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A quantum harmonic analysis approach to
the Berger-Coburn theorem

Vishwa Dewage and Mishko Mitkovski

ABSTRACT. We use quantum harmonic analysis for densely defined opera-
tors to provide a simplified proof of the Berger-Coburn theorem for bounded-
ness of Toeplitz operators. In addition, we revisit compactness and Schatten-
class membership of densely defined Toeplitz operators.
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1. Introduction

Werner’s quantum harmonic analysis (QHA) [20] has now been established
as an effective tool in several fields of mathematics, including time-frequency
analysis, mathematical physics, and operator theory[1, 10, 8,11, 14,15,17, 19].
Asnoted in [11], QHA is particularly well-suited to studying Toeplitz operators
on the Bargmann-Fock space. In this article, we use QHA methods to provide a
simple and concise proof of the Berger-Coburn boundedness theorem [2], along
with proofs of several subsequent results by Bauer, Coburn, and Isralowitz [3].

The Bargmann-Fock space F2(C") is the closed subspace of L?(C", d1) con-
sisting of all entire functions that are square integrable with respect to the Gauss-
ian measure dA, dA(z) = e‘”'Z|2dm(z) (dm denotes the Lebesgue measure on
C" ~ R?"). The orthogonal projection P : L*(C,d1) — F?(C") is given by

Pf(z) =f fw)e™® dA(w).
Cl’l
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Given a function a : C* — C, a Toeplitz operator T, : F2(C") — F2(C") with
symbol a is formally defined by

T.f(z)=P(af)(z) Vze C".

T, is bounded if its symbol a is a bounded function. However, it is well-known
that there exist bounded Toeplitz operators with unbounded symbols. Berger
and Coburn [2] tried to characterize unbounded symbols which give rise to
bounded Toeplitz operators in terms of "the heat flow" of their symbol (also
known as the t-Berezin transform) given by

Bi(a) :=a=xq;, t>0.
More precisely, they proved the following now well-known result.

Theorem 1.1 (Berger-Coburn). Leta € A; :={a : C" - C | a(- —2) €
L*(C",dA)Vz € C"}.IfT, is a bounded operator then B,(a) is a bounded function
forallt >1/2, and

I1Bi(@ll, < CL(D Tl

for some constant C,(t) > 0. On the other hand, if B;(a) is a bounded function
forsome 0 < t < 1/2, then T, is a bounded operator and

ITall < Co(0) |IBi(@)l
for some constant C,(t) > 0.

Berger and Coburn were hopeful that the only absent value of ¢ in the theo-
rem above would yield the desired characterization of boundedness in the form:
T, is bounded if and only of B, /5(a) = a * ¢, , is bounded. This still remains
an open question. However, the necessity and sufficiency of this condition were
established for special classes of Toeplitz operators in [5, 6, 7] and [21] It was
shown later by Bauer, Coburn, and Isralowitz [3] that this same heat trans-
form can be used to almost characterize compactness, as well as the Schatten-
class membership of densely defined Toeplitz operators. In both papers [2, 3],
the more challenging part of the proofs relied heavily on certain results about
pseudo-differential operators. While these results are fairly standard, their ap-
plication felt somewhat artificial. In a recent paper, Fulsche and Bauer [4] pre-
sented a direct proof of one of the Berger-Coburn inequalities, entirely bypass-
ing the need for pseudo-differential operators.

The main goal of this note is to provide a simple, concise proofs of the results
in [2, 3] using methods from quantum harmonic analysis. Our proofs com-
pletely avoid pseudo-differential operators and are extremely simple and short,
showing the elementary nature of these estimates. In addition, we answer one
of the questions raised in [3] by providing a quantitative analog of Theorem 1.1
for Schatten-class operators.
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2. Preliminaries

It is well-known that the Bargmann-Fock space #2(C") is a reproducing ker-
nel Hilbert space with reproducing kernel K,(w) = ¢”?* and normalized repro-
ducing kernel
K,(w) Tzw—"2z|?

