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Gauss circle problem over smooth integers

Ankush Goswami

ABSTRACT. For a positive integer n, let r,(n) be the number of representa-
tions of n as sums of two squares (of integers), where the convention is that
different signs and different orders of the summands yield distinct represen-
tations. A famous result of Gauss shows that R(x) := Zn<x ry(n) ~ mx.
Let P(n) denote the largest prime factor of n and let S(x,y) :={n < x :
P(n) < y}. In this paper, we study the asymptotic behavior of R(x,y) :=
2 estey) r,(n) for various ranges of 2 < y < x. For y in a certain large range,
we show that R(x,y) ~ p(a) - mx where p(a) is the Dickman function and
a = logx/logy. We also obtain the asymptotic behavior of the partial sum
of a generalized representation function following a method of Selberg.
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1. Introduction

For a positive integer n, we denote by r,(n) the number of representations of
n as sums of two squares (of integers), where representations that differ only
in the order of the summands or in the signs of the numbers being squared
are counted as different. The following result of Fermat characterizes primes p
which are sums of two squares:

Theorem 1.1 (Fermat). An odd prime p is a sum of two squares if and only if
p =1 (mod 4).

Theorem 1.1 can be used to completely characterize the composite numbers
that are sums of two squares.
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Theorem 1.2 (Two Squares Theorem). A positive integer n is the sum of two
squares if and only if each prime factor p of n such that p = 3 (mod 4) occurs to
an even power in the prime factorization of n.

Going beyond this result, Gauss [8, §182] by use of quadratic forms and Ja-
cobi [11] by use of elliptic functions, proved the following stronger result:

Theorem 1.3 (Gauss, Jacobi). Denote the number of divisors of n by d(n), and
write d,(n) for the number of those divisorswithd = a (mod 4). Letn = 2/ nyn,,

where n, = Hpa (mod &) P12 = qu3 (mod ) 4" then ry(n) = 0 if any of the
exponents s is odd. If all s are even, then r,(n) = 4 - d(n;) = 4(d;(n) — d;(n)).

In about 1800 C.E., Gauss attempted to estimate the following sum:

R(x) := Z’ ry(n), x>0, (1.1)

n<x

which counts the number of integral points inside a circle of radius y/x. Here ’
means that when x is an integer, %rz (x) is counted. Then observing that 71(\/_ —

V2)2 < R(x) < m([x + \/2)2, he showed that
Theorem 1.4 (Gauss). We have
R(x) =7x+ O(\/;).

No further improvements in the error term in Theorem 1.4 were made un-
til 1906 when W. Sierpiniski showed that the error in Theorem 1.4 is O(x1/3).
In fact, Landau [12], [13] simplified Sierpinski’s approach but in doing so, ob-
tained the weaker result that the error is O(x!/3%¢), ¢ > 0.

Subsequent attempts to further improve the error term have rested upon the
following identity involving the ordinary Bessel function J,,(z):

’ d x\1/2
Z ry(n) =7mx + Z ry(n) (—) J1 (2 nx) (1.2)
n<x n=1 n
where
e (_Dn Z\v+2n
J = — (= , 0< < oo, v€C.
+(2) Z‘lnlr(v+n+1)(z) 2] <o, v

It turns out that an improvement in the error term in the asymptotic estimate
in (1.2) amounts to studying the behavior of certain trigonometric sums. Find-
ing the correct order of magnitude of this error term is the famous Gauss circle
problem (see [3]).

Let P(n) be the largest prime factor of n and define S(x,y) := {n < x :
P(n) < y}. In this paper, among other things, we study the asymptotic behavior
of

R(x,y) := D, ryn) (1.3)

nes(x,y)
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for various ranges of 2 < y < x. In particular, we show that for a fixed a =
logx/logy > 1, we have

R(x, x/%)
m —_—

X—>00

=7 p(a) (1.4)
where p(«) is the Dickman function satisfying the delay-differential equation

_pla—-1)
—

o) = a> 1.

Thus, we see from (1.4) that wheny = x
R(x) =R(x,x) ~ mx

since p(1) = 1 (see Section 3), thus generalizing Theorem 1.4 as far as the main
term is concerned since the error obtained in the asymptotic estimate as a result
of the generalization is weaker than Theorem 1.4. However, our results are
uniform in y and a (see Section 2), and thus they are interesting.

Our analysis of R(x, y) will involve a careful study of a related function, which
we now describe. For a positive integer n, the core of n (also called the radical of
n) is the largest square-free factor of n. Let v(n) denote the number of distinct
prime factors of n. Definetheset A :={n €N : p[n=> p=1 (mod 4)}and let
x(n) be the characteristic function on A. Then from Theorem 1.3, we see that
4. x(n)2"™ counts the number of representations of the core of the odd-part of
n as sums of two squares.

We study the asymptotic behavior of the following partial sums:

R(x) := ), x(n)2"™, x>0 (1.5)
n<x
and
R(x,y) 1= Y. x(n)2™, 2<y <x. (1.6)
nes(x,y)

There is a close connection of R(x) with R(x). The motivation to consider R(x)
comes from a problem concerning the generalized divisor function, d,(n), which
are coefficients in the Dirichlet series expansion of {(s)* (z € C) where {(s) is
the Riemann zeta function. In [17], Selberg studied the asymptotic behavior
of the partial sum of d,(n). This yields the asymptotic behavior of }} __ z’M,
which, in turn, leads to an understanding of the distribution of numbers with
a prescribed number of (distinct) prime factors. In passing, we note that since
d,(p) = z = 2P, the two functions d,(n) and z"™ are ‘nearby’. Similarly,
we see that x(p)2?) = r,(p)/4 for p # 2 and thus x(1n)2"™ and r,(n)/4 are
‘nearby’. Thus, the asymptotic behavior of R(x, y) can be derived from R(x, y)
by elementary reasoning.

