecreasing forHardy and Bergman

spaces in the following and the references therein [5, 6, 30]. The case where
𝑡 ↦ Φ2(𝑡)

Φ1(𝑡)
is nonincreasing was handled in [29] for the Bergman-Orlicz spaces.

In this paper, our setting is the upper half-plane ℂ+ and we still consider
the problem (1.3) for the growth functions Φ1 and Φ2. In [12], we considered
this question for the case where Φ1 and Φ2 are convex and, 𝑡 ↦

Φ2(𝑡)
Φ1(𝑡)

is non-
decreasing. We present here a more general result which encompasses the case
whereΦ1 andΦ2 are concave, still with 𝑡 ↦

Φ2(𝑡)
Φ1(𝑡)

non-decreasing. This case was
missing in [12]. We note that even in the case of power functions, the study of
Carleson measures for Bergman spaces of the upper half-plane with exponent
in (0, 1] seems to have never been considered before. In [12], the method used
required boundedness of the Hardy-Littlewoodmaximal function on the Orlicz
space but this does not hold when the associated growth function is concave.
Our work still uses the boundedness of the maximal function but through a
modified approach that allows us to include the case where the growth func-
tions are concave. For the proofs, we are still combining techniques from ana-
lytic function spaces and methods from dyadic harmonic analysis.

2. Statement of main results.
We start by recalling some known notions in the literature. In this paper,

a continuous and nondecreasing function Φ from ℝ+ onto itself is called a
growth function. Observe that if Φ is a growth function, then Φ(0) = 0 and
lim𝑡→+∞Φ(𝑡) = +∞. If Φ(𝑡) > 0 for all 𝑡 > 0 then Φ is a homeomorphism of
ℝ+ onto ℝ+.
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Let 𝑝 > 0 be a real and Φ a growth function. We say that Φ is of upper-type
(resp. lower-type) 𝑝 > 0 if there exists a constant 𝐶𝑝 > 0 such that for all 𝑡 ≥ 1
(resp. 0 < 𝑡 ≤ 1),

Φ(𝑠𝑡) ≤ 𝐶𝑝𝑡𝑝Φ(𝑠), ∀ 𝑠 > 0. (2.1)
We denote byU 𝑝 (resp. L𝑝) the set of all growth functions of upper-type 𝑝 ≥ 1
(resp. lower-type 0 < 𝑝 ≤ 1) such that the function 𝑡 ↦ Φ(𝑡)

𝑡
is non decreasing

(resp. non-increasing) on ℝ∗
+ = ℝ+∖{0}. We put U ∶=

⋃
𝑝≥1 U 𝑝 (resp. L ∶=

⋃
0<𝑝≤1 L𝑝).

Any element belonging to L ∪U is a homeomorphism of ℝ+ onto ℝ+.
We say that two growth functions Φ1 and Φ2 are equivalent, if there exists a

constant 𝑐 > 0 such that

𝑐−1Φ1(𝑐−1𝑡) ≤ Φ2(𝑡) ≤ 𝑐Φ1(𝑐𝑡), ∀ 𝑡 > 0. (2.2)
We will assume in the sequel that any growth function belonging toU (resp.

L ) belongs to C 1(ℝ+) and is convex (resp. concave). Moreover,

Φ′(𝑡) ≈
Φ(𝑡)
𝑡 , ∀ 𝑡 > 0,

(see for example [2, 11, 12, 13, 31]).
Let 𝐼 be an interval of non-zero length. The Carleson square associated with

𝐼, 𝑄𝐼 is the subset of ℂ+ defined by

𝑄𝐼 ∶= {𝑥 + 𝑖𝑦 ∈ ℂ+ ∶ 𝑥 ∈ 𝐼 and 0 < 𝑦 < |𝐼|} . (2.3)

Definition 2.1. Let 𝑠 > 0 be a real, Φ a growth function and 𝜇 a positive Borel
measure onℂ+. We say that𝜇 is a (𝑠, Φ)−Carlesonmeasure if there is a constant
𝐶 > 0 such that for any interval 𝐼 of nonzero length

𝜇(𝑄𝐼) ≤
𝐶

Φ( 1
|𝐼|𝑠
)
. (2.4)

• WhenΦ(𝑡) = 𝑡, thesemeasures are known as 𝑠−Carlesonmeasures and
if moreover, 𝑠 = 1, we obtain the classical Carleson measures.

• When 𝑠 = 1, we say that 𝜇 is a Φ−Carleson measure. If moreover,
Φ(𝑡) = 𝑡, 𝜇 is called a Carleson measure.

• When 𝑠 = 2 + 𝛼, with 𝛼 > −1, we say that 𝜇 is a (𝛼, Φ)−Carleson
measure.

Let 𝛼 > −1 be a real and Φ a growth function.
∙ The Hardy−Orlicz space on ℂ+, 𝐻Φ(ℂ+) is the space of analytic func-
tions 𝐹 on ℂ+ that satisfy

‖𝐹‖𝑙𝑢𝑥𝐻Φ ∶= sup
𝑦>0

inf {𝜆 > 0 ∶ ∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖𝑦)|
𝜆

) 𝑑𝑥 ≤ 1} < ∞.
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∙ TheBergman−Orlicz space onℂ+,𝐴Φ
𝛼 (ℂ+) is the space of analytic func-

tions 𝐹 on ℂ+ that satisfy

‖𝐹‖𝑙𝑢𝑥
𝐴Φ
𝛼
∶= inf {𝜆 > 0 ∶ ∫

ℂ+

Φ(
|𝐹(𝑥 + 𝑖𝑦)|

𝜆
) 𝑑𝑉𝛼(𝑥 + 𝑖𝑦) ≤ 1} < ∞,

where 𝑑𝑉𝛼(𝑥 + 𝑖𝑦) ∶= 𝑦𝛼𝑑𝑥𝑑𝑦.
If Φ is convex and Φ(𝑡) > 0 for all 𝑡 > 0, then

(
𝐻Φ(ℂ+), ‖.‖𝑙𝑢𝑥𝐻Φ

)
and (𝐴Φ

𝛼 (ℂ+), ‖.‖𝑙𝑢𝑥𝐴Φ
𝛼
)

are Banach spaces (see [12, 34, 35]). The spaces𝐻Φ(ℂ+) and𝐴Φ
𝛼 (ℂ+) generalize

respectively the Hardy space 𝐻𝑝(ℂ+) and the Bergman space 𝐴
𝑝
𝛼(ℂ+) for 0 <

𝑝 < ∞.
Let Φ be a growth function. We say that Φ satisfies the ∆2−condition (or

Φ ∈ ∆2) if there exists a constant 𝐾 > 1 such that
Φ(2𝑡) ≤ 𝐾Φ(𝑡), ∀ 𝑡 > 0. (2.5)

It is obvious that any growth function Φ ∈ L ∪U satisfies the ∆2−condition.
Let Φ be a convex growth function. The complementary function of Φ is the

function Ψ defined by
Ψ(𝑠) = sup

𝑡≥0
{𝑠𝑡 − Φ(𝑡)}, ∀ 𝑠 ≥ 0.

Let Φ be a convex growth function. We say that Φ satisfies∇2−condition (or
Φ ∈ ∇2) if Φ and its complementary function both satisfy the ∆2−condition.
LetΦ ∈ C 1(ℝ+) be a growth function. The lower and the upper indices ofΦ

are respectively defined by

𝑎Φ ∶= inf
𝑡>0

𝑡Φ′(𝑡)
Φ(𝑡)

and 𝑏Φ ∶= sup
𝑡>0

𝑡Φ′(𝑡)
Φ(𝑡)

.

In [12], Theorem 2.2 asserts the following.

Theorem 2.2. Let Φ1, Φ2 be two growth functions in U , and 𝜇 a positive Borel
measure on ℂ+. Assume that Φ1 satisfies the ∇2−condition and that 𝑡 ↦

Φ2(𝑡)
Φ1(𝑡)

is
non-decreasing. Then the following assertions are equivalent.

(i) 𝜇 is a Φ2◦Φ−1
1 −Carleson measure.

(ii) There exists a constant 𝐶1 > 0 such that for all 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+,

∫
ℂ+

Φ2 (Φ−1
1 (1𝑦)

𝑦2

|𝜔 − 𝑧|2
) 𝑑𝜇(𝜔) ≤ 𝐶1. (2.6)

(iii) There exists a constant 𝐶2 > 0 such that for all 0 ≢ 𝐹 ∈ 𝐻Φ1(ℂ+),

∫
ℂ+

Φ2
⎛
⎜
⎝

|𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑑𝜇(𝑧) ≤ 𝐶2. (2.7)
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This theorem is quite restrictive as one can easily see. First, it is requiring
both Φ1 and Φ2 to be in the class U . Second, it is requiring Φ1 to satisfy the
∇2−condition. This last requirement is due to the need to have that the Hardy-
Littlewood maximal function is bounded on 𝐿Φ1(ℝ). In summary, the above
theorem does not provide any characterization when Φ1 does not satisfy the
∇2−condition nor when any of the growth functions is in the class L . This is
the main motivation for this paper.

Our first main result is the following which extend [12, Theorem 2.2] to
Hardy-Orlicz spaces defined with concave growth functions.

Theorem 2.3. Let Φ1, Φ2 ∈ L ∪ U and 𝜇 a positive Borel measure on ℂ+.
If the function 𝑡 ↦ Φ2(𝑡)

Φ1(𝑡)
is non-decreasing on ℝ∗

+ = (0,∞), then the following
assertions are equivalent.

(i) 𝜇 is a Φ2◦Φ−1
1 −Carleson measure.

(ii) There exist some constants 𝜌 ∈ {1; 𝑎Φ1} and 𝐶1 > 0 such that for all
𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+,

∫
ℂ+

Φ2 (Φ−1
1 (1𝑦)

𝑦2∕𝜌

|𝜔 − 𝑧|2∕𝜌
) 𝑑𝜇(𝜔) ≤ 𝐶1. (2.8)

(iii) There exists a constant 𝐶2 > 0 such that for all 0 ≢ 𝐹 ∈ 𝐻Φ1(ℂ+),

∫
ℂ+

Φ2
⎛
⎜
⎝

|𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑑𝜇(𝑧) ≤ 𝐶2. (2.9)

(iv) There exists a constant 𝐶3 > 0 such that for all 𝐹 ∈ 𝐻Φ1(ℂ+),

sup
𝜆>0

Φ2(𝜆)𝜇
(
{𝑧 ∈ ℂ+ ∶ |𝐹(𝑧)| > 𝜆‖𝐹‖𝑙𝑢𝑥

𝐻Φ1
}
)
≤ 𝐶3. (2.10)

As a consequence, we have the following.

Corollary 2.4. Let 𝛼 > −1 and Φ1, Φ2 ∈ L ∪ U such that 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-

decreasing on ℝ∗
+. The Hardy-Orlicz space 𝐻

Φ1(ℂ+) embeds continuously into
the Bergman-Orlicz space 𝐴Φ2

𝛼 (ℂ+) if and only if there exists a constant 𝐶 > 0
such that for all 𝑡 > 0,

Φ−1
1 (𝑡) ≤ Φ−1

2 (𝐶𝑡2+𝛼). (2.11)

Our second main result generalizes [12, Theorem 2.4].

Theorem 2.5. Let 𝛼 > −1, Φ1, Φ2 ∈ L ∪ U and 𝜇 a positive Borel measure
on ℂ+. If the function 𝑡 ↦ Φ2(𝑡)

Φ1(𝑡)
is non-decreasing on ℝ∗

+, then the following
assertions are equivalent.

(i) 𝜇 is a (𝛼, Φ2◦Φ−1
1 )−Carleson measure.
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(ii) There exist some constants 𝜌 ∈ {1; 𝑎Φ1} and 𝐶1 > 0 such that for all
𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+,

∫
ℂ+

Φ2 (Φ−1
1 ( 1

𝑦2+𝛼
)

𝑦(4+2𝛼)∕𝜌

|𝜔 − 𝑧|(4+2𝛼)∕𝜌
) 𝑑𝜇(𝜔) ≤ 𝐶1. (2.12)

(iii) There exists a constant 𝐶2 > 0 such that for all 0 ≢ 𝐹 ∈ 𝐴Φ1
𝛼 (ℂ+),

∫
ℂ+

Φ2

⎛
⎜
⎜
⎝

|𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1
𝛼

⎞
⎟
⎟
⎠

𝑑𝜇(𝑧) ≤ 𝐶2. (2.13)

(iv) There exists a constant 𝐶3 > 0 such that for all 𝐹 ∈ 𝐴Φ1
𝛼 (ℂ+),

sup
𝜆>0

Φ2(𝜆)𝜇 ({𝑧 ∈ ℂ+ ∶ |𝐹(𝑧)| > 𝜆‖𝐹‖𝑙𝑢𝑥
𝐴Φ1
𝛼
}) ≤ 𝐶3. (2.14)

The following embedding result follows from the above.

Corollary 2.6. Let 𝛼, 𝛽 > −1 and Φ1, Φ2 ∈ L ∪ U such that 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-

decreasing onℝ∗
+. The Bergman-Orlicz space𝐴

Φ1
𝛼 (ℂ+) embeds continuously into

the Bergman-Orlicz space 𝐴Φ2
𝛽 (ℂ+) if and only if there exists a constant 𝐶 > 0

such that for all 𝑡 > 0,
Φ−1
1 (𝑡2+𝛼) ≤ Φ−1

2 (𝐶𝑡2+𝛽). (2.15)

One of the applications of Carleson embeddings is the characterization of
pointwisemultipliers between different analytic function spaces. To state these
applications of the previous results, we introduce some further definitions.
Let 𝑝, 𝑞 > 0 and let Φ be a growth function. We say that Φ belongs to Ũ 𝑞

(resp. L̃𝑝) if the following assertions are satisfied
(a) Φ ∈ U 𝑞 (resp. Φ ∈ L𝑝).
(b) there exists a constant 𝐶1 > 0 such that for all 𝑠, 𝑡 > 0,

Φ(𝑠𝑡) ≤ 𝐶1Φ(𝑠)Φ(𝑡). (2.16)
(c) there exists a constant 𝐶2 > 0 such that for all 𝑠, 𝑡 ≥ 1

Φ
(𝑠
𝑡

)
≤ 𝐶2

Φ(𝑠)
𝑡𝑞 (2.17)

resp.
Φ
(𝑠
𝑡

)
≤ 𝐶2

𝑠𝑝

Φ(𝑡)
. (2.18)

We put Ũ ∶=
⋃

𝑞≥1 Ũ 𝑞 (resp. L̃ ∶=
⋃

0<𝑝≤1 L̃𝑝).
Let 𝜔 ∶ ℝ∗

+ ⟶ℝ∗
+ be a function. An analytic function 𝐹 onℂ+ is said to be

in𝐻∞
𝜔 (ℂ+) if

‖𝐹‖𝐻∞
𝜔
∶= sup

𝑧∈ℂ+

|𝑓(𝑧)|
𝜔(Im(𝑧))

< ∞. (2.19)
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If 𝜔 is continuous, then (𝐻∞
𝜔 (ℂ+), ‖.‖𝐻∞

𝜔
) is a Banach space.

Let 𝑋 and 𝑌 be two analytic function spaces which are metric spaces, with
respective metrics 𝑑𝑋 and 𝑑𝑌 . An analytic function 𝑔 is said to be a multiplier
from 𝑋 to 𝑌, if there exists a constant 𝐶 > 0 such that for any 𝑓 ∈ 𝑋,

𝑑𝑌(𝑓𝑔, 0) ≤ 𝐶𝑑𝑋(𝑓, 0). (2.20)

We denote byℳ(𝑋,𝑌) the set of multipliers from 𝑋 to 𝑌.

The following is a characterization of pointwise multipliers from a Hardy-
Orlicz space to a Bergman-Orlicz space. It is an extension of [12, Theorem 2.7].

Theorem2.7. LetΦ1 ∈ L ∪U andΦ2 ∈ L̃ ∪Ũ such that the function 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-decreasing onℝ∗
+. Let 𝛼 > −1 and put

𝜔(𝑡) =
Φ−1
2

( 1
𝑡2+𝛼

)

Φ−1
1

( 1
𝑡

) , ∀ 𝑡 > 0.

