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Galois extensions and Hopf-Galois
structures

Timothy Kohl and Robert Underwood

Abstract. Let𝐾 be a field and let𝑁 be a finitely generated groupwith finite
automorphism group 𝐹. As shown by Haggenmüller and Pareigis, there is a
bijection

Θ ∶ 𝒢𝑎𝑙(𝐾, 𝐹) → ℱ𝑜𝑟𝑚(𝐾[𝑁])

from the collection of 𝐹-Galois extensions of 𝐾 to the collection of forms of
theHopf algebra𝐾[𝑁]. In the case that𝐾 is a finite field extension ofℚ and𝐻
is the Hopf algebra of a Hopf-Galois structure on a Galois extension 𝐸∕𝐾, we
construct the preimage of𝐻 underΘ. We give criteria to determine the Hopf
algebra isomorphism classes of theHopf algebras attached to theHopf-Galois
structures on 𝐸∕𝐾. Examples are included throughout the paper.
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1. Introduction
Hopf-Galois theory, specifically, the study of Hopf-Galois structures on Ga-

lois extensions of number fields, was introduced by C. Greither and B. Pareigis
in 1987 as a way to generalize classical Galois theory [7]. In subsequent years,
Hopf-Galois structures have been studied extensively by numerous authors. In
this paper we consider Hopf-Galois theory in the broader context of the Galois
extensions of S. U. Chase, D. K. Harrison, and A. Rosenberg [5]. A fundamental
result is the bijection

Θ ∶ 𝒢𝑎𝑙(𝐾, 𝐹) → ℱ𝑜𝑟𝑚(𝐾[𝑁])

of R. Haggenmüller and B. Pareigis [9, Theorem 5], which gives a 1-1 corre-
spondence between 𝐹-Galois extensions of 𝐾 and forms of the 𝐾-Hopf algebra
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𝐾[𝑁], where 𝑁 is a finitely generated group with finite automorphism group
𝐹 = Aut(𝑁). For an 𝐹-Galois extension𝐴 of 𝐾, the mapΘ is given explicitly as
the fixed ring

Θ(𝐴) = (𝐴[𝑁])𝐹 ,

where 𝐹 acts on 𝐴 through the Galois action and on𝑁 as automorphisms. The
fixed ring (𝐴[𝑁])𝐹 is an 𝐴-form of 𝐾[𝑁] and so belongs to ℱ𝑜𝑟𝑚(𝐾[𝑁]). The
map Θ has been used to classify all of the Hopf algebra forms of the group ring
Hopf algebra 𝐾[𝑁] in the cases when 𝑁 = ℤ, 𝐶3, 𝐶4, or 𝐶6 [9, Theorem 6].
There is a natural connection between Θ and Hopf-Galois theory. Let 𝐾 be

a finite field extension ofℚ. Let 𝐸∕𝐾 be a Galois extension of fields with group
𝐺 and let (𝐻, ⋅) be a Hopf-Galois structure of type 𝑁 on 𝐸∕𝐾. Using (Morita-
theoretic) Galois descent [2, (2.12)], the 𝐾-Hopf algebra 𝐻 is given as the fixed
ring (𝐸[𝑁])𝐺 , where 𝐺 acts on 𝐸 as the Galois group and on 𝑁 as automor-
phisms given by conjugation. Now, 𝐻 is an 𝐸-form of 𝐾[𝑁] and the 𝐾-Hopf
algebra isomorphism class of 𝐻 is an element of ℱ𝑜𝑟𝑚(𝐾[𝑁]). Thus, there ex-
ists an 𝐹-Galois extension 𝐵 of 𝐾, 𝐹 = Aut(𝑁), for which

Θ(𝐵) = (𝐵[𝑁])𝐹 = 𝐻.

A main goal of this paper is to give an explicit description of the preimage 𝐵
(see Section 4).
Using the preimage, in Section 5we give criteria for determining theHopf al-

gebra isomorphism classes of the Hopf algebras attached to Hopf-Galois struc-
tures. Essentially, let (𝐻, ⋅) and (𝐻′, ⋅′) beHopfGalois structures on𝐸∕𝐾 of type
𝑁 and suppose that Θ(𝐴) = 𝐻 and Θ(𝐴′) = 𝐻′ for some 𝐹-Galois extensions
𝐴, 𝐴′, with 𝐹 = Aut(𝑁). Then 𝐻 ≅ 𝐻′ as Hopf algebras if and only if 𝐴 ≅ 𝐴′

as 𝐹-Galois extensions of 𝐾. In this manner, we extend [13, Theorem 2.2].
We apply our results to work of S. Taylor and P. J. Truman [15]. In that pa-

per, the authors consider the case where 𝐸∕𝐾 is a quaternionic extension and
the Hopf-Galois structures are of type 𝐷4, the dihedral group of order 8. An
extensive discussion of this case is also given in [4, Chapter 9, Section 9.2.3].
As shown in [15, Lemma 2.5], there are 6 distinct Hopf-Galois structures on

𝐸∕𝐾 of type 𝐷4, which yield 6 pairwise non-isomorphic 𝐾-Hopf algebras. We
compute all 6 preimages under Θ of these Hopf algebras; the preimages are
necessarily pairwise non-isomorphic as 𝐹-Galois extensions of 𝐾; here, 𝐹 =

Aut(𝐷4) ≅ 𝐷4. We find that 3 of these non-isomorphic 𝐹-Galois extensions are
isomorphic as 𝐾-algebras.
The authors are indebted to the refereewhose thoughtful comments and sug-

gestions have improved this paper.

2. Galois extensions
Let 𝑅 be a commutative ring with unity.
The notion of a Galois extension of 𝑅 is due toM. Auslander andO. Goldman

[1]. Let 𝐴 be a commutative 𝑅-algebra and let End𝑅(𝐴) denote the 𝑅-algebra



240 TIMOTHY KOHL AND ROBERT UNDERWOOD

of 𝑅-linear maps 𝜙 ∶ 𝐴 → 𝐴. Let Aut𝑅(𝐴) denote the group of 𝑅-algebra auto-
morphisms of 𝐴 and let 𝐹 be a finite subgroup of Aut𝑅(𝐴). The fixed ring of 𝐴
under 𝐹 is 𝐴𝐹 = {𝑥 ∈ 𝐴 | 𝑓(𝑥) = 𝑥, ∀𝑓 ∈ 𝐹}.
Let 𝐷(𝐴, 𝐹) denote the collection of sums

∑

𝑔∈𝐹
𝑎𝑔𝑔, 𝑎𝑔 ∈ 𝐴. On 𝐷(𝐴, 𝐹)

endow an 𝑅-module structure as follows: for 𝑟 ∈ 𝑅,
∑

𝑔∈𝐹
𝑎𝑔𝑔,

∑

𝑔∈𝐹
𝑏𝑔𝑔 ∈

𝐷(𝐴, 𝐹), 𝑟(
∑

𝑔∈𝐹
𝑎𝑔𝑔) =

∑

𝑔∈𝐹
𝑟𝑎𝑔𝑔, and

(
∑

𝑔∈𝐹

𝑎𝑔𝑔) + (
∑

𝑔∈𝐹

𝑏𝑔𝑔) =
∑

𝑔∈𝐹

(𝑎𝑔 + 𝑏𝑔)𝑔.

Define a multiplication on 𝐷(𝐴, 𝐹) as follows:

(
∑

𝑔∈𝐹

𝑎𝑔𝑔)(
∑

ℎ∈𝐹

𝑏ℎℎ) =
∑

𝑔,ℎ∈𝐹

𝑎𝑔𝑔(𝑏ℎ)𝑔ℎ,

where 𝑔ℎ is the group product in 𝐹. The resulting 𝑅-algebra 𝐷(𝐴, 𝐹) is the
crossed product algebra of 𝐴 by 𝐹.
Let

𝑗 ∶ 𝐷(𝐴, 𝐹) → End𝑅(𝐴)

be the map defined as 𝑗(
∑

𝑔∈𝐹
𝑎𝑔𝑔)(𝑡) =

∑

𝑔∈𝐹
𝑎𝑔𝑔(𝑡), for 𝑎𝑔, 𝑡 ∈ 𝐴. Then 𝑗 is a

homomorphism of 𝑅-algebras.
The question of whether 𝑗 is an isomorphism of 𝑅-algebras is a key part of

the definition of a Galois extension.

Definition 2.1. Let 𝑅 be a commutative ring with unity and let𝐴 be a commu-
tative 𝑅-algebra. Let 𝐹 be a finite subgroup of Aut𝑅(𝐴)with 𝑅 = 𝐴𝐹 . Then𝐴 is
an 𝐹-Galois extension of 𝑅 if

(a) 𝐴 is a finitely generated, projective 𝑅-module,
(b) the map 𝑗 ∶ 𝐷(𝐴, 𝐹) → End𝑅(𝐴) is an isomorphism of 𝑅-algebras.

Remark 2.2. There are a number of other ways to define an𝐹-Galois extension
of 𝑅 that are equivalent to Definition 2.1, see [5, Definition 1.4, Theorem 1.3].
For instance, from [5, Theorem 1.3], 𝐴 is an 𝐹-Galois extension of 𝑅 if 𝐹 is a
finite subgroup ofAut𝑅(𝐴), 𝑅 = 𝐴𝐹 , and𝐴 is a separable𝑅-algebra inwhich the
action of 𝐹 on 𝐴 is strongly distinct, that is, for distinct elements 𝑓, 𝑔 in 𝐹, and
any idempotent 𝑒 of 𝐴, there exists an element 𝑥 ∈ 𝐴 for which 𝑓(𝑥)𝑒 ≠ 𝑔(𝑥)𝑒.

The notion of 𝐹-Galois extension generalizes the usual definition of a Galois
extension of fields.