Another reason for considering the function x(n)2"™ instead of r,(n) is the
fact that the former allows us to conveniently estimate the partial sum over
smooth integers.
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We shall use the Buchstab-de Bruijn iteration technique to establish the as-
ymptotic behavior of R(x, y) uniformly in the range exp((log x)*/3*¢) <y < x
(¢ > 0). In particular, our analysis of the function R(x, y) shows that

5 1/a
lim Reex77) = pg‘:), a =logx/logy.

X—00 X

In many applications (see [9]), estimates of sums such as R(x, y) are very useful.
For example, it is well-known that the partial sum of the Mobius function has
no asymptotic formula, but has very beautiful and subtle asymptotic behavior
when the sum is taken over smooth integers [1].

Next, for z € C, let g,(n) denote the coefficients in the following Dirichlet
series expansion:

CBE = 3 B Rty > 1. (1.7)
n=1

n
When z = 2 above, we see that g,(n) = ry(n)/4. Thus, we call r,(n) :=
47=1q,(n) the generalized sums of two squares function. Here f(s) is the Dirich-
let beta function (see Section 3 for definition and properties). Using a method
of Selberg, we shall find the asymptotic behavior of

R,(x) := ). r,(n), |z| <B, B>0. (1.8)

n<x

2. Main results

The first two main results below yield asymptotic estimates for R(x, y) and
R(x,y), respectively, for y large.

Theorem 2.1. Let ¢ > 0 and exp((log x)*/3*¢) < y < x. Then there exists a
¢, > 0 such that

< . 1 +1

Kooy = 2 P@ Lo (xp(oc) og(a +1)
T logy

uniformly for « and y. In particular, for any fixed a > 1, we have

5 1/a
lim R(x, x /%) _ p(oc).

X— 00 X T

) +0 (oc2 log o x logy exp(—c;4/log y))

Theorem 2.2. Let ¢ > 0 and exp((logx)?/3*¢) < y < x. Then there exists a

¢, > 0 such that

xp(a) logz(oc +1)
logy

uniformly in o and y. In particular, for any fixed a > 1

1/
lim R—(x, i)

X—>00

R(x,y) = p(a)-w-x+0 ( >+O (oc2 log o xlogy exp(—cyy/ logy))

=7 - p(a).
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Our third main result below yields an asymptotic estimate for the partial sum
of the generalized sums of two squares function.

Theorem 2.3. Let B > 0. Then uniformly for |z| < B, we have

ﬂz—l

. z—2 Re(z)-3
=D x(log x)?=2 + O (x(log x) )

R(x) 1= D) ry(n) =

n<x

where r,(n) = 4°"1q,(n) and q,(n) is defined as in (1.7).

3. Notations and preliminaries

Throughout p will denote a prime, x will denote a non-integral positive real
number and 2 < y < x. For a positive integer n, we denote by v(n) the number
of distinct prime factors of n. Let y(n) denote the core of n, which is the square-
free part of n. Let P(n) denote the largest prime factor of n. We put P(1) = 1. An
arithmetical function f : Z — C is called multiplicative if f(mn) = f(m)f(n)
when (m,n) = 1. If f(mn) = f(m)f(n) for all m, n > 1, we call f totally or
completely multiplicative. The Dirichlet convolution for two arithmetical func-
tions f and g is defined as follows:

(f *@)n) =D, f(dgn/d) = Y, f(n/d)g(d).

dln dln

For two real or complex valued functions f and g, the Landau notation f =
O(g) means that | f(x)| < M|g(x)|, x — oo for some M > 0. Equivalently, the
Vinogradov notation f <« g means that f = O(g). If the constant M depends
on some additional parameter, say, x, we write f <, gor f = O,(g). We denote
by o :=logx/logy and use | x| to denote the greatest integer < x.

Let p(n) denote Euler totient function, which counts the number of positive
integers up to n and coprime to n. For a complex number s = o + it (0 =
Re(s), t = Im(s)), we define the Riemann zeta function {(s) and the Dirichlet
beta function §(s) as follows:

{(s):zZ%,a>1, 5(s):=2x%§"),o>o
n=1 n=0

where y_,(-) denotes the Kronecker symbol defined as follows:

4 1, ifn=1 (mod4)
x_a(n) := (%) :=4-1, ifn=3 (mod4)
0, otherwise.

Define theset A := {n € N : p|n = p = 1 (mod 4)}, and let x(n) be the
characteristic function on A. In view of Theorem 1.3, we see that the quantity
x(n)2"™ counts the number of representations of y(n) as a sum of squares for



GAUSS CIRCLE PROBLEM OVER SMOOTH INTEGERS 275

n odd. In other words, x(n)2"™ = irz(y(n)), (n,2) = 1. We thus define
1

R(x)= 3 k(2™ =7 > ry(y(n). (3.1)
e (nr,lzs)il

For x > 0 and 2 < y < x, we also define the function
R(x,y) := D) x(n)2r®. (3.2)

n<x
P(n)<y

Let S(x,y) :={n < x : P(n) < y}denote the set of y-smooth integers up to x
and P(x,y) := |S(x,y)|. Dickman showed that [6]

P , 1/a
lim 25X
X—00 X
where p(x) satisfies the integral equation
0, a<o
1, 0<acx<l

pa) =

a
-1
1—f plu )du, a>1.
| u

We define the following function, which we will require later:

- ® /logx —logt R(t))
R 1= d . 3.3

o= [ (B (5 (33)