The following assertions are satisfied.
(i) If 0 < 𝑎Φ1 ≤ 𝑏Φ1 < 𝑎Φ2 ≤ 𝑏Φ2 < ∞, then

ℳ(𝐻Φ1(ℂ+), 𝐴
Φ2
𝛼 (ℂ+)) = 𝐻∞

𝜔 (ℂ+).

(ii) If 𝜔 ≈ 1, then

ℳ(𝐻Φ1(ℂ+), 𝐴
Φ2
𝛼 (ℂ+)) = 𝐻∞(ℂ+).

(ii) If 𝜔 is decreasing and lim𝑡→0 𝜔(𝑡) = 0, then

ℳ(𝐻Φ1(ℂ+), 𝐴
Φ2
𝛼 (ℂ+)) = {0}.

The following is a characterization of pointwise multipliers between two
Bergman-Orlicz spaces. It is an extension of [12, Theorem 2.8].

Theorem2.8. LetΦ1 ∈ L ∪U andΦ2 ∈ L̃ ∪Ũ such that the function 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-decreasing onℝ∗
+. Let 𝛼, 𝛽 > −1 and put

𝜔(𝑡) =
Φ−1
2

( 1
𝑡2+𝛽

)

Φ−1
1

( 1
𝑡2+𝛼

) , ∀ 𝑡 > 0.

The following assertions are satisfied.
(i) If 0 < 𝑎Φ1 ≤ 𝑏Φ1 < 𝑎Φ2 ≤ 𝑏Φ2 < ∞ then

ℳ
(
𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)

)
= 𝐻∞

𝜔 (ℂ+).

(ii) If 𝜔 ≈ 1, then

ℳ
(
𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)

)
= 𝐻∞(ℂ+).
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(iii) If 𝜔 is decreasing and lim𝑡→0 𝜔(𝑡) = 0, then

ℳ
(
𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)

)
= {0}.

The paper is organized as follows. In Section 3, we provide some further
definitions and useful results on growth functions, Hardy-Orlicz and Bergman-
Orliz spaces. Indeed, there is currently no comprehensive reference in the lit-
erature for these spaces. For this reason, we establish several essential related
results in our study. In Section 4, we provide characterizations of Carlesonmea-
sures, including a general result that encompasses assertions (ii) of Theorem2.3
and Theorem 2.5. Our main results are presented in Section 5.

3. Some definitions and useful properties
We present in this section some useful results needed in our presentation.

3.1. Some properties of growth functions. In this subsection, we present
results on growth functions that are necessary for our study.
We recall the following useful results (see [12, 31]).

Lemma 3.1. Let Φ ∈ C 1(ℝ+) a growth function. The following assertions are
satisfied.

(i) If Φ ∈ L ∪U then 0 < 𝑎Φ ≤ 𝑏Φ < ∞.
(ii) Φ ∈ U if and only if 1 ≤ 𝑎Φ ≤ 𝑏Φ < ∞. Moreover, Φ ∈ U ∩ ∇2 if and

only if 1 < 𝑎Φ ≤ 𝑏Φ < ∞.
(iii) If 0 < 𝑎Φ ≤ 𝑏Φ < ∞ then the function 𝑡 ↦ Φ(𝑡)

𝑡𝑎Φ
is increasing onℝ∗

+ while

the function 𝑡 ↦ Φ(𝑡)
𝑡𝑏Φ

is decreasing onℝ∗
+.

The following relation between growth functions inU and growth functions
L will be used below (see [32, Proposition 2.1]).

Lemma 3.2. Let Φ be a growth function and 𝑞 > 0. If Φ is a one-to-one growth
function then Φ ∈ U 𝑞 if and only if Φ−1 ∈ L1∕𝑞.

The following provides equivalent characterizations of elements in ∇2.

Lemma 3.3 (Lemma 3.1, [12]). Let Φ ∈ U . The following assertions are equiv-
alent.

(i) Φ ∈ ∇2.
(ii) There exists a constant 𝐶1 > 0 such that for all 𝑡 > 0,

∫
𝑡

0

Φ(𝑠)
𝑠2

𝑑𝑠 ≤ 𝐶1
Φ(𝑡)
𝑡 . (3.1)

(iii) There exists a constant 𝐶2 > 1 such that for all 𝑡 > 0,

Φ(𝑡) ≤ 1
2𝐶2

Φ(𝐶2𝑡). (3.2)

Let us make the following observation.
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Lemma 3.4. LetΦ ∈ C 1(ℝ+) be a growth function such that 0 < 𝑎Φ ≤ 𝑏Φ < ∞.
For 𝑠 > 0, consider Φ𝑠 the function defined by

Φ𝑠(𝑡) = Φ (𝑡𝑠) , ∀ 𝑡 ≥ 0.

Then 𝑠𝑎Φ ≤ 𝑎Φ𝑠 ≤ 𝑏Φ𝑠 ≤ 𝑠𝑏Φ.

Proof. For 𝑡 > 0, we have

(Φ𝑠(𝑡))
′ = 𝑠𝑡𝑠−1Φ′ (𝑡𝑠) ⇒

𝑡 (Φ𝑠(𝑡))
′

Φ𝑠(𝑡)
= 𝑠 ×

𝑡𝑠Φ′ (𝑡𝑠)
Φ (𝑡𝑠)

.

It follows that

𝑠𝑎Φ ≤
𝑡 (Φ𝑠(𝑡))

′

Φ𝑠(𝑡)
≤ 𝑠𝑏Φ, ∀ 𝑡 > 0.

□

We then deduce the following useful facts.

Corollary 3.5. Let 𝑠 ≥ 1 and Φ ∈ C 1(ℝ+) be a growth function such that 0 <
𝑎Φ ≤ 𝑏Φ < ∞. For 𝑡 ≥ 0, put

Φ𝑠(𝑡) = Φ
(
𝑡𝑠∕𝑎Φ

)
.

The following assertions are satisfied.
(i) If 𝑠 = 1 then Φ𝑠 ∈ U .
(ii) If 𝑠 > 1 then Φ𝑠 ∈ U ∩ ∇2.

Proof. Following Lemma 3.4, we have that
𝑠
𝑎Φ

× 𝑎Φ ≤ 𝑎Φ𝑠 ≤ 𝑏Φ𝑠 ≤ 𝑏Φ ×
𝑠
𝑎Φ

.

Hence, we deduce from Lemma 3.1 that if 𝑠 = 1 (resp. 𝑠 > 1) then Φ𝑠 ∈ U
since 1 ≤ 𝑎Φ𝑠 ≤ 𝑏Φ𝑠 < ∞ (resp. Φ𝑠 ∈ U ∩ ∇2 since 1 < 𝑎Φ𝑠 ≤ 𝑏Φ𝑠 < ∞). □

It follows from Corollary 3.5 that, for any growth function of both lower and
upper type, it is possible to construct an auxiliary growth function that is convex
and satisfies the ∇2−condition. The advantage of such an auxiliary function
is that it allows certain results established for convex growth functions to be
extended to concave growth functions.

Let us prove the following estimates of the upper and lower indices of the
composition of two growth functions.

Proposition 3.6. Let Φ1, Φ2 ∈ C 1(ℝ+) be two growth functions such that 0 <
𝑎Φ1 ≤ 𝑏Φ1 < ∞ and 0 < 𝑎Φ2 ≤ 𝑏Φ2 < ∞. Then Φ1◦Φ2 ∈ C 1(ℝ+) growth
function and

𝑎Φ1𝑎Φ2 ≤ 𝑎Φ1◦Φ2 ≤ 𝑏Φ1◦Φ2 ≤ 𝑏Φ1𝑏Φ2 .
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Proof. For 𝑡 > 0, we have

(Φ1◦Φ2)
′ (𝑡) = Φ′

1 (Φ2(𝑡)) Φ′
2(𝑡) ⇒

𝑡 (Φ1◦Φ2)
′ (𝑡)

Φ1◦Φ2(𝑡)
=
Φ2(𝑡)Φ′

1 (Φ2(𝑡))
Φ1 (Φ2(𝑡))

×
𝑡Φ′

2(𝑡)
Φ2(𝑡)

.

It follows that

𝑎Φ1𝑎Φ2 ≤
𝑡 (Φ1◦Φ2)

′ (𝑡)
Φ1◦Φ2(𝑡)

≤ 𝑏Φ1𝑏Φ2 , ∀ 𝑡 > 0.

□

The following result shows that the inversion operation preserves the order
between the lower and upper indices.

Proposition 3.7. Let Φ ∈ C 1(ℝ+) a growth function. The following assertions
are equivalent.

(i) 0 < 𝑎Φ ≤ 𝑏Φ < ∞.
(ii) 0 < 𝑎Φ−1 ≤ 𝑏Φ−1 < ∞.

Moreover, 𝑎Φ−1 = 1∕𝑏Φ and 𝑏Φ−1 = 1∕𝑎Φ.

Proof. Show that 𝑖) implies 𝑖𝑖). We have
(
Φ−1)′ (𝑡) = 1

Φ′ (Φ−1(𝑡))
, ∀ 𝑡 > 0.

It follows that

0 < 𝑎Φ ≤ 𝑏Φ < ∞ ⇒ 0 < 𝑎Φ ≤
𝑡Φ′(𝑡)
Φ(𝑡)

≤ 𝑏Φ < ∞, ∀ 𝑡 > 0

⇒ 0 < 𝑎Φ ≤
Φ−1(𝑡)Φ′ (Φ−1(𝑡)

)

Φ (Φ−1(𝑡))
≤ 𝑏Φ < ∞, ∀ 𝑡 > 0

⇒ 1
𝑏Φ

≤ 𝑡
Φ−1(𝑡)Φ′ (Φ−1(𝑡))

≤ 1
𝑎Φ

, ∀ 𝑡 > 0

⇒ 1
𝑏Φ

≤
𝑡
(
Φ−1)′ (𝑡)
Φ−1(𝑡)

≤ 1
𝑎Φ

, ∀ 𝑡 > 0.

We deduce on the one hand that
1
𝑏Φ

≤ 𝑎Φ−1 ≤ 𝑏Φ−1 ≤
1
𝑎Φ

. (3.3)

Reasoning as above, we obtain that (ii) implies (i) and we deduce on the other
hand that

1
𝑏Φ−1

≤ 𝑎Φ ≤ 𝑏Φ ≤
1

𝑎Φ−1
. (3.4)

From (3.3) and (3.4) we conclude that 𝑎Φ−1 = 1∕𝑏Φ and 𝑏Φ−1 = 1∕𝑎Φ. □

Let us prove the following equivalent properties. The relevance of this result
is discussed below.

Proposition 3.8. Let Φ1, Φ2 ∈ L ∪U . The following assertions are equivalent.
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(i) The function 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-decreasing onℝ∗
+.

(ii) The function 𝑡 ↦ Φ2◦Φ−11 (𝑡)

𝑡
is non-decreasing onℝ∗

+.

(iii) The function Φ2◦Φ−1
1 belongs toU 𝑏Φ2∕𝑎Φ1 .

Proof. The equivalence between (i) and (ii) is obvious. That (iii) implies (ii) is
also immediate.
Let us now show that (ii) implies (iii).

Since the functions 𝑡 ↦ Φ−11 (𝑡)

𝑡1∕𝑎Φ1
and 𝑡 ↦ Φ2(𝑡)

𝑡𝑏Φ2
are non-increasing on ℝ∗

+, we
deduce that for all 𝑠 > 0 and 𝑡 ≥ 1

Φ−1
1 (𝑠𝑡) ≤ 𝑡1∕𝑎Φ1Φ−1

1 (𝑠)

and
Φ2

(
𝑡1∕𝑎Φ1Φ−1

1 (𝑠)
)
≤ 𝑡𝑏Φ2∕𝑎Φ1Φ2

(
Φ−1
1 (𝑠)

)
.

It follows that
Φ2

(
Φ−1
1 (𝑠𝑡)

)
≤ 𝑡𝑏Φ2∕𝑎Φ1Φ2

(
Φ−1
1 (𝑠)

)
.

□

In Proposition 3.8, we show that the nondecreasing nature of the function
𝑡 ↦ Φ2(𝑡)

Φ1(𝑡)
is a necessary and sufficient condition for the function Φ2◦Φ−1

1 to
be convex. This property will play an important role when extending certain
results known for convex growth functions to the case of concave growth func-
tions.
In relation with the above result, we first prove the following proposition.

Proposition 3.9. Let Φ be a growth function such that Φ(𝑡) > 0 for all 𝑡 > 0.
Consider Ω̃ the function defined by

Ω̃(𝑡) = 1

Φ
( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃(0) = 0.

The following assertions are satisfied.
(i) Φ ∈ U 𝑞 (resp. L𝑝) if and only if Ω̃ ∈ U 𝑞 (resp. L𝑝).
(ii) Φ ∈ U ∩ ∇2 if and only if Ω̃ ∈ U ∩ ∇2.

Proof. 𝑖) Suppose that Φ ∈ U 𝑞. For 0 < 𝑡1 ≤ 𝑡2, we have
Φ(𝑡1)
𝑡1

≤
Φ(𝑡2)
𝑡2

⇔
Φ(1∕𝑡2)
1∕𝑡2

≤
Φ (1∕𝑡1)
1∕𝑡1

⇔ 1
𝑡1

1
Φ (1∕𝑡1)

≤ 1
𝑡2

1
Φ (1∕𝑡2)

⇔
Ω̃(𝑡1)
𝑡1

≤
Ω̃(𝑡2)
𝑡2

.
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Since Φ is of upper type 𝑞 then so is the function Ω̃. Indeed, for all 𝑠 > 0 and
𝑡 ≥ 1,

Φ(1𝑠 ) = Φ(𝑡 × 1
𝑠𝑡 ) ≤ 𝐶𝑞𝑡𝑞Φ(

1
𝑠𝑡 ) ⇒

1

𝐶𝑞𝑡𝑞Φ
( 1
𝑠𝑡

) ≤
1

Φ
( 1
𝑠

) ⇒ Ω̃(𝑠𝑡) ≤ 𝐶𝑞𝑡𝑞Ω̃(𝑠).

The converse is obtained in a similar way. We conclude that Φ ∈ U 𝑞 if and
only if Ω̃ ∈ U 𝑞.
Reasoning in the same way, we also show that Φ ∈ L𝑝 if and only if Ω̃ ∈ L𝑝.
(ii) We suppose that Φ ∈ U ∩ ∇2. For 𝑡 > 0, we have

Φ(1𝑡 ) ≤
1
2𝐶Φ(

𝐶
𝑡 ) ⇒

2𝐶

Φ
(𝐶
𝑡

) ≤
1

Φ
( 1
𝑡

) ⇒ 2𝐶Ω̃ ( 𝑡𝐶 ) ≤ Ω̃(𝑡),

according to the Lemma 3.3. We deduce that Ω̃ ∈ U ∩ ∇2.
The converse is obtained similarly. □

The following follows from the above, and it is useful for our characterization
of Carleson measures.

Lemma 3.10. Let Φ1, Φ2 ∈ L ∪U and put

Ω̃3(𝑡) =
1

Φ2◦Φ−1
1

( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃3(0) = 0.

If the function 𝑡 ↦ Φ2(𝑡)
Φ1(𝑡)

is non-decreasing onℝ∗
+ then Ω̃3 ∈ U .

Proof. The proof follows from Proposition 3.8 and Proposition 3.9. □

We have the following useful property of the classes L̃ and Ũ defined in
the previous section. It is needed for the proof of our results on the pointwise
multipliers between the analytic function spaces considered in this paper.

