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Hopf-Galois structures on extensions of

degree p’q and skew braces of order p?q: the
elementary abelian Sylow p-subgroup case

E. Campedel, A. Caranti and I. Del Corso

ABSTRACT. Let p,q be distinct primes, with p > 2. In a previous paper
we classified the Hopf-Galois structures on Galois extensions of degree p?q,
when the Sylow p-subgroups of the Galois group are cyclic. This is equivalent
to classifying the skew braces of order p?q, for which the Sylow p-subgroups
of the multiplicative group are cyclic. In this paper we complete the classi-
fication by dealing with the case when the Sylow p-subgroups of the Galois
group are elementary abelian.

According to Greither and Pareigis, and Byott, we will do this by classi-
fying, for the groups (G, -) of order p?q, the regular subgroups of their holo-
morphs whose Sylow p-subgroups are elementary abelian.

We rely on the use of certain gamma functions y : G — Aut(G). These
functions are in one-to-one correspondence with the regular subgroups of
the holomorph of G, and are characterised by the functional equation y(g"® -
h) = y(g)y(h),for g, h € G. We develop methods to deal with these functions,
with the aim of making their enumeration easier and more conceptual.
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1. Introduction

1.1. The general problem, and the classical approach. Let L/K be a finite
Galois field extension, and let I' = Gal(L/K). The group algebra K[T'] is a
K-Hopf algebra, and its natural action on L endows L/K with a Hopf-Galois
structure. In general this is not the only Hopf-Galois structure on L/K, and
the study of the Hopf-Galois structures other than the classical one is relevant,
for example in the context of algebraic number theory where different Hopf-
Galois structures may behave differently at integral level (see Child’s book [10]
for an overview and [5] for a specific result).

This motivated the study of the Hopf-Galois structures on a finite Galois field
extension L /K and their classification.

On the other hand, the celebrated result by Greither and Pareigis [12, The-
orem 2.1] showed that all Hopf-Galois structures on L/K can be described in
a purely group theoretic way. In the reformulation due to Byott [4] this result
states that to each Hopf-Galois structure on L/K one can associate a group G,
with the same cardinality as I, and such that the holomorph Hol(G), regarded
as a subgroup of Perm(G), contains a regular subgroup isomorphic to I'. We will
refer to the isomorphism class of G as the type of the corrisponding Hopf-Galois
structures.

As first noticed by Bachiller in [3], and clearly explained in the appendix to
[18] by Byott and Vendramin, classifying the regular subgroups of Hol(G) is
equivalent to determining the operations “o” on G such that (G, -, o) is a (right)
skew brace (in the relevant literature it is more common to use left skew braces;
we have translated the statements in the literature from left to right). Therefore,
the Hopf-Galois structures on an extension with Galois group isomorphic to a
group I' correspond to the skew braces (G, -, o) with (G,0) = T; see also the
recent work [17]. This has further motivated the study of this context, which
in recent years has been deeply investigated.

Definition 1.1. Let ', G = (G, -) be finite groups with |G| = |T'|. We define
the following numbers.
(1) e(T, G), the number of Hopf-Galois structures of type G on a Galois ex-
tension with group T,
(2) €'(T,G), the number of regular subgroups of Hol(G) isomorphic to T,
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(3) €"(T, G), the total number of (right) skew braces (G, -, o) such that I =
(G, 0).

(4) f'(T, G), the number of classes of regular subgroups of Hol(G) isomor-
phic to T, under conjugation by elements of Aut(G),

(5) f""(T',G), the number of isomorphism classes of skew braces (G, -, o)
such that T’ = (G, o).

Remark. Recall that, given a group (G, -), by the (total) number of skew braces

@

on (G, -) we mean the number of distinct operations “o” on the set G such that
(G, -, 0) is a skew brace.

Theorem 1.2. Let L/K be a finite Galois field extension with Galois group T. For
any group G = (G, -) with |G| = |T|, we have

[13, Theorem 4.2]: €/(T,G) = " (T, G);

[18, Proposition A.3]: f'(T,G) = (T, G).
The number e(T', G) is given by

[4, Corollary p. 3220]:

|Aut(D)|
|Aut(G)|
Moreover e(I), the total number of Hopf-Galois structures on L /K, is given

by Y. ¢ €(T, G) where the sum is over all isomorphism types G of groups of
order |T|.

e(T,G) = ¢/(T, G). (1.1)

In the paper [7], to the introduction of which we refer for more details on the
literature, we classified the Hopf-Galois structures on a Galois extension L/K of
order p?q, where p, g are distinct primes, p is odd, and the Sylow p-subgroups
of I' = Gal(L/K) are cyclic. In the same paper we also computed, for (G, -) a
group of order p?q with cyclic Sylow p-subgroups, the number of skew braces
(G, -, 0), that is, the number of group operations “o” on the set G, such that
(G, -, 0) is a skew brace. We also computed the number of isomorphism classes
of such skew braces, together with the cardinality of each such class.

Acri and Bonatto in [1, 2], using a different method, determine the number
of isomorphism classes of all skew braces (G, -, o) of order p?q; for the case of
groups (G, -) with cyclic Sylow p-subgroups, their results coincide with ours.

The classification of [7] has been extended to all groups of order p?q in the
PhD thesis of the first author [6]. The present paper completes the work of 7],
by determining the classification of Hopf-Galois structures on a Galois exten-
sion L/K of order p%q, where p, g are distinct primes, in the remaining cases
where p > 2 and the Sylow p-subgroups of I' = Gal(L/K) are elementary
abelian. Our methods work also in the case p = 2 (see [6]), but we do not in-
clude this case here, since the classification in the case 4q has already appeared
in[15, 18].

In [7, Theorem 3.3 and Corollary 3.4] we have shown that for p > 2 a Ga-
lois field extension L/K of order p?q with Galois group I' admits Hopf-Galois
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structures of type G only for those G such that G and I' have isomorphic Sylow
p-subgroups.

As in [7], we explicitly determine the number of Hopf-Galois structures on
L/K for each type, showing in particular that each G with elementary abelian
Sylow p-subgroups defines some structure.

We accomplish this as follows. For any given group G = (G, -) of order p?qg,
with p > 2, and for each group I of order p?q with elementary abelian Sylow
p-subgroups, we determine the following numbers.

(1) The total number of regular subgroups of Hol(G) isomorphic to I" (The-
orem 1.6).
This is the same, according to Theorem 1.2 [13, Theorem 4.2], as the
total number of (right) skew braces (G, -, o) such that T" (G, o).

(2) The number of isomorphism classes of (right) skew braces (G, -, o) such
that I' (G, o) (Theorem 1.7).
This is the same, according to Theorem 1.2 [18, Proposition A.3], as the
number of conjugacy classes in Hol(G) of regular subgroups isomorphic
to I'; our numbers here coincide with the numbers found by Acri and
Bonatto in [2].
Additionally, in Theorem 1.7 we also determine the length of each such
conjugacy class.

(3) The number of Hopf-Galois structures of type G on a Galois extension
with Galois group isomorphic to I' (Theorem 1.5).

Remark 1.3. Frattini’s argument states that if a group X acts on a set, and N is
a transitive subgroup of X, then X = NS, where S is any one-point stabiliser. In
our situation, a regular subgroup N < Hol(G) = X acts transitively on G, so that
Hol(G) = N Aut(G), as Aut(G) is the stabiliser of 1. It follows that the conjugacy
class of N in Hol(G) is the same as the orbit of N under the action of Aut(G).

1.2. The methods. As in our previous paper [7], we follow Byott’s approach,
that is, for each group G = (G, -) of order p?q with elementary abelian Sylow p-
subgroups, we determine the regular subgroups of Hol(G) isomorphic to I'. As
we noted above, this is in turn equivalent to determining the right skew braces
(G, -, o) such that (G,0) = T.

Our method relies on the use of the alternative brace operation o on G mainly
through the use of the function

y : G — Aut(G)
g (x> (x0g)-g™h),
which is characterised by the functional equation
(g™ - h) = y(@y(h). (1.2)
(See [7, Theorem 2.2] and the ensuing discussion for the details.) The functions
y satisfying (1.2) are called gamma functions (GF) and we will refer to (1.2) as

the gamma functional equation (GFE). The GF’s are in one-to-one correspon-
dence with the regular subgroups of Hol(G), and occur naturally in the theory
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of skew braces. It follows that to determine the number ¢’(T', G) defined in Def-
inition 1.1 we can count the number of functions y : G — Aut(G) verifying
(1.2) and such that, for the operation o defined on G by

goh = gy(h)h’

we have (G,0) > T.

The classification of the groups of order p?q is known after Holder [14];
we have recorded the classification of these groups and of their automorphism
groups in [8].

To enumerate the gamma functions we use the general results listed in Sec-
tion 2 below; some of these had been developed in [7]. In the course of our
discussion, we will appeal to some ad-hoc arguments; indeed, counting the
gamma functions in the case of groups with elementary abelian Sylow p-subgroups
presents several additional difficulties compared to the cyclic case.

The first is due to the sheer number of groups involved. Following the nota-
tion in Section 3, we distinguish the groups into types indexed by the numbers
5,6,7,8,9,10 and 11 (see Table 3). Each type corresponds to an isomorphism

class of groups of order pq, except for type 8, which correspond to q7_3 isomor-

phism classes G, where k € Z/qZ, k # 0,+1 and Gj, ~ Gy-1.

Our analysis is further complicated by the difficulty of proving the existence
of a Sylow g-subgroup which is invariant under its image under y (see Subsec-
tions 8.6, 9.5, 10.5, 10.6), and by having to deal with the case when y(G) is not
contained in the group of inner automorphisms of G (e.g. see Section 10).

We now sketch the main tools and arguments we will use in counting the
gamma functions.

We make use of an argument of duality, as introduced by A. Koch and P.J. Tru-
man in [16], which we employ in the form spelled out in [7]. Each gamma
function y can be paired with a gamma function 7, which defines Hopf-Galois
structures of the same type ([7, Subsection 2.8]). Under suitable assumptions,
we can use this pairing to halve the number of GF we have to consider. More-
over, in some circumstances, the duality argument allows us to choose a GF
with a kernel that is more suitable for calculations (Lemma 2.7 and Proposi-
tion 2.9).

The theory developed in Section 2 offers some methods to build gamma func-
tions on G piecewise. The first tool is Proposition 2.6, which is sort of a ho-
momorphism theorem for gamma functions. Under suitable assumptions, it
gives a one-to-one correspondence between certain gamma functions defined
on G and the (relatives) gamma functions defined on a quotient of G, which
is smaller and then easier to investigate. We refer to this method as lifting and
restriction.

A further tool is Proposition 2.8 (gluing), which is a generalisation of Propo-
sition 2.6, and describes a way to construct GF’s on G, when G is of the form
G = AB, for A,B < G, starting from a relative gamma function defined on A
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(see Definition 2.1) and a relative gamma function defined on B.

Letr € {p, q}. To apply the tools above it will be useful to know when there
exists a Sylow r-subgroup H which is y(H)-invariant (invariant for short).

In [7, Theorem 3.3] we prove that for G a group of order p?q and ¥ a GF on
G, there always exists an invariant Sylow p-subgroup.

If G is a group of order p?g, then either G has a unique Sylow g-subgroup or
it has p/ Sylow g-subgroups, where f = 1, 2.

In the first case, since the unique Sylow g-subgroup B is characteristic, it is
invariant.

In the second case, there are p Sylow g-subgroups when G is of type 6, and
p? when G is of type 7, 8, 9, 10 and also 4 (for the last one we refer to [8],[7]).

Let y be a GF on G, and consider the action of y(G) on the set Q of the Sylow
g-subgroups of G. If p? | |ker(y)|, then |y(G)| = 1 or g, so that there exists at
least one orbit of length 1, namely there exists B € Q which is y(G)-invariant.

Moreover, if g | |ker(y)|, then there exists a Sylow g-subgroup B contained
in ker(y), therefore it is y(B)-invariant.

In the remaining cases, namely when |ker(y)| = 1 or p, we will prove for
some specific type of group G that we can find such a Sylow g-subgroup (see 6.2,
7.1, 8.7, 10.6, and 11.4). (For the type 4 see [7, Subsection 4.4]).

Therefore, we obtain the following.

Proposition 1.4. If G is a group of order p>q and y is a GF on G, then there al-
ways exist both an invariant Sylow p-subgroup and an invariant Sylow q-subgroup
of G.

1.3. Hopf-Galois structures of order p’q.

Theorem 1.5. Let L/K be a Galois field extension of order p*q, where p and q
are two distinct primes with p > 2, and let T = Gal(L/K).

Let G be a group of order p?q.

Ifthe Sylow p-subgroups of G and T are not isomorphic, then there are no Hopf-
Galois structures of type G on L /K.

If the Sylow p-subgroups of T and G are elementary abelian, then the numbers
e(T', G) of Hopf-Galois structures of type G on L /K are given in the following tables.

(i) Forq 4 p*> —1:

5 11

5 1 p° 2p(p* - 1)
11 | p*q 2p(1+qp*—2q)

where the upper left sub-tables of sizes 1 X 1 and 2 X 2 give respectively the
casesptq—1landp|q—1
(ii) Forqtp—1landq|p+1:
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r 5 10
5 | p? p(p—1)(g-1)
10 | p*> 2+2p*(q-3)-p*+p*

(iii) Forq | p—1:
Ifg =2,

5 6 7

W

2 2p(p+1) pBp+1)
2 2p(p+1) p(Bp+1)
> 2p*(p+1) 2+ p(p+1)(2p

e
TR

Ifqg=3

5 6 7

9

O N O Wn

p’ 4p(p +1) 2p(3p+1)

P 2p(p +3) 4p(p +1)
p? 2p%(p+1)? 24 p?(2p*>+3p+2)
2(2p—1) 4p(p>+1) 2@2p3>+3p>—2p+1)

4p(p+1)

p(3p +5)

p(p +1)°
2+42p+p3(p+3)

Ifqg >3,

9]

6

2p(p+2q—3)
2p*(p + 1)(pq —2p

N O L»|H
=S

o

Q

=~

R

Q

S
Tt
[ SR &

: 2p(p+1)(g-1)

4p(p*+pg—3p+1)
4p(p*+pg—3p+1)
4p(p*+pq—3p+1)

+1)

9

pGBp+1)(g—-1) 2p(p+1)(@—-1)
4(p* + pq —2p) p(4g+3p—7)
2+ p*2p*+pg+29—4)  plp+D(P*q-5+2p+1)
2p(p*q —4p + pq +2) p(p* +3p* —14p + 4pq — 6)
k%G, 4p(2p* —5p + pq +2) p(p* +5p* —18p + 4pq + 8)
2(4p3 —9p? +2p*q+2p+1) 2+4p+ p*(p*>+5p +4q — 16)

GiGiz GZGiz,q>5

GﬁGz,q=5

4p(p+1)(g—1) 4p(p+1(@—-1)
8p(q+p—2) 8p(g+p—2)
4p*(p+1(pg—3p+2) 4p*(p+1)(pg—3p+2)
Table 1 Table 2

8p(2p* +pq—5p+2)) 4pB3p*+2pg—8p+3) 16p2p° —2p+p+1)

16p(p +1)
8p(p +3)
8p*(p+ 1)
41+ p+3p¥p+1)
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TABLE 1. G andT'of type 8, G ~ G, %= G,

r if either k or k™! is a solution of x> — x —1 = 0:
Gy, Gy 2(1+5p +4p?q—17p*> + 7p%)

Gk 4(3p +2p*q — 8p* +3p°)

Gs # G, Gryk, Grk 8(2p + p’q — 5p* +2p*)

r ifk and k! are the solutions of x> + x +1 = 0:
Gy 2(1 4 6p + 4p>q — 19p* + 8p?)

Gi—k» Gk 2(7p + 4p*q — 18p* + 7p*)

G4k 2(1 +4p +4p*q — 15p* + 6p3)

Gs # G, Grik, Gii, Gy 8(2p + p’q — 5p* +2p*)

r ifk and k™! are the solutions of x> — x + 1 = 0:
G_i 2(1 + 6p +4p?q — 19p? + 8p3)

Gtk Giyr 2(7p + 4p*q — 18p? + 7p?)

Gi_k 2(1 +4p + 4p3q — 15p* + 6p?)

Gy # Gk, G1k, G14k, Grpk 8(2p + p*q — 5p* +2p*)

r if k and k™! are the solutions of x*> + 1 = 0:
Gr 4(1+2p +2p°q — 9p* + 4p%)

Gk Gk 4(3p +2p*q — 8p* +3p°)

Gs # G, Gryk, Gii 8(2p + p*q — 5p* +2p*)

r ifk? #+ +k+1,-1:

G G_g 2(1 + 6p +4p?q — 19p? + 8p3)

Gtk G14k-15 G1g Gr—g1 2(7p +4p*q — 18p* + 7p?)

Gy # Gk, Graks Grap 8(2p + p*q — 5p* +2p°)

TABLE 2. G and I of type 8, G ~ G for k = +2,

r ifg>17:
G, 2(1+ 5p +4p*q —17p* + 7p°)
G, G 2(7p + 4p*q — 18p* + 7p3)
G_, ’ 2(1+ 6p + 4p*q — 19p* + 8p3)
Gy # G3,G3,G3,G_, | 8(2p+ p*’q—5p* +2p*)

2
r ifg="1:
G, 2(1+5p +11p> + 7p%)
Gs 2(1+4p +13p? + 6p3)

Theorem 1.6. Let G = (G, -) be a group of order p*q, where p,q are distinct
primes, with p > 2.

If T is a group of order p?>q and the Sylow p-subgroups of G and T are not
isomorphic, then no regular subgroup of Hol(G) is isomorphic to T.

If G and T have elementary abelian Sylow p-subgroups, then the following ta-
bles give equivalently
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(1) the number ¢'(T, G) of regular subgroups of Hol(G) isomorphic to T;
(2) the number of (right) skew braces (G, -, o) such that T = (G, o).

(i) Forq 4 p*> —1:

5 11

5 p’ 2pq
11 | p*(p*—1) 2p(1+qp*—2q)

where the upper left sub-tables of sizes 1 X 1 and 2 X 2 give respectively the
casesptq—1landp|q—1
(ii) Forqtp—1landq|p +1:

G
0 5 10
5 p? 2p?
1
10 | -p(p—1)g—-1) 2+2p*(q-3)-p*+p*

(iii) Forq | p — 1:

Ifq =2,
G
r 5 6 7
5 p’ 2p p’Gp+1)
6 |p(p+1) 2p(p+1) pP(p+DGp+1)
7 1 2 2+p(p+1)2p—-1)
Ifg=3,
G
h 5 6 7 9
5 Z 2p pP’Bp+1) 4p?
6 2p(p+1)  2p(p+3) 4p*(p + 1)? 2p*(3p +5)
7 2 2(p+1) 2+ p*(2p*> +3p +2) 2p® +4p+2
9 |2p*+p>—p 2p*+1) 2p°+5p*+p —p*+p p*+3p3+2p+2
Ifg >3,
G
r 5 7
5 P’ p’Gp+1)
6 p(p+1)(g-1) 4p*(p + 1)(p* + pq — 2p)
7 qg—1 2+ p*2p? + pg+2q —4)
8, G, p(p+1(g-1) 2p*(p + 1)(p*q — 4p + pq +2)
8, Gy %G, 1p(p +D(@-1) 4p*(p +1)(2p* —5p + pqg +2)
9 sp(p+1)(g—1) 4p°+p*g—2)+p°2q—7)+3p* +p
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G

r 6 9

5 2p 4p?

6 2p(p +29—3) 2p*(4q +3p—17)

7 2+2p(q—2) 24+ 4p+2p*(2q —5)

8 G, 40+ p(p+q—3)) 2p(p*+3p>—14p+4pq—6)

8 G, =G, 41+ p(p+q—3)) 2p(p>+5p>—18p +4pq+8)

9 2+2p(p+q—3) 2+4p+ p*(p*>+5p+4qg—16)
FG8 G#%G,, G~Gyg>5 G~G,q=5

5 4p? 4p? 4p?

6 8p*(q+p—-2) 8p*(q+p—-2) 8p*(p +3)

7 8p +4p*(q —3) 8p +4p%(q —3) 8p + 8p?

8 Table 1 Table 2 41+ p+3pXp+1)

9 |4p2+plg+2p—5) 2pB+pRg+3p—18) 8p(+p+2p(p*—1)

As a consequence, we are able to compute the numbers of isomorphism
classes of skew braces of size p?q; these numbers coincide with those given
in [1, 2] for g > 2, and [11] for g = 2.

Theorem 1.7. Let G = (G, -) be a group of order p*q, where p,q are distinct
primes, with p > 2. For each group T of order p*>q with elementary abelian Sylow
p-subgroups the following tables give equivalently
(1) the number of conjugacy classes within Hol(G) of regular subgroups iso-
morphic to T;
(2) the number of isomorphism classes of skew braces (G, -, o) such that T’ =
(G, o).

(i) Forq 4 p*> —1:

G
r 5 11
5 |2 4
11 |4 6p—4

where the upper left sub-tables of sizes 1 X 1 and 2 X 2 give respectively the
casesptq—1landp|q—1
(ii) Forg4p—1landg|p+1:

G
r 5 10
5 12 2
10 |1 p+2q—4

(iii) Forq | p—1:
Ifq=2,

N

W
NN W

N o N O

S

[0, 3 T N
—
()

Ifg =3,
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G
r 5 6 7 9

5 2 2 5 3

6 |1 12 16 p+14

7 1 4 8 4

9 |2 6 10 p+8

Ifq>3,

r Gls 6 7 8, Gy, 9
5 2 2 5 4 3
6 1 4q 4(g+1) 8(q+1) 49+p+2
7 1 2(g—1) 3g-1 4g-1) 2gq-1)
8, G, * G, 1 4q 4g+1) 8(q+1) 49+p+2
8 G, 2 4q 6q 8(q@+1) 49+p+2
9 1 2q 2(q+1) 4(g@+1) 3g+p-—-1

The lengths of the conjugacy classes are spelled out in Propositions 5.2, 6.1,
8.3,9.3,10.3,11.2 and 12.1.
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2. Tools

Definition 2.1. Let G be a group, A < G,andy : A — Aut(G) a function.
y is said to satisfy the gamma functional equation (or GFE for short) if

y(g"Wh) = y(g)y(h), (2.1)

forallg,h € A.