We have the following classical zero-free region for ¢{(s) due to de la Vallée
Poussin [5] and estimates for {(s) (see [14, Chapter 6, Theorem 6.6], [4, Chapter
13, page 86]):

Theorem 3.1. There is an absolute constant ¢ > 0 such that {(s) # 0 foro >
1—c/log(|t| +1). Ifo >1—c/(2log(|t| + 4)) and |t| > 7/8, then

| log¢(s)] < loglog(lt] +4) +0(1)  and % <log(t|+4). (3.4
On theother hand, if1—c/(2log(|t|+4)) < 0 < 2and |t| < 7/8, thenlog({(s)(s—
1)<« land1/¢{(s) < |s—1].
Let 7(x;q, a) dengte the number of primes p < x for which p = a (mod q).
Also, let li(x) := /2. %. Then the Siegel-Walfisz theorem (see [14, Chapter
11, Corollary 11.21]) gives

Theorem 3.2. Given A > 0, there is a constant ¢, > 0 such that if ¢ < (log x)4
and (a,q) = 1, then

i
n(x;q,a) = % +0y4 (x exp(—clx/logx)) .
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For our applications later, we have x > 3 and g = 4 in Theorem 3.2. Thus,
the inequality 4 < (log x)“ is satisfied for some A < 15, and hence, we can
suppress the dependence of A from the O-term in Theorem 3.2. We next obtain
an estimate for 3(s), which we will require later.

Lemma 3.3. Ford > 0, we have
Bs)<«¢(1+9), ifo>1+6

and if0 < 6 < 1, we have

5 1t1° 10 s .

4 Tmax | —, ——, 41|, if1-6d<o<2, [t|>1
6 1-96

|5

>
o

Bls) < (3.5)

if 0<o<1+44, |t|<1.

Proof. First, note that

B(s) =47° (s“ (s, %) —¢ (s, %)) (3.6)

where {(s, a) is the Hurwitz zeta function defined by

. - 1
¢(s, ) '_nZ:;)(n+oc)S'

If o > 1+ 6, trivially from the definition of S(s) we have 8(s) < {(1 + §). Next,
let1—6 <o <2and |t| > 1. Then from (3.6), we have

1B < 4271 (15(5,1/4) — (1/4)°] + 1£(5,3/4) = (3/4)°]) + 4 V|1 + 37
< AT(L(s.1/4) = (/4P + 16(5,3/4) = 3/4)°]) +10- 42070, (3.7)
From the proof in [2, Chapter 12, Theorem 12.23 (b)], it can be seen that

s |e1° 1]
[$(s,a) — | < max | ——

t|>1 1 .
5,1_5>, [t] >1, 0<d< (3.8)

where the implicit constant is absolute. Thus, (3.7) and (3.8) give

s )
1B(s)| < 451 max(%, %, 45_1>, [t|]>1, 0<d<1. (3.9
For0 < o < 2and |t| < 1, we use Stieltjes integration to estimate 3(s). We have
= d(8(x))
B(s) = f 0 8(x) 1= Y, x_a(n). (3.10)
1- n<x

Note that y_,(-) is a (non-principal) primitive character of conductor 4, so that
by the Pélya-Vinogradov inequality (see [14, Chapter 9, (9.16)]) we have

8(x) < 8log2. (3.11)
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Thus (3.10) and (3.11) lead to

B(s) = () + S/ @dx < ﬂ o> 0.
xs =1- 1 xS+1 o
This completes the proof. O

Next, we show that a slight modification of r,(n) is multiplicative.
Lemma 3.4. The function r,(n)/4 is multiplicative.

Proof. By Theorem 1.3, we have

(/4 = Y (=12 = (1x x_)(n) (312)

dln
where 1(n) = 1 foralln € N. Since 1 and y_, are multiplicative, it follows from
(3.12) that r,(n)/4 is multiplicative too. O

Lemma 3.5. The function x(n) is totally multiplicative.

Proof. Consider two integers m, n > 1. Then x(mn) is either zero or 1. If
x(mn) = 0, then there is a prime p such that p|mn and either p = 2 or p =
3 (mod 4). Since p|mn and p is a prime, we have either p|m or p|n. Thus
x(m)x(n) = 0 and so, k(mn) = x(m)x(n). Similarly, it can be shown that when

x(mn) = 1, kx(m)x(n) = 1 and so, x(mn) = x(m)x(n). This completes the

proof. O
Consider the following Dirichlet series:
= x(n)2v™
D@Mz}%—zr—,o>L (3.13)
n=

Lemma 3.6. We have

ly4«@mw
22/ 4@

Proof. Since x(n)2"™ is multiplicative, D(s) admits an Euler product repre-
sentation as follows:

"p) 2y20(0%)
D(s):H(H“(P)Z LR E +>

D(s) = (1 +

2
p p’ p®
2 2
= |1 <14——?-F—3§-+-~>
p=1 (mod 4) p p
-1
2 1 1
L) L (30
p=1 (mod 4) b= p=1 (mod 4) p b
=<1+g>*<®mwy
28 ¢(2s)
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The main reason for studying the sum R(x) instead of R(x) is described as
follows. Let us put g,(n) = r,(n)/4. Then by Lemma 3.4, we have

> qz,fs” ) = £ )80s). (3.14)
n=1

Thus we see from Lemma 3.6 that the Dirichlet series for x(n)2"" differs from

that for g,(n) in (3.14) by the function ((1 + 275)¢ (2s))_1 , which is convergentin
a larger half-plane. More importantly, R(x) can be handled more conveniently
than R(x) as we shall see soon.

We have the following asymptotic estimate for R(x).