Lemma 3.11. Let Φ ∈ L̃ ∪ Ũ . There exists a constant 𝐶 > 0 such that

Φ
(𝑠
𝑡

)
≤ 𝐶

Φ(𝑠)
Φ(𝑡)

, ∀ 𝑠, 𝑡 > 0. (3.5)

Proof. The inequality (3.5) is true for Φ ∈ Ũ (see [13, Lemma 4.3]).
For 0 < 𝑝 ≤ 1, suppose that Φ ∈ L̃𝑝. For 𝑠, 𝑡 > 0, we have

Φ
(𝑠
𝑡

)
≤ 𝐶1Φ(𝑠)Φ (

1
𝑡 ) ,

since the inequality (2.16) is satisfied.
If 0 < 𝑡 < 1 then we have

Φ(𝑡) = Φ
⎛
⎜
⎝

1
1
𝑡

⎞
⎟
⎠
≤ 𝐶2

1𝑝

Φ
( 1
𝑡

) ,
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thanks to (2.18). It follows that

Φ(1𝑡 ) ≤ 𝐶2
1

Φ(𝑡)
. (3.6)

If 𝑡 ≥ 1, then we have

Φ(1𝑡 ) = Φ(1𝑡 × 1) ≤ 𝐶𝑝 (
1
𝑡 )

𝑝
Φ(1),

since Φ is of lower type 𝑝. It follows that

Φ(1𝑡 ) ≤
𝐶2
Φ(1)

1
Φ(𝑡)

, (3.7)

since from (2.18), we have also

Φ(𝑡) = Φ( 𝑡1) ≤ 𝐶2
𝑡𝑝

Φ(1)
.

From (3.6) and (3.7), we deduce that

Φ(1𝑡 ) ≲
1

Φ(𝑡)
.

Therefore,
Φ
(𝑠
𝑡

)
≲
Φ(𝑠)
Φ(𝑡)

.

□

In this part, we have mainly constructed and verified the properties of two
auxiliary functions: the function Φ𝑠 from Corollary 3.5 and the function Ω̃3
from Lemma 3.10. These results deserve some comments before moving for-
ward. In Corollary 3.5, starting from a growth function Φ ∈ C 1(ℝ+) such
that 0 < 𝑎Φ ≤ 𝑏Φ < ∞, we succeed in constructing Φ𝑠, an auxiliary convex
growth function satisfying the ∇2−condition, which enables us to extend sev-
eral known results for convex growth functions (see Subsections 3.2 and 3.3)
to concave growth functions. In Lemma 3.10, we construct another auxiliary
function Ω̃3, which is convexwhenever the function 𝑡 ↦

Φ2(𝑡)
Φ1(𝑡)

is non-decreasing
onℝ∗

+. This will be useful for the characterization of Carlesonmeasures in Sec-
tion 4. Finally, in Lemma 3.11, the inequality (3.5) will play a crucial role in the
study of pointwise multipliers in Section 5.

3.2. Someproperties ofOrlicz spaces. Let (𝑋,
∑
, 𝜇) be ameasure space and

Φ a growth function. The Orlicz space on 𝑋, 𝐿Φ(𝑋, 𝑑𝜇) is the set of all equiv-
alent classes (in the usual sense) of measurable functions 𝑓 ∶ 𝑋 ⟶ ℂ which
satisfy

‖𝑓‖𝑙𝑢𝑥
𝐿Φ𝜇

∶= inf {𝜆 > 0 ∶ ∫
𝑋
Φ(

|𝑓(𝑥)|
𝜆

) 𝑑𝜇(𝑥) ≤ 1} < ∞.

If Φ is convex then (𝐿Φ(𝑋, 𝑑𝜇), ‖.‖𝑙𝑢𝑥
𝐿Φ𝜇
) is a Banach space (see [7, 19, 28]). The

space 𝐿Φ generalizes the Lebesgue space 𝐿𝑝 for 0 < 𝑝 < ∞.
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Let Φ be a growth function. Let 𝑓 ∈ 𝐿Φ(𝑋, 𝑑𝜇) and put

‖𝑓‖𝐿Φ𝜇 ∶= ∫
𝑋
Φ (|𝑓(𝑥)|) 𝑑𝜇(𝑥).

If Φ ∈ C 1(ℝ+) is a growth function such that 0 < 𝑎Φ ≤ 𝑏Φ < ∞, then we have
the following inequalities

‖𝑓‖𝐿Φ𝜇 ≲ max {(‖𝑓‖𝑙𝑢𝑥
𝐿Φ𝜇
)
𝑎Φ
; (‖𝑓‖𝑙𝑢𝑥

𝐿Φ𝜇
)
𝑏Φ
}

and

‖𝑓‖𝑙𝑢𝑥
𝐿Φ𝜇

≲ max {
(
‖𝑓‖𝐿Φ𝜇

)1∕𝑎Φ
;
(
‖𝑓‖𝐿Φ𝜇

)1∕𝑏Φ
} .

We will simply denote 𝐿Φ(ℝ) = 𝐿Φ(ℝ, 𝑑𝑥), where 𝑑𝑥 is the Lebesgue measure
on ℝ.
Let Φ be a convex growth function. We have the following inclusion

𝐿Φ(ℝ) ⊂ 𝐿1 (ℝ, 𝑑𝑡
1 + 𝑡2

) .

Let 𝛼 > −1 and 𝐸 be a measurable set of ℂ+. We denote

|𝐸|𝛼 ∶= ∫
𝐸
𝑑𝑉𝛼(𝑥 + 𝑖𝑦).

Let 𝐼 be an interval and 𝑄𝐼 its associated Carleson square. It is easy to see
that

|𝑄𝐼|𝛼 =
1

1 + 𝛼|𝐼|
2+𝛼. (3.8)

Fix 𝛽 ∈ {0; 1∕3}. An interval 𝛽−dyadic is any interval 𝐼 of ℝ of the form

2−𝑗([0, 1) + 𝑘 + (−1)𝑗𝛽),

where 𝑘, 𝑗 ∈ ℤ. We denote by 𝒟𝛽
𝑗 the set of 𝛽−dyadic intervals 𝐼 such that

|𝐼| = 2−𝑗. Put𝒟𝛽 ∶=
⋃

𝑗𝒟
𝛽
𝑗 .

We have the following properties (see for example [9, 33]):
- for all 𝐼, 𝐽 ∈ 𝒟𝛽, we have 𝐼 ∩ 𝐽 ∈ {∅; 𝐼; 𝐽},
- for each fixed 𝑗 ∈ ℤ, if 𝐼 ∈ 𝒟𝛽

𝑗 then there exists a unique 𝐽 ∈ 𝒟𝛽
𝑗−1 such

that 𝐼 ⊂ 𝐽,
- for each fixed 𝑗 ∈ ℤ, if 𝐼 ∈ 𝒟𝛽

𝑗 then there exists 𝐼1, 𝐼2 ∈ 𝒟𝛽
𝑗+1 such that

𝐼 = 𝐼1 ∪ 𝐼2 and 𝐼1 ∩ 𝐼2 = ∅.
We refer to [18, 27] for the following.

Lemma 3.12. Let 𝐼 be an interval. There exist 𝛽 ∈ {0, 1∕3} and 𝐽 ∈ 𝒟𝛽 such that
𝐼 ⊂ 𝐽 and |𝐽| ≤ 6|𝐼|.
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Let 𝛼 > −1 and 𝑓 a measurable function on ℝ (resp. ℂ+). The Hardy-
Littlewood maximal function and its upper half-plane analogue for a function
of 𝑓 are respectively defined by

ℳ𝐻𝐿(𝑓)(𝑥) ∶= sup
𝐼⊂ℝ

𝜒𝐼(𝑥)
|𝐼|

∫
𝐼
|𝑓(𝑡)|𝑑𝑡, ∀ 𝑥 ∈ ℝ,

and

ℳ𝑉𝛼 (𝑓)(𝑧) ∶= sup
𝐼⊂ℝ

𝜒𝑄𝐼 (𝑧)
|𝑄𝐼|𝛼

∫
𝑄𝐼
|𝑓(𝜔)|𝑑𝑉𝛼(𝜔), ∀ 𝑧 ∈ ℂ+,

where the supremum is taken over all intervals ofℝ. Similarly, for 𝛽 ∈ {0; 1∕3},
we define their dyadic versions ℳ𝒟𝛽

𝐻𝐿(𝑓) and ℳ
𝒟𝛽

𝑉𝛼
(𝑓) as above but with the

supremum taken this time on the intervals in the dyadic grid𝒟𝛽 . We have

ℳ𝐻𝐿(𝑓) ≤ 6
∑

𝛽∈{0;1∕3}
ℳ𝒟𝛽

𝐻𝐿(𝑓) (3.9)

and
ℳ𝑉𝛼 (𝑓) ≤ 62+𝛼

∑

𝛽∈{0;1∕3}
ℳ𝒟𝛽

𝑉𝛼
(𝑓). (3.10)

We have the following control of the level sets of the above maximal func-
tions. It is needed in the characterization of Carleson measures and to prove
boundedness of the above maximal functions.

Proposition 3.13. Let 𝛽 ∈ {0; 1∕3}, 𝛼 > −1, 0 < 𝛾 < ∞ and Φ a growth
function. Put

Φ𝛾(𝑡) ∶= Φ(𝑡𝛾), ∀ 𝑡 ≥ 0.
If Φ𝛾 is convex then the following assertions are satisfied

(i) for all 0 ≢ 𝑓 ∈ 𝐿Φ(ℝ) and for 𝜆 > 0,
|||||||||||||

⎧

⎨
⎩

𝑥 ∈ ℝ ∶
⎛
⎜
⎝
ℳ𝒟𝛽

𝐻𝐿

⎛
⎜
⎝
(

|𝑓|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)
1∕𝛾⎞
⎟
⎠
(𝑥)

⎞
⎟
⎠

𝛾

> 𝜆
⎫

⎬
⎭

|||||||||||||

≤ 1
Φ(𝜆)

.

(ii) for all 0 ≢ 𝑓 ∈ 𝐿Φ(ℂ+, 𝑑𝑉𝛼) and for 𝜆 > 0
||||||||||||||||||

⎧
⎪

⎨
⎪
⎩

𝑧 ∈ ℂ+ ∶
⎛
⎜
⎜
⎝

ℳ𝒟𝛽

𝑉𝛼

⎛
⎜
⎜
⎝

⎛
⎜
⎝

|𝑓|
‖𝑓‖𝑙𝑢𝑥

𝐿Φ𝛼

⎞
⎟
⎠

1∕𝛾⎞
⎟
⎟
⎠

(𝑧)
⎞
⎟
⎟
⎠

𝛾

> 𝜆

⎫
⎪

⎬
⎪
⎭

||||||||||||||||||𝛼

≤ 1
Φ(𝜆)

.

Proof. 𝑖) Let 0 ≢ 𝑓 ∈ 𝐿Φ(ℝ) and put

𝑔 ∶=
|𝑓|1∕𝛾

(
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)1∕𝛾 .
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We have

∫
ℝ
Φ𝛾(|𝑔(𝑥)|)𝑑𝑥 = ∫

ℝ
Φ𝛾

⎛
⎜
⎝
(
|𝑓(𝑥)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)
1∕𝛾⎞
⎟
⎠
𝑑𝑥 = ∫

ℝ
Φ(

|𝑓(𝑥)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑥 ≤ 1.

We deduce that 𝑔 ∈ 𝐿Φ𝛾(ℝ) and ‖𝑔‖𝑙𝑢𝑥
𝐿Φ𝛾

≤ 1.
For 𝜆 > 0, we can therefore find {𝐼𝑗}𝑗∈ℕ a family of pairwise disjoint 𝛽−dyadic
intervals such that {

𝑥 ∈ ℝ ∶ ℳ𝒟𝛽

𝐻𝐿(𝑔)(𝑥) > 𝜆1∕𝛾
}
=
⋃

𝑗∈ℕ
𝐼𝑗,

and
𝜆1∕𝛾 < 1

|𝐼𝑗|
∫
𝐼𝑗
|𝑔(𝑦)|𝑑𝑦, ∀ 𝑗 ∈ ℕ.

For 𝑗 ∈ ℕ, we have

Φ(𝜆) = Φ𝛾
(
𝜆1∕𝛾

)
≤ Φ𝛾 (

1
|𝐼𝑗|

∫
𝐼𝑗
|𝑔(𝑦)|𝑑𝑦) ≤

1
|𝐼𝑗|

∫
𝐼𝑗
Φ𝛾(|𝑔(𝑦)|)𝑑𝑦,

thanks to Jensen’s inequality. We deduce that

|𝐼𝑗| ≤
1

Φ(𝜆)
∫
𝐼𝑗
Φ𝛾(|𝑔(𝑦)|)𝑑𝑦, ∀ 𝑗 ∈ ℕ.

It follows that
|||||
{
𝑥 ∈ ℝ ∶ ℳ𝒟𝛽

𝐻𝐿(𝑔)(𝑥) > 𝜆1∕𝛾
}||||| =

∑

𝑗
|𝐼𝑗|

≤
∑

𝑗

1
Φ(𝜆)

∫
𝐼𝑗
Φ𝛾(|𝑔(𝑦)|)𝑑𝑦

= 1
Φ(𝜆)

∫
⋃

𝑗 𝐼𝑗
Φ𝛾(|𝑔(𝑦)|)𝑑𝑦 ≤

1
Φ(𝜆)

.

In the same way, we prove the inequality of the point (ii). □

Since it is possible to construct from any growth function, a convex growth
function that is both of lower andupper type (seeCorollary 3.5), the inequalities
established in Proposition 3.13 also hold for concave growth functions.
We then have the following boundedness of the above maximal functions

between different Orlicz spaces.

Theorem 3.14. Let 𝛼 > −1 and Φ1, Φ2 ∈ U . The following assertions are
equivalent.

(i) There exists a constant 𝐶1 > 0 such that for all 𝑡 > 0,

∫
𝑡

0

Φ2(𝑠)
𝑠2

𝑑𝑠 ≤ 𝐶1
Φ1(𝑡)
𝑡 . (3.11)
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(ii) There exists a constant 𝐶2 > 0 such that for all 𝑓 ∈ 𝐿Φ1(ℝ),

‖ℳ𝐻𝐿(𝑓)‖𝑙𝑢𝑥𝐿Φ2 ≤ 𝐶2‖𝑓‖𝑙𝑢𝑥𝐿Φ1 . (3.12)

(iii) There exists a constant 𝐶3 > 0 such that for all 𝑓 ∈ 𝐿Φ1(ℂ+, 𝑑𝑉𝛼),

‖ℳ𝑉𝛼 (𝑓)‖
𝑙𝑢𝑥
𝐿Φ2𝑉𝛼

≤ 𝐶3‖𝑓‖𝑙𝑢𝑥𝐿Φ1𝑉𝛼
. (3.13)

Proof. 𝑖) ⇔ 𝑖𝑖) This equivalence follows from the [10, Lemma 3.15].
(𝑖) ⇒ (𝑖𝑖𝑖)The proof of this implication is identical to that of the [12, Proposition
3.12].

Let us show that (iii) implies (i). Assume that inequality (3.11) is not satis-
fied. We can find a sequence of positive reals (𝑡𝑘)𝑘≥1 such that

∫
𝑡𝑘

0

Φ2(𝑠)
𝑠2

𝑑𝑠 ≥
2𝑘Φ1(2𝑘𝑡𝑘)

𝑡𝑘
, ∀ 𝑘 ≥ 1. (3.14)

For 𝑘 ≥ 1, put
𝑓𝑘 ∶= 2𝑘𝑡𝑘𝜒𝑄𝐼𝑘 ,

where𝑄𝐼𝑘 is theCarleson square associatedwith the interval 𝐼𝑘 given as follows:

𝐼𝑘 ∶=
⎧

⎨
⎩

𝑥 ∈ ℝ ∶
𝑘−1∑

𝑗=0
(

𝛼 + 1
2𝑗Φ1(2𝑗𝑡𝑗)

)

1
𝛼+2

≤ 𝑥 <
𝑘∑

𝑗=0
(

𝛼 + 1
2𝑗Φ1(2𝑗𝑡𝑗)

)

1
𝛼+2⎫

⎬
⎭

From (3.8), we have

|𝑄𝐼𝑘 |𝛼 =
1

1 + 𝛼|𝐼𝑘|
2+𝛼 = 1

2𝑘Φ1(2𝑘𝑡𝑘)
.

It follows that 𝑓𝑘 ∈ 𝐿Φ1(ℂ+, 𝑑𝑉𝛼). Indeed

∫
ℂ+

Φ1(|𝑓𝑘(𝑧)|)𝑑𝑉𝛼(𝑧) = ∫
𝑄𝐼𝑘

Φ1(2𝑘𝑡𝑘)𝑑𝑉𝛼(𝑧) = Φ1(2𝑘𝑡𝑘)|𝑄𝐼𝑘 |𝛼 =
1
2𝑘

< ∞.

