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A note on weaving fusion frames

Animesh Bhandari

Abstract. Fusion frames are widely studied for their applications in recov-
ering signals from large data. These are proved to be very useful in many
areas, such as, distributed processing, wireless sensor networks, packet en-
coding. Inspired by the work of Bemrose et al.[12], this paper delves into the
properties and characterizations of weaving fusion frames.
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1. Introduction
The concept of Hilbert space frames was first introduced byDuffin and Scha-

effer [1] in 1952. After several decades, in 1986, the importance of frame the-
ory was popularized by work as in the groundbreaking work by Daubechies,
Grossman and Meyer [2]. Since then frame theory has been widely used by
mathematicians and engineers in various fields of mathematics and engineer-
ing, namely, operator theory [3], harmonic analysis [4], wavelet analysis [5],
signal processing [6], image processing [7], sensor network [8], data analysis
[9], Retro Banach Frame [10], etc.
Frame theory literature became richer through several generalizations-fusion

frame (frames of subspaces) [13, 15] , 𝐺-frame (generalized frames) [16], 𝐾-
frame (atomic systems) [17], 𝐾-fusion frame (atomic subspaces) [18], etc. and
these generalizations have been proved to be useful in various applications.
Classical frames have been instrumental in signal processing and functional

analysis, providing a stable and redundant way to represent signals. However,
they face significant limitations in distributed processing, particularly when it
comes to projecting signals onto multidimensional subspaces. This limitation
is crucial in applications like wireless sensor networks, where data is collected
and processed across multiple sensors, and in packet encoding, where robust-
ness and redundancy are essential. To address these challenges, fusion frames
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were introduced, extending the concept of frames to collections of subspaces
with associated weights.
Fusion frames have proven to be highly effective in distributed processing,

enabling more flexible and stable signal representations across multiple sub-
spaces. This has made them particularly valuable in practical applications like
wireless sensor networks, distributed signal processing, and error-resilient data
transmission in packet encoding.
Beyond these practical uses, fusion frames have also emerged as a powerful

tool in theoretical research. They play a significant role in the solution of the
Kadison-Singer problem, a long-standing question in operator theory, and in
optimal subspace packing, which is important for coding theory and commu-
nications. The rapid development of fusion frame theory over the years has led
to a wide range of applications and a deeper understanding of their mathemat-
ical properties.
In this paper, we explore the various properties and characterizations ofweav-

ing fusion frames, a concept that extends traditional fusion frames by allowing
the interweaving of subspaces. We delve into their structural aspects and pro-
vide theoretical insights into their stability and robustness.
Throughout this paper, ℋ will be a separable Hilbert space. We denote by

ℒ(ℋ1,ℋ2) the space of all bounded linear operators fromℋ1 intoℋ2, and we
use ℒ(ℋ) for ℒ(ℋ,ℋ). For 𝑇 ∈ ℒ(ℋ), we denote 𝐷(𝑇),𝑁(𝑇) and 𝑅(𝑇) for
domain, null space and range of 𝑇, respectively. For a collection of closed sub-
spaces𝒲𝑖 ofℋ and scalars𝑤𝑖, 𝑖 ∈ 𝐼, theweighted collection of closed subspaces
{(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 is denoted by𝒲𝑤. We consider 𝐼 to be countable index set, ℐ is the
identity operator and 𝑃𝒱 is the orthogonal projection onto 𝒱 .

2. Preliminaries
Before diving into the main sections, throughout this section we recall basic

definitions and results needed in this paper. For detailed discussion regarding
frames and its applications we refer [9, 19].

2.1. Frame. A collection {𝑓𝑖}𝑖∈𝐼 inℋ is called a frame if there exist constants
𝐴, 𝐵 > 0 such that

𝐴‖𝑓‖2 ≤
∑

𝑖∈𝐼
|⟨𝑓, 𝑓𝑖⟩|2 ≤ 𝐵‖𝑓‖2, (1)

for all 𝑓 ∈ ℋ. The numbers 𝐴, 𝐵 are called frame bounds. The supremum
over all 𝐴’s and infimum over all 𝐵’s satisfying above inequality are called the
optimal frame bounds. If a collection satisfies only the right inequality in (1), it
is called a Bessel sequence.
Given a frame {𝑓𝑖}𝑖∈𝐼 forℋ, the pre-frame operator or synthesis operator is a

bounded linear operator 𝑇 ∶ 𝑙2(𝐼) → ℋ and is defined by 𝑇{𝑐𝑖}𝑖∈𝐼 =
∑
𝑖∈𝐼

𝑐𝑖𝑓𝑖.

The adjoint of 𝑇, 𝑇∗ ∶ ℋ → 𝑙2(𝐼), given by 𝑇∗𝑓 = {⟨𝑓, 𝑓𝑖⟩}𝑖∈𝐼 , is called the
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analysis operator. The frame operator, 𝑆 = 𝑇𝑇∗ ∶ ℋ → ℋ, is defined by

𝑆𝑓 = 𝑇𝑇∗𝑓 =
∑

𝑖∈𝐼
⟨𝑓, 𝑓𝑖⟩𝑓𝑖.