Lemma 3.7. Let x > 0. Then we have

< X

R(x) = p +0 (ﬁlogx).
Proof. We have from Lemma 3.6 and (3.14) that

1 (n)2v™ (n) (n) o f(n)
<1+§)an (Zunz)(zqzn>:n§ n’:_ (3.15)

n=1 n=1

where f(n) := Zd2|n u(d)g,(n/d?). Since both sides of (3.15) are Dirichlet
series, which converge for o > 1, it follows from the uniqueness of Dirichlet
series [2, Chapter 11, Theorem 11.3] that

2 kW B k2™ =3 f(y = 3 um) D gaf).

n<x n<x/2 n<x 1<m<y/x 1<¢<x/m?

(3.16)
Using Theorem 1.4 in the right-hand side of (3.16), we get

P(x) := R(x) + R(x/2) = Z u(m) (— +0 (\/—)> (3.17)
l<m<\/—

= § (2) +O0(y/xlogXx). (3.18)

LetN = [iog |. Substituting x by x/2,x/22,x/23,---,x/2N in (3.17) and then
0g2
considering the telescoping sum, we see that

R(x) + R(x/2N*1), N even

R(x) — R(x/2Y*1), N odd., (3.19)

N
S (~1)FP(x/2%) = {
k=0

Since R(x/2N*1) = O(1), we conclude from (3.17) and (3.19) that

x O (1) N
g = —k/2
R(x) X)L +O|+/xlogx kéo 2 . (3.20)
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Noting that Z 27k =02™NM)=0 (%), we find from (3.20) that

k=N+1
R(x) = X i S +0 (ﬁlogx) =X + O(ﬁlogx), (3.21)
4(2) =, 2k 7
which completes the proof of the result. O

Remark 3.8. We note here that the error term in Lemma 3.7 can be improved
by using Sierpinski’s result [15] or other results with better error terms for R(x)

(see [3]). For our purposes, O(\/; log x) suffices since an improved O-term will
not really improve the subsequent O-terms in our analysis.

For the purpose of establishing asymptotic estimates for R(x, y) for various
ranges of y, we require the following recurrence result:

Lemma 3.9. Let2 <y < y" < xand h > 1. Then there exists a ¢; > 0 such that

yh
_ < - dt
R(x,y) = R(x,y") — f R (%, t) @ +0 (ocx log y exp(—c;V/ logy)) .
y

Proof. We have
RO,y =R(x,y) = ) x(m2®. (3.22)

n<x
y<P(n)<y"

Let P(n) = p. Then we have

S oxwr0= Y S pmrv= Y xnpen,

nsx y<p<yh pn<x y<p<y" nsx/p
y<P(n)<y P(n)<p p=1 (mod 4) P(M)<p

(3.23)

Observe that the inner sum in the right-hand side of (3.23) can be rewritten as
follows:

Z x(n)2"P) = Z x(n)2""P) 4 Z x(n)2v"p)

n<x/p n<x/p n<x/p
P(n)<p P(nm)<p P(m)<p
(n,p)=1 pln
=2 Z x(n)2"™ + x(p) Z x(n)2vp)
n<x/p n<x/p?
P(n)<p P(n)<p
(n,p)=1

=2 Z x(n)2"™ — x(p) Z x(n)2v"P)
n<x/p n<x/p?
P(n)<p P(n)<p
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+x(p) Y x(n)2Xp)

n<x/p?
P(n)<p
=2 Y k2™ —x(p) Y ()2’
n<x/p n<x/p?
P(n)<p P(m)<p
=2 > x(n)2X™+0 (iz) =2R (ip) +0 (%) (3.24)
nSx/p p p p
P(n)<p

where the O-term in the penultimate step above follows from Lemma 3.7. Com-
bining (3.23) and (3.24), we get

Z k(n)2X™ = 2 Z R(%,p>+0x Z !

2
nsx y<py" y<p<yr P
y<P(n)<y p=1 (mod 4)
=2 Y R (f, p> +0(xyD). (3.25)
y<p<y" p
p=1 (mod 4)

Next, we have

y
S f(r)-z) fG0mgm T T oo

y<p<y" y<p<y" nsx/p
p=1 (mod 4) p=1 (mod 4) P(n)<p
h
y
1 / Z dt
— = x(n)2v®™ | —
2 y n<x/t log t
P(n)<t

h

y
= Z Z K(n)ZV(”)—%/ Z K(n)zv(”) i
y

y<p<y" n=x/p n<x/t logt
p=1 (mod 4) P(n)<p P(n)<t

+ Z Z x(n)2v™

y<p<y" n<x/p
p=1 (mod 4) P(n)=p

min (x/n,y") dt

= Z x(n)2" Z 1—1'[

n<x/y max (P(n),y)<p<min (x/n,y") 2 max (P(n),y)
P(n)<y" p=1 (mod 4)

+ Y D> x(n)2r®

y<p<y" n<x/p?
p=1 (mod 4) P(n)<p

logt
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min (x/n,y")
1 t
gl e
n<x/y max (P(n),y)<p<min (x/n,y") max (P(n),y) ]
P(n)<y" p=1 (mod 4)
+ O(xy™)
(3.26)

where the O-term in the last step above follows from Lemma 3.7. We now in-
voke Theorem 3.2 to find that

1 min (x/n,y") dt
Z 1——f ( exp(—c;y/logy ))

max (P(n),y)<p<min (x/n,y") 2 max (P(n),y) log t
p=1 (mod 4)

(3.27)
Using the estimate (3.27) in (3.26), we obtain

yh
>, #(G0)-3[ 2Geg
peptyh p 2, t /logt
pzl(n?od4)

v(n)
= 0| xexp(—c;\logy) D] M2 +0 (xy™). (3.28)

n<x/y "

Using Theorem 1.4 or Lemma 3.7, we obtain by Stieltjes integration that

h
~ (X 1 (7 S x dt
L R(E’p>_§l R(?’t)logt

y<p<y"
p=1 (mod 4)
=0 (ocx exp(—c;y/logy)log y) + O(xy™). (3.29)
The lemma follows from (3.25), (3.29) and the fact that O(xy~!) is suppressed
by the first O-term in (3.29). O

Lemma3.10. Let2 <y <y"<x, h>1. Then

x ) du (3.30)

h
Rx,y) = R,y - f o
where R(x, ) is defined in (3.3).

