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A note on weaving fusion frames

Animesh Bhandari

ABSTRACT. Fusion frames are widely studied for their applications in recov-
ering signals from large data. These are proved to be very useful in many
areas, such as, distributed processing, wireless sensor networks, packet en-
coding. Inspired by the work of Bemrose et al.[12], this paper delves into the
properties and characterizations of weaving fusion frames.
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1. Introduction

The concept of Hilbert space frames was first introduced by Duffin and Scha-
effer [1] in 1952. After several decades, in 1986, the importance of frame the-
ory was popularized by work as in the groundbreaking work by Daubechies,
Grossman and Meyer [2]. Since then frame theory has been widely used by
mathematicians and engineers in various fields of mathematics and engineer-
ing, namely, operator theory [3], harmonic analysis [4], wavelet analysis [5],
signal processing [6], image processing [7], sensor network [8], data analysis
[9], Retro Banach Frame [10], etc.

Frame theory literature became richer through several generalizations-fusion
frame (frames of subspaces) [13, 15] , G-frame (generalized frames) [16], K-
frame (atomic systems) [17], K-fusion frame (atomic subspaces) [18], etc. and
these generalizations have been proved to be useful in various applications.

Classical frames have been instrumental in signal processing and functional
analysis, providing a stable and redundant way to represent signals. However,
they face significant limitations in distributed processing, particularly when it
comes to projecting signals onto multidimensional subspaces. This limitation
is crucial in applications like wireless sensor networks, where data is collected
and processed across multiple sensors, and in packet encoding, where robust-
ness and redundancy are essential. To address these challenges, fusion frames
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were introduced, extending the concept of frames to collections of subspaces
with associated weights.

Fusion frames have proven to be highly effective in distributed processing,
enabling more flexible and stable signal representations across multiple sub-
spaces. This has made them particularly valuable in practical applications like
wireless sensor networks, distributed signal processing, and error-resilient data
transmission in packet encoding.

Beyond these practical uses, fusion frames have also emerged as a powerful
tool in theoretical research. They play a significant role in the solution of the
Kadison-Singer problem, a long-standing question in operator theory, and in
optimal subspace packing, which is important for coding theory and commu-
nications. The rapid development of fusion frame theory over the years has led
to a wide range of applications and a deeper understanding of their mathemat-
ical properties.

In this paper, we explore the various properties and characterizations of weav-
ing fusion frames, a concept that extends traditional fusion frames by allowing
the interweaving of subspaces. We delve into their structural aspects and pro-
vide theoretical insights into their stability and robustness.

Throughout this paper, 7 will be a separable Hilbert space. We denote by
L(H,H,) the space of all bounded linear operators from ¥ into #(,, and we
use L(H) for L(H,F(). For T € L(H), we denote D(T), N(T) and R(T) for
domain, null space and range of T, respectively. For a collection of closed sub-
spaces W; of / and scalars w;, i € I, the weighted collection of closed subspaces
{(W;, w;)}ie is denoted by W,,. We consider I to be countable index set, J is the
identity operator and P+, is the orthogonal projection onto V.

2. Preliminaries

Before diving into the main sections, throughout this section we recall basic
definitions and results needed in this paper. For detailed discussion regarding
frames and its applications we refer [9, 19].

2.1. Frame. A collection {f;};c; in # is called a frame if there exist constants
A, B > 0such that

AllfIP < 2 U1 < BIFIP €Y)
iel

for all f € JH. The numbers A, B are called frame bounds. The supremum
over all A’s and infimum over all B’s satisfying above inequality are called the
optimal frame bounds. If a collection satisfies only the right inequality in (1), it

is called a Bessel sequence.
Given a frame {f;};c; for F(, the pre-frame operator or synthesis operator is a
bounded linear operator T : [*(I) — J( and is defined by T{c;};,c; = D, ¢ifi.

iel

The adjoint of T, T* : J — I2(I), given by T*f = {f, fi)}ics» is called the
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analysis operator. The frame operator, S = TT* : H — H, is defined by
Sf=TT*f = Y (f, [)f:
iel
It is well-known that the frame operator is bounded, positive, self adjoint and
invertible.

2.2. Fusionframe. Consider aweighted collection of closed subspaces, W,, =
{(W;, w)}ier, of F. Then W, is said to be a fusion frame for J¢, if there exist
constants 0 < A < B < oo satisfying

AlIfIP < 2 wiliPaw, fII* < BIFIP (2
iel
where Py, is the orthogonal projection from F onto W;. The constants A and
B are called fusion frame bounds. A collection of closed subspaces, satisfying
only the right inequality in (2), is called a fusion Bessel sequence.