We will say that A is invariant if it is invariant under the action of y(A).

y is said to be a relative gamma function (or RGF for short) on A if it satisfies
the gamma functional equation, and A is y(A)-invariant.

If A = G, a relative gamma function is simply called a gamma function (or
GF for short) on G.

For later use, we note that (2.1) can be rephrased, setting k = gV(h), as

y(kh) = y(k"® Yy (h). (2.2)

We will make use of the following results from [7]; some of these results were
stated in [7] under the assumption that the relevant group G is finite, but the
proofs stand verbatim for arbitrary groups.

Given a group G, denote by Perm(G) the group of all permutations on the
underlying set G. The right regular representation of G is the homomorphism

p : G - Perm(G)
g~ (x — xg).
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Theorem 2.2 ([7, Theorem 2.2]).
Let (G, -) be a group. The following data are equivalent.
(1) A regular subgroup N < Hol(G).
(2) A gamma functiony : G - Aut(G).
(3) A group operation o on G such that (G, -, o) is a (right) skew brace.
The data of (1)-(3) are related as follows.
(i) goh =g"Mh forg, h € G.
(ii) Each element of N can be written uniquely in the form v(h) = y(h)p(h), for
some h € G.
(iii) For g,h € G one has g"™ = goh.
(iv) The map

7 : (G,0) = Aut(G)

is a morphism, in particolar ker(y) < (G, o).
(v) The map

v:(G,0)» N
h = y(h)pe(h)
is an isomorphism.

We report two useful simple facts concerning inverses and conjugacy in the
group (G, o) (see Lemma 2.10 [7]). We write a° for the k-th power of a in
(G, o), and a®* for the inverse of a°* in (G, o). In the notation of Theorem 2.2,
we have, for a,b € G,

a®l = 7@

and
a®loboq = g 7@ vy (@pr(a) g,

Proposition 2.3 ([7, Proposition 2.6]).
Let G be a group, let H C G and lety be a GFon G.
Any two of the following conditions imply the third one:
(1) H<G;
(2) (H,0) <(G,0);
(3) H is y(H)-invariant.
Ifthese conditions hold, then (H, o) is isomorphic to a regular subgroup of Hol(H).

From Theorem 2.2 and Proposition 2.3 we have the following.

Corollary 2.4. Let G be a group and let y be a GF on G.

(1) ker(y) <G, and
(2) y(G) < Aut(G) of order [G : ker(y)].

Lemma 2.5 ([7, Lemma 2.13]).

Let G be a group, A < Gandy : A — Aut(G) be a function such that A is
invariant under y(A).

Then any two of the following conditions imply the third one.
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(D y(A,y(AD = {1}
(2) v : A - Aut(G) is a morphism of groups.
(3) v satisfies the GFE.

We write
1 :G — Aut(G)
gr (x> g7'xg).
Proposition 2.6 ([7, Proposition 2.14]).

Let G be a group and let A, B be subgroups of G such that G = AB.
Ifyisa GF on G, and B < ker(y), then

y(ab) = y(a), fora € A,b € B, (2.3)
so that y(G) = y(A).
Moreover, if A is y(A)-invariant, then
Y =741 A— Aut(G) (2.4)

is a RGF on A and ker(y) is invariant under the subgroup

{¥(a)(a) : a € A}
of Aut(G).
Conversely, lety’ : A — Aut(G) be a RGF such that
(1) y(AnB) =1,
(2) B isinvariant under {y’'(a)u(a) : a € A}.
Then the map
y(ab) = y'(a), fora € A,b € B,
is a well defined GF on G, and ker(y) = ker(y’)B.
In this situation we will say that y is a lifting of y’.
The following is a slightly different version of [7, Lemma 2.23].
Lemma 2.7. Let G be a group. Let C be a subgroup of G such that:

(1) C is abelian;
(2) C is characteristic in G,
(3) CNnZ(G) ={1}L

Lety: G — Aut(G) be a GF, and suppose that for every c € C we have y(c) =
t(c™9) for some functiono : C — C.
Then o € End(C), and the following relations hold in End(C):

0Y(@ic(c—1)=(—-1Dy(@cugco, forges. (2.5)

Note that y(g)i(g) = «(g7® )y(g). Setting g’ = g = g7®", we see that
y(@)u(g) = u(g")"1y(g')~. Therefore, (2.5) can be rewritten as

oy(®) (e -1 =(c-Dug)cr@®) o forgeq. (2.6)
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Let G be a group, and y a gamma function on G. Suppose G = AB, where
A, B are subgroups of G, such that AnB = {1}, the subgroup A is y(B)-invariant,
and there is 0 € End(A) such that y(a) = «(a™?) for a € A. Then

y(ab) = ((a™"® %)y (b), fora € Aand b € B. (2.7)
We are interested in recording the following situation in which gamma func-
tions of this form arise.
Proposition 2.8. Let G = AB be a group, where A, B are subgroups of G, such
that

(1) AnB={1},
(2) Ais abelian,
(3) A is characteristic in G,
4) AnZ(G) =11}
If there exist a RGF y : B —» Aut(G) and o € End(A) which satisfy

O'y(b)rA(O'—l)=(O'—1))/(b)rAl(b)rAO', fOVbGB, (28)
then the extension of y to the functiony : G — Aut(G) defined as in (2.7) is a GF
onG.

In this situation we will say that y is the gluing of the two RGF on A and B.

Proof. Let y be a RGF on B and o € End(A) such that (2.8) is satisfied. We
now show that the function defined in (2.7) satisfies the GFE. Let a;,a, € A
and by, b, € B.
We have
—v(b;)! —y(b,)"!
y(arby)y(azhy) = a; "™ )by Yy (by)
—y(b -1 —y(b -1 b -1
— [(al y(b1) Gaz y(b)~ oy (by) )y(bl)y(bz)
On the other hand
7((a1b1)y(a2b2)a2b2) =

-1
Y(by), 4y "2 by
a, 2 b1 2

7( a,b,) =

-1 _ -1
y(a{(bZ)(a;/(bZ) Cfbla2 7(b2) U)y(bz)azbz) —

i’(bz)a;’(bz)_la}’(bz)b)l’(bz)a—)’(bz)_lff)’(bz)

2 a2b2) =

y(a
7( a;’(bz) a;(bz)‘lcy(bz) az—y(bz)‘lot(bl)‘ly(bz) a;(bz)_ll(bl)_ly(bz) b){(bz) b,) =
(@D 7B e ) ) g )Yy b
y(b)y(by) =
l(al—y(bl)’1Cfaz—V(bz)’lCf}'(bl)’1U+7(bz)’1Gl(b1)’1}/(bl)’1G—V(bz)’lt(bl)’ly(bl)’la)

7(b)y(by).
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Now (2.8) (in the form of (2.6)) shows that the two expressions
-0 Y(bl)Fjl
and

—oy (b0 + ouby) vy o — b))y (b)) 40
coincide. O

Let y be a GF on G, N the associated regular subgroup of Hol(G) and o the
associated operation. Write inv : g — g~ for the inversion map on G. Clearly
inv € Perm(G). Then N'™, the conjugate of N under inv, is another regular
subgroup of Hol(G), with corresponding gamma function

7 : G - Aut(G)
x =y Huxh, (2.9)

and circle operation
x8y=(x"loy hH)1
(see [7, Proposition 2.22]).

The following is essentially [7, Proposition 2.24], in which we replaced the
hypothesis that the subgroup C is characteristic with the slightly more general
hypothesis that C is normal and y(G)-invariant. In that case y(g),c € Aut(C).
The proof in [7, Proposition 2.24] still stands, as cl® ¢r® e C.

Proposition 2.9. Let G be a non-abelian group. Let C be a subgroup of G such
that:
(1) C ={c)iscyclic, of order a power of the primer,
(2) CisnormalinG,
(3) CNZ(G)={1}, and
(4) there is a € G which induces by conjugation on C an automorphism
whose order is not a power of r.

Lety: G — Aut(G) be a GF, and suppose that C is y(G)-invariant and y(C) <
1(C), so that for every c € C we have y(c) = 1(c™9), for some function o : C — C.
Then
(1) either o = 0, that is, C < ker(y),
(2) oro =1, thatis, y(c) = t(c™'), so that C < ker (7).

Corollary 2.10. Let G be a non-abelian group. Suppose that G contains a sub-
group C # {1} which satisfies the hypotheses (1)-(4) of Proposition 2.9, and sup-
pose that for every GF y on G, C is y(G)-invariant and y(C) < 1(C).

For each group G of the same order as G, let

nc(9) = |{y GFonG : (G,0) 2 Gand C < ker(y)}| .

Then
¢'(9,G) = [{r GFon G : (G,0) = G}| = 2nc(9).
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Proof. LetX = {y GFon G : (G,0) & G}, and

X, ={y GFonG : (G,0) @ Gand C < ker(y)},
X, ={y GFonG : (G,0) 2 Gand C < ker(7)},

where 7 is as in (2.9).

Proposition 2.9 shows that X = X; UX,. We claim that X; N X, = @. Indeed,
ify € X; nX,, then for all c € C we have y(c) = 1 = y(c™)u(c™Y), so that
C < Z(G), a contradiction.

We have

¢'(9,G) = IX| = 1X1| + IXz] = nc(9) + 1X,].
Now we show that there is a bijection between X; and X, so that ¢/(G,G) =
2nc(9). Consider

P X->X
ye=7.
The map ¢ is well defined, indeed 7 is a GF on G and (G, 3) = (G, o) = G (see
[7, Proposition 2.22]); moreover
@) =9@) =7
It is immediate from the formula for 7, or from its definition in terms of reg-

ular subgroups, that # = y, that is, 12> = 1, so that 3 is bijective Now, using
Proposition 2.9, we obtain ¥(X,) = X;, and so |X,| = |X;]- O

Lemma 2.11 ([7, Lemma 2.9]).

Let G be a group, N a regular subgroup of Hol(G), and y the associated gamma
function.

Let ¢ € Aut(G).

(1) The gamma function y® associated to the regular subgroup N¥ is given by

y2(g) = 7(g® ) = o y(g* o, (2.10)

forg e G.
(2) If H < G is invariant under y(H), then H? is invariant under y¥(H?).

We will refer to the action (2.10) of Aut(G) on y of the Lemma as conjugation.

Lemma 2.12. Let (G, -) bea group of order p*q, p > 2, and assume that the Sylow
p-subgroup A of G is normal. Let y be a GF on G and let (G, -, o) the associated
skew brace.
(1) If A = (a)is cyclic, then a is also a generator for (A, o).
(2) If A = {ay,a, )iselementary abelian and ( a, Yisy({ a, ))-invariant, then
{a;, a,} is also a set of generators for (A, o).

Proof. The Sylow p-subgroup A is characteristic, and so y(A)-invariant. There-
fore, A is also a subgroup of (G, o). Moreover, the condition p > 2 ensures that
A~ (A,o) (see[7, Theorem 3.3]).
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If A = (a) is cyclic then ord,(a) = ordg .)(a) (take y,4 in [7, Corollary
2.18]), therefore a is also a generator of (A, o).

If A is elementary abelian then every non-trivial element of (A, o) has order
p. Moreoverif A; :=(a, )isy(A,)-invariantthen a, ¢ A; = (4;,0),s0{a;, a,}
generate (A, o). O

3. Groups of order p’q

We briefly describe the groups of order p?q with elementary abelian Sylow p-
subgroups, and list them and their automorphisms in the table below, referring
to [8] for the details.

We will say that two groups have the same type if they have isomorphic auto-
morphism groups. For groups of order p?q each type corresponds to an isomor-

phism class, except for type 8, which corresponds to q7_3 isomorphism classes.
We use the notation @, for a cyclic group of order n.

Type 5: Abelian group.
Type 6: This is the non-abelian group with centre of order p forq | p —1,
which we denote by €, X (€, X C). It can be described as

b b
<a1,a2,b D a0, = aa, af=a§:bq=1, a‘l():al, a’z()za§>,

where 4 is an element of multiplicative order q in Z/pZ.

Type 7: This is the non-abelian group for g | p — 1 in which a generator
of G4 acts on €, X €, as a non-identity scalar matrix. We denote it by
(Cp X €p) N5 Cy, and it can be described as

P_ P a4 ) _ 2 b _ 2
1_a2_b —1,a1 _al’az —a2 5

<a1,a2,b D aa,; = aa;, a

where 4 is an element of multiplicative order q in Z/pZ.

Type 8: These are the non-abelian groups forq | p — 1, ¢ > 3, in which a
generator of €, acts on €, X €, as a diagonal, non-scalar matrix with no
eigenvalue 1, and determinant different from 1. We denote this type by
(€pXC,)Xpo €y, and it consists of the groups Gy which can be described
as

Wby _ 4 ub) _ Ak
a4 =0, 0 =04 ),

Gy = <a1,a2,b D a1a; = apay, af = af =bl=1,
where A is an element of multiplicative order q in Z/pZ, and k is an
integer modulo g, k # 0, +1.

Since for each k # 0, +£1 we have that G, ~ G-1, the type 8 includes

q-3 . .
=— isomorphism classes of groups.

We will denote by X the set of the elements k # 0,+1 for which

{Gk : k € X} is a set of representatives of the isomorphism classes of
groups of type 8.

Type 9: This is the non-abelian group forq | p — 1, ¢ > 2, in which a

generator of C, acts on €, X C, as a diagonal, non-scalar matrix with
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no eigenvalue 1, and determinant 1. We denote it by ((E'p X C p) Xp1 Cgs
and it can be described as

<a1,a2,b Daay = a0y, a) =ah =b1 =1, a‘l(b) = af, a‘z(b) =al” >
where 4 is an element of multiplicative order q in Z/pZ.

Type 10: This is the non-abelian group group forq | p+ 1, q > 2, in
which a generator of €, acts on €, X €, as a matrix C with det(C) = 1
and tr(C) = 1 + 17!, where 1 # 1 is a g-th root of unity in a quadratic
extension of IF,,. We denote itby (€, X €)X Cy, and it can be described
as

<a1,a2,b faay =ayay, af =ab =b1=1, a‘l(b) = af”_laz, a‘z(b) = a1_1>.

Type 11: This is the non-abelian group with centre of order p for p | g—1,

which we denote by (C; X €,) X Cp,. It can be described as

P=a) =b1=1, @ =p*),

<a1’a27b - 414y = apay, a]_

where u is an element of order p in Z/qZ.

TABLE 3. Groups of order p?q with elementary abelian Sylow
p-subgroups and their automorphisms

Type | Conditions G Aut(G) 1Z(G)I ev
5 Cp X Cp % Cq GL(2, p) X Cq_y pq 1,1
6 glp-1 Cp X (Cp X ECyY) Cp—1 X Hol(Cp) p 1,4
7 glp-1 (€p X Cp) X5 Cy Hol(€), x €p) 1 A,
8 |3<qlp—1[(€,XCpH) XpyCy Hol(€,) x Hol(€C,) 1| 2,2K k#0,+1
9 [2<qlp—1](CpxECpy) XNp; Cq | (HOl(Cp) xHOl(C) N C, | 1 A7
10 [2<q|p+1] (CpXCpHcCy | (CpXECp)N(Cpag X C) 1 no ev
11 plg—1 (CgX ey XEC, Hol(€p) x Hol(Cy) p —

Remark 3.1. The column "ev” determines the eigenvalues of the action of an ele-
ment of order q on the Sylow p-subgroup.

4. The main case distinction

In this section we spell out the case distinction we will pursue in the follow-
ing sections, and collect a few facts that will be useful at several points in the
classification.

In what follows we will discuss about duality, so that we consider only the
non-abelian groups.

For type 6, we can apply Corollary 2.10 to a non-central subgroup of order p.
For type 11, we can apply this to the Sylow g-subgroup C.
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For G of the remaining types, namely 7, 8, 9 and 10, denote by A the elemen-

tary abelian Sylow p-subgroup of G. We will show in Sections 7 and 11 that for
the types 8, 9 and 10 (when p > 2) one has

Va € A, y(a) =1(a™), (4.1)

for some o € End(A). If G is of type 7 then it is not always the case that
y(A) < Inn(G); we will treat the case y(A) £ Inn(G) separately in Section 10.
Therefore, for G of types 8, 9, 10, or of type 7 and y(A) < Inn(G), equation (4.1)
holds and we can apply Lemma 2.7 with C = A, getting equation (2.5).

We have the following case distinction.

4.1. 0,1 — o are not both invertibile. This means that o has an eigenvalue
Oor 1. Ifitis 0, then p | |ker(7/)|. If it is 1, consider the dual gamma function
defined as 7(g) = y(g~)u(g™') (see [7, Proposition 2.22]). Then for a € A,
7(a) = y(@Hi(a™) = «(a°"), so that p | [ker(y)|. Therefore, up to switch y
with 7, we can assume the eigenvalue is 0, so that p divides the order of the
kernel of y.

4.2. 0,1 — o are both invertibile. This means that o has no eigenvalues 0, 1.
Then equation (2.5) yields

(0! =D ly(d)alc™ = 1) = y(b)at(b)} 4, (4.2)

where b # 1is a g-element. Thus y(b),4 and y(b),41(b)4 are conjugate, and
this yields some information about the eigenvalues of y(b), 4.
For type 7, if ¢ > 2 (4.2) is plainly impossible, as

w=]" |

for some 1 # 1, A of order q.
For type 8, the two normal subgroups of order p are characteristic, so y(b), 4
and «(b) 4, commute, as they are simultaneously diagonal. Let

{bra= [/11 /12]’ 7bha = [al Ocz]’

with A; # 1. This implies a; = A1,a, and a, = 1,a,, so that a; = 4;1,a; and
A4, = 1, against the assumption of type 8.

For type 9, however, this is well possible. This time there is an automorphism
of order two exchanging the two eigenspaces, but since y(b), 4 has odd order g,
it leaves them invariant, so that once more y(b),4 and «(b); 4, commute, as they
are simultaneously diagonal.

In the same notation as for type 8, here we get ; = 1,1, = 17!, ¢y = a and

a, = Aa. We get
ol-1= 51
52
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(with s;5, # 1), or
111 ==
o=(1-s5)" [—Sz 11].
For type 10, the eigenvalues of (b) are not in the base field, but in a quadratic
extension of it. Still, this is similar to type 9.

4.3. Someresults on GL(2, p). We collect here some information about GL(2, p),
which will be useful for the groups G of type 5 or 7. We will denote by A and B,
the Sylow p-subgroup (which is unique in both cases) and a Sylow g-subgroup

of G, respectively.

4.3.1. Sylow p-subgroups. GL(2, p) has p + 1 Sylow p-subgroups and each
of them fixes a subgroup of order p of €, X €,. In the following we will denote
by a an element of order p of GL(2, p).

4.3.2. Elements of order pwhen p || |ker(y)|. Suppose that G is of type 5 or
7, and let y be a GF on G such that { a, ) < ker(y) # A, where a; € A, a; # 1.
Leta, € A\ (a; ), then y(a,) = a (possibly modulo an automorphism of A
which is the identity on A), where a € GL(2, p) has order p. Then

aja, = a10a, = a,0a; = ayay, (4.3)
so that q; is fixed by a. This means that ker(y) determines ( « ), which is the

Sylow p-subgroup of GL(2, p) fixing ker(y). With respect to the basis {a;, a,}
we can write
10
“=ld 1] ’

4.3.3. Sylow g-subgroups. Suppose that g | p—1 and recall that |GL(2, p)| =
(p—1)°p(p +1).
If g > 2 a Sylow g-subgroup of GL(2, p) has order g%, where g° || p — 1.
Every Sylow g-subgroup of GL(2, p) is of the form

where 0 #d € Z/pZ.

Qa, 4, = {B € GL(2, p): A;, A, are eigenspaces of § with respect
to eigenvalues of order dividing g°}
= Cge X Cye,
for any choice of a pair {4;, A,} of distinct one-dimensional subspaces of A.
Thus there are @ Sylow g-subgroups.

Moreover, each Sylow g-subgroup of GL(2, p) has g> — 1 elements of order q.
However, the scalar elements are common to all the Sylow g-subgroups. Hence,
GL(2, p) has

(p+1p
(qz—q)-T+q—1

elements of order q.
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If g = 2, the Sylow 2-subgroups of GL(2, p) are described in [9]. Note that in

this case if 9 has order 2, then its minimal polynomial divides x> —1, and there-

fore its eigenvalues belong to {+1}. Moreover all the elements with eigenvalues

1,—1 are conjugate, and such an element, say 9, is stabilised by the diagonal

matrices, therefore |Orb(9)| = p(p + 1). Thus there are p(p + 1) non-scalar
elements of order 2, plus the scalar matrix diag(—1, —1).

4.3.4. Elements of order g when |ker(y)| = p. Suppose thatq | p —1 and
G is of type 5 or 7. Let y be a GF on G with kernel ( a; ), where a; € A. Let
a, € A\ (a;)andset y(a,) = a, an element of order p in GL(2, p). Letb € G
be such that y(b) = 8 (possibly modulo ((A)), where (3 is an element of order
q in the normaliser of ( @ ). Then af = « for a certain ¢, and Subsection 4.3.2
yields that a; is fixed by «, so that

a”t

1 f= af,

B
1

af “=aq
namely af is fixed by o as well. Therefore a
eigenspace for §8 too.
Let a; be another eigenvector for 5. Then, since det(a)? = 1, we can write,
with respect to the basis { a;, a3 ),

1 o] , [ o0
a=lg 1|'B=|0 a=|

where 0 # d € Z/pZ, A has order g, and x;, x, are not both 0.
Note that replacing a; with a suitable element in ( a3 ), with respect to that
new basis we have
1 0
o= [1 1] .

Note that if § is a scalar matrix, there are g—1 elements § as above. If 8 is non-
scalar, taking into account the choice of { a; ), there are q(q — 1)p possibilities
for .

5. Type 5

Here G = (€, X C,) X Cg, and Aut(G) = GL(2, p) X Cy_;.

Let A be the Sylow p-subgroup, and B = ( b ) the Sylow g-subgroup.

In the following we will denote by a an element of order p of GL(2, p). If
p | g — 1 we will denote by 7 an element of order p of C,_;: clearly 7 fixes A
point-wise. If g | p — 1 we will denote by 5 an element of order q of GL(2, p).

€ (a,), so that (a; ) is an

5.1. Abelian groups. Assume here (G, o) abelian. These are in particular the
only cases when there are no divisibilities.