Following Lemma 3.12, there exists a dyadic interval 𝐽𝑘 ∈ 𝒟𝛽 such that 𝐼𝑘 ⊂ 𝐽𝑘
and |𝐽𝑘| ≤ 6|𝐼𝑘|. Let 𝑧 ∈ 𝑄𝐼𝑘 . We have

|𝑓𝑘(𝑧)| =
1

|𝑄𝐼𝑘 |𝛼
∫
𝑄𝐼𝑘

2𝑘𝑡𝑘𝜒𝑄𝐼𝑘 (𝜔)𝑑𝑉𝛼(𝜔) ≤ 62+𝛼
𝜒𝑄𝐽𝑘 (𝑧)

|𝑄𝐽𝑘 |𝛼
∫
𝑄𝐽𝑘

|𝑓𝑘(𝜔)|𝑑𝑉𝛼(𝜔),

where 𝑄𝐽𝑘 is the Carleson square associated with 𝐽𝑘. We deduce that

|𝑓𝑘(𝑧)| ≤ 62+𝛼ℳ𝒟𝛽

𝑉𝛼
(𝑓𝑘)(𝑧), ∀ 𝑧 ∈ ℂ+.

It follows that for 𝜆 > 0,
1
𝜆
∫
{𝑧∈ℂ+ ∶ |𝑓𝑘(𝑧)|>𝜆}

|𝑓𝑘(𝑧)|𝑑𝑉𝛼(𝑧) ≤ 22+𝛼
|||||
{
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
(62+𝛼𝑓𝑘)(𝑧) > 𝜆

}|||||𝛼
.

(3.15)
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Put

𝑓(𝑧) =
∞∑

𝑘=1
62+𝛼𝑓𝑘(𝑧), ∀ 𝑧 ∈ ∪𝑘≥1𝑄𝐼𝑘 and 𝑓(𝑧) = 0, ∀ 𝑧 ∈ ℂ+∖ ∪𝑘≥1 𝑄𝐼𝑘 .

Since the 𝐼𝑘 are pairwise disjoint, the same is true for the 𝑄𝐼𝑘 . So we have

∫
ℂ+

Φ1(|𝑓(𝑧)|)𝑑𝑉𝛼(𝑧) ≲
∞∑

𝑘=1
∫
ℂ+

Φ1(|𝑓𝑘(𝑧)|)𝑑𝑉𝛼(𝑧)

=
∞∑

𝑘=1
∫
𝑄𝐼𝑘

Φ1(2𝑘𝑡𝑘)𝜒𝑄𝐼𝑘 (𝑧)𝑑𝑉𝛼(𝑧)

=
∞∑

𝑘=1

1
2𝑘

< ∞.

We deduce that 𝑓 ∈ 𝐿Φ1(ℂ+, 𝑑𝑉𝛼).
Since the inequalities (3.14) and (3.15) are satisfied, we have

∫
ℂ+

Φ2
(
ℳ𝑉𝛼 (𝑓)(𝑧)

)
𝑑𝑉𝛼(𝑧) ≳ ∫

∞

0
Φ′2(𝜆)

|||||
{
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
(62+𝛼𝑓𝑘)(𝑧) > 𝜆

}|||||𝛼
𝑑𝜆

≳ ∫
∞

0
Φ′2(𝜆) (

1
𝜆
∫
{𝜔∈ℂ+ ∶ |𝑓𝑘(𝜔)|>𝜆}

|𝑓𝑘(𝑧)|𝑑𝑉𝛼(𝑧)) 𝑑𝜆

≳ ∫
ℂ+

|𝑓𝑘(𝑧)| (∫
|𝑓𝑘(𝑧)|

0

Φ2(𝜆)
𝜆2

𝑑𝜆) 𝑑𝑉𝛼(𝑧)

≳ 2𝑘𝑡𝑘|𝑄𝐼𝑘 |𝛼
⎛
⎜
⎝
∫

2𝑘𝑡𝑘

0

Φ2(𝜆)
𝜆2

𝑑𝜆
⎞
⎟
⎠

≳ 2𝑘.

We also deduce thatℳ𝑉𝛼 (𝑓) ∉ 𝐿Φ2(ℂ+, 𝑑𝑉𝛼). □

We can derive the following (see also [15]).

Corollary 3.15. Let𝛼 > −1andΦ ∈ U . The following assertions are equivalent.
(i) Φ ∈ ∇2.
(ii) ℳ𝐻𝐿 ∶ 𝐿Φ(ℝ)⟶ 𝐿Φ(ℝ) is bounded.
(iii) ℳ𝑉𝛼 ∶ 𝐿

Φ(ℂ+, 𝑑𝑉𝛼)⟶ 𝐿Φ(ℂ+, 𝑑𝑉𝛼) is bounded.

The above results on the maximal functions ℳ𝐻𝐿 and ℳ𝑉𝛼 and the estab-
lished results will be used in the proof of our main results in the last section.

3.3. Some properties ofHardy-Orlicz andBergman-Orlicz spaces onℂ+.
Several properties of Hardy-Orlicz and Bergman-Orlicz spaces are needed in
our presentation. We give and prove them in this section.
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Let Φ be a growth function and 𝐹 ∈ 𝐻Φ(ℂ+). Put

‖𝐹‖𝐻Φ ∶= sup
𝑦>0

∫
ℝ
Φ (|𝐹(𝑥 + 𝑖𝑦)|) 𝑑𝑥.

Let Φ ∈ C 1(ℝ+) a growth function such that 0 < 𝑎Φ ≤ 𝑏Φ < ∞. We have the
following inequalities

‖𝐹‖𝐻Φ ≲ max {
(
‖𝐹‖𝑙𝑢𝑥𝐻Φ

)𝑎Φ
;
(
‖𝐹‖𝑙𝑢𝑥𝐻Φ

)𝑏Φ
}

and

‖𝐹‖𝑙𝑢𝑥𝐻Φ ≲ max {
(
‖𝐹‖𝐻Φ

)1∕𝑎Φ ;
(
‖𝐹‖𝐻Φ

)1∕𝑏Φ} .

LetΩ be an open set of ℂ and 𝐹 ∶ Ω⟶]−∞,+∞] a function. We say that
𝐹 is subharmonic if the following assertions are satisfied:

(i) 𝐹 is upper semicontinuous on Ω

𝐹(𝑧0) ≥ lim
𝑧→𝑧0

𝐹(𝑧), ∀ 𝑧0 ∈ Ω,

(ii) for all 𝑧0 ∈ Ω, there exists 𝑟(𝑧0) > 0 such that 𝒟(𝑧0, 𝑟(𝑧0)) = {𝑧 ∈ Ω ∶
|𝑧 − 𝑧0| < 𝑟(𝑧0)} is contained in Ω and such that for all 𝑟 < 𝑟(𝑧0)

𝐹(𝑧0) ≤
1
𝜋𝑟2

∫ ∫
|𝑥+𝑖𝑦−𝑧0|<𝑟

𝐹(𝑥 + 𝑖𝑦)𝑑𝑥𝑑𝑦. (3.16)

We have the following pointwise estimate of elements of Hardy-Orlicz spaces.

Proposition 3.16. LetΦ be a growth function such thatΦ(𝑡) > 0 for all 𝑡 > 0. If
Φ is convex or belongs toL then for 𝐹 ∈ 𝐻Φ(ℂ+), we have

|𝐹(𝑥 + 𝑖𝑦)| ≤ Φ−1 ( 2
𝜋𝑦) ‖𝐹‖

𝑙𝑢𝑥
𝐻Φ , ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+. (3.17)

Proof. For 𝑡 ≥ 0, put

Φ𝜌(𝑡) = Φ
(
𝑡1∕𝜌

)
,

where 𝜌 = 1 if Φ is convex and 𝜌 = 𝑎Φ if Φ ∈ L . By construction, Φ𝜌 is a
convex growth function. Let 0 ≢ 𝐹 ∈ 𝐻Φ(ℂ+), and 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+ and
𝑟 =

𝑦0
2 . Since |𝐹|

𝜌 is subharmonic on ℂ+, we have

|𝐹(𝑧0)|𝜌 ≤
1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

|𝐹(𝑢 + 𝑖𝑣)|𝜌𝑑𝑢𝑑𝑣,
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where𝒟(𝑧0, 𝑟) is the disk centered at 𝑧0 and of radius 𝑟. By Jensen’s inequality,
it follows that

Φ(
|𝐹(𝑧0)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) ≤ Φ𝜌
⎛
⎜
⎝

1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

(
|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

)
𝜌

𝑑𝑢𝑑𝑣
⎞
⎟
⎠

≤ 1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

Φ(
|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) 𝑑𝑢𝑑𝑣

≤ 1
𝜋𝑟2

∫
2𝑟

0
∫
ℝ
Φ(

|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) 𝑑𝑢𝑑𝑣 ≤
1
𝜋𝑟2

∫
2𝑟

0
𝑑𝑣.

We deduce that

Φ(
|𝐹(𝑧0)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) ≤
2
𝜋𝑟 , ∀ 𝑟 < 𝑦0.

□

The followingwill be used inProposition 3.18 below,which extends toHardy-
Orlicz spaces, some known and useful characterizations of Hardy spaces.

Lemma 3.17. Let Φ be a growth function such that Φ(𝑡) > 0 for all 𝑡 > 0. If Φ is
convex or belongs toL , then for 𝐹 ∈ 𝐻Φ(ℂ+) and for 𝛽 > 0, we have

Φ(|𝐹(𝑧+𝑖𝛽)|) ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

Φ(|𝐹(𝑡+𝑖𝛽)|)𝑑𝑡, ∀ 𝑧 = 𝑥+𝑖𝑦 ∈ ℂ+. (3.18)

Proof. For 𝑡 ≥ 0, put
Φ𝜌(𝑡) = Φ

(
𝑡1∕𝜌

)
,

where 𝜌 = 1 if Φ is convex and 𝜌 = 𝑎Φ if Φ ∈ L .
Let 0 ≢ 𝐹 ∈ 𝐻Φ(ℂ+) and 𝛽 > 0. For 𝑧 ∈ ℂ+, put

𝑈𝛽(𝑧) = |𝐹(𝑧 + 𝑖𝛽)|𝜌.

By construction, 𝑈𝛽 is continuous on ℂ+ ∶= ℂ+ ∪ ℝ and subharmonic on ℂ+.
For 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+, we have

|𝑈𝛽(𝑧)| = |𝐹(𝑥 + 𝑖(𝑦 + 𝛽))|𝜌

≤ (Φ−1 (
2

𝜋(𝑦 + 𝛽)
) ‖𝐹‖𝑙𝑢𝑥𝐻Φ)

𝜌

≤ (Φ−1 ( 2
𝜋𝛽

) ‖𝐹‖𝑙𝑢𝑥𝐻Φ)
𝜌
,

according to Proposition 3.16. We deduce that𝑈𝛽 is bounded on ℂ+. It follows
that

|𝐹(𝑧 + 𝑖𝛽)|𝜌 ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

|𝐹(𝑡 + 𝑖𝛽)|𝜌𝑑𝑡, ∀ 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+,
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thanks to [24, Corollary 10.15]. Since Φ𝜌 is convex, by Jensen’s inequality we
deduce that

Φ(|𝐹(𝑧 + 𝑖𝛽)|) ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

Φ(|𝐹(𝑡 + 𝑖𝛽)|)𝑑𝑡, ∀ 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+.

□

We have the following equivalent definition of Hardy-Orlicz spaces.

Proposition 3.18. LetΦ be a growth function such thatΦ(𝑡) > 0 for all 𝑡 > 0 and
𝐹 an analytic function on ℂ+. If Φ is convex or belongs to L , then the following
assertions are equivalent.

(i) 𝐹 ∈ 𝐻Φ(ℂ+).
(ii) The function 𝑦 ↦ ‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ is non-increasing onℝ∗

+ and

lim
𝑦→0

‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ < ∞.

Moreover,
‖𝐹‖𝑙𝑢𝑥𝐻Φ = lim

𝑦→0
‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ .

Proof. The implication (𝑖𝑖) ⇒ (𝑖) is immediate.
Let us now show that (i) implies (ii). Suppose that 𝐹 ≢ 0 is non-identically zero
because there is nothing to show when 𝐹 ≡ 0. Let 0 < 𝑦1 < 𝑦2. According to
Lemma 3.17 and Fubbini’s theorem, we have

𝐿 = ∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖𝑦2)|
‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑥

= ∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖(𝑦2 − 𝑦1) + 𝑖𝑦1)|
‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑥

≤ ∫
ℝ

1
𝜋 ∫

ℝ

(𝑦2 − 𝑦1)
(𝑥 − 𝑡)2 + (𝑦2 − 𝑦1)2

Φ(
|𝐹(𝑡 + 𝑖𝑦1)|

‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ
) 𝑑𝑡𝑑𝑥

= ∫
ℝ
Φ(

|𝐹(𝑡 + 𝑖𝑦1)|
‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ

) (
1
𝜋 ∫

ℝ

(𝑦2 − 𝑦1)
(𝑥 − 𝑡)2 + (𝑦2 − 𝑦1)2

𝑑𝑥)𝑑𝑡

= ∫
ℝ
Φ(

|𝐹(𝑡 + 𝑖𝑦1)|
‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑡 ≤ 1.

We deduce that ‖𝐹(. + 𝑖𝑦2)‖𝑙𝑢𝑥𝐿Φ ≤ ‖𝐹(. + 𝑖𝑦1)‖𝑙𝑢𝑥𝐿Φ . Therefore,

sup
𝑦>0

‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ = lim
𝑦→0

‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ .

□
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Let Φ be a growth function. The Hardy space on 𝔻, 𝐻Φ(𝔻) is the set of ana-
lytic function 𝐺 on 𝔻 which satisfy

‖𝐺‖𝑙𝑢𝑥𝐻Φ(𝔻) ∶= sup
0≤𝑟<1

inf {𝜆 > 0 ∶ 1
2𝜋 ∫

2𝜋

0
Φ(

|𝐺(𝑟𝑒𝑖𝜃)|
𝜆

) 𝑑𝜃 ≤ 1} < ∞.

Let Φ be a growth function. If Φ is convex or belongs to L , then for some
𝜌 ∈ {1; 𝑎Φ},

𝐻Φ(𝔻) ⊆ 𝐻𝜌(𝔻). (3.19)
The proof of the following result is identical to that of [10, Theorem 3.11].

Therefore, the proof will be omitted.

Theorem 3.19. Let Φ be a growth function such that Φ(𝑡) > 0 for all 𝑡 > 0. If Φ
is convex or belongs toL , then for 𝐹 ∈ 𝐻Φ(ℂ+), the function 𝐺 defined by

𝐺(𝜔) = 𝐹 (𝑖 1 − 𝜔
1 + 𝜔) , ∀ 𝜔 ∈ 𝔻,

is in𝐻Φ(𝔻). Moreover,
‖𝐺‖𝑙𝑢𝑥𝐻Φ(𝔻) ≤ ‖𝐹‖𝑙𝑢𝑥𝐻Φ(ℂ+)

.

Denote by 𝐵 the function beta defined by

𝐵(𝑚, 𝑛) = ∫
∞

0

𝑢𝑚−1

(1 + 𝑢)𝑚+𝑛
𝑑𝑢, ∀ 𝑚, 𝑛 > 0.

The following two results can be found for example, in [1].

Lemma 3.20. Let 𝑦 > 0 and 𝛼 ∈ ℝ. The integral

J𝛼(𝑦) = ∫
ℝ

𝑑𝑥
|𝑥 + 𝑖𝑦|𝛼

,

converges if and only if 𝛼 > 1. In this case,

J𝛼(𝑦) = 𝐵 (12,
𝛼 − 1
2 ) 𝑦1−𝛼.

