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Orientation reversing finite non-abelian
actions on ℝℙ𝟑 which respect a

Heegaard decomposition

John Kalliongis and Ryo Ohashi

Abstract. We classify, up to equivalence, the orientation-reversing finite
non-abelian actions on ℝℙ3 which respect a genus 1 Heegaard decomposi-
tion. A description is given for each action alongwith its quotient type. There
are seven different quotient types, and for each quotient type there is only one
equivalence class. Examples are given of non-abelian actions which do not
respect a genus 1 Heegaard decomposition.
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1. Introduction
The symmetries ofmanifolds are frequently studied in low-dimensional topol-

ogy, and one of the fundamental problems concerning symmetries is to classify
all the group actions on a given manifold up to equivalence. The following is
a list of some of the papers which deal with these questions: [BM84], [KM91],
[KM03], [KO18], [KO21a], [KO22], and [Zim19]. The classification (up to con-
jugation) for symmetries of the orientable and non-orientable 3-dimensional
handlebodies of genus one is obtained in [KM91], and in [KO18] a similar
classification is obtained for I-bundles over the projective space. For a lens
space 𝐿(𝑝, 𝑞) where 𝑝 > 2, a complete classification of finite group actions
which preserve a genus 1 Heegaard decomposition is obtained in [KM03] by
restricting the action to an invariant Heegaard torus. If 𝑝 = 1 or 2, then an
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action on 𝐿(𝑝, 𝑞) may contain an element which when restricted to two dif-
ferent invariant Heegaard tori are not equivalent (See Examples on page 28 in
[KM03]). For orientation reversing actions, it is known that the 3-sphere and
ℝℙ3 are the only 3-dimensional lens spaces which admit orientation-reversing
PL maps of period 4𝑘 where 𝑘 ≥ 1 (see [Kim77]). If𝑀 is an elliptic 3-manifold
which is not a lens space, then by [NR78] (pp. 188-190), 𝑀 does not admit
an orientation-reversing homeomorphism. Furthermore, no lens space other
than the 3-sphere 𝕊3 and ℝℙ3 admits an orientation-reversing involution by
[Kwu70]. When 𝑞2 ≡ −1 (mod 𝑝), the lens space 𝐿(𝑝, 𝑞) admits orientation
reversing actions. These were classified in [KM08] when 𝑝 > 2 and the action
leaves a Heegaard torus invariant whose sides are exchanged by an orientation-
reversing element. In [KO22], a classification is given when 𝑝 = 2 for the
orientation-reversing abelian actions on ℝℙ3. In [Zim96] and [Zim20], it was
indicated that closed 3-manifolds have equivariant genus 𝑔Heegaard splittings
where strong genus 𝑔-actions and maximal order groups are studied.
In this paper, continuing the study for 𝑝 = 2, we consider the orientation-

reversing non-abelian actions on the three-dimensional projective spaceℝℙ3 =
𝐿(2, 1)which preserves a genus 1Heegaard decomposition. We are able to clas-
sify, up to equivalence, these actions and compute their quotient spaces. There
are seven different quotient types and an explicit construction is given for each
Standard Quotient Type 𝑖 Non-Abelian Action (1 ≤ 𝑖 ≤ 7), representing each
equivalence class. In the last section of the paper, we give examples of actions
on ℝℙ3 which do not preserve a genus 1Heegaard decomposition. We remark
that ℝℙ3 is an elliptic 3-manifold with a geometric structure, and we may as-
sume by [DL09] Theorem E, which follows from Perelman’s results in [Per02],
[Per03a], [Per03b], that a finite action onℝℙ3 acts as a group of isometries. We
work in the PL category.
We will viewℝℙ3 = 𝐿(2, 1) as follows: Parameterize the unit disk 𝐷2 as {𝑧 ∈

ℂ | ‖𝑧‖ ≤ 1}with boundary 𝑆1. Let 𝑉𝑖 be the solid torus 𝑆1 ×𝐷2 for 𝑖 = 1, 2 and
define a homeomorphism 𝛼 ∶ 𝜕𝑉1 → 𝜕𝑉2 by 𝛼(𝑢, 𝑣) = (𝑢−1𝑣2, 𝑣) for (𝑢, 𝑣) ∈
𝜕𝑉1. Identifying 𝜕𝑉1 to 𝜕𝑉2 via 𝛼, we obtainℝℙ3 = 𝑉1 ∪𝛼 𝑉2 which is the lens
space 𝐿(2, 1). We note that ℝℙ3 is isomorphic to the special orthogonal group
𝑆𝑂(3), and refer to [Hal03] for details.
A 𝐺-action on a manifold 𝑀 is a monomorphism 𝜑 ∶ 𝐺 → Homeo𝑃𝐿(𝑀),

where the set Homeo𝑃𝐿(𝑀) is the group of PL-homeomorphisms of 𝑀. Two
𝐺-actions 𝜑 and 𝜓 are equivalent if their images are conjugate in Homeo𝑃𝐿(𝑀).
When𝐺 is finite the quotient space is an orbifold which we denote by𝑀∕𝜑. We
will always assume 𝐺 is finite.
Let 𝜑 ∶ 𝐺 → Homeo𝑃𝐿(ℝℙ3) be an orientation-reversing non-abelian action

which preserves a genus 1Heegaard splitting𝑉1∪𝛼𝑉2. Restricting this action to
each invariant solid torus𝑉𝑖 determines an orbifold quotient𝑉𝑖∕𝜑whose Euler
number is zero. A complete list of all the handlebody orbifolds whose Euler
number is zero is given in [KM91]. For any positive integer 𝑛, the orientable
orbifolds are denoted by (𝐴0, 𝑛) and (𝐵0, 𝑛), while the non-orientable ones are
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denoted by (𝐴1, 𝑛),..., (𝐴3, 𝑛), (𝐵1, 𝑛),..., (𝐵8, 𝑛). If 𝑋 and 𝑌 are any of these
non-orientable orbifolds having homeomorphic boundaries, and 𝜉 ∶ 𝜕𝑋 → 𝜕𝑌
is a homeomorphism, denote by 𝑂𝜉(𝑋,𝑌) or 𝑋 ∪𝜉 𝑌 the orbifold obtained by
identifying 𝜕𝑋 to 𝜕𝑌 via 𝜉. The orbifolds in the main theorem are obtained by
identifying the boundaries of the non-orientable orbifolds via explicitly defined
homeomorphisms ℎ𝑗 from [KO21b]. If two groups 𝐺1 and 𝐺2 are isomorphic
we may write 𝐺1 ≅ 𝐺2. For a group 𝐻, we use the notation “∕ ∼” to indicate
that a pair of elements in the group have been identified, thus adding a new
relation to the presentation and denoting its quotient group by 𝐻∕ ∼. If two
orbifolds 𝑂1 and 𝑂2 are homeomorphic we may write 𝑂1 ≃ 𝑂2.
The main result of our paper is the following theorem, where the presenta-

tion of each of these groups may be found in Section 5.

Theorem 5.1. Let 𝜑∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be an orientation-reversing finite
non-abelian action which preserves a genus 1Heegaard decomposition. Then one
of the following cases is true where 𝐺 is isomorphic to 𝐺𝑖 for 1 ≤ 𝑖 ≤ 7 ∶

1) 𝐺1 = (ℤ𝑛◦−1ℤ2𝑚)∕ ∼, where 𝑛 and𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)).

2) 𝐺2 = Dih(ℤ𝑛)◦ℤ𝑚∕ ∼ if 𝑛 and 𝑚 are even, or 𝐺2 = ℤ𝑛◦−1ℤ2𝑚 if 𝑛 and
𝑚 are both odd, and

ℝℙ3∕𝜑 ≃ 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚))

in both cases.
3) 𝐺3 = Dih(ℤ𝑛) ×ℤ𝑚∕ ∼, where 𝑛 > 2,𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)).

4) 𝐺4 = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2∕ ∼, where 𝑛 and𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)).

5) 𝐺5 = Dih(ℤ𝑛) × Dih(ℤ𝑚)∕ ∼, where 𝑛 and𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)).

6) 𝐺6 = Dih(ℤ𝑚)◦Dih(ℤ2𝑛)∕ ∼, where𝑚 = 𝑛(mod 2) and

ℝℙ3∕𝜑 ≃ 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)).

7) 𝐺7 = ℤ𝑛◦Dih(ℤ2𝑚)∕ ∼, where𝑚 and 𝑛 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)).

Furthermore, in each individual case 𝑖), where 1 ≤ 𝑖 ≤ 7, 𝜑 is equivalent to 𝜑𝑖 , the
Standard Quotient Type 𝑖 Non-Abelian Action.

The arguments used in the proof of this theorem involve listing, up to home-
omorphism, the orbifolds having Euler number zero Heegaard decomposition
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which have a finite fundamental group (These are listed in items 1-7 of the the-
orem.), and identifying theℤ2-normal subgroups for which the covering corre-
sponding to these groups isℝℙ3. Next, finite groups acting onℝℙ3 are explicitly
constructed yielding the appropriate quotient space and ℤ2-normal subgroup.
The paper is organized as follows. Section 2 is devoted to some introduc-

tory remarks and definitions concerning orbifolds and Heegaard decomposi-
tion into orbifolds having Euler number zero. Section 3 is devoted to describing
the Standard Quotient Type 𝑖 Non-Abelian Action for 1 ≤ 𝑖 ≤ 7 onℝℙ3 together
with their quotient types. We show that for each quotient type, there is only
one action up to equivalence. In Section 4, we prove our main result by using
the results in Section 3. Examples are given in Section 5 of 𝐺-actions on ℝℙ3,
both orientation preserving and reversing, which donot preserve a genus 1Hee-
gaard decomposition. They do, however, leave a one-sided (Heegaard surface)
projective plane invariant.
The authors sincerely thank the referee for helpful comments and sugges-

tions.

2. Orbifolds preliminaries and Heegaard decompositions
In this section, we give brief preliminary remarks about orbifolds and non-

orientable orbifolds having Euler number zero Heegaard decompositions. We
also list which of the orbifolds having Euler number zero Heegaard decompo-
sition have finite fundamental groups in Theorem 2.1.
Satake introduced orbifolds in [Sat56] and [Sat57], and Thurston developed

the topic more fully in [Thu78]. For more details, we refer the reader to the
following references: M. Yokoyama [Yok16]; M. Boileau, S. Maillot and J. Porti
[BMP03]; S. Choi [Cho00]; W. Dunbar [Dun88]; D. Cooper, C. Hodgson and S.
Kerckhoff [CHK12].
A spacewhich is locallymodeled as the quotient space ofℝ𝑛 by a finite linear

group is called an orbifold. More specifically, consider (𝑈,𝐺) where 𝑈 ⊆ ℝ𝑛 is
homeomorphic to an open𝑛-ball and𝐺 is a finite group of self-diffeomorphisms
on 𝑈. Let 𝑈 = 𝑈∕𝐺 be the quotient space, which is called a local model, and
𝜈 ∶ 𝑈 → 𝑈 denote the quotient map. If 𝐺�̃� is the stabilizer for any �̃� ∈ 𝑈
and 𝐺�̃� ≠ 1, then 𝜈(�̃�) is called an singular point in 𝑈; it may be labelled with
the order of 𝐺�̃�. An orbifold map 𝜓 between local models 𝑈 and 𝑈′ consists
of a pair (𝜓, 𝛾), where 𝜓 ∶ 𝑈 → 𝑈′ is a smooth map and 𝛾 ∶ 𝐺 → 𝐺′ is a
group homomorphism such that 𝜓(𝑔(�̃�)) = 𝛾(𝑔)𝜓(�̃�) for all �̃� ∈ 𝑈, 𝑔 ∈ 𝐺 and
𝜈′𝜓 = 𝜓𝜈. An orbifold is a space which consists of local models glued together
by orbifold maps. The set of singular points is referred to as the exceptional set
or the singular locus. An orbifold 𝑂 with boundary 𝜕𝑂 is defined similarly by
replacing ℝ𝑛 with the closed half space ℝ𝑛

+ to obtain local models for 𝑥 ∈ 𝜕𝑂.
Suppose 𝑀 is an 𝑛-manifold and 𝐺 is a group of diffeomorphisms which acts
properly discontinuously on𝑀, which means that for any compact subset 𝐾 ⊂
𝑀 the set {𝑔 ∈ 𝐺 | 𝑔(𝐾)∩𝐾 ≠ ∅} is finite. Under these assumptions the quotient
space 𝑀∕𝐺 is an orbifold. The orbifolds (𝐴0, 𝑛) and (𝐵0, 𝑛), defined below,
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are good examples of 3-dimensional orbifolds with Euler number zero. These
orbifolds will cover all non-orientable orbifolds used in the genus 1 Heegaard
decomposition.
An orbifold handlebody 𝑂 is formed by gluing together orbifold 0-handles

(3-orbifolds covered by the 3-ball 𝐵3) and orbifold 1-handles (products with 2-
orbifolds covered by the disk 𝐷2) so that the singular points of the same type
are identified. See [KM91] for more details. If the handlebody orbifold is ori-
entable, then the underlying space is a handlebody. When there is a 𝑛-sheeted
covering space 𝐻 → 𝑂 where 𝐻 is a handlebody, then the Euler number 𝜒(𝑂)
= 1

𝑛
𝜒(𝐻). Interested readers can check D. Cooper, C. Hodgson and S. Kerck-

hoff in [CHK12] regarding the Euler number. An Euler number 1− 𝑔Heegaard
decomposition of an orbifold 𝑂 is an ordered triple (Σ, 𝑂1, 𝑂2) where Σ ⊂ 𝑂 is a
closed 2-orbifold, 𝑂𝑖 is an orbifold handlebody having Euler number 1− 𝑔, Σ =
𝜕𝑂𝑖 = 𝑂1 ∩ 𝑂2 and 𝑂 = 𝑂1 ∪ 𝑂2.
We will be concerned with Euler number zero Heegaard decompositions

where the orbifolds𝑂𝑖, for 𝑖 = 1, 2, will come from the list of the non-orientable
orbifolds covered by (𝐴0, 𝑛) and (𝐵0, 𝑛). See [KM91] for more details. We now
describe the orbifolds (𝐴0, 𝑛) and (𝐵0, 𝑛).
Let 𝑉 = 𝑆1 × 𝐷2 denote the solid torus, and define a ℤ𝑛-action on 𝑉 by

ℎ(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ). The orbifold quotient space 𝑉∕⟨ℎ⟩ is denoted by 𝑉(𝑛) or

(𝐴0, 𝑛). The quotient space is a solid torus containing a core consisting of sin-
gular points of order 𝑛 (See Figure 1).

𝑛

(𝐴0, 𝑛)
Figure 1

The orbifold fundamental group is 𝜋1(𝑉(𝑛)) = ⟨𝑙1, 𝑚1 | [𝑙1, 𝑚1] = 𝑚𝑛
1 = 1⟩ ≅

ℤ ×ℤ𝑛.

Next, we consider a map 𝜏 ∶ 𝑉(𝑛)→ 𝑉(𝑛) defined by 𝜏(𝑢, 𝑣) = (𝑢, 𝑣), which
is an involution. The orbifold 𝑉(𝑛)∕⟨𝜏⟩ is denoted by (𝐵0, 𝑛). Its underlying
space is a 3-ball which has an exceptional set consisting of an embedded tree
with five edges, one edge labeled with 𝑛 and the other four edges each labeled
with 2. The boundary is a Conway sphere with four cone points of order 2 (See
Figure 2).
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𝑛2

2

2

2

(𝐵0, 𝑛)
Figure 2

We obtain a covering map 𝜈 ∶ 𝑉(𝑛) → (𝐵0, 𝑛) = 𝑉(𝑛)∕⟨𝜏⟩ giving a split exact
sequence

1→ 𝜋1(𝑉(𝑛))→ 𝜋1((𝐵0, 𝑛))→ ℤ2 → 1.
Let 𝜈∗(𝑙1) = 𝑙 and 𝜈∗(𝑚1) = 𝑚. Since 𝜏 inverts both generators of 𝜋1(𝑉(𝑛)), we
obtain the following fundamental groups:

𝜋1((𝐵0, 𝑛)) = ⟨𝑙, 𝑚, 𝑡 | [𝑙, 𝑚] = 𝑚𝑛 = 𝑡2 = 1, 𝑡𝑙𝑡−1 = 𝑙−1, 𝑡𝑚𝑡−1 = 𝑚−1⟩ =
Dih(ℤ ×ℤ𝑛)
and 𝜋1(𝜕(𝐵0, 𝑛)) = ⟨𝑙, 𝑚, 𝑡 | [𝑙, 𝑚] = 𝑡2 = 1, 𝑡𝑙𝑡−1 = 𝑙−1, 𝑡𝑚𝑡−1 = 𝑚−1⟩ =
Dih(ℤ ×ℤ).
It follows that (𝐴0, 𝑛)will double cover the non-orientable orbifolds (𝐴1, 𝑛),

(𝐴2, 𝑛), (𝐴3, 𝑛), (𝐵3, 𝑛), (𝐵4, 𝑛), and (𝐵5, 𝑛); and the orbifold (𝐵0, 𝑛)will double
cover the non-orientable orbifolds (𝐵1, 𝑛), (𝐵2, 𝑛), (𝐵6, 𝑛), (𝐵7, 𝑛), (𝐵8, 𝑛). Fur-
thermore, these orbifolds are described along with their fundamental groups in
[KM91], [KO21b] and [KO22].
Recall that the notation 𝑂𝜉(𝑋,𝑌) or 𝑋 ∪𝜉 𝑌 is used to denote the orbifold

obtained by identifying 𝜕𝑋 to 𝜕𝑌 via a homeomorphism 𝜉 ∶ 𝜕𝑋 → 𝜕𝑌, where
𝑋, 𝑌 will come from the list of non-orientable orbifolds whose boundaries are
homeomorphic, and the gluing map 𝜉 = ℎ𝑖 for 1 ≤ 𝑖 ≤ 7 defined in [KO21b].
For groups𝐴 and 𝐵, we adopt the notation𝐴◦𝐵 to indicate the semidirect prod-
uct𝐴⋊𝐵, and use𝐴◦−1𝐵 to represent the specific action 𝑏𝑎𝑏−1 = 𝑎−1 for every
𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵. Thus the dihedral groupDih(ℤ𝑛)maybewritten byℤ𝑛◦−1ℤ2.
Moreover, from [KO21b], we have the following theorem:

Theorem 2.1. Let 𝑋 and 𝑌 be any of the orbifolds

(𝐴1, 𝑛),⋯ , (𝐴3, 𝑛), (𝐵1, 𝑛),⋯ , (𝐵8, 𝑛),
and let 𝜉 ∶ 𝜕𝑋 → 𝜕𝑌 be ahomeomorphism. If𝜋1(𝑂𝜉(𝑋,𝑌)) is finite, then𝑂𝜉(𝑋,𝑌)
is homeomorphic to one of the orbifolds listed in the following table with the cor-
responding fundamental group.
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Orbifolds Fundamental Group
𝑂ℎ1 ((𝐴1, 𝑛), (𝐵5, 𝑚)) ⟨𝑎, 𝑏 | 𝑎2 = 𝑏2, 𝑎2𝑚 = 𝑏2𝑚 = (𝑏𝑎−1)𝑛 = 1⟩ ≅ ℤ𝑛◦−1ℤ2𝑚
𝑂ℎ2 ((𝐴3, 𝑛), (𝐵4, 𝑚)) ⟨𝑎, 𝑏, 𝑐|𝑎𝑛 = 𝑏2 = 𝑐2𝑚 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎⟩ ≅ Dih(ℤ𝑛)◦ℤ2𝑚
𝑂ℎ3 ((𝐴2, 𝑛), (𝐵3, 𝑚)) ⟨𝑎, 𝑏, 𝑐|[𝑎, 𝑏] = [𝑎, 𝑐] = 1, 𝑎𝑚 = 𝑏𝑛 = 𝑐2 = 1, 𝑐𝑏𝑐−1 = 𝑏−1⟩ ≅ Dih(ℤ𝑛) ×ℤ𝑚
𝑂ℎ4 ((𝐵2, 𝑛), (𝐵2, 𝑚)) ⟨𝑎, 𝑏 | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)2𝑚 = 1⟩ ≅ (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2
𝑂ℎ5 ((𝐵6, 𝑛), (𝐵6, 𝑚)) ⟨𝑎, 𝑏, 𝑐, 𝑑 |𝑎

2 = 𝑏2 = 𝑐2 = (𝑏𝑐)𝑛 = 𝑑2 = (𝑎𝑑)𝑚 = 1, {𝑎, 𝑑}↔ {𝑏, 𝑐}⟩ ≅ Dih(ℤ𝑛) × Dih(ℤ𝑚)
𝑂ℎ6 ((𝐵7, 𝑛), (𝐵7, 𝑚)) ⟨𝑎, 𝑏, 𝑐 |𝑎2 = 𝑏2𝑛 = (𝑎𝑏−1𝑎𝑏)𝑚 = 𝑐2 = 1, 𝑎 ↔ {𝑏2, 𝑐}, 𝑏𝑐 = 𝑏−1⟩ ≅ Dih(ℤ𝑚)◦Dih(ℤ2𝑛)
𝑂ℎ7 ((𝐵1, 𝑛), (𝐵8, 𝑚)) ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, [𝑎, 𝑐] = 1, (𝑐𝑏)2𝑚 = 1⟩ ≅ ℤ𝑛◦Dih(ℤ2𝑚)

Notation: 𝑥𝑦 = 𝑦𝑥𝑦−1, and if 𝑥 and 𝑦 commute we write 𝑥 ↔ 𝑦

3. Standard orientation reversing non-Abelian actions on ℝℙ𝟑

In this section, wewill define some standard orientation reversingnon-abelian
actions on ℝℙ3. In addition, we calculate the quotient spaces of these actions.
These actions will be sorted by their quotient types, Quotient Type 𝑖 for 1 ≤
𝑖 ≤ 7. A standard action with Quotient Type 𝑖 will be called the Standard Quo-
tient Type 𝑖 Non-Abelian Action. Since the later cases are similar to the previous
cases, some of the details will be omitted. Wewill begin each quotient typewith
a brief description of its Euler zero Heegaard decomposition into two orbifolds
which are finitely covered by a solid torus. Details may be found in [KO21b]
and [KO22].