Since B is characteristic, by Proposition 2.3 and Theorem 2.2, (iv), y(b) will
have order dividing g, so it is an element in GL(2, p) of order dividing q. Then
for a € A we have

a = b®logob = 7O @y par®d) — b 7@pgr®)
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from which we get that y(b) = 1, and also that y(a);5 = 1.

Thus B < ker(y). If y(G) = {1}, then we obtain the right regular representa-
tion, which corresponds to one group of type 5. Otherwise y(G) # {1}, and we
can only have y(G) = y(A) = («a ), where a € GL(2, p) has order p. Therefore,
each GF on G is the lifting of a RGF y : A — Aut(G) with |y(A)| = p.

Let1 # a; € A and let ker(y) = (a; ) (we have p + 1 choices for such
a subgroup); the argument in 4.3.2 shows that a, is fixed by «, so that ker(y)
determines y(A), and for a, € A\ (a; ) we have y(a,) = af,for1 <i < p—1.
Note that for each i the unique morphism defined by y(a;) = 1 and y(a,) = o
is such that [A, y(A)] = ker(y), so by Lemma 2.5, these morphisms coincide
with the RGF’s. Therefore, here we have (p + 1)(p — 1) = p? — 1 different GF’s
on G giving groups (G, o) of type 5.

As to the conjugacy classes, since B < ker(y) is characteristic, every auto-
morphism ¢ of G stabilises y|z. Moreover, if u € Aut(B) & C,_;, then  fixes a
and centralises y(a) for a € A, so that it stabilises y.

Now, let § € Aut(A) = GL(2, p). If § stabilises y, then y°(a;) = 1, namely
y(af_l) = 1. Therefore 6! fixes ( a; ), and writing § = (6;j);,j with respect to
the basis {a;, a,}, this implies that §;, = 0.

As for a,, we have

yo(a,) = 871y(a )6 = 67\’ 5,

and it coincides with y(a,) precisely when & “1g02 8 = a. Taking « as in Sub-
subsection 4.3.2, an explicit computation shows that the latter yields §;; = 552.
Therefore, the stabiliser of y has order (g — 1)p(p — 1), and there is one orbit of
length p? — 1.

In the following we exclude the abelian cases just dealt with.

5.2. p| q—1. Here B < ker(y), and the only type of groups we can have here
is the type 11, beside the type 5 already considered.

Suppose first ker(y) = ( a; ) B hasorder pq. Then y(G) has order p, andleta,
be such that y(a,) = ain/, where 0 < i < p, j # 0 (since we are assuming (G, o)
is non abelian). The argument in 4.3.2 shows that ai‘ = a;, and Lemma A.2
yields that y is a RGF if and only if it is a morphism. Therefore, the GF’s are as
many as the choices of ((a, ), 1, j), namely (p + 1)p(p — 1) = p(p? — 1), and
each of them corresponds to a group (G, o) of type 11.

As to the conjugacy classes, again C,_; stabilises every y. Moreover, if § €
GL(2, p) stabilises y, then 6! fixes ( a; ), so that §;, = 0. This time

- o
)/5(612) = 5—1y(a§22 ) = 5_1“15221577]5221,
where j # 0. Therefore, J stabilises y precisely when §;, = 0, 85, = 1,and &

centralises a!. If i = 0, the latter yields no condition, while it corresponds to
take §;; = 1ifi # 0. So the &’s in the stabiliser are those of the form
0

[61 O] ... I1 .
5—[521 1] ifi =0, and5—[521 1] ifi #0.
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Therefore, if i = 0 the stabiliser has order (g — 1)p(p — 1), and there is one orbit
of length p? — 1. If i # 0, the stabiliser has order (q — 1)p, and there is one orbit
of length (p? — 1)(p — 1).

Now suppose ker(y) = B has order g. Then y(G) = y(A) = (a,n). Let
a;,a, € A be such that

{y(ao =7 5.1)

y(ay) =«

Since

a

a,

a, = a,0a, = aoa; = a,a,,

qa, is a fixed point of , and since a has determinant equal to 1, we can suppose

o
“=1d 1)

with respect to {a;, a,}, where 1 < d < p — 1. By Lemma 2.12 and Lemma A.1,
each assignment (5.1) defines exactly one GF. Therefore, in this case, we have
p + 1 choices for y(G), and once y(G) has been chosen, there are p — 1 ways to
choose a; among the fixed points of a, and p? — p choices for a,, which is any
element of A \ ( a; ). So there are (p?> — 1)p(p — 1) groups of type 11.

As to the conjugacy classes, every automorphism in €,_, stabilises y. Since
B = ker(y) is characteristic, by Lemma 2.12, we just consider the action of
GL(2, p) on y defined on the generators of A.

Let § € GL(2, p). Then, y°(a;) = y(a;) if and only if y(affl) = y(ay), as
57! centralises 7. The latter yields y(af_1)| 4 = 1, so that af_l € (a, ), namely
812 = 0. Moreover, since y| q, y is a morphism, y(af_l) = pifand onlyifd;; = 1.
Now, since

k(k-1)

k(k—1)
(@) = y(a) ™7 Dy(ay)k = 7 ak,

we have

~62185,

& —531 6+ 2851 -1) -1
22 _ 21 -1.6
1 a, W=n 2 2 2 5T g% 8,

72(a2) =67'y(a§ )8 = 87y(a
and the latter coincides with y(a,) precisely when

§71a%% 8 = a
d,o_
521 = —5(5221 - 1).

The first condition yields 5;2 = 1, namely §,, = +1, so that the second yields
8,1 = 0,d respectively when §,, = 1,—1. Therefore, the stabiliser has order

2(q — 1) and we get 2 orbits of length %(p2 —Dp(p — D).
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5.3. q | p—1. Here y(G) C GLy(p), so p | |ker(y)| and y(G) acts trivially on
B, so that

bOloaob = b YO @y®) gr®p = p=1pqr® = q7®). (5.2)
If pq | ker(y), then equation (5.2) becomes
b®loaob = a,

so (G, o) of type 5 and has already been considered. Thus we just deal with the
cases of kernel p? and p.

If ker(y) = A the GF’s are exactly the morphisms. Let A € Z/pZ be an
element of multiplicative order q. By Subsubsection 4.3.4, with respect to a
suitable basis {a;, a,} of A, we have

r=pol=[4

Now, since a’ = a°' for all ¢, equation (5.2) yields that the action of b on A
in (G, o) is precisely y(b). According to the choices of y(b) we easily obtain,
besides the abelian cases,
(1) q — 1 groups of type 7, corresponding to the choices x; = x, # 0.
) @ -2 -(q — 1) groups of type 6: choose the eigenspaces, and then
the eigenvalue different from 1.
(3) ifg > 2, we get @ -(q — 1) groups of type 9.

(4) if g > 3 we get @ - (@ — 1)(q — 3) groups of type 8. More pre-

cisely, denoting by Z, the action of b on A in (G, o), since Z, is similar
to diag(u*1*2 1,,u), where 4 = A*2, they split in p(p + 1)(q — 1) groups
isomorphic to G, for every s € X.

Remark 5.1. In the following we will write Z, ~ Z, to mean that the two square
matrices Z,, Z, are similar.

As to the conjugacy classes, since A = ker(y) is characteristic, y|4 is sta-
bilised by every automorphism ¢ of G.

As for 7|Bs letu e Cq-1, 80 that b*" = b™ for some m, and let § € GL(2, p).
Then

ro(b) = 671y (b)"s.

Therefore, ud stabilises y precisely when T and T™ are conjugate via §, and
in that case they need to have the same eigenvalues, namely mx; = x; and
mx, = X, or mx; = x, and mx, = x;. Note that if m = 1, then § stabilises y
if and only if it is in the centraliser of T: if T is scalar, then every § € GL(2, p)
stabilises y, while for a non-scalar matrix T the condition is equivalent to have
d a diagonal matrix with no diagonal elements equal to zero.

Referring to the cases above, we have the following.

(1) T is scalar and T ~ T™ if and only if m = 1, so that the stabiliser has
order |GL(2, p)|, and there is one orbit of length g — 1.
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(2) T is non-scalar and m = 1. In this case the centraliser of T consists of
the elements § = diag(8;;, 8,,), with §;; # 0, therefore it has (p — 1)?
elements. Thus |Stab(y)| = (p — 1)?, and there is one orbit of length
p(p+1)(gq—1).

(3) Tisnon-scalar and m = +1. If m = 1 then the elements in the stabiliser
are the diagonal matrices as above. If m = —1 the stabiliser consists of
the elements ud, where b = b1, and

o=s 5]
where &§;, # 0 # 8,,. Therefore |Staby| = 2(p — 1), and there is one
orbit of length %p(p +1)(qg — 1).

(4) T is non-scalar and m = 1, indeed if mx; = x, and mx, = x;, then
x;'x; = m = x7'x,, namely x; = #x, (contradiction). Therefore
|Staby| = (p — 1)2, and for each G, s € X, there is one orbit of length
p(p+1)(gq—D).

Ifker(y) = { a; ) has order p, then y(G) is a subgroup of order pq of GL(2, p),
so ¥(G) = {a, B ), where « has order p, a;" = a;, and S is an element of order
q in the normaliser of ( « ) in GL(2, p). By Subsubsection 4.3.4, we can choose
a, € A such that, with respect to the basis {a;, a,},

W=y 3 w=l &

where 1 has multiplicative order q in Z/pZ, and (x;,x;) # (0,0). Since A is
characteristic, a, has order p in (G, o), so that y(a,) is an element of order p (as
a, & ker(y)). Therefore y(a,) = a?, where 1 < d < p — 1. Moreover, let b € B
be such that y(b) = .

By applying y to (5.2), we get

y(b)y(a)y(b) = y(@’®)
which for a = a,, in terms of our notation, can be rewritten as
“lgdg —qdh®
QA2 di

which correspond to the condition
X; =2x, (mod q). (5.3)

This condition restricts the choices of 3 to a set of (g — 1)p maps, namely the
elements of order g in the normaliser of ( a ) with diagonal 12*2, 1*2. Thus for
each choice of ( « ) only one group of order pq can be the image of a GF.

We note that the maps g fulfilling equation (5.3) normalise but do not cen-
tralise (), so ( «, B ) is not abelian.

The condition (5.3) is also sufficient to have that the map y, defined as

y(aiafbg) = B8al,
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is a gamma function, indeed we have
V((afagbg)y(a;lagbz)a’fagbz) = J’((afagbg)ﬁz“u atalb?)
_ fﬂxzz
=y((aja,” " b#)ajajb?)

= y(aja)" b

- ‘Bg+zaf/l"2z+v_
On the other hand,
y(aSal be)y(alash?) = p8af B
— ﬁg+zocf/1(x1_x2)z+v

so that y defined as above is a GF if and only if x; = 2x, (mod q).

Moreover, since we have p + 1 choices for (« ), p — 1 for d, and p(q — 1) for
B, we obtain p(p? — 1)(g — 1) groups (G, o).

As for the type of (G, o), with respect to the basis {a;, a,} we have

r=iw=y" 2]

Since ai = af[ and ag = agt modulo ( a, ) for all ¢, denoting by Z, the action of
bon Ain (G, o), we have Z, ~ T. Therefore,
« if g > 3 all groups (G, o) are of type 8, and they are all isomorphic to G,;
« if g = 3 all groups (G, o) are of type 9;
+ if g = 2 we have x; =0, x, = 1, so all groups (G, o) are of type 6.
As to the conjugacy classes, let ¢ € Aut(G), and write ¢ = ud as above.
Recall that b*~ = b™. If @ isin the stabiliser of y then ¢, and hence 9§, stabilises
(a; ), so &;, = 0. Moreover,

o .
yo(ay) = o ly(aS g = o7y (a5P p = -1’ 6,
and y?(a,) = y(ay) if and only if §,; = &3,. Now,

yo(b) = 7y (0 g = @7l y(b™p = 57T,
so that, if ¢ stabilises y, then T and T™ are conjugate, and they have the same
eigenvalues. This implies that either m = 1orm = 2andqg = 3. If m = 1,
then every diagonal matrix § commutes with T. If ¢ = 3 and m = 2, then the
condition 671718 = T yields 1> = 27*2, and since x, # 0 this case does not
arise. Therefore the stabiliser has order p — 1, and there is one orbit of length
p(p*> —1)(g—1).

5.4. q | p+ 1. We have to exclude the cases already considered, so we restrict
to g > 2 (otherwise q also divides p — 1) and (G, o) non-abelian. Therefore,
(G, o) can only have type 10.

As in Subsection 5.3, ¥(G) C GLy(p), so p | |ker(y)|. The only possibility is
[ker(y)| = p? since a group of type 10 has no normal subgroups of order p or

Pq.
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Lemma 2.5 guarantees that in this case all the GF’s are morphisms, so to
count them we can just count the possibilities for the image of b.

An element 8 € GL(2, p) of order g has determinantequalto1,asq + p—1,
and its eigenvalues 4, 17! belong to a quadratic extension of Cp. Therefore,
every subgroup of GL(2, p) of order g is conjugate to (8 ), and in GL(2, p) there
are

|GL(2, p)|
|Stab({ 9 ))|
subgroups of order q. Now, if § and 9* are conjugate, they have the same eigen-

values, and this yields k = +1. For each of these two choices we obtain p? — 1
elements in the stabiliser, therefore there are

(p>-1(p*-p) _ <p>
20p2—-1)  \2

subgroups of order q in GL(2, p).
So we can choose the image of b in such a subgroup in g — 1 ways, and we
get

1 (g)(q — 1) groups of type 10.

As to the conjugacy classes, A = ker(y) is characteristic, therefore every
automorphism ¢ of G stabilises y|4.
Let b € B be such that y(b) = 9, and let p = ué € Aut(G), where u € Cy_,

§ € GL(2, p) and m is such that b¥ " = b™. Then
y?(b) = 67y (b™)s,

so that ¢ stabilises y if and only if § and 8™ are conjugate via §. As above, in
this case m = +1, and for each of these values of m there are p? — 1 possibilities
for 6.

Therefore, we get one orbit of length %(q —Dp(p—1).

We summarise, including the right regular representation.

Proposition 5.2. Let G be a group of order p*q, p > 2, of type 5. For each
isomorphism class of groups (T'), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following tables.

For groups of type 8 we denote by 8, where s € X, the isomorphism class of
G,.

©)

ML ENICGE)

(i) forp | (g —1):
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r RS n l
1 1
o A B S R )
1 (p* -1
11| p*(p*-1) |1 1(p -D(p*-1)
2| op(p—1)(p>-1)
(iit) forq | (p — 1),
r Conditions RS n l
5 »? 1 1
1 p?—1
6 pp+1)(g—-1) | 1] p(p+1)g—1)
q=2 p(p>—1) 1 p(p*-1)
7 qg-—1 1 g-—1
2 _ 1| p(p+1)(g-1)
8G2 q> 3 p (P + 1)(‘] 1) 1 p(pz _ 1)(q _ 1)
86,8#2| q>3 pip+1(@-1) |1| p(p+1)(g—1)
9 g>2 | sp(p+1@-D|1]sp(p+1g—1)
g=3 | p(p*—D(g-1 [1] p(p*-1(g-1)

Intherow of 8 we mean that forevery s € X, s # 2, thereare p(p+1)(q—1)
regular subgroups isomorphic to G;.
(iv) forq | (p+1)and q > 2:
r RS

l
1

(p’-1)
~p(p—1)(g—1)

2

5 p
10| -p(p—1)(g-1)

— = =S

6. Type 6

Inthiscase g | p—1,and G = C, X (C, X C). The Sylow p-subgroup A
is characteristic in G. Write C = (¢ ) for the normal subgroup of order p in
Cp X €y, and Z = ( z) for the central factor of order p, so that A = CZ = (¢, z).

We have

Aut(G) = €,_; X Hol(€,).

Write (9 ) = C,_; for the central factor in Aut(G), and let Hol(C,,) = «((C)X( 1 ),
where, according to [8],

z > zK ZH 2z
Ppiicec , Midck et (6.1)
b—b b—b

for some 1 < h,k < p — 1, and where b € G is chosen in such a way that
(b) € (u).
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Aut(G) contains a unique Sylow p-subgroup of order p, namely (C). C is
characteristic in G, so that it is a subgroup of (G, o) too. Therefore y(C) is a sub-
group of Aut(G), and necessarily it is contained in ((C). We can apply Proposi-
tion 2.9 and assume that C < ker(y). Then, by Corollary 2.10, to count all the
GFs we simply double the numbers obtained.

In the following, it is useful to keep in mind that

bOlocob = cr®Xb)
blozob = (b7 Y@y (b)) 1 (®)

6.1. The case A < ker(y). Suppose ker(y) = A, as the case ker(y) = G yields
the right regular representation. So y(G) has order q.

The action of y(G) of order g on the set of the Sylow g-subgroups of G has
at least one fixed point, namely there is at least one y(G)-invariant Sylow g-
subgroup B of G. Therefore, by Proposition 2.6, the GF’s on G are induced by
the RGF’s on B, and each y is obtained r times, where r is the number of y(G)-
invariant Sylow g-subgroups of G.

Note moreover that [B,y(B)] = 1, as B and y(B) have order q (y(B) = y(G),
see Corollary 2.4), so that by Lemma 2.5 the RGF’s on B are precisely the mor-
phisms B — Aut(G).

Let 3 be the element of order g in the central factor €,,_; of Aut(G), such that

2P = z*, where 1 is the eigenvalue of C under the action of b, namely c® = ¢%.

Here c° = ¢! and z° = z! for all t. Let Z, be the action of b on A in (G, o).
We will write Z, with respect to the basis {c, z} of (A, o).

(1) Ify(b) = B, for some 0 < i < g, then Z, = diag(1,1}). Here the choice
of B is immaterial, and we get
(a) 1 group of type 7wheni = 1;
(b) 1 group of type 9wheni =q—1andq > 2;
(c) q — 3 groups of type 8, when q > 3. They split in 2 groups isomor-
phic to G, for every s € XK.
(2) Ify(b) = «(b)/, for some 0 < j < q, then Z, = diag(1/*!,1) and we get
(a) p groups of type 5 when j = g — 1, for the possible choices of B;
(b) p(g — 2) groups of type 6 when 0 < j < g — 1, for the possible
choices of B.
(3) Ify(b) = Blu(b)/, for some 0 < i, j < g, then Z, = diag(1!*/, 1") and we
get
(a) p(g — 1) groups of type 6, when j = g — 1;
(b) p(q—2)oftype 7, wheni=j+1+#0;
(c) p(q—2)oftype 9, when —i = j+ 1 # 0and q > 2;
(@ p((g—1)* =3q +5) = p(g — 2)(g — 3) groups of type 8 in the
remaining cases; they occur only for g > 3. They split in 2p(q — 2)
groups isomorphic to Gy, for every s € X.

As to the conjugacy classes, since A = ker(y) is characteristic, to find the
automorphisms which stabilise y, we can look at the action of Aut(G) on y 3.
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The central factor (3 ) of Aut(G) and ( 1 ) are in the stabiliser of y, as they fix
b and centralise y(b). As for ((C), for y(b) = Bi(b)/, we have

70(b) = ey (b)(e™) = Bir(bIcm ),

so that «(c") stabilises y if and only if m = 0 or j = 0.

Therefore, if y is a GF defined by y(b) = iu(b)/, j # 0, the stabiliser has
order (p — 1)?, and the orbits have length p. Otherwise y(b) = f' and every
automorphism stabilises y, so that the orbits have length 1. More precisely we
obtain

(1) p groups of type 5 which form one class of length p;

(2) p(q—2)+ p(qg — 1) = p(2q — 3) groups of type 6 which splitin 2q — 3
classes of length p;

(3) p(q—2)+1 groups of type 7, which split in g — 2 classes of length p and
one class of length one (the last one is for j = 0).

(4) ifq > 3,2p(q—2)+2 groups for each isomorphism class G of groups of
type 8, which split in 2(q — 2) classes of length p, and 2 classes of length
one (these are for j = 0).

(5) if g > 2, p(q — 2) + 1 groups of type 9, which split in g — 2 classes of
length p, and one class of length one (this is for j = 0).

6.2. The case C < ker(y) # A. Suppose now C < ker(y) # A, so that we
will have y(z) = 1(c)®, for some e # 0. If y(b) is a (possibly trivial) g-element in
y(G), then b is a g-element in G, and we will have

y(b) € (B, u(bc™))

for some m.
Recall that 1 is the eigenvalue of C under the action of b. If y(b) = S, for
some t, then y(G) is abelian, so that (G, o) is of type 5 or 6. However,

b®locob = c?’(b)l(b) = ct = %4 £,

so that (G, o) is not abelian, and thus of type 6.
We also have

oAl

bOlozob = b YO BBy = A = zo4

so that t = 0, as (G, o) has to be of type 6. Therefore the kernel has order pq,
y(G) = y(Z) and [Z,y(Z)] = 1, so that by Proposition 2.6 and Lemma 2.5 the
GF’s on G are precisely the morphisms Z — Aut(G), which are as many as the
choices for e, namely p — 1.

If y(b) = pu(bc™)! for some l # 0 and ¢, replacing b with bc™ we see that we
can take m = 0.

‘We have

bOlocob = ¢?OMb) = AT = oA

Then

bOlozob = b YO @B By = A = 7oA
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However
y(b®'ozob) = y(b) y(2)y(b) = L) = y(2)".
It follows that t = I.
The latter is also a sufficient condition in order to have that the map y defined

by
y(bmckz") = Briu(b™ )
satisfies the GFE. Indeed
y(b™mckzMy(btcz) = Brty(b™ c)BHt (b )
— 6(m+u)tL(b(m+u)lc(n/1“l+w)e)’

y((bmckzn)y(b“c”zw)bucvzw) — y((bmckzn)ﬁ“tz(b“lcwe)bucvzw)
— y((bmc*znlut)bucvzw)
— y((bm+uc*znﬂut+w)
— ‘6(m+u)[l(b(m+u)lc(n)ﬁ“+w)e)’
and they are equal if and only if I = ¢.
As for (G, o) we have that Z, ~ diag(1'*1, 1%).

(1) Fort = —1 we get p(p — 1) groups of type 6, with p choices for B and
p — 1 choices for e.

(2) Forqg > 2andt = (q — 1)/2 we have 1**11! = 1%*1 = 1,50 p(p — 1)
groups of type 9.