227 e >
1Kl ’
where Zw = Z;w; + -+ + Z,w,. The monomials

— ﬂ m Nn
en(2) = 2 m € N

form an orthonormal basis for #2(C").

k(W) =

2.1. Heat kernel. The heat kernel
n\z\z

got(z)=t—ne_ t o, t>0,

plays a crucial role in our proofs. It is well-known that it is an approximate
identity, i.e., fora € LP(C"), p € [1, 00) we have ¢; * a — a in LP and similarly
for a uniformly continuous, we have ¢; % a — a uniformly.

2.2. Quantum harmonic analysis (QHA). Here, we recall some basic QHA
concepts and properties that we will use in our proofs. The proofs of these
properties can be found in [11, 16, 18, 20]. We denote by (F?) the algebra of
all bounded operators on the Fock space. For 1 < p < oo, let SP(#?) denote the
space of all Schatten-p class operators on F2(C").

The QHA translation of an operator S € (F?) by z € C" is defined by

L,(S) = W, SW3, S e L(F?),

where
W,f(w) = k,(w)f(w—2z); weC", feF*(Ch),

are the Weyl unitary operators acting on F2(C"). For S € R(F?), the map
z — L,(S)is continuous with respect to the strong operator topology (SOT). We
say an operator S € (F?2) is uniformly continuous if the map z — L,(S), C" —
R(F?) is continuous. We denote the set of all bounded uniformly continuous
operators by Cy ,(F2(C")?). It is a C*-subalgebra of (¥?) containing all com-
pact operators.

The convolution of a function 3 : C* — C and an operator S € R(F?) is
defined formally by

NER/ERIEIY :=/LZ(S)1,b(z)dm(z).

Here, and everywhere below, the operator-valued integrals are defined in the
weak (Pettis) sense, i.e., as unique operators satisfying

([ 1546 am@1.8) = [ €.9)1.8)9(2) dm,
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for every f,g € F2(C").

In the following cases, the convolution ¢ * S is a well-defined bounded op-
erator, and in addition satisfies the QHA Young’s inequalities: For 1 < p < o
we have,

(i) Ifp € LY(C",dm) and S € SP(F?) theny * S € 8P(F?) and
1% = Sllp < {1l lIS]]p-

(ii) Ifp € LP(C",dm) and S € 8'(F2) then ¥ * S € 8P(F?) and
1% = Sllp < {1l IS]]p-

(iii) In addition, ¢ * S € Cp,,(F2(C")?) in both of the above cases.

We also have the following basic properties of QHA translations and convolu-
tions for the above cases where the convolution is well-defined. Let 1, ¢;, 9, :
C" —» Cand S € (F?) s.t. the following convolutions are defined. Then the
translation commutes with convolution and the convolution is associative:

(1) L, (% * S) = (€,(¥)) % S =1 * (L,(5)).
(i) Py Py S) = (P * ) * S = (Y % Py) * S.
The QHA convolution between two operators S € (F2?) and T € S§'(F2),
denoted S * T, is defined to be the function on C" given by
S % T(z) :=Tr(SL,(UyTU,))
where U, is the parity operator on F2(C") given by
(UofX2) = f(=2), zeC", feFC".

Then T * S is uniformly continuous and ||T * S||s < [|T]1]IS]]-
Furthermore, if 1 < p < o and S € 8P(F2), then S * T € LP(C",dm) and
satisfies the following QHA Young’s inequality:

1S+ Tllp < ISHIpNT -

For A,C € &(F2), B € 8'(F?), the following identities hold
(i) Ax*xB=B x A.
(ii) (A% B)* C = A * (B % C) if one of A and C is trace-class.
Alsoif A,B € 81(¥?) and a € L®(C"), we have

a*x(A*xB)=(a*A)=*B.