Quotient Type 1: Orbifold (𝐴1, 𝑛) ∪ℎ1 (𝐵5, 𝑚)
Orbifold (𝐴1, 𝑛):
Definemaps 𝑎, 𝑏 ∶ℝ×𝐷2 → ℝ×𝐷2 as follows: 𝑎(𝑡, 𝑣) = (𝑡− 1

2
, 𝑣) and 𝑏(𝑡, 𝑣)

= (𝑡− 1
2
, 𝑣𝑒

2𝜋𝑖
𝑛 ). The orbifold (𝐴1, 𝑛) =ℝ×𝐷2∕⟨𝑎, 𝑏⟩ and its fundamental group

is

𝜋1((𝐴1, 𝑛)) = ⟨𝑎, 𝑏 | 𝑎2 = 𝑏2, (𝑎𝑏−1)𝑛 = 1⟩
= ⟨𝑏𝑎−1⟩◦−1⟨𝑎⟩ = ℤ𝑛◦−1ℤ.

The orbifold (𝐴1, 𝑛) is a solid Klein bottle with a simple closed curve core of
singular points of order 𝑛 whose boundary 𝜕(𝐴1, 𝑛) is a Klein bottle.
Orbifold (𝐵5, 𝑚):

Let 𝑥, 𝑦 ∶ℝ×𝐷2 → ℝ×𝐷2 bemaps defined by 𝑥(𝑡, 𝑣) = (−𝑡, 𝑣𝑒
−𝜋𝑖
𝑚 ) and 𝑦(𝑡, 𝑣)

= (−𝑡 + 1, 𝑣𝑒
−𝜋𝑖
𝑚 ). The orbifold (𝐵5, 𝑚) = ℝ × 𝐷2∕⟨𝑥, 𝑦⟩ and its fundamental

group is

𝜋1((𝐵5, 𝑚)) = ⟨𝑥, 𝑦 | 𝑥2 = 𝑦2, 𝑥2𝑚 = 𝑦2𝑚 = 1⟩.
The boundary 𝜕(𝐵5, 𝑚) is a Klein bottle.

Orbifold 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)):
There is a homeomorphism ℎ1∶ 𝜕(𝐴1, 𝑛) → 𝜕(𝐵5, 𝑚) inducing an isomor-

phism which identifies 𝑎 with 𝑥 and 𝑏 with 𝑦. This follows from [KO21b] and
[KO22]. When we identify 𝜕(𝐴1, 𝑛) to 𝜕(𝐵5, 𝑚) via ℎ1, we obtain the orbifold
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𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)), and its orbifold fundamental group is

𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))) = ⟨𝑎, 𝑏 | 𝑎2 = 𝑏2, 𝑎2𝑚 = 𝑏2𝑚 = (𝑏𝑎−1)𝑛 = 1⟩
= ⟨𝑏𝑎−1⟩◦−1⟨𝑎⟩ = ℤ𝑛◦−1ℤ2𝑚.

We note that both 𝑎 and 𝑏 are orientation reversing elements.

Proposition 3.1. Let𝐻 be an orientable normal subgroup of

𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))) = ℤ𝑛◦−1ℤ2𝑚

that is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)))∕𝐻

be the quotient group. Let 𝑤 = 𝑏𝑎−1, and suppose 𝑄 is not abelian. Then one of
the following is true∶

1) 𝑛 > 2 and𝑚 are both even,𝐻 = ⟨𝑤
𝑛
2 𝑎𝑚⟩, and

𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤𝑛 = 𝑎2𝑚 = 1, 𝑤
𝑛
2 𝑎𝑚 = 1⟩∕ ∼= (ℤ𝑛◦−1ℤ2𝑚)∕ ∼ .

2) 𝑛 > 2 and𝑚 is even,𝐻 = ⟨𝑎𝑚⟩, and

𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤𝑛 = 1, 𝑎𝑚 = 1⟩ = ℤ𝑛◦−1ℤ𝑚.

3) 𝑛 > 4 is even,𝐻 = ⟨𝑤
𝑛
2 ⟩, and

𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤
𝑛
2 = 𝑎2𝑚 = 1⟩ = ℤ 𝑛

2
◦−1ℤ2𝑚.

Proof. If𝑤 = 𝑏𝑎−1, wemay write𝐻 = ⟨𝑤𝑠𝑎𝑡⟩where 0 ≤ 𝑠 < 𝑛 and 𝑜 ≤ 𝑡 < 2𝑚.
Note that 𝑛 > 2, otherwise 𝑄 is abelian.
Assume first that 𝑠 and 𝑡 are both non-zero. Since 𝐻 is normal, 𝑤𝑠𝑎𝑡 =

𝑎(𝑤𝑠𝑎𝑡)𝑎−1 = 𝑤−𝑠𝑎𝑡, which implies 𝑤2𝑠 = 1 or 𝑠 = 𝑛
2
. Note that 1 = (𝑤

𝑛
2 𝑎𝑡)2 =

𝑎2𝑡, for either 𝑡 even or odd. This implies 𝑡 = 𝑚, and thus 𝐻 = ⟨𝑤
𝑛
2 𝑎𝑚⟩. Sup-

pose𝑚 is odd. Then𝑤
𝑛
2 𝑎𝑚 =𝑤(𝑤

𝑛
2 𝑎𝑚)𝑤−1=𝑤( 𝑛

2
+1)𝑎𝑚𝑤−1𝑎−𝑚𝑎𝑚 =𝑤( 𝑛

2
+2)𝑎𝑚.

This implies 𝑤2 = 1, and thus 𝑛 = 2. This implies 𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))) =
ℤ2◦−1ℤ2𝑚, which is abelian and ruling out this case. This implies 𝑚 is even
and 𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤𝑛 = 𝑎2𝑚 = 1, 𝑤

𝑛
2 𝑎𝑚 = 1⟩ = (ℤ𝑛◦−1ℤ2𝑚)∕ ∼.

Since 𝑄 is not abelian, we must have 𝑛 > 2.
Suppose 𝑠 = 0 and 𝑡 ≠ 0. It follows that 𝐻 = ⟨𝑎𝑚⟩. If 𝑚 is odd, then 𝑎𝑚 =

𝑤𝑎𝑚𝑤−1 =𝑤2𝑎𝑚. This implies 𝑛 = 2 again giving an abelian quotient 𝑄. Thus
𝑚must be even and 𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤𝑛 = 1, 𝑎𝑚 = 1⟩ = ℤ𝑛◦−1ℤ𝑚.
Finally, assume 𝑠 ≠ 0 and 𝑡 = 0. It follows that 𝑠 = 𝑛

2
and 𝐻 = ⟨𝑎

𝑛
2 ⟩. Fur-

thermore, 𝑄 = ⟨𝑤, 𝑎 | 𝑎𝑤𝑎−1 = 𝑤−1, 𝑤
𝑛
2 = 𝑎2𝑚 = 1⟩ = ℤ 𝑛

2
◦−1ℤ2𝑚. □
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Standard Quotient Type 1Non-Abelian Action
Let 𝑛 and 𝑠 be positive integers with 𝑛 even. Recall that 𝑤 = 𝑏𝑎−1. Consider

the subgroup 𝑁 = ⟨𝑤
𝑛
2 𝑎2𝑠⟩. Now 𝑁 ⊴ 𝜋1((𝐴1, 𝑛)), which is isomorphic to ℤ,

and𝑤
𝑛
2 𝑎2𝑠(𝑡, 𝑣) = (𝑡− 𝑠,−𝑣). There is a covering map 𝑝 ∶ ℝ×𝐷2 → ℝ×𝐷2∕𝑁

= 𝑉1, where 𝑉1 is a solid torus 𝑆1 × 𝐷2, defined by 𝑝(𝑡, 𝑣) = (𝑒
2𝜋𝑖𝑡
𝑠 , 𝑣𝑒

𝜋𝑖𝑡
𝑠 ). The

induced maps 𝑎1, 𝑤1 ∶ 𝑉1 → 𝑉1 are defined by 𝑎1(𝑢, 𝑣) = (𝑢𝑒
−𝜋𝑖
𝑠 , 𝑢𝑣𝑒

−𝜋𝑖
2𝑠 ) and

𝑤1(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ). We note that 𝑤

𝑛
2
1 𝑎

2𝑠
1 = 1. The group generated by 𝑤1 and

𝑎1 is denoted by 𝐺1 and

𝐺1 = ⟨𝑤1, 𝑎1 | 𝑎1𝑤1𝑎−11 = 𝑤−1
1 , 𝑤𝑛

1 = 𝑎4𝑠1 = 1, 𝑤
𝑛
2
1 𝑎

2𝑠
1 = 1⟩

= (⟨𝑤1⟩◦−1⟨𝑎1⟩)∕ ∼ = (ℤ𝑛◦−1ℤ4𝑠)∕ ∼.
Note that 𝑉1∕𝐺1 = (𝐴1, 𝑛).
Recall thatℝℙ3 =𝑉1∪𝛼 𝑉2 where 𝛼 ∶ 𝜕𝑉1 → 𝜕𝑉2 by 𝛼(𝑢, 𝑣) = (𝑢−1𝑣2, 𝑣) for

(𝑢, 𝑣) ∈ 𝜕𝑉1. We will show that 𝑤1 and 𝑎1 extend over 𝑉2, thus extending 𝐺1
over 𝐿(2, 1) and that 𝑉2∕𝐺1 = (𝐵5, 2𝑠).
Now 𝛼𝑤1𝛼−1(𝑢, 𝑣) = 𝛼𝑤1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢−1𝑣2, 𝑣𝑒

2𝜋𝑖
𝑛 ) = (𝑢𝑒

4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ). We

also have𝛼𝑎1𝛼−1(𝑢, 𝑣) =𝛼𝑎1(𝑢−1𝑣2, 𝑣1) =𝛼(𝑢−1𝑣2𝑒
−𝜋𝑖
𝑠 , 𝑢−1𝑣𝑒

−𝜋𝑖
2𝑠 ) = (𝑢, 𝑢𝑣𝑒

−𝜋𝑖
2𝑠 ).

Thus, these maps extend to 𝑉2, and so we define𝑤1 and 𝑎1 on 𝑉2 by𝑤1(𝑢, 𝑣) =
(𝑢𝑒

4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ) and 𝑎1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒

−𝜋𝑖
2𝑠 ).

To compute the quotient, since𝑤
𝑛
2
1 (𝑢, 𝑣) = (𝑢,−𝑣), we obtain a coveringmap

𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑤1⟩ = 𝑉2(2) defined by 𝑝1(𝑢, 𝑣) = (𝑢
𝑛
2 , 𝑢𝑣2). The induced

map 𝑎2 ∶ 𝑉2(2) → 𝑉2(2) is defined by 𝑎2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
𝜋𝑖
𝑠 ). Let 𝑝2 ∶ 𝑉2(2) →

𝑉2(2)∕⟨𝑎22⟩ = 𝑉2(2𝑠). The induced map 𝑎3 ∶ 𝑉2(2𝑠) → 𝑉2(2𝑠) is defined by
𝑎3(𝑢, 𝑣) = (𝑢,−𝑣). Clearly,𝑉2(2𝑠)∕⟨𝑎3⟩= (𝐵5, 2𝑠). This shows𝑉2∕𝐺1= (𝐵5, 2𝑠).
Let𝑚 = 2𝑠.
Summarizing the results above, define homeomorphisms 𝑤1 and 𝑎1 onℝℙ3

as follows:

𝑤1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
−2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢, 𝑢𝑣𝑒
−𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2.

The group generated by 𝑤1 and 𝑎1 is 𝐺1. This defines an action 𝜑1 ∶ 𝐺1 →
Homeo𝑃𝐿(ℝℙ3) such that the quotient space ℝℙ3∕𝜑1 = (𝐴1, 𝑛) ∪ℎ′1 (𝐵5, 2𝑠) =
𝑂ℎ′1((𝐴1, 𝑛), (𝐵5, 𝑚)) for some homeomorphism ℎ′1 ∶ 𝜕(𝐴1, 𝑛) → 𝜕(𝐵5, 𝑚). It
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follows by Lemma 21 in [KO21b], that 𝑂ℎ′1((𝐴1, 𝑛), (𝐵5, 𝑚)) is homeomorphic
to 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)). Composing with a fixed homeomorphism, fix a cover-
ing map 𝜈1 ∶ ℝℙ3 → 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)) and note that 𝜑1(𝐺1) is the group
of covering translations. We call 𝜑1 a Standard Quotient Type 1 Non-Abelian
Action on ℝℙ3 with quotient type 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)).

Proposition 3.2. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑤

𝑛
2 𝑎𝑚⟩ and 𝑛 > 2 and𝑚 are both even.

Proof. Let 𝜈∗(𝜋1(ℝℙ3)) = 𝐻 be a subgroup of 𝜋1(𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))). We
will show that cases 2) and 3) in Proposition 3.1 cannot happen. Suppose 𝐻
= ⟨𝑎𝑚⟩ where 𝑚 is even. Now 𝑎𝑚 is identified with 𝑥𝑚, which on the uni-
versal covering space of (𝐵5, 𝑚) is defined by 𝑥𝑚(𝑡, 𝑣) = (𝑡,−𝑣). Since 𝑥𝑚 ∈
𝜋1((𝐵5, 𝑚)) has a fixed point, it follows by Corollary 5.2 in [KO22] that the cov-
ering corresponding to ⟨𝑎𝑚⟩ is not a manifold. Similarly, if 𝐻 = ⟨𝑤

𝑛
2 ⟩, then 𝑤

𝑛
2

acts on the universal covering space of (𝐴1, 𝑛) by 𝑤
𝑛
2 (𝑡, 𝑣) = (𝑡,−𝑣), which is

not fixed-point free. Again applying Corollary 5.2 in [KO22] the covering cor-
responding to ⟨𝑤

𝑛
2 ⟩ is not a manifold. □

Theorem 3.3. Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient space ℝℙ3∕𝜑 is homeomorphic to 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)). Then
𝑛 > 2 and𝑚 are both even and the following is true∶

1) 𝐺 is isomorphic to 𝐺1 = ⟨𝑤1, 𝑎1 | 𝑎1𝑤1𝑎−11 = 𝑤−1
1 , 𝑤𝑛

1 = 𝑎2𝑚1 = 1, 𝑤
𝑛
2
1 𝑎

𝑚
1 =

1⟩ = (⟨𝑤1⟩◦−1⟨𝑎1⟩)∕ ∼ = (ℤ𝑛◦−1ℤ2𝑚)∕ ∼.
2) The action 𝜑 is conjugate to 𝜑1, the Standard Quotient Type 1 Non-Abelian

Action.

Proof. 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action and ℝℙ3∕𝜑 an
orbifold homeomorphic to 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)). Choosing a fixed homeomor-
phism, we obtain a covering 𝜈∶ ℝℙ3 → 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)) where 𝜑(𝐺) is
the group of covering translations. By Proposition 3.2, 𝜈1∗(𝜋1(ℝℙ3)) = ⟨𝑤

𝑛
2 𝑎𝑚⟩

= 𝜈∗(𝜋1(ℝℙ3)) and 𝑛 > 2 and 𝑚 are both even. This implies that 𝜈 lifts to a
homeomorphism 𝑘 of ℝℙ3 so that the following diagram commutes.

ℝℙ3
𝑘

,,,,,,→ ℝℙ3
⏐⏐⏐⏐⏐⏐⏐↓𝜈

⏐⏐⏐⏐⏐⏐⏐↓𝜈1

𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))
𝑖𝑑

,,,,,,→ 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚))

For any 𝑧 ∈ ℝℙ3 and any 𝜑(𝑔) for 𝑔 ∈ 𝐺, we have 𝜈1(𝑘𝜑(𝑔)𝑘−1)(𝑧) =
𝜈𝜑(𝑔)𝑘−1(𝑧) = 𝜈𝑘−1(𝑧) = 𝜈1(𝑧). Thus 𝑘𝜑(𝑔)𝑘−1 is a covering translation for
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𝜈1 ∶ ℝℙ3 → 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)), showing 𝑘𝜑(𝐺)𝑘
−1 = 𝜑1(𝐺1), proving the

result. □

Quotient Type 2: Orbifold (𝐴3, 𝑛) ∪ℎ2 (𝐵4, 𝑚)
Orbifold (𝐴3, 𝑛):
The universal covering space of (𝐴3, 𝑛) isℝ×𝐷2, and the covering transfor-

mation maps 𝑎, 𝑏, 𝑐 onℝ×𝐷2 are defined as follows: 𝑎(𝑡, 𝑣) = (𝑡, 𝑣𝑒
2𝜋𝑖
𝑛 ), 𝑏(𝑡, 𝑣)

= (𝑡, 𝑣) and 𝑐(𝑡, 𝑣) = (𝑡 + 1
2
, 𝑣𝑒

−𝜋𝑖
𝑛 ). The orbifold (𝐴3, 𝑛) = ℝ × 𝐷2∕⟨𝑎, 𝑏, 𝑐⟩. A

computation shows the following: 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑎𝑛 =
𝑏2 = 1. Hence the fundamental group is
𝜋1((𝐴3, 𝑛)) = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎⟩

= (ℤ𝑛◦−1ℤ2)◦ℤ.
Orbifold (𝐵4, 𝑚):
The covering translations on the universal covering space ℝ ×𝐷2 of (𝐵4, 𝑚)

are defined as follows: 𝑥(𝑡, 𝑣) = (𝑡+1, 𝑣), 𝑦(𝑡, 𝑣) = (𝑡, 𝑣𝑒
2𝜋𝑖
𝑚 ), 𝑧(𝑡, 𝑣) = (−𝑡, 𝑣𝑒

2𝜋𝑖𝑡
𝑚 ).

The orbifold (𝐵4, 𝑚) = ℝ × 𝐷2∕⟨𝑥, 𝑦, 𝑧⟩ and the fundamental group
𝜋1((𝐵4, 𝑚)) = ⟨𝑥, 𝑦, 𝑧 | [𝑥, 𝑦] = 1, 𝑦𝑚 = 𝑧2 = 1, 𝑧𝑥𝑧−1 = 𝑥−1𝑦, 𝑧𝑦𝑧−1 = 𝑦⟩

= (ℤ ×ℤ𝑛)◦ℤ2.

Orbifold 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)):
There is a homeomorphism ℎ2 ∶ 𝜕(𝐴3, 𝑛) → 𝜕(𝐵4, 𝑚) inducing an isomor-

phismwhichmakes the following identifications: 𝑏= 𝑧, 𝑏𝑎=𝑥−2𝑦𝑧, 𝑐= 𝑧𝑥 and
𝑐2 = 𝑦. This follows from [KO21b] and [KO22]. Thus, the orbifold fundamental
group 𝜋1(𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚))) is

⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2𝑚 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎⟩
= (⟨𝑎⟩◦−1⟨𝑏⟩)◦⟨𝑐⟩ = Dih(ℤ𝑛)◦ℤ2𝑚.

The elements 𝑏 and 𝑐 are orientation reversing elements in the fundamental
group.

Proposition 3.4. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)))∕𝐻

be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1) 𝑚 is even,𝐻 = ⟨𝑐𝑚⟩, and

𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2𝑚 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎, 𝑐𝑚 = 1⟩
= (ℤ𝑛◦−1ℤ2)◦ℤ𝑚.
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2) 𝑛 ≥ 4 is even,𝐻 = ⟨𝑎
𝑛
2 ⟩, and

𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2𝑚 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎, 𝑎
𝑛
2 = 1⟩

= (ℤ 𝑛
2
◦−1ℤ2)◦ℤ2𝑚.

3) 𝑚 and 𝑛 are both even,𝐻 = ⟨𝑎
𝑛
2 𝑐𝑚⟩, and

𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2𝑚 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎, 𝑎
𝑛
2 𝑐𝑚 = 1⟩

= (ℤ𝑛◦−1ℤ2)◦ℤ2𝑚∕ ∼ .

4) 𝑚 ≥ 1 and 𝑛 ≥ 3 are both odd,𝐻 = ⟨𝑎
𝑛−1
2 𝑏𝑐𝑚⟩, and

𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 1, 𝑏𝑎𝑏−1 = 𝑎−1, 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎, 𝑎
𝑛−1
2 𝑏𝑐𝑚 = 1⟩

= ℤ𝑛◦−1ℤ2𝑚.