It is well-known that the frame operator is bounded, positive, self adjoint and
invertible.

2.2. Fusion frame. Consider aweighted collection of closed subspaces,𝒲𝑤 =
{(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 , ofℋ. Then𝒲𝑤 is said to be a fusion frame forℋ, if there exist
constants 0 < 𝐴 ≤ 𝐵 < ∞ satisfying

𝐴‖𝑓‖2 ≤
∑

𝑖∈𝐼
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 ≤ 𝐵‖𝑓‖2, (2)

where 𝑃𝒲𝑖 is the orthogonal projection fromℋ onto𝒲𝑖. The constants 𝐴 and
𝐵 are called fusion frame bounds. A collection of closed subspaces, satisfying
only the right inequality in (2), is called a fusion Bessel sequence.
For a family of closed subspaces, {𝒲𝑖}𝑖∈𝐼 , of ℋ, the associated 𝑙2 space is

defined by

(
∑

𝑖∈𝐼

⨁
𝒲𝑖)

𝑙2
= {{𝑓𝑖}𝑖∈𝐼 ∶ 𝑓𝑖 ∈ 𝒲𝑖,

∑

𝑖∈𝐼
‖𝑓𝑖‖2 < ∞}

with the inner product

⟨{𝑓𝑖}𝑖∈𝐼 , {𝑔𝑖}𝑖∈𝐼⟩
(
∑
𝑖∈𝐼

⨁𝒲𝑖)
𝑙2

=
∑

𝑖∈𝐼
⟨𝑓𝑖, 𝑔𝑖⟩ℋ

and the norm is
‖{𝑓𝑖}𝑖∈𝐼‖2

(
∑
𝑖∈𝐼

⨁𝒲𝑖)
𝑙2

=
∑

𝑖∈𝐼
‖𝑓𝑖‖2.

It is easy to see that (
∑
𝑖∈𝐼

⨁𝒲𝑖)
𝑙2
is a Hilbert space. In this context the corre-

sponding dense inclusion is defined as

ℒ00
𝒲 = (

∑

𝑖∈𝐼

⨁
𝒲𝑖)

𝑙00

=
{
{𝑓𝑖}𝑖∈𝐼 ∈ {𝒲𝑖}𝑖∈𝐼 ∶ 𝑓𝑖 = 0 for all but finitely many 𝑖}

}

⊆ (
∑

𝑖∈𝐼

⨁
𝒲𝑖)

𝑙2
= ℒ2

𝒲 .

For the analogous dense inclusion we have

ℒ00
ℋ = (

∑

𝑖∈𝐼

⨁
ℋ𝑖)

𝑙00
⊆ (

∑

𝑖∈𝐼

⨁
ℋ𝑖)

𝑙2
= ℒ2

ℋ .
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Let 𝒲𝑤 be a fusion frame. Then the associated synthesis operator, 𝑇𝒲 ∶
𝐷(𝑇𝒲) ⊆ ℒ2

ℋ →ℋ is defined as 𝑇𝒲({𝑓𝑖}𝑖∈𝐼) =
∑
𝑖∈𝐼

𝑤𝑖𝑃𝒲𝑖𝑓𝑖 , where

𝐷(𝑇𝒲) = {{𝑓𝑖}𝑖∈𝐼 ∈ ℒ2
ℋ ∶

∑

𝑖∈𝐼
𝑤2
𝑖 𝑃𝒲𝑖𝑓𝑖 convergent} .

Since ℒ00
ℋ ⊂ 𝐷(𝑇𝒲) and it is dense in ℒ2

ℋ , hence the synthesis operator is
densely defined.
On the other hand for every 𝑓 ∈ ℋ and {𝑓𝑖}𝑖∈𝐼 ∈ ℒ2

ℋ we obtain,

⟨𝑇∗𝒲𝑓, {𝑓𝑖}𝑖∈𝐼⟩ℒ2
ℋ
= ⟨𝑓, 𝑇𝒲({𝑓𝑖}𝑖∈𝐼)⟩ℋ =

⟨
𝑓,
∑

𝑖∈𝐼
𝑤𝑖𝑃𝒲𝑖𝑓𝑖

⟩

ℋ

=
∑

𝑖∈𝐼
⟨𝑓, 𝑤𝑖𝑃𝒲𝑖𝑓𝑖⟩

=
∑

𝑖∈𝐼
⟨𝑤𝑖𝑃𝒲𝑖𝑓, 𝑓𝑖⟩

= ⟨{𝑤𝑖𝑃𝒲𝑖𝑓}𝑖∈𝐼 , {𝑓𝑖}𝑖∈𝐼⟩
and hence the adjoint of synthesis operator, 𝑇∗𝒲 ∶ 𝐷(𝑇∗𝒲) ⊆ ℋ → ℒ2

ℋ is de-
fined as 𝑇∗𝒲(𝑓) = {𝑣𝑖𝑃𝒲𝑖 (𝑓)}𝑖∈𝐼 , which is known as analysis operator, where
𝐷(𝑇∗𝒲) = {𝑓 ∈ ℋ ∶ {𝑤𝑖𝑃𝒲𝑖𝑓}𝑖∈𝐼 ∈ ℒ2