Example 2.3. Let 𝑅 = 𝐾 be a finite field extension of ℚ. Let 𝐿 be a (classical)
Galois extension of 𝐾 with group 𝐺. Then Aut𝐾(𝐿) = 𝐺, 𝐿𝐺 = 𝐾, and 𝐿 is
separable over 𝐾. Thus by [5, Theorem 1.3, (a)⇔(c)], the map

𝑗 ∶ 𝐷(𝐿, 𝐺) → End𝐾(𝐿)

defined as 𝑗(𝑎𝑔𝑔)(𝑥) = 𝑎𝑔𝑔(𝑥), for 𝑎𝑔, 𝑥 ∈ 𝐿, 𝑔 ∈ 𝐺, is an isomorphism of
𝐾-algebras. Thus 𝐿 is a 𝐺-Galois extension of 𝐾.
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Let𝐴,𝐴′ be 𝐹-Galois extensions of 𝑅. Then𝐴 is isomorphic to𝐴′ as 𝐹-Galois
extensions of 𝑅 if there exists an isomorphism of commutative 𝑅-algebras 𝜃 ∶
𝐴 → 𝐴′ for which 𝜃(𝑔(𝑥)) = 𝑔(𝜃(𝑥)) for all 𝑔 ∈ 𝐹, 𝑥 ∈ 𝐴. We let 𝒢𝑎𝑙(𝑅, 𝐹)
denote the set of isomorphism classes of 𝐹-Galois extensions of 𝑅.
LetMap(𝐹, 𝑅) denote the 𝑅-algebra of maps 𝜙 ∶ 𝐹 → 𝑅. ThenMap(𝐹, 𝑅) is

the trivial 𝐹-Galois extension of 𝑅 with action defined as

𝑔(𝜙)(ℎ) = 𝜙(𝑔−1ℎ)

for 𝑔, ℎ ∈ 𝐹, 𝜙 ∈ Map(𝐹, 𝑅).
For the remainder of this section, we assume that 𝑅 = 𝐾 is a field. In this

case the Galois extensions are completely determined.

Theorem 2.4. Let 𝐾 be a field, let 𝐹 be a finite group and let 𝐴 be an 𝐹-Galois
extension of 𝐾. Then

𝐴 = 𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑛

where 𝐿 is a𝑈-Galois field extension of𝐾 for some subgroup𝑈 of 𝐹 of index 𝑛. (𝐿
is a Galois extension of 𝐾 with group𝑈 in the usual sense.)

Proof. See [14, Theorem 4.2]. □

Example 2.5. Let𝐾 be a field. Let𝐶4 denote the cyclic group of order 4. Then a
𝐶4-Galois extension of𝐾 is of the form𝐴, where𝐴 is a𝐶4-Galois field extension
of 𝐾, or

𝐴 = 𝐿 × 𝐿,

where 𝐿 is a 𝐶2-Galois field extension of 𝐾, or

𝐴 = 𝐾 × 𝐾 × 𝐾 × 𝐾

(the trivial 𝐶4-extension of 𝐾).

There is a converse to Theorem 2.4.

Theorem2.6. Let𝐹 be afinite groupand suppose that𝐿 is aGalois field extension
of 𝐾 with group 𝑈 ≤ 𝐹, 𝑛 = [𝐹 ∶ 𝑈]. Then there exists an 𝐹-Galois extension of
𝐾 of the form

𝐴 = 𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑛

.

Proof. Let 𝑇 = {𝑔1, 𝑔2, … , 𝑔𝑛} be a left transversal for 𝑈 in 𝐹 and let 𝐴 =

𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑛

with minimal orthogonal idempotents 𝑒1, 𝑒2, … , 𝑒𝑛. Let 𝜍 ∶ 𝐹 →

𝑆𝑛 be defined as 𝜍(𝑔)(𝑖) = 𝑗 if 𝑔𝑔𝑖𝑈 = 𝑔𝑗𝑈. Define an action of 𝐹 on 𝐴 on each
component as

𝑔(𝑚𝑒𝑖) = (𝑔−1
𝜍(𝑔)(𝑖)

𝑔𝑔𝑖)(𝑚)𝑒𝜍(𝑔)(𝑖),

for𝑚 ∈ 𝐿, 1 ≤ 𝑖 ≤ 𝑛. Then 𝐴 is an 𝐹-Galois extension of 𝐾. For details see [14,
Theorem 4.2]. □
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Remark 2.7. Theorem 2.4 and Theorem 2.6 appear in a paper of B. Pareigis
as [14, Theorem 4.2]. However, Theorem 2.4 (at least when 𝐹 is abelian) is
probably due to H. Hasse [11]. Theorem 2.6 was probably also known to Hasse.
Given an 𝐹-Galois extension𝐴, Theorem 2.4 shows that𝐴 determines a sub-

group𝑈 ≤ 𝐹 and a classical Galois field extension 𝐿∕𝐾 with group𝑈. By Theo-
rem 2.6, the same subgroup𝑈 and the field 𝐿 determine an 𝐹-Galois extension
𝐴′. We have 𝐴 ≅ 𝐴′ as 𝐹-Galois extensions of 𝐾, i.e., the 𝐹-Galois extension 𝐴
arises from the field 𝐿 by induction from the subgroup𝑈 up to the whole group
𝐹. In the case that 𝐹 is abelian, the element𝐴 in the Harrison set 𝑇(𝐹, 𝐾) is the
image of 𝐿 under the map 𝑇(𝑖, 𝐾) ∶ 𝑇(𝑈,𝐾) → 𝑇(𝐹, 𝐾), see [10, Theorem 7].

Example 2.8. Let 𝐹 = 𝑆3, with presentation

𝑆3 = ⟨𝑎, 𝑏 | 𝑎3 = 1, 𝑏2 = 1, 𝑏𝑎 = 𝑎2𝑏⟩.

Let𝑈 = {1, 𝑎, 𝑎2} ≅ 𝐶3. Let 𝜁 denote a primitive 3rd root of unity, let 𝐾 = ℚ(𝜁)

and let 𝐿 = 𝐾(𝜔), where 𝜔 =
3
√
2. Then 𝐿 is a Galois field extension of 𝐾 with

group 𝑈; the 𝑈-Galois action is given as

1(𝜔) = 𝜔, 𝑎(𝜔) = 𝜁𝜔, 𝑎2(𝜔) = 𝜁2𝜔.

Using Theorem 2.6, we compute the corresponding 𝐹-Galois extension of𝐾.
Let 𝑇 = {𝑔1, 𝑔2} be a left transversal for 𝑈 in 𝐹. We may take 𝑔1 = 1, 𝑔2 = 𝑏, so
that the distinct left cosets are {𝑈, 𝑏𝑈}.
Let 𝑆2 denote the group of permutations on the set {1, 2}. There is an action

𝜍 ∶ 𝐹 → 𝑆2 given as

𝜍(𝑎𝑖)(1) = 1, 𝜍(𝑎𝑖)(2) = 2, 𝜍(𝑏𝑎𝑖)(1) = 2, 𝜍(𝑏𝑎𝑖)(2) = 1,

for 0 ≤ 𝑖 ≤ 2. Let
𝐴 = 𝐿 × 𝐿 ≅ 𝐿𝑒1 ⊕ 𝐿𝑒2,

and write a typical element of 𝐴 as

(𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒1 + (𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒2,

𝑐0, 𝑐1, 𝑐2, 𝑑0, 𝑑1, 𝑑2 ∈ 𝐾. Now, 𝐴 is an 𝐹-Galois extension of 𝐾 with 𝐹-Galois
action given as:

𝑎((𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒1 + (𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒2)

= 𝑎(𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒1 + 𝑎2(𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒2

= (𝑐0 + 𝑐1𝜁𝜔 + 𝑐2𝜁
2𝜔2)𝑒1 + (𝑑0 + 𝑑1𝜁

2𝜔 + 𝑑2𝜁𝜔
2)𝑒2,

𝑏((𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒1 + (𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒2)

= 1(𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒2 + 1(𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒1

= (𝑐0 + 𝑐1𝜔 + 𝑐2𝜔
2)𝑒2 + (𝑑0 + 𝑑1𝜔 + 𝑑2𝜔

2)𝑒1.
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3. Galois extensions and forms of 𝑲[𝑵]
Let 𝐾 be a field and let 𝐵 be a finite dimensional, commutative 𝐾-algebra.

(Hence, 𝐵 is faithfully flat over 𝐾.) Let 𝐶 be an object over 𝐾 in some category.
A 𝐵-form of 𝐶 is a 𝐾-object 𝐴 in the same category for which

𝐵 ⊗𝐾 𝐴 ≅ 𝐵 ⊗𝐾 𝐶

as 𝐵-objects in the category. A form of 𝐶 is a 𝐾-object for which there exists a
commutative, finite dimensional 𝐾-algebra 𝐵 with

𝐵 ⊗𝐾 𝐴 ≅ 𝐵 ⊗𝐾 𝐶

as 𝐵-objects in the category. The trivial form of 𝐶 is 𝐶. Let ℱ𝑜𝑟𝑚(𝐵∕𝐾, 𝐶)
denote the collection of the isomorphism classes of the 𝐵-forms of 𝐶 and let
ℱ𝑜𝑟𝑚(𝐶) denote the collection of the isomorphism classes of the forms of 𝐶.
Let 𝐀𝐮𝐭(𝐶) denote the automorphism group functor of 𝐶 on the category

of finite dimensional commutative 𝐾-algebras, defined as follows: for a finite
dimensional commutative 𝐾-algebra 𝐵, 𝐀𝐮𝐭(𝐶)(𝐵) = Aut(𝐵 ⊗𝐾 𝐶), which de-
notes the group of automorphisms of𝐵⊗𝐾𝐶 as a𝐵-object. It is well-known that
ℱ𝑜𝑟𝑚(𝐵∕𝐾, 𝐶) is classified byH1(𝐵∕𝐾,𝐀𝐮𝐭(𝐶)) [16, Section 17.6, Theorem]. If
𝐵∕𝐾 is a Galois extension of fields with group 𝐺, we may pass to Galois descent
to compute the 𝐵-forms of 𝐶 asH1(𝐺,𝐀𝐮𝐭(𝐶)(𝐵)) [16, Section 17.7, Theorem].
Let 𝑁 be a finitely generated group with finite automorphism group 𝐹 =

Aut(𝑁) and let 𝐾[𝑁] denote the group ring 𝐾-Hopf algebra.

Theorem 3.1 (Haggenmüller and Pareigis). There is a bijection

Θ ∶ 𝒢𝑎𝑙(𝐾, 𝐹) → ℱ𝑜𝑟𝑚(𝐾[𝑁])

defined as follows: Let 𝐴 be an 𝐹-Galois extension of 𝐾. Then Θ(𝐴) is the fixed
ring (𝐴[𝑁])𝐹 , where the action of 𝐹 on 𝑁 is through the automorphism group 𝐹
and the action of 𝐹 on 𝐴 is the Galois action. The image Θ(𝐴) = (𝐴[𝑁])𝐹 is
an 𝐴-form of 𝐾[𝑁] with isomorphism 𝜓 ∶ 𝐴 ⊗𝐾 (𝐴[𝑁])

𝐹 → 𝐴[𝑁], defined as
𝜓(𝑥 ⊗ ℎ) = 𝑥ℎ, for 𝑥 ∈ 𝐴, ℎ ∈ (𝐴[𝑁])𝐹 .