For a family of closed subspaces, {W;};;, of J(, the associated I? space is
defined by

(Z@ Wi) = g{fi}iel L fi € WL DS IfilP < o0
2

iel iel
with the inner product

{fibier {gi}iel><
LDw iel

iel

) = Z(f i» 8i) %
i 2
and the norm is

> ew iel

iel

||{fi}ief||z ) =2 IIfill

It is easy to see that (Z &b Wl-) is a Hilbert space. In this context the corre-
iel 2
sponding dense inclusion is defined as
- (Dw)
iel 100
= {{fiher € (Wiker © f; = 0 for all but finitely many i}}
. (z D wi> _ 2,
iel 2
For the analogous dense inclusion we have

= (Z @m)lm c (z @ﬂ,.)lz o

iel iel
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Let W, be a fusion frame. Then the associated synthesis operator, Ty :
D(Ty) C L3, — H is defined as Typ({f}icr) = 2 wiPyw, f; , where

i€l

D(Tw) ={filier € £3, 1 D, w?Pyy f; convergent}.
iel
Since Lg? C D(T,p) and it is dense in £2_, hence the synthesis operator is
densely defined.
On the other hand for every f € H and {f;}ic; € 1];( we obtain,

(Tl Wihendss, = Twlfheddae = (£ 5 0iPwf1)
= TS wibw i
= §<wipwif,fi>
= b e e

and hence the adjoint of synthesis operator, T}, : D(T},) C H — Lif is de-
fined as T7,(f) = {v;Pw,(f)}ier, which is known as analysis operator, where
D(T3,) ={f € 3 : {wPy,flicr € Lif}. It is well-known that (see [13]) the
synthesis operator T, of a fusion frame is bounded, linear and onto, whereas
the corresponding analysis operator T?,, is (possibly into) an isomorphism. If
we consider the composition of synthesis and analysis operator we obtain the
corresponding fusion frame operator which is defined as Sy, (f) = Ty T}, (f)

=y wl-sz,. (f). Sy isbounded, positive, self adjoint and invertible. Thus every
i€l
f € It can be expressed by its fusion frame measurements {w; Py, f }ics as

f =2 uS3 WPw, ). (3)
iel
2.3. Weaving fusion frames. Let V, = {(V;, ;)}ie; and Wy, = {(W;, w;)}ier
be two fusion frames for . Then they are called weaving fusion frames for
if for every o C I and every f € H there exist finite positive constants A < B
so that {(V;, U))}ico U {(W;, w;)}ieoe is a fusion frame for ¢ with the universal
bounds A < B, i.e. the following inequality is satisfied:

AlIfIP < DS 03IPy fII? + D) w?(|Py, fI1? < BIIfII. )
ieoc ieog¢

Example 2.1. Let us consider an orthonormal basis {e,}>’ | for J{. Suppose for

every n, V,, = span{e,} and W, = spanie,,e,,,}. Since for every f € H and
o C{1,2,---}we have,
IFIZ < 20 11Pw, I+ 25 1Pw, 112 < 2IIf11%
neo neo¢

Therefore, {(V,,, D} | and {(W,, )} | are weaving fusion frames for .
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In the following example we discuss a non-example of weaving fusion frames.

Example 2.2. Let us consider an orthonormal basis {e,}>’ | for J{. Suppose for
every n, V,, = span{e,} and W; = spanie,}, W, = span{e;} and W,, = spanie,}
forn > 3. Since foroc = {2} C {1,2, ---} we have,

2 IPw.ell+ 3 [IPy,el* =0

neo neo¢

Thus, {(V,, D}, and {(W,, )}, are not weaving fusion frames for J(.

Remark 2.3. For weaving fusion frames we can define the associated weaving
synthesis, analysis and weaving fusion frame operators analogous to the section
2.2

For detailed discussion regarding weaving fusion frames we refer [11].

3. Main results
In this section we discuss various characterizations of weaving fusion frames.

Theorem 3.1. Let V, = {(V;, 0;)}ier and Wy, = {(W;, w;)}ier be two families of
weighted closed subspaces of J{. Suppose {f;};c;, and {g;;};c;, are frames for V;
and W; with bounds A;, B; and C;, D; respectively for everyi € I. If0 < A =
infA; <supB; =B < oand0 < C =infC; < supD; = D < . Then the
iel il iel iel
following are equivalent:

(D {(V;, v)}ier and {(W;, w;)}ier are weaving fusion frames for J.