ℋ}. It is well-known that (see [13]) the
synthesis operator 𝑇𝒲 of a fusion frame is bounded, linear and onto, whereas
the corresponding analysis operator 𝑇∗𝒲 is (possibly into) an isomorphism. If
we consider the composition of synthesis and analysis operator we obtain the
corresponding fusion frame operator which is defined as 𝑆𝒲(𝑓) = 𝑇𝒲𝑇∗𝒲(𝑓)
= ∑

𝑖∈𝐼
𝑤2
𝑖 𝑃𝒲𝑖 (𝑓). 𝑆𝒲 is bounded, positive, self adjoint and invertible. Thus every

𝑓 ∈ ℋ can be expressed by its fusion frame measurements {𝑤𝑖𝑃𝒲𝑖𝑓}𝑖∈𝐼 as

𝑓 =
∑

𝑖∈𝐼
𝑣𝑖𝑆−1𝒲 (𝑣𝑖𝑃𝒲𝑖𝑓). (3)

2.3. Weaving fusion frames. Let 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼
be two fusion frames forℋ. Then they are called weaving fusion frames forℋ
if for every 𝜎 ⊂ 𝐼 and every 𝑓 ∈ ℋ there exist finite positive constants 𝐴 ≤ 𝐵
so that {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝜎 ∪ {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝜎𝑐 is a fusion frame forℋ with the universal
bounds 𝐴 ≤ 𝐵, i.e. the following inequality is satisfied:

𝐴‖𝑓‖2 ≤
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 ≤ 𝐵‖𝑓‖2. (4)

Example 2.1. Let us consider an orthonormal basis {𝑒𝑛}∞𝑛=1 forℋ. Suppose for
every 𝑛, 𝒱𝑛 = span{𝑒𝑛} and𝒲𝑛 = span{𝑒𝑛, 𝑒𝑛+1}. Since for every 𝑓 ∈ ℋ and
𝜎 ⊂ {1, 2,⋯} we have,

‖𝑓‖2 ≤
∑

𝑛∈𝜎
‖𝑃𝒱𝑛𝑓‖

2 +
∑

𝑛∈𝜎𝑐
‖𝑃𝒲𝑛𝑓‖

2 ≤ 2‖𝑓‖2.

Therefore, {(𝒱𝑛, 1)}∞𝑛=1 and {(𝒲𝑛, 1)}∞𝑛=1 are weaving fusion frames forℋ.
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In the following examplewediscuss a non-example ofweaving fusion frames.

Example 2.2. Let us consider an orthonormal basis {𝑒𝑛}∞𝑛=1 forℋ. Suppose for
every 𝑛, 𝒱𝑛 = span{𝑒𝑛} and𝒲1 = span{𝑒2},𝒲2 = span{𝑒1} and𝒲𝑛 = span{𝑒𝑛}
for 𝑛 ≥ 3. Since for 𝜎 = {2} ⊂ {1, 2,⋯} we have,

∑

𝑛∈𝜎
‖𝑃𝒲𝑛𝑒2‖

2 +
∑

𝑛∈𝜎𝑐
‖𝑃𝒱𝑛𝑒2‖

2 = 0

Thus, {(𝒱𝑛, 1)}∞𝑛=1 and {(𝒲𝑛, 1)}∞𝑛=1 are not weaving fusion frames forℋ.

Remark 2.3. For weaving fusion frames we can define the associated weaving
synthesis, analysis and weaving fusion frame operators analogous to the section
2.2.

For detailed discussion regarding weaving fusion frames we refer [11].

3. Main results
In this sectionwe discuss various characterizations ofweaving fusion frames.

Theorem 3.1. Let 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two families of
weighted closed subspaces ofℋ. Suppose {𝑓𝑖𝑗}𝑗∈𝐽𝑖 and {𝑔𝑖𝑗}𝑗∈𝐽𝑖 are frames for 𝒱𝑖
and𝒲𝑖 with bounds 𝐴𝑖, 𝐵𝑖 and 𝐶𝑖, 𝐷𝑖 respectively for every 𝑖 ∈ 𝐼. If 0 < 𝐴 =
inf
𝑖∈𝐼

𝐴𝑖 ≤ sup
𝑖∈𝐼

𝐵𝑖 = 𝐵 < ∞ and 0 < 𝐶 = inf
𝑖∈𝐼

𝐶𝑖 ≤ sup
𝑖∈𝐼

𝐷𝑖 = 𝐷 < ∞. Then the

following are equivalent:
(1) {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 are weaving fusion frames forℋ.
(2) {𝑣𝑖𝑓𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 and {𝑤𝑖𝑔𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 are weaving frames forℋ.