Details of the proof of Theorem 3.1 can be found in [9, Corollary 4, Theorem
5]. We remark that a key element of the proof of Theorem 3.1 is a result from R.
Haggenmüller’s dissertation [9, Proposition 3], [8, Proposition 2.14], which to
our knowledge has not appeared in the literature. For the convenience of the
reader, we include a proof here.
Let 𝐆(𝐾[𝐹]) denote the grouplike functor of the 𝐾-Hopf algebra 𝐾[𝐹] from

the category of commutative 𝐾-algebras to the category of groups, that is, for
a commutative 𝐾-algebra 𝐵, 𝐆(𝐾[𝐹])(𝐵) consists of the grouplike elements in
the 𝐵-Hopf algebra 𝐵 ⊗𝐾 𝐾[𝐹] ≅ 𝐵[𝐹].

Proposition 3.2 (Haggenmüller). Let 𝐵 be a finite dimensional, commutative
𝐾-algebra. Then

𝐀𝐮𝐭(Map(𝐹, 𝐾))(𝐵) ≅ 𝐆(𝐾[𝐹])(𝐵).
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Proof. By [16, Section 6.2, Lemma],

𝐵 = 𝐵1 × 𝐵2 ×⋯ × 𝐵𝑚,

where each 𝐵𝑖, 1 ≤ 𝑖 ≤ 𝑚, is a 𝐾-algebra with no non-trivial idempotents. We
have

𝐀𝐮𝐭(Map(𝐹, 𝐾))(𝐵) = 𝐀𝐮𝐭(Map(𝐹, 𝐾))(

𝑚∏

𝑖=1

𝐵𝑖)

=

𝑚∏

𝑖=1

𝐀𝐮𝐭(Map(𝐹, 𝐾))(𝐵𝑖) =

𝑚∏

𝑖=1

Aut(Map(𝐹, 𝐵𝑖)).

Fix an integer 𝑖, 1 ≤ 𝑖 ≤ 𝑚, and let 𝜎𝑖 ∈ Aut(Map(𝐹, 𝐵𝑖)). Then 𝜎𝑖 is an
isomorphismof𝐵𝑖-algebras that respects the𝐹-action onMap(𝐹, 𝐵𝑖). A𝐵𝑖-basis
forMap(𝐹, 𝐵𝑖) is 𝑋 = {𝑒𝑔}𝑔∈𝐹 , with 𝑒𝑔(ℎ) = 𝛿𝑔,ℎ, ℎ ∈ 𝐹.
For 𝑒𝑔 ∈ 𝑋, 𝜎𝑖(𝑒𝑔) = 𝑒ℎ for some 𝑒ℎ ∈ 𝑋. Thus 𝜎𝑖 restricts to a 1-1 correspon-

dence 𝜎𝑖 ∶ 𝑋 → 𝑋, i.e., 𝜎𝑖 ∈ Perm(𝑋). There is a 1-1 correspondence 𝐹 → 𝑋,
given as 𝑔 ↦ 𝑒𝑔, and thus Perm(𝑋) ≅ Perm(𝐹), as groups. Thus we may view
𝜎𝑖 as an element of Perm(𝐹). For 𝑔 ∈ 𝐹, we have

𝜎𝑖(𝑒𝑔) = 𝑒ℎ ⇔ 𝜎𝑖(𝑔) = ℎ.

The 𝐹-action on 𝑋 can be translated to 𝐹: for 𝑔 ∈ 𝐹, 𝑒ℎ ∈ 𝑋,

𝑔(𝑒ℎ) = 𝑒𝑔ℎ ⇔ 𝑔(ℎ) = 𝑔ℎ.

This 𝐹-action on 𝐹 is actually the action of 𝐹 on 𝐹 through the left regular
representation 𝜆 ∶ 𝐹 → Perm(𝐹), defined as 𝜆𝑔(ℎ) = 𝑔ℎ.
Since 𝜎𝑖 respects the 𝐹-action on 𝑋, it also respects the 𝐹-action on 𝐹. For

𝑔 ∈ 𝐹, ℎ ∈ 𝐹,
𝜎𝑖(𝑔(ℎ)) = 𝑔(𝜎𝑖(ℎ)).

Thus,
(𝜎𝑖◦𝜆𝑔)(ℎ) = (𝜆𝑔◦𝜎𝑖)(ℎ),

and so, 𝜎𝑖 ∈ CentPerm(𝐹)(𝜆(𝐹)). By [17, Chapter 1, Section 4],

𝜌(𝐹) = CentPerm(𝐹)(𝜆(𝐹)),

where 𝜌 ∶ 𝐹 → Perm(𝐹), 𝜌𝑔(ℎ) = ℎ𝑔−1, is the right regular representation.
Thus 𝜎𝑖 ∈ 𝜌(𝐹).
Certainly, any element of 𝜌(𝐹) defines an element ofAut(Map(𝐹, 𝐵𝑖)). Thus,

𝐹 ≅ 𝜌(𝐹) = Aut(Map(𝐹, 𝐵𝑖)).

It follows that 𝐀𝐮𝐭(Map(𝐹, 𝐾))(𝐵) ≅ 𝐹 × 𝐹 ×⋯ × 𝐹
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑚

. Moreover,

𝐆(𝐾[𝐹])(𝐵) = 𝐆(𝐾[𝐹])(

𝑚∏

𝑖=1

𝐵𝑖) =

𝑚∏

𝑖=1

𝐆(𝐾[𝐹])(𝐵𝑖) = 𝐹 × 𝐹 ×⋯ × 𝐹
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑚

,

since each 𝐵𝑖 contains no non-trivial idempotents. The result follows.
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□

Example 3.3. Recall Example 2.8 in which we constructed an 𝐹-Galois exten-
sion

𝐴 = 𝐿𝑒1 ⊕ 𝐿𝑒2,

with
𝐹 = 𝑆3 = ⟨𝑎, 𝑏 | 𝑎3 = 1, 𝑏2 = 1, 𝑏𝑎 = 𝑎2𝑏⟩,

𝐾 = ℚ(𝜁), 𝜁 a primitive 3rd root of unity, and 𝐿 = 𝐾(𝜔), where 𝜔 =
3
√
2; the

Galois group of 𝐿∕𝐾 is 𝑈 = {1, 𝑎, 𝑎2} ≤ 𝐹.
Now, with 𝑁 = 𝐶2 × 𝐶2 = {𝜖, 𝜎, 𝜏, 𝜎𝜏}, we have 𝑆3 = 𝐹 = Aut(𝑁); the

automorphisms in 𝑆3 are generated by the premutations in cycle notation: 𝑎 =
(𝜎, 𝜏, 𝜎𝜏), 𝑏 = (𝜏, 𝜎𝜏).
We compute the image of 𝐴 under the map Θ ∶ 𝒢𝑎𝑙(𝐾, 𝐹) → ℱ𝑜𝑟𝑚(𝐾[𝑁]),

i.e., the fixed ringΘ(𝐴) = 𝐻 = (𝐴[𝐶2×𝐶2])
𝐹 , which is an𝐴-form of𝐾[𝐶2×𝐶2].

By direct computation,

Θ(𝐴) = 𝐻 = (𝐴[𝐶2 × 𝐶2])
𝐹 =

4⨁

𝑖=1

𝐾ℎ𝑖,

where
ℎ1 = 𝜖, ℎ2 = 𝜎 + 𝜏 + 𝜎𝜏,

ℎ3 = (𝜔𝑒1 + 𝜔𝑒2)𝜎 + (𝜁𝜔𝑒1 + 𝜁2𝜔𝑒2)𝜏 + (𝜁2𝜔𝑒1 + 𝜁𝜔𝑒2)𝜎𝜏

ℎ4 = (𝜔2𝑒1 + 𝜔2𝑒2)𝜎 + (𝜁2𝜔2𝑒1 + 𝜁𝜔2𝑒2)𝜏 + (𝜁𝜔2𝑒1 + 𝜁2𝜔2𝑒2)𝜎𝜏.

Since ℎ2
2
= 2ℎ2 + 3, the 𝐾-subalgebra 𝐾 ⊕ 𝐾ℎ2 of 𝐻 is isomorphic to 𝐾 × 𝐾

with idempotents 𝑓1 =
1

4
(3−ℎ2), 𝑓2 =

1

4
(1+ℎ2) corresponding to the first and

second copies of 𝐾, respectively.
Now, 𝑓2 annihilates ℎ3, ℎ4. Moreover, ℎ33𝑓1 = 16𝑓1, thus ℎ1 is a root of the

polynomial 𝑥3 − 16 over 𝐾. Thus𝐻 is isomorphic, as an algebra, to a product

Θ(𝐴) = 𝐻 = (𝐴[𝐶2 × 𝐶2])
𝐹 ≅ 𝐾 × 𝐾 × 𝐾(𝜔) = 𝐾 × 𝐾 × 𝐿.

The Hopf algebra structure of𝐻 is given as: ∆(ℎ1) = ℎ1 ⊗ ℎ1,

∆(ℎ2) =
1

6
ℎ3 ⊗ ℎ4 +

1

6
ℎ4 ⊗ ℎ3 +

1

3
ℎ2 ⊗ ℎ2,

∆(ℎ3) =
1

6
ℎ4 ⊗ ℎ4 +

1

3
ℎ2 ⊗ ℎ3 +

1

3
ℎ3 ⊗ ℎ2,

∆(ℎ4) =
1

3
ℎ3 ⊗ ℎ3 +

1

3
ℎ2 ⊗ ℎ4 +

1

3
ℎ4 ⊗ ℎ2,

𝜀(ℎ1) = 1, 𝜀(ℎ2) = 3, 𝜀(ℎ3) = 𝜀(ℎ4) = 0.

The coinverse map 𝑆 ∶ 𝐻 → 𝐻 is induced from the coinverse map on𝐴[𝐶2×
𝐶2].
The 𝐾-Hopf algebra𝐻 is a form of the group ring Hopf algebra 𝐾[𝐶2 × 𝐶2].
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In the next section we consider the inverse map

Θ−1 ∶ ℱ𝑜𝑟𝑚(𝐾[𝑁]) → 𝒢𝑎𝑙(𝐾, 𝐹)

in the case that the forms are given as Hopf algebras of Hopf-Galois structures
on a (classical) Galois extension of 𝐾.

4. Connection to Hopf-Galois theory
For the remainder of this paper, we take 𝐾 to be a finite field extension ofℚ.

4.1. ReviewofGreither-Pareigis theory. Let𝐸∕𝐾 be aGalois extensionwith
group𝐺. Let𝐻 be afinite dimensional, cocommutative𝐾-Hopf algebrawith co-
multiplication ∆ ∶ 𝐻 → 𝐻⊗𝑅𝐻, counit 𝜀 ∶ 𝐻 → 𝐾 and coinverse 𝑆 ∶ 𝐻 → 𝐻.
Suppose there is a 𝐾-linear action ⋅ of𝐻 on 𝐸 that satisfies

ℎ ⋅ (𝑥𝑦) =
∑

(ℎ)

(ℎ(1) ⋅ 𝑥)(ℎ(2) ⋅ 𝑦), ℎ ⋅ 1 = 𝜀(ℎ)1

for all ℎ ∈ 𝐻, 𝑥, 𝑦 ∈ 𝐸, where ∆(ℎ) =
∑

(ℎ)
ℎ(1) ⊗ ℎ(2) is Sweedler notation.