) {Uifij}iel,jefi and {wigij}iel,jeji are weaving frames for J(.
Proof. Let us suppose a = min(A, C) and § = max(B, D).

(1 = 2) Since {fjj}je;, and {g;;};e;, are frames for V; and W; respectively
with the respective bounds, then for every f € J and every o C I we have,

aQ Py IR+ 3 wiliPw f1D)
ieoc ieo¢
< A O|IPy fI2 +C Y] wilIPuw, fIP
ieo ieg¢
2 2 2 2
DIVZAIPy fIP + D) wCil[Pyy, £l
i€eoc ieogt
Z Ui2 Z |<PVif’fij>|2 + Z wlz Z |<PWifagij>|2

iec  jel; iec  jel;

= Z Z [Kfsvifipd? + Z Z IKf, wigij)I?

i€o jel; ieo jel;
D V2Bi|IPy, fI + D) w2Dy||Py, f11?
ieo ieoc

B Y V2||Py, fIP + D Y w?||Py, fI1?

ieo ieo¢

IA

IA

IA

IA



A NOTE ON WEAVING FUSION FRAMES 59

< B(Z vIPy fIP+ )] wfIIPwifHZ).

ieo iec¢
Thusif{(V;, v;))}ier and {(W;, w;)};er are weaving fusion frames for /¢ with bounds
Aypyw < By, then for every f € J and every o C I we have,

aAyw|lfII* < Z Z IKfuifip) + Z Z I(f> wifij)|> < BByyw.
ico jel; i€ot jel;

Therefore, {v; f;j}ier, jes, and {w;g;;}ier, jej, are weaving frames for J¢.

(2 = 1) Conversely, if {v; f}}icr, jes, and {w;g; j}ier,jes, are weaving frames for
H with bounds A,,, < B, then for every f € J and every o C I we have,

A B
2 < 2O IPYfIP + 2 willPyw, S < =2

ieo ieoc

Consequently, {(V;, v;)}ier and {(W;, w;)}ier are weaving fusion frames for F.
U

We characterize weaving fusion frames by means of the associated weaving
fusion frame operator.

Lemma 3.2. Let {(V;,v;)}ier and {(W;, w;)}ier be two fusion frames for J with
bounds A < B and C < D respectively. Then the following are equivalent:
(D {(V;,v)}icr and {(W;, w;)}icr are weaving fusion frames for J.
(2) Forevery o C I, suppose Syyy_ is the corresponding weaving fusion frame
operator, then for every f € J there exist « > 0 independent of o, we

have ||Syyw_f1| = ol fl-

Proof. (1 = 2)If{(V;, v;)}ic; and {(W;, w;)};cr are weaving fusion frames for
JH with the universal bounds o < 3, then for every o C I and every f € H we
have,
allfIP < ) OFlIPyfIP + 25 willPw, fI> < BIFIP (5)
[1Sleg ieo¢
Suppose Sy, is the fusion frame operator for the associated weaving, then
using inequality (5) we have, a||f||* < (Syw,_f, f) < BIIfII*

Thus, Sy, 1= 50 Ky S8 2 (Svwf777) 2 @l
g =

(2 = 1) Applying Remark (2.3), let us suppose for every o C I, Ty, and

T3, be the associated weaving synthesis and analysis operators respectively.
Then for every f € J( we have,
I < ISvw, fI? = ITvw, Ty fIP < Ty, IPITY,,, fII* and hence
we obtain,
a2
g v7||Py, fII* + EZ w7 [[Pyy, 112 = 1T fI* 2 ——IIfI1*.
leo ieoc¢

On the other hand the universal upper bound for the corresponding weaving
will be obtained from the [Proposition 3.1, [12]]. O
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Proposition 3.3. Let V, = {(V;,v))}ie; and W,, = {(W;, w;)}ic; be two weighted
sequences of closed subspaces of J(. Then the following are equivalent:

(1) V, and W, are weaving fusion Bessel sequences for .
(2) For every o C I, the corresponding weaving synthesis operator Tyyy_

£y = (Z Dv.+ 2 P Wi) — J is bounded.
12

ieo ieo¢
(3) For every o C I, the associated weaving analysis operator TT?WG T H -
2 .
Ly is bounded.

(4) Foreveryo C I, the corresponding weaving fusion frame operator Syyy_
H — I is bounded.