Proof. Recall that 𝑐𝑎𝑐−1 = 𝑎−1, 𝑐𝑏𝑐−1 = 𝑏𝑎 and 𝑐2 commutes with both 𝑎 and
𝑏. As the orbifold fundamental group is a semi-direct product, we may write𝐻
= ⟨𝑎𝑠𝑏𝜖𝑐𝑡⟩ where 0 ≤ 𝑠 < 𝑛, 𝜖 = 0 or 1, and 0 ≤ 𝑡 < 2𝑚.
We first assume 𝜖 = 0, and so𝐻 = ⟨𝑎𝑠𝑐𝑡⟩. Since𝐻 is normal, 𝑎𝑠𝑐𝑡 = 𝑐𝑎𝑠𝑐𝑡𝑐−1

= 𝑎−𝑠𝑐𝑡, which indicates 𝑎2𝑠 = 1. Observe that this implies 1 = (𝑎𝑠𝑐𝑡)2 = 𝑐2𝑡
whether 𝑡 is either even or odd. There are three cases to consider depending on
the values of 𝑠 and 𝑡.
Suppose 𝑠 = 0, and therefore 𝑡 ≠ 0 and𝐻 = ⟨𝑐𝑡⟩. Since 𝑐2𝑡 = 1, it follows that

𝑡 = 𝑚 and𝐻= ⟨𝑐𝑚⟩. If𝑚 is odd, then 𝑏𝑐𝑚𝑏−1= 𝑎𝑐𝑚, contradicting normality. If
𝑚 is even, then𝐻 = ⟨𝑐𝑚⟩ is normal and condition 1) of the proposition satisfied.
Assume 𝑡 = 0, and so 𝑠 ≠ 0 and 𝑛 ≠ 1. Furthermore, since 𝑎2𝑠 = 1, it

follows that 𝑠 = 𝑛
2
and 𝐻 = ⟨𝑎

𝑛
2 ⟩. Now 𝐻 = ⟨𝑎

𝑛
2 ⟩, showing condition 2) of the

proposition.
Next, we assume 𝑠 ≠ 0 and 𝑡 ≠ 0, and therefore 𝑛 ≠ 1. Since 𝑎2𝑠 = 1

and 𝑐2𝑡 = 1, it follows that 𝐻 = ⟨𝑎
𝑛
2 𝑐𝑚⟩. By normality if 𝑚 is odd, 𝑎

𝑛
2 𝑐𝑚 =

𝑏(𝑎
𝑛
2 𝑐𝑚)𝑏−1 = 𝑎

𝑛
2 𝑎𝑐𝑚, which implies 𝑎 = 1 giving a contradiction. Thus, 𝑚 is

even, and it follows that 𝐻 = ⟨𝑎
𝑛
2 𝑐𝑚⟩ is a normal subgroup proving condition

3) in the proposition.
Finally, assume 𝜖 = 1 and 𝐻 = ⟨𝑎𝑠𝑏𝑐𝑡⟩. An argument similar to the above

shows that𝐻 = ⟨𝑎
𝑛−1
2 𝑏𝑐𝑚⟩where𝑚 and 𝑛 are both odd and𝑄=ℤ𝑛◦−1ℤ2𝑚. □

Standard O.R. Quotient Type 2 Non-Abelian Action
Let 𝑛 and 𝑚 be positive integers. Consider the subgroup 𝑁 = ⟨(𝑏𝑐)𝑛𝑐𝑚−𝑛⟩

of 𝜋1((𝐴3, 𝑛)). It follows that 𝑁 ⊴ 𝜋1((𝐴3, 𝑛)) if 𝑚 = 𝑛(mod 2). A calculation
shows (𝑏𝑐)𝑛𝑐𝑚−𝑛(𝑡, 𝑣) = (𝑡 + 𝑚

2
,−𝑣). If 𝑤 = (𝑏𝑐)𝑛𝑐𝑚−𝑛, then 𝑤 is a fixed-point

free ℤ-action on ℝ × 𝐷2 with quotient space a solid torus 𝑉1. A computation
shows the following:
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(𝑏𝑐)𝑛𝑐𝑚−𝑛 =
⎧

⎨
⎩

𝑎
𝑛
2 𝑐𝑚, if 𝑛 and𝑚 are both even.

𝑎
𝑛−1
2 𝑏𝑐𝑚, if 𝑛 and𝑚 are both odd.

Let 𝑝 ∶ ℝ × 𝐷2 → ℝ × 𝐷2∕⟨𝑤⟩ = 𝑉1 be a covering defined by 𝑝(𝑡, 𝑣) =
(𝑒

4𝜋𝑖𝑡
𝑚 , 𝑣𝑒

2𝜋𝑖𝑡
𝑚 ). The induced maps 𝑎1, 𝑏1, 𝑐1 ∶ 𝑉1 → 𝑉1 are defined as follows:

𝑎1(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), 𝑏1(𝑢, 𝑣) = (𝑢, 𝑢𝑣), 𝑐1(𝑢, 𝑣) = (𝑢𝑒

2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 𝑒

−𝜋𝑖
𝑛 ). The group

generated by 𝑎1, 𝑏1 and 𝑐1 is denoted by 𝐺2 and
𝐺2 = ⟨𝑎1, 𝑏1, 𝑐1|𝑎𝑛1 = 𝑏21 = 𝑐2𝑚1 = [𝑎1, 𝑐1] = (𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 = 1, 𝑏1𝑎1𝑏−11 =

𝑎−11 , 𝑐1𝑏1𝑐−11 = 𝑏1𝑎1⟩
= (⟨𝑎1⟩◦−1⟨𝑏1⟩)◦⟨𝑐1⟩∕ ∼ = (ℤ𝑛◦−1ℤ2)◦ℤ2𝑚∕ ∼.

Note that 𝑉1∕𝐺2 = (𝐴3, 𝑛).
We shall see that 𝑎1, 𝑏1 and 𝑐1 extend over 𝑉2, thus extending 𝐺2 over 𝐿(2, 1)

= 𝑉1 ∪𝛼 𝑉2 and that 𝑉2∕𝐺2 = (𝐵4, 𝑚). Now 𝛼𝑎1𝛼−1(𝑢, 𝑣) =
𝛼𝑎1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢−1𝑣2, 𝑣𝑒

2𝜋𝑖
𝑛 ) = (𝑢𝑒

4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ). Similar computations show

𝛼𝑏1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑢𝑣) and 𝛼𝑐1𝛼−1(𝑢, 𝑣) = (𝑢𝑒
−2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 𝑒

−𝜋𝑖
𝑛 ). Note that these

maps extend to𝑉2 and sowedefine𝑎1, 𝑏1 and 𝑐1 on𝑉2 by𝑎1(𝑢, 𝑣)= (𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ),

𝑏1(𝑢, 𝑣) = (𝑢, 𝑢𝑣) and 𝑐1(𝑢, 𝑣) = (𝑢𝑒
−2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 𝑒

−𝜋𝑖
𝑛 ). A computation shows that

(𝑏1𝑐1)(𝑢, 𝑣) = (𝑢𝑒
2𝜋𝑖
𝑛 , 𝑣𝑒

𝜋𝑖
𝑚 𝑒

𝜋𝑖
𝑛 ).

We will need to consider two cases, whether 𝑛 and 𝑚 are both even or both
odd.
Suppose 𝑛 and 𝑚 are both even. In this case, the quotient space 𝑉2∕⟨𝑎1⟩

is an orbifold whose underlying space is a solid torus having a core of singu-
lar points of order 2. We obtain a covering map 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑎1⟩ = 𝑉2(2)
defined by 𝑝1(𝑢, 𝑣) = (𝑢

𝑛
2 , 𝑢𝑣2). Let 𝑏2 and 𝑐2 be the induced maps on 𝑉2(2).

Since 𝑝1(𝑢
2
𝑛 , 𝑢

1
𝑛 𝑣

1
2 ) = (𝑢, 𝑣), it follows that (𝑏2𝑐2)(𝑢, 𝑣) = 𝑝1(𝑏1𝑐1)(𝑢

2
𝑛 , 𝑢

1
𝑛 𝑣

1
2 )

= 𝑝1(𝑢
2
𝑛 𝑒

2𝜋𝑖
𝑛 , 𝑢

1
𝑛 𝑣

1
2 𝑒

𝜋𝑖
𝑚 𝑒

𝜋𝑖
𝑛 ) = (−𝑢, 𝑣𝑒

−2𝜋𝑖
𝑚 ). Similarly, 𝑏2(𝑢, 𝑣) = (𝑢, 𝑣). Let 𝑝2 ∶

𝑉2(2) → 𝑉2(2)∕⟨𝑏2𝑐2⟩ = 𝑉2(𝑚) be the covering map defined by 𝑝2(𝑢, 𝑣) =
(𝑢2, 𝑢𝑣

𝑚
2 ). Letting 𝑏3 ∶ 𝑉2(𝑚) → 𝑉2(𝑚) be the induced map, we see that

𝑏3(𝑢, 𝑣) = (𝑢, 𝑢𝑣). It follows that 𝑉2(𝑚)∕⟨𝑏3⟩ = (𝐵4, 𝑚).
When 𝑛 and𝑚 are both odd, the case is similar to the preceding one, and so

we give a brief outline. The map 𝑎1 is fixed-point free, and so we obtain a man-
ifold covering 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑎1⟩ = 𝑉2(1) defined by 𝑝1(𝑢, 𝑣) = (𝑢𝑛, 𝑢

𝑛−1
2 𝑣).

If 𝑏2 and 𝑐2 are the induced maps on 𝑉2(1), then (𝑏2𝑐2) ∶ 𝑉2(1) → 𝑉2(1) is
defined by (𝑏2𝑐2)(𝑢, 𝑣) = (𝑢,−𝑣𝑒

𝜋𝑖
𝑚 ). The map 𝑏2(𝑢, 𝑣) = (𝑢, 𝑢𝑣). The covering

map 𝑝2 ∶ 𝑉2(1)→ 𝑉2(1)∕⟨(𝑏2𝑐2)⟩=𝑉2(𝑚) is defined by 𝑝2(𝑢, 𝑣) = (𝑢, 𝑣𝑚). The
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induced map 𝑏3 on 𝑉2(𝑚) is defined by 𝑏3(𝑢, 𝑣) = (𝑢, 𝑢𝑚𝑣). Since the home-
omorphism 𝑓 of 𝑉2(𝑚) defined by 𝑓(𝑢, 𝑣) = (𝑢, 𝑢

−𝑚+1
2 𝑣) has the property that

𝑓𝑏3𝑓−1(𝑢, 𝑣) = (𝑢, 𝑢𝑣), it follows that 𝑉2(𝑚)∕⟨𝑏3⟩ = (𝐵4, 𝑚).
Summarizing the above results, we define homeomorphisms 𝑎1, 𝑏1 and 𝑐1

on ℝℙ3 as follows:

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑏1(𝑢, 𝑣) = {(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉2

𝑐1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 𝑒

−𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
−2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 𝑒

−𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2 .

Thus if𝑚 = 𝑛(mod 2), the group generated by𝑎1, 𝑏1 and 𝑐1 is𝐺2. This defines
an action 𝜑2 ∶ 𝐺2 → Homeo𝑃𝐿(ℝℙ3) such thatℝℙ3∕𝜑2 = (𝐴3, 𝑛)∪ℎ′2 (𝐵4, 𝑚) =
𝑂ℎ′2((𝐴3, 𝑛), (𝐵4, 𝑚)) for some homeomorphism ℎ′2 ∶ 𝜕(𝐴3, 𝑛) → 𝜕(𝐵4, 𝑚). It
follows by Lemma 23 in [KO21b] that 𝑂ℎ′2((𝐴3, 𝑛), (𝐵4, 𝑚)) is homeomorphic
to 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)). Composing with a fixed homeomorphism, fix a cover-
ing map 𝜈2 ∶ ℝℙ3 → 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)) and note that 𝜑2(𝐺2) is the group
of covering translations. We call 𝜑2 a Standard Quotient Type 2 Non-Abelian
Action on ℝℙ3 with quotient type orbifold 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)).

Proposition 3.5. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)) be a regular covering
map such that𝜋1(𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian and suppose
𝑚 = 𝑛(mod 2). Then 𝜈∗(𝜋1(ℝℙ3)) = ⟨(𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 ⟩.

Proof. If 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑 = 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)) is the covering map, then
𝜈∗(𝜋1(ℝℙ3)) =𝐻 is aℤ2 normal subgroup of 𝜋1(𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚))). We will
show that cases 1) and 2) of Proposition 3.4 can be excluded. Suppose 𝐻 =
⟨𝑐𝑚⟩ where 𝑚 is even. The homeomorphism ℎ2 identifies 𝑐2 with 𝑦, and thus
𝑐𝑚 is identified with 𝑦

𝑚
2 . Since 𝑦 has a fixed point as a map in the universal

covering space of (𝐵4, 𝑚), it follows byCorollary 5.2 in [KO22] that the covering
corresponding to ⟨𝑐𝑚⟩ is not a manifold. If𝐻 = ⟨𝑎

𝑛
2 ⟩, then 𝑎 has a fixed point as

amap in the universal covering of (𝐴3, 𝑛), which is again excluded by Corollary
5.2 in [KO22]. Thus we have shown that 𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑎

𝑛
2 𝑐𝑚⟩ or ⟨𝑎

𝑛−1
2 𝑏𝑐𝑚⟩.

Recall that (𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 = 𝑎
𝑛
2 𝑐𝑚 if 𝑛 and 𝑚 are both even, or 𝑎

𝑛−1
2 𝑏𝑐𝑚 if 𝑛 and

𝑚 are both odd. □
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Theorem 3.6. Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient space ℝℙ3∕𝜑 is homeomorphic to 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚)). Then
𝑚 = 𝑛(mod 2) and the following is true∶
1)𝐺 is isomorphic to𝐺2= ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑛1 = 𝑏21 = 𝑐2𝑚1 = 1, [𝑎1, 𝑐1] = 1, 𝑏1𝑎1𝑏−11

= 𝑎−11 , 𝑐1𝑏1𝑐−11 = 𝑏1𝑎1, (𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 = 1⟩.
2) 𝐺2 = (⟨𝑎1⟩◦−1⟨𝑏1⟩)◦⟨𝑐1⟩∕ ∼ = Dih(ℤ𝑛)◦ℤ2𝑚∕ ∼, if 𝑛 and𝑚 are both even.
3) 𝐺2 = ⟨𝑎1⟩◦−1⟨𝑐1⟩ = ℤ𝑛◦−1ℤ2𝑚, if 𝑛 and𝑚 are both odd.
4) The action 𝜑 is conjugate to 𝜑2, the Standard Quotient Type 2 Non-Abelian

Action.

Proof. The proof is similar to that of Theorem 3.3 and uses Proposition 3.5. □

Quotient Type 3: Orbifold (𝐴2, 𝑛) ∪ℎ3 (𝐵3, 𝑚)
Orbifold (𝐴2, 𝑛): Define the maps 𝑎, 𝑏, 𝑐 ∶ ℝ × 𝐷2 → ℝ × 𝐷2 as follows:

𝑎(𝑡, 𝑣) = (𝑡 + 1, 𝑣), 𝑏(𝑡, 𝑣) = (𝑡, 𝑣𝑒
2𝜋𝑖
𝑛 ), 𝑐(𝑡, 𝑣) = (𝑡, 𝑣). The orbifold (𝐴2, 𝑛) =

ℝ × 𝐷2∕⟨𝑎, 𝑏, 𝑐⟩, and its fundamental group of (𝐴2, 𝑛) is
𝜋1((𝐴2, 𝑛)) = ⟨𝑎, 𝑏, 𝑐 | 𝑏𝑛 = 𝑐2 = [𝑎, 𝑏] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1⟩

= (⟨𝑏⟩◦−1⟨𝑐⟩) × ⟨𝑎⟩ = Dih(ℤ𝑛) ×ℤ.
Orbifold (𝐵3, 𝑚): Onℝ×𝐷2, definemaps 𝑥, 𝑦 and 𝑧 by 𝑥(𝑡, 𝑣) = (𝑡+1, 𝑣), 𝑦(𝑡, 𝑣)

= (𝑡, 𝑣𝑒
2𝜋𝑖
𝑚 ) and 𝑧(𝑡, 𝑣) = (−𝑡, 𝑣). The orbifold (𝐵3, 𝑚) = ℝ × 𝐷2∕⟨𝑥, 𝑦, 𝑧⟩, with

the corresponding fundamental group is

𝜋1((𝐵3, 𝑚)) = ⟨𝑥, 𝑦, 𝑧 | 𝑦𝑚 = 𝑧2 = [𝑥, 𝑦] = [𝑦, 𝑧] = 1, 𝑧𝑥𝑧−1 = 𝑥−1⟩
= (⟨𝑥⟩◦−1⟨𝑧⟩) × ⟨𝑦⟩ = Dih(ℤ) ×ℤ𝑚.

Orbifold 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)):
By [KO21b] and [KO22], there is a homeomorphismℎ3∶ 𝜕(𝐴2, 𝑛)→ 𝜕(𝐵3, 𝑚)

inducing an isomorphism which makes the following identifications: 𝑎 = 𝑦,
𝑏 = 𝑥 and 𝑐 = 𝑧. Hence the orbifold fundamental group is
𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚))) = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑚 = 𝑏𝑛 = 𝑐2 = [𝑎, 𝑏] = [𝑎, 𝑐] = 1,

𝑐𝑏𝑐−1 = 𝑏−1⟩
= (⟨𝑏⟩◦−1⟨𝑐⟩) × ⟨𝑎⟩ = Dih(ℤ𝑛) ×ℤ𝑚.

The element 𝑐 is an orientation reversing element.

Proposition 3.7. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)))∕𝐻

be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1) 𝑚 is even, 𝑛 > 2, 𝐻 = ⟨𝑎

𝑚
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑚 = 𝑏𝑛 = 𝑐2 = [𝑎, 𝑏] =

[𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑎
𝑚
2 = 1⟩ = (ℤ𝑛◦−1ℤ2) ×ℤ𝑚

2
.
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2) 𝑛 > 4 is even,𝐻 = ⟨𝑏
𝑛
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑚 = 𝑏𝑛 = 𝑐2 = [𝑎, 𝑏] = [𝑎, 𝑐] =

1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑏
𝑛
2 = 1⟩ = (ℤ 𝑛

2
◦−1ℤ2) ×ℤ𝑚.

3)𝑚 and 𝑛 > 2 are both even,𝐻 = ⟨𝑏
𝑛
2 𝑎

𝑚
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑚 = 𝑏𝑛 = 𝑐2 =

[𝑎, 𝑏] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑏
𝑛
2 𝑎

𝑚
2 = 1⟩ = (ℤ𝑛◦−1ℤ2) ×ℤ𝑚∕ ∼.

Proof. Wemay write𝐻 = ⟨𝑏𝑠𝑐𝜖𝑎𝑡⟩where 0 ≤ 𝑠 < 𝑛, 𝜖 = 0 or 1, and 0 ≤ 𝑡 < 𝑚.
If 𝜖 = 1, then since 𝐻 is normal, 𝑏𝑠𝑐𝑎𝑡 = 𝑏(𝑏𝑠𝑐𝑎𝑡)𝑏−1 = 𝑏𝑠+2𝑐𝑎𝑡. This implies
𝑏2 = 1 or 𝑛 = 2, and thus 𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚))) and𝑄 are abelian. Since we
are excluding the case where 𝑄 abelian, we must have𝐻 = ⟨𝑏𝑠𝑎𝑡⟩.
Suppose 𝑠 = 0 and thus 𝐻 = ⟨𝑎𝑡⟩. Since (𝑎𝑡)2 = 1, it follows that 𝑡 = 𝑚

2
and

𝐻 = ⟨𝑎
𝑚
2 ⟩. Since 𝑄 is abelian if 𝑛 = 2, statement 1) in the proposition follows.

If 𝑡 = 0, a similar argument shows 𝐻 = ⟨𝑏
𝑛
2 ⟩, and since 𝑄 is not abelian 𝑛 > 4.

Assume 𝑠 ≠ 0 and 𝑡 ≠ 0, and thus𝐻 = ⟨𝑏𝑠𝑎𝑡⟩. Now 1 = (𝑏𝑠𝑎𝑡)2 = 𝑏2𝑠𝑎2𝑡, which
implies 𝑠 = 𝑛

2
and 𝑡 = 𝑚

2
. Hence 𝐻 = ⟨𝑏

𝑛
2 𝑎

𝑚
2 ⟩. The condition 𝑛 > 2 guarantees

𝑄 not being abelian. □

Standard O.R. Quotient Type 3 Non-Abelian Action
Let 𝑛 and 𝑠 be positive integers with 𝑛 even. Consider the normal subgroup

⟨𝑏
𝑛
2 𝑎𝑠⟩ of 𝜋1((𝐴2, 𝑛)). We see that 𝑏

𝑛
2 𝑎𝑠(𝑡, 𝑣) = (𝑡 + 𝑠,−𝑣). There is a covering

map 𝑝 ∶ℝ×𝐷2 → ℝ×𝐷2∕⟨𝑏
𝑛
2 𝑎𝑠⟩=𝑉1 defined by 𝑝(𝑡, 𝑣) = (𝑒

2𝜋𝑖𝑡
𝑠 , 𝑣𝑒

𝜋𝑖𝑡
𝑠 ). The in-

duced maps 𝑎1, 𝑏1, 𝑐1 ∶ 𝑉1 → 𝑉1 are defined as follows: 𝑎1(𝑢, 𝑣) = (𝑢𝑒
2𝜋𝑖
𝑠 , 𝑣𝑒

𝜋𝑖
𝑠 ),

𝑏1(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), 𝑐1(𝑢, 𝑣) = (𝑢, 𝑢𝑣). The group generated by 𝑎1, 𝑏1 and 𝑐1 is

denoted by 𝐺3 and
𝐺3 = ⟨𝑎1, 𝑏1, 𝑐1 | [𝑎1, 𝑏1] = [𝑎1, 𝑐1] = 𝑎2𝑠1 = 𝑏𝑛1 = 𝑐21 = 1, 𝑐1𝑏1𝑐−11 =

𝑏−11 , 𝑏
𝑛
2
1 𝑎

𝑠
1 = 1⟩

= (⟨𝑏1⟩◦−1⟨𝑐1⟩) × ⟨𝑎1⟩∕ ∼ = (ℤ𝑛◦−1ℤ2) ×ℤ2𝑠∕ ∼.
Note that 𝑉1∕𝐺3 = (𝐴2, 𝑛).
We shall see that 𝑎1, 𝑏1 and 𝑐1 extend over 𝑉2, thus extending 𝐺3 over 𝐿(2, 1)

= 𝑉1 ∪𝛼 𝑉2 and that 𝐺3 = (𝐵3, 2𝑠).
First,

𝛼𝑎1𝛼−1(𝑢, 𝑣) = 𝛼𝑎1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢−1𝑣2𝑒
2𝜋𝑖
𝑠 , 𝑣𝑒

𝜋𝑖
𝑠 )

= ((𝑢−1𝑣2𝑒
2𝜋𝑖
𝑠 )−1(𝑣𝑒

𝜋𝑖
𝑠 )2, 𝑣𝑒

𝜋𝑖
𝑠 ) = (𝑢, 𝑣𝑒

𝜋𝑖
𝑠 ).