2.3. Toeplitz operators as convolutions. The primary link between QHA
and Toeplitz operators is the observation that Toeplitz operators can be rep-
resented as convolutions, i.e for a € L*(C"), we have

T, = a * Py,

where P, := 1 ® 1, where 1 denotes the constant function 1. Then from the
basic properties of convolutions, we get: for a € L®(C") and ¢ € L'(C"),
L(Ty) = th’z(a) andy = T, = T¢*a-

As convolutions a * Py are in Cp,(F2(C")?), the set of all Toeplitz operators
with bounded symbols, and thus the whole Toeplitz algebra T(L*), which is the
C*-algebra generated by the set of all Toeplitz operators with bounded symbols,
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are both contained in Cp, ,,(#%(C")?). In [11], Fulsche proved that these two C*-
algebras coincide.

2.4. Berezin transform as a convolution. The Berezin transform of a func-
tion a is defined as

B@@) = [ aw] k) Pdme).
In other words B(a)(z) = (T k,,k,). The Berezin transform of an operator
S € &(F?), is defined as
B(S)(z) = (Sk,,k,), z € C".

Clearly, B(T,) = B(a) when the integral exists for all z € C"
It is easy to see that

B(a) = a * ¢;, and B(S) = S * P,,.

The following proposition is an easy consequence of the fact that the con-
vergence in strong operator topology (SOT) implies the convergence in weak
operator topology (WOT).

Proposition 2.1. Let {S;} be a sequence in X(F?) s.t. S, — S € (F?) in the
SOT. Then B(Sy) — B(S) pointwise.

3. Operator heat semigroup

We now introduce an operator heat semigroup {®,};-,, that behaves analo-
gous to the function heat semigroup {¢;};o-
We let U := 2"U, where U, is the parity operator, and define

O, =@, xU, t>0.

Let ;. (C") be the space of homogeneous polynomials of order k, and let P, be
the projection onto P (C"), given by:

Py= Y, Ep,

|m|=k
where E,, = e, ® e,
Lemma 3.1. The Berezin transform of U is given by
U * Py = @15

Proof. Now we note that the Berezin transform of U is the Gaussian ¢, /,: for
z e C",

(U * Py)(2) = (Uky, k)
= 2"e~ ™7 (UK, K.,)
= 2”e‘”|Z|ZKZ(—z)

— 2ne—27'r|z|2

= §01/2(Z)-
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Proposition 3.2. Fort > 0, ®, is a radial operator and is given by

2" Q2 —1y\k
CI)t=(2t+1)nkZ=:0(2t+1)P"’

where the series converges in the strong operator topology.

Proof. It is easy to check that the series on the right converges in the SOT and
defines a bounded operator. The fact that @, is radial follows from the fact that
the Berezin transform of ®; is a radial function, i.e.,

D, % Py = (@, * U) x Py =@ * (U * Py) =@ * @173 = Pri1/2-
So to show the equality it is enough to check that their Berezin transforms are

equal. We first observe that for a multi-index m € N7,
_ m7;™M
(Em * Po)(2) = Tr(EL(Py)) = (Jez, ) Tr(em ® k) = 7/ =2 —emlal,
for z € C". Then for k € Ny,

T IZI

2 (En o Po)(2) = et
lm|=k
Now by Proposition 2.1,
o (2t —1\K )
E,|*xP
((2t+1)”z(2t+1) |mz|;k m) =0
2" (2t — 1Nk
= > Y, B # Po)(2)
2t + 1) k=0(2t + 1) i
1 _mz?
e — t+1/2
(t+1/2)n
= §0t+1/2(Z)
= (@, * Po)(2).
This completes the proof. O
The operator heat equation
AT, = ﬂ%Tt, T, =U,

is solved by the operator heat semigroup {®,};-, (see [9], Proposition 4.2). Even
though strictly speaking {®;};., does not form a semigroup, we still refer to
it as such due to the following properties of {®,},,, which follows from the

semigroup property of {®;};-:

Proposition 3.3. The following properties hold
(1) & =¢, % ®=T, fort >1/2and @, = P,.
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(2) ¢; * ®; = D, fors,t > 0.
(3) Dy Dy = @gyqq fors,t > 0.
(4) @, is a radial trace-class operator whose trace-norm is given by

1, t>1/2
1Dl =

G €012

Proof. (1) follows by comparing Berezin transforms computed in the proof of
Lemma 3.2.