Suppose also that the 𝐾-linear map

𝑗 ∶ 𝐸 ⊗𝐾 𝐻 → End𝐾(𝐸),

given as 𝑗(𝑥⊗ℎ)(𝑦) = 𝑥(ℎ⋅𝑦), is an isomorphism of vector spaces over𝐾. Then
𝐻 together with this action, denoted as (𝐻, ⋅), provides a Hopf-Galois structure
on 𝐸∕𝐾. Two Hopf-Galois structures (𝐻, ⋅), (𝐻′, ⋅′) on 𝐸∕𝐾 are isomorphic if
there is a Hopf algebra isomorphism 𝑓 ∶ 𝐻 → 𝐻′ for which ℎ ⋅ 𝑥 = 𝑓(ℎ) ⋅′ 𝑥

for all 𝑥 ∈ 𝐸, ℎ ∈ 𝐻 (see [6, Introduction]).
C. Greither and B. Pareigis [7] have given a complete classification of Hopf-

Galois structures up to isomorphism. Let 𝜆 ∶ 𝐺 → Perm(𝐺) denote the left
regular representation. A subgroup 𝑁 ≤ Perm(𝐺) is regular if it is semireg-
ular (i.e., only the identity acts with fixed points) and transitive. A subgroup
𝑁 ≤ Perm(𝐺) is normalized by 𝜆(𝐺) ≤ Perm(𝐺) if 𝜆(𝐺) is contained in the
normalizer of 𝑁 in Perm(𝐺).

Theorem 4.1 (Greither and Pareigis). Let 𝐸∕𝐾 be a Galois extension with group
𝐺. There is a 1-1 correspondence between isomorphism classes of Hopf Galois
structures on 𝐸∕𝐾 and regular subgroups of Perm(𝐺) that are normalized by
𝜆(𝐺).

One direction of the correspondence in Theorem 4.1 is given as follows. Let
𝑁 be a regular subgroup of Perm(𝐺) normalized by 𝜆(𝐺). Then 𝐺 acts on the
group algebra 𝐸[𝑁] through the Galois action on 𝐸 and conjugation by 𝜆(𝐺) on
𝑁, i.e.,

𝑔(𝑥𝜂) = 𝑔(𝑥)(𝜆(𝑔)𝜂𝜆(𝑔−1)), 𝑔 ∈ 𝐺, 𝑥 ∈ 𝐸, 𝜂 ∈ 𝑁.

We denote the conjugation action of 𝜆(𝑔) ∈ 𝜆(𝐺) on 𝜂 ∈ 𝑁 by 𝑔𝜂. Let𝐻 denote
the fixed ring

(𝐸[𝑁])𝐺 = {𝑥 ∈ 𝐸[𝑁] | 𝑔(𝑥) = 𝑥, ∀𝑔 ∈ 𝐺}.
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Then 𝐻 is an 𝑟-dimensional 𝐾-Hopf algebra, 𝑟 = [𝐸 ∶ 𝐾], and 𝐸∕𝐾 admits the
Hopf Galois structure (𝐻, ⋅) [2, (6.8) Theorem, pp. 52-54]. The action of 𝐻 on
𝐸∕𝐾 is given as

( ∑

𝜂∈𝑁

𝑟𝜂𝜂
)
⋅ 𝑥 =

∑

𝜂∈𝑁

𝑟𝜂𝜂
−1[1𝐺](𝑥),

see [3, Proposition 1]. By Morita theory [2, (2.13) Lemma], the isomorphism

𝐸 ⊗𝐾 𝐻 ≅ 𝐸 ⊗𝐾 𝐾[𝑁] ≅ 𝐸[𝑁],

𝑥 ⊗ ℎ ↦ 𝑥ℎ is an isomorphism of 𝐸-Hopf algebras. Thus 𝐻 is an 𝐸-form of
𝐾[𝑁].
If 𝑁 is isomorphic to the abstract group 𝑁′, then the Hopf-Galois structure

(𝐻, ⋅) on 𝐸∕𝐾 is of type 𝑁′.

4.2. The preimage of a Hopf-Galois structure. If (𝐻, ⋅) is a Hopf-Galois
structure on 𝐸∕𝐾 of type 𝑁, then the Hopf algebra 𝐻 is a Hopf form of 𝐾[𝑁].
Thus by Theorem 3.1, with 𝐹 = Aut(𝑁), there is an 𝐹-Galois extension 𝐵 of 𝐾
with

Θ(𝐵) = (𝐵[𝑁])𝐹 = 𝐻. (1)

We have 𝐵 ⊗𝐾 𝐻 ≅ 𝐵[𝑁] as 𝐵-Hopf algebras. Our goal is to give an explicit
description of 𝐵.
By Theorem 2.4

𝐵 = 𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑚

,

where 𝐿 is a 𝑉-Galois field extension of 𝐾 for some subgroup 𝑉 of 𝐹 of index
[𝐹 ∶ 𝑉] = 𝑚. By Remark 2.7, 𝐵 arises from the pair 𝑉, 𝐿 via Theorem 2.6.

Lemma 4.2. There is an isomorphism of 𝐿-Hopf algebras

𝐿 ⊗𝐾 𝐻 → 𝐿[𝑁].

Proof. Let {ℎ1, ℎ2, … , ℎ𝑟} be a 𝐾-basis for 𝐻 and let 𝜂 ∈ 𝑁. Then there exist
unique 𝑏1, 𝑏2, … , 𝑏𝑟 in 𝐵 with 𝜂 =

∑𝑟

𝑖=1
𝑏𝑖⊗ℎ𝑖. Moreover, since𝐻 is an 𝐸-form

of 𝐾[𝑁], there exist unique 𝑥𝑖, 𝑥2, … , 𝑥𝑟 in 𝐸 with 𝜂 =
∑𝑟

𝑖=1
𝑥𝑖 ⊗ ℎ𝑖.

Let 𝐸′ be any field extension of 𝐾 containing both 𝐿 and 𝐸 and let 𝐶 =

𝐸′ × 𝐸′ ×⋯ × 𝐸′
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝑚

. Then

𝐶 ⊗𝐾 𝐻 ≅ 𝐶[𝑁],

and
∑𝑟

𝑖=1
(𝑏𝑖 − 𝑥𝑖) ⊗ ℎ𝑖 = 0 in 𝐶 ⊗𝐾 𝐻. Thus 𝑏𝑖 = 𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑟, and so, 𝑏𝑖 ∈ 𝐸,

thus 𝑏𝑖 ∈ 𝐿, for 1 ≤ 𝑖 ≤ 𝑟. Thus, 𝐿 ⊗𝐾 𝐻 ≅ 𝐿[𝑁] as 𝐿-Hopf algebras.
□

Since 𝐸∕𝐾 is Galois with group 𝐺, we may use Galois descent to describe
𝐻 ∈ ℱ𝑜𝑟𝑚(𝐾[𝑁]). The 𝐸-form 𝐻 of 𝐾[𝑁] corresponds to a 1-cocycle (homo-
morphism) 𝜚 ∶ 𝐺 → 𝐹 in

H1(𝐺,𝐀𝐮𝐭(𝐾[𝑁])(𝐸)) = H1(𝐺, 𝐹).
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By [7, p. 249, Proof of 3.1, a ⇒ b] or [2, (6.7) Proposition], 𝜚(𝑔) is given as
conjugation by elements of 𝜆(𝐺), that is, for 𝑔 ∈ 𝐺, 𝜂 ∈ 𝑁,

𝜚(𝑔)(𝜂) = 𝑔𝜂 = 𝜆(𝑔)𝜂𝜆(𝑔−1).

The kernel of 𝜚 is a normal subgroup of 𝐺 defined as

𝐺0 = {𝑔 ∈ 𝐺 | 𝑔𝜂 = 𝜂, ∀𝜂 ∈ 𝑁}.

The quotient group 𝐺∕𝐺0 is isomorphic to a subgroup 𝑈 of 𝐹 = Aut(𝑁).
Let 𝐸0 = 𝐸𝐺0 . Then 𝐸0 is Galois extension of 𝐾 with group 𝑈. By Theorem

2.6, there exist an 𝐹-Galois extension of 𝐾 of the form

𝐴 = 𝐸0 × 𝐸0 ×⋯ × 𝐸0
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝑛

,

where [𝐹 ∶ 𝑈] = 𝑛.

Theorem 4.3. Let 𝐸∕𝐾 be a Galois extension with group 𝐺 and let (𝐻, ⋅) be a
Hopf-Galois structure on 𝐸∕𝐾 of type 𝑁. Let 𝐵 be the preimage of 𝐻 under Θ as
in (1). Then 𝐵 = 𝐴, that is,

Θ(𝐴) = (𝐴[𝑁])𝐹 = 𝐻.

Proof. By [7, Corollary 3.2], 𝐸0 is the smallest field extension of 𝐾, contained
in 𝐸 with

𝐸0 ⊗𝐻 ≅ 𝐸0[𝑁].

Thus𝐻 is an 𝐸0-form of 𝐾[𝑁].
By [16, Section 17.6, Theorem], ℱ𝑜𝑟𝑚(𝐸0∕𝐾,Map(𝐹, 𝐾)) corresponds to

H1(𝐸0∕𝐾,𝐀𝐮𝐭(Map(𝐹, 𝐾))).

Thus by Proposition 3.2, ℱ𝑜𝑟𝑚(𝐸0∕𝐾,Map(𝐹, 𝐾)) corresponds to

H1(𝐸0∕𝐾,𝐆(𝐾[𝐹])).

Now, by [9, Theorem 2], H1(𝐸0∕𝐾,𝐆(𝐾[𝐹])) can be identified with

H1(𝐸0∕𝐾,𝐀𝐮𝐭(𝐾[𝑁])).

Consequently, there is a bijection

Θ̂ ∶ ℱ𝑜𝑟𝑚(𝐸0∕𝐾,Map(𝐹, 𝐾)) → ℱ𝑜𝑟𝑚(𝐸0∕𝐾,𝐾[𝑁]).