Lemma 3.21. Let 𝛼, 𝛽 ∈ ℝ and 𝑡 > 0. The integral

I(𝑡) = ∫
∞

0

𝑦𝛼

(𝑡 + 𝑦)𝛽
𝑑𝑦, (3.20)

converges if and only if 𝛼 > −1 and 𝛽 > 𝛼 + 1. In this case,

I(𝑡) = 𝐵(1 + 𝛼, 𝛽 − 𝛼 − 1)𝑡−𝛽+𝛼+1. (3.21)

The Nevanlinna’s class onℂ+,N (ℂ+) is the set of holomorphic functions 𝐹
on ℂ+ such that

sup
𝑦>0

∫
ℝ
log (1 + |𝐹(𝑥 + 𝑖𝑦)|) 𝑑𝑥 < ∞.
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For 0 ≢ 𝐹 ∈ N (ℂ+), there exists a unique function 𝑓 measurable on ℝ such
that log |𝑓| ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)
and

lim
𝑦→0

𝐹(𝑥 + 𝑖𝑦) = 𝑓(𝑥),

for almost all 𝑥 ∈ ℝ, (see [25]).
We have the following embedding relations between the Nevanlinna class

and Hardy-Orlicz spaces.

Proposition 3.22. Let Φ ∈ C 1(ℝ+) be a growth function such that 0 < 𝑎Φ ≤
𝑏Φ < ∞. The following assertions are satisfied.

(i) If 0 < 𝑎Φ ≤ 𝑏Φ ≤ 1, then𝐻Φ(ℂ+) ⊂ N (ℂ+).
(ii) If 1 < 𝑎Φ ≤ 𝑏Φ < ∞, then𝐻Φ(ℂ+) ⊄ N (ℂ+).

Proof. (𝑖) For 0 ≢ 𝐹 ∈ 𝐻Φ(ℂ+), put
𝐹1 = 𝐹𝜒0<{|𝐹|≤1} and 𝐹2 = 𝐹𝜒{|𝐹|≥1}.

For 𝑧 ∈ ℂ+, we have

log(1 + |𝐹1(𝑧)|) ≤ |𝐹1(𝑧)| ≤ |𝐹1(𝑧)|𝑏Φ ≤
1

Φ(1)
× Φ(|𝐹1(𝑧)|)

and

log(1+|𝐹2(𝑧)|) =
1
𝑎Φ

log(1+|𝐹2(𝑧)|)𝑎Φ ≤
2𝑎Φ
𝑎Φ

|𝐹2(𝑧)|𝑎Φ ≤
2𝑎Φ
𝑎Φ

1
Φ(1)

×Φ(|𝐹2(𝑧)|),

since the function 𝑡 ↦ Φ(𝑡)
𝑡𝑎Φ

(resp. 𝑡 ↦ Φ(𝑡)
𝑡𝑏Φ

) is non-decreasing (resp. non-
increasing) on ℝ∗

+. Using the sub-additivity of the logarithmic function on
(1,∞), we deduce that

log(1 + |𝐹(𝑧)|) ≲ log(1 + |𝐹1(𝑧)| + |𝐹2(𝑧)|) ≲ (Φ(|𝐹1(𝑧)|) + Φ(|𝐹2(𝑧)|)) .
It follows that 𝐹 ∈ N (ℂ+). Indeed, for 𝑦 > 0, we have

∫
ℝ
log(1 + |𝐹(𝑥 + 𝑖𝑦)|)𝑑𝑥 ≲ ∫

ℝ
Φ(|𝐹1(𝑥 + 𝑖𝑦)|)𝑑𝑥 + ∫

ℝ
Φ(|𝐹2(𝑥 + 𝑖𝑦)|)𝑑𝑥

≲ sup
𝑦>0

∫
ℝ
Φ(|𝐹(𝑥 + 𝑖𝑦)|)𝑑𝑥 < ∞.

(𝑖𝑖) Let 𝛼 ∈ ℝ such that 1∕𝑎Φ < 𝛼 < 1. For 𝑧 ∈ ℂ+, put

𝐹𝛼(𝑧) =
1

(𝑧 + 𝑖)𝛼
.

By construction, 𝐹𝛼 is an analytic function on ℂ+ and

|𝐹𝛼(𝑧)| =
1

|𝑥 + 𝑖(1 + 𝑦)|𝛼
< 1, ∀ 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+.

We deduce that

log (1 + |𝐹𝛼(𝑧)|) ≥
1
2

1
|𝑥 + 𝑖(1 + 𝑦)|𝛼

, ∀ 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+
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and
Φ (|𝐹𝛼(𝑧)|) ≤ Φ(1) 1

|𝑥 + 𝑖(1 + 𝑦)|𝛼𝑎Φ
, ∀ 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+,

since |𝐹𝛼| < 1 and the function 𝑡 ↦ Φ(𝑡)
𝑡𝑎Φ

is non-decreasing on ℝ∗
+. It follows

that 𝐹𝛼 ∈ 𝐻Φ(ℂ+) and 𝐹𝛼 ∉ N (ℂ+). Indeed, for 𝑦 > 0, we have

∫
ℝ
Φ (|𝐹𝛼(𝑥 + 𝑖𝑦)|) 𝑑𝑥 ≲ 𝐵 (12,

𝛼𝑎Φ − 1
2 ) (1+𝑦)1−𝛼𝑎Φ ≤ 𝐵 (12,

𝛼𝑎Φ − 1
2 ) < +∞

and
∫
ℝ
log (1 + |𝐹𝛼(𝑥 + 𝑖𝑦)|) 𝑑𝑥 ≥

1
2 ∫ℝ

𝑑𝑥
|𝑥 + 𝑖(1 + 𝑦)|𝛼

= +∞,

according to Lemma 3.20. □

The above embedding of the Hardy-Orlicz spaces 𝐻Φ(ℂ+) into the Nevan-
linna’s class will allow us to apply properties of elements in the Nevanlinna’s
class to functions in𝐻Φ(ℂ+).

Let 𝑓 be a measurable function on ℝ. The Poisson integral 𝑈𝑓 of 𝑓 is the
function defined by

𝑈𝑓(𝑥 + 𝑖𝑦) ∶= 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

𝑓(𝑡)𝑑𝑡, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+,

when it makes sense.
If 𝑓 ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)
then 𝑈𝑓 is a harmonic function on ℂ+ and

lim
𝑦→0

𝑈𝑓(𝑥 + 𝑖𝑦) = 𝑓(𝑥),

for almost all 𝑥 ∈ ℝ (see [24]).
The following result gives a representation of functions inHardy-Orlicz spaces

in terms of the Poisson integral.

Lemma 3.23 (Lemma 4.1, [10]). Let Φ be a convex growth function such that
Φ(𝑡) > 0 for all 𝑡 > 0 and 0 ≢ 𝐹 an analytic function on ℂ+. The following
assertions are equivalent.

(i) 𝐹 ∈ 𝐻Φ(ℂ+).
(ii) There exists a unique function𝑓 ∈ 𝐿Φ (ℝ) such that log |𝑓| ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)

and
𝐹(𝑥 + 𝑖𝑦) = 𝑈𝑓(𝑥 + 𝑖𝑦), ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

Moreover,
‖𝐹‖𝑙𝑢𝑥𝐻Φ = lim

𝑦→0
‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ = ‖𝑓‖𝑙𝑢𝑥𝐿Φ .

We next show the existence of a radial limit for functions in a Hardy-Orlicz
space.
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Theorem3.24. LetΦ be a growth function such thatΦ(𝑡) > 0 for all 𝑡 > 0. IfΦ is
convex or belongs toL , then for 0 ≢ 𝐹 ∈ 𝐻Φ(ℂ+), there exists a unique function
𝑓 ∈ 𝐿Φ (ℝ) such that log |𝑓| ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)
,

𝑓(𝑥) = lim
𝑦→0

𝐹(𝑥 + 𝑖𝑦),

for almost all 𝑥 ∈ ℝ, 𝑓(𝑡) ≠ 0 for almost all 𝑡 ∈ ℝ,

log |𝐹(𝑥 + 𝑖𝑦)| ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

log |𝑓(𝑡)|𝑑𝑡, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+

and
‖𝐹‖𝑙𝑢𝑥𝐻Φ = lim

𝑦→0
‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ = ‖𝑓‖𝑙𝑢𝑥𝐿Φ . (3.22)

Proof. Let 0 ≢ 𝐹 ∈ 𝐻Φ(ℂ+). There exists a unique measurable function 𝑓 on
ℝ such that log |𝑓| ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)
and

lim
𝑦→0

𝐹(𝑥 + 𝑖𝑦) = 𝑓(𝑥),

for almost all 𝑥 ∈ ℝ, according to point (𝑖) of Proposition 3.22 and Lemma 3.23.
Suppose that there exists 𝐴 a measurable subset of ℝ with Lebesgue measure
|𝐴| > 0, and

𝑓(𝑥) = 0, ∀ 𝑥 ∈ 𝐴.

We have

+∞ = ∫
𝐴
| log |𝑓(𝑡)|| 𝑑𝑡

1 + 𝑡2
≤ ∫

ℝ
| log |𝑓(𝑡)|| 𝑑𝑡

1 + 𝑡2
.

We deduce that log |𝑓| ∉ 𝐿1
(
ℝ, 𝑑𝑡

1+𝑡2

)
. Which is absurd. Hence, 𝑓(𝑡) ≠ 0, for

almost all 𝑡 ∈ ℝ. For 𝜔 ∈ 𝔻, put

𝐺(𝜔) = 𝐹 (𝑖 1 − 𝜔
1 + 𝜔) .

Since 𝐺 ∈ 𝐻Φ(𝔻) ⊂ 𝐻𝑝(𝔻), with 𝑝 > 0, there exists a unique function 𝑔 ∈
𝐿Φ(𝕋) such that log |𝑔| ∈ 𝐿1(𝕋) and

lim
𝑟→1

𝐺(𝑟𝑒𝑖𝜃) = 𝑔(𝑒𝑖𝜃),

for almost all 𝜃 ∈ ℝ and

log |𝐺(𝑟𝑒𝑖𝜃)| ≤ 1
2𝜋 ∫

𝜋

−𝜋

1 − 𝑟2

1 − 2𝑟 cos(𝑢 − 𝜃) + 𝑟2
log |𝑔(𝑒𝑖𝑢)|𝑑𝑢, ∀ 𝑟𝑒𝑖𝜃 ∈ 𝔻.

Moreover,

log |𝑔(𝑒𝑖𝜃)| = lim
𝑟→1

(
1
2𝜋 ∫

𝜋

−𝜋

1 − 𝑟2

1 − 2𝑟 cos(𝑢 − 𝜃) + 𝑟2
log |𝑔(𝑒𝑖𝑢)|𝑑𝑢) , (3.23)
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for almost all 𝜃 ∈ ℝ.
Consider 𝜑, the map defined by

𝜑(𝜔) = 𝑖 1 − 𝜔
1 + 𝜔, ∀ 𝜔 ∈ 𝔻 ∪ 𝕋∖{−1},

where 𝕋 is the complex unit circle. Note that the restriction of 𝜑 to 𝔻 (resp.
𝕋∖{−1}) is an analytic function on 𝔻 with values in ℂ+ (resp. a homeomor-
phism from 𝕋∖{−1} onto ℝ).
For 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+ and 𝜔 = 𝑟𝑒𝑖𝑢 ∈ 𝔻 such that 𝑧 = 𝑖 1−𝜔

1+𝜔
, using

𝑦 = 1 − 𝑟2

1 + 𝑟2 + 2𝑟 cos 𝑢
and (3.23), we deduce that

|𝑓(𝑥)| = |𝑔◦𝜑−1(𝑥)|,

for almost all 𝑥 ∈ ℝ. Therefore,

log |𝐹(𝑥 + 𝑖𝑦)| ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

log |𝑓(𝑡)|𝑑𝑡, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+. (3.24)

Indeed,
log |𝐹(𝑥 + 𝑖𝑦)| = log |𝐺(𝑟𝑒𝑖𝑢)|

≤ 1
2𝜋 ∫

𝜋

−𝜋

1 − 𝑟2

1 − 2𝑟 cos(𝑢 − 𝜃) + 𝑟2
log |𝑔(𝑒𝑖𝜃)|𝑑𝜃

= 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

log |𝑔◦𝜑−1(𝑡)|𝑑𝑡

= 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

log |𝑓(𝑡)|𝑑𝑡.

Let us prove (3.22). By Fatou’s lemma, we have

∫
ℝ
Φ(

|𝑓(𝑥)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) 𝑑𝑥 ≤ lim inf
𝑦→0

∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) 𝑑𝑥

≤ sup
𝑦>0

∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥𝐻Φ

) 𝑑𝑥 ≤ 1.

We deduce that 𝑓 ∈ 𝐿Φ(ℝ) and
‖𝑓‖𝑙𝑢𝑥𝐿Φ ≤ ‖𝐹‖𝑙𝑢𝑥𝐻Φ . (3.25)

Put
Φ𝜌(𝑡) = Φ

(
𝑡1∕𝜌

)
, ∀ 𝑡 ≥ 0,

where 𝜌 = 1 if Φ is convex and 𝜌 = 𝑎Φ if Φ ∈ L .
Using Jensen’s inequality and (3.24), we deduce that

|𝐹(𝑥 + 𝑖𝑦)|𝜌 ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

|𝑓(𝑡)|𝜌𝑑𝑡, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.
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Fix 𝑦 > 0. We have

∫
ℝ
Φ(

|𝐹(𝑥 + 𝑖𝑦)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑥 ≤ ∫
ℝ
Φ𝜌

⎛
⎜
⎝

1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

(
|𝑓(𝑡)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)
𝜌

𝑑𝑡
⎞
⎟
⎠
𝑑𝑥

≤ ∫
ℝ

1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

Φ𝜌
⎛
⎜
⎝
(
|𝑓(𝑡)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)
𝜌⎞
⎟
⎠
𝑑𝑡𝑑𝑥

= ∫
ℝ
Φ(

|𝑓(𝑡)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

) (
1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

𝑑𝑥)𝑑𝑡

= ∫
ℝ
Φ(

|𝑓(𝑡)|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

) 𝑑𝑡 ≤ 1.

We deduce that
‖𝐹‖𝑙𝑢𝑥𝐻Φ ≤ ‖𝑓‖𝑙𝑢𝑥𝐿Φ . (3.26)

From (3.25) and (3.26) and also from Proposition 3.18, it follows that
‖𝐹‖𝑙𝑢𝑥𝐻Φ = lim

𝑦→0
‖𝐹(. + 𝑖𝑦)‖𝑙𝑢𝑥𝐿Φ = ‖𝑓‖𝑙𝑢𝑥𝐿Φ .

□

We have the following pointwise estimate of functions in a Bergman-Orlicz
space. It will be used in the characterization of pointwise multipliers from
Hardy-Orlicz or Bergman-Orlicz spaces to Bergman-Orlicz spaces.
Lemma 3.25. Let 𝛼 > −1 and Φ a one-to-one growth function. If Φ is convex
or belongs to L , then there exists a constant 𝐶 ∶= 𝐶𝛼,Φ > 1 such that for 𝐹 ∈
𝐴Φ
𝛼 (ℂ+),

|𝐹(𝑥 + 𝑖𝑦)| ≤ 𝐶Φ−1 ( 1
𝑦2+𝛼

) ‖𝐹‖𝑙𝑢𝑥
𝐴Φ
𝛼
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+. (3.27)

Proof. For 𝑡 ≥ 0, put
Φ𝜌(𝑡) = Φ

(
𝑡1∕𝜌

)
,

where 𝜌 = 1 if Φ is convex and 𝜌 = 𝑎Φ if Φ ∈ L .
Let 0 ≢ 𝐹 ∈ 𝐴Φ

𝛼 (ℂ+). Fix 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+ and put 𝑟 =
𝑦0
2 . Since |𝐹|

𝜌 is
subharmonic on ℂ+, we have

|𝐹(𝑧0)|𝜌 ≤
1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

|𝐹(𝑢 + 𝑖𝑣)|𝜌𝑑𝑢𝑑𝑣.