Proof. (1 = 2) Let us suppose V, and W,, are weaving fusion Bessel se-

quences for # with bound By,,. Then for every o C I and every f € H

we have, 3, 07[IPy,fI* + 2 willPyw,fI* < BywllfI* Thus for any {f}ic, U
ieo ieg¢

{g}icoc € £3,,, We obtain,

Z viPy fi+ Z w;Py, gl = sup <Z viPy fi+ Z wiPW,-gi’g>
ieo ieog* llgll=1] ‘ieg i€eo*
= sup <Z UiPVifi,g> + <Z wiPWigi,g>
ligll=1] ‘o ieoe
= sup Z vi(fi, Py,g) + Z w;(gi, Pw,&)
ligll=1 |ieo ieo¢
2
< sup (Z Ui2||PVig”2||fi||2>
llgll=1 \jeo

2
+ sup (Z wf||PW,.g||2||g,~||2)

llgll=1 \iege

IA

sup (Z vfaniguZ) (Z ||fi||2)

llgll=1 \iec ieo

1 1
> >
+ sup (Z wizllpwigllz) (Z IIgiHZ)

llgll=1 \jege ieoc

2/ Bywllfl-

IA

Therefore, Ty, is bounded.

Analogously (2 = 3)and (3 = 4) will be satisfied.
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(4 = 1) Suppose Sy, is bounded by the bound By, then for o C I and
every f € J we have,

2Py I+ 2 wilPw fIP = (Svw, £ ) < 1ISvaw, SIS
ieo iec¢
< BywllfI*
Hence V, and W, are weaving fusion Bessel sequences. (|

Theorem 3.4. Let V, = {(V;,))}ier and W,, = {(W;, w;)};er be two weighted
sequences of closed subspaces of J(. Then the following are equivalent:

(1) V, and W,, are weaving fusion frames for J(.
(2) For every o C I, the corresponding weaving synthesis operator Tyyy_

£, = (Z Dvi+ XD Wi) — J( is bounded, surjective operator.
iec iecc 2
(3) For every o C I, the associated weaving analysis operator T*{;WU TH >
Léw is bounded, injective operator and has closed range.

Proof. The proof follows easily from [15]. O

Lemma 3.5. For every o C I, let us consider the associated Hilbert direct sum

<Z BVv.+ D P W,-) of the closed subspaces {V;};c; and {W;};c;. Suppose
12

ieo ieo¢

U; CVyand X; C W, foreveryi € I. Then

(LOu-L @) -(z@u L)

ieo iec¢ i€eo iec¢
Proof. The proof follows from [20]. O

Theorem 3.6. Let V, = {(V;, 0;)}ic; and W,, = {(W;, w;)}icr be weaving fusion
frames for F with the universal bounds A < B. Suppose R is a bounded, invert-
ible operator on H. Then RV, = {(RV;,v;)}ic; and RW,, = {(RW;, w;)};cr are

weaving fusion frames for J with the bounds m and B||R7Y||?|IR||*. Fur-

thermore, the associated weaving fusion frame operators satisfies the following
inequality:
RSywR*
[IRI?

Proof. Since image of a closed set under an invertible operator is closed, then
forevery i € I, RV; and RW,; are closed.
Therefore, for every o C I and every f € J we have,
(Srvrwf.f) = 20 IPrnfIP + 2 wilIPrw, S
ieo ieo¢

= Z U2||Pry, (R Py R*f|* + Z w?||Pryy,(R71)*Pyy R* f||?

ieo ieo¢

< Sgvrw < |[R7HPRSpwR*.
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IA

IR~ (Z V[Py R fI2 + D) wfIIPwiR*sz)

i€o iec¢
IR7*(SywR* f,R*f)
= |[R7Y*RSywR*f, f).

Again for a bounded linear operator Q we have, f € (QV)*+ = (QV)! ifand
only if Q* f € V. Thus for every f € J{ we obtain,

PyQ*f = PyQ Py f + PyQ*Povy f = PyQ*Pgyf. (6)

Therefore, for every o C I, every f € J and applying equation 6 we have,

RSVWR* 1 2 * 2 2 * 2
(FHRIES7) = o (DR IR+ 3 whipw R S|
ieo ieo¢

1
= (Z V2||Py, R Py fIP + ), wi2||PWiR*PRWif||2>

||R||2 ieoc ieog¢
< D IRy fIP + D) w?Prag, £
ieoc ieog¢
= <SRVRWf’f>-

Thus we obtain,

RSywR*

E < Sgvrw < |IR7YPRSywR*.

Furthermore, for every f € J we have, ||f|| < ||[R7|||IR*f]I-
Consequently, for every o C I and every f € JH we obtain,

A A 1
Wllfll2 < WIIR*J‘II2 < IR (SywR*f,R*f)
< Sywfi )
< RTYHRSywR*f, f)
< BIRTYPIRIPIAN
This completes the proof. O

Let us define weaving fusion Riesz bases analogous to fusion Riesz basis [13,
14].