Proof. Let us suppose 𝛼 = min(𝐴, 𝐶) and 𝛽 = max(𝐵, 𝐷).
(1 ⟹ 2) Since {𝑓𝑖𝑗}𝑗∈𝐽𝑖 and {𝑔𝑖𝑗}𝑗∈𝐽𝑖 are frames for 𝒱𝑖 and 𝒲𝑖 respectively
with the respective bounds, then for every 𝑓 ∈ ℋ and every 𝜎 ⊂ 𝐼 we have,

𝛼(
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2)

≤ 𝐴
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 + 𝐶
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2

≤
∑

𝑖∈𝜎
𝑣2𝑖 𝐴𝑖‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 𝐶𝑖‖𝑃𝒲𝑖𝑓‖

2

≤
∑

𝑖∈𝜎
𝑣2𝑖

∑

𝑗∈𝐽𝑖
|⟨𝑃𝒱𝑖𝑓, 𝑓𝑖𝑗⟩|

2 +
∑

𝑖∈𝜎
𝑤2
𝑖
∑

𝑗∈𝐽𝑖
|⟨𝑃𝒲𝑖𝑓, 𝑔𝑖𝑗⟩|

2

=
∑

𝑖∈𝜎

∑

𝑗∈𝐽𝑖
|⟨𝑓, 𝑣𝑖𝑓𝑖𝑗⟩|2 +

∑

𝑖∈𝜎

∑

𝑗∈𝐽𝑖
|⟨𝑓, 𝑤𝑖𝑔𝑖𝑗⟩|2

≤
∑

𝑖∈𝜎
𝑣2𝑖 𝐵𝑖‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 𝐷𝑖‖𝑃𝒲𝑖𝑓‖

2

≤ 𝐵
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 + 𝐷
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2
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≤ 𝛽 (
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2) .

Thus if {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 areweaving fusion frames forℋwith bounds
𝐴𝒱𝒲 ≤ 𝐵𝒱𝒲 , then for every 𝑓 ∈ ℋ and every 𝜎 ⊂ 𝐼 we have,

𝛼𝐴𝒱𝒲‖𝑓‖2 ≤
∑

𝑖∈𝜎

∑

𝑗∈𝐽𝑖
|⟨𝑓, 𝑣𝑖𝑓𝑖𝑗⟩|2 +

∑

𝑖∈𝜎𝑐

∑

𝑗∈𝐽𝑖
|⟨𝑓, 𝑤𝑖𝑓𝑖𝑗⟩|2 ≤ 𝛽𝐵𝒱𝒲 .

Therefore, {𝑣𝑖𝑓𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 and {𝑤𝑖𝑔𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 are weaving frames forℋ.

(2 ⟹ 1) Conversely, if {𝑣𝑖𝑓𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 and {𝑤𝑖𝑔𝑖𝑗}𝑖∈𝐼,𝑗∈𝐽𝑖 are weaving frames for
ℋ with bounds 𝐴𝑣𝑤 ≤ 𝐵𝑣𝑤, then for every 𝑓 ∈ ℋ and every 𝜎 ⊂ 𝐼 we have,

𝐴𝑣𝑤
𝛽 ≤

∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 ≤ 𝐵𝑣𝑤
𝛼 .

Consequently, {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 are weaving fusion frames for ℋ.
□

We characterize weaving fusion frames by means of the associated weaving
fusion frame operator.

Lemma 3.2. Let {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two fusion frames forℋ with
bounds 𝐴 ≤ 𝐵 and 𝐶 ≤ 𝐷 respectively. Then the following are equivalent:

(1) {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 are weaving fusion frames forℋ.
(2) For every 𝜎 ⊂ 𝐼, suppose 𝑆𝒱𝒲𝜎 is the corresponding weaving fusion frame

operator, then for every 𝑓 ∈ ℋ there exist 𝛼 > 0 independent of 𝜎, we
have ‖𝑆𝒱𝒲𝜎𝑓‖ ≥ 𝛼‖𝑓‖.

Proof. (1 ⟹ 2) If {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 are weaving fusion frames for
ℋ with the universal bounds 𝛼 ≤ 𝛽, then for every 𝜎 ⊂ 𝐼 and every 𝑓 ∈ ℋ we
have,

𝛼‖𝑓‖2 ≤
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 ≤ 𝛽‖𝑓‖2. (5)

Suppose 𝑆𝒱𝒲𝜎 is the fusion frame operator for the associated weaving, then
using inequality (5) we have, 𝛼‖𝑓‖2 ≤ ⟨𝑆𝒱𝒲𝜎𝑓, 𝑓⟩ ≤ 𝛽‖𝑓‖2.
Thus, ‖𝑆𝒱𝒲𝜎𝑓‖ = sup

‖𝑔‖=1
|⟨𝑆𝒱𝒲𝜎𝑓, 𝑔⟩| ≥

⟨
𝑆𝒱𝒲𝜎𝑓,

𝑓
‖𝑓‖

⟩
≥ 𝛼‖𝑓‖.

(2 ⟹ 1) Applying Remark (2.3), let us suppose for every 𝜎 ⊂ 𝐼, 𝑇𝒱𝒲𝜎 and
𝑇∗𝒱𝒲𝜎

be the associated weaving synthesis and analysis operators respectively.
Then for every 𝑓 ∈ ℋ we have,
𝛼2‖𝑓‖2 ≤ ‖𝑆𝒱𝒲𝜎𝑓‖

2 = ‖𝑇𝒱𝒲𝜎𝑇
∗
𝒱𝒲𝜎

𝑓‖2 ≤ ‖𝑇𝒱𝒲𝜎‖
2‖𝑇∗𝒱𝒲𝜎

𝑓‖2 and hence
we obtain,

∑
𝑖∈𝜎

𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖
2 + ∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 = ‖𝑇∗𝒱𝒲𝜎
𝑓‖2 ≥ 𝛼2

𝐵2+𝐷2
‖𝑓‖2.