Proof of (2): By the associativity of convolutions and the semigroup property of
the heat semigroup, we have that

P x Py =@ %Pk U=qp % U=,

Proof of (3): We prove that the Berezin transforms of the two functions coincide.
Note that

(D * @) % p; = (D * D;) * (P *x D)
= (®; x ) * (Dg * D)
= Prv1/2 * Ps+1/2
= P4t * P1-

Then the result follows by the injectivity of the Berezin transform.
Proof of (4): To compute the trace-norm, note that for m € N,

" 2t — 1\Iml
_2"(2t — pml
T (2t + 1)ntlml”

Thus, we have

1@l = D) [{@rem, em)|

meNj

2t—1k 1)

(2t+1)" z'2t+1 e

Z'zt—lk k+n—1)
(2t+1)n 2t +1

2" 2t —1
=(2t+1)”( N WD
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4. Densely defined operators and quantum harmonic analysis

We now define QHA convolutions for some unbounded functions and some
densely defined operators. Toeplitz operators with unbounded symbols are in-
stances of such convolutions.

4.1. A classof symbols. In[2], the authors point out that the condition aK, €
L2(C",dA) for all z € C" is sufficient for the Toeplitz operator T, to be densely
defined. It is easy to verify that this is equivalent to the condition ¢,(a) €
L%(C",dA) for all z € C". We denote by Ai the set

Jq/zl ={a:C"—> C|¢,(a) € L*}(C",dA)Vz € C"}.

Clearly, L*(C") C Ai.
The following proposition discusses the behavior of convolutions of func-
tions in A7 with heat kernels.

Proposition 4.1. Let a € Aj. Then

(1) The convolutions ¢; * a are defined forallt > 0 and ¢; * a € /1/21.
(2) ¢, xa=a* ¢, forallt > 0.
(3) Fors,t > 0, we have

Ps (o * @) = (@5 % @) * A = Pgyy * Q.
(4) Let1 < p < co. If gy, * a € LP(C",dm) for some t, > 0, then ¢, * a €
LP(C",dm) forall t > t,.

Proof. Proof of (1): First, note that ¢,K, € L'(C",dm) for all z € C". This is
true by Holder’s inequality as K, is square integrable with respect to the prob-

1
ability measure ¢,(z)dz with L?-norm equal to 2™ Thenz e C7,
X 1/2
(e, * laDKzl[pa = (/ (/ I (x)a(w — x)K,(w)] dx) dfl(w))
cn N\ Jen

1/2

< f |¢[<x)|( f |a<w—x)Kz(w>|2dA(w>) dx
Cn Cn

(by Minkowski inequality)
1/2

= [ toon( [ tawiw+ 0P daw)  ax
cn Cn
(by a change of variable)

1/2
- f |qot(x>1<z(x>|( f |a(w)Kz(w)|2dA(w>) dx
Cn Cn
(as K (w + x) = K,(w)K,(x))
= laK, |allgKs -
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Therefore, (¢, * |a|)K, and (¢, * a)K, are measurable functions that are in
LP(C"*,dm). Thus, ¢, * a € Ai.

Proof of (2): This follows by a simple change of variable.

Proof of (3): Note that by Tonelli’s theorem,

@5 * (@ * |al) = (@5 * @) * |a| = gy * |al.
Moreover, by (1) ¢, * |a]| is finite almost everywhere. Therefore, the result

follows from Fubini’s theorem, by replacing |a| by a in the above computation.
Proof of (4): Follows from (3) and Young’s inequality. O

4.2. Convolutions of densely defined operators. We denote by D the linear
subspace
D :=spanik, | z € C"}.

Note that D is a set satisfying the invariance 7(C"*)® = D because for z,w €
cn,

r(w)k, = T(w)m(z)1 = ™MWz (w 4 2)1 = MW,
Lety : C" — C be a measurable function and let S be a densely defined oper-
ator on D. Assume that for all f € D, there exists C r>0s.t.

f @I LS)f ) | dm(z) < C; gl Vg € FACM).
Cn

Then we define ¢ * S to be the densely defined operator on D defined weakly
by

PpxS= Y(2)L,(S) dm(z).
Cl’l

Proposition 4.2. Leta € Ai. Then a = @ is a densely defined operator on D
andT,=a*xPonD.