For 𝑢 + 𝑖𝑣 ∈ 𝒟(𝑧0, 𝑟), we have

𝑟 ≤ 𝑣 ≤ 3𝑟 ⇒ 0 < 1
𝑣𝛼 ≤ 2𝛼 × 1

𝑦𝛼0
, if 𝛼 ≥ 0

and
0 < 1

𝑣𝛼 ≤ (23)
𝛼
× 1
𝑦𝛼0
, if − 1 < 𝛼 < 0.
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We deduce that

0 < 1
𝑣𝛼 ≤ 𝐶𝛼

1
𝑦𝛼0
, ∀ 𝑢 + 𝑖𝑣 ∈ 𝒟(𝑧0, 𝑟), (3.28)

where 𝐶𝛼 ∶= max
{
2𝛼; (2∕3)𝛼

}
. By Jensen’s inequality, we have

Φ
⎛
⎜
⎝
( 𝜋
4𝐶𝛼

)
1∕𝜌

×
|𝐹(𝑧0)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ
𝛼

⎞
⎟
⎠
≤ 𝜋
4𝐶𝛼

Φ𝜌
⎛
⎜
⎝

1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

⎛
⎜
⎝

|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ
𝛼

⎞
⎟
⎠

𝜌

𝑑𝑢𝑑𝑣
⎞
⎟
⎠

≤ 𝜋
4𝐶𝛼

× 4
𝜋𝑦20

×
𝐶𝛼
𝑦𝛼0

∫ ∫
𝒟(𝑧0,𝑟)

Φ
⎛
⎜
⎝

|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ
𝛼

⎞
⎟
⎠
𝑣𝛼𝑑𝑢𝑑𝑣

≤ 1
𝑦2+𝛼0

∫
ℂ+

Φ
⎛
⎜
⎝

|𝐹(𝑢 + 𝑖𝑣)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ
𝛼

⎞
⎟
⎠
𝑑𝑉𝛼(𝑢 + 𝑖𝑣) ≤ 1

𝑦2+𝛼0

.

We deduce that

|𝐹(𝑧0)| ≤ (
4𝐶𝛼
𝜋 )

1∕𝜌

Φ−1 (
1

𝑦2+𝛼0

) ‖𝐹‖𝑙𝑢𝑥
𝐴Φ
𝛼
.

□

We will need the following result to find equivalent definitions of Carleson
measures.

Proposition 3.26. Let 𝛼 > −1. There exist 𝐶 ∶= 𝐶𝛼 > 0 and 𝛽 ∈ {0, 1∕3} such
that for any analytic function 𝐹 on ℂ+ and for all 0 < 𝛾 < ∞,

|𝐹(𝑧)|𝛾 ≤ 𝐶ℳ𝒟𝛽

𝑉𝛼
(|𝐹|𝛾) (𝑧), ∀ 𝑧 ∈ ℂ+. (3.29)

Proof. Let 0 < 𝛾 < ∞ and 0 ≢ 𝐹 be an analytic function on ℂ+. Fix 𝑧0 =
𝑥0 + 𝑖𝑦0 ∈ ℂ+ and 𝑟 =

𝑦0
2 . From (3.28), we have

0 < 1
𝑣𝛼 ≤ max

{
2𝛼; (2∕3)𝛼

} 1
𝑦𝛼0
, ∀ 𝑢 + 𝑖𝑣 ∈ 𝒟(𝑧0, 𝑟).

Let 𝐼 be an interval centered at 𝑥0 and of length |𝐼| = 2𝑦0. Consider 𝑄𝐼 the
Carleson square associated with 𝐼. According to Lemma 3.12, there exist 𝛽 ∈
{0, 1∕3} and 𝐽 ∈ 𝒟𝛽 such that 𝐼 ⊂ 𝐽 and |𝐽| ≤ 6|𝐼|. From Relation (3.8) we have

|𝑄𝐽|𝛼 =
1

1 + 𝛼|𝐽|
2+𝛼 ≤ 62+𝛼

1 + 𝛼 |𝐼|
2+𝛼 = 122+𝛼

1 + 𝛼 𝑦
2+𝛼
0 .
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Since |𝐹|𝛾 is subharmonic on ℂ+ and𝒟(𝑧0, 𝑟) is contained in 𝑄𝐼 we have

|𝐹(𝑧0)|𝛾 ≤
1
𝜋𝑟2

∫ ∫
𝒟(𝑧0,𝑟)

|𝐹(𝑢 + 𝑖𝑣)|𝛾𝑑𝑢𝑑𝑣

≤ 4
𝜋𝑦20

×
max

{
2𝛼; (2∕3)𝛼

}

𝑦𝛼0
∫ ∫

𝒟(𝑧0,𝑟)
|𝐹(𝑢 + 𝑖𝑣)|𝛾𝑣𝛼𝑑𝑢𝑑𝑣

≤ 𝐶𝛼
𝜒𝑄𝐽 (𝑧0)
|𝑄𝐽|𝛼

∫ ∫
𝑄𝐽
|𝐹(𝑢 + 𝑖𝑣)|𝛾𝑣𝛼𝑑𝑢𝑑𝑣 ≤ 𝐶𝛼ℳ𝒟𝛽

𝑉𝛼
(|𝐹|𝛾) (𝑧0),

where 𝐶𝛼 ∶=
4
𝜋
× 122+𝛼

1+𝛼
×max

{
2𝛼; (2∕3)𝛼

}
. □

We give below some test functions that will be used in the proof of Theorem
2.5.

Proposition 3.27. Let𝛼 > −1 andΦ a one-to-one growth function. IfΦ is convex
or belongs toL then there exists some constants 𝜌 ∈ {1; 𝑎Φ} and

𝐶𝛼 ∶= 𝐵 (1 + 𝛼, 2 + 𝛼) 𝐵 (
1
2,
3 + 2𝛼
2 ) , (3.30)

such that for all 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+ the functions 𝐹𝑧 and 𝐺𝑧 defined respectively by

𝐹𝑧(𝜔) = Φ−1 ( 1
𝜋𝑦)

𝑦2∕𝜌

(𝜔 − 𝑧)2∕𝜌
, ∀ 𝜔 ∈ ℂ+ (3.31)

and

𝐺𝑧(𝜔) = Φ−1 ( 1
𝐶𝛼𝑦2+𝛼

)
𝑦(4+2𝛼)∕𝜌

(𝜔 − 𝑧)(4+2𝛼)∕𝜌
, ∀ 𝜔 ∈ ℂ+, (3.32)

are analytic functions belonging respectively to 𝐻Φ(ℂ+) and 𝐴Φ
𝛼 (ℂ+). Moreover,

‖𝐹𝑧‖𝑙𝑢𝑥𝐻Φ ≤ 1 and ‖𝐺𝑧‖𝑙𝑢𝑥𝐴Φ
𝛼
≤ 1.

Proof. Fix 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+. By construction 𝐹𝑧 ad 𝐺𝑧 are analytic functions
which does not vanish on ℂ+. For 𝜔 = 𝑢 + 𝑖𝑣 ∈ ℂ+, we have

𝑦2

|(𝑢 − 𝑥) + 𝑖(𝑦 + 𝑣)|2
≤ 1.

Put 𝜌 = 1 if Φ is convex and 𝜌 = 𝑎Φ if Φ ∈ L , and

𝐶𝛼 ∶= 𝐵 (1 + 𝛼, 2 + 𝛼) 𝐵 (
1
2,
3 + 2𝛼
2 ) .

Since the function 𝑡 ↦ Φ(𝑡)
𝑡𝜌

is non-decreasing on ℝ∗
+, we deduce that

∫
ℝ
Φ (|𝐹𝑧(𝑢 + 𝑖𝑣)|) 𝑑𝑢 ≲

𝑦
𝜋 ∫

ℝ

1
|(𝑢 − 𝑥) + 𝑖(𝑦 + 𝑣)|2

𝑑𝑢

and

∫
ℂ+

Φ(|𝐺𝑧(𝜔)|)𝑑𝑉𝛼(𝜔) ≲
𝑦2+𝛼

𝐶𝛼
∫

∞

0
(∫

ℝ

𝑑𝑢
|(𝑢 − 𝑥) + 𝑖(𝑣 + 𝑦)|4+2𝛼

) 𝑣𝛼𝑑𝑣.
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Following Lemma 3.20, we have

∫
ℝ

1
|(𝑢 − 𝑥) + 𝑖(𝑦 + 𝑣)|2

𝑑𝑢 = 𝐵 (12,
1
2)

1
𝑦 + 𝑣

and
∫
ℝ

𝑑𝑢
|(𝑢 − 𝑥) + 𝑖(𝑣 + 𝑦)|4+2𝛼

= 𝐵 (12,
3 + 2𝛼
2 ) 1

(𝑣 + 𝑦)3+2𝛼
.

We deduce that
∫
ℝ
Φ (|𝐹𝑧(𝑢 + 𝑖𝑣)|) 𝑑𝑢 ≲ 1, ∀ 𝑣 > 0

and
∫
ℂ+

Φ(|𝐺𝑧(𝜔)|)𝑑𝑉𝛼(𝜔) ≲ 1,

since

∫
∞

0

𝑣𝛼

(𝑦 + 𝑣)3+2𝛼
𝑑𝑣 = 𝐵(1 + 𝛼, 2 + 𝛼) 1

𝑦2+𝛼
,

thanks to Lemma 3.21. Therefore, 𝐹𝑧 ∈ 𝐻Φ(ℂ+) with ‖𝐹𝑧‖𝑙𝑢𝑥𝐻Φ ≤ 1 and 𝐺𝑧 ∈
𝐴Φ
𝛼 (ℂ+) with ‖𝐺𝑧‖𝑙𝑢𝑥𝐴Φ

𝛼
≤ 1. □

4. Some characterizations of Carleson measures.
In this section, we give among others, a general characterization of a (𝑠, Φ)-

Carleson measure. We start with the following elementary result whose proof
is left to the interested reader.

Proposition 4.1. Let 𝑠 > 0, 𝛼 > −1 and Φ1, Φ2 be two one-to-one growth func-
tions. The following assertions are equivalent.

(i) 𝑉𝛼 is a (𝑠, Φ2◦Φ−1
1 )−Carleson measure.

(ii) There exists a constant 𝐶 > 0 such that for all 𝑡 > 0

Φ−1
1 (𝑡𝑠) ≤ Φ−1

2 (𝐶𝑡2+𝛼). (4.1)

We have the following example of a (𝑠, Φ)−Carleson measure.

Proposition 4.2. Let 𝑠 ≥ 1 and Φ ∈ U . Put

𝑑𝜇(𝑥 + 𝑖𝑦) =
𝑑𝑥𝑑𝑦

𝑦2Φ( 1
𝑦𝑠
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

IfΦ ∈ ∇2, then 𝜇 is a (𝑠, Φ)−Carlesonmeasure. In particular, the converse is true
for 𝑠 = 1.

Proof. Put
Ω̃(𝑡) = 1

Φ
( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃(0) = 0.
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According to Proposition 3.9, Ω ∈ U ∩ ∇2.
Let 𝐼 be an interval of nonzero length and 𝑄𝐼 the Carleson square associated
with 𝐼. We have

𝜇(𝑄𝐼) = ∫
|𝐼|

0
∫
𝐼

Ω̃(𝑦𝑠)
𝑦2

𝑑𝑥𝑑𝑦 = |𝐼| ∫
|𝐼|

0

Ω̃(𝑦𝑠)
𝑦2𝑠

𝑦𝑠−1𝑦𝑠−1𝑑𝑦

≤ 𝑠−1|𝐼|𝑠 ∫
|𝐼|𝑠

0

Ω̃(𝑦)
𝑦2

𝑑𝑦 ≤ 𝑠−1|𝐼|𝑠𝐶
Ω̃(|𝐼|𝑠)
|𝐼|𝑠

=
𝐶∕𝑠

Φ ( 1
|𝐼|𝑠
)
,

thanks to Lemma 3.3. In particular, for 𝑠 = 1, we have

𝜇(𝑄𝐼) ≲ Ω̃(|𝐼|) ⇔ ∫
|𝐼|

0

Ω̃(𝑦)
𝑦2

𝑑𝑦 ≲
Ω̃(|𝐼|)
|𝐼|

.

Hence by Lemma 3.3 and Proposition 3.9, Φ ∈ U ∩ ∇2. □

We have the following equivalent characterizations of Carleson measures.
They will be used in the proof our main results.

Lemma 4.3. Let 𝛼 > −1, Φ ∈ U and 𝜇 be a positive Borel measure on ℂ+. Put

Ω̃(𝑡) = 1

Φ
( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃(0) = 0.

The following assertions are satisfied
(i) 𝜇 is a Φ−Carleson measure if and only if there exists a constant 𝐶1 > 0

such that for all 𝑓 ∈ 𝐿1
(
ℝ, 𝑑𝑡

1+𝑡2

)
and any 𝜆 > 0,

𝜇
({
𝑧 ∈ ℂ+ ∶ |𝑈𝑓(𝑧)| > 𝜆

})
≤ 𝐶1Ω̃ (|{𝑥 ∈ ℝ ∶ ℳ𝐻𝐿(𝑓)(𝑥) > 𝜆}|) , (4.2)

where𝑈𝑓 is the Poisson integral of 𝑓.
(ii) 𝜇 is a (𝛼, Φ)−Carleson measure if and only if there exists a constant 𝐶2 >

0 such that for 𝑓 ∈ 𝐿Φ (ℂ+, 𝑑𝑉𝛼) and 𝜆 > 0,

𝜇
({
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
(𝑓)(𝑧) > 𝜆

})
≤ 𝐶2Ω̃ (

|||||
{
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
(𝑓)(𝑧) > 𝜆

}|||||𝛼
) . (4.3)

Proof. (i) That 𝜇 is aΦ−Carlesonmeasure implies that (4.2) holds, has already
been proved in [12, Lemma 4.2].
Let us suppose that (4.2) is satisfied and show that 𝜇 is a Φ−Carleson measure.
Let 𝐼 be an interval of ℝ of non-zero length and 𝑄𝐼 the Carleson square associ-
ated with 𝐼. Put

𝜆 = 1
2Φ

−1 ( 1
|𝐼|
)

and
𝑓 = 2𝜆𝜒𝐼 .
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By construction, 𝑓 ∈ 𝐿Φ(ℝ) and ‖𝑓‖𝑙𝑢𝑥𝐿Φ ≤ 1. Indeed

∫
ℝ
Φ(|𝑓(𝑥)|)𝑑𝑥 = ∫

𝐼
Φ(Φ−1 ( 1

|𝐼|
)) 𝑑𝑥 = 1.

Let 𝑥0 + 𝑖𝑦0 ∈ 𝑄𝐼 . We have

𝜆 < 𝑓(𝑥0) = lim inf
𝑦→0

𝑈𝑓(𝑥0 + 𝑖𝑦) ≤ 𝑈𝑓(𝑥0 + 𝑖𝑦0),

where 𝑈𝑓 is the Poisson integral of 𝑓. We deduce that

𝑄𝐼 ⊂
{
𝑧 ∈ ℂ+ ∶ |𝑈𝑓(𝑧)| > 𝜆

}
.

Since inequality (4.2) is satisfied, we have

𝜇(𝑄𝐼) ≲ 𝜇
({
𝑧 ∈ ℂ+ ∶ |𝑈𝑓(𝑧)| > 𝜆

})

≲ Ω̃ (|||{𝑥 ∈ ℝ ∶ ℳ𝐻𝐿(𝑓)(𝑥) > 𝜆}|||)

≲ Ω̃ ( 1
Φ (𝜆)

) ≲ Ω̃ (|𝐼|) .

(ii) Again, that 𝜇 is a (𝛼, Φ)−Carleson measure implies that (4.3) holds was
proved in [12, Lemma 4.3]. Let us prove the converse. Let 𝐼 be an interval of
nonzero length and 𝑄𝐼 the Carleson square associated with 𝐼. Put

𝜆 = 1
2Φ

−1 ( 1 + 𝛼
|𝐼|2+𝛼

)

and
𝑓 = 2𝜆𝜒𝑄𝐼 .

By construction 𝑓 ∈ 𝐿Φ(ℂ+, 𝑑𝑉𝛼) and ‖𝑓‖𝑙𝑢𝑥𝐿Φ𝛼 ≤ 1. Indeed,

∫
ℂ+

Φ(|𝑓(𝑧)|)𝑑𝑉𝛼(𝑧) ≤ ∫
𝑄𝐼
Φ(Φ−1 ( 1 + 𝛼

|𝐼|2+𝛼
)) 𝑑𝑉𝛼(𝑧) = 1.