On the other hand the universal upper bound for the corresponding weaving
will be obtained from the [Proposition 3.1, [12]]. □
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Proposition 3.3. Let𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two weighted
sequences of closed subspaces ofℋ. Then the following are equivalent:

(1) 𝒱𝑣 and𝒲𝑤 are weaving fusion Bessel sequences forℋ.
(2) For every 𝜎 ⊂ 𝐼, the corresponding weaving synthesis operator 𝑇𝒱𝒲𝜎 ∶

ℒ2
𝒱𝒲 = (

∑
𝑖∈𝜎

⨁𝒱𝑖 +
∑
𝑖∈𝜎𝑐

⨁𝒲𝑖)
𝑙2
→ℋ is bounded.

(3) For every 𝜎 ⊂ 𝐼, the associated weaving analysis operator 𝑇∗𝒱𝒲𝜎
∶ ℋ →

ℒ2
𝒱𝒲 is bounded.

(4) For every 𝜎 ⊂ 𝐼, the corresponding weaving fusion frame operator 𝑆𝒱𝒲𝜎 ∶
ℋ → ℋ is bounded.

Proof. (1 ⟹ 2) Let us suppose 𝒱𝑣 and 𝒲𝑤 are weaving fusion Bessel se-
quences for ℋ with bound 𝐵𝒱𝒲 . Then for every 𝜎 ⊂ 𝐼 and every 𝑓 ∈ ℋ
we have,

∑
𝑖∈𝜎

𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖
2 + ∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 ≤ 𝐵𝒱𝒲‖𝑓‖2. Thus for any {𝑓𝑖}𝑖∈𝜎 ∪

{𝑔𝑖}𝑖∈𝜎𝑐 ∈ ℒ2
𝒱𝒲 we obtain,

‖‖‖‖‖‖‖‖‖

∑

𝑖∈𝜎
𝑣𝑖𝑃𝒱𝑖𝑓𝑖 +

∑

𝑖∈𝜎𝑐
𝑤𝑖𝑃𝒲𝑖𝑔𝑖

‖‖‖‖‖‖‖‖‖
= sup

‖𝑔‖=1

|||||||||

⟨∑

𝑖∈𝜎
𝑣𝑖𝑃𝒱𝑖𝑓𝑖 +

∑

𝑖∈𝜎𝑐
𝑤𝑖𝑃𝒲𝑖𝑔𝑖, 𝑔

⟩|||||||||

= sup
‖𝑔‖=1

|||||||||

⟨∑

𝑖∈𝜎
𝑣𝑖𝑃𝒱𝑖𝑓𝑖, 𝑔

⟩
+
⟨∑

𝑖∈𝜎𝑐
𝑤𝑖𝑃𝒲𝑖𝑔𝑖, 𝑔

⟩|||||||||

= sup
‖𝑔‖=1

|||||||||

∑

𝑖∈𝜎
𝑣𝑖⟨𝑓𝑖, 𝑃𝒱𝑖𝑔⟩ +

∑

𝑖∈𝜎𝑐
𝑤𝑖⟨𝑔𝑖, 𝑃𝒲𝑖𝑔⟩

|||||||||

≤ sup
‖𝑔‖=1

(
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑔‖

2‖𝑓𝑖‖2)

1
2

+ sup
‖𝑔‖=1

(
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑔‖

2‖𝑔𝑖‖2)

1
2

≤ sup
‖𝑔‖=1

(
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑔‖

2)

1
2

(
∑

𝑖∈𝜎
‖𝑓𝑖‖2)

1
2

+ sup
‖𝑔‖=1

(
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑔‖

2)

1
2

(
∑

𝑖∈𝜎𝑐
‖𝑔𝑖‖2)

1
2

≤ 2
√
𝐵𝒱𝒲‖𝑓‖.

Therefore, 𝑇𝒱𝒲𝜎 is bounded.

Analogously (2 ⟹ 3) and (3 ⟹ 4) will be satisfied.
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(4 ⟹ 1) Suppose 𝑆𝒱𝒲𝜎 is bounded by the bound 𝐵𝒱𝒲 , then for 𝜎 ⊂ 𝐼 and
every 𝑓 ∈ ℋ we have,

∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑓‖

2 = ⟨𝑆𝒱𝒲𝜎𝑓, 𝑓⟩ ≤ ‖𝑆𝒱𝒲𝜎𝑓‖‖𝑓‖

≤ 𝐵𝒱𝒲‖𝑓‖2.
Hence 𝒱𝑣 and𝒲𝑤 are weaving fusion Bessel sequences. □

Theorem 3.4. Let 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two weighted
sequences of closed subspaces ofℋ. Then the following are equivalent:

(1) 𝒱𝑣 and𝒲𝑤 are weaving fusion frames forℋ.
(2) For every 𝜎 ⊂ 𝐼, the corresponding weaving synthesis operator 𝑇𝒱𝒲𝜎 ∶

ℒ2
𝒱𝒲 = (

∑
𝑖∈𝜎

⨁𝒱𝑖 +
∑
𝑖∈𝜎𝑐

⨁𝒲𝑖)
𝑙2
→ℋ is bounded, surjective operator.