Proof. It is enough to verify that ¢ % S is defined on {K, | z € C"}. Note that
forz € C" and f € F2(C"),

la(w) (Ly,(P)K, fHl dm(w) = | |a(w)((ky & ky)k,, ) | dm(w)
Cnr cn

- f |a(w) (K, Ko) (Ko ) | dAw)

=/ la(w)K,(w) f(w)| dA(w)
Cn

< |lakz |24 llf1l2,

where the last line follows by Cauchy-Schwarz inequality. Hence, § * @ is
defined on {K, | z € C"} and by following the same steps as above we have

(@ * DK, ) = f (WK (W) (@) dAW) = (TaKs, f),

n

provinga * ® =T,,. (]
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We have the following canonical example that was discussed in [2].

Example 4.3. Let{ € C\ {0} s.t. T;f > —1/2. Consider the natural extension
®¢ of the heat kernel defined by
_n\z\z
pe(z) = Ee ¢ zeCn

Then € ,(p¢) € L%(C",dA), for all z € C" and hence the Toeplitz, operator qué, is
densely defined on D. It is known that Ty, is bounded if and only if |1 + él > 1

This is because T, . is diagonalizable with respect to the monomial basis {e,,} with
eigenvalues given by

<T¢>gem’em> = é(l + 1/5)—(|m|+n)_

4.3. The convolution of two operators. Let S and T be two densely defined
operators s.t. SL,(T) € 8'(F?) for all z € C". Then we define the convolution
S*T :C"—> Cby

(S * T)(z) = Tr(SL,(T)), z € C".

Notice that the Berezin transform of a densely defined operator S on D can
still be defined by

B(S)(z) = (Sk,,k,), z e C™.

It follows by a simple computation that B(S) = S % ®. Moreover, ifa € A/Zl, we
have B(T,) = a * ¢;.

The Berezin transform remains injective even on the class of densely defined
operators with domain . This is a particularly useful property which we will
use below to show that two densely defined operators are equal. The proof of it
is essentially the same as for the bounded case.

Proposition 4.4. [22, Proposition 3.1] Let S and T be two densely defined oper-
ators on D. If the Berezin transforms of S and T coincide, i.e. S * ® =T * @,
then S =T on D.

5. Berger-Coburn theorem and related results

In this section, we present our main results, a short proof of the Berger-
Coburn theorem and a quantitative analog for Schatten class membership of
Toeplitz operators. Additionally, we revisit compactness of densely defined
Toeplitz operators.

5.1. The heat-flow of a Toeplitz operator. The operators {®,},., were first
introduced by Berger and Coburn [2] with a slightly different parametrization.
Berger and Coburn used it to discuss the heat flow of a Toeplitz operator. We
make the following observation.
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Proposition 5.1. Lett > % andleta € /l/zl. IfT, € X(F?), then
Bi(a) =Ty * @15

Proof. Asusual, it is enough to show that the Berezin transforms of two func-
tions coincide. We have

(Ty * Di_qy2) * o1 = (Tg * Di_yy2) * (Pryp * D))
= (Tq * @13) * (Di_q /2 * P1)2)
=(a* 1) * ¢
=a* @
= (a* @) * ¢r.
Note that all of the operators appearing above are bounded, so here we only
use the associativity and commutativity of standard operator convolutions, and

Proposition 4.1.
O

Next, we prove the Berger-Coburn theorem. Note that in the second part
of the theorem, in addition to the classical statement, we provide an explicit
formula for the bounded extension of the densely defined Topelitz operator T,,.