Similar computations show that 𝛼𝑏1𝛼−1(𝑢, 𝑣) = (𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ) and 𝛼𝑐1𝛼−1(𝑢, 𝑣)

= (𝑢, 𝑢𝑣). Since these maps extend to 𝑉2, we may define 𝑎1, 𝑏1, 𝑐1 ∶ 𝑉2 → 𝑉2
as follows: 𝑎1(𝑢, 𝑣) = (𝑢, 𝑣𝑒

𝜋𝑖
𝑠 ), 𝑏1(𝑢, 𝑣) = (𝑢𝑒

4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ) and 𝑐1(𝑢, 𝑣) = (𝑢, 𝑢𝑣).
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Next, we obtain a covering map 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑏1⟩ = 𝑉2(2) defined by
𝑝1(𝑢, 𝑣) = (𝑢

𝑛
2 , 𝑢𝑣2). If 𝑎2 and 𝑐2 are the inducedmaps on𝑉2(2), then 𝑎2(𝑢, 𝑣) =

(𝑢, 𝑣𝑒
−2𝜋𝑖
𝑠 ) and 𝑐2(𝑢, 𝑣) = (𝑢, 𝑣). Further, we obtain a coveringmap𝑝2 ∶𝑉2(2)→

𝑉2(2)∕⟨𝑎2⟩=𝑉2(2𝑠)defined by𝑝2(𝑢, 𝑣) = (𝑢, 𝑣𝑠). It follows that the inducemap
𝑐3 on 𝑉2(2𝑠) is defined by 𝑐3(𝑢, 𝑣) = (𝑢, 𝑣), and thus 𝑉2(2𝑠)∕⟨𝑐3⟩ = (𝐵3, 2𝑠). Let
𝑚 = 2𝑠.
Summarizing the above results, we define homeomorphisms 𝑎1, 𝑏1 and 𝑐1

on ℝℙ3 = 𝑉1 ∪𝛼 𝑉2 as follows:

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
4𝜋𝑖
𝑚 , 𝑣𝑒

2𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢, 𝑣𝑒
2𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑏1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑐1(𝑢, 𝑣) = {(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉2.

The group generated by 𝑎1, 𝑏1 and 𝑐1 is 𝐺3. This defines an action 𝜑3 ∶ 𝐺3 →
Homeo𝑃𝐿(ℝℙ3) such thatℝℙ3∕𝜑3 = (𝐴2, 𝑛)∪ℎ′3 (𝐵3, 2𝑠) =𝑂ℎ′3((𝐴2, 𝑛), (𝐵3, 𝑚))
for some homeomorphism ℎ′3 ∶ 𝜕(𝐴2, 𝑛) → 𝜕(𝐵3, 𝑚). It follows by Lemma 22
in [KO21b] that𝑂ℎ′3((𝐴2, 𝑛), (𝐵3, 𝑚)) is homeomorphic to𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)).
Composing with a fixed homeomorphism, fix a covering map 𝜈3 ∶ ℝℙ3 →
𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)) and note that 𝜑3(𝐺3) is the group of covering translations.
We call 𝜑3 a Standard Quotient Type 3 Non-Abelian Action on ℝℙ3 with quo-
tient type 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)).

Proposition 3.8. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑏

𝑛
2 𝑎

𝑚
2 ⟩.

Proof. If 𝜈 ∶ℝℙ3 → ℝℙ3∕𝜑 =𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)) be the covering map, then
𝜈∗(𝜋1(ℝℙ3)) = 𝐻 is a ℤ2 normal subgroup of 𝜋1(𝑂ℎ3((𝐴2, 𝑛), (𝐵3𝑚))). We will
show that the first two cases in Proposition 3.7 are excluded. If 𝐻 = ⟨𝑎

𝑚
2 ⟩, re-

call that 𝑎 is identified with 𝑦, which has a fixed point as a map in the universal
covering space of (𝐵3, 𝑚). By Corollary 5.2 in [KO22], the covering correspond-
ing to 𝑎

𝑚
2 is not a manifold. Similarly, if 𝐻 = ⟨𝑏

𝑛
2 ⟩, then 𝑏 has a fixed point

and thus excluded. This leaves case 3) in Proposition 3.7 where𝐻 = ⟨𝑏
𝑛
2 𝑎

𝑚
2 ⟩ =

𝜈∗(𝜋1(ℝℙ3)). □
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Theorem 3.9. Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient space ℝℙ3∕𝜑 = 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)). Then 𝑚 and 𝑛 > 2 are
both even and the following is true∶
1) 𝐺 is isomorphic to 𝐺3 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑚1 = 𝑏𝑛1 = 𝑐21 = [𝑎1, 𝑏1] = [𝑎1, 𝑐1] =

1, 𝑐1𝑏1𝑐−11 = 𝑏−11 , 𝑏
𝑛
2
1 𝑎

𝑚
2
1 = 1⟩ = (⟨𝑏1⟩◦−1⟨𝑐1⟩) × ⟨𝑎1⟩∕ ∼ = (ℤ𝑛◦−1ℤ2) ×ℤ𝑚∕ ∼.

2) The action 𝜑 is conjugate to 𝜑3, the Standard O.R. Quotient Type 3-Action.

Proof. The proof is similar to that of Theorem 3.3 and uses Proposition 3.8. □

Quotient Type 4: Orbifold (𝐵2, 𝑛) ∪ℎ4 (𝐵2, 𝑚)

Orbifold (𝐵2, 𝑛): Definemaps 𝑎, 𝑏 ∶ℝ×𝐷2 → ℝ×𝐷2 by 𝑎(𝑡, 𝑣) = (−𝑡+ 1
2
, 𝑣𝑒

𝜋𝑖
𝑛 )

and 𝑏(𝑡, 𝑣) = (−𝑡, 𝑣). The orbifold (𝐵2, 𝑛) =ℝ ×𝐷2∕⟨𝑎, 𝑏⟩. The orbifold funda-
mental group of (𝐵2, 𝑛) is

𝜋1((𝐵2, 𝑛)) = ⟨𝑎, 𝑏 | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2⟩
= (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ = (ℤ𝑛◦−1ℤ)◦ℤ2.

Note that 𝑏(𝑎𝑏)𝑏−1 = 𝑎−2(𝑎𝑏)−1.
Orbifold (𝐵2, 𝑚): Define maps 𝑥, 𝑦 ∶ ℝ × 𝐷2 → ℝ × 𝐷2 by 𝑥(𝑡, 𝑣) = (−𝑡 +
1
2
, 𝑣𝑒

𝜋𝑖
𝑚 ) and 𝑦(𝑡, 𝑣) = (−𝑡, 𝑣). The orbifold (𝐵2, 𝑚) =ℝ×𝐷2∕⟨𝑥, 𝑦⟩. The orbifold

fundamental group of (𝐵2, 𝑚) is
𝜋1((𝐵2, 𝑚)) = ⟨𝑥, 𝑦 | 𝑥2𝑚 = 𝑦2 = 1, 𝑦𝑥2𝑦−1 = 𝑥−2⟩

= (⟨𝑥2⟩◦−1⟨𝑥𝑦⟩)◦⟨𝑦⟩ = (ℤ𝑚◦−1ℤ)◦ℤ2.

Orbifold 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)):
There is by [KO22] and [Kim77] a homeomorphismℎ4 ∶ 𝜕(𝐵2, 𝑛)→ 𝜕(𝐵2, 𝑚)

inducing an isomorphismwhichmakes the following identifications: 𝑎= 𝑦𝑥−1,
𝑏 = 𝑥𝑦𝑥. Hence the orbifold fundamental group is
𝜋1(𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚))) = ⟨𝑎, 𝑏 | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)2𝑚 = 1⟩

= (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2.

Proposition 3.10. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)))∕𝐻

be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1)𝑚 and 𝑛 are even, 𝐻 = ⟨𝑎𝑛(𝑎𝑏)𝑚⟩ and 𝑄 = ⟨𝑎, 𝑏 | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 =

𝑎−2, (𝑎𝑏)2𝑚 = 1, 𝑎𝑛(𝑎𝑏)𝑚 = 1⟩ = (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩∕ ∼ = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2∕ ∼.
2)𝑚 is even,𝐻= ⟨(𝑎𝑏)𝑚⟩and𝑄= ⟨𝑎, 𝑏 |𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)𝑚 =

1⟩ = (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ = (ℤ𝑛◦−1ℤ𝑚)◦ℤ2.
3) 𝑛 ≥ 4 is even, 𝑚 ≠ 1, 𝐻 = ⟨𝑎𝑛⟩ and 𝑄 = ⟨𝑎, 𝑏 | 𝑎𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 =

𝑎−2, (𝑎𝑏)2𝑚 = 1⟩ = (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ = (ℤ 𝑛
2
◦−1ℤ2𝑚)◦ℤ2.
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Proof. Write 𝐻 = ⟨𝑎2𝑠(𝑎𝑏)𝑡𝑏𝜖⟩ where 0 ≤ 𝑠 < 𝑛, 0 ≤ 𝑡 < 2𝑚 and 𝜖 = 0 or 1.
Since𝐻 is an orientable subgroup, 𝑎 is orientation reversing but 𝑏 is orientation
preserving, it follows that 𝑡 must be even.
First, we consider the case when 𝜖 = 0, and thus 𝐻 = ⟨𝑎2𝑠(𝑎𝑏)𝑡⟩. Suppose

first that 𝑠 ≠ 0 and 𝑡 ≠ 0. We will also assume 𝑎2𝑥𝑠 ≠ 1, since this case will be
handled later. Since 𝑡 is even, and therefore (𝑎𝑏)𝑡 commutes with 𝑎2, we have 1
= (𝑎2𝑠(𝑎𝑏)𝑡)2 = 𝑎4𝑠(𝑎𝑏)2𝑡. This implies 2𝑠 = 𝑛 and 𝑡 = 𝑚, hence𝐻 = ⟨𝑎𝑛(𝑎𝑏)𝑚⟩.
Note that𝑚 and𝑛 are both even. A computation shows that 𝑏(𝑎𝑏)2𝑏−1= (𝑎𝑏)−2
and 𝑎(𝑎𝑏)2𝑎−1 = (𝑎𝑏)−2. This implies that 𝐻 is a normal subgroup. Thus 𝑄 =
𝜋1(𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)))∕𝐻 = ⟨𝑎, 𝑏 | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)2𝑚 =
1, 𝑎𝑛(𝑎𝑏)𝑚 = 1⟩ proving 1). Clearly, if 𝑠 = 0 and 𝑡 ≠ 0, then 𝐻 = ⟨(𝑎𝑏)𝑚⟩ and
𝑄 = ⟨𝑎, 𝑏, | 𝑎2𝑛 = 𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)𝑚 = 1⟩ = (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ =
(ℤ𝑛◦−1ℤ2)◦ℤ2. Further, if 𝑠 ≠ 0 and 𝑡 = 0, then 𝐻 = ⟨𝑎𝑛⟩ and 𝑄 = ⟨𝑎, 𝑏 | 𝑎𝑛 =
𝑏2 = 1, 𝑏𝑎2𝑏−1 = 𝑎−2, (𝑎𝑏)2𝑚 = 1⟩ = (⟨𝑎2⟩◦−1⟨𝑎𝑏⟩)◦⟨𝑏⟩ = (ℤ 𝑛

2
◦−1ℤ2𝑚)◦ℤ2.

Next, suppose 𝜖 = 1, and thus 𝐻 = ⟨𝑎2𝑠(𝑎𝑏)𝑡𝑏⟩. We will show that, in this
case, assuming𝐻 is a normal subgroup leads to a contradiction. Recall that 𝑡 is
even.
Assume first that 𝑠 ≠ 0, 𝑡 ≠ 0, 𝑎2𝑠 ≠ 1 and (𝑎𝑏)𝑡 ≠ 1. It follows that

(𝑎2𝑠(𝑎𝑏)𝑡𝑏)2 = 1. Consider 𝑎2(𝑎2𝑠(𝑎𝑏)𝑡𝑏)𝑎−2 = 𝑎2𝑠+4(𝑎𝑏)𝑡𝑏, which by nor-
mality must equal 𝑎2𝑠(𝑎𝑏)𝑡𝑏. This implies 𝑛 = 2 and 𝑠 = 1 so that 𝐻 =
⟨𝑎2(𝑎𝑏)𝑡𝑏⟩. Conjugating this element by (𝑎𝑏) we see (𝑎𝑏)(𝑎2(𝑎𝑏)𝑡𝑏)(𝑎𝑏)−1 =
(𝑎𝑏)𝑡+2𝑏, which must equal 𝑎2(𝑎𝑏)𝑡𝑏. This implies 𝑎2 = 1 and (𝑎𝑏)2 = 1, con-
tradicting 𝑎2𝑠 ≠ 1 and (𝑎𝑏)𝑡 ≠ 1.
If we suppose 𝑠 = 0, 𝑡 ≠ 0 and (𝑎𝑏)𝑡 ≠ 1, then 𝐻 = ⟨(𝑎𝑏)𝑡𝑏⟩. We com-

pute (𝑎𝑏)(𝑎𝑏)𝑡𝑏(𝑎𝑏)−1 = 𝑎2(𝑎𝑏)𝑡+2𝑏, and setting this equal to (𝑎𝑏)𝑡𝑏 we see
that (𝑎𝑏)2 = 1. This shows 𝑡 =𝑚 = 1, contradicting 𝑡 being even.
Assume now that 𝑠 ≠ 0, 𝑡 = 0 and 𝑎2𝑠 ≠ 1. Write 𝐻 = ⟨𝑎2𝑠𝑏⟩. Then

𝑎2(𝑎2𝑠𝑏)𝑎−2 = 𝑎2𝑠+4𝑏, which must equal 𝑎2𝑠𝑏. This implies 𝑎4 = 1, 𝑛 = 2 and
𝑠 = 1. Thus𝐻 = ⟨𝑎2𝑏⟩. Conjugating by (𝑎𝑏)we have (𝑎𝑏)(𝑎2𝑏)(𝑎𝑏)−1 = (𝑎𝑏)2𝑏,
which again must equal 𝑎2𝑏. This implies 𝑎2 = 1, contradicting 𝑎2𝑠 ≠ 1.
Finally, suppose 𝑠 = 0 and 𝑡 = 0, and so 𝐻 = ⟨𝑏⟩. Computing (𝑎𝑏)𝑏(𝑎𝑏)−1

= 𝑎2(𝑎𝑏)2𝑏 and setting it equal to 𝑏, we see that 𝑎2 = (𝑎𝑏)2 = 1 resulting 𝑛 =
𝑚 = 1. Consequently, 𝜋1(𝑂ℎ4((𝐵2, 1), (𝐵2, 1))) =ℤ2 ×ℤ2, which is abelian and
ruling out this case. □

Standard O.R. Quotient Type 4 Non-Abelian Action
Let 𝑛 and 𝑠 be positive integers with 𝑛 even. Consider the normal subgroup

𝑁 = ⟨𝑎𝑛(𝑎𝑏)2𝑠⟩ of 𝜋1((𝐵2, 𝑛)), which is isomorphic toℤ. A computation shows
that 𝑎𝑛(𝑎𝑏)2𝑠(𝑡, 𝑣) = (𝑡 + 𝑠,−𝑣) for (𝑢, 𝑣) ∈ ℝ × 𝐷2. Let 𝑝 ∶ ℝ × 𝐷2 → ℝ ×
𝐷2∕⟨𝑎𝑛(𝑎𝑏)2𝑠⟩ = 𝑉1 be the covering map where 𝑉1 is a solid torus, defined by
𝑝(𝑡, 𝑣) = (𝑒

2𝜋𝑖𝑡
𝑠 , 𝑣𝑒

𝜋𝑖𝑡
𝑠 ). The inducedmaps 𝑎1 and 𝑏1 on𝑉1 are defined by 𝑎1(𝑢, 𝑣)

= (𝑢𝑒
𝜋𝑖
𝑠 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ) and 𝑏1(𝑢, 𝑣) = (𝑢, 𝑣). The group generated by 𝑎1 and 𝑏1 is

denoted by 𝐺4 and
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𝐺4 = ⟨𝑎1, 𝑏1| 𝑎2𝑛1 = 𝑏21 = (𝑎1𝑏1)4𝑠 = 1, 𝑏1𝑎21𝑏
−1
1 = 𝑎−21 , 𝑎𝑛1 (𝑎1𝑏1)

2𝑠 = 1⟩
= (⟨𝑎21⟩◦−1⟨𝑎1𝑏1⟩)◦⟨𝑏1⟩∕ ∼ = (ℤ𝑛◦−1ℤ4𝑠)◦ℤ2∕ ∼.

Note that 𝑉1∕𝐺4 = (𝐵2, 𝑛).
We shall see that 𝑎1, 𝑏1 extend over 𝑉2, thus extending 𝐺4 over 𝐿(2, 1) =

𝑉1 ∪𝛼 𝑉2 and that 𝑉2∕𝐺4 = (𝐵2, 2𝑠).
First, 𝛼𝑎1𝛼−1(𝑢, 𝑣) = 𝛼𝑎1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢𝑣2𝑒

𝜋𝑖
𝑠 , 𝑢𝑣2𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ) =

𝛼(𝑢𝑣2𝑒
𝜋𝑖
𝑠 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ) = ((𝑢𝑣2𝑒

𝜋𝑖
𝑠 )−1(𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 )2, 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ) = (𝑢𝑒

2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ). A

similar computation shows 𝛼𝑎1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑣). Since these maps extend to
𝑉2, we may define 𝑎1, 𝑏1 ∶ 𝑉2 → 𝑉2 by 𝑎1(𝑢, 𝑣) = (𝑢𝑒

2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
2𝑠 ) and 𝑏2(𝑢, 𝑣)

= (𝑢, 𝑣). We check that 𝑎2(𝑢, 𝑣) = (𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ). We obtain a covering map

𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑎21⟩ = 𝑉2(2) defined by 𝑝1(𝑢, 𝑣) = (𝑢
𝑛
2 , 𝑢𝑣2). The induced

maps 𝑎2 and 𝑏2 on 𝑉2(2) are defined by 𝑎2(𝑢, 𝑣) = (−𝑢, 𝑣𝑒
−𝜋𝑖
𝑠 ) and 𝑏2(𝑢, 𝑣) =

(𝑢, 𝑣). Since (𝑎2𝑏2)2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
−2𝜋𝑖
2𝑠 ), there is a covering map 𝑝2 ∶ 𝑉2(2) →

𝑉2(2)∕⟨(𝑎2𝑏2)2⟩ = 𝑉2(2𝑠) defined by 𝑝2(𝑢, 𝑣) = (𝑢, 𝑣𝑠). The induced maps 𝑎3
and 𝑏3 on 𝑉2(2𝑠) are defined by 𝑎3(𝑢, 𝑣) = (−𝑢,−𝑣) and 𝑏3(𝑢, 𝑣) = (𝑢, 𝑣). Since
𝑎3𝑏3(𝑢, 𝑣) = (−𝑢,−𝑣), it follows that 𝑉2(2𝑠)∕⟨𝑎3𝑏3⟩ = (𝐵5, 2𝑠). Moreover, if 𝑏4
is the induced map on (𝐵5, 2𝑠), then (𝐵5, 2𝑠)∕⟨𝑏4⟩ = (𝐵2, 2𝑠). Let𝑚 = 2𝑠.
Summarizing the above results, we define homeomorphisms 𝑎1, 𝑏1 on ℝℙ3

= 𝑉1 ∪𝛼 𝑉2 as follows:

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 𝑒

𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑏1(𝑢, 𝑣) = {(𝑢, 𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑣), if (𝑢, 𝑣) ∈ 𝑉2.

The group generated by 𝑎1 and 𝑏1 is 𝐺4. This defines an action 𝜑4 ∶ 𝐺4 →
Homeo𝑃𝐿(ℝℙ3) such that the quotient space ℝℙ3∕𝜑4 = (𝐵2, 𝑛) ∪ℎ′4 (𝐵2, 2𝑠) =
𝑂ℎ′4((𝐵2, 𝑛), (𝐵2, 𝑚)) for some homeomorphism ℎ′4 ∶ 𝜕(𝐵2, 𝑛) → 𝜕(𝐵2, 𝑚). It
follows by Lemma 25 in [KO21b] that𝑂ℎ′4((𝐵2, 𝑛), (𝐵2, 𝑚)) is homeomorphic to
𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)). Composing with a fixed homeomorphism, fix a covering
map 𝜈4 ∶ ℝℙ3 → 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)) and note that 𝜑4(𝐺4) is the group of cov-
ering translations. We call 𝜑4 a Standard Quotient Type 4 Non-Abelian Action
on ℝℙ3 with quotient type orbifold 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)).

Proposition 3.11. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑎𝑛(𝑎𝑏)𝑚⟩ where 𝑛 and𝑚 are both even.

Proof. If 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑 = 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)) is the covering map, then
𝜈∗(𝜋1(ℝℙ3)) = 𝐻 is a ℤ2 normal subgroup of 𝜋1(𝑂ℎ4((𝐴2, 𝑛), (𝐵3𝑚))). We will
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show that the second and third cases in Proposition 3.10 are excluded. If 𝐻 =
⟨(𝑎𝑏)𝑚⟩, recall that 𝑎 is identified with 𝑦𝑥−1 and 𝑏 is identified with 𝑥𝑦𝑥. Thus
(𝑎𝑏)𝑚 is identified with 𝑥𝑚 where𝑚 is even. Since this has a fixed point in the
universal covering space of (𝐵2, 𝑚), by Corollary 5.2 in [KO22], the covering
corresponding to (𝑎𝑏)𝑚 is not a manifold. Since 𝑎2 has a fixed point in the
universal covering space of (𝐵2, 𝑛) and 𝑛 is even, again applying Corollary 5.2
in [KO22] that the covering corresponding to 𝑎𝑛 is not a manifold. Thus case
1) of Proposition 3.10 applies where𝐻 = ⟨𝑎𝑛(𝑎𝑏)𝑚⟩ = 𝜈∗(𝜋1(ℝℙ3)). □

Theorem 3.12. Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action
such that the quotient space ℝℙ3∕𝜑 = 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)). Then 𝑚 and 𝑛 are
both even and the following is true∶
1) 𝐺 is isomorphic to 𝐺4 = ⟨𝑎1, 𝑏1| 𝑎2𝑛1 = 𝑏21 = (𝑎1𝑏1)2𝑚 = 1, 𝑏1𝑎21𝑏

−1
1 =

𝑎−21 , 𝑎𝑛1 (𝑎1𝑏1)
𝑚 = 1⟩ = (⟨𝑎21⟩◦−1⟨𝑎1𝑏1⟩)◦⟨𝑏1⟩∕ ∼ = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2∕ ∼.