Proof. Using the identity (see [7, pp. 7, Eq. 3.4])

log(x/u) — logt )
du

Je
x <logx—logt>:x log x —logt . yh ( logu
P logy P log yn : u logu

we get the required result. O
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We also need the following useful result in the sequel.
Lemma 3.11. For x,y > 1 we have
1 1 1
> = =§(2)+o(—>+o<—>. (3.31)
2 X y
nes(x,y)
Proof. First,lety > x. Then
1 1 1
>, —2=Z—2=§(2)+O(¥). (3.32)
nes(x,y) n n<x n
Next, let y < x. Then

1 1
y Loyl
n<x

nes(x.y)

Y =

1
2
y<p<x p nes(x/p,p) h

=g(z)+o(§)+ > Lo

y<pSX
—¢@)+0 <l> +0 (1) . (3.33)
X y
The lemma now follows from (3.32) and (3.33). O

We conclude this section with the following result required in the proof of
Theorem 2.3.

Lemma 3.12. Let B > 2 be an integer and € > 0. Then for x > 0 and some
0 < 65 < 1, we have

Rp(x) = xPg(log x) + O (x%+¢)
where Py(t) is a polynomial in t of degree B — 2, and for z € C, R,(x) is defined
asin (1.8).
Proof. We use induction to prove this result. For B = 2, this is clearly true
from Theorem 1.4. By induction hypothesis, let us assume that
Ry(x) = xP,(log x) + O(x%¢) (3.34)
for3 < ¢ < B—1with0 < §, < 1and P,(x) is a polynomial in x of degree ¢ — 2.

Noting that ({(s)B(s))2~! = (£(s)B(s)) - (¢(s)B(s))B~2, the Dirichlet hyperbola
method (see [2, Chapter 3, Theorem 3.17]) yields

Rp(x) = D q2(m)Rp_1(x/n) + ), qg_1(n)Ry(x/n) — Ry(a)Rp_1(b)  (3.35)

n<a n<b

where a, b are positive reals with ab = x. Next, we estimate the sums in the
right-hand side of (3.35). Using induction hypothesis and (3.34), we obtain

1 Sp_1+€
3 4a(m)Ry-1(x/m) = Zazﬂ)(Mw((E) ’ )) (3.36)

n<a n<a
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The first sum in the right-hand side of (3.36) can be estimated using Theorem
1.4 and Abel’s summation formula to obtain

Z e )PB 1(10gx/n)

n<a

_ Ppallogx/aRy(@) f R,(0) d(PB_l(logx/t))
1

a t

= nPp_(logx/a) + O(xga_%) + / RZ(t)M

1
= nPp_(logx/a) + O(xga_%) + 77/ M

/' (Ry(t) — mt) - QB 1(logx/1) .

= mPg_,(logx/a) + O(xfa 2)+7T

+/ (Rz(t)—m)-t2

f Qp- 1(log x/f)

QB_I(Ing/t)dt _f (Rz(f) —t) - QB_I(Ing/t)dt
t2

1
= Tg(log x,loga) + O (xga_§> (3.37)

where Qg_1(t) := Pj’g_l(t) + Pg_;(t) and Tx(X,Y) is a polynomial in X and Y
of degree B — 2. The second sum in the right-hand side of (3.36) is

n
< x513—1""€ Z ﬂ < x5B—1+5(1 + a1_53—1+5), (3.38)
n<a n53_1+5

Next, we have
1/2
Z qp—1(N)Ry(x/n) = Z gg_1(n) (— +0 (( ) ))
n<b n<b

mx Y, 8- 1(") +0[Vx ] —qB\‘/l_(") . (3.39)
n<b n<b n

To estimate the first sum in the right-hand side of (3.39), we use (3.34) and
Abel’s summation formula to obtain

gp1(n) _ Rg_1(b)  [° Re_1(D)
> =+ f —

n<b

b
tPy_,(logt
= Py_,(logb) + O (b%-1714) 4 f #dt
1
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t2

b
Rp_(t) —tPr_;(logt
+f B—1(0) Bl(og)dt
1

tPg_;(logt
= Pg_;(logh) + O (b5B - 1+£) ./ w

+f RB—l(t)_tPB—l(logt)dt _/ RB—l(t)_ tPB—l(logt)dt
1 b

t2 t2
= Vp(logb) + O (bos-171+¢) (3.40)

where V(x) is a polynomial in x of degree B — 2. In a similar way, the second
sum in the right-hand side of (3.39) can be estimated as follows:

> p1(n) < b2 ", (3.41)
n<b \/”_l

Finally, we have
1
Ry(a)Rp_1(b) = (wa + O(a2))(bPp_,(logb) + O(b%-1+¢))
= mabPg_;(logb) + O (ab‘sB—1+€ + a5b1+£> . (3.42)

From (3.35)-(3.42), we obtain
Rp(x) = xTg(log x,loga) + mxVg(logb) — mxPg_,(logb) (3.43)