(3) For every 𝜎 ⊂ 𝐼, the associated weaving analysis operator 𝑇∗𝒱𝒲𝜎
∶ ℋ →

ℒ2
𝒱𝒲 is bounded, injective operator and has closed range.

Proof. The proof follows easily from [15]. □

Lemma 3.5. For every 𝜎 ⊂ 𝐼, let us consider the associated Hilbert direct sum

(
∑
𝑖∈𝜎

⨁𝒱𝑖 +
∑
𝑖∈𝜎𝑐

⨁𝒲𝑖)
𝑙2
of the closed subspaces {𝒱𝑖}𝑖∈𝐼 and {𝒲𝑖}𝑖∈𝐼 . Suppose

𝒰𝑖 ⊂ 𝒱𝑖 and𝒳𝑖 ⊂ 𝒲𝑖 for every 𝑖 ∈ 𝐼. Then

(
∑

𝑖∈𝜎

⨁
𝒰𝑖 +

∑

𝑖∈𝜎𝑐

⨁
𝒳𝑖)

⟂

𝑙2
= (

∑

𝑖∈𝜎

⨁
𝒰⟂
𝑖 +

∑

𝑖∈𝜎𝑐

⨁
𝒳⟂
𝑖 )

𝑙2
.

Proof. The proof follows from [20]. □

Theorem 3.6. Let 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be weaving fusion
frames forℋ with the universal bounds 𝐴 ≤ 𝐵. Suppose 𝑅 is a bounded, invert-
ible operator onℋ. Then 𝑅𝒱𝑣 = {(𝑅𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and 𝑅𝒲𝑤 = {(𝑅𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 are
weaving fusion frames forℋ with the bounds 𝐴

‖𝑅−1‖2‖𝑅‖2
and 𝐵‖𝑅−1‖2‖𝑅‖2. Fur-

thermore, the associated weaving fusion frame operators satisfies the following
inequality:

𝑅𝑆𝒱𝒲𝑅∗
‖𝑅‖2 ≤ 𝑆𝑅𝒱𝑅𝒲 ≤ ‖𝑅−1‖2𝑅𝑆𝒱𝒲𝑅∗.

Proof. Since image of a closed set under an invertible operator is closed, then
for every 𝑖 ∈ 𝐼, 𝑅𝒱𝑖 and 𝑅𝒲𝑖 are closed.
Therefore, for every 𝜎 ⊂ 𝐼 and every 𝑓 ∈ ℋ we have,

⟨𝑆𝑅𝒱𝑅𝒲𝑓, 𝑓⟩ =
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝑅𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝑅𝒲𝑖𝑓‖

2

=
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝑅𝒱𝑖 (𝑅

−1)∗𝑃𝒱𝑖𝑅
∗𝑓‖2 +

∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝑅𝒲𝑖 (𝑅

−1)∗𝑃𝒲𝑖𝑅
∗𝑓‖2
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≤ ‖𝑅−1‖2 (
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑅

∗𝑓‖2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑅

∗𝑓‖2)

= ‖𝑅−1‖2⟨𝑆𝒱𝒲𝑅∗𝑓, 𝑅∗𝑓⟩
= ‖𝑅−1‖2⟨𝑅𝑆𝒱𝒲𝑅∗𝑓, 𝑓⟩.

Again for a bounded linear operator 𝑄 we have, 𝑓 ∈ (𝑄𝒱)⟂ = (𝑄𝒱)⟂ if and
only if 𝑄∗𝑓 ∈ 𝒱⟂. Thus for every 𝑓 ∈ ℋ we obtain,

𝑃𝒱𝑄∗𝑓 = 𝑃𝒱𝑄∗𝑃𝑄𝒱𝑓 + 𝑃𝒱𝑄∗𝑃(𝑄𝒱)⟂𝑓 = 𝑃𝒱𝑄∗𝑃𝑄𝒱𝑓. (6)

Therefore, for every 𝜎 ⊂ 𝐼, every 𝑓 ∈ ℋ and applying equation 6 we have,

⟨𝑅𝑆𝒱𝒲𝑅∗
‖𝑅‖2 𝑓, 𝑓

⟩
= 1

‖𝑅‖2 (
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑅

∗𝑓‖2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑅

∗𝑓‖2)

= 1
‖𝑅‖2 (

∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝒱𝑖𝑅

∗𝑃𝑅𝒱𝑖𝑓‖
2 +

∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝒲𝑖𝑅

∗𝑃𝑅𝒲𝑖𝑓‖
2)

≤
∑

𝑖∈𝜎
𝑣2𝑖 ‖𝑃𝑅𝒱𝑖𝑓‖

2 +
∑

𝑖∈𝜎𝑐
𝑤2
𝑖 ‖𝑃𝑅𝒲𝑖𝑓‖

2

= ⟨𝑆𝑅𝒱𝑅𝒲𝑓, 𝑓⟩.