(3) For q > 3 for each of the remaining q — 3 values of ¢, we get p(p — 1)
groups of type 8, so (g — 3)p(p — 1) in total. They split in 2p(p — 1)
groups isomorphic to Gy, for every s € X.

As to the conjugacy classes, write ¢ = u(c™)u for an automorphism of
G, with ¥ and p as in (6.1). Here C < ker(y) is characteristic, so that by
Lemma 2.12, we can look at the action of ¢ on y defined on the generators
z,b.

Write u~t(c™)u = 1(c™)" for the commutation rule in Hol(C,), where 1 <
r < p—1. Then

1) = 7y (@ e = uT(e* D= (e,
so that y?(z) = y(z) if and only if k = r. Moreover, for y(b) = g'«(b)",
y?(b) = ¢~y (e Db)p
= ey ()™
= B e ™b (e u
= Biu bt e
= B'u(b" (™A,
so that y#(b) = y(b) if and only if t = 0 or m = 0.
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Therefore, if t = 0, namely when ker(y) has size pq, the stabiliser has order
p(p — 1), and there is one orbit of length p — 1. Otherwise, if t # 0, namely
ker(y) has size p, then the stabiliser has order p — 1, and there are g — 1 orbits
of length p(p — 1).

We summarise, including the right regular representations, and doubling the
numbers just obtained.

Proposition 6.1. Let G be a group of order p*>q, p > 2, of type 6. For each
isomorphism class of groups (T), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following table.

For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of
G,.

T | Conditions RS n l

5 2p 2 p

2 1

6 2p(p +29-3) 2(2q2 2 pl_) 1

2 p(p—1)

7 2p(g—2) +1) 2 !

2(g-2) P

4 1

8, g>3 |4Q+p(p+q—-3)| 4q—-2) p
4 p(p—1)

2 1

9 g>2 |2Q0+p(p+q—3)| 2(q—2) P
2 p(p—1)

In the row of 8 we mean that for every s € X there are 4(1 + p(p + q — 3))
regular subgroups isomorphic to G.

7. Prologue to Sections 8,9 and 10

In this section we collect some arguments which are common to the study
of the groups of types 7, 8 and 9.

In these groups the Sylow p-subgroup A of G is characteristic. With respect
to a suitable basis a;, a,, the action of a generator b of a Sylow g-subgroup B on
A can be represented by the matrix

A0
0 A<

where A is an element of multiplicative order q in Z/pZ and k # 0 is an integer
modulo q. If k = 1 the type is 7, if k = —1 the type is 9, and if k # 0,+1 the
type is 8.

Z:Zk=

Remark 7.1. Note that if we choose as a basis a,, a,, then the action of the gen-
erator b¥”' of B on A is represented by the matrix Zy 1.



p*q 125

For types 8 and 9, each gamma function y is such that
there is 0 € End(A) such that y(a) = ((a™9),foralla € A (7.1)

(see Sections 8, 9). This is not always the case for groups of type 7 (see Sec-
tion 10). Therefore, in this section we will work under the following:

Assumption 7.2.
(G, y) is a pair, where G is a group, and y is a GF on G, such that

— G isagroup of type 8 or 9, and y is arbitrary, or
— G is agroup of type 7 and y on G satisfies y(A) < Inn(G).

Under this assumption we have y(A) < Inn(G). This implies y(A) < ((A),
since y(a), for a € A, has order dividing p?,and thus has tobe a conjugation by
an element of G. Lemma 2.7 shows that the condition y(A) < ((A) implies (7.1).

We will prove that for a pair (G, y) as in Assumption 7.2, the group G admits
an invariant Sylow g-subgroup B, so that y can be obtained as a lifting of a RGF
on B or as a gluing ofaRGF on B and the map a — ((a™?), for some o € End(A).
It follows that y will be of the form (2.7).

To count each GF exactly once we will also need to determine the exact num-
ber of invariant Sylow g-subgroups in each case.

A proof of these facts will require a detailed analysis, that will be carried out
in several steps in the next subsections. We will then complete the classification
for the three types in Sections 8, 9, 10.

7.1. Invariant Sylow g-subgroups of G. When q | |ker(y)|, there is a Sylow
g-subgroup contained in ker(y), and this is clearly invariant.

Consider thus the case g t |ker(y)|, so that y(G) contains an element of or-
der q. In this subsection we give a characterization of the invariant Sylow g-
subgroups of G, that we will then use to count them for the various types.

Under Assumption 7.2, an element of order g of Aut(G) has the form «(a,.)g,
where a, € A, and 8 is an element of order q. As we will explain in Subsec-
tions 8.2.1, 9.2 and 10.2, an element j of order q fixes every b € B. Moreover,
with respect to the chosen basis, 8 acts as

A¥ 0
) -

where A and k are as above, and x; and x, are not both zero (this will be detailed
in Sections 8, 9 and 10).

Note that if an element of order g in Aut(G) belongs to y(G), then necessarily
it will be the image of an element b € G of order gq. In fact, the elements of a
group G of type 7, 8 or 9 can have order 1, p or q. The elements whose order
divides p are those of the Sylow p-subgroup A, which is characteristic, so that
combining Proposition 2.3 and Theorem 2.2, (iv) for a € A, y(a) has order
dividing p.

So let b € G be an element of order g such that

y(b) = «(a.)B. (7.3)
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A Sylow g-subgroup of G is of the form (b* ), for x € A, and it is invariant if
and only if (b*)"®") € (b* ). Now,
y(b%) = y(x 77 b) = ((x1E0a)B,
so that
(b)) = (x" 127 py O

= (x~(1-27H+T7'e(1-27) a;(l—Z‘l) b)8

— —(1=ZH(A+Tle(1-Zz")T a;(l—Zfl)Tb_
Since (b*) = x~1*27pJ for all j, the last expression is in ( b* ) if and only if

x—(l—Z‘l)(1+T_la(l—Z‘l))Ta;(l—Z_l)Tb = x~(1-2p,

which, writing M =1 — (1 + T"'o(1 — Z71))T, can be rewritten as
x(1=2"OM — ail_z_l)T. (7.4)

The number of solutions x of the system (7.4) is the number of invariant
Sylow g-subgroups: a solution x corresponds to the invariant Sylow g-subgroup
B = (b*).

When the kernel of y has size p?, the existence of an invariant Sylow g-
subgroup can be easily shown by noticing that the action of the group y(G),
of size g, on the set of Sylow g-subgroups, that has cardinality p?, admits at
least one fixed point. This means that the system (7.4) is always solvable.

When the kernel of y has size p or 1 the system (7.4) can be unsolvable for
some a,.. However, we will show in 7.3.1 and in 8.7 that under Assumption 7.2
the following are equivalent: for a given a,,

(1) equation (7.4) admits a solution x, and
(2) the assignments given in (7.1) and (7.3) can be extended to a GF on G.

In fact, if the assignments in (7.1) and (7.3) can be extended to a GF, then
Yy

y(®™) =y y(d),
and an inductive argument shows that
y(b™) = (a; T g (7.5)

where
m—1
Ap=,Q-2zHT
i=1

Since y(b?) = 1 and the center of G is trivial, (7.5) yields

Ao “l4...47-(@-D
a*q — ai"‘T +-+T . (7.6)

In Subsections 7.3 and 8.7 we will see that the elements a,, satisfying (7.6) are
exactly those for which the system (7.4) admits solutions. The case |ker(y)| = 1
is specific to the type 9 and it will be considered in Section 8.
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7.2. The case [ker(y)| = p?. As we already noticed, the action on G of the
group y(G) of order g fixes at least one of the p? Sylow g-subgroups of G, say
B = (b). Therefore, by Proposition 2.6, each y on G is the lifting of at least one
RGF defined on such a Sylow g-subgroup B. To count each GF exactly once,
we need to compute the number of invariant Sylow g-subgroups.

In this case, the element y(b) of order g acts trivially on B, so that a, =
1 and [B,y(B)] = {1}; by Lemma 2.5, the RGF’s on B are thus precisely the

morphisms.
Let y(b)4 = B, where B is as in (7.2).
Equation (7.4) yields
x(l—z—l)M =1,
where

_x
M=1—T=[1 Am 0 l

0 1-2kn
Since det(1 — Z~1) # 0, we obtain that

(1) thereisaunique solution, namely a unique invariant Sylow g-subgroup,
when both x;, x, # 0;

(2) there are p solutions, that is, p invariant Sylow g-subgroups, when ei-
ther x; = 0 or x, = 0.

The action of b on A with respect to the operation o is given by

b©logob = b7 @y®) gy () — qrdXb)
and denoting by Z, its associated matrix, we have

/11+x1 0
Zo ~ 0 /1k+kle .

The enumeration of the groups (G, o) depends on the type of the groups G,
that is, on the parameter k. We will treat the various types separately in Sub-
sections 8.5, 9.4 and 10.4.

7.3. The case [ker(y)| = p. Here |y(G)| = pq. Write y(b) = «(a,)B, where b
has order g, and a, and 8 are as in Subsection 7.1. Equation (2.5) yields

ocT(c—-1)=(c - 1)TZo. (7.7)

The condition |ker(y)L_= p means that [ker(c)| = p, so let ker(o) = (v).
Using (7.7) we obtain v=74° = 1, therefore v=7% € (v ), namely, v is an eigen-
vector for TZ. If TZ is not scalar, then its eigenspaces are (a, ) and (a, ), so
eitherv € (a; )orv € (a, ). When TZ is scalar, v can be any non-zero element
of A.

We proceed by distinguishing three cases, namely when ker(o) = (a; ),

when ker(c) = (a, ), and lastly when ker(o) is generated by v = a*a’, where
x,y #0.

172
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Case A: ker(o) = (a; ). Herea] = 1,and aj = a’f a’ for some u,v not both
0. Evaluating equation (7.7) in a,, we get

u(v — 297K = (v — 1)k

(v —1w = —1wik (78)

Since Ak # 1, the second equation gives that eitherv = 0Oorv = 1. If v = 0,
then u # 0 and x; — x,k = k. If v = 1, then either u = O or u # 0 and x; = x,k.

Case A*: ker(o) = (a,). This case can be reduced to case A according to
Remark 7.1, obtaining a system as in (7.8) with A replacing A¥.

When k = k™!, that is for the groups G of type 7 and 9, the conditions are
the same, so we will double the results we will obtain in case A.

For the groups G of type 8, k! # k, therefore we will sum the results we will
obtain in case A for k with the same results for k!.

Case B: ker(c) = (a’aj ), where x,y # 0. Here TZ is scalar, namely x; =

X,k + k — 1. We can replace the generator v = ai‘ag of the kernel by v =
-1

a agx , and thus assume v = a,a, for some z # 0. Rescaling a,, we can also

assume z = 1, keeping in mind that this covers p — 1 cases here. Therefore,

here o is defined as

2 3

c_ -
a —al 1

-V 40 _ v
1 a2’a2_aa2’

for some u, v not both 0. Evaluating equation (7.7) on a,, we get

p(—pA™t =27 4927 = p(—p+v - 1)

V(—pA ' =2 A = v(—u+v —-1). (79

If v = 0 then u # 0 and we get —(u + 1)A™! = —(u + 1), that is, u = —1, so
A° =(a;). Ifv# 0and u = 0, we get (v — 1)A~% = v — 1, thatis, v = 1 and
A% ={a,). Lastly, if both v,u # 0, thenifk = 1wegetu+1—v =0, and if
k # 1 the system has no solution.

If k = 1, namely G is of type 7, then the condition ¢ + 1 —v = 0 includes also
the cases above in whichy = —landv =0,oru =0andv = 1.

If k # 1, namely G is of type 8 or 9, the last case does not happen. More-
over we reduce the case (i, v) = (0, —1) to the case (4, v) = (1, 0) according to
Remark 7.1, obtaining a system as in (7.9) with ¥ replacing A*.

As for case A*, for the groups G of type 9 we will double the results we will
obtain in case (u,v) = (1,0), and for the groups G of type 8 we will sum the
results we will obtain in case (u,v) = (1,0) for k with the same results for k.

Under Assumption 7.2, for a group G =~ G, we sum up our analysis as fol-
lows:

» Case A: ker(o) = (ay ).
AD) v=0,u#0,x; —xk =k;
(A2) v =1, u # 0, x; = x,k;
(A3) v=1,u=0.
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« Case A*: ker(o) = (a,).
It is equivalent to considering the case A for G ~ Gy-1, as explained
above. Therefore, replacing A* with A in (A1), (A2) and (A3), here
we obtain the subcases (A1%), (A2*) and (A3*).
» Case B: ker(o) = (a;a,).
(1) If k # 1 (namely G is of type 8 or 9):
Bl) v=0,u=-1,x; =xk+k—1;
(B1*) v =1, u =0, x; = x,k + k —1. As explained above, this case
is equivalent to considering the case (B1) for G ~ Gy-:.
(2) If k = 1 (namely G is of type 7):
B2) u+1—-v=0,x; = x,.

7.3.1. Invariant Sylow g-subgroups. We are now ready to prove, under As-
sumption 7.2 and when | ker(y)| = p, that the groups always have at least one
invariant Sylow g-subgroup and to determine their number in terms of our as-
signments y(a) = «((a™?) and y(b) = «(a,)B.

Subsection 7.1 yields that, for x € A, the Sylow g-subgroup ( b* ) is invariant
if and only if x is a solution of (7.4):

(1-Z"HM _ ail—Z‘l)T’
where M =1 -1+ T 'o(1 —ZY))T, and det(1 — Z71) # 0.

If det(M) # 0, then the system (7.4) admits a unique solution for each a,, or
equivalently, for each choice of y(b).

If det(M) = 0, then for some a,’s the system (7.4) admits p or p? solutions,
and for others it has no solution. However, we show that in the latter case the
values for y(a), y(b) do not extend to a full GF on G.

In fact, if y is a GF on G such that y(b) = «(a,)B, then y satisfies (7.5)
and (7.6). We will show that if the system (7.4) has no solution for some a,, then
a,. does not satisfy the condition (7.6), and thus the assignments y(a) = ((a™)
and y(b) = «(a,)B cannot be extended to a GF.

Write a,, = ai‘a;. We distinguish several cases.

Case A: Here ker(o) =(a, ), and

M= 1-2% 0
T —panek@ -7y 1A%k —pa 2170 |
According to the division into subcases, we have
Al: det(M) = (1 —A*1)(1 —1¥17F), so that there is a unique invariant
Sylow g-subgroup when x; # 0, k.
If x; = 0, then the system (7.4) admits (a number of p) solutions if
and onlyif a, = a;*’a). In this case there are p invariant Sylow g-
subgroups. Moreover, if a, = afai , the condition (7.6) yields that
x = —uy. Therefore, by the discussion above, the case in which

there are no invariant Sylow g-subgroups does not arise.
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If x; = k, then (7.4) admits (a number of p) solutions if and only if
a, = aj,and in this case there are p invariant Sylow g-subgroups. (7.6)
yields that y = 0, therefore the case in which there are no invariant
Sylow g-subgroups does not arise.

A2: det(M) = (1 — A%)(A7%(1 — A0*K)), so that there is a unique
invariant Sylow g-subgroup when x; # 0, —k. Note that here nec-
essarily x; # 0, otherwise we would also have x, = 0, namely
=1
If x; = —k, then the system (7.4) admits (a number of p) solutions
if and only if a, = a7, and in this case there are p invariant Sylow
g-subgroups. Also here the a,’s for which (7.4) has no solutions
are precisely those for which (7.6) is not satisfied, in fact here (7.6)
yields y = 0.

A3: det(M) = (1 — A¥1)(A7%(1 — 1*%2k+K)), 50 that there is a unique
solution when x; # 0 and x, # —1.

If either x; = 0and x, # —1,0r x; # Oand x, = —1, then (1 —
Z~1M has rank 1, and the system (7.4) admits p solutions if and
onlyifa, = ag in the first case, and a, = af in the second case.
Once again, the a,’s for which (7.4) has no solutions are precisely
those for which (7.6) is not satisfied, in fact here (7.6) yields x = 0
in the case x; = 0 and x, # —1, and y = 0 in the case x; # 0 and

x2 = —1.

If x; = 0and x, = —1, then (1 — Z~})M has rank 0, and the sys-
-1

tem (7.4) admits p? solutions if and only if ail_z T = 1, namely

when a, = 1. Moreover, the condition (7.6) yields x,y = 0, so that
the case in which the system has no solution does not arise.
Case B: Here ker(o) = {a,a, ) and (7.4) yields

1—A% +u(1 =217  A¥tkay — 17k

M = _/1X1—kxz et _ kx, _ _1-ky|-

ulda—-4=") 1-21 (1 —A47%)
According to the division into subcases, we have

B1: det(M) = A71(1 — 291+1)(1 — A¥1+1-K) "and there exists a unique in-
variant Sylow g-subgroup when x; # —1,k — 1.

If x; = —1, k—1, then there are p invariant Sylow g-subgroups when
a, = ajaj in the case x; = —1, and a, = af in the case x; = k — 1.
The other cases, namely those for which there are no invariant Sylow g-
subgroups, do not arise, in fact the condition (7.6) yields precisely x = y
in the case x; = —1,and y = 0in thecase x; = k — 1.

B2: det(M) = (A% —1)A71(A%1*! — 1), and there exists a unique invariant
Sylow g-subgroup when x; # 0, —1. Note that here necessarily x; # 0,
otherwise we would also have x, = 0.

If x; = —1, then there are p invariant Sylow g-subgroups when a,, =
aja;. The other cases, namely those for which there are no invariant
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Sylow g-subgroups, do not arise, in fact the condition (7.6) yields pre-
cisely x = y.

By the discussion above, we get the following.

Proposition 7.3. Under Assumption 7.2, if G is a group and y is a GF on G with
|ker(y)| = p, then the number of invariant Sylow q-subgroups is

(A1) 1 when x; # 0,k and p otherwise.
(A2) 1when x; # —k and p otherwise.
(A3) 1 when x; # Oand x, # —1, p> when x; = Oand x, = —1, and p
otherwise.
(A1*) 1 when x, # 0,k~! and p otherwise.
(A2%) 1when x, # —k~! and p otherwise.
(A3*) 1 when x, # 0and x; # —1, p> when x, = Oand x; = —1, and p
otherwise.
(B1) 1when x; # —1,k — 1 and p otherwise.
(B1*) 1 when x, # —1,—1 + k~! and p otherwise.
(B2) 1when x; # —1 and p otherwise.

7.3.2. Enumerating the GF’s. We have shown that there is always a Sylow g-
subgroup B which is invariant under y(B), and Proposition 7.3 yields the exact
number of such invariant Sylow g-subgroups. Since (7.1) is also satisfied, we
have that y is of the form (2.7).

To enumerate the GF’s we can, according to Proposition 2.8, count the pos-
sible couples (¥ 4, y) with the properties above, taking into account that every
such choice defines a unique y, and that a given y built in this way is obtained
s times, where s is the number of invariant Sylow g-subgroups of G. Thus to
obtain the number of distinct GF’s on G we count the choices for (y4,75) as
above, and then divide this number by s.

Let Z, denote the action of b on A in (G, o). We have

b®logob = (by(b)‘ly(a)y(b))—lay(b)b
= (bl(a_a)ﬁ)_lay(b)b
= ((a~0C1+Z7Dp)F)1ar®p
— (a—a(—l+Z‘1)Tb)—1aTb
= plgo(-1+Z"DT+T},

= q-2)+2)T

and since a®* = a' for all ¢, with respect to the basis {a;, a,} of (4, o) we have

Z,=((1-2)+2)T. (7.10)
Case A. Here ker(o) = (a; ) and equality (7.10) yields
/lx1+1 0

Zo = |y = A Ank(u(1 — AK) + A9 |
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(A1) We have p — 1 choices for o, and

'Ax1+1 0]
Zy ~ 0 ax |
(A2) We have p — 1 choices for o, and
_lxlﬁ'l 0 T
Zo ™ | 0 AM”
(A3) We have 1 choice for g, and
/lx1+1 0
Zy ~ 0 /‘lxzkl :

Case B. Here ker(o) = (a;a, ), x; = X,k + k — 1, and equality (7.10) yields

5 | -2 -2k
T AMu-2) ARtk 4 plexay(q — 2Ry [

(B1) Here k # 1. We have p — 1 choices for g, and

A% 0 lN[Axl o]

Z, = 1M1 =2) Xak+k 0 Jutl

(B2) Herek =1, x; = x5, u + 1 = v, and we have p(p — 1) choices for

|

Mooou+l
We have
7 = At 4yl - 2) A1 (u+ 1A -1)
° Al —=2) At L A (u+ 1D =)
and

lxl"'l O
e 8l

7.3.3. Conjugacy classes. Here we exhibit a general scheme to compute the
conjugacy classes for groups which satisfy the assumptions of this section in the
case |ker(y)| = p, when the automorphisms are of the form ¢ = «(x)5, where
x € Aand 6|4 € GL(2, p). We will show in Subsections 8.6, 9.5 and 10.5 that
this scheme can be applied to the groups of types 9, 8 and to the groups G of
type 7, when y(A) < Inn(G).

Suppose thus that an automorphism of G has the form ¢ = 1(x)d, where
x € Aand § € GL(2, p). We have

y#(a) = ¢y g
=6 L(a%'9)s

— l(a—é‘loa)
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and
7?(b) = ¢ ly(x1"Z " b)p
= o l(x~A-Z7To)Bg
— 5—1[(x—1+T*1—(1—Z*1)T*10)65

— [(x(—1+T—1—(1—Z—1)T—1a)5)5—155_

Write H = =1+ T~ — (1 — Z7)T~'o. Setting y¥(a) = «(a=?) and y?(b) = B,
we obtain that ¢ stabilises y if and only if the conditions

[0,6] =1, (7.11)
[8,6] =1, (7.12)
xHé =1, (7.13)

hold.
We now distinguish two cases, namely when ¢ is diagonal and when & is not
necessarily diagonal.

7.3.4. ¢ is a diagonal matrix. Suppose first that § is diagonal, namely § =
diag(6,1, 81,); as we will see in Subsections 8.6 and 9.5, this will be the case for
the groups G of type 9 and 8, therefore we do not consider here the case (B2).

In this case equation (7.12) is satisfied for every 8. In both cases (A) and (B1),
the condition (7.11) yields ,u52‘21511 = u, so that 4 = 0 or & is scalar. Note that
4 = 0 only in the case (A3), thus we consider any § in this case, and & scalar in
the cases (A1), (A2) and (B1).