By Lemma 3.12, there are 𝛽 ∈ {0, 1∕3} and 𝐽 ∈ 𝒟𝛽 such that 𝐼 ⊂ 𝐽 and |𝐽| ≤
6|𝐼|. Consider 𝑄𝐽 the Carleson square associated with 𝐽. Let 𝑧 ∈ 𝑄𝐼 . We have

𝜆 <
𝜒𝑄𝐼 (𝑧)
|𝑄𝐼|𝛼

∫
𝑄𝐼
𝑓(𝜔)𝑑𝑉𝛼(𝜔) ≲

𝜒𝑄𝐽 (𝑧)
|𝑄𝐽|𝛼

∫
𝑄𝐽
𝑓(𝜔)𝑑𝑉𝛼(𝜔) ≲ ℳ𝒟𝛽

𝑉𝛼
𝑓(𝑧).

We deduce that
𝑄𝐼 ⊂

{
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
𝑓(𝑧) > 𝜆

}
.
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Since the inequality (4.3) is satisfied and by Chebychev’s inequality, we have

𝜇(𝑄𝐼) ≲ 𝜇
({
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
𝑓(𝑧) > 𝜆

})

≲ Ω̃ (
|||||
{
𝑧 ∈ ℂ+ ∶ ℳ𝒟𝛽

𝑉𝛼
𝑓(𝑧) > 𝜆

}|||||𝛼
)

≲ Ω̃
⎛
⎜
⎜
⎝

1

Φ (Φ−1 ( 1
|𝐼|2+𝛼

))

⎞
⎟
⎟
⎠

≲ Ω̃
(
|𝐼|2+𝛼

)
.

□

The following is a generalization of [12, Theorem 4.1].

Theorem 4.4. Let 𝑠 > 0 be a real,Φ1, Φ2 two one-to-one growth functions and 𝜇
a positive Borel measure on ℂ+. If Φ2 ∈ L ∪U and Φ1 is convex or belongs L ,
then the following assertions are equivalent.

(i) 𝜇 is a (𝑠, Φ2◦Φ−1
1 )−Carleson measure.

(ii) There exist some constants 𝜌 ∈ {1; 𝑎Φ1} and 𝐶 ∶= 𝐶𝑠,Φ1,Φ2 > 0 such that
for all 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+

∫
ℂ+

Φ2 (Φ−1
1 ( 1𝑦𝑠 )

𝑦2𝑠∕𝜌

|𝜔 − 𝑧|2𝑠∕𝜌
) 𝑑𝜇(𝜔) ≤ 𝐶. (4.4)

Proof. Let us show that (ii) implies (i). We assume that the inequality (4.4)
holds.
Let 𝐼 be an interval of nonzero length and 𝑄𝐼 its Carleson square.
Fix 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+, and assume that 𝑥0 is the center of 𝐼 and |𝐼| = 2𝑦0.
Let 𝜔 = 𝑢 + 𝑖𝑣 ∈ 𝑄𝐼 . We have

|𝜔 − 𝑧0|2 = |(𝑢 − 𝑥0) + 𝑖(𝑣 + 𝑦0)|2 ≤ 𝑦20 + (3𝑦0)2 = 10𝑦20 .
It follows that

1 ≤ 10𝑠∕𝜌
𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
.

Since Φ−1
1 is increasing and 𝑡 ↦ Φ2(𝑡)

𝑡𝑏Φ2
is non-increasing on ℝ∗

+, we have

Φ2◦Φ−1
1 ( 1

|𝐼|𝑠
) ≤ Φ2

⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)
10𝑠∕𝜌𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠

≤ 10𝑠𝑏Φ2∕𝜌Φ2
⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
.

Thus

Φ2◦Φ−1
1 ( 1

|𝐼|𝑠
) ≤ 10𝑠𝑏Φ2∕𝜌Φ2

⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
, ∀ 𝜔 ∈ 𝑄𝐼 .



1304 JEAN-MARCEL TANOH DJE AND BENOÎT F. SEHBA

Since the inequality (4.4) is satisfied, we obtain

Φ2◦Φ−1
1 ( 1

|𝐼|𝑠
) 𝜇(𝑄𝐼) = ∫

𝑄𝐼
Φ2◦Φ−1

1 ( 1
|𝐼|𝑠

) 𝑑𝜇(𝜔)

≤ 10𝑠𝑏Φ2∕𝜌 ∫
ℂ+

Φ2
⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
𝑑𝜇(𝜔)

≤ 10𝑠𝑏Φ2∕𝜌𝐶2.

We deduce that

𝜇(𝑄𝐼) ≤
10𝑠𝑏Φ2∕𝜌𝐶2

Φ2◦Φ−1
1 ( 1

|𝐼|𝑠
)
.

For the converse, we assume that the inequality (2.4) holds.
Put

𝜌 = { 1 if Φ1 is convex
𝑎Φ1 if Φ1 ∈ L

Fix 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+ and let 𝑗 ∈ ℕ. Consider 𝐼𝑗 the centered interval 𝑥0 with
|𝐼𝑗| = 2𝑗+1𝑦0 and 𝑄𝐼𝑗 its Carleson square. Put

𝐸𝑗 ∶= 𝑄𝐼𝑗∖𝑄𝐼𝑗−1 , ∀ 𝑗 ≥ 1 and 𝐸0 = 𝑄𝐼0 .

Fix 𝑗 ∈ ℕ and let 𝜔 = 𝑢 + 𝑖𝑣 ∈ ℂ+.
If 𝜔 ∈ 𝐸0, then we have

|𝜔 − 𝑧0|2 = |(𝑢 − 𝑥0) + 𝑖(𝑣 + 𝑦0)|2 ≥ (𝑣 + 𝑦0)2 ≥ 𝑦20 ≥ 2−2𝑦20 .

If 𝜔 ∈ 𝐸𝑗 with 𝑗 ≥ 1 then we have

|𝜔 − 𝑧0|2 = |(𝑢 − 𝑥0) + 𝑖(𝑣 + 𝑦0)|2 ≥ (𝑢 − 𝑥0)2 ≥ 22(𝑗−1)𝑦20 .

We deduce that
𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
≤ 1
22(𝑗−1)𝑠∕𝜌

, ∀ 𝜔 ∈ 𝐸𝑗, ∀ 𝑗 ≥ 0.

Fix 𝑗 ∈ ℕ and let 𝜔 ∈ 𝐸𝑗. Since the functions 𝑡 ↦
Φ−11 (𝑡)

𝑡1∕𝜌
and 𝑡 ↦ Φ2(𝑡)

𝑡𝑏Φ2
are

non-increasing on ℝ∗
+ and 𝑡 ↦

Φ2(𝑡)
𝑡𝑎Φ2

is non-decreasing on ℝ∗
+, we have

Φ2
⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
≤ Φ2 (Φ−1

1 (
1
𝑦𝑠0
)

1
22(𝑗−1)𝑠∕𝜌

)

= Φ2 (Φ−1
1 (

1
𝑦𝑠0
)

1
2(𝑗+1)𝑠∕𝜌

× 1
2𝑗𝑠∕𝜌

× 1
2−3𝑠∕𝜌

)

≤ 1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

× Φ2◦Φ−1
1 (

1
|𝐼𝑗|𝑠

) .
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We deduce that

Φ2
⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
≤ 1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

×Φ2◦Φ−1
1 (

1
|𝐼𝑗|𝑠

) , ∀ 𝜔 ∈ 𝐸𝑗.

Since the inequality (2.4) holds, it follows that

𝐿 ∶= ∫
𝐸𝑗
Φ2

⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
𝑑𝜇(𝜔)

≤ ∫
𝐸𝑗

1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

× Φ2◦Φ−1
1 (

1
|𝐼𝑗|𝑠

) 𝑑𝜇(𝜔)

≤ 1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

× Φ2◦Φ−1
1 (

1
|𝐼𝑗|𝑠

)𝜇(𝑄𝐼𝑗 )

≤ 1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

× 𝐶1.

We deduce that

∫
𝐸𝑗
Φ2

⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
𝑑𝜇(𝜔) ≤

𝐶1
2−3𝑠𝑏Φ2∕𝜌

× 1
2𝑗𝑠𝑎Φ2∕𝜌

, ∀ 𝑗 ≥ 0.

By construction, the 𝐸𝑗 are pairwise disjoint and form a partition of ℂ+. So we
have

𝐿 ∶= ∫
ℂ+

Φ2
⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
𝑑𝜇(𝜔)

=
∞∑

𝑗=0
∫
𝐸𝑗
Φ2

⎛
⎜
⎝
Φ−1
1 (

1
𝑦𝑠0
)

𝑦2𝑠∕𝜌0

|𝜔 − 𝑧0|2𝑠∕𝜌
⎞
⎟
⎠
𝑑𝜇(𝜔)

≤
𝐶1

2−3𝑠𝑏Φ2∕𝜌
×

∞∑

𝑗=0

1
2𝑗𝑠𝑎Φ2∕𝜌

< ∞.

□

5. Proofs of main results.
This section is devoted to the proofs of our main results. Let us start with the

proof of Theorem 2.3.

Proof of Theorem 2.3. The equivalence (𝑖) ⇔ (𝑖𝑖) is given by Theorem 4.4.
The implication (𝑖𝑖𝑖) ⇒ (𝑖𝑣) is obvious. Let us prove that (𝑖) ⇒ (𝑖𝑖𝑖) and (𝑖𝑣) ⇒
(𝑖) which is enough to conclude.
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(𝑖) ⇒ (𝑖𝑖𝑖): Let 0 ≢ 𝐹 ∈ 𝐻Φ1(ℂ+). Following Theorem 3.24, there exists a
unique function 𝑓 ∈ 𝐿Φ (ℝ) such that log |𝑓| ∈ 𝐿1

(
ℝ, 𝑑𝑡

1+𝑡2

)
and

log |𝐹(𝑥 + 𝑖𝑦)| ≤ 1
𝜋 ∫

ℝ

𝑦
(𝑥 − 𝑡)2 + 𝑦2

log |𝑓(𝑡)|𝑑𝑡, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+ (5.1)

and ‖𝐹‖𝑙𝑢𝑥𝐻Φ = ‖𝑓‖𝑙𝑢𝑥𝐿Φ . Using Jensen’s inequality in (5.1), we deduce that

|𝐹(𝑥 + 𝑖𝑦)| ≲
(
ℳ𝐻𝐿(|𝑓|𝑎Φ1∕2)(𝑥)

)2∕𝑎Φ1 , ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

Fix 𝜆 > 0, and put

𝐸𝜆 ∶=
⎧

⎨
⎩

𝑥 ∈ ℝ ∶
⎛
⎜
⎝
ℳ𝐻𝐿 (

|𝑓|
‖𝑓‖𝑙𝑢𝑥𝐿Φ

)
𝑎Φ1∕2

(𝑥)
⎞
⎟
⎠

2∕𝑎Φ1

> 𝜆
⎫

⎬
⎭

.

From (3.9), we deduce that

|𝐸𝜆| ≲
∑

𝛽∈{0;1∕3}

|||||||||||||

⎧

⎨
⎩

𝑥 ∈ ℝ ∶
⎛
⎜
⎝
ℳ𝒟𝛽

𝐻𝐿 (
|𝑓|

‖𝑓‖𝑙𝑢𝑥𝐿Φ
)
𝑎Φ1∕2

(𝑥)
⎞
⎟
⎠

2∕𝑎Φ1

> 𝜆
12

⎫

⎬
⎭

|||||||||||||

.

Put
Φ𝑎(𝑡) = Φ1

(
𝑡2∕𝑎Φ1

)
, ∀ 𝑡 ≥ 0.

FromProposition 3.5, we deduce thatΦ𝑎 ∈ U ∩∇2. It follows from Proposition
3.13 that
|||||||||||||

⎧

⎨
⎩

𝑥 ∈ ℝ ∶
⎛
⎜
⎝
ℳ𝒟𝛽

𝐻𝐿 (
|𝑓|

‖𝑓‖𝑙𝑢𝑥𝐿Φ
)
𝑎Φ1∕2

(𝑥)
⎞
⎟
⎠

2∕𝑎Φ1

> 𝜆
12

⎫

⎬
⎭

|||||||||||||

≲ 1
Φ1(𝜆)

, ∀ 𝛽 ∈ {0; 1∕3}.

We deduce that
|𝐸𝜆| ≲

1
Φ1(𝜆)

.

Put
Ω̃3(𝑡) =

1

Φ2◦Φ−1
1

( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃3(0) = 0.

From Lemma 3.10, we deduce that Ω̃3 ∈ U . Since 𝜇 is an Φ2◦Φ−1
1 −Carleson

measure and 𝑡 ↦ Ω̃3(𝑡)
𝑡

is non-decreasing on ℝ∗
+, by Lemma 4.3, we have

𝜇
({
𝑧 ∈ ℂ+ ∶ |𝐹(𝑧)| > 𝜆‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

})
≲ 𝜇

({
𝑧 ∈ ℂ+ ∶ |𝑈𝑓(𝑧)| > 𝜆‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

})

≲ Ω̃3 (|||𝐸𝜆|||)

≲ Φ1(𝜆)Ω̃3 (
1

Φ1(𝜆)
) |||𝐸𝜆||| .
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As

Φ1(𝜆)Ω̃3 (
1

Φ1(𝜆)
) = Φ1(𝜆)

1
Φ2(𝜆)

=
Φ1(𝜆)
𝜆

× 𝜆
Φ2(𝜆)

≈
Φ′
1(𝜆)

Φ′
2(𝜆)

.

We deduce that

𝜇
({
𝑧 ∈ ℂ+ ∶ |𝐹(𝑧)| > 𝜆‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

})
≲
Φ′
1(𝜆)

Φ′
2(𝜆)

|||𝐸𝜆||| , ∀ 𝜆 > 0.

We have

∫
ℂ+

Φ2
⎛
⎜
⎝

|𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑑𝜇(𝑧) = ∫

∞

0
Φ′
2(𝜆)𝜇

({
𝑧 ∈ ℂ+ ∶ |𝐹(𝑧)| > 𝜆‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

})
𝑑𝜆

≲ ∫
∞

0
Φ′
2(𝜆) (

Φ′
1(𝜆)

Φ′
2(𝜆)

× |𝐸𝜆|) 𝑑𝜆

= ∫
∞

0
Φ′
1(𝜆) × |𝐸𝜆|𝑑𝜆

= ∫
ℝ
Φ𝑎

⎛
⎜
⎝
ℳ𝒟𝛽

𝐻𝐿 (
|𝑓|

‖𝑓‖𝑙𝑢𝑥𝐿Φ
)
𝑎Φ1∕2

(𝑥)
⎞
⎟
⎠
𝑑𝑥

≲ ∫
ℝ
Φ𝑎

⎛
⎜
⎜
⎝

⎛
⎜
⎝

|𝑓(𝑥)|
‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

⎞
⎟
⎠

𝑎Φ1∕2⎞
⎟
⎟
⎠

𝑑𝑥

= ∫
ℝ
Φ1

⎛
⎜
⎝

|𝑓(𝑥)|
‖𝑓‖𝑙𝑢𝑥

𝐿Φ1

⎞
⎟
⎠
𝑑𝑥

≲ 1.

(𝑖𝑣) ⇒ (𝑖): Let 𝐼 be an interval of nonzero length and 𝑄𝐼 its Carleson square.
Fix 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+ and we assume that 𝑥0 is the center of 𝐼 and |𝐼| = 2𝑦0.
Put

𝐹𝑧0(𝜔) = Φ−1
1 ( 1

𝜋𝑦0
)

𝑦2∕𝜌0

(𝜔 − 𝑧0)2∕𝜌
, ∀ 𝜔 ∈ ℂ+,

where 𝜌 = 1 ifΦ ∈ U and 𝜌 = 𝑎Φ ifΦ ∈ L . From Proposition 3.27, we deduce
that 𝐹𝑧0 ∈ 𝐻Φ1(ℂ+) and ‖𝐹𝑧0‖

𝑙𝑢𝑥
𝐻Φ1

≤ 1.
Let 𝜔 = 𝑢 + 𝑖𝑣 ∈ 𝑄𝐼 . We have

|𝜔−𝑧0|2 = |(𝑢−𝑥0)+ 𝑖(𝑣 +𝑦0)|2 ≤ 𝑦20 +(2𝑦0+𝑦0)
2 = 10𝑦20 ⇒

1
10 ≤

𝑦20
|𝜔 − 𝑧0|2

.