2) The action 𝜑 is conjugate to 𝜑4, the Standard O.R. Quotient Type 4-Action.

Proof. We apply Proposition 3.11, and the proof is similar to that of Theorem
3.3. □

Quotient Type 5: Orbifold (𝐵6, 𝑛) ∪ℎ5 (𝐵6, 𝑚)
Orbifold (𝐵6, 𝑛): Define maps 𝑎, 𝑏, 𝑐, 𝑑 ∶ℝ×𝐷2 → ℝ×𝐷2 by 𝑎(𝑡, 𝑣) = (−𝑡, 𝑣),

𝑏(𝑡, 𝑣) = (𝑡, 𝑣), 𝑐(𝑡, 𝑣) = (𝑡, 𝑣𝑒
−2𝜋𝑖
𝑛 ) and𝑑(𝑡, 𝑣) = (−𝑡−1, 𝑣). We obtain the orbifold

(𝐵6, 𝑛) = ℝ × 𝐷2∕⟨𝑎, 𝑏, 𝑐, 𝑑⟩. The orbifold fundamental group of (𝐵6, 𝑛) is
𝜋1((𝐵6, 𝑛)) = ⟨𝑎, 𝑏, 𝑐, 𝑑 | 𝑎2 = 𝑏2 = 𝑐2 = (𝑏𝑐)𝑛 = 𝑑2 = 1, [𝑎, 𝑏] = [𝑎, 𝑐] =

[𝑏, 𝑑] = [𝑐, 𝑑] = 1⟩
= (⟨𝑏𝑐⟩◦−1⟨𝑐⟩) × (⟨𝑎𝑑⟩◦−1⟨𝑑⟩) = (ℤ𝑛◦−1ℤ2) × (ℤ◦−1ℤ2).

Orbifold (𝐵6, 𝑚):
Define maps 𝑥, 𝑦, 𝑧,𝑤 ∶ℝ×𝐷2 → ℝ×𝐷2 by 𝑥(𝑡, 𝑣) = (−𝑡, 𝑣), 𝑦(𝑡, 𝑣) = (𝑡, 𝑣),

𝑧(𝑡, 𝑣) = (𝑡, 𝑣𝑒
−2𝜋𝑖
𝑚 ) and 𝑤(𝑡, 𝑣) = (−𝑡 − 1, 𝑣). We obtain the orbifold (𝐵6, 𝑚) =

ℝ × 𝐷2∕⟨𝑥, 𝑦, 𝑧, 𝑤⟩. The orbifold fundamental group of (𝐵6, 𝑚) is
𝜋1((𝐵6, 𝑚)) = ⟨𝑥, 𝑦, 𝑧, 𝑤|𝑥2 = 𝑦2 = 𝑧2 = (𝑦𝑧)𝑚 = 𝑤2 = 1

[𝑥, 𝑦] = [𝑥, 𝑧] = [𝑦, 𝑤] = [𝑧, 𝑤] = 1⟩
= (⟨𝑦𝑧⟩◦−1⟨𝑧⟩) × (⟨𝑥𝑤⟩◦−1⟨𝑤⟩) = (ℤ𝑚◦−1ℤ2) × (ℤ◦−1ℤ2).

Orbifold 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)):
By [KO21b] and [KO22], there is a homeomorphismℎ5 ∶ 𝜕(𝐵6, 𝑛)→ 𝜕(𝐵6, 𝑚)

inducing an isomorphism which makes the following identifications: 𝑎 = 𝑦,
𝑏 = 𝑥𝑤𝑥, 𝑐 = 𝑥 and 𝑑 = 𝑧. Hence the orbifold fundamental group is
𝜋1(𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚))) = ⟨𝑎, 𝑏, 𝑐, 𝑑 | 𝑎2 = 𝑏2 = 𝑐2 = (𝑏𝑐)𝑛 = 𝑑2 = 1,

[𝑎, 𝑏] = [𝑎, 𝑐] = [𝑏, 𝑑] = [𝑐, 𝑑] = 1, (𝑎𝑑)𝑚 = 1⟩
= (⟨𝑏𝑐⟩◦−1⟨𝑐⟩) × (⟨𝑎𝑑⟩◦−1⟨𝑎⟩)
= (ℤ𝑛◦−1ℤ2) × (ℤ𝑚◦−1ℤ2).
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Proposition 3.13. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)))∕𝐻
be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1)𝑚 is even, 𝐻 = ⟨(𝑎𝑑)

𝑚
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐, 𝑑 | 𝑎2 = 𝑏2 = 𝑐2 = (𝑏𝑐)𝑛 = 𝑑2 =

1, [𝑎, 𝑏] = [𝑎, 𝑐] = [𝑏, 𝑑] = [𝑐, 𝑑] = 1, (𝑎𝑑)
𝑚
2 = 1⟩ = (ℤ𝑛◦−1ℤ2) × (ℤ𝑚

2
◦−1ℤ2).

2) 𝑛 is even, 𝐻 = ⟨(𝑏𝑐)
𝑛
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐, 𝑑 | 𝑎2 = 𝑏2 = 𝑐2 = (𝑏𝑐)

𝑛
2 = 𝑑2 =

1, [𝑎, 𝑏] = [𝑎, 𝑐] = [𝑏, 𝑑] = [𝑐, 𝑑] = 1, (𝑎𝑑)𝑚 = 1⟩ = (ℤ 𝑛
2
◦−1ℤ2) × (ℤ𝑚◦−1ℤ2).

3) 𝑛 and 𝑚 are both even, 𝐻 = ⟨(𝑏𝑐)
𝑛
2 (𝑎𝑑)

𝑚
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐, 𝑑 | 𝑎2 = 𝑏2 =

𝑐2 = (𝑏𝑐)𝑛 = 𝑑2 = 1, [𝑎, 𝑏] = [𝑎, 𝑐] = [𝑏, 𝑑] = [𝑐, 𝑑] = 1, (𝑎𝑑)𝑚 = 1, (𝑏𝑐)
𝑛
2 (𝑎𝑑)

𝑚
2

= 1⟩ = (ℤ𝑛◦−1ℤ2) × (ℤ𝑚◦−1ℤ2)∕ ∼.

Proof. Write 𝐻 = ⟨(𝑏𝑐)𝑠𝑐𝜖1(𝑎𝑑)𝑡𝑎𝜖2⟩ where 0 ≤ 𝑠 < 𝑛, 0 ≤ 𝑡 < 𝑚 and 𝜖𝑖 = 0
or 1. Since 𝑎, 𝑏, 𝑐 and 𝑑 are all orientation reversing and 𝐻 is an orientation
preserving subgroup, it follows that either 𝜖1 = 𝜖2 = 0, or 𝜖1 = 𝜖2 = 1.
Assume first that 𝜖1 = 𝜖2 = 0 and thus 𝐻 = ⟨(𝑏𝑐)𝑠(𝑎𝑑)𝑡⟩. If 𝑠 = 0 and 𝑡 ≠ 0,

then it follows that 𝐻 = ⟨(𝑎𝑑)
𝑚
2 ⟩ and 𝑄 = (ℤ𝑛◦−1ℤ2) × (ℤ𝑚

2
◦−1ℤ2) giving case

1). If 𝑠 ≠ 0 and 𝑡 = 0, then 𝐻 = ⟨(𝑏𝑐)
𝑛
2 ⟩ and 𝑄 = (ℤ 𝑛

2
◦−1ℤ2) × (ℤ𝑚◦−1ℤ2)

proving case 2). Finally, if 𝑠 ≠ 0 and 𝑡 ≠ 0, then 𝐻 = ⟨(𝑏𝑐)
𝑛
2 (𝑎𝑑)

𝑚
2 ⟩ and 𝑄 =

(ℤ𝑛◦−1ℤ2) × (ℤ𝑚◦−1ℤ2)∕ ∼ proving case 3).
Suppose 𝜖1 = 𝜖2 = 1 and therefore𝐻 = ⟨(𝑏𝑐)𝑠𝑐(𝑎𝑑)𝑡𝑎⟩. We will show that this

case does not occur.
Suppose 𝑠 = 0 and 𝑡 ≠ 0, and so 𝐻 = ⟨𝑐(𝑎𝑑)𝑡𝑎⟩. A computation shows

(𝑎𝑑)[𝑐(𝑎𝑑)𝑡𝑎](𝑎𝑑)−1 = 𝑐(𝑎𝑑)𝑡+2𝑎 and (𝑏𝑐)[𝑐(𝑎𝑑)𝑡𝑎](𝑏𝑐)−1 = (𝑏𝑐)2[𝑐(𝑎𝑑)𝑡𝑎].
Since 𝑁 is a normal subgroup, it follows that (𝑎𝑑)2 = 1 implying 𝑚 = 2, and
(𝑏𝑐)2 = 1 implying 𝑛 = 2. Hence would be an abelian group contradicting the
assumption of a non abelian quotient 𝑄.
Assume now that 𝑠 ≠ 0 and 𝑡 = 0 and hence 𝐻 = ⟨(𝑏𝑐)𝑠𝑐𝑎⟩. We see that

(𝑏𝑐)[(𝑏𝑐)𝑠𝑐𝑎](𝑏𝑐)−1 = (𝑏𝑐)𝑠+2𝑐𝑎 and (𝑎𝑑)[(𝑏𝑐)𝑠𝑐𝑎](𝑎𝑑)−1 = (𝑏𝑐)𝑠𝑐(𝑎𝑑)2𝑎. This
implies 𝑛 = 𝑚 = 2, again as above excluding this case.
Finally assume 𝑠 = 𝑡 = 0 and𝐻 = ⟨𝑐𝑎⟩. Conjugating 𝑐𝑎 by (𝑏𝑐) and (𝑎𝑑)will

show as above that 𝑛 = 𝑚 = 2, excluding this case also. □

Standard O.R. Quotient Type 5 Non-Abelian Action
Let 𝑛 and 𝑠 be a positive integers with 𝑛 even. Let𝑁 = ⟨(𝑏𝑐)𝑛∕2(𝑎𝑑)𝑠⟩. Then,

𝑁 ⊴ 𝜋1((𝐵6, 𝑛)) isomorphic to ℤ. Computing we have (𝑏𝑐)
𝑛
2 (𝑎𝑑)𝑠(𝑡, 𝑣) = (𝑡 +

𝑠,−𝑣). Let 𝑝 ∶ ℝ×𝐷2 → ℝ×𝐷2∕⟨(𝑏𝑐)
𝑛
2 (𝑎𝑑)𝑠⟩=𝑉1 be the covering map where

𝑉1 is a solid torus, defined by 𝑝(𝑡, 𝑣) = (𝑒
2𝜋𝑖𝑡
𝑠 , 𝑣𝑒

𝜋𝑖𝑡
𝑠 ). The induced maps 𝑎1, 𝑏1,

𝑐1 and 𝑑1 on 𝑉1 are defined as follows: 𝑎1(𝑢, 𝑣) = (𝑢, 𝑢𝑣), 𝑏1(𝑢, 𝑣) = (𝑢, 𝑢𝑣),
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𝑐1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒
−2𝜋𝑖
𝑛 ) and 𝑑1(𝑢, 𝑣) = (𝑢𝑒

−2𝜋𝑖
𝑠 , 𝑢𝑣𝑒

−𝜋𝑖
𝑠 ). The group generated by

𝑎1, 𝑏1, 𝑐1 and 𝑑1 is denoted by 𝐺5 and
𝐺5 = ⟨𝑎1, 𝑏1, 𝑐1, 𝑑1 | 𝑎21 = 𝑏22 = 𝑐21 = 𝑑21 = (𝑏1𝑐1)𝑛 = (𝑎1𝑑1)𝑚 = 1,

[𝑎1, 𝑏1] = [𝑎1, 𝑐1] = [𝑏1, 𝑑1] = [𝑐1, 𝑑1] = 1, (𝑏1𝑐1)
𝑛
2 (𝑎1𝑑1)

𝑚
2 = 1⟩

= (⟨𝑏1𝑐1⟩◦−1⟨𝑐1⟩) × (⟨𝑎1𝑑1⟩◦−1⟨𝑎1⟩)∕ ∼ = (ℤ𝑛◦−1ℤ2) × (ℤ𝑚◦−1ℤ2)∕ ∼.
It follows that 𝑉1∕𝐺5 = (𝐵6, 𝑛). We now extend 𝐺5 over 𝑉2, thus extending

𝐺5 over 𝐿(2, 1) = 𝑉1 ∪𝛼 𝑉2. Since 𝛼∶ 𝑉1 → 𝑉2 is defined by 𝛼(𝑢, 𝑣) = (𝑢𝑣2, 𝑣),
a computation shows the following: 𝛼𝑎1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑢𝑣), 𝛼𝑏1𝛼−1(𝑢, 𝑣) =
(𝑢, 𝑢𝑣), 𝛼𝑐1𝛼−1(𝑢, 𝑣) = (𝑢𝑒

−4𝜋𝑖
𝑛 , 𝑢𝑣𝑒

−2𝜋𝑖
𝑛 ) and 𝛼𝑑1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒

−𝜋𝑖
𝑠 ).

Since 𝑏1𝑐1(𝑢, 𝑣)= (𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ), we obtain a coveringmap𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑏1𝑐1⟩

= 𝑉2(2) defined by 𝑝1(𝑢, 𝑣) = (𝑢
𝑛
2 , 𝑢𝑣2). The induced maps 𝑎2, 𝑏2 and 𝑑2 on

𝑉2(2) are defined by 𝑎2(𝑢, 𝑣) = (𝑢, 𝑣), 𝑏2(𝑢, 𝑣) = (𝑢, 𝑣) and 𝑑2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑠 ).

A computation shows that 𝑎2𝑑2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
−2𝜋𝑖
𝑠 ). We obtain a covering map

𝑝2 ∶ 𝑉2(2)→ 𝑉2(2)∕⟨𝑎2𝑑2⟩ = 𝑉2(2𝑠). The induced map 𝑎3 on 𝑉2(2𝑠) is defined
by 𝑎3(𝑢, 𝑣) = (𝑢, 𝑣). It follows that 𝑉2(2𝑠)∕⟨𝑎3⟩ = (𝐵6, 2𝑠). Let𝑚 = 2𝑠.
Summarizing the above results, we define homeomorphisms 𝑎1, 𝑏1, 𝑐1 and

𝑑1 on ℝℙ3 = 𝑉1 ∪𝛼 𝑉2 as follows:

𝑎1(𝑢, 𝑣) = {(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉2

𝑏1(𝑢, 𝑣) = {(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉2

𝑐1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑢𝑣𝑒
−2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
−4𝜋𝑖
𝑛 , 𝑢𝑣𝑒

−2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑑1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
−4𝜋𝑖
𝑚 , 𝑢𝑣𝑒

−2𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢, 𝑢𝑣𝑒
−2𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2.

The group generated by 𝑎1, 𝑏1, 𝑐1 and 𝑑1 is 𝐺5. This defines an action 𝜑5 ∶
𝐺5 → Homeo𝑃𝐿(ℝℙ3) such that

ℝℙ3∕𝜑5 = (𝐵6, 𝑛) ∪ℎ′5 (𝐵6, 𝑚) = 𝑂ℎ′5((𝐵6, 𝑛), (𝐵6, 𝑚))

for some homeomorphism ℎ′5 ∶ 𝜕(𝐵6, 𝑛) → 𝜕(𝐵6, 𝑚). It follows by Lemma 26
in [KO21b] that𝑂ℎ′5((𝐵6, 𝑛), (𝐵6, 𝑚)) is homeomorphic to𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)).
Composing with a fixed homeomorphism, fix a covering map 𝜈5 ∶ ℝℙ3 →
𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)) and note that 𝜑5(𝐺5) is the group of covering translations.
We call𝜑5 a StandardQuotient Type 5Non-AbelianAction onℝℙ3with quotient
type 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)).
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Proposition 3.14. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨(𝑏𝑐)

𝑛
2 (𝑎𝑑)

𝑚
2 ⟩ where 𝑛 and𝑚 are both even.

Proof. If 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑 = 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)) is the covering map, then
𝜈∗(𝜋1(ℝℙ3)) =𝐻 is aℤ2 normal subgroup of 𝜋1(𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚))). We will
show that the first and second cases in Proposition 3.13 are excluded. If 𝐻 =
⟨(𝑎𝑑)

𝑚
2 ⟩, then note that (𝑎𝑑) is identified with (𝑦𝑧), which has a fixed point in

the universal covering space of (𝐵6, 𝑚). By Corollary 5.2 in [KO22], the cover-
ing corresponding to (𝑎𝑑)

𝑚
2 is not a manifold. When 𝐻 = ⟨(𝑏𝑐)

𝑛
2 ⟩, we see that

(𝑏𝑐) has a fixed point in the universal covering space of (𝐵6, 𝑛) excluding this
case also. Thus case 3) of Proposition 3.13 applies where 𝐻 = ⟨(𝑏𝑐)

𝑛
2 (𝑎𝑑)

𝑚
2 ⟩ =

𝜈∗(𝜋1(ℝℙ3)). □

Theorem 3.15. Let 𝜑 ∶𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient space ℝℙ3∕𝜑 = 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)). Then 𝑚 and 𝑛 are both
even and the following is true∶
1) 𝐺 is isomorphic to 𝐺5 = ⟨𝑎1, 𝑏1, 𝑐1, 𝑑1 | 𝑎21 = 𝑏22 = 𝑐21 = 𝑑21 = (𝑏1𝑐1)𝑛 =

(𝑎1𝑑1)𝑚 = 1, [𝑎1, 𝑏1] = [𝑎1, 𝑐1] = [𝑏1, 𝑑1] = [𝑐1, 𝑑1] = 1, (𝑏1𝑐1)
𝑛
2 (𝑎1𝑑1)

𝑚
2 = 1⟩

= (⟨𝑏1𝑐1⟩◦−1⟨𝑐1⟩) × (⟨𝑎1𝑑1⟩◦−1⟨𝑎1⟩)∕ ∼ = (ℤ𝑛◦−1ℤ2) × (ℤ𝑚◦−1ℤ2)∕ ∼.
2) The action 𝜑 is conjugate to 𝜑5, the Standard O.R. Quotient Type 5-Action.

Proof. The proof is similar to that of Theorem 3.3 together with Proposition
3.14 is used. □

Quotient Type 6: Orbifold (𝐵7, 𝑛) ∪ℎ6 (𝐵7, 𝑚)
Orbifold (𝐵7, 𝑛): Define maps 𝑎, 𝑏, 𝑐 onℝ×𝐷2 as follows: 𝑎(𝑡, 𝑣) = (−𝑡−1, 𝑣),

𝑏(𝑡, 𝑣) = (−𝑡, 𝑣𝑒
𝜋𝑖
𝑛 ) and 𝑐(𝑡, 𝑣) = (𝑡, 𝑣). The orbifold (𝐵7, 𝑛) = ℝ × 𝐷2∕⟨𝑎, 𝑏, 𝑐⟩

and its fundamental group is

𝜋1((𝐵7, 𝑛)) = ⟨𝑎, 𝑏, 𝑐 | 𝑎2 = 𝑏2𝑛 = 𝑐2 = [𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1⟩
= (⟨𝑎𝑏−1𝑎𝑏⟩◦−1⟨𝑎⟩)◦(⟨𝑏⟩◦−1⟨𝑐⟩) = (ℤ◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2).

Note also that 𝑏𝑎𝑏−1 = 𝑏−1𝑎𝑏. For convenience if we let 𝑑 = 𝑎𝑏−1𝑎𝑏, then
𝑏𝑑𝑏−1 = 𝑑−1, 𝑏𝑎𝑏−1 = 𝑎𝑑 and 𝑐𝑑𝑐−1 = 𝑑. A computation shows that if 𝑛 and 𝑠
are both even, then 𝑑

𝑠
2𝑏𝑛 = 𝑏𝑛−𝑠(𝑎𝑏)𝑠. If 𝑛 and 𝑠 are both odd, then 𝑑

𝑠−1
2 𝑎𝑏𝑛 =

𝑏𝑛−𝑠(𝑎𝑏)𝑠.
Orbifold (𝐵7, 𝑚): Definemaps 𝑥, 𝑦, 𝑧 onℝ×𝐷2 as follows: 𝑥(𝑡, 𝑣) = (−𝑡−1, 𝑣),

𝑦(𝑡, 𝑣) = (−𝑡, 𝑣𝑒
𝜋𝑖
𝑚
)) and 𝑧(𝑡, 𝑣) = (𝑡, 𝑣). The orbifold (𝐵7, 𝑚) = ℝ × 𝐷2∕⟨𝑥, 𝑦, 𝑧⟩

having fundamental group

𝜋1((𝐵7, 𝑚)) = ⟨𝑥, 𝑦, 𝑧 | 𝑥2 = 𝑦2𝑚 = 𝑧2 = [𝑥, 𝑦2] = [𝑥, 𝑧] = 1, 𝑧𝑦𝑧−1 = 𝑦−1⟩
= (⟨𝑥𝑦−1𝑥𝑦⟩◦−1⟨𝑥⟩)◦(⟨𝑦⟩◦−1⟨𝑧⟩) = (ℤ◦−1ℤ2)◦(ℤ2𝑚◦−1ℤ2).
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Orbifold 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)):
By [KO21b] and [KO22], there is a homeomorphismℎ6 ∶ 𝜕(𝐵7, 𝑛)→ 𝜕(𝐵7, 𝑚)

inducing an isomorphism which makes the following identifications: 𝑎 = 𝑧,
𝑏 = 𝑧𝑦𝑥, 𝑐 = 𝑦𝑥𝑦−1. Thus the fundamental group of 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)) is

⟨𝑎, 𝑏, 𝑐 | 𝑎2 = 𝑏2𝑛 = (𝑎𝑏−1𝑎𝑏)𝑚 = 𝑐2 = [𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1⟩
= (⟨𝑎𝑏−1𝑎𝑏⟩◦−1⟨𝑎⟩)◦(⟨𝑏⟩◦−1⟨𝑐⟩) = (ℤ𝑚◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2).