In the case (A1) we have

_ -1+1™ 0
H = _M(l —/1_k)/1k+x1 -1 +/1k+x1 >

so that (7.11) has one solution if x; # 0, k, and p solutions if x; = 0, k.
In the case (A2),

H= -1+1A™ 0
I 7 R i) Y R NS W el I

and (7.11) has one solution if x; # —k, and p solutions if x; = —k.
In the case (A3),
—14+4A™ 0
and (7.11) has one solution if x; # 0 and x, # —1, p? solutions if x; = 0 and
X, = —1, and p solutions otherwise.
In the case (B1),

I o 0
H = (1 _A—k)/lk—l—xl -1 +Ak—1—x1 ’
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and (7.11) has one solution if x; # —1, k — 1, and p solutions otherwise.

7.3.5. § is a (not necessarily diagonal) matrix. Suppose now that § is an
arbitrary matrix. As we will see in Subsection 10.5 this will be the case for the
groups G of type 7, therefore we do not consider here the case (B1).

If we are in case (Al), then (7.11) yields §;, = 0 and 8;; = &,,, and (7.12)
yields §,; = 0. Therefore ¢ is scalar, and with the same computations above
(taking k = 1) we obtain that H has rank 2 if x; # 0,1, and 1 otherwise.

If we are in case (A2), then (7.11) yields 6;, = 0 and &,; = u(5,, —97;). Since
in the case (A2) T is scalar, equation (7.12) is satisfied for every §. Moreover H
has rank 2 if x; # —1, and 1 otherwise.

If we are in case (A3), then (7.11) yields &;,,8,; = 0, namely & is diagonal.
In particular (7.12) is satisfied. H has rank 2 if x; # 0 and x, # —1,0if x; =0
and x, = —1, and 1 otherwise.

If we are in case (B2), then (7.11) yields

b1y = —(1 +1)6y
M(812 — 611) = p(Sz1 — 622)
(M +1)(615 —611) = (U +1)(821 — 622).

If,u =0 then 521 =0 and 512 = 511 - 522; lf,u = —1, then 512 =0 al’ld
821 = Oy — 6,15 if w0 # 0,—1, then &y, = —LH521 and ﬂ%l = 03 — O11-
J2 J2
Therefore, in all cases we have one choice for the elements &;,, 5,1, and (p —1)?
choices for 8;;, 8,,. Since T is scalar here, (7.12) is always satisfied. Moreover

o |t A4+ u(1=1"Ha™ (u+1)A-2"Ha™
- —u(l—A"Ha™ —14+2 +(u+ 1A -1"Ha™

has determinant (1—A7%)(1—1"%"1), Since x; # 0, we obtain that H has rank
2if x; # —1, and 1 otherwise.

8. Type9

Hereq | p—1,whereq > 2,and G = (C,XCp)Xp, C4. The Sylow p-subgroup
A = (ay,a,) of G is characteristic, and if a;, a, € A are in the eigenspaces of
the action of a generator b of a Sylow g-subgroup B on A, then this action can
be represented by a non-scalar diagonal matrix Z, with no eigenvalues 1 and
det(Z) = 1.

For all of this section, we consider A = { a;, a, ), where a;, a, are eigenvec-
tors for «(b). With respect to that basis, we have

A0
z=[5 24

where 4 is an element of multiplicative order q in Z/pZ.

The divisibility condition on p and q implies that (G, o) can be of type 5, 6,
7,8 and 9.
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According to Subsections 4.1 and 4.3 of [8], we have
Aut(G) = (Hol(€,) x Hol(C,)) X C,.

The Sylow p-subgroup of Aut(G) has order p? and is characteristic, so, since
G has trivial center, all of its elements are conjugation by elements of A.

IfyisaGFon G, theny|, : A — Inn(G) < Aut(G) is a RGF, as A is charac-
teristic in G. Moreover, Lemma 2.5 yields that Y|a is a morphism, as ((A) acts
trivially on the abelian group A. Therefore, for each gamma function y there
exists 0 € End(A) such that

y(a) = ua™®) (8.1)
for each a € A.

8.1. Duality. Sinceeveryy on G satisfies equation (8.1), we can apply Lemma 2.7
with C = A, and this yields equation (2.5).

Now, by the discussion in Subsections 4.1 and 4.2, if o and 1 — ¢ are not
both invertible, then p | |ker(y)| or p | |ker(7)|, namely o has 0 or 1 as an
eigenvalue. Otherwise o and 1 — o are both invertible, and there are actually
o with no eigenvalues 0 and 1, and this corresponds to the existence of y such
that p + |ker(y)| , |ker(7))-

Except for the case when both y and # have kernel of size not divisible by p,
we will use duality to swich to a more convenient kernel.

’

8.2. Outline. We will use Proposition 2.6 to deal with the kernels of size g, pq,
and p?. As for the kernels of size p and 1, we will appeal to Proposition 2.8. To
do this, we will show that each y on G with kernel of size p or 1 always admits
at least one invariant Sylow g-subgroup B.

In order to do that, in Subsubsection 8.2.1 we describe the elements of Aut(G)
of order g.

8.2.1. Description of the elements of order q of Aut(G). The Sylow g-subgroups
of Aut(G) are of the form Cg. X Cy, for g°||p — 1, and they can be described as
the Sylow g-subgroups of the centraliser Cpy)({ t(b) )) of (i(b) ), generated in
Aut(G), where (b ) varies among the Sylow g-subgroups of G. Since they are
abelian, each of them contains exactly one subgroup of type (({( b)), and this
establishes a one-to-one correspondence between the Sylow g-subgroups of G
and the Sylow g-subgroups of Aut(G).

We note also that for a € A one has

Caute)({ t(B) WD = Cp iy t(bD) )).
For b € G \ A, recalling that «(b) acts on A as diag(4,171), we write
Biiay~al Biara
a, - a, a, — ag_l (8.2)
b—b b—b
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so that «(b) = 8,8,, and { 81, B, ) is the elementary abelian subgroup of order g>
of a Sylow g-subgroup of Cyy(g)( t(b) )).

Now, if 8 € Aut(G) is an element of order g, then it belongs to the centraliser
of (u(b)), where (b) is a Sylow g-subgroup of G. Therefore, if §;, 3, are as
above, then 8 € (3,3, ), namely § = [3;‘1 ;2, where 0 < x1,X, < g not both
Zero.

Let us start with the enumeration of the GF’s on G. We proceed case by case,
according to the size of the kernel.

As usual, if [ker(y)| = p?q, then y corresponds to the right regular represen-
tation, so that we will assume y # 1.

8.3. The case [ker(y)| = q. Let B = ker(y). Here (G, o) is necessarily of type
5, as it is the only type having a normal subgroup of order q.

By Proposition 2.6, since A is characteristic, each GF on G is the lifting of a
RGF on A, and, conversely, a RGF on A lifts to G if and only if B is invariant
under {y(a)(a) | a € A}.

For each a € A, y(a) = (a™9), where ¢ € GL(2, p), so that y(a)u(a) =
t(a'~9). Taking into account that each Sylow g-subgroup of G is self-normalising,
we obtain that y lifts to G if and only if o = 1, namely when

(@) = a™).

Since this map is a morphism and [A, y(A)] = {1}, by Lemma 2.5 y is actually
a RGF. Therefore, for each of the p? choices for a Sylow g-subgroup, there is a
unique RGF on A which lifts to G, and we obtain p? groups.

Note that for all the y’s in this case p | [ker(7)|.

As to the conjugacy classes, if y has kernel B, then, for x € A, y‘(x) has kernel
B™ asforb € ker(y),

P OB = (x Dy (b)(x) = 1.

Since ((A) conjugates transitively the p? Sylow g-subgroups of G, the orbits con-

tain at least p? elements. Since there are p? GF, there is a unique orbit of length
2

p-.
8.4. The case |ker(y)| = pq. Here K = ker(y) is a subgroup of G isomorphic
to Cp, X €4, therefore we will obtain (G, o) of type 6, as it is the only type having
a non abelian normal subgroup of order pgq.

We can choose K in 2p ways, indeed for each of the p? choices for a Sylow g-
subgroup B, the subgroups of order p that are B-invariant are the 1-dimensional
invariant subspaces of the action of B. Therefore, there are 2 of such subgroups.
Moreover, since €, X C, has p subgroups of order g, exactly p choices for B give
the same group.

Let K = (a;,b), and let a, € A be such that A = (a;,a,). The cyclic
complement ( a, ) of K in G can be chosen in p ways, and since y(G) < (A),
each of these choices yields a y(G)-invariant subgroup.
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Therefore, by Proposition 2.6, each y is the lifting of a RGF defined on any
of the complements of order p. So, we fix (a, ) and we consider the RGF’s
y' : {(ay) - Aut(G), taking into account that the choice of the complement
is immaterial. Again appealing to Proposition 2.6, the RGF’s ¥’ which can be
lifted to G are those for which K is invariant under {y’(x)u(x) : x € (a,)},
namely the maps defined as

7'(az) = laja;"),
for some j,0 < j < p—1. Moreover, since [{ a, },y({ a, )] = {1}, by Lemma 2.5
the RGF’s correspond to the morphisms. Therefore, since there are p choices
for j and 2p for K, the number of distinct gamma functions is 2p.

Notice that, for every y as above, p | [ker(7)|.

As to the conjugacy classes, let ¢ € Aut(G). According to [8], ¢ has the form
((x)d, where x € A, 85 = 1 and, with respect to the fixed basis, 54 = (§;;) €
GL(2, p) is diagonal. © is defined as b¥ = b” and a¥ = a¥, where either r = 1
and S =1,orr = —1and

01
s=[7 o

We have that y(a(f_l) = )/(alfcs_1 ),and y¥?(a;) = 1ifand onlyif af_l € ker(y)n
A = {(a, ), therefore 1) = 1. Moreover,

y?(b) = ¢ ly(b'™* g = o~ ly(x' % g, (8.3)

J

so it is equal to y(b) = 1 when x € (a, ). Now, writing a = a;

a;’, we have

_ 51 _
r%(ay) = 97 y(@d g = 97 y(a,? ) = U ), (8.4)

so that ¢ stabilises y if and only if L(a52_21)5 = 1(a), and this yields the condition
Jj(611 —6) =0.

So, if j = 0 the last condition is always satisfied, and if j # 0 the &’s in the
stabiliser are the scalar matrices. Therefore we get one orbit of length 2p and
one orbit of length 2p(p — 1).

8.5. The case [ker(y)| = p?. The action of y(G) of order q on G fixes at least
one of the p? Sylow g-subgroups of G, say B = (b).

Now, as B is y(G)-invariant, y(b) ;3 = 1, and let y(b)|4 = 8. The discussion
in Subsubsection 8.2.1 yields that § = ﬁfl ;‘2, where X, X, are not both zero,
so that, with respect to the basis {a,, a,}, we can represent § as the matrix

A0
T = [ 0 A_xzjl )
where A is an element of multiplicative order q in Z/pZ.

Therefore, since we are under the assumptions of Subsection 7.2, we obtain
that

(1) there is a unique invariant Sylow g-subgroup when both x;, x, # 0;
(2) there are p invariant Sylow g-subgroups when either x; = 0 or x, = 0.
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Moreover, taking k = —1 in Subsection 7.2, we find that the action of b on A
with respect to the operation o has associated matrix

1+x,
Zo ~ [/1 0 A—?—xz] .
Therefore we obtain the following groups (G, o).

Type 5: if x; = x, = —1, and there are p? groups.

Type 6: if either x; = —1 and x, # —1,0or x; # —l and x, = —1. In
both the cases there is a unique invariant Sylow g-subgroup, except if
either x, = 0 or x; = 0, when there are p invariant Sylow g-subgroups.
Therefore there are 2p*(g — 2) groups when we are in the case (1), plus
other 2p groups for the case (2).

Type 7: if x; + 1 = —(x, + 1) # 0. There are p?(q — 3) groups for the case
(1), plus 2p groups for the case (2).

Type 8: if Z, is a non scalar matrix with no eigenvalues 1, and determi-
nant different from 1.

In case (1) this corresponds to the conditions x, # 0,—1 and the
four conditions x; # 0,—1, —x,, —x, — 2, which are independent if and
only if in addition x, # —2. Therefore, for x, # 0,—1,—2 we obtain
p*(qg — 4)(q — 3), groups. For x, = —2 the four conditions on x; reduce
to three conditions, and we obtain further p?(q — 3), groups.

In case (2), suppose x; = 0. Then there are three independent con-
ditions on x,. Doubling for the case x, = 0, we obtain 2p(q — 3).

Summing up, we have just obtained p?(g — 3)? +2p(q — 3) groups of
type 8; looking at the eigenvalues of Z,, we easily obtain that they are
2p?(q — 3) + 4p groups isomorphic to Gy, for every s € X.

Type 9: if Z, is a non-scalar matrix with no eigenvalue 1 and determinant
1, namely x; # —1,—x, — 2, x, # —1, and x; — x, = 0. The case (2) can
not happen, otherwise 8 = 1. In case (1) we have x, # 0, —1, therefore
there are p?(q — 2) groups.

As to the conjugacy classes, since the kernel A is characteristic, we have that
y?(a) = y(a), for every ¢ € Aut(G).
In the notation of Subsection 8.4 , write ¢ = (x)8%. Since b? = b¥*™) =
b" mod ker(y), we have
77(b) = g™y (") = Y8 T (xS = P8I Bu(x =T )y,
Therefore, ¢ stabilises y if and only if
x(1-T8 — 1
§TIT"S = YT.

The first condition yields x = 1 or, if x = afa}, either x; = 0 and v = 0,
orx, = 0and u = 0. If p = 1 the second condition is always satisfied. If
¥ # 1, since 71T~ = T~! and ¥ acts on T by conjugation exchanging the

eigenvalues, the second condition yields x; = x,.
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We obtain the following.

(1) For (G, o) of type 5 the stabiliser has order 2(p — 1)?, so that there is one
orbit of length p2.

(2) For (G, o) of type 6 the stabiliser has order p(p —1)> when either x; = 0
or x, = 0,and (p — 1)> when x,, x, # 0. Therefore, there is one orbit of
length 2p together with g — 2 orbits of length 2p?.

(3) For (G, o) of type 7 the stabiliser has order (p —1)> when x;, x, # 0, and

p(p — 1)? otherwise. Therefore there are q7_3 orbits of length 2p?, and

one orbit of length 2p.

(4) For (G, o) of type 8, if x;, x, # 0 then the stabiliser has order (p — 1)?;
otherwise either x; = 0 or x, = 0, and the stabiliser has order p(p—1)>.
Therefore, if (G, o) ~ Gy, for every s € K we obtain g—3 orbits of length
2p? and two orbits of length 2p.

(5) For (G, o) of type 9, x;, X, # 0 so that the stabiliser has order (p — 1),
and there are g — 2 orbits of length p?.

8.6. The case |ker(y)| = p. To count the GF’s of this case we will use Propo-
sition 2.8.

Here |[y(G)| = pq. The discussion in Subsubsection 8.2.1 yields that y(G) =
((ay), B ), for some 1 # a, € Awith A7 = (1(qy) ), and 8 # 1. We can assume
y(b) = t(aé),@ for some j, where § = ﬁfl ;2. With respect to the basis {a;, a,},
where { a; ) and ( a, ) are the eigenspaces of ((b), the matrix associated to f is
diag(4*1,17*2), where x; and x, are not both zero.

We write y(b) = «(a,)B, and with respect to {a,, a,}, we can represent 34 as

M0
T= [0 A—M]’

where x;, X, are not both zero.
Following Subsection 7.3, and recalling that for G of type 9 k = —1, here we
find the following cases:

» Case A:ker(o) =(a; ).
A) v=0,u#0,x; +x, = —1;
(A2) v=1,u#0,x; = —x5;
(A3) v=1,u=0.
» Case B: ker(o) = (a;a,).
Bl) v=0,u=-1,x=—x,—2;

As explained in Subsection 7.3, the results in the cases (A1*), (A2*), (A3*) and
(B1*) can be obtained by doubling the results we will obtain in the cases (A1),
(A2), (A3) and (B1).

Notice that p divides both |ker(y)| and |ker(7)| if and only if o has both 0 and
1 as eigenvalues, that is, in all the cases above except (A1), where, since o has
only 0 as eigenvalue, p | |ker(y)| but p + |ker(7)|.
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8.6.1. Invariant Sylow g-subgroups. Taking k = —1 in Subsubsection 7.3.1,
we find the following.

Proposition 8.1. If G is of type 9 and y is a GF on G with |ker(y)| = p, the
number of invariant Sylow q-subgroups is

(A1) 1 when x; # 0,—1 and p otherwise.

(A2) 1when x; # 1 and p otherwise.

(A3) 1 when x; # Oand x, # —1, p> when x; = 0O and x, = —1, and p
otherwise.

(B1) 1when x; # —1,—2 and p otherwise.

8.6.2. Computations. By Subsubsection 7.3.2 the action Z, of bon A in (G, o)
is given by
Z,=((1-2)+2)T,
and we obtain the following.
Case A. Here ker(o) = (@, ) and equality (7.10) yields

/lx1+1 0
Zo = [,u(l — DA A2 -2H+ A Y|
(A1) We have p — 1 choices for o, and
/lx1+1 0
zo~ "0
We obtain the following groups (G, o).
Type 5: does not arise.
Type 6: if x; = 0or x; = —1. If x; = 0 for each of the (p — 1) choices
for o we have p?/p choices for B giving different GF’s, so p(p — 1)
groups. If x; = —1, then there are p(p — 1) groups.
Type 7: does not arise.
Type 8: if x; # 0, —1, (g — 1)/2, and these are always three indepen-
dent conditions. Since x; # —1, we get p?>(p — 1)(q — 3) groups.
They split in 2p?(p — 1) groups isomorphic to G, for every s € X.
Type 9: if x; = (g — 1)/2. Since x; # —1, we get p?(p — 1) groups.
(A2) We have p — 1 choices for o, and
lx1+1 0
o
We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = —1. Since x; # 1, there are p*(p — 1) groups.

Type 7: does not arise.

Type 8: if x; # 0, —1, (g — 1)/2, and these are always three inde-
pendent conditions. Here x; can be equal to 1 and so there are
p(p—1)+p*(p—1)(q—4) groups. They splitin p(p—1)+p*(p—1)
groups isomorphic to G, and 2p*(p — 1) groups isomorphic to G
forevery s # 2,5 € X.

Zo~|
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Type 9: if x; = (g — 1)/2. Here x; = 1 if and only if ¢ = 3, so that
there are p?(p — 1) groups if g > 3 and p(p — 1) if g = 3.
(A3) We have 1 choice for g, and
/1x1+1 0
Z- 0]
We obtain the following groups (G, o).
Type 5: if 1 + x; = —x, = 0. Since x; # 0 and x, # —1, there are p?

groups.
Type 6: if either x; = —1and x, # Oor x; # —1 and x, = 0. In
the first case, there are p groups when x, = —1, otherwise, for

X, # —1, there are p?>(qg — 2) groups. In the second case, since
X, = 0, we have to take x; # 0 and there are p?(q — 2) groups.

Type 7: when —x, = 1+ x; # 0. If x; = 0 and x, = —1, then there
is one group. The cases x; # 0, x, = —1,and x; = 0, x, # —1
can not happen, while if x; # 0 and x, # —1 there are p*(q — 2)
groups.

Type 8: when x; # —1,—x, — 1,x, — 1, x, # 0. Thecase x; = 0
and x, = —1 can not happen. If x; # 0 and x, = —1, the four
conditions on x; are actually three conditions, and there are p(q —
3) groups. If x; = 0 and x, # —1 we get further p(q — 3) groups.
Suppose now x; # 0, x, # —1.

There are always four independent conditions on x; except when
X, = 1, where the conditions become three. There are p?((q —
4)(q — 3) + (g — 3)) = p*(q — 3)* groups.

Therefore we have just obtained 2p(q — 3) + p*(q — 3)* groups,
which split in 4p + 2p?(q — 3) groups isomorphic to G, for every
seX.

Type9: if x; # —1,x, # 0and 1 + x; — x, = 0. For x, = —1 and
X; = —2 # 0 there are p groups. Similarly, for x, # —1and x; =0
and there are p groups. For x, # —1 and x; = x, — 1 # 0, namely
X, # 0,41, we get p?>(g — 3) groups.

Case B. Here ker(o) = (a;a, ), x; = —x, — 2.
(B1) We have p — 1 choices for o, and equality (7.10) yields
AN 0 A0
Z, = —A¥(1 =) A—Xz—l] ~ [ 0 /lx1+1] .
We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = 0 or x; = —1. In the first case x; # —2,-1
and there are p?(p — 1) groups, while in the second case there are
p(p — 1) groups.

Type 7: does not arise.

Type 8: when x; # 0,—1,(q — 1)/2. If x; = —2 there are p(p —
1) groups. Suppose now x; # —2; the four conditions on x; are
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independent and there are (p—1)(q—4)p? groups. Therefore there
are p%(p—1)(q—4)+p(p—1) groups, which splitin p(p—1)+p*(p—
1) groups isomorphic to G,, and 2p*(p — 1) groups isomorphic to
G, forevery s # 2,5 € XK.

Type 9: if x; = (g —1)/2 (x; # 0 and x; # —1). There are (p — 1)p?
groups.

8.6.3. Conjugacy classes. As to the conjugacy classes, let ¢ = ((x)d, where
x € A, 6§ € GL(2, p) is diagonal, and ¢ € C,. Suppose ¥ # 1. Then

-1 —1 —1
r?(a) = o~ (@® e = p7a, P )p = o7 u(a, " ) g
-1 -1
In the case (A) we have that y(a;) = 1, and since t(al_“a22 az_ 1}522) # 1, then
79(a1) # y(a;). In the case (B1), y(a;) = «(a]’) = «(a;), and since here v = 0
and u = —1,
-1 —1 —1

yP(a) = 97671, )8 = (@, P = ey ) # y(ay).

Therefore ) = 1, and consider ¢ = t(x)d. Now taking k = —1 and 6 diagonal
in Subsubsection 7.3.3, we obtain the following.

In the case (Al), equation (7.11) has one solution if x; # 0,—1, and p solu-
tions if x; = 0, —1, therefore the orbits have length 2p(p — 1) if x; = 0,—1, and
2p*(p — 1) when x; # 0, —1.