1 1 1
+0 <x1+sa—; + xO-1te 4 xOpategl=Opa+e 4y pdpo1—lte x5b5+g
1
+ab%s-1te 4 aEb“E) .
At this point, we substitute b = I to find that the O-term is
a

1
< x1*eq7 2 4 xO1+eql—Op-1te (3.44)

1-5p_1
and to minimize this error, we choose a = x 3-%-1 to find that the error in (3.44)
is < x%*¢ for ¢ sufficiently small where 65 = = 2% 1. From preceding dis-

cussions, the first two terms in the right-hand sideBolf (3.43) are polynomials of
degree B — 2 and under the above substitutions, their sum still yields a polyno-
mial in log x of degree B — 2. The result now follows from noting that the first
three terms in the right-hand side of (3.43) together yields xPg(log x) where
Pp(x) is a polynomial in x of degree B — 2. O

4. Proof of main results

4.1. Proofof Theorem 2.1. We first show that the continuous function R(x, y)
is a good approximation to R(x, y) for a certain range of y. To thisend, let h > 1.
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For2 <y <t <th <x,letusput
&(x,t) = R(x,t) — R(x, t).
Then it follows from Lemma 3.9 and Lemma 3.10 that
th

_ hy _ x du —c/
E(x,t) = E(x, t") [ & (u,u) Togu +0 (x log x exp(—c;y/log t)). (4.1)
For y > 2 and k € N, we further define

¢x(y) 1= sup x7ME(x, 1)l (4.2)

0<x§tk
t>y

We shall prove an inequality for ¢, (y) by induction on k. Itis clear that ¢, (y) =
0. For k > 2, choose h = k/(k —1) and take x < y* < tX. Then x < (t")¥~! and
fort < u < t", we have x/u< uk=1. Thus, (4.1) yields

du
ulogu

th
[EC )] < x -1+ f +0 (x log x exp(—c;y/log t))
t
<x-¢_1(») (1 + log <%)> +0 (ocx log y exp(—c;y/log y)) .
(4.3)
Thus, (4.2), (4.3) and the facts that log(k/(k — 1)) < (k — 1)} and ¢;(y) = 0
yield
LA < o181 + 0 (k- alogy exp(—cIogy)) k=2, 3,
(4.4)

By summing both sides over k = 2,3,---, N for some positive integer N and
noting that the inequality in (4.4) telescopes, we end up getting

N (y) < aN(log N)(logy) exp(—c;y/1ogy). (4.5)
By choosing N = |a] in (4.5), we obtain

|€Cx, ¥)| = [R(x,¥) — R(x, y)| < x¢pjo)(¥) < a®loga xlogy exp(—ciy/logy).
(4.6)

We estimate R(x, y). First, we note that p(a) = 0, a < 0and p(a) = 1, 0 <
a < 1. Also, R(t) = 0, 0 < t < 1. Thus, the limits of the integral in (3.3) reduce
to 1 and x and we have

x <
- logx —logt R(t)—t/m
R(x,y) = x j ( ) d . 4.7)
Y L P logy t
Using integration by parts in (4.7) and Lemma 3.7 we get

xfx (logx—logt>d R(t)—t/m . (10gx—10gt)1§(t)—t/7r
| P logy t P logy t

X

1-
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x [ ,<logx—10gt>R(t)—t/ndt

+ logy J, logy t2
x - p(a) x [ <logx—10gt>R(t)—t/n
= 1 —_— ! .
- + O(\/)_C ogx) + Togy [ I logy 5 dt
(4.8)

We will now estimate the integral in the right-hand side of (4.8). First, note
the well-known inequalities satisfied by p(«), (see [7, Equations (4.1)-(4.2)]),
namely

P'(“)) >—Cilogla+1) (@>1), 0> @ > ~Cplogle) (a>2)

0> pla p'(a)
(4.9)

for some absolute constants C;,C, > 0. From this, we infer (see the offset
equation between (4.4) and (4.5) in [7, Page 8]) that

p'(a—s)

— 2 <Cy-a, a>2, 0<s<a, C;C,>0. (4.10)
p’(a)
Using Lemma 3.7 and (4.10), we have
1 [ ,(logx—logt)ﬁ(t)—t/ﬂdt« 1 [ ,<logx—logt>logtdt
logy J; logy t2 logy J, logy £3/2
i X (Cyloga/logy
LG logt
logy | t3/2
(4.11)
IfCyloga < i logy, then in view of (4.9) and (4.11), we get
1 x o <1ogx —log t) R(t)—t/x < () log(ar + 1). 412)
logy J, logy t2 logy
Hence, (4.7), (4.8) and (4.12) give
. B x - p(a) xp(a)log(a + 1)
R(x,y) = ——+0 ( Togy +0(/xlogx).  (4.13)
Combining (4.6) and (4.13), we find that
_ . 1 +1
Rery) = P (xp(oc) og(a ))
T logy
+0 (oc2 loga x logy exp(—c;4/log y)) . (4.14)
In particular, (4.14) shows that for any fixed a > 1, we have
5 1/a
lim XC6XD _ @) (4.15)