Proposition 3.16. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)))∕𝐻

be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1) 𝑚 and 𝑛 are both even, 𝐻 = ⟨𝑑

𝑚
2 𝑏𝑛⟩ = ⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎2

= 𝑏2𝑛 = 𝑐2 = (𝑎𝑏−1𝑎𝑏)𝑚 = [𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑏𝑛−𝑚(𝑎𝑏)𝑚 = 1⟩
= (ℤ𝑚◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2)∕ ∼.
2) 𝑛 is even, 𝐻 = ⟨𝑏𝑛⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎2 = 𝑏2𝑛 = 𝑐2 = (𝑎𝑏−1𝑎𝑏)𝑚 =

[𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑏𝑛 = 1⟩ = (ℤ𝑚◦−1ℤ2)◦(ℤ𝑛◦−1ℤ2).
3) 𝑚 is even, 𝐻 = ⟨𝑑

𝑚
2 ⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎2 = 𝑏2𝑛 = 𝑐2 = (𝑎𝑏−1𝑎𝑏)𝑚 =

[𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑑
𝑚
2 = 1⟩ = (ℤ𝑚

2
◦−1ℤ2)◦(ℤ𝑛◦−1ℤ2).

4) 𝑚 and 𝑛 are both odd, 𝐻 = ⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎2 = 𝑏2𝑛 =
𝑐2 = (𝑎𝑏−1𝑎𝑏)𝑚 = [𝑎, 𝑏2] = [𝑎, 𝑐] = 1, 𝑐𝑏𝑐−1 = 𝑏−1, 𝑏𝑛−𝑚(𝑎𝑏)𝑚 = 1⟩ =
(ℤ𝑚◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2)∕ ∼.

Proof. The group 𝐻 = ⟨𝑑𝑠𝑎𝜖1𝑏𝑡𝑐𝜖2⟩ is isomorphic to ℤ2, where 𝑑 = 𝑎𝑏−1𝑎𝑏,
0 ≤ 𝑠 < 𝑚, 0 ≤ 𝑡 < 2𝑛 and 𝜖𝑖 = 0 or 1. Since 𝑎, 𝑏 and 𝑐 are orientation
reversing elements, it follows that 𝑑 is orientation preserving. Being that 𝐻 is
an orientation preserving subgroup, we have the following cases to consider:
Case I) 𝑡 is even, and either 𝜖1 = 𝜖2 = 0 or 𝜖1 = 𝜖2 = 1; Case II) 𝑡 is odd, and
either 𝜖1 = 1 and 𝜖2 = 0 or 𝜖1 = 0 and 𝜖2 = 1.
Case I: 𝑡 is even.
We consider first the situationwhen 𝜖1= 𝜖2=0, and thus𝐻= ⟨𝑑𝑠𝑏𝑡⟩. Assume

𝑠 ≠ 0 and 𝑡 ≠ 0. Since 𝑡 is even, it follows that 𝑏𝑡 commutes with 𝑑, and thus 1
= (𝑑𝑠𝑏𝑡)2 = 𝑑2𝑠𝑏2𝑡. This implies 𝑠 = 𝑚

2
, 𝑡 = 𝑛 and 𝐻 = ⟨𝑑

𝑚
2 𝑏𝑛⟩. One can verify

that𝐻 is indeed a normal subgroup showing 1) in the proposition. If 𝑠 = 0 and
𝑡 ≠ 0, it follows that𝐻 = ⟨𝑏𝑛⟩where 𝑛 is even. Furthermore,𝐻 is normal giving
2) in the statement of the proposition. Suppose now that 𝑠 ≠ 0 and 𝑡 = 0. In
this case,𝑚 is even and𝐻 = ⟨𝑑

𝑚
2 ⟩ showing 3).

Assume 𝜖1 = 𝜖2 = 1 and hence 𝐻 = ⟨𝑑𝑠𝑎𝑏𝑡𝑐⟩. If 𝑠 = 0 and 𝐻 = ⟨𝑎𝑏𝑡𝑐⟩, then
we always have 1 = (𝑎𝑏𝑡𝑐)2 giving no new information. By normality, 𝑎𝑏𝑡𝑐 =
𝑏(𝑎𝑏𝑡𝑐)𝑏−1 = 𝑎𝑑𝑏𝑡+2𝑐, which implies𝑚 = 1, 𝑏2 = 1 and 𝑛 = 1. Since 𝑡 is even,
we must have 𝑡 = 0. Thus 𝑛 = 𝑚 = 1, 𝜋1(𝑂ℎ6((𝐵7, 1), (𝐵7, 1))) = ℤ2 ×ℤ2 ×ℤ2,
implying 𝑄 abelian, thus we are ruling out this case. We now suppose 𝑡 = 0
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and 𝐻 = ⟨𝑑𝑠𝑎𝑐⟩. It always follows that 1 = (𝑑𝑠𝑎𝑐)2. Normality implies 𝑑𝑠𝑎𝑐 =
𝑏(𝑑𝑠𝑎𝑐)𝑏−1 = 𝑑−𝑠−1𝑎𝑏2𝑐 = 𝑑−𝑠−1𝑏2𝑎𝑐. Therefore, 𝑏2 = 1, 𝑛 = 1 and 𝑠 = 𝑚−1

2
.

Conjugating by 𝑎 yields 𝑑
𝑚−1
2 𝑎𝑐 = 𝑎(𝑑

𝑚−1
2 𝑎𝑐)𝑎−1 = 𝑑

1−𝑚
2 𝑎𝑐, which implies 𝑑 =1

and 𝑚 = 1. Again, we obtain an abelian quotient ruling out this case. Finally,
we suppose 𝑠 ≠ 0 and 𝑡 ≠ 0. In this case, it always follows that 1 = (𝑑𝑠𝑎𝑏𝑡𝑐)2 so
that we do not obtain any new information. By normality, wemust have 𝑑𝑠𝑎𝑏𝑡𝑐
= 𝑏(𝑑𝑠𝑎𝑏𝑡𝑐)𝑏−1 = 𝑑−𝑠−1𝑎𝑏𝑡+2𝑐, which implies 𝑠 = 𝑚−1

2
, 𝑏2 = 1 and 𝑛 = 1. Since

𝑡 < 2𝑛 is even, 𝑡 = 0 giving a contradiction.
Case II: 𝑡 is odd.
We suppose 𝜖1 = 1 and 𝜖2 = 0, and thus 𝐻 = ⟨𝑑𝑠𝑎𝑏𝑡⟩. If 𝑠 = 0 and thus 𝐻 =

⟨𝑎𝑏𝑡⟩, then 1 = (𝑎𝑏𝑡)2 = 𝑑𝑏2𝑡. This implies 𝑑 = 1,𝑚 = 1 and 𝑡 = 𝑛. Thus 𝐻 =
⟨𝑎𝑏𝑛⟩ and 𝑄 = ℤ2𝑛◦−1ℤ2. Note that 𝑎𝑏𝑛 = 𝑏𝑛−1(𝑎𝑏)1 since 𝑏 raised to an even
power commutes with 𝑎, thus proving 4) for 𝑚 = 1. Suppose 𝑠 ≠ 0 and 𝐻 =
⟨𝑑𝑠𝑎𝑏𝑡⟩. Since 𝐻 ≅ ℤ2, 1 = (𝑑𝑠𝑎𝑏𝑡)2 = 𝑑2𝑠+1𝑏2𝑡, so 𝑠 = 𝑚−1

2
implying𝑚 is odd,

and 𝑡 = 𝑛 which is also odd. Thus𝐻 = ⟨𝑑
𝑚−1
2 𝑎𝑏𝑛⟩, and one can check that this

is always a normal subgroup. Recall that 𝑑
𝑚−1
2 𝑎𝑏𝑛 = 𝑏𝑛−𝑚(𝑎𝑏)𝑚, giving case 5).

Assume now that 𝜖1 = 0 and 𝜖2 = 1, and thus 𝐻 = ⟨𝑑𝑠𝑏𝑡𝑐⟩. If 𝑠 = 0
and 𝐻 = ⟨𝑏𝑡𝑐⟩, then it always follows that 1 = (𝑏𝑡𝑐)2. By normality, 𝑏𝑡𝑐 =
𝑎(𝑏𝑡𝑐)𝑎−1 = 𝑑𝑏𝑡𝑐. Thus 𝑑 = 1, 𝑚 = 1 and the orbifold fundamental group is
ℤ2 × (ℤ2𝑛◦−1ℤ2). Again, by normality, 𝑏𝑡𝑐 = 𝑐(𝑏𝑡𝑐)𝑐−1 = 𝑏−𝑡𝑐, implying 𝑡 = 𝑛.
Furthermore, 𝑏𝑛𝑐 = 𝑏(𝑏𝑛𝑐)𝑏−1 = 𝑏𝑛+2𝑐. This implies 𝑏2 = 1 and 𝑛 = 1. Thus
𝑛 = 𝑚 = 1 so that 𝜋1(𝑂ℎ6((𝐵7, 1), (𝐵7, 1))) = ℤ2 × (ℤ2 × ℤ2), which is abelian
and thus we exclude this case.
We now suppose 𝑠 ≠ 0. A computation shows that (𝑑𝑠𝑏𝑡𝑐)2 = 1 is always

true. Suppose 𝑚 ≠ 1. By normality, 𝑑𝑠𝑏𝑡𝑐 = 𝑎(𝑑𝑠𝑏𝑡𝑐)𝑎−1 = 𝑑−𝑠+1𝑏𝑡𝑐, and
thus 𝑠 = 𝑚+1

2
≠ 0 and 𝐻 = ⟨𝑑

𝑚+1
2 𝑏𝑡𝑐⟩. Again, by normality, we have 𝑑

𝑚+1
2 𝑏𝑡𝑐 =

𝑏(𝑑
𝑚+1
2 𝑏𝑡𝑐)𝑏−1 = 𝑑

−𝑚−1
2 𝑏𝑡+2𝑐, which implies 𝑑𝑚+1 = 1. Hence 𝑑 = 1 and𝑚 = 1,

contradicting the fact that𝑚 ≠ 1. Hence𝑚 = 1 and𝐻= ⟨𝑏𝑡𝑐⟩. Using normality,
we have 𝑏𝑡𝑐= 𝑏(𝑏𝑡𝑐)𝑏−1= 𝑏𝑡+2𝑐, or 𝑏2 = 1. Thus𝑛 = 1,𝜋1(𝑂ℎ6((𝐵7, 1), (𝐵7, 1)))
= ℤ2 ×ℤ2 ×ℤ2 which is abelian and thus we may exclude this case also. □

Standard O.R. Quotient Type 6 Non-Abelian Action
Let𝑛 and𝑚 be positive integers such that𝑛=𝑚(mod 2). Let𝑁= ⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩

be a subgroup of 𝜋1((𝐵7, 𝑛)). Note that𝑁 ⊴ 𝜋1((𝐵7, 𝑛)) isomorphic toℤ. A cal-
culation shows that 𝑏𝑛−𝑚(𝑎𝑏)𝑚(𝑡, 𝑣) = (𝑡 −𝑚,−𝑣). We obtain a covering map
𝑝 ∶ ℝ×𝐷2 → ℝ×𝐷2∕⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩ = 𝑉1 defined by 𝑝(𝑡, 𝑣) = (𝑒

2𝜋𝑖𝑡
𝑚 , 𝑣𝑒

𝜋𝑖𝑡
𝑚 ). The

inducedmaps 𝑎1, 𝑏1, 𝑐1 on𝑉1 are defined as follows: 𝑎1(𝑢, 𝑣) = (𝑢𝑒
−2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ),

𝑏1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒
𝜋𝑖
𝑛 ), 𝑐1(𝑢, 𝑣) = (𝑢, 𝑢𝑣). Thus, 𝑑1(𝑢, 𝑣) = (𝑢𝑒

−4𝜋𝑖
𝑚 , 𝑣𝑒

−2𝜋𝑖
𝑚 ) where

𝑑1 = 𝑎1𝑏−11 𝑎1𝑏1. The group generated by 𝑎1, 𝑏1 and 𝑐1 is denoted by 𝐺6 and
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𝐺6= ⟨𝑎1, 𝑏1, 𝑐1 |𝑎21=𝑏
2𝑛
1 =𝑐21=[𝑎1, 𝑏

2
1]=[𝑎1, 𝑐1]=1, 𝑐1𝑏1𝑐

−1
1 = 𝑏−11 , 𝑏𝑛−𝑚1 (𝑎1𝑏1)𝑚 = 1⟩

= (⟨𝑑1⟩◦−1⟨𝑎1⟩)◦(⟨𝑏1⟩◦−1⟨𝑐1⟩)∕ ∼ = (ℤ𝑚◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2)∕ ∼.

It follows that 𝑉1∕𝐺6 = (𝐵7, 𝑛).
Next, we will extend 𝐺6 over 𝑉2, and thus over 𝐿(2, 1) = 𝑉1 ∪𝛼 𝑉2. A compu-

tation shows 𝛼𝑎1𝛼−1(𝑢, 𝑣) = 𝛼𝑎1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢𝑣2𝑒
−2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ) = (𝑢, 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ).

Similar computations show 𝛼𝑏1𝛼−1(𝑢, 𝑣) = (𝑢𝑒
2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 ), and 𝛼𝑐1𝛼−1(𝑢, 𝑣) =

(𝑢, 𝑢𝑣). Thesemaps extend over𝑉2, thus themaps on𝑉2 are defined as follows:
𝑎1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ), 𝑏1(𝑢, 𝑣) = (𝑢𝑒

2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 ), and 𝑐1(𝑢, 𝑣) = (𝑢, 𝑢𝑣). A straight

forward calculation shows 𝑏21(𝑢, 𝑣) = (𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ). In contrast to all previous

types, there are two cases to consider depending on whether𝑚 and 𝑛 are both
even or odd.
First, we suppose both 𝑚 and 𝑛 are even. Then, 𝑏𝑛1 (𝑢, 𝑣) = (𝑢,−𝑣) giving

us a fixed point. We obtain a covering map 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑏21⟩ = 𝑉2(2)
defined by 𝑝1(𝑢, 𝑣) = (𝑢

𝑛
2 , 𝑢𝑣2). The induced maps on 𝑉2(2) are defined by

𝑎2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑚 ), 𝑏2(𝑢, 𝑣) = (−𝑢, 𝑣) and 𝑐2(𝑢, 𝑣) = (𝑢, 𝑣). Since 𝑏2𝑎2(𝑢, 𝑣) =

(−𝑢, 𝑣𝑒
−2𝜋𝑖
𝑚 ), we obtain a covering map 𝑝2 ∶ 𝑉2(2)→ 𝑉2(2)∕⟨𝑏2𝑎2⟩=𝑉2(𝑚) de-

fined by𝑝2(𝑢, 𝑣) = (𝑢2, 𝑢𝑣
𝑚
2 ). The inducedmaps 𝑏3 and 𝑐3 on𝑉2(𝑚) are defined

by 𝑏3(𝑢, 𝑣) = (𝑢,−𝑣) and 𝑐3(𝑢, 𝑣) = (𝑢, 𝑢𝑣). Now, 𝑐3𝑏3(𝑢, 𝑣) = (𝑢,−𝑣) so that
𝑉2(𝑚)∕⟨𝑐3𝑏3⟩ = (𝐵0, 𝑚). We can see that the fixed point set of the map 𝑐3𝑏3 is
Fix(𝑐3𝑏3) = {(1, 𝑟𝑖), (−1, 𝑟𝑖) |−1 ≤ 𝑟 ≤ 1}. Further observe that 𝑐3(1, 𝑟𝑖) = (1, 𝑟𝑖)
and 𝑐3(−1, 𝑟𝑖) = (−1,−𝑟𝑖). This implies that if 𝑐4 is the inducedmap on (𝐵0, 𝑚),
then (𝐵0, 𝑚)∕⟨𝑐4⟩ = (𝐵7, 𝑚) = 𝑉2∕⟨𝑎1, 𝑏1, 𝑐1⟩.
The second case is when both𝑚 and 𝑛 are odd. As a result, 𝑏21 is fixed-point-

free and we obtain a covering map 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑏21⟩ = 𝑉2(1) defined by

𝑝1(𝑢, 𝑣) = (𝑢𝑛, 𝑢
𝑛−1
2 𝑣). The induced maps on 𝑉2(1) are defined by 𝑎2(𝑢, 𝑣) =

(𝑢, 𝑢𝑣𝑒
−𝜋𝑖
𝑚 ), 𝑏2(𝑢, 𝑣) = (−𝑢,−𝑢𝑣) and 𝑐2(𝑢, 𝑣) = (𝑢, 𝑢𝑣). The map 𝑏2𝑎2(𝑢, 𝑣) =

(𝑢,−𝑣𝑒
𝜋𝑖
𝑚 ). We obtain a covering map 𝑝2 ∶ 𝑉2(1) → 𝑉2(1)∕⟨𝑏2𝑎2⟩ = 𝑉2(𝑚) de-

fined by 𝑝2(𝑢.𝑣) = (𝑢, 𝑣𝑚). The inducedmaps 𝑏3 and 𝑐3 are defined on𝑉2(𝑚) as
follows: 𝑏3(𝑢, 𝑣)= (𝑢,−𝑢𝑚𝑣) and 𝑐3(𝑢, 𝑣)= (𝑢, 𝑢

𝑚𝑣), hence 𝑏3𝑐3(𝑢, 𝑣)= (𝑢,−𝑣).
A similar argument as the one above shows that 𝑉2∕⟨𝑎1, 𝑏1, 𝑐1⟩ = (𝐵7, 𝑚).
Summarizing the above results, we define homeomorphisms 𝑎1, 𝑏1, 𝑐1 on

ℝℙ3 = 𝑉1 ∪𝛼 𝑉2 as follows:

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
−2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

−𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢, 𝑢𝑣𝑒
−𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2
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𝑏1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑢𝑣𝑒
𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
2𝜋𝑖
𝑛 , 𝑢𝑣𝑒

𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑐1(𝑢, 𝑣) = {(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑢𝑣), if (𝑢, 𝑣) ∈ 𝑉2.

Let 𝑑1 = 𝑎1𝑏−11 𝑎1𝑏1. The group generated by 𝑎1, 𝑏1, 𝑐1 is 𝐺6. This defines an
action 𝜑6 ∶ 𝐺6 → Homeo𝑃𝐿(ℝℙ3) such that ℝℙ3∕𝜑6 = (𝐵7, 𝑛) ∪ℎ′6 (𝐵7, 𝑚) =
𝑂ℎ′6((𝐵7, 𝑛), (𝐵7, 𝑚)) for some homeomorphism ℎ′6 ∶ 𝜕(𝐵7, 𝑛) → 𝜕(𝐵7, 𝑚). It
follows by Lemma 27 in [KO21b] that𝑂ℎ′6((𝐵7, 𝑛), (𝐵7, 𝑚)) is homeomorphic to
𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)). Composing with a fixed homeomorphism, fix a covering
map 𝜈6 ∶ ℝℙ3 → 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)) and note that 𝜑6(𝐺6) is the group of cov-
ering translations. We call 𝜑6 a Standard Quotient Type 6 Non-Abelian Action
on ℝℙ3 with quotient type orbifold 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)).

Proposition 3.17. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩ where𝑚 = 𝑛(mod 2).

Proof. If 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑 = 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)) is the covering map, then
𝜈∗(𝜋1(ℝℙ3)) =𝐻 is aℤ2 normal subgroup of 𝜋1(𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚))). We will
show that cases 2) and 3) in by Proposition 3.16 are excluded. If𝐻 = ⟨𝑏𝑛⟩where
𝑛 is even, then 𝑏𝑛(𝑡, 𝑣) = (𝑡,−𝑣), which has a fixed point. By Corollary 5.2 in
[KO22], the covering corresponding to 𝑏𝑛 is not a manifold. Suppose𝐻 = ⟨𝑑

𝑚
2 ⟩.

Note that 𝑑 = 𝑎𝑏−1𝑎𝑏 is identified with 𝑧(𝑧𝑦𝑥)−1𝑧(𝑧𝑦𝑥) = 𝑧𝑥−1𝑦−1𝑧−1𝑦𝑥 =
𝑥−1𝑧𝑦−1𝑧𝑦𝑥 = 𝑥−1𝑦2𝑥 = 𝑦2. Since 𝑦2(𝑡, 𝑣) = (𝑡, 𝑣𝑒

2𝜋𝑖
𝑚 ), it follows that 𝑑

𝑚
2 (𝑡, 𝑣)

= (𝑡,−𝑣), which has a fixed point. Thus we also exclude this case by use of
Corollary 5.2 in [KO22]. Thus cases 1) and 4) of Proposition 3.16 apply where
𝐻 = ⟨𝑏𝑛−𝑚(𝑎𝑏)𝑚⟩ = 𝜈∗(𝜋1(ℝℙ3)) and𝑚 = 𝑛(mod 2). □

Theorem3.18. Let𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient spaceℝℙ3∕𝜑=𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)). Then,𝑚 = 𝑛(mod 2) and
the following is true∶
1) 𝐺6 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎21 = 𝑏2𝑛1 = 𝑐21 = [𝑎1, 𝑏21] = [𝑎1, 𝑐1] = 𝑏𝑛−𝑚1 (𝑎1𝑏1)𝑚 = 1,

𝑐1𝑏1𝑐−11 = 𝑏−11 ⟩
=(⟨𝑑1⟩◦−1⟨𝑎1⟩)◦(⟨𝑏1⟩◦−1⟨𝑐1⟩)∕ ∼=(ℤ𝑚◦−1ℤ2)◦(ℤ2𝑛◦−1ℤ2)∕ ∼, where

𝑑1 = 𝑎1𝑏−11 𝑎1𝑏1.
2) The action 𝜑 is conjugate to 𝜑6, the Standard O.R. Quotient Type 6-Action.