In the case (A2), equation (7.11) has one solution if x; # 1, and p solutions if
x; = 1, therefore the orbits have length 2p(p — 1) when x; = 1, and 2p%*(p — 1)
when x; # 1.

In the case (A3), equation (7.11) has one solution if x; # 0 and x, # —1,
p? solutions if x; = 0 and x, = —1, and p solutions otherwise. Therefore, the
orbits have length 2p? if x; # 0 and x, # —1,1if x; = 0 and x, = —1, and 2p
otherwise.

In the case (B1), equation (7.11) has one solution if x; # —1,—2, and p so-
lutions otherwise. Therefore, the orbits have length 2p?(p — 1) if x; # —1, -2,
and 2p(p — 1) otherwise.

Therefore, here the orbits have length:

(1) in the case (A1), 2p(p — 1) if x; = 0,—1, and 2p?(p — 1) otherwise;

(2) in the case (A2), 2p(p — 1) if x; = —1, and 2p?(p — 1) otherwise;

(3) in the case (A3), 2p?if x; # 0 and x, # —1,2if x; = 0 and x, = —1,
and 2p otherwise;

(4) in the case (B1), 2p(p — 1) if x; = —1, -2, and 2p?(p — 1) otherwise.

Recap 8.2. For G of type 9 and y a GF on G with kernel of size p, we list for each
isomorphism class of groups ((G, o)), the number (n) and the lengths (1) of the
conjugacy classes in Hol(G).

For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of
Gq.
T(n) denotes the total number of conjugacy classes.
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(G,0) Conditions n l T(n)
5 1 2p? 1
1 2p
2(q-2) 2p*
6 2(g+1
3 2p(p-1) (@+1)
2 2p*(p—1)
1 2
7 -2 T qg-—1
4 2p
2(q - 3) 2p?
8¢, q>3 5 2p(p =) 2(g +2)
4 2p*(p—-1)
4 2p
86, k #2 q>3 2(qg —3) 2p?
2 2p
q>2 =3 2p2
9 —3 1 2p(p—1) q+2
1= 2 2p*(p—-1)
qg>3 3 2p%(p—1)

In the row of 8, we mean that for every k € XX, k # 2 there are n classes of length
[ of regular subgroups isomorphic to G.

8.7. The case |ker(y)| = 1. The GF’s of this case can be divided into sub-
classes according to the size of ker(7). Those for which [ker(7)| # 1 can be
recovered via duality from the previous computations applied to 7. For the oth-
ers, for which |ker(7)| = 1, we will use Proposition 2.8.

We recall that 7(x) = y(x~")u(x™") for all x € G, so [ker(7)| # 1 means that
there exists x, € G, xy # 1, such that

y(x) = t(xy ") (8.5)
whereas the condition |ker(y)| = 1 corresponds to
7(x) # t(x71), foreach x € G, x # 1. (8.6)

Clearly, when |ker(7)| = p?q,y = 7 corresponds to the left regular representa-
tion, and this gives one group of the same type as G.

In the remaining cases for which q | |ker(7)|, the condition (8.6) is not ful-
filled, so none of the corresponding y’s has trivial kernel.

Consider now the GF’s y for which p | |ker(7)| (and g t |ker(7)|). Here
y(a) = «(a™?), where o has 1, but not 0, as eigenvalue (because p | |ker(7)| and
y is injective). Therefore, for each a € A, we have that 7(a) = y(a™)u(a™?!) =
w(a®h.

Suppose that ¢ = 1. Then |ker(7)| = p* and y(a) = «(a™'). Therefore,
p? | [¥(G)|, and ker(y) can have size 1 or q. We have |ker(y)| = 1 if and only
if (8.6) is satisfied, and by Subsection 8.5, 7(b) = «(b~!) ifand only if x; = x, =
—1. Therefore, the p? GF’s 7 corresponding to (G, o) of type 5 are such that the
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corresponding y have kernel of size g, and all the others 7 correspond to y with
kernel of size 1.

Suppose now that o # 1. Since o has 1 as eigenvalue, then |ker(7)| = p, and
if ay € A generates ker(7), then y(ay) = (a; 1), namely p | [¥(G)|. Moreover,
since 0 is not an eigenvalue for o, p 4 |ker(y)|. Therefore, again, ker(y) can have
size 1 or q. By Subsection 8.6, the 7’s such that p | |ker(7)| and p 4 |ker(y)| are
those of the cases (A1) and (A1*). Moreover, for every 7 belonging to these cases
the condition (8.6) is satisfied, namely the corresponding y are injective.

We are left with the case when |ker(y)| = |ker(7)| = 1. In the following, we
suppose that o has no eigenvalues 0 or 1.

Here y(G) = («(ay), (a,), B ), where § # 1. Asin Subsubsection 7.1, if b is an
element of order q fixed by 8, we can assume y(b) = t(a,.)p for some a, € A°,
and 8 = ,8;‘1 ;2. As usual, denote by T the matrix of y(b), 4 with respect to the
basis {a;, a,}. The discussion in Subsection 8.2 yields equation (4.2), which in
our notation here is

(c'=1D)'T(c =1 =TZ (8.7)
Now T and TZ, being conjugate, have the same eigenvalues, so that 172 =
A4+1 Therefore T = diag(1*1, A1**1), and 0! — 1 exchanges the two eigenspa-
ces, SO
-1 _10 s
ol-1= [SZ 0] (8.8)
with the conditions s;, s, # 0 (due to our assumptions on the eigenvalues of o)
and s;5, # 1.

8.7.1. Invariant Sylow g-subgroups. We will show that alsoin this case there
always exists at least one invariant Sylow g-subgroup. By the discussion above
y(b) = L(a*)ﬁflﬁz_(xlﬂ), for some a, € A° and 0 < x; < q.

By Subsection 7.1 there exists an invariant Sylow g-subgroup, {( b* ) where
x € A, if and only if the equation (7.4), namely

x(l_Z—l)M — afkl—Z_l)T

where M =1 — (14 T 'o(1 — Z71))T, has a solution in x.

Here
1% — 1-17YH 514(1-2)
— 1—s18; 1—-515,
M A7 a-1"1) 1 — qat+l _ a-» |’
1—s15; 1—5:15,

and since det(1 — Z71) # 0 and det(M) = (1 — 21%)(1 — A%1*1), we have the
following.
(1) If x; # 0,—1, then M has rank 2 and the system (7.4) admits a unique
solution.
(2) If x; = 0, then, writing a,, = af ai , the system (7.4) admits solutions if
and only if y = —s;x. Moreover, in that case there are p solutions. If
Yy # —s;x, then there are no GF on G extending the assignment y(b) =
(a,)B, as the condition (7.6) is not satisfied.
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(3) If x; = —1, then (7.4) admits p solutions if and only if a, = a,"*aj.
Reasoning as above, if x # —s,y there are no GF on G extending the
assignment y(b) = 1(a,)p.

8.7.2. Computations. Since in this case all gamma functions fulfil (2.7), we
can count them using Proposition 2.8, as follows.

» Choose o € GL(2, p) without eigenvalues 1,andaRGFy : B - Aut(G)
such that ¢ and y satisfy (2.5) (g choices for y corresponding to y(b) =

fl 5 1+ and (p — 1)(p — 2) choices for o as in equation (8.8)).

« By Proposition 2.8 each such assignment defines a unique function y,
and the GF’s obtained in this way are distinct for x; # 0,—1 (namely
when y(G) is centerless) and each of them is obtained p times when
x; = 0 or —1 (namely when Z(y(G)) is non trivial).

Now, let y be a GF obtained for a choice of 0, B, x;. Since y is injective, (G, o)
is isomorphic to y(G). We have

YOy (@y () = y(b) '@y (b) = (a=°T) = y(aT),
from which we obtain,
bSlogob = q°To ™",
Since a°! = a' for all ¢, the action of «(b) on A in (G, o) is
1% 0
Zo ~ [ 0 Ax1+1:| .
We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = 0 or x; = —1 and there are 2p(p — 1)(p — 2) groups.

Type 7: does not arise.

Type 8: when x; # 0,—1,(g — 1)/2 and there are p*(p — 1)(p — 2)(g — 3)
groups. They are 2p*(p — 1)(p — 2) groups isomorphic to G, for every
seX.

Type 9: when x; = (q — 1)/2 and there are p?>(p — 1)(p — 2) groups.

8.7.3. Conjugacy classes. As to the conjugacy classes, in the notation of Sub-
section 8.4, let ¢ = 1(x)dy € Aut(G). We have

1°(a) = p7ly(@ e = Y716 a )Y = (a0,
so that y?(a) = y(a) if and only if c716Sc = &S. The last condition yields
8y =061, ifS=1,and 8,, = 2—2511 if S # 1.
Now, '
-1 —r
r?(b) = o~ 'y(b? D = ¢~ y(x' 7 bg;
suppose first 3 = 1. Using Proposition 2.8, we obtain
y°(b) = ¢~y (x' " b)p
= o l(x~(=ZTITo)gg
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— 5_1l(x_1+T_1_(1_Z_1)T_1G)65

— l(x(—1+T‘1—(1—Z‘1)T‘la)5)ﬁ,

so that y?(b) = y(b) if and only if the system x1 = 1, where H; := —1+T7! -
(1-2Z7YHT"1o, admits a solution. Since det(H;) = (1 —1"1)(1 —A17%71), there
is one solution if x; # 0, —1, and p solutions otherwise.

Suppose now that 1 # 1. Since y(b™!) = f~!, we have

y2(b) = o7y (x'“b g
= @ l(x~1=2T9)y(b1)p
_ go—ll(x—(l—Z)Ta)ﬁ—qu
= P&~ (x"HT-(1-2)To) g1 5y,
= hu(xHT-1-2)T0)) g1y

IfH, :=—-1+4+T — (1 — Z)To,we have that y?(b) = y(b) if and only if

(x2)B = Yy,
namely if and only if

xH =1
T-! = STS.

Since det(H,) = (1 — A¥1)(1 — 2%1+1), the system xf2 = 1 has one solution
if x; # 0,—1 and p solutions otherwise, while the condition T~! = STS is
satisfied if and only if x; = qT_l.

We obtain the following.

(1) if x; = 0,—1, then the stabiliser has order p(p — 1). Here there are
2p(p —1)(p — 2) groups (G, o) of type 6, so that there are p — 2 orbits of
length 2p(p — 1).

2) ifx; = qT_l, then (G, o) is of type 9, and the stabiliser has order 2(p —1).
Since there are p?(p — 1)(p — 2) groups, they split in p — 2 orbits of
length p?(p — 1).

3) ifx; #0,—1, qT_l, then (G, o) is of type 8, and the stabiliser has order p—
1. Since for every s € X there are 2p*(p — 1)(p — 2) groups isomorphic
to Gy, they split in p — 2 classes for every s € X.
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8.8. Results.

Proposition 8.3. Let G be a group of order p*q, p,q > 2, of type 9. For each
isomorphism class of groups (T'), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following table.

For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of

G,.
T(n) denotes the total number of conjugacy classes.
r Conditions RS n l T(n)
5 4p? 2 P 3
p 1 2p2
4 2p
4q-2)| 2p
6 2p*(4q+3p—7 4q+p+2
p(4g+3p=7) ¥4 [ 2p(p—1) | TP
2 [2p%(p-1)
2+4p+2p*(2q —5) L 2
7 2 2p 2q -1
2q—5 2p?
8 2p
— 7
8, qg>3 2p(p3 + 3p? — 14p + 4pq — 6) 4q-3) 2p 4q+p+2

86,8 #2 qg>3 2p(p3 +5p> —18p +4pq +8) | 4(q—3) 2p? 4g+p+2

q>3 |2+4p+p*(p*+5p+4q—16)

> 3g+p-—1

p-2 | p(p-1)
4 2p*(p—1)
2 1

2 p?
2

1

3

2p

2 | pPlp-1)
2p(p—1)
2p*(p—-1)
In the row of 8g_we mean that for every s € X, s # 2, there are 2p(p® + 5p* —
18p + 4pq + 8) regular subgroups isomorphic to G,.

q=3 242p+p3(p+3) 8+p

9. Type 8

This case can be handled in a very similar way to the case in which G is type
9, so in the following we will often refer to the previous Section, highlighting
only the points that require a different treatment.

Hereq | p—1,q > 3, and G is isomorphic to one of the groups (C, X C,) Xpg
Cq4- The Sylow p-subgroup A = ( a,, a, ) of G is characteristic, and if a;, a, € A
are in the eigenspaces of the action of a generator b of a Sylow g-subgroup B on
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A, then this action can be represented by a non-scalar diagonal matrix Z, with
no eigenvalues 1 and det(Z) # 1.
For all of this section, we consider A = ( a,, a, ), where a,, a, are eigenvec-

tors for «(b). With respect to that basis, we have

A 0

0 Ak|
where A has order g, and k # 0, +1.

-3

Recall that the type 8 includes qT different isomorphism classes of groups,
and that{G, : k € X}denotes aset of representatives of the isomorphism classes
(see Section 3).

According to Subsections 4.1 and 4.3 of [8], we have

7 =

Aut(G) = Hol(Cp,) X Hol(C));

as in the case of the groups of type 9, all the elements of the Sylow p-subgroup
of Aut(G) are conjugation by elements of A, and for each gamma function y
there exists 0 € End(A) such that (7.1), namely y(a) = «(a™9), is satisfied for
each a € A (see Section 8).

9.1. Duality. For G of type 8 the discussion in Subsections 4.1 and 4.2 yields
that o has 0 or 1 as an eigenvalue, and this corresponds to have p | |ker(y)| or
p| [ker(7)|

Therefore, we can assume that p | [ker(y)| (equivalently o has 0 as an eigen-
value), and once we have counted the gamma functions with this property, we
will double the number of those for which moreover p ¢ |ker(7)| (we will dou-
ble only those GF for which 1 is not an eigenvalue of o).

9.2. Description of the elements of order q of Aut(G). The discussion in
Subsubsection 8.2.1 yields that, if b € G \ A, recalling that «(b) acts on A as
diag(1, 1¥), we can write

ﬁ’1:a1»—>ai1 Br:ayay
a, = a, azr—>a§k (9.1)
b—b b—b

so that «(b) = f,$,, and if B € Aut(G) is an element of order g, then § €
(B1, B, ), namely B = ;' B;2, where 0 < X, x, < g are not both zero.

Let us start with the enumeration of the GF’s on G. As usual, if |ker(y)| =
p?q, then y corresponds to the right regular representation, so that we will as-
sume y # 1.

Suppose moreover that G ~ Gy, for a certain k € X.
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9.3. The case |ker(y)| = pq. Reasoning as in Subsection 8.4, we obtain 2p?
gamma functions corresponding to groups (G, o) of type 6.

Moreover, for every y here, p | [ker(7)|.

As to the conjugacy classes, this time an automorphism ¢ of G has the form
® = «(x)d, where x € A and ¢ is such that 6|5 = 1, §|4 = (;;) € GL(2, p)
diagonal with respect to the fixed basis.

With the same computations of Subsection 8.4 we obtain two orbits of length
p and two orbits of length p(p — 1).

9.4. The case |ker(y)| = p?. Reasoning as in Subsection 8.5, we obtain that
each y on G is the lifting of at least one RGF defined on an invariant Sylow g-
subgroup B, and the RGF’s on B are precisely the morphisms. We have y(b)p =
1, and let y(b)|4 = fB; then the discussion in Subsubsection 9.2 yields that § =
ﬁfl ,6’;2, where x;, x, not both zero, so that, with respect to the basis {a;, a,}, we

can represent 3 as the matrix
A0
T = [ : l] |

where A is an element of multiplicative order q in Z/pZ, x,, x, are not both
zero, and k € X is such that G ~ G.

To know the exact number of the invariant Sylow g-subgroups we appeal to
the discussion in Subsubsection 7.1; here equation (7.4) yields x(A-27OM = 1,
where

M=1-T=

1—An 0
0 1=k
and we obtain that
(1) if both x;, x, # 0, there is a unique invariant Sylow g-subgroup;
(2) if either x; = 0 or x, = 0, there are p invariant Sylow g-subgroups.

Denoting as usual by Z, the associated matrix of the action of b on A with
respect to the operation o, here we have

/‘11+x1 0 l

Zy ~ 0 /lk+kx2

and we obtain precisely the same number of groups (G, o) of type 5, 6, and 7 as
in Subsection 8.5. As for the type 8 and 9, we have the following.

Type 8. In case (1) the type 8 corresponds to the conditions x, # 0,—1 and
x; #0,-1,—kx, — k —1,kx, + k — 1. The conditions on x; are independent if
and only if in addition x, # k~! — 1, —k~! — 1. When these four conditions on
X, are dependent, they reduce to three.

We obtain p%(g —4)? groups if x, # —k~! — 1, k=1 — 1, plus further p?*(g — 3)
groupsif x, = —k=' —1,k~! — 1.

In case (2), suppose x; = 0. Then, there are four independent conditions on
X,. Doubling for the case x, = 0, we obtain 2p(q — 4) groups.
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Now, looking at the eigenvalues of Z, as x; and x, vary, and taking into ac-
count the conditions on x; and x,, one can see that the 2p*(g — 3) groups split
in 4p? groups isomorphic to G, for every s € X, and the p?(q —4)> + 2p(q — 4)
groups split in 2p?(q — 5) + 4p groups isomorphic to G for every s # k, and
2p*(q — 5) + p? + 2p groups isomorphic to Gy. Therefore, in total, we have

« 2p?(q — 3) + 4p groups isomorphic to G, for every s # k;
« p*(2q — 5) + 2p groups isomorphic to Gy.

Type 9. (G, o) is of type 9 when x; # —1,kx, +k—1,x, # —1,and x; + 1 +
kx,+k = 0. Incase (1) x, # 0,—1 and also x, # —k~! —1 (otherwise we would
have x; = 0). Since the last one is a further condition, we obtain p?(q — 3)
groups. The case (2) yields 2p groups.

Summing up, there are 2p + p*(g — 3) groups.

As to the conjugacy classes, with the same computations as in Subsection 8.5
(imposing 1 = 1), we obtain the following.

(1) For (G, o) of type 5 there is one orbit of length p?;

(2) For (G, o) of type 6 we obtain 2 orbits of length p and 2(q — 2) orbits of
length p?;

(3) For (G, o) of type 7 there are g — 3 orbits of length p? and 2 orbits of
length p.

(4) For (G, o) of type 8, (G, o) ~ G, then for every s # k, s € K, we obtain
2(g — 3) orbits of length p? and 4 orbits of length p; otherwise s = k,
and we get 2g — 5 orbits of length p? and 2 orbits of length p.

(5) For (G, o) of type 9 there are g — 3 orbits of length p? and 2 orbits of
length p.

9.5. The case [ker(y)| = p. As in Subsection 8.6, we have y(G) = (u(ay), 8 ),
for some 1 # a, € A with A% = (i«(ay)), and § # 1. We can assume y(b) =
«(a})B for some j, where B = B;'B,* (by Subsection 9.2). With respect to the
fixed basis we can represent 3|4 as

X1
=y
Also here ker(y) = ker(c) = (v ) and from equation (2.5) we obtain (7.7),
and we distinguish in the three cases v € (a; ), v € (a, ), and v = af ai’ .
Following Subsection 7.3, and recalling that k # +1, 0, here we find the fol-
lowing cases.
+ Case A: ker(o) = (ay ).
A1) v=0,u#0,x; —xk =k;
(A2) v =1, u # 0, x; = x5k;
(A3) v=1,u=0.
» Case B: ker(o) = (a;a,).
Bl) v=0,u=-1,x; =xk+k—1;
As explained in Subsection 7.3, the cases (A1*), (A2%), (A3*) and (B1*) can be
recovered by the cases (A1), (A2), (A3) and (B1) considering k™! instead of k.
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Notice that p divides both |ker(y)| and |ker(7)| if and only if o has both 0 and
1 as eigenvalues, that is, in all the cases above except (A1) and (A1*), where,
since o has only 0 as eigenvalue, p | |ker(y)| but p t |ker(7)).

9.5.1. Invariant Sylow g-subgroups. Takingk # +1,0in Subsubsection7.3.1,
we find the following.

Proposition 9.1. If G is of type 8 and |ker(y)| = p, then the number of invariant
Sylow g-subgroups is

(Al) 1when x; # 0,k and p otherwise.

(A2) 1when x; # —k and p otherwise.

(A3) 1 when x; # 0and x, # —1, p> when x; = O and x, = —1, and p

otherwise.
(B1) 1when x; # —1,k — 1 and p otherwise.
(B1*) 1 when x, # —1,—1 + k~! and p otherwise.

9.5.2. Computations. By Subsubsection 7.3.2 the action Z, of b on A in (G, o)
is given by
Z,=((1-2)+2)T,

and we obtain the following.
Case A. Here

lxl+1 0
11— DA% Ak(p(1 = 2K + 25)

Z, =

(A1) We have p — 1 choices for o, and

/lx1+1 0
ZVV[O MJ'

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: if x; = 0 or x; = —1. If x; = 0 we obtain p(p — 1) groups; if
x; = —1 there are p?(p — 1) groups.

Type 7: does not arise.

Type 8: if x; # 0, —1, (g — 1)/2. Suppose first that k = (g — 1)/2;
then x; # k and there are p*(p — 1)(q — 3) groups. Otherwise
k # (g —1)/2 and there are p(p — 1) + p*(p — 1)(q — 4) groups.
Therefore, if k = qT_l, there are 2p?(p — 1) groups isomorphic to G
forevery s € X, and ifk # q7—1’ then there are p(p—1)+ p*(p—1)
groups isomorphic to Gy,-1 (obtained for x; = k,—(k + 1)) and
2p?(p — 1) groups isomorphic to G, forevery s # 1 + k1,5 € X.

Type 9: ifx; = (q—1)/2. When k = (q—1)/2 then x; = k and there
are p(p — 1) groups. Otherwise k # (g — 1)/2 so that x; # k and
there are p?(p — 1) groups.
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(A2) We have p — 1 choices for o, and

/Ix1+1 0
Z°N[ 0 Axl]'

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = —1. Here x; # —k and there are p?(p—1) groups.

Type 7: does not arise.