Now, ℱ𝑜𝑟𝑚(Map(𝐹, 𝐾)) = 𝒢𝑎𝑙(𝐾, 𝐹) by [9, Corollary 4].
Thusℱ𝑜𝑟𝑚(𝐸0∕𝐾,Map(𝐹, 𝐾)), a subset ofℱ𝑜𝑟𝑚(Map(𝐹, 𝐾)), can be viewed

as a subset of𝒢𝑎𝑙(𝐾, 𝐹). Hence, the preimage of𝐻 ∈ ℱ𝑜𝑟𝑚(𝐸0∕𝐾,𝐾[𝑁])under
Θ̂ is precisely Θ−1(𝐻) = 𝐵 (for this use the proof of [9, Corollary 4]).
It follows that 𝐵 is an 𝐸0-form ofMap(𝐹, 𝐾) and so,

𝐸0 ⊗𝐾 (𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑚

) ≅ 𝐸0 ⊗𝐾 Map(𝐹, 𝐾) ≅ Map(𝐹, 𝐸0).
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Write 𝐿 ≅ 𝐾[𝑥]∕(𝑓(𝑥)) for some minimal polynomial 𝑓(𝑥) ∈ 𝐾[𝑥]. Then

𝐸0 ⊗𝐾 (𝐿 × 𝐿 ×⋯ × 𝐿
⏟⎴⎴⎴⏟⎴⎴⎴⏟

𝑚

)

≅ 𝐸0 ⊗𝐾 (𝐾[𝑥]∕(𝑓(𝑥)) × 𝐾[𝑥]∕(𝑓(𝑥)) ×⋯ × 𝐾[𝑥]∕(𝑓(𝑥))
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑚

)

≅ 𝐸0[𝑥]∕(𝑓(𝑥)) × 𝐸0[𝑥]∕(𝑓(𝑥)) ×⋯ × 𝐸0[𝑥]∕(𝑓(𝑥))
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑚

)

≅ Map(𝐹, 𝐸0)

≅ 𝐸0 × 𝐸0 ×⋯ × 𝐸0
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

|𝐹|

.

Thus, all of the zeros of 𝑓(𝑥) must lie in 𝐸0, hence 𝐿 ⊆ 𝐸0. Now by Lemma
4.2, 𝐸0 = 𝐿 and 𝑈 = 𝑉 since 𝐸0 is minimal. Hence Θ(𝐴) = 𝐻, where 𝐴 =

𝐸0 × 𝐸0 ×⋯ × 𝐸0
⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟

𝑛

, with [𝐹 ∶ 𝑈] = 𝑛, 𝑈 ≅ 𝐺∕𝐺0. □

Example 4.4. Let 𝐸∕𝐾 be a Galois extension with group 𝐺. Let 𝜌 ∶ 𝐺 →

Perm(𝐺) denote the right regular representation. Then 𝑁 = 𝜌(𝐺) is a regular
subgroup of Perm(𝐺) normalized by 𝜆(𝐺); 𝜌(𝐺) corresponds to the classical
Hopf-Galois structure on 𝐸∕𝐾 with Hopf algebra 𝐾[𝐺] [2, (6.10) Proposition].
Since 𝜆(𝐺) commutes with 𝜌(𝐺), we have

𝐺0 = {𝑔 ∈ 𝐺 | 𝑔𝜂 = 𝜂, ∀𝜂 ∈ 𝜌(𝐺)} = 𝐺.

Thus 𝑈 ≅ 𝐺∕𝐺0 = 1 and 𝐸0 = 𝐸𝐺0 = 𝐾. Let 𝐹 = Aut(𝜌(𝐺)). Then 𝑛 =

[𝐹 ∶ 𝑈] = [𝐹 ∶ 1] = |𝐹|. By Theorem 4.3, we have Θ(𝐴) = 𝐾[𝜌(𝐺)],
where 𝐴 = 𝐾 × 𝐾 ×⋯× 𝐾

⏟⎴⎴⎴⎴⏟⎴⎴⎴⎴⏟
𝑛

. Of course, 𝐴 is the trivial 𝐹-Galois extension of

𝐾,Map(𝐹, 𝐾).

If 𝑛 = [𝐹 ∶ 𝑈] = 1, then 𝐴 = 𝐸0 and 𝐴 is a 𝐹-Galois field extension of 𝐾.

Example 4.5. Let 𝐸∕𝐾 be a Galois extension with group 𝐺 where 𝐺 is a non-
abelian complete group (i.e., 𝐺 has trivial center and 𝐺 ≅ Aut(𝐺)). For in-
stance, 𝐺 = 𝑆𝑛, for 𝑛 ≠ 2, 6, is a non-abelian complete group.
The subgroup 𝑁 = 𝜆(𝐺) is a regular subgroup of Perm(𝐺) normalized by

itself and corresponds to the canonical non-classicalHopf-Galois structurewith
Hopf algebra𝐻𝜆. In this case 𝐺0 is trivial since the center of 𝜆(𝐺) is trivial, and
so 𝐸𝐺0 = 𝐸0 = 𝐸 and 𝐺∕𝐺0 ≅ 𝐺 ≅ Aut(𝑁) = 𝐹. Thus

[𝐹 ∶ 𝑈] = |Aut(𝑁)|∕[𝐺 ∶ 𝐺0] = |Aut(𝑁)|∕|𝐺| = 1.

By Theorem 4.3, Θ(𝐸0) = 𝐻𝜆.

We can have 𝑛 = 1 with 𝐺0 non-trivial.
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Example 4.6. In the table below we list every group 𝐺 of order ≤ 42 in which
there exists a Galois extension of fields 𝐸∕𝐾 with group 𝐺 with at least one
Hopf-Galois structure 𝐻 on 𝐸∕𝐾 of type 𝑀 with 𝑛 = [𝐹 ∶ 𝑈] = 1. Conse-
quently, for each case indicated by the table, Θ(𝐸0) = 𝐻.

𝐺 𝑀 |𝐺0| [𝐺 ∶ 𝐺0]

𝐶2 𝐶2 2 1

𝐶2 × 𝐶2 𝐶4 2 2

𝑆3 𝐶6 3 2

𝑆3 𝑆3 1 6

𝐷4 𝐶4 × 𝐶2 1 8

𝐶4 × 𝐶2 𝐶8 2 4

𝐷6 𝐶12 3 4

𝐷6 𝐶3 ⋊ 𝐶4 1 12

𝐶8 ⋊ 𝐶2 𝐶16 2 8

𝐶8 × 𝐶2 𝐶16 2 8

𝐶5 ⋊ 𝐶4 𝐶5 ⋊ 𝐶4 1 20

𝐶2 × 𝐶2 × 𝑆3 𝐶4 × 𝑆3 1 24

𝑆4 𝐶2 × 𝐴4 1 24

𝑆4 𝑆4 1 24

𝐶7 ⋊ 𝐶6 𝐶2 × (𝐶7 ⋊ 𝐶3) 1 42

𝐶7 ⋊ 𝐶6 𝐶7 ⋊ 𝐶6 1 42

Example 4.7. Let 𝐸∕𝐾 be a Galois extension of fields with quaternion group
𝑄8 = {±1, ±𝑖, ±𝑗, ±𝑘}. S. Taylor and P. Truman [15] have enumerated the Hopf-
Galois structures on 𝐸∕𝐾 of each possible type [15, Table 1]. There are 6Hopf-
Galois structures on 𝐸∕𝐾 of type𝐷4, corresponding to 6 regular subgroups that
are normalized by 𝜆(𝑄8) = ⟨𝜆(𝑖), 𝜆(𝑗)⟩:

𝐷𝑖,𝜆 = ⟨𝜆(𝑖), 𝜆(𝑗)𝜌(𝑖)⟩, 𝐷𝑗,𝜆 = ⟨𝜆(𝑗), 𝜆(𝑖)𝜌(𝑗)⟩, 𝐷𝑘,𝜆 = ⟨𝜆(𝑘), 𝜆(𝑖)𝜌(𝑘)⟩,

𝐷𝑖,𝜌 = ⟨𝜌(𝑖), 𝜆(𝑖)𝜌(𝑗)⟩, 𝐷𝑗,𝜌 = ⟨𝜌(𝑗), 𝜆(𝑗)𝜌(𝑖)⟩, 𝐷𝑘,𝜌 = ⟨𝜌(𝑘), 𝜆(𝑘)𝜌(𝑖)⟩

[15, Lemma 2.5].
We consider the case 𝑁 = 𝐷𝑖,𝜆. Let 𝐻𝑖,𝜆 denote the 𝐾-Hopf algebra at-

tached to the Hopf-Galois structure on 𝐸∕𝐾 that corresponds to 𝐷𝑖,𝜆. Let 𝐹 =

Aut(𝐷𝑖,𝜆). We compute the 𝐹-Galois extension 𝐴 of 𝐾 for which Θ(𝐴) = 𝐻𝑖,𝜆

and give the explicit Hopf algebra structure of𝐻𝑖,𝜆 as the fixed ring (𝐴[𝐷𝑖,𝜆])𝐹 .
We have

𝐺0 = {𝑔 ∈ 𝑄8 |
𝑔𝜂 = 𝜂, ∀𝜂 ∈ 𝐷𝑖,𝜆} = {1, −1},

with
𝑄8∕𝐺0 ≅ {1, 𝑖, 𝑗, 𝑘} = 𝐶2 × 𝐶2.

Let 𝐸0 = 𝐸𝐺0 . Then 𝐸0∕𝐾 is the unique biquadratic subfield of 𝐸. There exist
elements 𝛼, 𝛽 in𝐸0 satisfying 𝛼2 ∈ 𝐾, 𝛽2 ∈ 𝐾 with𝐸0 = 𝐾(𝛼, 𝛽); 𝐸0∕𝐾 is Galois
with group 𝐶2 × 𝐶2.
We have 𝐹 = 𝐷4, with presentation

𝐷4 = ⟨𝑎, 𝑏 | 𝑎4 = 𝑏2 = 1, 𝑎𝑏 = 𝑏𝑎3⟩.
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The action of 𝐷4 on 𝐷𝑖,𝜆 is given as
𝑎(𝜆(𝑖)) = 𝜆(𝑖), 𝑎(𝜆(𝑗)𝜌(𝑖)) = 𝜆(𝑖)𝜆(𝑗)𝜌(𝑖),

𝑏(𝜆(𝑖)) = 𝜆(𝑗)𝜌(𝑖)𝜆(𝑖)𝜆(𝑗)𝜌(𝑖) = 𝜆(−𝑖),

𝑏(𝜆(𝑗)𝜌(𝑖)) = 𝜆(𝑗)𝜌(𝑖)𝜆(𝑗)𝜌(𝑖)𝜆(𝑗)𝜌(𝑖) = 𝜆(𝑗)𝜌(𝑖).