Suppose V, = {(V;,0;)}icr and W, = {(W;,w;)}icr be two weighted se-
quences of closed subspaces of /. Then they are said to be weaving fusion
Riesz bases if for every o C I and every {f;}ico U{gi}ticoc € L??w there are finite
positive constants Ay < By such that
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Ay (Z Il + 2 ||gi||2) <

ieo ieo¢

Zvifi + Z w;g;

ieo ieo¢

< By (Z Ifill2+ 2 ||gl-||2)- (7)

ieo ieo¢

Furthermore, {V;}ics U {W;}ico. is called an orthonormal weaving fusion basis
inHifJye = 3, Py + ), Py, and V; L V;, W; L W, for every i # j.
lec ieoc¢
We characterize weaving fusion Riesz bases using weaving fusion frame syn-
thesis and analysis operators, establishing their structural properties. This char-
acterization leads to the fact that every weaving fusion Riesz basis is also a weav-
ing fusion frame, underscoring their dual role in the frame theory.

Theorem 3.7. V, = {(V;,0;)}ic; and W, = {(W;, w;)};cr be two weighted se-
quences of closed subspaces of H. Then the following are equivalent:

(1) V,and W, are weaving fusion Riesz bases in (.
(2) For every g C I, the corresponding weaving synthesis operator Ty

£, = (Z DV,+ Y PW;| — K isbounded with R(Tyy) = H
ieo ieo¢ 2
and N(Tyy) = (£3,,,)".
3) F(;r ev?ry o Cl, th‘e associated wea;)ing analysis operator TY,,,, : H —
L%,y is bounded with R(T7,,,)) = £7,,,, and N(T7,,,)) = {0}.
Proof. Applying Lemma 3.5, for every o C I the orthogonal complement
(£3,,,)* in £2_ is given by EZ;GB v+ iezc';c D Wll) . Moreover, we have
12
Tyw = TywP 2 Thus the condition in (2) is equivalent to the fact that
Tywie2 is bounded, bijective operator and the condition in (3) is equivalent

to the fact that T*vw is also bounded, bijective operator.

Furthermore, since R(T7,,,,) C L)éw, then we have (TVWIL%,W)* =T}

(1 = 2)Let V, and W, are weaving fusion Riesz bases in (. Then from the
right inequality of the inequality 7 we have, Ty and T7,,,, are bounded.

If possible Ty, 22, isnot surjective, then there exists 0 # f € R(Tyyy 2, W)l
with f L (Vieo U Wieoe) for every o C I. Again since {V;}ico U {Wi}icoe is
complete, then there exists a sequence {h,}? | € span({Vi}ic; U {W;}icoe) SO
that we have,

0 = 1lim [If = hyll = 1im (IF1P = (s ) = s ) + 1]
= 2JfI? >0,

which is a contradiction. Thus Ty ;2 is surjective.
vw
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Applying Theorem 3.4, for every o C I, {(V;, V)}ico U {(W;, w;)}ieoe is a fu-

sion frame and hence | D] v;f; + Y, w;g; | converges unconditionally, where
ieo iec¢
{fitico U{gilicoe € L%;W-
Furthermore, from the left inequality of the inequality 7 it is easy to see
that Ty 000 is injective. Since Tyyp is bounded, LY, is dense in £, and

(Z vifi+ 2 wl-gl-> is unconditionally convergent, then the left inequality of
iec iec¢

the inequality 7 will hold for every {f;}ico U {8i}icoc € £%7W, for every o C I.
Therefore, Ty, 2 is injective and hence Ty 2 is bijective.

(2 = 1) Let Tyyy, 2 is bijective operator. Then the inequality 7 will hold

for every {f }ico U {8i}icoc € £3,,,, foreveryo C I.

If possible for every o C I, {V;}icoc U{W;}icoc is not complete, then there exists
0 # f € Fsothat f L span({Vi}ics U {W,}iese). Therefore, T3, f = 0, which
is a contradiction. Hence V, and W,, are weaving fusion Riesz bases.

Finally, applying Theorem 3.4, we have every weaving fusion Riesz basis is

also weaving fusion frame. Therefore, Ty T7,,,, and T, Ty have the same

non-zero spectrum. Thus weaving fusion frames and weaving fusion Riesz
bases have same bounds.

(2 <= 3) This will hold for a bounded bijective operator and its Hilbert adjoint
(see [21]). O
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