Type 8: if x; # 0, -1, (q — 1)/2. When k = 1/2 then x; # —k and
there are (p — 1)(q — 3)p? groups, which split 2p*(p — 1) groups
isomorphic to Gy for every s € XK. If k # 1/2 then there are (p —
1)p + p*(p — 1)(q — 4) groups, which splitin p*(p —1) + p(p — 1)
groups isomorphic to G;_x-1, and 2p?(p — 1) groups isomorphic to
G, foreverys #1—k™l,s € X.

Type 9: if x; = (g —1)/2. If k = 1/2 then x; = —k and there are
p(p — 1) groups. Otherwise k # 1/2, so x; # —k and there are
p*(p — 1) groups.

(A3) We have 1 choice for g, and

Zo~ |k

/1x1+1 0 l

We obtain the following groups (G, o).

Type 5: if 1 + x; = x,k = 0. There are p? groups.

Type 6: if either x; = —1and x, # Oor x; # —1and x, = 0. In
the first case, there are p groups when x, = —1, and p*(q — 2)
otherwise. In the second case, since x, = 0, we have to take x; # 0
and there there p?(q — 2) groups.

Type 7: when x,k = 1+ x; # 0. In both the cases x; # 0, x, = —1,
and x; = 0, x, # —1 there are 2p groups. If x; # 0 and x, # —1
there are p?(q — 3) groups.

Type 8: when x; # —1,xk — 1,—xk — 1, x, # 0. If x; = 0 and

X, = —1, then there is one group. If x; # 0 and x, = —1, the four
conditions on x; are independent, and so there are p(q—4) groups.
If x; = 0and x, # —1 we get further p(q —4) groups. Suppose now
X, # 0, x, # —1; there are always four independent conditions on
X;, except when x, = +k~!, where the conditions become three.
Thus there are p*(q — 4)? + 2p?(q — 3) groups.
The 2p?(q—3) groups split in 4 p? groups isomorphic to G, for every
s € X, and the 1+2p(q—4)+ p*(q—4)* groups splitin 4p+2p?(q—
5) groups isomorphic to G, for every s # —k, and 1 + 2p + p? +
2p?(q — 5) groups isomorphic to G_j. Therefore, in total, there are
1+ 2p + p%(2g — 5) groups isomorphic to G_, and 4p +2p%(q — 3)
groups isomorphic to G, for every s # —k,s € X.
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Type9: if x; # -1, x, # 0Oand 1 + x; + x,k = 0. For x, = —1
and x; = k — 1 # 0 there are p groups. Similarly, for x, # —1 and
x; = 0and there are p groups. For x, # —1and x; = —x,k—1 #0,
namely x, # 0,—1,k™!, we get p?(q — 3) groups.

Case B. Here x; = x;k+ k — 1.

(B1) We have p — 1 choices for o, and

A 0 A 0
Zo = —A¥(1 =) Axk+k ~ [ 0 /1x1+1]-

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = 0 or x; = —1. In the first case x; # k —1,—1
and there are p?(p — 1) groups, while in the second case there are
p(p — 1) groups.

Type 7: does not arise.

Type 8: when x; # 0,—1,—1/2. If x; = k — 1 (and thus k # 1/2)
there are p(p — 1) groups. Suppose now x; # k —1; when k # 1/2
(in particular when G is of type 9) the four conditions on x; are
independent and there are (p — 1)(q — 4)p? groups. Otherwise
k = 1/2 and the four conditions are actually three, thus there are
p*(p—1)(g—3) groups. Therefore there are p?(p—1)(q—3) groups
if k = 1/2, and they split in 2p?(p — 1) groups isomorphic to G, for
everys € K. Ifk # 1/2 there are p*(p—1)(q—4)+ p(p—1) groups,
which splitin p(p—1)+ p?(p—1) groups isomorphic to G;_-1, and
2p?(p — 1) groups isomorphic to G, foreverys # 1 —k™1,5s € K.

Type 9: if x; = (g — 1)/2. We have that x; = k —1whenk = 1/2
and in this case there are (p — 1)p groups. Otherwise k # 1/2 and
there are (p — 1)p? groups.

As for the conjugacy classes, here an automorphism of G has the form ¢ =
((x)d, where x € A and § is a diagonal matrix. Therefore, we can refer to
Subsubsection 7.3.3 for the computation of the conjugacy classes.

Summing up all the results obtained for the kernel of size p, we have the

following.

Recap 9.2. For G of type 8, G ~ Gy, and y a GF on G with kernel of size p, we list

for each isomorphism class of groups ((G, o)), the number (n) and the lengths (1)

of the conjugacy classes in Hol(G).
For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of

T(n) denotes the total number of conjugacy classes.
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Cases Conditions (G, 0) n l T(n)
5 2 p? 2
2 4
4q-2) p’
6 4q+1
i pp-n MY
6 pP’(p—1)
4 p
7 2(g—1
2 1
8., 4 p 4g-1)
(A3)+(A3*) 2(2q - 5) P’
8 p
8:.,8 #—k 4(g—1
Gy ;é 4(q — 3) p2 (q )
1 -1
either k or k™! 8, 3 pz((p = 1)) 4
isequaltoq —2 p2p
8,8 # 2 4 p(p—-1) 4
. Kk T#£qg-2 [8;,s#1+k,1+kT 4 p(p-1) 4
(A1)+(A1 ) k, k—l ;é q- 2 ’ 8 2 P(P - 1) 4
and G1+k o~ G1+k—1 Crak 2 PZ(P - 1)
kkT#q—2 P 1 p(p—1) 4
and G1+k * Gl+k’1 Grei? OOt 3 PZ(P -1
2 -1
either k or k™! 8a, pz(p ) 8
is equal to 2 6 pp=1)
’ 86,8 # 2 8 p(p-1) 8
(AZ)JSF(AZ ) Kk T#2 8g,s#1—k,1—k T 8 p’(p-1 8
—1
(Bl)+(Bl*) k,k ;52 4 P(P—l)
and Gy_j, =~ Gy_j1 861, 4 p(p-1) s
kkT#£qg-2 s g 2 p(p—1) 3
and Gy_y # Gy_g G102 OC1 6 p’(p-1)
4 p
‘A3)+(A3* 9 2g -1
either k or k™! 9 1 p(p—1) 5
(AD)+(A1*) | isequaltoq—2 1 p’(p-1)
Kk T#£qg-2 9 2 p(p—-1) 2
(A2)+(A2°) | eitherk ork™! 9 2 p(p—1) 4
+ is equal to 2 2 pi(p—1)
(BD+(BI*) Kk T#2 9 4 p(p-1 4

In the rows of 8 we mean that for every s € X there are n classes of length |
of regular subgroups isomorphic to G.

9.6. Results.

Proposition 9.3. Let G be a group of order p*q, p > 2, q > 3, of type 8, so that
G is isomorphic to Gy, where k, an integer modulo q, k # 0,1, —1, determines the
isomorphism class of G. For each isomorphism class of groups (T'), the number of
regular subgroups in Hol(G) (RS), and the number (n) and the lengths (1) of the
conjugacy classes in Hol(G) are listed in the following table.

T(n) denotes the total number of conjugacy classes.

T | Conditions RS n 1 T(n)
5 4p2 4 p2 4
8 p
8(q—2) p’
6 8p%(q+p—2 8(g+1
p°(@+p—2) 3 2P =1 (g+1)
8 p’(p-1)




p q

8 p
7 8p +4p*(q-3 4q-1
p +4p*(q—3) O] o7 (g-1)
G*Gipq>5 Table 5
8 G~Gyp,q>3 Table 6 8(g+1)
8 p
GGy q>5| 4p2+plg+2p-5) [ 4q-3) P’ 4q+1)
8 p’(p-1
8 P
N B 4(q-3) p?
g | 6=Gs2q>5 | 2pB3+p2g+3p—8) 3 (=1 4g+1)
6 p’(p-1
8 P
G~Gyoq=5 | 8p(1+p+2p(p?—1) 8 i 24
= 4 plp—1)
4 p’(p-1
Table 5: T, G of type 8, G ~ Gy # G,
| T [ RS n ]
ifeither k or k=1 is a solution of x> — x — 1 = 0:
2 1
12 p
G, Gi_k 2(1 4 5p + 4p*q —17p* + 7p®) | 2(4q — 11) p?
2 p(p—1)
14 p’(p-1
16 p
8(q—3 2
Grak T I e
12 p’(p-1
16 p
Vs € X : Gy % Gy, Gi4k 8(2p + p*q — 5p* +2p?) 8(q—3) P’
16 p’(p-1
ifk and k™1 are the solutions of x> + x + 1 = 0:
2 1
G 2(1 + 6p + 4p2q — 19p* + 8p?) 12 P
k 2(4q — 11) P?
16 p’(p-1
2 1
12 p
Gk 2(1 4 4p + 4p*q —15p% + 6p3) | 2(4q — 11) p?
4 p(p—1)
16 p’(p-1)
16 p
8(g—3 2
G1-k> G1-k-1 2(7p + 4p*q — 18p* + 7p*) (q2 ) p(;— 5
14 p’(p—1)
16 p
Vse X : 2 e 3 — >
Gy % G, Grag, Gr_p-t 8(2p + p*q — 5p* +2p°) 8(g—3) P
16 p(p—1)

[ ifk and k=" are the solutions of x> — x + 1 = 0:
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2 1
G 2(1 + 6p + 4p2q — 19p? + 8p?) 12 P
2(4q —11) P’
16 p’(p-1)
2 1
12 p
Gi_k 2(1 +4p +4p?q — 15p% + 6p°) | 2(4q — 11) P’
4 p(p—1)
16 pP’p-1
16 p
2
Gk, Gryk—t 2(7p +4p*q — 18p* + 7p*) S(qz_ 3) I Pp )
14 p’(p-1)
. 16 P
Gs * G\VI;S, glzckx.G1+k—1 8(2p + pzq B sz + 2p3) S(qlg 3) p2(§2 1)
ifk and k™1 are the solutions of x> + 1 = 0:
4 1
Gy 4(1 +2p + 2p2q — 9p? + 4p?) 8 P
429 - 5) p’
16 p’(p-1
16 p
8(¢-3) p’
Gk Gr—k 4(3p +2p*q - 8p* +3p*) 4 p(p—1)
12 p’(p-1)
16 p
Vs € KX : Gy % Gy, Grak 8(2p + p*q — 5p* +2p?) 8(q —3) D>
16 p’(p-1
ifk? # +k+1,-1:
2 1
G, G 2(1+ 6p + 4p2q — 19p* + 8p?) 12 P
’ 2(4q — 11) p?
16 p’(p-1)
16 p
2
Gisto Gkt 27p + 4p*q —18p* +7p*) S(qz_ 3) o ; Y
14 p’(p-1)
. 16 p
Gy G\ii,ecik: Gkt 8(2p + p*q — 5p* +2p*) 8(q1; 3) - 11)12 5

When in a row there is more than one isomorphism class for T', we mean that
there are RS regular subgroups for each of these. In particular, in the rows of Gy
we mean that that there are RS regular subgroups for each s € X.

Note that in each of the cases in Table 5, and for each isomorphism class of T,
the total number of conjugacy classes is T(n) = 8(q + 1).
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Table 6: T, G of type 8, G ~ G,

r Conditions RS n l

4 1

8 p

G, q=>5 41+ p+3p*(p+1) 20 P’
4 p(p—1)
12 p’(p-1

2 1

12 p

G, q>5 2(1+5p +4p?q—17p* +7p®) | 2(4g — 11) p?
2 p(p—1)
14 p(p—1)

2 1

12 p

Gs q=7 2(1+4p +13p% + 6p3) 34 p?
4 p(p—1)
12 p’(p-1)

2 1

2 2 3 12 p

G_, q>17 2(1+ 6p + 4p*q — 19p* + 8p>) g —11) 7
16 p’(p-1)

16 p

G;,Gs 2 2 3 8(g—3) p?
3 2 q>7 2(7p + 4p*q — 18p* + 7p°) 3 =1
14 P’o-1

Vse X : 16 p

Gs # G2,Gy2, q>7 8(2p + p*q — 5p* +2p%) 8(q —3) p?
G3,Gg43)/2 16 p*(p—1)

In each of the cases in Table 6, and for each isomorphism class of T, the total
number of conjugacy classes is T(n) = 8(q + 1).

Proof. For the types 5, 6, 7and 9, the number of (G, o) is obtained just summing
up the results in Subsections 9.3, 9.4, and 9.5, and doubling those such that
p t |ker(7)| (see the discussion in Subsection 9.1), namely when |ker(y)| = p?
and the cases (A1), (A1*) when |ker(y)| = p.

If (G, o) is of type 8 and g = 5, then there is only one isomorphism class of
groups of type 8, so that also in this case we obtain the number of (G, o) ~ G,
simply summing up the results in the previous sections, and doubling for the
cases |ker(y)| = p*q, [ker(y)| = p* and the cases (A1), (A1*) when [ker(y)| = p.

Suppose now (G, o) of type 8 and g > 5. To obtain the total number of (G, o)
for every isomorpism class of groups of type 8, we have to distinguish some
cases.

Suppose first k = +2, then by Subsections 9.4 and 9.5 the number of (G, o)
of type 8 depends on the isomorphis classes of the groups G,,G3,G3s and G_,.

Since two groups of type 8, say Gy, and Gy, are isomorphic if and on132/ ifk; =k,
or k;k, = 1, in this case we have that the G; ~ G3 ~ G_, # G, if g = 7, and

2
that G,, G, Gs and G_, represent different isomorphism classes if g > 7.
2
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Suppose now k # +2. By Subsections 9.4 and 9.5 the number of (G, o) of type
8 depends on the isomorphis classes of the groups Gy, Gy 4 x-1, G145 G1—k-1, G1—k
and G_j.

Suppose 5 is a quadratic residue modulo g; then Gy, ~ Gy k-1, Gk = G2
and G,_; ~ G_; if and only if k is a solution of x> — x — 1 = 0. Moreover
Gy =~ Giyk> Gipp—1 = Gy and Gy_p—1 ~ G_y if and only if k is a solution of
x2 + x — 1 = 0. Note also that if k is a solution of x> —x —1 =0, thenk~lisa
solution of x2 + x — 1 = 0. Therefore, if G ~ Gy and either k or k~! is a solution
of x2 — x — 1 = 0, then the groups above are in three different isomorphism
classes, namely Gy ~ Gy -1, G141k = Gi_g-1, and G_j, ~ G_.

Suppose q — 3 is a quadratic residue modulo g; then Gy j-1 =~ G4 =~ G_j if
and only if k is a solution of x2+x+1 = 0. In that case k! is the other solution,
and the groups above are in four different isomorphism classes. Similarly, if k
is a solution of x2 —x +1 = 0 there are four different isomorphism classes. Note
moreover that if a;, a, are the solutions of x%+ x +1 = 0, then the solutions of
x2—x+1=0are —o;, —a,. Therefore, the last case can be obtained from the
previous one by changing k in —k.

Lastly suppose q —4 is a quadratic residue modulo g; then G, ~ G_;, Gy =~
Gi_-1 and Gy_y =~ G,y if and only if k is a solution of x? + 1 = 0. Also here
the other solution is k.

Now, note that either k is a solution of exactly one of the above equations,
or k is not a solution for any of them. In the last case the groups above form 6
different isomorphism classes.

In compliance with these facts, summing up the results of the previous sub-
sections and doubling for the cases |ker(y)| = g, [ker(y)| = p? and the cases
(A1), (A1*) when [ker(y)| = p, we obtain (a)-(e) in 4 and (a)-(¢) in 5. O

10. Type 7

Here q | p—1and G is isomorphic to a group (€, X €p) Mg C4. The Sylow p-
subgroup A = ( a;, a, ) of G is characteristic, and if a;, a, are in the eigenspaces
of the action of a generator b of a Sylow g-subgroup B on A, then this action can
be represented by a scalar matrix Z with no eigenvalues 1. Therefore, if a;, a,
are eigenvectors for i(b), then with respect to that basis, we have
A O]

Z=1o 21

The divisibility condition on p and q implies that (G, o) can be of type 5, 6,
7,8 and 9.
According to Subsections 4.1 and 4.2 of [8], we have

Aut(G) = Hol(C, X C,).

Different from the types 8 and 9, in this case if y is a GF on a group G of type
7, then y(A) is not necessarily contained in Inn(G), as here a Sylow p-subgroup
of Aut(G) is of the form ((A) X P, where 2 is a Sylow p-subgroup of GL(2, p).
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In the following, we will distinguish two cases, namely when y(A) < Inn(G)
and when y(A) £ Inn(G). In the first case, if y isa GFon G, theny, : A —
Inn(G) < Aut(G) is a RGF, as A is characteristic in G. Moreover, Lemma 2.5
yields that y,, is a morphism, as ((4) acts trivially on the abelian group A.
Therefore, for each gamma function y there exists o € End(A) satisfying equa-
tion (7.1), namely

y(a) =ua™)
foreach a € A.

The case y(A) < Inn(G) can be handled in a very similar way to the cases in
which G is type 8 or 9, therefore in the following we will often refer to Sections 7,
8 and 9. The case y(A) £ Inn(G) instead will require a separate treatment.

10.1. Duality. Suppose first that y(A) < Inn(G), so that every y on G satisfies
equation (7.1). We can apply Lemma 2.7 with C = A, and this yields equa-
tion (2.5). By the discussion in Subsections 4.1 and 4.2, if 0 and 1 — ¢ are not
both invertible, then p | |ker(y)| or p | [ker(7)|, namely o has 0 or 1 as an eigen-
value. Otherwise o and 1 — o are both invertible, but this happens only when
q=2.

Suppose now that y(A) £ Inn(G). We show that, appealing to duality, we
can always suppose that p | |ker(y))|.

Ify(A) has order p, then p | |ker(y)|. Moreover y(A) = (i(c)a ), for some ¢ €
A and « in GL(2, p) of order p, therefore, by the discussion in Subsection 4.3.2,
the kernel is the fixed point space of a.

Now suppose |y(A)| = p?. We show that there exists a subgroup C of order
p which satisfies the hypotheses of Proposition 2.9.

Let y(A) = (u(c),(d)a ), for some ¢,d € A, and a € GL(2, p) of order p.
Since 1 = [«(c), ((d)a] = i([c, a]), we have that « fixes c. Let x;, x, € A be such
that y(x;) = «(c), and y(x,) = «(d)a. Then

(o4 — — —
xl Xy = X10Xy = X50X1 = XpXq,

sothatx; € (c). Itfollows thaty(c) = t(c™¥) for some k. The subgroup C = (c)
is y(G)-invariant, as if b € G has order g, then y(A) N ((A) is normalised by
(y(b)), so that y(b) leaves C invariant. Since C is also normal in G, Proposi-
tion 2.9 yields that y(c) = «(c™¥) with k = 0,1, namely either C < ker(y) or
C < ker(7). Now by Corollary 2.10 we can assume C < ker(y).

Therefore, when y(A) < Inn(G) and g > 2 we can assume that p | [ker(y)|
(equivalentely o has 0 as an eigenvalue), and once we have counted the gamma
functions with this property, we will double the number of those for which
moreover p t |ker(7)| (we will double only those GF for which 1 is not an
eigenvalue of 0). If y(A) < Inn(G) and g = 2 then there are actually o with
no eigenvalues 0 and 1, and this corresponds to the existence of y such that
p 1 |ker(y)|, |ker(7)|. Here, except for the case when both y and 7 have ker-
nel of size not divisible by p, we will use duality to swich to a more convenient
kernel. Otherwise, when y(A) £ Inn(G), we can assume that p | |ker(y)|, and
then we will double the numbers we will obtain.
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10.2. Description of the elements of order q of Aut(G). An element of or-
der q in Aut(G) is of the form t(a,)B, where a,, € A, and 8 € GL(2, p) of order
q.

We now show that the number of Sylow g-subgroups of Aut(G) is p? times
the number of Sylow g-subgroups of GL(2, p) (see Subsection 4.3.3).

The image in GL(2, p) of a Sylow g-subgroup of Aut(G) is a Sylow g-subgroup
of GL(2, p). Conversely, if Q is a Sylow g-subgroup of GL(2, p), the Sylow g-
subgroups of Aut(G) that have Q as an image are precisely the ones contained
in QA. Let X be the intersection of A with the normaliser of Q in QA, so that
[X,Q] < Q. Since A is normal, and X < A, we also have [X,Q] < [A4,Q] £ A.
Since A N Q = {1}, we have that X is centralised by Q. Sinceq | p — 1, in
GL(2, p) there is a group Y of order q of scalar matrices. Since Y is central in
GL(2, p), it is contained in every Sylow g-subgroup of GL(2, p), hence in Q. It
follows that X = {1}, so that Q is self-normalising in QA, and thus there are
|QA : Q| = |A| = p? Sylow g-subgroups in QA.

Let us start with the enumeration of the GF’s on G. We proceed case by case,
according to the size of the kernel.

As usual, if [ker(y)| = p?q, then y corresponds to the right regular represen-
tation, so that we will assume y # 1.

10.3. The case |ker(y)| = pq. Here K = ker(y) is a subgroup of G isomorphic
to C, X €y, therefore we will obtain (G, o) of type 6, as it is the only type having
a non abelian normal subgroup of order pgq.

We can choose K in p(p + 1) ways, indeed for each of the p? choices for a
Sylow g-subgroup B, the subgroups of order p that are B-invariant are the 1-
dimensional invariant subspaces of the action of B. Since the action of a Sylow
g-subgroup on A here is scalar, all of the p + 1 subgroups of G of order p are
B-invariant. Moreover, since €, X €, has p subgroups of order g, exactly p
choices for B give the same group.

LetK = (ay,b),and leta, € Abesuchthat A = (ay,a,).

Suppose first that y(A) < Inn(G). Reasoning as in Subsection 8.4, here we
obtain p?(p + 1) gamma functions, corresponding to groups (G, o) of type 6.
Moreover, for every y here, p | [ker(7)|.

As to the conjugacy classes, this time an automorphism ¢ of G has the form
® = u(x)d, where x € A and ¢ is such that 55 = 1, 5|4 = (J;;) € GL(2, p).
With computations similar to those of Subsection 8.4 we obtain

» y¥(a;) = 1if and only if af_l € ker(y) N A = (a, ), namely 6;, = 0;
« takinginto account(8.3), we have thaty?(b) = 1ifand onlyifx € (a; );

« taking into account (8.4) and writing a = a{ a; 1 we have that y%(a,) =

y(a,) if and only ift(a5z_zl)5 = 1(a), namely j(5;; — 81,) = 8.