We identify 𝐶2 × 𝐶2 with the subgroup 𝑈 = {1, 𝑎2, 𝑏, 𝑏𝑎2} of 𝐹. The Galois
action is given as

𝑎2(𝛼) = 𝛼, 𝑏(𝛼) = −𝛼, 𝑎2(𝛽) = −𝛽, 𝑏(𝛽) = 𝛽.

The set 𝑇 = {1, 𝑏𝑎} is a left transversal for 𝑈 in 𝐹; the left cosets are {𝑈, 𝑏𝑎𝑈}.
By Theorem 2.6, 𝐸0 and 𝑈 determine an 𝐹-Galois extension of 𝐾,

𝐴 = 𝐸0 × 𝐸0 ≅ 𝐸0𝑒1 ⊕𝐸0𝑒2.

The 𝐹-Galois action on 𝐴 is given as follows: for 𝑐𝑖, 𝑑𝑖 ∈ 𝐾, 0 ≤ 𝑖 ≤ 3,

𝑎((𝑐0 + 𝑐1𝛼 + 𝑐2𝛽 + 𝑐3𝛼𝛽)𝑒1 + (𝑑0 + 𝑑1𝛼 + 𝑑2𝛽 + 𝑑3𝛼𝛽)𝑒2)

= (𝑏𝑎2)(𝑐0 + 𝑐1𝛼 + 𝑐2𝛽 + 𝑐3𝛼𝛽)𝑒2 + (𝑏)(𝑑0 + 𝑑1𝛼 + 𝑑2𝛽 + 𝑑3𝛼𝛽)𝑒1

= (𝑐0 − 𝑐1𝛼 − 𝑐2𝛽 + 𝑐3𝛼𝛽)𝑒2 + (𝑑0 − 𝑑1𝛼 + 𝑑2𝛽 − 𝑑3𝛼𝛽)𝑒1,

𝑏((𝑐0 + 𝑐1𝛼 + 𝑐2𝛽 + 𝑐3𝛼𝛽)𝑒1 + (𝑑0 + 𝑑1𝛼 + 𝑑2𝛽 + 𝑑3𝛼𝛽)𝑒2)

= (𝑏)(𝑐0 + 𝑐1𝛼 + 𝑐2𝛽 + 𝑐3𝛼𝛽)𝑒1 + (𝑏𝑎2)(𝑑0 + 𝑑1𝛼 + 𝑑2𝛽 + 𝑑3𝛼𝛽)𝑒2

= (𝑐0 − 𝑐1𝛼 + 𝑐2𝛽 − 𝑐3𝛼𝛽)𝑒1 + (𝑑0 − 𝑑1𝛼 − 𝑑2𝛽 + 𝑑3𝛼𝛽)𝑒2.

By Theorem 4.3,

Θ(𝐸0𝑒1 ⊕𝐸0𝑒2) = ((𝐸0𝑒1 ⊕𝐸0𝑒2)[𝐷𝑖,𝜆])
𝐹 ≅ 𝐻𝑖,𝜆.

To find the explicit structure of the 𝐾-Hopf algebra 𝐻𝑖,𝜆, set 𝑟 = 𝜆(𝑖), 𝑠 =
𝜆(𝑗)𝜌(𝑖), so that

𝐷𝑖,𝜆 = ⟨𝑟, 𝑠 | 𝑟4 = 𝑠2 = 1, 𝑟𝑠 = 𝑠𝑟3⟩ ≅ 𝐷4.

By direct computation,

(𝐴[𝐷𝑖,𝜆])
𝐹 =

8⨁

𝑖=1

𝐾ℎ𝑖,

where

ℎ1 = 1, ℎ2 =
1

2
(𝑟 + 𝑟3), ℎ3 = 𝑟2, ℎ4 =

1

2
(𝛼(𝑒1 − 𝑒2)𝑟 − 𝛼(𝑒1 − 𝑒2)𝑟

3),

ℎ5 =
1

2
(𝑒1𝑠 + 𝑒2𝑠𝑟 + 𝑒1𝑠𝑟

2 + 𝑒2𝑠𝑟
3), ℎ6 =

1

2
(𝛽𝑒1𝑠 + 𝛽𝑒2𝑠𝑟 − 𝛽𝑒1𝑠𝑟

2 − 𝛽𝑒2𝑠𝑟
3),
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ℎ7 =
1

2
(𝑒2𝑠 + 𝑒1𝑠𝑟 + 𝑒2𝑠𝑟

2 + 𝑒1𝑠𝑟
3),

ℎ8 =
1

2
(𝛼𝛽𝑒2𝑠 + 𝛼𝛽𝑒1𝑠𝑟 − 𝛼𝛽𝑒2𝑠𝑟

2 − 𝛼𝛽𝑒1𝑠𝑟
3).

The 𝐾-algebra structure of (𝐴[𝐷𝑖,𝜆])𝐹 is given as follows. First note that
𝐶 = 𝐾ℎ1 ⊕ 𝐾ℎ3 is a 𝐾-subalgebra of (𝐴[𝐷𝑖,𝜆])𝐹 , isomorphic to 𝐾 × 𝐾 with
idempotents 𝑓1 =

1

2
(1 + ℎ3) and 𝑓2 =

1

2
(1 − ℎ3) corresponding to the first

and second copies of 𝐾, respectively. Now, {𝑓2, ℎ4, ℎ6, −ℎ8} is a 𝐾-basis for the
quaternion algebra (−𝛼2, 𝛽2)𝐾 . Since the the idempotent 𝑓1 annihilates each
element in this basis, we conclude that (𝐴[𝐷𝑖,𝜆])𝐹 contains the 𝐾-subalgebra
𝐾 × (−𝛼2, 𝛽2)𝐾 . Moreover,

{
1

4
(ℎ5 + 𝑓1)(ℎ7 + 𝑓1),

1

4
(ℎ5 − 𝑓1)(ℎ7 − 𝑓1),

1

4
(ℎ5 + 𝑓1)(ℎ7 − 𝑓1),

1

4
(ℎ5 − 𝑓1)(ℎ7 + 𝑓1)}

is a set of mutually orthogonal idempotents in (𝐴[𝐷𝑖,𝜆])𝐹 that are annihilated
by 𝑓2, thus

(𝐴[𝐷𝑖,𝜆])
𝐹 ≅ 𝐾 × 𝐾 × 𝐾 × 𝐾 × (−𝛼2, 𝛽2)𝐾 .

This description of (𝐴[𝐷𝑖,𝜆])𝐹 agrees with Truman and Taylor’s decomposition
found in [15, Lemma 4.7].
The Hopf algebra structure of (𝐴[𝐷𝑖,𝜆])𝐹 is given as:

∆(ℎ1) = ℎ1 ⊗ ℎ1, ∆(ℎ2) = ℎ2 ⊗ ℎ2 +
1

𝛼2
ℎ4 ⊗ ℎ4, ∆(ℎ3) = ℎ3 ⊗ ℎ3,

∆(ℎ4) = ℎ2 ⊗ ℎ4 + ℎ4 ⊗ ℎ2, ∆(ℎ5) = ℎ5 ⊗ ℎ5 +
1

𝛽2
ℎ6 ⊗ ℎ6,

∆(ℎ6) = ℎ5 ⊗ ℎ6 + ℎ6 ⊗ ℎ5, ∆(ℎ7) = ℎ7 ⊗ ℎ7 +
1

𝛼2𝛽2
ℎ8 ⊗ ℎ8,

∆(ℎ8) = ℎ7 ⊗ ℎ8 + ℎ8 ⊗ ℎ7,

𝜀(ℎ1) = 1, 𝜀(ℎ2) = 1, 𝜀(ℎ3) = 1, 𝜀(ℎ4) = 0, 𝜀(ℎ5) = 1,

𝜀(ℎ6) = 0, 𝜀(ℎ7) = 1, 𝜀(ℎ8) = 0,

and the coinverse 𝑆 ∶ (𝐴[𝐷𝑖,𝜆])𝐹 → (𝐴[𝐷𝑖,𝜆])
𝐹 is induced from that of 𝐴[𝐷𝑖,𝜆].

5. The Hopf algebra isomorphism problem
Let𝐸∕𝐾 be a Galois extensionwith group𝐺. Various authors have addressed

the following question: what are the𝐾-Hopf algebra isomorphism classes of the
Hopf algebras that arise from the Hopf-Galois structures on 𝐸∕𝐾? See [6], [12,
Section 4], [13, Theorem 2.2] and [15, Section 3]. We can use Theorem 4.3 to
establish a criterion to compute these isomorphism classes.
Let (𝐻𝑁 , ⋅𝑁) be a Hopf-Galois structure on 𝐸∕𝐾 corresponding to a regular

subgroup 𝑁 of Perm(𝐺) normalized by 𝜆(𝐺). Let 𝐹𝑁 = Aut(𝑁), and let

Θ𝑁 ∶ 𝒢𝑎𝑙(𝐾, 𝐹𝑁) → ℱ𝑜𝑟𝑚(𝐾[𝑁])
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be the Haggenmüller-Pareigis bijection, defined as Θ𝑁(𝐴) = (𝐴[𝑁])𝐹𝑁 , where
𝐴 is an 𝐹𝑁-Galois extension of 𝐾.
The Hopf algebra 𝐻𝑁 is a form of 𝐾[𝑁], and we have already computed the

preimage 𝐴 = Θ−1(𝐻𝑁) in Theorem 4.3: Let

𝐺0(𝑁) = {𝑔 ∈ 𝐺 | 𝑔𝜂 = 𝜂, ∀𝜂 ∈ 𝑁},

and put 𝐸0(𝑁) = 𝐸𝐺0(𝑁). Then 𝐸0(𝑁) is Galois over 𝐾 with group 𝑈𝑁 =

𝐺∕𝐺0(𝑁) ≤ 𝐹𝑁 . By Theorem 2.6, 𝐸0(𝑁) and 𝑈𝑁 determine an 𝐹𝑁-Galois ex-
tension of 𝐾

𝐴𝑈𝑁
= 𝐸0(𝑁) × 𝐸0(𝑁) ×⋯ × 𝐸0(𝑁)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑛

,

𝑛 = [𝐹𝑁 ∶ 𝑈𝑁]. By Theorem 4.3, Θ𝑁(𝐴𝑈𝑁
) = (𝐴𝑈𝑁

[𝑁])𝐹𝑁 = 𝐻𝑁 .
Since 𝐸∕𝐾 is Galois with group 𝐺, by Galois descent the 𝐸-form𝐻𝑁 of 𝐾[𝑁]

corresponds to a 1-cocycle (homomorphism) 𝜚𝑁 ∶ 𝐺 → 𝐹𝑁 in

H1(𝐺,𝐀𝐮𝐭(𝐾[𝑁])(𝐸)) = H1(𝐺, 𝐹𝑁).