Thus we obtain,

𝑅𝑆𝒱𝒲𝑅∗
‖𝑅‖2 ≤ 𝑆𝑅𝒱𝑅𝒲 ≤ ‖𝑅−1‖2𝑅𝑆𝒱𝒲𝑅∗.

Furthermore, for every 𝑓 ∈ ℋ we have, ‖𝑓‖ ≤ ‖𝑅−1‖‖𝑅∗𝑓‖.
Consequently, for every 𝜎 ⊂ 𝐼 and every 𝑓 ∈ ℋ we obtain,

𝐴
‖𝑅−1‖2‖𝑅‖2 ‖𝑓‖

2 ≤ 𝐴
‖𝑅‖2 ‖𝑅

∗𝑓‖2 ≤ 1
‖𝑅‖2 ⟨𝑆𝒱𝒲𝑅

∗𝑓, 𝑅∗𝑓⟩

≤ ⟨𝑆𝒱𝒲𝑓, 𝑓⟩
≤ ‖𝑅−1‖2⟨𝑅𝑆𝒱𝒲𝑅∗𝑓, 𝑓⟩
≤ 𝐵‖𝑅−1‖2‖𝑅‖2‖𝑓‖2.

This completes the proof. □

Let us define weaving fusion Riesz bases analogous to fusion Riesz basis [13,
14].
Suppose 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and 𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two weighted se-

quences of closed subspaces of ℋ. Then they are said to be weaving fusion
Riesz bases if for every 𝜎 ⊂ 𝐼 and every {𝑓𝑖}𝑖∈𝜎 ∪ {𝑔𝑖}𝑖∈𝜎𝑐 ∈ ℒ00

𝒱𝒲 there are finite
positive constants 𝐴𝒱𝒲 ≤ 𝐵𝒱𝒲 such that
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𝐴𝒱𝒲 (
∑

𝑖∈𝜎
‖𝑓𝑖‖2 +

∑

𝑖∈𝜎𝑐
‖𝑔𝑖‖2) ≤

‖‖‖‖‖‖‖‖‖

∑

𝑖∈𝜎
𝑣𝑖𝑓𝑖 +

∑

𝑖∈𝜎𝑐
𝑤𝑖𝑔𝑖

‖‖‖‖‖‖‖‖‖

2

≤ 𝐵𝒱𝒲 (
∑

𝑖∈𝜎
‖𝑓𝑖‖2 +

∑

𝑖∈𝜎𝑐
‖𝑔𝑖‖2) . (7)

Furthermore, {𝒱𝑖}𝑖∈𝜎 ∪ {𝒲𝑖}𝑖∈𝜎𝑐 is called an orthonormal weaving fusion basis
inℋ if ℐℋ = ∑

𝑖∈𝜎
𝑃𝒱𝑖 +

∑
𝑖∈𝜎𝑐

𝑃𝒲𝑖 and 𝒱𝑖 ⟂ 𝒱𝑗,𝒲𝑖 ⟂ 𝒲𝑗 for every 𝑖 ≠ 𝑗.

We characterize weaving fusion Riesz bases using weaving fusion frame syn-
thesis and analysis operators, establishing their structural properties. This char-
acterization leads to the fact that everyweaving fusionRiesz basis is also aweav-
ing fusion frame, underscoring their dual role in the frame theory.

Theorem 3.7. 𝒱𝑣 = {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝐼 and𝒲𝑤 = {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝐼 be two weighted se-
quences of closed subspaces ofℋ. Then the following are equivalent:

(1) 𝒱𝑣 and𝒲𝑤 are weaving fusion Riesz bases inℋ.
(2) For every 𝜎 ⊂ 𝐼, the corresponding weaving synthesis operator 𝑇𝒱𝒲 ∶

ℒ2
𝒱𝒲 = (

∑
𝑖∈𝜎

⨁𝒱𝑖 +
∑
𝑖∈𝜎𝑐

⨁𝒲𝑖)
𝑙2
→ ℋ is bounded with 𝑅(𝑇𝒱𝒲) = ℋ

and𝑁(𝑇𝒱𝒲) = (ℒ2
𝒱𝒲)

⟂.
(3) For every 𝜎 ⊂ 𝐼, the associated weaving analysis operator 𝑇∗𝒱𝒲 ∶ ℋ →

ℒ2
𝒱𝒲 is bounded with 𝑅(𝑇∗𝒱𝒲) = ℒ2

𝒱𝒲 and𝑁(𝑇∗𝒱𝒲) = {0}.

Proof. Applying Lemma 3.5, for every 𝜎 ⊂ 𝐼 the orthogonal complement

(ℒ2
𝒱𝒲)

⟂ in ℒ2
ℋ is given by (

∑
𝑖∈𝜎

⨁𝒱⟂
𝑖 +

∑
𝑖∈𝜎𝑐

⨁𝒲⟂
𝑖 )

𝑙2
. Moreover, we have

𝑇𝒱𝒲 = 𝑇𝒱𝒲𝑃ℒ2
𝒱𝒲
. Thus the condition in (2) is equivalent to the fact that

𝑇𝒱𝒲|ℒ2
𝒱𝒲

is bounded, bijective operator and the condition in (3) is equivalent
to the fact that 𝑇∗𝒱𝒲 is also bounded, bijective operator.
Furthermore, since 𝑅(𝑇∗𝒱𝒲) ⊂ ℒ2

𝒱𝒲 , then we have (𝑇𝒱𝒲|ℒ2
𝒱𝒲
)∗ = 𝑇∗𝒱𝒲 .