X—00 X T
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We now find the range where the asymptotic estimate in (4.14) is valid. First,
note that (4.14) is valid when C, loga < i log y for some C, > 0 in which case

the first O-term in (4.14) is smaller than the main term. If « is fixed (does not
tend to infinity with x), then we can obtain a very large range of y where (4.14)
holds; however, for @ not necessarily fixed, we find that the range of y where
(4.14) holds is much smaller. Taking into account these facts, we choose y in
the range

exp((logx)' ) <y <x (4.16)

where § € (0,1). Clearly, the inequality C,loga < ilog y is satisfied for the

range of y in (4.16) and x >5 1. We want to choose an optimal § > 0 in
(4.16) such that both O-terms in (4.14) are smaller than the main term. Since
pla) = exp(—aloga — alogloga + O(x)) as a — oo (see [7]), it suffices to
consider the following inequality

a?logalogy exp(—c;\/logy) < exp(—aloga),

which is satisfied if

1-6
(26 + 1) loglog x + log § + logloglog x — ¢;(logx) > < —&(log x)° loglog x.
(4.17)

Thus, for sufficiently large x, (4.17) is true provided ? > &, which yields

d < 1/3, sowe can choose § = 1/3 — ¢ for any € > 0. Thus the range in which
the asymptotic estimate in (4.14) is valid is

exp((log x)?/3+¢) < y < x. (4.18)

Thus, we get the required result.

4.2. Proof of Theorem 2.2. Let 1)(-) denote the characteristic function on y-
smooth numbers S(x,y) := {n < x : P(n) < y}. Then clearly ¢ is multiplica-
tive (in fact, totally multiplicative). Let g,(n) = r,(n)/4, which is multiplicative
in view of Lemma 3.4. It is easy to verify that

ZqZ(”)‘b(”) [Ta-» [T a-po* I a+po

p<y p=1 (mod 4) p=3 (mod 4)
p<y p<y
(4.19)
It can also be verified easily that
oo
x(n ZV(”) n
> K2 T k(n)2""(n) (4.20)

n=1
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[Ta-p»" ] a-p»* J[ a+p™

p<y p=1 (mod 4) p=3 (mod 4)
— p<y p<y
=(1+27%"
H(l _ p—ZS)—l
p<y

Then it follows from (4.19) and (4.20) by Dirichlet convolution that

> = D Rx/ny)+ D, Rx/ny). (4.21)
nes(x.,y) nes(\/x,y) nes(\x/2.y)

Using Theorem 2.1 in (4.21) we have

(log(x/nz))
5 5 logy
> Rx/ny)+ D, Rx/ny)= % > —"
nes(/x.y) nes(x/2,y) nes(/x.y)
log(x/(2n?%))
x g logy
+ = > +D,+D, (422)

T 2
nes(/x/2,y) n

where

X 3 p (at,) log(ay, +1)

Dl = O
2
logy nes(/x.y) "
a?loga
+ O] xlogyexp(—c;Vlogy) Z n—zgn
nes@/x.y) "
X p (&,)log(&, + 1)
D, :=0|——
2 0 logy Z n?

nes(vx/2.y)

&2loga
+ O|xlogyexp(—c;\/logy) D’ "n—zg"
nes(vVx/2.y)

where for convenience we put

a, = log(x/n*)/logy, &, =log(x/(2n*))/logy.
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We estimate the first sum in the right-hand side of (4.22) by Stieltjes integration
and integration by parts to get

. log(x/n?)
Z logy a \/; log(x/tz) Z ,
n? =) F “logy "
nes(yx.y) 1 nes(t.y)
Vx
logy nes(t.y) -
+ 12 f t‘b’(%) Z n=2|dt
08y Ji ogy nes(t,y)
= > iz+12 f t_lp’(—Ogl(x/ )> D> n7?|di. (423)
nesqzy b 0BV 08Y /| nestty)

We now use Lemma 3.11 in the right-hand side of (4.23) to get

log(x/n?)
P\ Togy
Z N 7 7

n2
nes(/x.y)

log(x/t?) 1 Vx , (log(x/t%)\ dt
-g(z)/ (( logy ))+O @/1 p( logy )t_z

1 f\/; , (log(x/t?)\ dt
0 o ==L =
ylogy J; logy t

=¢Q)p(a) + O(x~ 12y + 0(y™") + E; + E, (4.24)

={@)+0x"H+00(™)

where E; and E, are respectively the last two O-terms in the penultimate step
above. We estimate E, first. To do so, we use (4.9) and (4.10) to find that for

Cyloga < %log y (satisfied if y is in the range specified in the theorem and
x > 1), we have
p(a)log(a +1)

E
1 K logy

(4.25)

To estimate E, we notice that

Vi 2
1 log(x/t*) _1—p(a) 1
B, < y _[ d (p( logy )) = < > (4.26)




290 ANKUSH GOSWAMI

Thus, (4.24), (4.25), (4.26) and the fact that p(a) = O (e7*!°8%) as « — oo yield
the following in the range specified in the theorem:

. (10g(x/n2)>
logy
5 e ) §<2)i(a)x ‘o <xp(oc>11§g(oc + 1)) + 00y,
nes(/x.y) &Y
(4.27)
Replacing x by x/2, it follows that
, <log(x /(2n2))>
logy
R
neS( x/2,y)
+O0(xy™). (4.28)

Let us now estimate D;. In a similar way, D, can be estimated. First, we note
that the second O-term in D, can be trivially estimated and we have that

a?loga
xlogy exp(—c;V1logy) Z ”n—zg” < a’loga xlogy exp(—c;\1ogy).

nes(yx.y)
(4.29)
The first O-term in D; is
X 3 p (an)log(a, +1) < xlog(a + 1) D pletn)
logy n? logy 2
nes(/x.y) nesi/x.y)
log*(at + 1 log(ar + 1
< xlog (a + Do(@) + x log(a + 1) (4.30)
logy ylogy

where we have used (4.27) in the last line above. We have similar estimates for
the two O-terms in D,. Thus we have from (4.21), (4.22), (4.27), (4.28), (4.29)
and (4.30) that