The homomorphism 𝜚𝑁(𝑔) is given as conjugation: 𝜂 ↦ 𝑔𝜂, for 𝑔 ∈ 𝐺, 𝜂 ∈ 𝑁;
the kernel of 𝜚𝑁 is 𝐺0(𝑁).
Now, suppose that (𝐻𝑁′ , ⋅𝑁′) is someotherHopf-Galois structure on the same

𝐸∕𝐾, corresponding to a regular subgroup𝑁′ of Perm(𝐺), normalized by 𝜆(𝐺).
If (𝐻𝑁 , ⋅𝑁) and (𝐻𝑁′ , ⋅𝑁′) are not of the same type, i.e., if 𝑁 ≇ 𝑁′, then 𝐸[𝑁] ≇
𝐸[𝑁′] as 𝐸-Hopf algebras. Thus 𝐸 ⊗𝐾 𝐻𝑁 ≇ 𝐸 ⊗𝐾 𝐻𝑁′ as 𝐸-Hopf algebras,
and hence 𝐻𝑁 ≇ 𝐻𝑁′ as 𝐾-Hopf algebras. So the Hopf algebras attached to a
Hopf-Galois structure can only be isomorphic as Hopf algebras if the structures
are of the same type.
So we assume that 𝑁 and 𝑁′ are of the same type, i.e., there is a group iso-

morphism
𝜓 ∶ 𝑁′ → 𝑁.

For later use, this isomorphism determines an isomorphism

𝜓̂ ∶ 𝐹𝑁′ → 𝐹𝑁 ,

given as 𝜓̂(𝑓)(𝜂) = (𝜓𝑓𝜓−1)(𝜂) for 𝑓 ∈ 𝐹𝑁′ , 𝜂 ∈ 𝑁.
The isomorphism 𝜓 extends to an isomorphism of 𝐸-Hopf algebras

𝜓 ∶ 𝐸 ⊗𝐾 𝐾[𝑁
′] → 𝐸 ⊗𝐾 𝐾[𝑁].

Since 𝐻𝑁′ is an 𝐸-form of 𝐾[𝑁′], there exists an isomorphism of 𝐸-Hopf alge-
bras

𝜑′ ∶ 𝐸 ⊗𝐾 𝐻𝑁′ → 𝐸 ⊗𝐾 𝐾[𝑁
′],

thus there is an isomorphism

𝜓𝜑′ ∶ 𝐸 ⊗𝐾 𝐻𝑁′ → 𝐸 ⊗𝐾 𝐾[𝑁] ≅ 𝐸[𝑁].

So, 𝐻𝑁′ is an 𝐸-form of 𝐾[𝑁], i.e., 𝐻𝑁′ is an element of ℱ𝑜𝑟𝑚(𝐾[𝑁]). Conse-
quently,𝐻𝑁′ has a preimage underΘ𝑁 , that is, there exists an 𝐹𝑁-Galois exten-
sion 𝐵 of 𝐾 for which

Θ𝑁(𝐵) = 𝐻𝑁′ .
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We compute 𝐵 and its 𝐹𝑁-Galois structure. By descent theory, 𝐻𝑁′ corre-
sponds to the 1-cocycle 𝑑0

1
(𝜓𝜑′)(𝑑1

1
(𝜓𝜑′))−1 in H1(𝐸∕𝐾,𝐀𝐮𝐭(𝐾[𝑁]) (𝑑𝑖

1
are the

standard maps). We want to describe this 1-cocycle as a homomorphism in
H1(𝐺,𝐀𝐮𝐭(𝐾[𝑁])(𝐸)). We have

𝑑0
1
(𝜓𝜑′)(𝑑1

1
(𝜓𝜑′))−1 = (𝑑0

1
𝜓)(𝑑0

1
𝜑′)((𝑑1

1
𝜓)(𝑑1

1
𝜑′))−1 (2)

= (𝑑0
1
𝜓)((𝑑0

1
𝜑′)(𝑑1

1
𝜑′)−1)(𝑑1

1
𝜓)−1.

Now, the 1-cocycle (𝑑0
1
𝜑′)(𝑑1

1
𝜑′)−1 corresponds to the homomorphism 𝜚𝑁′ in

H1(𝐺,𝐀𝐮𝐭(𝐾[𝑁′])(𝐸)), and we identify 𝑑0
1
𝜓 = 𝜓⊗ 𝑖𝑑⊗ 𝑖𝑑 with the map 𝜓 and

(𝑑1
1
𝜓)−1 = 𝜓−1 ⊗ 𝑖𝑑 ⊗ 𝑖𝑑 with the map 𝜓−1. So, it follows from (2) that the

composition

𝜓̂𝜚𝑁′ ∶ 𝐺 → 𝐹𝑁 , 𝐺
𝜚𝑁′
⟶𝐹𝑁′

𝜓̂
⟶𝐹𝑁 ,

defined as
𝜓̂𝜚𝑁′(𝑔)(𝜂) = (𝜓(𝜚𝑁′(𝑔))𝜓−1)(𝜂), 𝑔 ∈ 𝐺, 𝜂 ∈ 𝑁,

is the 1-cocycle in H1(𝐺,𝐀𝐮𝐭(𝐾[𝑁])(𝐸)) corresponding to𝐻𝑁′ .
The kernel of 𝜓̂𝜚𝑁′ is 𝐺0(𝑁′) and the Galois group of 𝐸0(𝑁′) is 𝑈𝑁′ =

𝐺∕𝐺0(𝑁
′). As a subgroup of 𝐹𝑁 , we take the Galois group of 𝐸0(𝑁′) to be

𝜓̂(𝑈𝑁′) ≤ 𝐹𝑁 , which acts through 𝜓̂−1, i.e., 𝑓(𝑥) = 𝜓̂−1(𝑓)(𝑥) for 𝑓 ∈ 𝜓̂(𝑈𝑁′),
𝑥 ∈ 𝐸0(𝑁

′).
By Theorem 2.6, 𝐸0(𝑁′) and 𝜓̂(𝑈𝑁′) determine an 𝐹𝑁-Galois extension of 𝐾

𝐴𝜓̂(𝑈𝑁′ )
= 𝐸0(𝑁

′) × 𝐸0(𝑁
′) ×⋯ × 𝐸0(𝑁

′)
⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟⎴⎴⎴⎴⎴⎴⎴⎴⎴⏟

𝑛

,

𝑛 = [𝐹𝑁′ ∶ 𝑈𝑁′] = [𝐹𝑁 ∶ 𝜓̂(𝑈𝑁′)]. By Theorem 4.3,
Θ𝑁(𝐴𝜓̂(𝑈𝑁′ )

) = (𝐴𝜓̂(𝑈𝑁′ )
[𝑁])𝐹𝑁 = 𝐻𝑁′ .

We have proved the following.

Theorem5.1. Let𝐸∕𝐾 be aGalois extensionwith group𝐺. Let (𝐻𝑁 , ⋅𝑁), (𝐻𝑁′ , ⋅𝑁′)

be Hopf-Galois structures on 𝐸∕𝐾 corresponding to regular subgroups 𝑁, 𝑁′ of
Perm(𝐺), respectively, of the same type 𝑁. Let 𝜓 ∶ 𝑁′ → 𝑁 be an isomorphism.
Let 𝐴𝑈𝑁

, 𝐴𝜓̂(𝑈𝑁′ )
be the 𝐹𝑁-Galois extensions of 𝐾 as above. Then

Θ𝑁(𝐴𝑈𝑁
) = (𝐴𝑈𝑁

[𝑁])𝐹𝑁 = 𝐻𝑁 ,

Θ𝑁(𝐴𝜓̂(𝑈𝑁′ )
) = (𝐴𝜓̂(𝑈𝑁′ )

[𝑁])𝐹𝑁 = 𝐻𝑁′ .

An isomorphism criterion can now be given. This criterion extends [13, The-
orem 2.2].

Theorem5.2. Let𝐸∕𝐾 be aGalois extensionwith group𝐺. Let (𝐻𝑁 , ⋅𝑁), (𝐻𝑁′ , ⋅𝑁′)

be Hopf-Galois structures on 𝐸∕𝐾 corresponding to regular subgroups 𝑁, 𝑁′ of
Perm(𝐺), respectively, of the same type 𝑁. Let 𝜓 ∶ 𝑁′ → 𝑁 be an isomorphism.
The following are equivalent:
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(a) 𝐴𝑈𝑁
≅ 𝐴𝜓̂(𝑈𝑁′ )

as 𝐹𝑁-Galois extensions of 𝐾.
(b) 𝐻𝑁 ≅ 𝐻𝑁′ as 𝐾-Hopf algebras.
(c) The 1-cocycle 𝜚𝑁 ∶ 𝐺 → 𝐹𝑁 is cohomologous to the 1-cocycle 𝜓̂𝜚𝑁′ ∶ 𝐺 →

𝐹𝑁 .
(d) There exists a 𝜆(𝐺)-invariant map𝑁′ → 𝑁.

Proof. For (c)⇔(d): Suppose that 𝜉 ∶ 𝑁′ → 𝑁 is 𝜆(𝐺)-invariant. Then for all
𝑔 ∈ 𝐺, 𝜂′ ∈ 𝑁′,

𝑔(𝜉(𝜂′)) = 𝜉(𝑔𝜂′),

which is equivalent to

𝜚𝐻𝑁
(𝑔)(𝜉(𝜂′)) = 𝜉(𝜚𝐻𝑁′

(𝑔)(𝜂′)).

Note that 𝜉 = 𝜈𝜓 for some automorphism 𝜈 ∶ 𝑁 → 𝑁 (just set 𝜈 = 𝜉𝜓−1).
Let 𝜂′ = 𝜉−1(𝜂) for some 𝜂 ∈ 𝑁. Then we obtain

𝜚𝐻𝑁
(𝑔)(𝜂) = 𝜉(𝜚𝐻𝑁′

(𝑔)(𝜉−1(𝜂))).