Proof. The proof is similar to that of Theorem 3.3 and uses Proposition 3.17.
□
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Quotient Type 7: Orbifold (𝐵1, 𝑛) ∪ℎ7 (𝐵8, 𝑚)

Orbifold (𝐵1, 𝑛): Define maps 𝑎, 𝑏, 𝑐 on ℝ × 𝐷2 as follows: 𝑎(𝑡, 𝑣) = (𝑡, 𝑣𝑒
2𝜋𝑖
𝑛 ),

𝑏(𝑡, 𝑣) = (−𝑡, 𝑣), and 𝑐(𝑡, 𝑣) = ( 1
2
− 𝑡, 𝑣). The orbifold (𝐵1, 𝑛) = ℝ ×𝐷2∕⟨𝑎, 𝑏, 𝑐⟩

and its fundamental group is
𝜋1((𝐵1, 𝑛)) = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2 = [𝑎, 𝑐] = 1, 𝑏𝑎𝑏−1 = 𝑎−1⟩

= ⟨𝑎⟩◦(⟨𝑏⟩ ∗ ⟨𝑐⟩) = ℤ𝑛◦(ℤ2 ∗ ℤ2).

Orbifold (𝐵8, 𝑚): Definemaps𝑥, 𝑦 and 𝑧 onℝ×𝐷2 as follows: 𝑥(𝑡, 𝑣)= (−𝑡, , 𝑣𝑒
𝜋𝑖
𝑚 ),

𝑦(𝑡, 𝑣) = (𝑡, 𝑣) and 𝑧(𝑡, 𝑣) = (1 − 𝑡, 𝑣𝑒
𝜋𝑖
𝑚 ). We remark that the three maps are

orientation reversing. The orbifold (𝐵8, 𝑚) = ℝ × 𝐷2∕⟨𝑥, 𝑦, 𝑧⟩ and the corre-
sponding fundamental group is
𝜋1((𝐵8, 𝑚)) = ⟨𝑥, 𝑦, 𝑧 | 𝑥2𝑚 = 𝑦2 = 𝑧2𝑚 = 1, 𝑦𝑥𝑦−1 = 𝑥−1, 𝑦𝑧𝑦−1 = 𝑧−1,

𝑥2 = 𝑧2⟩
= ⟨𝑥𝑧−1⟩◦(⟨𝑥⟩◦−1⟨𝑦⟩) = ℤ◦(ℤ2𝑚◦−1ℤ2).

Orbifold 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)):
Again by [KO21b] and [KO22], there is a homeomorphism ℎ7 ∶ 𝜕(𝐵1, 𝑛) →

𝜕(𝐵8, 𝑚) inducing an isomorphism which makes the following identifications:
𝑎 = (𝑥𝑧−1)−1 = 𝑧𝑥−1, 𝑏 = 𝑦𝑥 and 𝑐 = 𝑦. As a result, the fundamental group of
this quotient orbifold becomes

𝜋1(𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚))) = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2 = [𝑎, 𝑐] = 1, 𝑏𝑎𝑏−1 = 𝑎−1,
(𝑐𝑏)2𝑚 = 1⟩

= ⟨𝑎⟩◦(⟨𝑏⟩ ∗ ⟨𝑐⟩∕⟨(𝑐𝑏)2𝑚⟩)= ⟨𝑎⟩◦(⟨𝑐𝑏⟩◦−1⟨𝑐⟩∕⟨(𝑐𝑏)2𝑚⟩)
= ℤ𝑛◦Dih(ℤ2𝑚),

where 𝑐 is an orientation reversing element.

Proposition 3.19. Let 𝐻 be an orientable normal subgroup of the fundamental
group 𝜋1(𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚))), which is isomorphic to ℤ2, and let

𝑄 = 𝜋1(𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)))∕𝐻
be the quotient group. If 𝑄 is not abelian, then one of the following is true∶
1) Either 𝑚 > 1 and 𝑛 is even or 𝑚 = 1 and 𝑛 ≥ 6 is even, 𝐻 = ⟨𝑎

𝑛
2 ⟩ and

𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2 = [𝑎, 𝑐] = 1, 𝑏𝑎𝑏−1 = 𝑎−1, (𝑐𝑏)2𝑚 = 𝑎
𝑛
2 = 1⟩ =

ℤ 𝑛
2
◦Dih(ℤ2𝑚).
2) 𝑚 is even and either 𝑛 > 2 or 𝑚 ≥ 4, 𝐻 = ⟨(𝑐𝑏)𝑚⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 =

𝑏2 = 𝑐2 = [𝑎, 𝑐] = 1, 𝑏𝑎𝑏−1 = 𝑎−1, (𝑐𝑏)𝑚 = 1⟩ = ℤ𝑛◦Dih(ℤ𝑚).
3) 𝑚 and 𝑛 are both even, 𝐻 = ⟨𝑎

𝑛
2 (𝑐𝑏)𝑚⟩ and 𝑄 = ⟨𝑎, 𝑏, 𝑐 | 𝑎𝑛 = 𝑏2 = 𝑐2 =

[𝑎, 𝑐] = 1, 𝑏𝑎𝑏−1 = 𝑎−1, (𝑐𝑏)2𝑚 = 𝑎
𝑛
2 (𝑐𝑏)𝑚 = 1⟩ = ℤ𝑛◦Dih(ℤ2𝑚)∕ ∼.

Proof. The group 𝐻 = ⟨𝑎𝑠(𝑐𝑏)𝑡𝑐𝜖⟩ is isomorphic to ℤ2, where 0 ≤ 𝑠 < 𝑛, 0 ≤
𝑡 < 2𝑚 and 𝜖 = 0 or 1. Since 𝑐 reverses the orientation, either 𝑡 is even and
𝜖 = 0, or 𝑡 is odd and 𝜖 = 1.
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Case I: 𝑡 is even and 𝜖 = 0.
If 𝑡 = 0 and 𝑠 ≠ 0, then𝐻 = ⟨𝑎𝑠⟩where 𝑎2𝑠 = 1, giving us 𝑠 = 𝑛

2
. Since 𝑏𝑎𝑏−1

= 𝑎−1 and [𝑎, 𝑐] = 1, 𝐻 is normal and 𝑄 is isomorphic to ℤ 𝑛
2
◦Dih(ℤ2𝑚). The

condition in 1) is needed for 𝑄 to be a non-abelian group.
On the other hand, if 𝑡 ≠ 0 and 𝑠 = 0, then 𝐻 = ⟨(𝑐𝑏)𝑡⟩. As (𝑐𝑏)2𝑡 = 1, we

have 𝑡 = 𝑚. Observe [𝑎, (𝑐𝑏)2] = 1 and (𝑐𝑏)2 is inverted by means of conjuga-
tion by 𝑏 and 𝑐 respectively. Since 𝑡 = 𝑚 is even, it follows that 𝐻 is normal.
Furthermore,𝑄 is isomorphic toℤ𝑛◦Dih(ℤ𝑚) and the condition in 2) is needed
for 𝑄 to be a non-abelian group.
Now, suppose 𝑠 ≠ 0 and 𝑡 ≠ 0, hence 𝐻 = ⟨𝑎𝑠(𝑐𝑏)𝑡⟩. It is easy to check

𝑎𝑠(𝑐𝑏)𝑡𝑎𝑠(𝑐𝑏)𝑡 = 𝑠2𝑠(𝑐𝑏)2𝑡, as 𝑡 is an even number, whichmust equal 1. It follows
that 𝑠 = 𝑛

2
and 𝑡 = 𝑚. Moreover, [𝑎, (𝑐𝑏)2] = [𝑏, 𝑎

𝑛
2 (𝑐𝑏)𝑚] = [𝑐, 𝑎

𝑛
2 (𝑐𝑏)𝑚] = 1

showing𝐻 is normal and giving 3).

Case II: 𝑡 is odd and 𝜖 = 1.
In this case, we have𝐻 = ⟨(𝑐𝑏)𝑡𝑐⟩ or𝐻 = ⟨𝑎𝑠(𝑐𝑏)𝑡𝑐⟩ depending on 𝑠 = 0 or 𝑠 ≠

0 respectively. However, regardless to the value of 𝑠, the normality condition of
𝐻 forces us to conclude 𝑛 = 2 and 𝑚 = 1 (See [KO22], Proposition 5.16 Case
II of proof). Thus, 𝜋1(𝑂ℎ7((𝐵1, 2), (𝐵8, 1))) = ℤ2 × ℤ2 × ℤ2 resulting in Case II
being excluded. □

Standard O.R. Quotient Type 7 Non-Abelian Action

Let 𝑛 and 𝑠 be positive integers such that 𝑛 = 0(mod 2). Let 𝑁 = ⟨𝑎
𝑛
2 (𝑐𝑏)2𝑠⟩

be a subgroup of 𝜋1((𝐵1, 𝑛)). We see 𝑁 ⊴ 𝜋1((𝐵1, 𝑛)) isomorphic to ℤ. Simple
calculations show that 𝑎

𝑛
2 (𝑐𝑏)2𝑠(𝑡, 𝑣) = (𝑡+𝑠,−𝑣), andwe obtain a coveringmap

𝑝 ∶ ℝ×𝐷2 → ℝ×𝐷2∕⟨𝑎
𝑛
2 (𝑐𝑏)2𝑠⟩=𝑉1 defined by 𝑝(𝑡, 𝑣) = (𝑒

2𝜋𝑖𝑡
𝑠 , 𝑣𝑒

𝜋𝑖𝑡
𝑠 ). The in-

ducedmaps 𝑎1, 𝑏1, 𝑐1 on𝑉1 are defined as follows: 𝑎1(𝑢, 𝑣) = (𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), 𝑏1(𝑢, 𝑣)

= (𝑢, 𝑣), 𝑐1(𝑢, 𝑣) = (𝑢𝑒
𝜋𝑖
𝑠 , 𝑢𝑣𝑒

𝜋𝑖
2𝑠 ). We use 𝐺7 to denote the group generated by

𝑎1, 𝑏1 and 𝑐1, we obtain

𝐺7 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑛1 = 𝑏21 = 𝑐21 = [𝑎1, 𝑐1] = 1, 𝑏1𝑎1𝑏−11 = 𝑎−11 , 𝑎
𝑛
2
1 (𝑐1𝑏1)

2𝑠 = 1⟩
= ⟨𝑎1⟩◦(⟨𝑏1⟩ ∗ ⟨𝑐1⟩) = ℤ𝑛◦(ℤ2 ∗ ℤ2)∕ ∼.
It follows that 𝑉1∕𝐺7 = (𝐵1, 𝑛).
The next step is to extend 𝐺7 over 𝑉2 and thus over 𝐿(2, 1) = 𝑉1 ∪𝛼 𝑉2. Re-

call that the attaching map 𝛼 ∶ 𝜕𝑉1 → 𝜕𝑉2 is defined by 𝛼(𝑢, 𝑣) = (𝑢−1𝑣2, 𝑣),
hence 𝛼𝑎1𝛼−1(𝑢, 𝑣) = 𝛼𝑎1(𝑢−1𝑣2, 𝑣) = 𝛼(𝑢−1𝑣2, 𝑣𝑒

2𝜋𝑖
𝑛 ) = (𝑢𝑒

4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ). Like-

wise, 𝛼𝑏1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑣) and 𝛼𝑐1𝛼−1(𝑢, 𝑣) = (𝑢, 𝑢𝑣𝑒
𝜋𝑖
2𝑠 ). Thesemaps extend to

𝑉2 and we relabel them 𝑎1, 𝑏1 and 𝑐1 respectively. Since 𝑎
𝑛
2
1 (𝑢, 𝑣) = (𝑢,−𝑣) has

fixed points, our covering map 𝑝1 ∶ 𝑉2 → 𝑉2∕⟨𝑎1⟩ = 𝑉2(2) becomes 𝑝1(𝑢, 𝑣)
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= (𝑢
𝑛
2 , 𝑢𝑣2). The induced maps on 𝑉2(2) are defined by 𝑏2(𝑢, 𝑣) = (𝑢, 𝑣) and

𝑐2(𝑢, 𝑣) = (𝑢, 𝑣𝑒
−𝜋𝑖
𝑠 ). A composition of the two induced maps is 𝑐2𝑏2(𝑢, 𝑣) =

(𝑢, 𝑣𝑒
−𝜋𝑖
𝑠 ), hence (𝑐2𝑏2)2(𝑢, 𝑣) = (𝑢, 𝑣𝑒

−2𝜋𝑖
𝑠 ). Thus, we obtain a further cover-

ing map 𝑝2 ∶ 𝑉2(2) → 𝑉2(2)∕⟨(𝑐2𝑏2)2⟩ = 𝑉2(2𝑠) defined by 𝑝2(𝑢, 𝑣) = (𝑢, 𝑣𝑠).
The induced maps 𝑏3, 𝑐3 on 𝑉2(2𝑠) are defined by 𝑏3(𝑢, 𝑣) = (𝑢, 𝑣) and 𝑐3(𝑢, 𝑣)
= (𝑢,−𝑣) respectively. Moreover, 𝑉2(2𝑠)∕⟨𝑏3⟩ = (𝐵0, 2𝑠) and 𝑐4 is induced on
(𝐵0, 2𝑠). Consequently, we obtain (𝐵0, 2𝑠)∕⟨𝑐4⟩ = (𝐵8, 2𝑠) = 𝑉2∕⟨𝑎1, 𝑏1, 𝑐1⟩. Let
𝑚 = 2𝑠.
As a summary based upon the above calculations, we define homeomor-

phisms 𝑎1, 𝑏1, 𝑐1 on ℝℙ3 = 𝑉1 ∪𝛼 𝑉2 as follows:

𝑎1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢, 𝑣𝑒
2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢𝑒
4𝜋𝑖
𝑛 , 𝑣𝑒

2𝜋𝑖
𝑛 ), if (𝑢, 𝑣) ∈ 𝑉2

𝑏1(𝑢, 𝑣) = {(𝑢, 𝑣), if (𝑢, 𝑣) ∈ 𝑉1
(𝑢, 𝑣), if (𝑢, 𝑣) ∈ 𝑉2

𝑐1(𝑢, 𝑣) =
⎧

⎨
⎩

(𝑢𝑒
2𝜋𝑖
𝑚 , 𝑢𝑣𝑒

𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉1

(𝑢, 𝑢𝑣𝑒
𝜋𝑖
𝑚 ), if (𝑢, 𝑣) ∈ 𝑉2.

The group generated by 𝑎1, 𝑏1, 𝑐1 is 𝐺7. This defines an action 𝜑7 ∶ 𝐺7 →
Homeo𝑃𝐿(ℝℙ3)whereℝℙ3∕𝜑7 = (𝐵1, 𝑛)∪ℎ′7 (𝐵8, 𝑚) =𝑂ℎ′7((𝐵1, 𝑛), (𝐵8, 𝑚)) for
some homeomorphism ℎ′7 ∶ 𝜕(𝐵1, 𝑛) → 𝜕(𝐵8, 𝑚). It follows by Lemma 29 in
[KO21b] that 𝑂ℎ′7((𝐵1, 𝑛), (𝐵8, 𝑚)) ≃ 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)). Composing with a
fixed homeomorphism, we obtain a fixed covering map
𝜈7 ∶ ℝℙ3 → 𝑂ℎ7((𝐵7, 𝑛), (𝐵7, 𝑚)) and note that 𝜑7(𝐺7) is the group of cov-
ering translations. We call 𝜑7 a Standard Quotient Type 7 Non-Abelian Action
on ℝℙ3 with quotient type 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)).

Proposition 3.20. Let 𝜈 ∶ ℝℙ3 → 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)) be a regular cover-
ing map such that 𝜋1(𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)))∕𝜈∗(𝜋1(ℝℙ

3)) is not abelian. Then
𝜈∗(𝜋1(ℝℙ3)) = ⟨𝑎

𝑛
2 (𝑐𝑏)𝑚⟩ where 𝑛 and𝑚 are both even.

Proof. If 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑 = 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)) is the covering map, then
𝜈∗(𝜋1(ℝℙ3)) =𝐻 is aℤ2 normal subgroup of 𝜋1(𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚))). We will
show that 1) and 2) in Proposition 3.19 are eliminated. If𝐻 = ⟨𝑎𝑠⟩, then 𝑎(𝑡, 𝑣)
= (𝑡, 𝑣𝑒

2𝜋𝑖
𝑛 ); and if 𝐻 = ⟨(𝑐𝑏)𝑚⟩, then (𝑐𝑏)𝑚 is identified with 𝑥𝑚 which is de-

fined by 𝑥𝑚(𝑡, 𝑣) = (𝑡,−𝑣) operating on the universal covering space of (𝐵8, 𝑚).
Therefore, the maps 𝑎 and (𝑐𝑏)𝑚 have a fixed point in the universal covering
space of (𝐵1, 𝑛) and (𝐵8, 𝑚) respectively. Thus, the covering corresponding to
each𝐻 is not amanifold by Corollary 5.2 in [KO22]. Consequently, 3) in Propo-
sition 3.19 applies and𝐻 = ⟨𝑎

𝑛
2 (𝑐𝑏)𝑚⟩ = 𝜈∗(𝜋1(ℝℙ3)), □
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Theorem3.21. Let𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be a finite non-abelian action such
that the quotient space ℝℙ3∕𝜑 = 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)). Then, both 𝑚 and 𝑛 are
even integers and the following is true∶

1) 𝐺7 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑛1 = 𝑏21 = 𝑐21 = [𝑎1, 𝑐1] = (𝑐1𝑏1)2𝑚 = 𝑎
𝑛
2
1 (𝑐1𝑏1)

𝑚 = 1,
𝑏1𝑎1𝑏−11 = 𝑎−11 ⟩

= ⟨𝑎1⟩◦(⟨𝑐1𝑏1⟩◦−1⟨𝑐1⟩)∕ ∼ = ℤ𝑛◦Dih(ℤ2𝑚)∕ ∼.
2) The action 𝜑 is conjugate to 𝜑7, the Standard O.R. Quotient Type 7-Action.

Proof. By using Proposition 3.20, its proof is similar to the one in Theorem
3.3. □

4. Examples
In this section, we will provide examples of non-abelian actions on ℝℙ3

which do not respect a genus 1Heegaard decomposition. All these actions will
leave a one-sided projective plane invariant. We will begin by describing the
twisted I-bundle 𝑊 over the projective plane ℙ2. More details concerning fi-
nite group actions on𝑊 may be found in [KO18]. It will be convenient to use
𝑊(𝑋;𝑌) to denote an orbifold which is a twisted I-bundle over 𝑋 with bound-
ary 𝑌, and therefore𝑊 =𝑊(ℙ2;𝕊2).
For𝕊2×𝐼, define a fixed-point free orientation preserving involution 𝛼∶ 𝕊2×

𝐼 → 𝕊2 × 𝐼 by 𝛼(𝑧, 𝑡) = (𝑖(𝑧), 1 − 𝑡). The map 𝑖∶ 𝕊2 → 𝕊2 is the antipodal map.
The quotient manifold 𝕊2 × 𝐼∕⟨𝛼⟩ =𝑊 is a twisted I-bundle over the one-sided
projective plane ℙ2. Let 𝜈∶ 𝕊2 × 𝐼 → 𝑊 be the covering map and note that
𝜈(𝕊2 × {1∕2}) = ℙ2 is a one-sided projective plane and 𝜈(𝕊2 × {0, 1}) is the 2-
sphere boundary of𝑊. The levels of𝑊 are 𝜈(𝕊2 × {𝑡}), and a homeomorphism
ℎ of 𝑊 is level preserving if ℎ(𝜈(𝕊2 × {𝑡})) = 𝜈(𝕊2 × {𝑡}). We may view 𝑊 as
the set of equivalence classes {[𝑧, 𝑡] | (𝑧, 𝑡) is equivalent to (𝑖(𝑧), 1 − 𝑡)}. If 𝐵3
is a 3-ball, then the manifold obtained by identifying 𝜕𝐵3 to 𝜕𝑊 is ℝℙ3, and
we decompose ℝℙ3 = 𝐵3 ∪𝑊. We will first construct actions on𝑊, and then
extend them to 𝐵3.

Example 4.1. 𝑆4 and 𝑆4 ×ℤ2 actions onℝℙ3.