Theorem 5.2. Leta € /1/21. IfT, is a bounded operator then B,(a) is a bounded
function forallt > 1/2, and

B @, < 5= ITall
On the other hand, if B;(a) is a bounded functlon forsome0 <t <1/2,thenT,
is a bounded operator in T(L*®) and
Ty =B(a) * Dy
In addition,

ITall € s L@,

Proof. To prove the first claim, note that by Proposition 5.1,

BTl = [Ta * @rmsya], < [yl I1Tall = 5= 1Tl

To prove the second statement, we assume ¢ € (0,1/ 2). Then the operator
By(a) * @, /,_; isabounded operator in (L) as B,(a) € L*(C") and &, /,_, €
S8(F?). Now we prove

T, =Bi(a) * 1/
on D, i.e. the Toeplitz operator T, has the bounded extension B;(a) * @, /,_;.

Due to Proposition 4.4, one only has to check if the Berezin transforms of the

two operators coincide. Note that

Ta*@1/2=a*§01.
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On the other hand, by statement (3) in Proposition 4.1,

(Bi(@) * @1 /py) # Pyjp =(a* @) * (Pryoy * Prpp) =(a* @) *p1; =1 *a
proving the claim. Then T, € T(L*) and by the QHA Young’s inequality,

1
IT.|l < IB(a)ll ||CI’1/2—tH1 = a—zon IB;(a)ll, -

O

5.2. Schatten classes. In [3], Bauer, Coburn, and Isralowitz found a suffi-
cient condition for the Schatten class membership of densely defined Toeplitz
operators using the heat flow. Conversely, in [12], Fulsche provides a neces-
sary condition for the same. Here, we prove the following quantitative version
of their collective theorem for Schatten class membership, answering one of the
questions raised in [3].

Theorem 5.3. Let1 < p < o andleta € Ai. IfT, € 8P(F?) then B,(a) €
LP(C",dm) forallt > 1/2, and

1
||Bt(a)||p < m

On the other hand, if B,(a) € LP(C",dm) for some 0 < t < 1/2, then T, €
SP(F2) and

ITall,

T, = By(a) * q)1/2—t-

In addition,
1
ITall, < a—an 1B(a)l,, -
Proof. Note that by Proposition 5.1,
1
BTl = HTa * q)t—l/ZHP < ”q)t—l/2||1 ITall, = Gi—1n ITll, »

fort > 1.
2

For the other implication, assume B;(a) € LP(C", dm) for some t € (0, %).
Then, B,(a) * @ /,_, € 8P(F?). The equality

T, = B(a) * ¢1/2—r

is proved as before by comparing the Berezin transforms. Finally, the desired
inequality then follows from the QHA Young’s inequality,

1
ITall, = ||Be(@) * @iy pof|, < 1B, || @i fal|; < a2y 1Bl

O
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5.3. Compactness. Let Cy(C")denote the algebra of functions on C" that van-
ish at infinity and let K denote the algebra of all compact operators on F2(C").
It is well-known that if a € €y(C") then T, is compact. Also, if S € X, then
B(S) € @y(C™). The latter holds more generally: if S € K and T € 8'(F2), then
S %« T € Cy(C"). Indeed, this is easy to see when S is rank-one. The general
case then follows by standard linearity and density arguments. The following
theorem, which characterizes the compactness of densely defined Toeplitz op-
erators, was proved in [3]. Here, we present a straightforward proof that avoids
the use of pseudo-differential operators.

Theorem 5.4. Let a € A;. If T, € X then Bi(a) € €y (C") forall t > ; If
B;(a) € Cy(C") for somet € (0, %), then T, is compact.
Proof. Assume t > % Then, using that T, is compact and ®;_, s, is trace class
we obtain
Bi(a) = Tq * @415 € Co(C).

For the other implication, assume B;(a) € Cy,(C") for some t € (0, %). Let

€ > 0. Then since Cy(C") = Cy(Ch) * ¢, there exists b € Cy(C") s.t.
1Bi(a) — By(B)lls < e.

Therefore,
ITq — Tpll = ITa—pll
= [|B;(a — b) * ‘1)1/2—t||
1
< mHBz(a - b)||
1
< mHBt(G) — B,(b)||
<1
aQ-=2tmn"
Also, since b € Cy(C"), we have T, € K. Thus, T, € X = X. O
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