(1 ⟹ 2) Let 𝒱𝑣 and𝒲𝑤 are weaving fusion Riesz bases inℋ. Then from the
right inequality of the inequality 7 we have, 𝑇𝒱𝒲 and 𝑇∗𝒱𝒲 are bounded.
If possible𝑇𝒱𝒲|ℒ2

𝒱𝒲
is not surjective, then there exists 0 ≠ 𝑓 ∈ 𝑅(𝑇𝒱𝒲|ℒ2

𝒱𝒲
)⟂

with 𝑓 ⟂ (𝒱𝑖∈𝜎 ∪ 𝒲𝑖∈𝜎𝑐) for every 𝜎 ⊂ 𝐼. Again since {𝒱𝑖}𝑖∈𝜎 ∪ {𝒲𝑖}𝑖∈𝜎𝑐 is
complete, then there exists a sequence {ℎ𝑛}∞𝑛=1 ∈ span({𝒱𝑖}𝑖∈𝜎 ∪ {𝒲𝑖}𝑖∈𝜎𝑐) so
that we have,

0 = lim
𝑛→∞

‖𝑓 − ℎ𝑛‖ = lim
𝑛→∞

(‖𝑓‖2 − ⟨𝑓, ℎ𝑛⟩ − ⟨ℎ𝑛, 𝑓⟩ + ‖ℎ𝑛‖2)

= 2‖𝑓‖2 > 0,

which is a contradiction. Thus 𝑇𝒱𝒲|ℒ2
𝒱𝒲

is surjective.
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Applying Theorem 3.4, for every 𝜎 ⊂ 𝐼, {(𝒱𝑖, 𝑣𝑖)}𝑖∈𝜎 ∪ {(𝒲𝑖, 𝑤𝑖)}𝑖∈𝜎𝑐 is a fu-

sion frame and hence (
∑
𝑖∈𝜎

𝑣𝑖𝑓𝑖 +
∑
𝑖∈𝜎𝑐

𝑤𝑖𝑔𝑖) converges unconditionally, where

{𝑓𝑖}𝑖∈𝜎 ∪ {𝑔𝑖}𝑖∈𝜎𝑐 ∈ ℒ2
𝒱𝒲 .

Furthermore, from the left inequality of the inequality 7 it is easy to see
that 𝑇𝒱𝒲|ℒ00

𝒱𝒲
is injective. Since 𝑇𝒱𝒲 is bounded, ℒ00

𝒱𝒲 is dense in ℒ2
𝒱𝒲 and

(
∑
𝑖∈𝜎

𝑣𝑖𝑓𝑖 +
∑
𝑖∈𝜎𝑐

𝑤𝑖𝑔𝑖) is unconditionally convergent, then the left inequality of

the inequality 7 will hold for every {𝑓𝑖}𝑖∈𝜎 ∪ {𝑔𝑖}𝑖∈𝜎𝑐 ∈ ℒ2
𝒱𝒲 , for every 𝜎 ⊂ 𝐼.

Therefore, 𝑇𝒱𝒲|ℒ2
𝒱𝒲

is injective and hence 𝑇𝒱𝒲|ℒ2
𝒱𝒲

is bijective.

(2 ⟹ 1) Let 𝑇𝒱𝒲|ℒ2
𝒱𝒲

is bijective operator. Then the inequality 7 will hold
for every {𝑓𝑖}𝑖∈𝜎 ∪ {𝑔𝑖}𝑖∈𝜎𝑐 ∈ ℒ2

𝒱𝒲 , for every 𝜎 ⊂ 𝐼.
If possible for every 𝜎 ⊂ 𝐼, {𝒱𝑖}𝑖∈𝜎∪{𝒲𝑖}𝑖∈𝜎𝑐 is not complete, then there exists

0 ≠ 𝑓 ∈ ℋ so that 𝑓 ⟂ span({𝒱𝑖}𝑖∈𝜎 ∪ {𝒲𝑖}𝑖∈𝜎𝑐). Therefore, 𝑇∗𝒱𝒲𝑓 = 0, which
is a contradiction. Hence 𝒱𝑣 and𝒲𝑤 are weaving fusion Riesz bases.
Finally, applying Theorem 3.4, we have every weaving fusion Riesz basis is

also weaving fusion frame. Therefore, 𝑇𝒱𝒲𝑇∗𝒱𝒲 and 𝑇∗𝒱𝒲𝑇𝒱𝒲 have the same
non-zero spectrum. Thus weaving fusion frames and weaving fusion Riesz
bases have same bounds.

(2⟺ 3) This will hold for a bounded bijective operator and its Hilbert adjoint
(see [21]). □
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