The octahedral group 𝑂 = 𝑆4, which is the symmetric group on 4 elements
with presentation ⟨𝑎, 𝑏 | 𝑎2 = 𝑏3 = (𝑎𝑏)4 = 1⟩. Now 𝑆4 acts on 𝕊2 and com-
mutes with the antipodal map 𝑖 with quotient space the 2-orbifold Σ(2, 3, 4) =
𝕊2∕𝑆4. The underlying space ofΣ(2, 3, 4) is a 2-spherewith cone points of orders
2, 3 and 4. The map 𝑖 induces an orientation reversing involution (a reflection)
𝑖 on Σ(2, 3, 4) whose quotient space is the orbifold 𝑂ℎ (See Figure 3).
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Figure 3

Define maps �̃�, �̃� and �̃� on 𝕊2 × 𝐼 as follows: �̃�(𝑧, 𝑡) = (𝑎(𝑧), 𝑡), �̃�(𝑧, 𝑡) =
(𝑏(𝑧), 𝑡) and �̃�(𝑧, 𝑡) = (𝑧, 1−𝑡). Since all thesemaps commute with the covering
translation 𝛼, they induce maps 𝐴, 𝐵 and 𝜌 on𝑊 defined by 𝐴[𝑧, 𝑡] = [𝑎(𝑧), 𝑡],
𝐵[𝑧, 𝑡] = [𝑏(𝑧), 𝑡] and 𝜌[𝑧, 𝑡] = [𝑧, 1 − 𝑡] = [𝑖(𝑧), 𝑡]. The group acting on 𝑊
generated by these elements ⟨𝐴, 𝐵, 𝜌⟩ = 𝑆4 × ℤ2. The orientation preserving
subgroup is 𝑆4 since 𝜌 is orientation reversing.
We first consider the orientation preserving subgroup 𝑆4 acting on𝑊. The

orbifold𝑊(𝑂ℎ; Σ(2, 3, 4)) =𝑊∕𝑆4 is Σ(2, 3, 4) × [0, 1∕2]∕(𝑧, 1∕2) ≃ (𝑖(𝑧), 1∕2),
which is an orientable twisted I-bundle over 𝑂ℎ with boundary Σ(2, 3, 4). This
can be seen by the following diagram:

𝕊2 × 𝐼 ,,,,,,→ 𝕊2 × 𝐼∕⟨�̃�, �̃�⟩ = Σ(2, 3, 4) × 𝐼
⏐⏐⏐⏐⏐⏐⏐↓

⏐⏐⏐⏐⏐⏐⏐↓
𝑊 = 𝕊2 × 𝐼∕⟨𝛼⟩ ,,,,,,→ 𝑊∕⟨𝐴, 𝐵⟩ =𝑊(𝑂ℎ; Σ(2, 3, 4)) = Σ(2, 3, 4) × 𝐼∕⟨𝛼⟩

The map 𝛼 ∶ Σ(2, 3, 4) × 𝐼 → Σ(2, 3, 4) × 𝐼 is defined by 𝛼(𝑧, 𝑡) = (𝑖(𝑧), 1 − 𝑡).
Next, we extend the 𝑆4 action to the 3-ball 𝐵3 by coning. The quotient space

𝐵3∕𝑆4 is the orbifold 𝐵3(2, 3, 4). The underlying space of 𝐵3(2, 3, 4) is a 3-ball
whose exceptional set is a graph with three edges labeled with the numbers 2,
3, and 4meeting at a single vertex labeled with the number 24 (see Figure 4).
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𝐵(2, 3, 4) 𝑚𝑂ℎ
Figure 4

It follows that ℝℙ3∕𝑆4 = 𝐵(2, 3, 4) ∪𝑊(𝑂ℎ; Σ(2, 3, 4)).
By [KM91], any orientation preserving action on a solid torus is isomorphic

to eitherℤ𝑚 ×ℤ𝑙 or Dih(ℤ𝑚 ×ℤ𝑙). Since the symmetric group 𝑆4 is not isomor-
phic to either of these two groups, we have the following lemma.
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Lemma 4.2. The symmetric group 𝑆4 acts onℝℙ3 and does not preserve a genus
1Heegaard decomposition. The quotient space

ℝℙ3∕𝑆4 = 𝐵(2, 3, 4) ∪𝑊(𝑂ℎ; Σ(2, 3, 4)).

Weconsider the entire action of 𝑆4×ℤ2 onℝℙ3 by first considering the action
on𝑊. For the covering map 𝕊2 × 𝐼 → 𝕊2 × 𝐼∕⟨�̃�, �̃�⟩= Σ(2, 3, 4) × 𝐼 the induced
maps 𝜌1 and 𝛼 on Σ(2, 3, 4) × 𝐼 are defined by 𝜌1(𝑧, 𝑡) = (𝑧, 1 − 𝑡) and 𝛼(𝑧, 𝑡) =
(𝑖(𝑧), 1 − 𝑡). We obtain a covering map Σ(2, 3, 4) × 𝐼 → Σ(2, 3, 4) × 𝐼∕⟨𝜌1𝛼⟩ =
𝑂ℎ × 𝐼. Finally, the induced map 𝜌 on 𝑂ℎ × 𝐼 is defined by 𝜌(𝑧, 𝑡) = (𝑧, 1 − 𝑡),
and 𝑂ℎ × 𝐼∕⟨𝜌⟩ = 𝑊∕𝑆4 × ℤ2 is homeomorphic to the orbifold 𝑂ℎ × 𝐼 with
one boundary component 𝑂ℎ × {1}, and the mirrored 2-orbifold𝑚𝑂ℎ equaling
𝑂ℎ × {0} (see Figure 4). Denote this orbifold by𝑚(𝑂ℎ × 𝐼).
If 𝜌 is the induced action on ℝℙ3∕𝑆4 = 𝐵(2, 3, 4) ∪ 𝑊(𝑂ℎ; Σ(2, 3, 4)), then

by the previous paragraph 𝑊(𝑂ℎ; Σ(2, 3, 4))∕⟨𝜌⟩ = 𝑚(𝑂ℎ × 𝐼). It follows that
𝜌|𝐵(2,3,4) is a reflection. The orbifold𝐵(2, 3, 4)∕⟨𝜌⟩ has underlying space a 3-ball,
with half the boundary a mirrored disk containing a graph of singular points
with three edges labeled with the numbers 2, 3 and 4meeting at a single vertex
labeled with the number 24. The other half of the boundary is 𝑂ℎ (see Figure
5). Denote this orbifold by𝑚𝐵3(2, 3, 4), and note that 𝜕(𝑚𝐵3(2, 3, 4)) = 𝑂ℎ.
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𝑚𝐵(2, 3, 4)
Figure 5

This shows that ℝℙ3∕𝑆4 × ℤ2 = 𝑚𝐵(2, 3, 4) ∪ 𝑚(𝑂ℎ × 𝐼), and we have the
following corollary.

Corollary 4.3. The symmetric group 𝑆4×ℤ2 acts onℝℙ3 and does not preserve a
genus 1Heegaard decomposition. The quotient spaceℝℙ3∕𝑆4×ℤ2=𝑚𝐵(2, 3, 4)∪
𝑚(𝑂ℎ × 𝐼).
Example 4.4. 𝑆4 action onℝℙ3.
The octahedral group 𝑂 = 𝑆4 = ⟨𝑎𝑖, 𝑏⟩ where 𝑖 is the antipodal map which

acts on𝕊2 and reverses orientation. The quotient space𝕊2∕⟨𝑎𝑖, 𝑏⟩ is the orbifold
𝑇ℎ (See Figure 6), and by [KO18] the induced map 𝑖1∶ 𝑇ℎ → 𝑇ℎ is a reflection
that exchanges the two cone points of order 3 and fixes the cone point of order
2. It follows that the quotient space 𝑇ℎ∕⟨𝑖1⟩ = 𝑂ℎ.
Definemaps �̃�1 and �̃�1 on𝕊2×𝐼 by �̃�1(𝑧, 𝑡) = (𝑖𝑎(𝑧), 𝑡) and �̃�1(𝑧, 𝑡) = (𝑏(𝑧), 𝑡).

The quotient space 𝕊2 × 𝐼∕⟨�̃�1, �̃�1⟩ = 𝑇ℎ × 𝐼. Recall that 𝛼(𝑧, 𝑡) = (𝑖(𝑧), 1 − 𝑡),
and the induced map 𝛼1∶ 𝑇ℎ × 𝐼 → 𝑇ℎ × 𝐼 is defined by 𝛼1(𝑧, 𝑡) = (𝑖1(𝑧), 1− 𝑡).
The orbifold quotient space𝑊(𝑂ℎ;𝑇ℎ) = 𝑇ℎ× 𝐼∕⟨𝛼1⟩ is 𝑇ℎ×[0, 1∕2]∕(𝑧, 1∕2) ≃
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(𝑖1(𝑧), 1∕2), which is a twisted I-bundle over 𝑂ℎ with boundary 𝑇ℎ. Let 𝐴1 and
𝐵1 be the induced maps on𝑊. We obtain the following commutative diagram:

𝕊2 × 𝐼 ,,,,,,→ 𝕊2 × 𝐼∕⟨�̃�1, �̃�1⟩ = 𝑇ℎ × 𝐼
⏐⏐⏐⏐⏐⏐⏐↓

⏐⏐⏐⏐⏐⏐⏐↓
𝑊 = 𝕊2 × 𝐼∕⟨𝛼⟩ ,,,,,,→ 𝑊∕⟨𝐴1, 𝐵1⟩ =𝑊(𝑂ℎ;𝑇ℎ) = 𝑇ℎ × 𝐼∕⟨𝛼1⟩

This shows that 𝑆4 = ⟨𝐴1, 𝐵1⟩ acts on 𝑊 with quotient space 𝑊∕⟨𝐴1, 𝐵1⟩ =
𝑊(𝑂ℎ;𝑇ℎ) being a twisted I-bundle over 𝑂ℎ with boundary 𝑇ℎ.
Wenowextend the action 𝑆4 over the ball𝐵3 by coning. The orbifold quotient

𝐵3∕𝑆4 is a cone over the orbifold𝑇ℎ. In otherwords,𝐵3∕𝑆4=𝑇ℎ×𝐼∕(𝑇ℎ×{1}) ≃∗
= 𝐶(𝑇ℎ) (see Figure 6).
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Figure 6

Therefore, we obtain the orientation reversing𝑆4-sction onℝℙ3 such thatℝℙ3∕𝑆4
= 𝐶(𝑇ℎ) ∪𝑊(𝑂ℎ;𝑇ℎ). Thus, we have the following lemma.
Lemma 4.5. The symmetric group 𝑆4 acts onℝℙ3 reversing orientation and not
preserving any genus 1 Heegaard decomposition. The quotient space ℝℙ3∕𝑆4 =
𝐶(𝑇ℎ) ∪𝑊(𝑂ℎ;𝑇ℎ).
The groups 𝐴5, 𝐴5 × ℤ2, 𝐴4 and 𝐴4 × ℤ2 can also be constructed as above

to act onℝℙ3. It follows by [KO18] that the alternating groups 𝐴5 and 𝐴4 each
acts on ℙ2 with quotient spaces ℙ2∕𝐴5 = 𝐼ℎ and ℙ2∕𝐴4 = 𝑇𝑣 (see Figure 7).
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Figure 7

As above, we let𝑊(𝐼ℎ; Σ(2, 3, 5)) and𝑊(𝑇𝑣; Σ(2, 3, 3)) be twisted I-bundles
over 𝐼ℎ and 𝑇𝑣 with boundaries Σ(2, 3, 5) and Σ(2, 3, 3) respectively. The orb-
ifolds 𝑚(𝐼ℎ × 𝐼) and 𝑚(𝑇𝑣 × 𝐼) are quotients of 𝐼ℎ × 𝐼 and 𝑇𝑣 × 𝐼 respectively
with 𝜕(𝑚(𝐼ℎ × 𝐼)) = 𝐼ℎ and 𝜕(𝑚(𝑇𝑣 × 𝐼)) = 𝑇𝑣. Defined similarly as 𝐵(2, 3, 4),
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we have the orbifolds 𝐵(2, 3, 5) and 𝐵(2, 3, 3). Their quotients by involutions
are 𝑚𝐵(2, 3, 5) and 𝑚𝐵(2, 3, 3) having boundaries 𝐼ℎ and 𝑇𝑣 respectively. We
obtain the following lemma.

Lemma 4.6. The groups𝐴5,𝐴5×ℤ2,𝐴4 and𝐴4×ℤ2 act onℝℙ3, do not preserve
any Heegaard torus, and have the following quotient spaces∶
1)ℝℙ3∕𝐴5 =𝑊(𝐼ℎ; Σ(2, 3, 5)) ∪ 𝐵(2, 3, 5).
2)ℝℙ3∕𝐴5 ×ℤ2 =𝑚(𝐼ℎ × 𝐼) ∪𝑚𝐵(2, 3, 5).
3)ℝℙ3∕𝐴4 =𝑊(𝑇𝑣; Σ(2, 3, 3)) ∪ 𝐵(2, 3, 3).
4)ℝℙ3∕𝐴4 ×ℤ2 =𝑚(𝑇𝑣 × 𝐼) ∪𝑚𝐵(2, 3, 3).

5. Main results
In this section we state and prove the main result. We recall the definitions

of the following groups:

𝐺1 = ⟨𝑤1, 𝑎1 | 𝑎1𝑤1𝑎−11 = 𝑤−1
1 , 𝑤𝑛

1 = 𝑎2𝑚1 = 1, 𝑤
𝑛
2
1 𝑎

𝑚
1 = 1⟩

=(⟨𝑤1⟩◦−1⟨𝑎1⟩)∕ ∼ = (ℤ𝑛◦−1ℤ2𝑚)∕ ∼.
𝐺2 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑛1 = 𝑏21 = 𝑐2𝑚1 = [𝑎1, 𝑐1] = 1, 𝑏1𝑎1𝑏−11 = 𝑎−11 , 𝑐1𝑏1𝑐−11 = 𝑏1𝑎1,
(𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 = 1⟩ = (⟨𝑎1⟩◦−1⟨𝑏1⟩)◦⟨𝑐1⟩∕ ∼ = Dih(ℤ𝑛)◦ℤ2𝑚∕ ∼ if 𝑛,𝑚 are even.

𝐺2 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑛1 = 𝑏21 = 𝑐2𝑚1 = [𝑎1, 𝑐1] = 1, 𝑏1𝑎1𝑏−11 = 𝑎−11 , 𝑐1𝑏1𝑐−11 = 𝑏1𝑎1,
(𝑏1𝑐1)𝑛𝑐𝑚−𝑛1 = 1⟩ = ⟨𝑎1⟩◦−1⟨𝑐1⟩ = ℤ𝑛◦−1ℤ2𝑚 if 𝑛,𝑚 are odd.

𝐺3 = ⟨𝑎1, 𝑏1, 𝑐1 | 𝑎𝑚1 = 𝑏𝑛1 = 𝑐21 = [𝑎1, 𝑏1] = [𝑎1, 𝑐1] = 1, 𝑐1𝑏1𝑐−11 = 𝑏−11 ,

𝑏
𝑛
2
1 𝑎

𝑚
2
1 = 1⟩ = (⟨𝑏1⟩◦−1⟨𝑐1⟩) × ⟨𝑎1⟩∕ ∼ = Dih(ℤ𝑛) ×ℤ𝑚∕ ∼.

𝐺4 = ⟨𝑎1, 𝑏1| 𝑎2𝑛1 = 𝑏21 = (𝑎1𝑏1)2𝑚 = 1, 𝑏1𝑎21𝑏
−1
1 = 𝑎−21 , 𝑎𝑛1 (𝑎1𝑏1)

𝑚 = 1⟩
= (⟨𝑎21⟩◦−1⟨𝑎1𝑏1⟩)◦⟨𝑏1⟩∕ ∼ = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2∕ ∼.

𝐺5 = ⟨𝑎1, 𝑏1, 𝑐1, 𝑑1 | 𝑎21 = 𝑏22 = 𝑐21 = (𝑏1𝑐1)𝑛 = 𝑑21 = (𝑎1𝑑1)𝑚 = 1,
[𝑎1, 𝑏1] = [𝑎1, 𝑐1] = [𝑏1, 𝑑1] = [𝑐1, 𝑑1] = 1, (𝑏1𝑐1)

𝑛
2 (𝑎1𝑑1)

𝑚
2 = 1⟩

= (⟨𝑏1𝑐1⟩◦−1⟨𝑐1⟩) × (⟨𝑎1𝑑1⟩◦−1⟨𝑎1⟩)∕ ∼ = Dih(ℤ𝑛) × Dih(ℤ𝑚)∕ ∼.
𝐺6= ⟨𝑎1, 𝑏1, 𝑐1|𝑎21=𝑏

2𝑛
1 = 𝑐21=[𝑎1, 𝑏

2
1]= [𝑎1, 𝑐1]=1, 𝑐1𝑏1𝑐

−1
1 =𝑏−11 , 𝑏𝑛−𝑚1 (𝑎1𝑏1)𝑚=1⟩ =

(⟨𝑑1⟩◦−1⟨𝑎1⟩)◦(⟨𝑏1⟩◦−1⟨𝑐1⟩)∕ ∼ = Dih(ℤ𝑚)◦Dih(ℤ2𝑛)∕ ∼.

𝐺7= ⟨𝑎1, 𝑏1, 𝑐1 |𝑎𝑛1 = 𝑏21 = 𝑐21 = [𝑎1, 𝑐1] = (𝑐1𝑏1)2𝑚 = 𝑎
𝑛
2
1 (𝑐1𝑏1)

𝑚 = 1, 𝑏1𝑎1𝑏−11 =
𝑎−11 ⟩ = ⟨𝑎1⟩◦(⟨𝑐1𝑏1⟩◦−1⟨𝑐1⟩)∕ ∼ = ℤ𝑛◦Dih(ℤ2𝑚)∕ ∼.

Theorem 5.1. Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be an orientation-reversing finite
non-abelian action which preserves a genus 1Heegaard decomposition. Then one
of the following cases is true where 𝐺 is isomorphic to 𝐺𝑖 for 1 ≤ 𝑖 ≤ 7 ∶
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1) 𝐺1 = (ℤ𝑛◦−1ℤ2𝑚)∕ ∼ where 𝑛,𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ1((𝐴1, 𝑛), (𝐵5, 𝑚)).

2) 𝐺2 = Dih(ℤ𝑛)◦ℤ𝑚∕ ∼ if 𝑛,𝑚 are even, or 𝐺2 = ℤ𝑛◦−1ℤ2𝑚 if 𝑛,𝑚 are both
odd, and

ℝℙ3∕𝜑 ≃ 𝑂ℎ2((𝐴3, 𝑛), (𝐵4, 𝑚))
in both cases.

3) 𝐺3 = Dih(ℤ𝑛) ×ℤ𝑚∕ ∼, where 𝑛 > 2,𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ3((𝐴2, 𝑛), (𝐵3, 𝑚)).

4) 𝐺4 = (ℤ𝑛◦−1ℤ2𝑚)◦ℤ2∕ ∼, where 𝑛,𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ4((𝐵2, 𝑛), (𝐵2, 𝑚)).

5) 𝐺5 = Dih(ℤ𝑛) × Dih(ℤ𝑚)∕ ∼, where 𝑛,𝑚 are even and

ℝℙ3∕𝜑 ≃ 𝑂ℎ5((𝐵6, 𝑛), (𝐵6, 𝑚)).

6) 𝐺6 = Dih(ℤ𝑚)◦Dih(ℤ2𝑛)∕ ∼, where𝑚 = 𝑛(mod 2) and
ℝℙ3∕𝜑 ≃ 𝑂ℎ6((𝐵7, 𝑛), (𝐵7, 𝑚)).

7) 𝐺7 = ℤ𝑛◦Dih(ℤ2𝑚)∕ ∼, where𝑚, 𝑛 are even and
ℝℙ3∕𝜑 ≃ 𝑂ℎ7((𝐵1, 𝑛), (𝐵8, 𝑚)).

Furthermore, in each individual case 𝑖), where 1 ≤ 𝑖 ≤ 7, 𝜑 is equivalent to 𝜑𝑖 , the
Standard Quotient Type 𝑖 Non-Abelian Action.

Proof. By Propositions 34 and 35 in [KO21b] we have the following relations:

𝑂ℎ1((𝐴1, 2), (𝐵5, 1)) ≃ 𝑂ℎ4((𝐵2, 1), (𝐵2, 1)),
𝑂ℎ3((𝐴2, 2), (𝐵3, 2)) ≃ 𝑂ℎ6((𝐵7, 1), (𝐵7, 1)),
𝑂ℎ3((𝐴2, 1), (𝐵3, 2)) ≃ 𝑂ℎ7((𝐵1, 1), (𝐵8, 1)),
𝑂ℎ3((𝐴2, 2), (𝐵3, 1)) ≃ 𝑂ℎ5((𝐵6, 1), (𝐵6, 1)).

Furthermore, except for these four pairs, the non-orientable orbifolds having an
Euler number zero genus 1 Heegaard decomposition are distinct up to home-
omorphism. Comparing these four pairs of orbifolds with the orbifolds in the
statement of the theorem, we see that the orbifolds listed in cases 1) - 7) of the
theorem are distinct.
Let 𝜑 ∶ 𝐺 → 𝐻𝑜𝑚𝑒𝑜𝑃𝐿(ℝℙ3) be an orientation-reversing finite non-abelian

action which preserves a genus 1Heegaard decomposition. We may writeℝℙ3
= 𝑉′

1 ∪𝛼′ 𝑉
′
2 where each 𝑉′

𝑖 for 𝑖 = 1, 2 is a 𝜑(𝐺)-invariant solid torus and
𝛼′∶ 𝜕𝑉′

1 → 𝑉′
2 is a homeomorphism. By [KM91], the non-orientable 3-orbifold

quotient 𝑉′
𝑖∕𝜑(𝐺) is one of the orbifolds (𝐴1, 𝑛),..., (𝐴3, 𝑛), (𝐵1, 𝑛),..., (𝐵8, 𝑛).

Letting 𝜈 ∶ ℝℙ3 → ℝℙ3∕𝜑(𝐺) be the orbifold covering map, we see that
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ℝℙ3∕𝜑(𝐺) = 𝑂𝜉(𝑋,𝑌) where 𝑋 and 𝑌 are one of the orbifolds listed above and
𝜉 ∶ 𝜕𝑋 → 𝜕𝑌 is a homeomorphism. It follows that 𝜋1(𝑂𝜉(𝑋,𝑌)) is a finite
fundamental group since 𝜈∗(𝜋1(ℝℙ3)) = ℤ2 has finite index equal to the order
of 𝐺. By Theorem 2.1, 𝑂𝜉(𝑋,𝑌) is homeomorphic to one of the seven orbifolds
listed in the chart and the statement of the theorem. Applying Theorems 3.3,
3.6, 3.9, 3.12, 3.15, 3.18 and 3.21 proves the result. □
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