_ mp(a)x xp(a) logz(oc +1)
neSZ(x,y) B = 4 o ( logy )

x log(ax + 1)

2 J—

) +0(xy™).
(4.31)

Finally, if y is in the range specified in the theorem, then it follows that the four
O-terms in (4.31) are smaller than the main term and the last two O-terms can
be absorbed in the first two, and we are done.
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4.3. Proof of Theorem 2.3. The proof of this result is in the same vein as the
proof of the asymptotic formula for the partial sum of the generalized divisor
function in [14, Theorem 7.17]. Thus, we freely skip certain details if the ar-
guments are exactly as laid out in [14, Theorem 7.17]. Using Euler product
formula for ¢(s)B(s), we obtain

1-z
g:(n) _ 1 _ N xa)
> L2~ ¢wper =11 ps) (1 )

n>1 p ps
1-z 2-2z 1-z
1 1 1
-(-7) IO (-%) IO (-%) -
p=1 (mod 4) p p=3 (mod 4) p
(4.32)

Next, for [£| < 1 and w € C, we have

1 =Z(w+;}_1)§”, where (;)Z=%H(T—j), teC

(1 - ;’S’)w >0 T o<j<y

and using this in the right-hand side of (4.32) we get

D R

n>1 v>1 1
x I [+ X (272
p=1 (mod 4) v,2>1 V2

x 11 1+Z(z+z§_2)p‘m3

p=3 (mod 4) v3>1

from which it follows that for a prime p and v € N, we have

¢:(p") = (*77), p=1(mod4),
¢:(p™)=(""7), p=3(mod4),
q;(p?*1) =0, p =3 (mod 4),
=) =(""7), p=2

We note that for v € N, and |z| < B,

(z+v—2)| < (|z—1|+v—1) and |(2z+v—3)' <
v - v " >~
2l2=11+=1) which imply that |q,(p”)| < qj,_11+1(p"), and by multiplicativity of
|z—1]+
v
q,(n), it follows that

1g(n)| < gjz—1141(n) < gpa(n). (4.33)
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Next, let ¢ = 1+ (log x)~!. Then by effective Perron integral formula [14, Chap-
ter 5, Corollary 5.3] and (1.7), we have that

c+iT

1 x5
5.00:= Do =5 [ Goper Saser @)
= 7l ) _ir s
where 1 < T < x (to be chosen later) and
, x 4+ x° o lg.(m)|
R< D) lg;(n)|min (1, T n|> +— Z ) (4.35)
X/2<n<2x n=1

n#x

For U > 0 and large, consider theset B :={n <x : |x —n| < x/U}.
Using Lemma 3.12 and (4.33), it now follows that the contribution of the first
sum in the error term in (4.35) forn € B is

x(log x)B
< 20 16| < 3 pan(n) < ———— + x%ete (4.36)

neB neB

and that for n € B is

Ux(log x)?

U
<= 2 leml < ——

n<2x

(4.37)

In (4.37) we choose T = exp(y/log x) and to minimize the error in (4.36) and
(4.37), we choose U = ﬁ = exp (%x/log x). Thus, the contribution of error
from the first sum in (4.35) is < x(log x)~273. The second sum in the error term

in (4.35)is < (¢ (c)ﬁ’(c))B_1 < (log x)*8=2 in view of Lemma 3.3, thus the total
error from the second expression in (4.35) is < x(log x)?872 /T < x(log x)~573.
This combined with (4.34), (4.36) and (4.37) yield

c+iT s
5.00= 35 [ GOROF T ds+0(xtog ). (@3)
c—iT

Now, we deform the truncated contour [c¢ — iT,c + iT] to a path consisting of
Gy, C, and C; where C; is polygonal with vertices ¢ —iT, o; —iT, o, —i/logx;
C, begins with the line segment from o; — i/logx to 1 — i/log x, continues
with the semicircle {1 + ¢ /logx : —7/2 < 6 < 7/2}, and concludes with the
line segment from 1 + i/ log x to o; + i/ log x; and finally, €5 is polygonal with
vertices oy + i/logx, o; +iT, ¢ + iT where we choose o; = 1 — ¢y(log T)™!,
for some positive constant ¢;. Then Theorem 3.1 and Lemma 3.3 yield that
(¢(s)B(s))*~! < (log x)*2~2 on €, U C; whence the contribution of the integral
on G U G5 is < x(logx)™8=3. On @,, we have (¢(s)B(s))*"!/s = B(1)* (s —
121+ O(|s —1])). Hence,

! X, o
= f@z(s“(s)ﬁ(s)) R f@z(s—n1 ds
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+0 (j |s — 1|2_Re(z)x"|ds|) (4.39)
e

To estimate the integrals in the right-hand side of (4.39), we follow the same
strategy as in the proof of [14, Theorem 7.17]. By changing variable s = 1 +
w/ log x and relating the integral on €, to Hankel’s formula

L = L f eSs~2ds (4.40)
I'(z) 2ni ),
where H is the Hankel contour (consisting of a path encircling zero in the posi-
tive direction beginning at and returning to negative infinity with respect to the
branch cut along the negative real axis), it follows from (4.38)-(4.40) that
x(log x)*2B(1)*"!

S,(x) = =D + 0 (x(log x)Re@-3) .

5. Conclusions

The range of y in Theorems 2.1 or 2.2 cannot be improved by our meth-
ods since this requires improving the error term in the Siegel-Walfisz theorem.
However, on the Generalized Riemann Hypothesis (GRH), one can show that
the range of y where these theorems hold is

exp((logx)?) <y <x, §>0. (5.1)

To further improve the range in these theorems, one might need to adopt the
methods of Hildebrand [10].
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