Since the function 𝑡 ↦ Φ−11 (𝑡)

𝑡1∕𝜌
is non-increasing on ℝ∗

+, we have

Φ−1
1 ( 1

|𝐼|
) < Φ−1

1 ( 1𝑦0
) ≤ 𝜋1∕𝜌Φ−1

1 ( 1
𝜋𝑦0

) .
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We deduce that

Φ−1
1 ( 1

|𝐼|
) <

( 𝜋
10

)1∕𝜌
Φ−1
1 ( 1

𝜋𝑦0
)

𝑦2∕𝜌0

|𝜔 − 𝑧0|2∕𝜌
≤
( 𝜋
10

)1∕𝜌 |𝐹𝑧0(𝜔)|

‖𝐹𝑧0‖
𝑙𝑢𝑥
𝐻Φ1

.

Taking

𝜆 ∶= (10𝜋 )
1∕𝜌

Φ−1
1 ( 1

|𝐼|
) ,

it follows that
|𝐹𝑧0(𝜔)| > 𝜆‖𝐹𝑧0‖

𝑙𝑢𝑥
𝐻Φ1

, ∀ 𝜔 ∈ 𝑄𝐼 .

Therefore
𝑄𝐼 ⊂

{
𝑧 ∈ ℂ+ ∶ |𝐹𝑧0(𝑧)| > 𝜆‖𝐹𝑧0‖

𝑙𝑢𝑥
𝐻Φ1

}
.

Since inequality (2.10) is satisfied, we have

𝜇(𝑄𝐼) ≤ 𝜇
({
𝑧 ∈ ℂ+ ∶ |𝐹𝑧0(𝑧)| > 𝜆‖𝐹𝑧0‖

𝑙𝑢𝑥
𝐻Φ1

})
≤

𝐶1
Φ2(𝜆)

.

As

Φ2◦Φ−1
1 ( 1

|𝐼|
) = Φ2 (

( 𝜋
10

)1∕𝜌
𝜆) ≤ 𝐶2Φ2(𝜆).

We deduce that
𝜇(𝑄𝐼) ≤

𝐶3

Φ2◦Φ−1
1 ( 1

|𝐼|
)
.

□

Proof of Corollary 2.4. The proof of Corollary 2.4 follows from Theorem 2.3
and Proposition 4.1 for (𝑠 = 1). □

Proof of Theorem 2.5. The equivalence (𝑖) ⇔ (𝑖𝑖) is given by Theorem 4.4.
The implication (𝑖𝑖𝑖) ⇒ (𝑖𝑣) is obvious. To conclude, it is enough to prove that
(𝑖) ⇒ (𝑖𝑖𝑖) and (𝑖𝑣) ⇒ (𝑖).

(𝑖) ⇒ (𝑖𝑖𝑖): Let 0 ≢ 𝐹 ∈ 𝐴Φ1
𝛼 (ℂ+). By Proposition 3.26, there exists 𝛽 ∈

{0, 1∕3} such that

|𝐺(𝑧)| ≲
(
ℳ𝒟𝛽

𝑉𝛼

(
|𝐺|𝑎Φ1∕2

)
(𝑧)

)2∕𝑎Φ1 , ∀ 𝑧 ∈ ℂ+,

where 𝐺 ∶= |𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1𝛼

. Put

Ω̃3(𝑡) =
1

Φ2◦Φ−1
1

( 1
𝑡

) , ∀ 𝑡 > 0 and Ω̃3(0) = 0.
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From Lemma 3.10, we deduce that Ω̃3 ∈ U . Since 𝑡 ↦ Ω̃3(𝑡)
𝑡

is non-decreasing
on ℝ∗

+, it follows from Proposition 3.13 that for 𝜆 > 0, we have

|||𝐸𝜆|||𝛼 ≤
1

Φ1(𝜆)
⇒ Ω̃3

(|||𝐸𝜆|||𝛼
)
≤ Φ1(𝜆)Ω̃3 (

1
Φ1(𝜆)

) |||𝐸𝜆|||𝛼 ≲
Φ′
1(𝜆)

Φ′
2(𝜆)

|||𝐸𝜆|||𝛼 ,

where
𝐸𝜆 ∶= {𝑧 ∈ ℂ+ ∶

(
ℳ𝒟𝛽

𝑉𝛼

(
|𝐺|𝑎Φ1∕2

)
(𝑧)

)2∕𝑎Φ1 > 𝜆} .

Since 𝜇 is an (𝛼, Φ2◦Φ−1
1 )−Carleson measure, by Lemma 4.3, we deduce that

𝜇(𝐸𝜆) ≲ Ω̃3
(|||𝐸𝜆|||𝛼

)
≲
Φ′
1(𝜆)

Φ′
2(𝜆)

|||𝐸𝜆|||𝛼 , ∀ 𝜆 > 0.

Put
Φ𝑎(𝑡) = Φ1

(
𝑡2∕𝑎Φ1

)
, ∀ 𝑡 ≥ 0.

From Proposition 3.5, we deduce that Φ𝑎 ∈ U ∩ ∇2. We have

∫
ℂ+

Φ2

⎛
⎜
⎜
⎝

|𝐹(𝑧)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1
𝛼

⎞
⎟
⎟
⎠

𝑑𝜇(𝑧) ≲ ∫
ℂ+

Φ2 (
(
ℳ𝒟𝛽

𝑉𝛼

(
|𝐺|𝑎Φ1∕2

)
(𝑧)

)2∕𝑎Φ1) 𝑑𝜇(𝑧)

= ∫
∞

0
Φ′
2(𝜆)𝜇(𝐸𝜆)𝑑𝜆

≲ ∫
∞

0
Φ′
2(𝜆) (

Φ′
1(𝜆)

Φ′
2(𝜆)

|||𝐸𝜆|||𝛼) 𝑑𝜆

= ∫
ℂ+

Φ𝑎

(
ℳ𝒟𝛽

𝑉𝛼

(
|𝐺|𝑎Φ1∕2

)
(𝑧)

)
𝑑𝑉𝛼(𝑧)

≲ ∫
ℂ+

Φ𝑎

(
|𝐺|𝑎Φ1∕2

)
𝑑𝑉𝛼(𝑧) ≲ 1.

(𝑖𝑣) ⇒ (𝑖): Let 𝐼 be an interval of nonzero length and 𝑄𝐼 its Carleson square.
Fix 𝑧0 = 𝑥0 + 𝑖𝑦0 ∈ ℂ+ and we assume that 𝑥0 is the center of 𝐼 and |𝐼| = 2𝑦0.
Put

𝐺𝑧0(𝜔) = Φ−1
1 (

1
𝐶𝛼𝑦2+𝛼0

)
𝑦(4+2𝛼)∕𝜌0

(𝜔 − 𝑧0)(4+2𝛼)∕𝜌
, ∀ 𝜔 ∈ ℂ+,

where 𝜌 = 1 if Φ ∈ U and 𝜌 = 𝑎Φ if Φ ∈ L , and 𝐶𝛼 is the constant in (3.30).
From Proposition 3.27, we deduce that 𝐺𝑧0 ∈ 𝐴Φ1

𝛼 (ℂ+) and ‖𝐺𝑧0‖
𝑙𝑢𝑥
𝐴Φ1
𝛼
≤ 1.

For 𝜔 = 𝑢 + 𝑖𝑣 ∈ 𝑄𝐼 , we have

|𝜔−𝑧0|2 = |(𝑢−𝑥0)+ 𝑖(𝑣 +𝑦0)|2 ≤ 𝑦20 +(2𝑦0+𝑦0)
2 = 10𝑦20 ⇒

1
10 ≤

𝑦20
|𝜔 − 𝑧0|2

.
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Since the function 𝑡 ↦ Φ−11 (𝑡)

𝑡1∕𝜌
is non-increasing on ℝ∗

+, we have

Φ−1
1 ( 1

|𝐼|2+𝛼
) < Φ−1

1 (
1

𝑦2+𝛼0

) ≤ (𝐶𝛼)1∕𝜌Φ−1
1 (

1
𝐶𝛼𝑦2+𝛼0

) .

We deduce that

Φ−1
1 ( 1

|𝐼|2+𝛼
) < (

𝐶𝛼
10 )

1∕𝜌

Φ−1
1 (

1
𝐶𝛼𝑦2+𝛼0

)
𝑦(4+2𝛼)∕𝜌0

|𝜔 − 𝑧0|(4+2𝛼)∕𝜌
≤ (

𝐶𝛼
10 )

1∕𝜌 |𝐺𝑧0(𝜔)|

‖𝐺𝑧0‖
𝑙𝑢𝑥
𝐴Φ1
𝛼

.

Taking

𝜆 ∶= ( 10𝐶𝛼
)
1∕𝜌

Φ−1
1 ( 1

|𝐼|2+𝛼
) ,

it follows that
|𝐺𝑧0(𝜔)| > 𝜆‖𝐺𝑧0‖

𝑙𝑢𝑥
𝐴Φ1
𝛼
, ∀ 𝜔 ∈ 𝑄𝐼 .

Therefore
𝑄𝐼 ⊂ {𝑧 ∈ ℂ+ ∶ |𝐺𝑧0(𝑧)| > 𝜆‖𝐺𝑧0‖

𝑙𝑢𝑥
𝐴Φ1
𝛼
} .

Since inequality (2.14) is satisfied, we have

𝜇(𝑄𝐼) ≤ 𝜇 ({𝑧 ∈ ℂ+ ∶ |𝐺𝑧0(𝑧)| > 𝜆‖𝐺𝑧0‖
𝑙𝑢𝑥
𝐴Φ1
𝛼
}) ≤

𝐶1
Φ2(𝜆)

.

As

Φ2◦Φ−1
1 ( 1

|𝐼|2+𝛼
) = Φ2 ((

𝐶𝛼
10 )

1∕𝜌

𝜆) ≤ 𝐶2Φ2(𝜆).

We deduce that
𝜇(𝑄𝐼) ≤

𝐶3

Φ2◦Φ−1
1 ( 1

|𝐼|2+𝛼
)
.

□

Proof of Corollary 2.6. The proof of Corollary 2.6 follows from Theorem 2.5
and Proposition 4.1 for (𝑠 = 2 + 𝛼). □

The following result follows from Lemma 3.25 and Proposition 3.27. There-
fore, the proof will not be written.

Lemma 5.1. Let 𝛼, 𝛽 > −1, Φ1, Φ2 ∈ L ∪ U . There are constants 𝐶1 ∶=
𝐶𝛼,Φ1,Φ2 > 0and𝐶 ∶= 𝐶𝛼,𝛽,Φ1,Φ2 > 0 such that for all𝐹 ∈ ℳ

(
𝐻Φ1(ℂ+), 𝐴

Φ2
𝛼 (ℂ+)

)

and 𝐺 ∈ ℳ
(
𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)

)
,

|𝐹(𝑥 + 𝑖𝑦)| ≤ 𝐶1
Φ−1
2 ( 1

𝑦2+𝛼
)

Φ−1
1 ( 1

𝑦
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+ (5.2)
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and

|𝐺(𝑥 + 𝑖𝑦)| ≤ 𝐶2
Φ−1
2 ( 1

𝑦2+𝛽
)

Φ−1
1 ( 1

𝑦2+𝛼
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+. (5.3)

Proof of Theorem 2.7. The inclusion ofℳ(𝐻Φ1(ℂ+), 𝐴
Φ2
𝛼 (ℂ+)) in𝐻∞

𝜔 (ℂ+) fol-
lows from Lemma 5.1.
Conversely, fix 0 ≢ 𝐺 ∈ 𝐻∞

𝜔 (ℂ+) and let 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ+. Since Φ2 ∈ L̃ ∪ Ũ ,
by Lemma 3.11, we have

Φ2(𝜔(𝑦)) = Φ2

⎛
⎜
⎜
⎝

Φ−1
2 ( 1

𝑦2+𝛼
)

Φ−1
1 ( 1

𝑦
)

⎞
⎟
⎟
⎠

≲
Φ2 (Φ−1

2 ( 1
𝑦2+𝛼

))

Φ2 (Φ−1
1 ( 1

𝑦
))

= 1

𝑦2+𝛼Φ2◦Φ−1
1 ( 1

𝑦
)
.

We deduce that

Φ2 (
|𝐺(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔

) ≲ Φ2(𝜔(𝑦)) ≲
1

𝑦2+𝛼Φ2◦Φ−1
1 ( 1

𝑦
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

Put

𝑑𝜇(𝑥 + 𝑖𝑦) =
𝑑𝑥𝑑𝑦

𝑦2Φ2◦Φ−1
1 ( 1

𝑦
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

Since Φ2◦Φ−1
1 ∈ ∇2, from Proposition 4.2, we deduce that 𝜇 is a measure

Φ2◦Φ−1
1 −Carleson.

Let 0 ≢ 𝐹 ∈ 𝐻Φ1(ℂ+). By Theorem 2.3, we have

𝐿 ∶= ∫
ℂ+

Φ2
⎛
⎜
⎝

|𝐺(𝑥 + 𝑖𝑦)𝐹(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑑𝑉𝛼(𝑥 + 𝑖𝑦)

≲ ∫
ℂ+

Φ2 (
|𝐺(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔

)Φ2
⎛
⎜
⎝

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑦𝛼𝑑𝑥𝑑𝑦

≲ ∫
ℂ+

Φ2
⎛
⎜
⎝

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥

𝐻Φ1

⎞
⎟
⎠
𝑑𝜇(𝑥 + 𝑖𝑦)

≲ 1.

We deduce that 𝐺 ∈ ℳ(𝐻Φ1(ℂ+), 𝐴
Φ2
𝛼 (ℂ+)). □

Proof of Theorem 2.8. The inclusion ofℳ(𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)) in𝐻∞

𝜔 (ℂ+) fol-
lows from Lemma 5.1. Conversely, fix 0 ≢ 𝐺 ∈ 𝐻∞

𝜔 (ℂ+) and let 𝑧 = 𝑥 + 𝑖𝑦 ∈
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ℂ+. Since Φ2 ∈ L̃ ∪ Ũ , by Lemma 3.11, we have

Φ2(𝜔(𝑦)) = Φ2

⎛
⎜
⎜
⎝

Φ−1
2 ( 1

𝑦2+𝛽
)

Φ−1
1 ( 1

𝑦2+𝛼
)

⎞
⎟
⎟
⎠

≲
Φ2 (Φ−1

2 ( 1
𝑦2+𝛽

))

Φ2 (Φ−1
1 ( 1

𝑦2+𝛼
))

= 1

𝑦2+𝛽Φ2◦Φ−1
1 ( 1

𝑦2+𝛼
)
.

We deduce that

Φ2 (
|𝐺(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔

) ≲ Φ2(𝜔(𝑦)) ≲
1

𝑦2+𝛽Φ2◦Φ−1
1 ( 1

𝑦2+𝛼
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

Put
𝑑𝜇(𝑥 + 𝑖𝑦) =

𝑑𝑥𝑑𝑦

𝑦2Φ2◦Φ−1
1 ( 1

𝑦2+𝛼
)
, ∀ 𝑥 + 𝑖𝑦 ∈ ℂ+.

By Proposition 4.2, 𝜇 is a (𝛼, Φ2◦Φ−1
1 )−Carleson measure. By Theorem 2.5, we

have

𝐿 ∶= ∫
ℂ+

Φ2

⎛
⎜
⎜
⎝

|𝐺(𝑥 + 𝑖𝑦)𝐹(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1
𝛼

⎞
⎟
⎟
⎠

𝑑𝑉𝛽(𝑥 + 𝑖𝑦)

≲ ∫
ℂ+

Φ2 (
|𝐺(𝑥 + 𝑖𝑦)|
‖𝐺‖𝐻∞

𝜔

)Φ2

⎛
⎜
⎜
⎝

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1
𝛼

⎞
⎟
⎟
⎠

𝑦𝛽𝑑𝑥𝑑𝑦

≲ ∫
ℂ+

Φ2

⎛
⎜
⎜
⎝

|𝐹(𝑥 + 𝑖𝑦)|
‖𝐹‖𝑙𝑢𝑥

𝐴Φ1
𝛼

⎞
⎟
⎟
⎠

𝑑𝜇(𝑥 + 𝑖𝑦)

≲ 1.

We deduce that 𝐺 ∈ ℳ(𝐴Φ1
𝛼 (ℂ+), 𝐴

Φ2
𝛽 (ℂ+)). □
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