= ((𝜈𝜓)𝜚𝐻𝑁′
(𝑔)(𝜓−1𝜈−1))(𝜂)

= (𝜈(𝜓𝜚𝐻𝑁′
(𝑔)𝜓−1)𝜈−1)(𝜂)

= (𝜈(𝜓̂𝜚𝐻𝑁′
)(𝑔)𝜈−1)(𝜂),

for all 𝑔 ∈ 𝐺, and so 𝜚𝐻𝑁
is cohomologous to 𝜓̂𝜚𝐻𝑁′

.
Conversely, suppose that 𝜚𝐻𝑁

is cohomologous to 𝜓̂𝜚𝐻𝑁′
, i.e., suppose that

there exists a fixed 𝜈 ∈ 𝐹𝑁 for which

𝜓̂𝜚𝐻𝑁′
(𝑔) = 𝜈𝜚𝐻𝑁

(𝑔)𝜈−1

for all 𝑔 ∈ 𝐺. Then
𝜓𝜚𝐻𝑁′

(𝑔)𝜓−1 = 𝜈𝜚𝐻𝑁
(𝑔)𝜈−1,

and so,

(𝜈−1𝜓)𝜚𝐻𝑁′
(𝑔) = 𝜚𝐻𝑁

(𝑔)(𝜈−1𝜓), (3)

where 𝜈−1𝜓 ∶ 𝑁′ → 𝑁 is an isomorphism.
Now, from (3),

(𝜈−1𝜓)(𝜚𝐻𝑁′
(𝑔)(𝜂′)) = 𝜚𝐻𝑁

(𝑔)((𝜈−1𝜓)(𝜂′)).

for 𝑔 ∈ 𝐺, 𝜂′ ∈ 𝑁′, and so,

(𝜈−1𝜓)(𝑔𝜂′) = 𝑔((𝜈−1𝜓)(𝜂′)).

Thus 𝜈−1𝜓 ∶ 𝑁′ → 𝑁 is 𝜆(𝐺)-invariant.
For (b)⇔(c): Use Galois descent.
For (a)⇔(b): This follows since Θ𝑁(𝐴𝑈𝑁

) = 𝐻𝑁 and Θ𝑁(𝐴𝜓̂(𝑈𝑁′ )
) = 𝐻𝑁′ ,

where Θ𝑁 is the Haggenmüller and Pareigis bijection. □
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Example 5.3. We recall the details of Example 4.7: 𝐸∕𝐾 is a Galois extension
of fields with quaternion group 𝑄8 = {±1, ±𝑖, ±𝑗, ±𝑘}; 𝐾(𝛼, 𝛽) is the unique
biquadratic subfield of 𝐸.
There are 6 Hopf-Galois structures on 𝐸∕𝐾 of type 𝐷4, corresponding to 6

regular subgroups that are normalized by 𝜆(𝑄8): 𝐷𝑠,𝜆, 𝐷𝑠,𝜌, for 𝑠 ∈ {𝑖, 𝑗, 𝑘}. Let
𝐻𝑠,𝜆, 𝐻𝑠,𝜌, 𝑠 ∈ {𝑖, 𝑗, 𝑘}, be the corresponding 𝐾-Hopf algebras. By [15, Section
3], these Hopf algebras are pairwise non-isomorphic as 𝐾-Hopf algebras.
We recover this result using our criteria above and compute the 6 preimages

under Θ of these Hopf algebras. The preimages are necessarily pairwise non-
isomorphic as 𝐹-Galois extensions of 𝐾, 𝐹 = Aut(𝐷4) ≅ 𝐷4.
In what follows, the subgroup 𝐷𝑖,𝜆 plays the role of 𝑁 and the other five

subgroups will in turn play the role of 𝑁′. To simplify notation, we set 𝐹𝑖,𝜆 =
Aut(𝐷𝑖,𝜆). Let

Θ𝐷𝑖,𝜆
∶ 𝒢𝑎𝑙(𝐾, 𝐹𝑖,𝜆) → ℱ𝑜𝑟𝑚(𝐾[𝐷𝑖,𝜆])

be the Haggenmüller-Pareigis bijection.
By direct computation:

𝐺0(𝐷𝑖,𝜌) = {1, −1, 𝑖, −𝑖}, 𝐺0(𝐷𝑗,𝜌) = {1, −1, 𝑗, −𝑗},

𝐺0(𝐷𝑘,𝜌) = {1, −1, 𝑘, −𝑘}.

We have

𝐸0(𝐷𝑖,𝜌) = 𝐸𝐺0(𝐷𝑖,𝜌) = 𝐾(𝛼), 𝐸0(𝐷𝑗,𝜌) = 𝐸𝐺0(𝐷𝑗,𝜌) = 𝐾(𝛽),

𝐸0(𝐷𝑘,𝜌) = 𝐸𝐺0(𝐷𝑘,𝜌) = 𝐾(𝛼𝛽),

with Galois groups

𝑈𝑖,𝜌 = 𝑄8∕𝐺0(𝐷𝑖,𝜌), 𝑈𝑗,𝜌 = 𝑄8∕𝐺0(𝐷𝑗,𝜌), 𝑈𝑘,𝜌 = 𝑄8∕𝐺0(𝐷𝑘,𝜌),

respectively. Let 𝜓𝑖,𝜌 ∶ 𝐷𝑖,𝜌 → 𝐷𝑖,𝜆 be an isomorphism, let 𝐹𝑖,𝜌 = Aut(𝐷𝑖,𝜌) and
let 𝜓̂𝑖,𝜌 ∶ 𝐹𝑖,𝜌 → 𝐹𝑖,𝜆 be the induced isomorphism. By Theorem 2.6, 𝐾(𝛼) and
𝜓̂𝑖,𝜌(𝑈𝑖,𝜌) determine an 𝐹𝑖,𝜆-Galois extension of 𝐾

𝐴𝜓̂𝑖,𝜌(𝑈𝑖,𝜌)
= 𝐾(𝛼) × 𝐾(𝛼) × 𝐾(𝛼) × 𝐾(𝛼).

By Theorem 5.1,

Θ𝐷𝑖,𝜆
(𝐴𝜓̂𝑖,𝜌(𝑈𝑖,𝜌)

) = (𝐴𝜓̂𝑖,𝜌(𝑈𝑖,𝜌)
[𝐷𝑖,𝜆])

𝐹𝑖,𝜆 = 𝐻𝑖,𝜌.

The preimages of 𝐻𝑗,𝜌 and 𝐻𝑘,𝜌 are computed in a similar manner and we
obtain

𝐴𝜓̂𝑗,𝜌(𝑈𝑗,𝜌)
= 𝐾(𝛽) × 𝐾(𝛽) × 𝐾(𝛽) × 𝐾(𝛽)

and
𝐴𝜓̂𝑘,𝜌(𝑈𝑘,𝜌)

= 𝐾(𝛼𝛽) × 𝐾(𝛼𝛽) × 𝐾(𝛼𝛽) × 𝐾(𝛼𝛽),

respectively.
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Clearly,𝐴𝜓̂𝑖,𝜌(𝑈𝑖,𝜌)
,𝐴𝜓̂𝑗,𝜌(𝑈𝑗,𝜌)

, and𝐴𝜓̂𝑘,𝜌(𝑈𝑘,𝜌)
are pairwise non-isomorphic as𝐹-

Galois extensions since they are pairwise non-isomorphic as 𝐾-algebras. Thus,
𝐻𝑖,𝜌,𝐻𝑗,𝜌 and𝐻𝑘,𝜌 are pairwise non-isomorphic as 𝐾-Hopf algebras.
As shown in [15, Lemma3.5], there is no 𝜆(𝐺)-invariant isomorphism𝐷𝑠,𝜆 →

𝐷𝑡,𝜆 for 𝑠, 𝑡 ∈ {𝑖, 𝑗, 𝑘}, 𝑠 ≠ 𝑡. So by Theorem 5.2, (d)⇔(b),𝐻𝑠,𝜆 ≇ 𝐻𝑡,𝜆 for 𝑠 ≠ 𝑡.
We next consider the preimages of𝐻𝑠,𝜆, 𝑠 ∈ {𝑖, 𝑗, 𝑘}, under Θ𝐷𝑖,𝜆

. We have

𝐺0(𝐷𝑖,𝜆) = 𝐺0(𝐷𝑗,𝜆) = 𝐺0(𝐷𝑘,𝜆) = {1, −1},

thus
𝐸0(𝐷𝑖,𝜆) = 𝐸𝐺0(𝐷𝑖,𝜆) = 𝐸0(𝐷𝑗,𝜆) = 𝐸𝐺0(𝐷𝑗,𝜆)

= 𝐸0(𝐷𝑘,𝜆) = 𝐸𝐺0(𝐷𝑘,𝜆) = 𝐾(𝛼, 𝛽),

with Galois groups

𝑈𝑖,𝜆 = 𝑈𝑗,𝜆 = 𝑈𝑘,𝜆 = 𝑄8∕{1, −1} = 𝐶2 × 𝐶2,

respectively.
We have already constructed the preimage of𝐻𝑖,𝜆 underΘ𝐷𝑖,𝜆

in Example 4.7:
the 𝐹𝑖,𝜆-Galois extension of 𝐾, 𝐴𝑈𝑖,𝜆

= 𝐾(𝛼, 𝛽) × 𝐾(𝛼, 𝛽) satisfies Θ𝐷𝑖,𝜆
(𝐴𝑈𝑖,𝜆

) =

𝐻𝑖,𝜆.
As for the preimage of 𝐻𝑗,𝜆, let 𝜓𝑗,𝜆 ∶ 𝐷𝑗,𝜆 → 𝐷𝑖,𝜆 be an isomorphism, let

𝐹𝑗,𝜆 = Aut(𝐷𝑗,𝜆) and let 𝜓̂𝑗,𝜆 ∶ 𝐹𝑗,𝜆 → 𝐹𝑖,𝜆 be the induced isomorphism. By
Theorem 2.6, 𝐾(𝛼, 𝛽) and 𝜓̂𝑗,𝜆(𝑈𝑗,𝜆) determine an 𝐹𝑖,𝜆-Galois extension of 𝐾,
𝐴𝜓̂𝑗,𝜆(𝑈𝑗,𝜆)

= 𝐾(𝛼, 𝛽) × 𝐾(𝛼, 𝛽), which satisfies Θ𝐷𝑖,𝜆
(𝐴𝜓̂𝑗,𝜆(𝑈𝑗,𝜆)

) = 𝐻𝑗,𝜆.
The preimage of 𝐻𝑘,𝜆 is computed in a similar manner and is found to be

𝐴𝜓̂𝑘,𝜆(𝑈𝑘,𝜆)
= 𝐾(𝛼, 𝛽) × 𝐾(𝛼, 𝛽).

By Theorem 5.2 (a)⇔(b), 𝐴𝑈𝑖,𝜆
≇ 𝐴𝜓̂𝑗,𝜆(𝑈𝑗,𝜆)

≇ 𝐴𝜓̂𝑘,𝜆(𝑈𝑘,𝜆)
as 𝐹𝑖,𝜆-Galois exten-

sions of 𝐾, though they are isomorphic as 𝐾-algebras. Theorem 5.2 (a)⇔(b)
also implies that𝐻𝑠,𝜆 ≇ 𝐻𝑡,𝜌 for 𝑠, 𝑡 ∈ {𝑖, 𝑗, 𝑘}.
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