The latter condition yields J,; as a function of the diagonal elements, so that
the stabiliser has order p(p — 1)?, and we obtain one orbit of length p*(p + 1).
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Suppose now that y(A) £ Inn(G). In this case there are no y(G)-invariant
complements of K, therefore let us consider G = KA. Proposition 2.6 yields that
every GF on G is the lifting of a RGF ' : A — Aut(G) with y(G) = y’(A), and
such that K is invariant under {y’(x)(x) : x € A}. Conversely, every RGF y’
such thaty’({ a, )) = 1,and which makes K invariantunder {y’(x)u(x) : x € A},
can be lifted to G. Now we show that a such map is a morphism, and it is defined
by

v'(ay) = au(aja;h),
forsome 0 < j < p—1, and @ € GL(2, p) of order p.

Indeed, since y'(A) = ¥'({ a, )) has order p, y'(a,) = ai(a) for some a € A,
and o € GL(2, p) of order p. By Subsubsection 4.3.2, ( a; ) is the space of the
fixed points of ¢, so that ai‘ = a;. Moreover, we can write ag‘ = afaz, for some
1 <d < p—1,and by Lemma A.2 in the Appendix, the RGF’s are morphisms.

Now, if K is invariant under y’(x)u(x) for every x € A, then y'(a,)i(a,) =
at(aa,) leaves K invariant, so that aa, € (a, ), namely a = a{az_ ! for some j,
0 < j < p — 1. Conversely, choosing a = aiaz_1 then y’(ay)(a,) = ou(a{), and
since y’ is a morphism, K is invariant under y’(x)u(x) for every x € (a, ), and
so for every x € A.

Since there are p(p + 1) choices for K, p — 1 choices for a and p choices for
t(a{az_ 1), we obtain p?(p? — 1) groups.

As to the conjugacy classes, let p = ((x)d € Aut(G). As above, the conditions
y%(a;) = y(a;) and y®(b) = y(b) yield §,, = 0 and x € ( a; ). Moreover here

y?(a) = ¢~ y(aS g
= 67 1gPR (@R ety

_ -1 5;21_1
=6 10{522 5[((1“ + +a+1)5’

so that ¢ stabilises y if and only if both &§ “lgdns=a (namely 552 = §;;) and

51
z(a“ 22 +~--+oc+1)6 - [(a),

namely 8,; = (j + 3)522(522 — 1). Therefore the stabiliser has order p(p — 1),
and there is one orbit of length p?(p? — 1).

10.4. The case |ker(y)| = p?. Reasoning as in Subsection 8.5, we obtain that
each y on G is the lifting of at least one RGF defined on an invariant Sylow g-
subgroup B, and the RGF’s on B are precisely the morphisms. We have y(b) g =
1, and let y(b)|4 = fB; then the discussion in Subsubsection 10.2 yields that §
is a matrix of order q in GL(2, p), and, with respect to a suitable basis of A, we
can represent 3 as the diagonal matrix

A0
T = [ 0 szjl )
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where A is an element of multiplicative order q in Z/pZ and x,, x, are not both
zero (see Subsubsection 4.3.3). We assume that § is diagonal with respect to

{a,, a,}, taking into account that if 8 is non-scalar, then there are % p(p+1)

choices for a pair {A,, A,} of distinct one-dimensional subspaces of A.

To know the exact number of the invariant Sylow g-subgroups we appeal to
the discussion in Subsubsection 7.1; here equation (7.4) yields x1=2"M = 1,
where

1-2% 0
M=1-T=1" 0o 1-a=|

and we obtain that

(1) if both x;, x, # 0, there is a unique invariant Sylow g-subgroup;
(2) ifeither x; = 0 or x, = 0, there are p invariant Sylow g-subgroups.

Denoting as usual by Z, the associated matrix of the action of b on A with
respect to the operation o, here we have

/11+x1 0
Zy~ [ 0 /11+x2] .

We obtain the followings groups (G, o).

Type 5: if x; = x, = —1, therefore p? groups.

Type 6: if either x; = —1 and x, # —1, or x; # —1 and x, = —1. In both
cases there is a unique invariant Sylow g-subgroup, except if either x, =
0 or x; = 0, when there are p invariant Sylow g-subgroups. Therefore,
there are p3(p + 1)(g — 2) + p*(p + 1) groups.

Type 7: if x; +1 = x,+ 1 # 0, namely x; = x, # —1. Since we are in case
(1), we obtain p?(q — 2) groups.

Type 8: if Z, is a non scalar matrix with no eigenvalues 1, and determi-
nant different from 1.

In case (1) this corresponds to the conditions x, # 0, —1 and the four
conditions x; # 0,—1, —x, — 2, X,, which are independent if and only
if in addition x, # 0,—2. When these four conditions are dependent,
they reduce to three independent condition on x;. If x, # 0,—1,—-2
we have four independent conditions on x;, and therefore we obtain

% p3(p+1)(g—4)(q—3) groups. For x, = —2 there are three conditions,

and we obtain further % p3(p + 1)(g — 3) groups.

In case (2), if x; = 0 there are three independent conditions on x,.
Doubling for the case x, = 0, we obtain p*(p + 1)(q — 3) groups.
Summing up, we have just obtained %p3(p +1)(q —3)* + p*(p +
1)(g — 3) groups of type 8; looking at the eigenvalues of Z,, we easily
obtain that they are 2p?(p + 1) + p*>(p + 1)(q — 3) groups isomorphic to
G, for every s € X;
Type 9: if Z, is a non-scalar matrix with no eigenvalue 1 and determinant
1, namely x; # —1,x,, X, # —1,and x; + x, + 2 = 0. In case (1)
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X, # 0,—1 and also x, # —2, otherwise we would have x; = 0; since
the latter is a new condition there are % p3(p + 1)(q — 3) groups. The
case (2) yields p?(p + 1).

Summing up, there are p?(p + 1) + %p3(p + 1)(q — 3) groups.

As to the conjugacy classes, in the notation of Subsection 10.3,letp = «(x)d €
Aut(G). With computations similar to those in Subsection 8.5 (taking ¢ = 1),
here we obtain that ¢ stabilises y if and only if

x1-138 —
5718 =T.

The first condition yields x = 1 or, if x = aj'aj, either x; = 0 and v = 0, or
X, = 0 and u = 0. From the second condition we obtain that § is any matrix
when T is scalar, and § is diagonal when T is non-scalar.

We obtain the following.

(1) For (G,0) of type 5, x; = x, = —1, so that the stabiliser has order
|GL(2, p)|, and there is one orbit of length p>.

(2) For (G, o) of type 6, x; # x,. The stabiliser has order p(p — 1)> when
either x; = O or x, = 0, and (p — 1)> when x;, x, # 0. Therefore, we
obtain one orbit of length p?(p + 1) and g — 2 orbits of length p3(p +1).

(3) For (G, 0) of type 7, x; = x, # —1. The stabiliser has order |GL(2, p)|
and there are g — 2 orbits of length p?.

(4) For (G, o) of type 8 x; # X, so that if x;, x, # 0 the stabiliser has order
(p — 1)%; otherwise either x; = 0 or x, = 0, and the stabiliser has order
p(p — 1)%. Therefore, if (G, 0) ~ G, for every s € K we obtain g — 3
orbits of length p3(p + 1) and two orbits of length p*(p + 1);

(5) For (G, o) of type 9, x; # Xx,. When x;, x, # 0 the stabiliser has order
(p — 1)?, otherwise the stabiliser has order p(p — 1)?. Therefore, there

are q7_3 orbits of length p3(p + 1) and one of length p*(p + 1);

10.5. The case [ker(y)| = pand y(A) < Inn(G). Since here |y(G)| = pq and
7(G) intersects ((A) non-trivially, we have

¥(G) = (uc), (d)B)

for some c,d € A, with A = (i(c) ), and f € GL(2, p), B # 1.
Let b € G (of order q) such that y(b) = ((d)B. With respect to a suitable basis
of A, the matrix associated to y(b) 4 is

[0
T:= [ 0 /‘lxz] ,
where x;, X, are not both zero. Denote by {a;, a,} such a basis, and keep in mind
that when [y(b) 4] is non-scalar there are % p(p + 1) choices for a pair {A;, A,}
of distinct one-dimensional subspaces of A.
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Following Subsection 7.3, and recalling that for G of type 7 k = 1, here we
find the following cases:
+ Case A: ker(o) = (ay ).
AD)v=0,u#0,x; —x,=1;
(A2) v=1,u#0,x; = Xy;
(A3) v=1,u=0.
« Case B: ker(o) = (a;a,).
B2) u+1—-v=0,x; = x,.
As explained in Subsection 7.3, the results in the cases (A1*), (A2*) and (A3*)
can be obtained doubling the results we will obtain in the cases (A1), (A2) and
(A3).
Notice that p divides both |ker(y)| and |ker(7)| if and only if o has both 0 and
1 as eigenvalues, that is, in all the cases above except (A1), where, since ¢ has
only 0 as eigenvalue, p | |ker(y)| but p + |ker(7)|.

10.5.1. Invariant Sylow g-subgroups. Following Subsubsection 7.3.1 and tak-
ing k = 1, we obtain the following.

Proposition 10.1. The number of invariant Sylow g-subgroups is

(A1) 1 when x; # 0,1 and p otherwise.

(A2) 1when x; # —1 and p otherwise.

(A3) 1 when x; # 0and x, # —1, p> when x;, = 0O and x, = —1, and p
otherwise.

(B2) 1when x; # —1 and p otherwise.

10.5.2. Computations. By Subsubsection 7.3.2 the action Z, of b on A in (G, o)
is given by
Z,=(c(1-2)+2)T, (10.1)
and we obtain the following.
Case A. Here ker(o) = (a; ) and equality (7.10) yields

/1x1+1 0
%o = [uu =D A1 -2) + M] '

(A1)+(A1*) We have p — 1 choices for g, and

lxl+1 O
zo~ M0 A

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: if x;, = Oor x; = —1. If x; = 0 for each of the (p — 1)
choices for o we have p?/p choices for B giving different GF’s, so
p*(p? — 1) groups. If x; = —1, then x; = 1ifand only if ¢ = 2.
If g > 2 there are p3(p? — 1) groups, otherwise if ¢ = 2 there are
p*(p* —1) groups.

Type 7: does not arise.



p*q 165

Type 8: if x; # 0, —1, (g — 1)/2, and these are always three inde-
pendent conditions. We have p?(p? — 1) groups when x; = 1 and
p3(p? — 1)(q — 4) groups when x; # 1. They split in p*(p?> — 1) +
p3(p? — 1) groups isomorphic to G,, and 2p3(p? — 1) groups iso-
morphic to G, for every s # 2,s € X.

Type 9: ifx; = (q—1)/2. Since (g—1)/2 = 1ifand only if g = 3, we
have p%(p? — 1) groups when g = 3 and p(p? — 1) groups when
q> 3.

(A2)+(A2*) We have p — 1 choices for g, and

/1x1+1 0
Zy ~ [ : A]

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: when x; = —1. Since x; = —1 there are 2p(p — 1) groups.

Type 7: does not arise.

Type 8: if x; # 0, —1, (g — 1)/2, and these are always three indepen-
dent conditions. Since x; # —1, there are 2p?(p —1)(q — 3) groups.
They split in 4p?(p — 1) groups isomorphic to G, for every s € X.

Type 9: if x; = (g—1)/2. Since x; # —1, there are 2p?(p—1) groups.

(A3)+(A3*) We have 1 choice for o, and
/1x1+1 0
zo~ "0

We obtain the following groups (G, o).

Type 5: if 1 + x; = x, = 0. Since x; # 0 and x, # —1, there are
p3(p + 1) groups.

Type 6: if either x; = —1and x, # Oor x; # —1and x, = 0. In
the first case, there are 2p groups when x, = —1, otherwise, for
X, # —1, there are p3(p + 1)(q — 2) groups. In the second case,
since x, = 0, we have to take x; # 0 and there are p*(p + 1)(g — 2)
groups.

Type 7: when x, =1+ x; # 0. If x; = 0and x, = —1, theng = 2
and there are p(p + 1) groups. In both the cases x; # 0, x, = —1,
and x; = 0, x, # —1 there are 2p*(p + 1) groups. If x; # 0 and
x, # —1 there are p3(p + 1)(g — 3) groups.

Type 8: when x; # —1,x, —1,—x, — 1, X, # 0. The case x; = 0 and
X, = —1 does not arise. If x; # 0 and x, = —1, the four conditions
on x; are actually three conditions and there are p?(p + 1)(q — 3)
groups. If x; = 0 and x, # —1 we get further p?(p + 1)(q — 3)
groups.

Suppose now x; # 0, x, # —1. There are always four independent
conditions on x; except when x, = 1; in the latter case the con-
ditions become three. If x, = 1 then there is one invariant Sylow
g-subgroup and g is scalar if and only if x; = 1 = x,, so there are
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2p*+p3(p+1)(g—4) groups. If x, # 1, there is one invariant Sylow
g-subgroup and 8 can always be scalar except when x, = (q—1)/2,
thus there are p3(p + 1)(g — 4) groups when x, = (¢ — 1)/2 and
2p*(q —4) + p*(p + 1)(q — 5)(q — 4) when X, # (g — 1)/2.
Summing up, we have just obtained 2p?(p + 1)(q — 3) + 2p*(q —
3)+ p3(p+1)(q—4)(g—3) groups. They splitin 4p?(p+1)+4p? +
2p3(p + 1)(g — 4) groups isomorphic to G, for every s € X.

Type 9: if x; # —1,x, # 0and 1 + x; + x, = 0. Here x; = x, ifand
onlyifx, = (q—1)/2. If x, = —1 then x; = 0 and there are p(p+1)
groups. If x, = (q — 1)/2 = x, there are 2p? groups. Otherwise
X, #0,—1,(q — 1)/2 and there are p3(p + 1)(g — 3) groups.

Case B. Here ker(o) = (a;a, ), x; = x,.
(B2) Here u + 1 = v, and we have p(p — 1) choices for
_ [ —u-1
7= [ poooutl ] '
Equality (7.10) yields

QX+l _ Axlﬂ(l -A) —A% (,M +1)(A-2)

Zo= | amp(i—1) ARy na(u+ D=2’
so that
/1x1+1 0
Zo~ [ . Axl] .

We obtain the following groups (G, o).

Type 5: does not arise.

Type 6: if x; = —1, and there are p*(p — 1) groups.

Type 7: does not arise.

Type 8: when x; # —1,0,(q — 1)/2. These are three independent
conditions and there are p3(p — 1)(g — 3) groups.

Type 9: if x; # —1,0, x; = (¢ —1)/2, and there are p3(p — 1) groups,
which split in 2p*(p — 1) groups isomorphic to G, for every s.

As for the conjugacy classes, here an automorphism of G has the form ¢ =
((x)d, where x € A and § € GL(2, p). Therefore, we can refer to Subsubsec-
tion 7.3.3 for the computation of the conjugacy classes.

Summing up all the results obtained for the kernel of size p, we have the
following.

Recap 10.2. For G of type 7 and y a GF on G with kernel of size p and such that
y(A) < Inn(G), we list for each isomorphism class of groups ((G, o)), the number
(n) and the lengths (1) of the conjugacy classes in Hol(G).

For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of
Gq.

T(n) denotes the total number of conjugacy classes.
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(G,0) Conditions n l T(n)
5 1 pX(p+1) 1
1 pi(p* - 1)
1 PP -],
0 T | pPp+D | 471
2(q-2) pz(p +1)
2 p(p+1)
7 -1
q-3 | plp+n | 1
1 pj(pz -1)
1 p’(p°-1)
8Gz q >3 4 p2(p ¥ 1) 2q
2q-3)| pP(p+1)
2 p’(p*-1
86,8#2 q>3 4 p’(p+1) 2
2q-3)| pP(p+1)
1 p(p+1)
>2
9 1 q-2 | p’(p+1)
q=3 1 p’(p’-1| ¢
q>3 1 p’(p*—1)

In the row of 8 we mean that for every s € XK, s # 2 there are n classes of length
1 of regular subgroups isomorphic to G;.

10.6. The case [ker(y)| = p and y(A) £ Inn(G). Let ker(y) = (a;). We
claim that y(G) n 1((A) = {1}. Indeed, since q | p — 1, y(G) (of order pq) has
a unique subgroup of order p. Moreover A is the Sylow p-subgroup of both G
and (G, o), so that y(A) < y(G) and the order of y(A) is a divisor of p2. There-
fore, the unique subgroup of order p of y(G) is necessarily y(A). Now, either
[¥(G) N i(A)| = 1, and we are done, or [y(G) Ni(A)| = p. In the latter case
y(G) N (A) = y(A), namely y(A) < Inn(G), contradiction.
Now, since y(G) intersects ((A) trivially,

¥(G) = (), B),

where ¢ € A, a € Aut(G) has order p, and § € Aut(G) has order g. So |4 is
an element of order p in GL(2, p), and B4 is an element of order g in GL(2, p).
By Subsection 4.3.2 4 fixes (a; ). Moreover, by Subsection 4.3.4, (a, ) is an
eigenspace for 8|4 too, and if ( a, ) is another eigenspace for 3|4 for a suitable
choice of a, we can write

1o [0
W=l 1) Pa=lo aef|

with respect to the basis a;, a,, where 1 is an element of multiplicative order q
inZ/pZ and 0 < x1,x, < q — 1 not both zero.

The subgroup () of Aut(G), of order g, acts on the set Q of the Sylow g-
subgroups of G, and since |Q| = p?, this action has at least one fixed point.
Suppose it is { b ). We can suppose that ( b ) is fixed by « too, in fact otherwise
it will be fixed by &’ := 1(x)a for a suitable x € A, and up to an appropriate
adjustment of ¢, y(G) = (), B ).
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Thus we assume in the following that a4 and 8|4 are in the same copy of
GL(2, p).

Note that the Sylow g-subgroups { xb ) fixed by f are those for which x sat-
isfies x!# = 1. Therefore, there is a unique fixed Sylow g-subgroup when
X1, X, # 0, and there are p when either x; = 0 or x, = 0.

10.6.1. The case y(G) abelian. Suppose first y(G) is abelian. Then [«, ] =1
modulo ((A), so that 3|4 is a non-trivial scalar matrix, namely x; = x, # 0. We
can assume that 84 is scalar multiplication by 4. Moreover by the discussion
above ( b ) is the unique S-invariant Sylow g-subgroup, as x;, x, # 0.

Since y(G) is abelian, 3 has to centralise ¢(c)a, and since

pBuOx — C(—1+A_1)ocb, p©ap — c(—1+/1‘1)oc/5’b,

and 3 does not have fixed points in A, we getc = 1.

Therefore,

J/(G) = ( a, ;6 > >

where both a and f fix ( b ) pointwise. In particular ( b ) is y(G)-invariant.

We will have y(a,) = a for i # 0. Moreover, since b is fixed by y(G), y(b)? =
y(b?) = 1, namely y(b) = 8/. Now we show that necessarily j = —1.

In fact, in this case (G, o) can be of type 5 or 6, as they are the only types
which have an abelian quotient of order pg. We have

bOlogob = b~ la?®p = gf ) = g4

Denoting by Z, the action of «(b) on A in (G, o), and taking into account that

i(k(k—l))
ok _ _k ok _ 2 k
al” =a; and a;’ =a, a,,

we have that Z, has to be scalar multpilication by 1. In this case j = —1, (G, o)
is of type 5and y(b) = B! = «(b71).
Now we show that such an assignment extends to a gamma function, namely
if a = ajal the maps defined by
y(ab¥) = aitﬂkﬁ—k

satisfy the GFE. Let a’ = aaj. Then

y(abk)y(a’bm) — aimk+iy/lmﬁ—(k+m)’
and
7/((abk)y(a’b’")albm) — y(aaiﬂmﬁ‘m bka/bm)
_ iyA™ o—m y/l_k k
=y((a)" Fa)" bktm)
= y(ag " pkem)
— ai(t/l’m+y/1’k)/1k*m ﬁ—(k+m)'

Since there are p + 1 choices for ker(y), p — 1 choices for i, and p? choices for
the Sylow g-subgroup fixed by 3, we obtain p?(p? — 1) groups (G, o).
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As to the conjugacy classes, B = (b ) is the unique y(B)-invariant Sylow g-
subgroup, so that by Lemma 2.11-(2) B = B‘¥ is the unique y“@(B)-invariant
Sylow g-subgroup. Since ((A) conjugates transitively the Sylow g-subgroups of
G, all classes have order a multiple of p2.

Suppose now § € GL(2, p). Then y(af_l) = 1 if and only if §;, = 0. More-
over,

-1 P o—
)/S(Clz) — 5_1)/(61222 )5 — 5_106162215,

and it is equal to a' when &;; = 552. Since every & stabilises 3, as [§, 8] = 1,
we have that the stabiliser has order p(p — 1). Therefore, there is one class of
length p?(p? —1).

10.6.2. The case y(G) non-abelian. Suppose now y(G) is non-abelian. Here
B normalises but does not centralise t(c)ct. Therefore,

() = (P ap = i(cF)at"
is an element of («(c)a ), and x; # x,. Since (((c)a)k = (clto ++a )k,
we have that (1(c)a)? € (i«(c)a ) if and only if

1y g @724
B = clta 4 ta .

1 a5, the latter yields

Writingc = a
u(l — A—%) = %U/I_XZ(l — 1a—x)

vA*2 = pAaTx (102)

From the second equation we obtain either v = 0 or x; = 2x, mod q.
First case. If v = 0 the first equation yields u = 0 or x, = 0.
If x, = 0 and u # 0, we have

¥(G) = («a)a,B),
where a(py, B(py = 1. In this case there are p Sylow g-subgroups fixed by 3,
namely ( a’b ). Among these, those fixed by (a')a too are

a;b = (a;b)l(alf)fx — (aé)aa;l(—1+/1_l)ab _ (a;)aalll(_1+/l—l)b’

’1‘(_1”_1), namely t = u(1 —A71).

that is, those with ¢ such that (a})'™* = a
Since (ag (1_’1_1)b) is fixed by both ((a;)a and 3, we can suppose that y(G) =
(a, B ) with a and g fixing the same Sylow g-subgroup (which we still denote
by (b)).
By the discussion above, when v = 0 we can always suppose

¥(G) =(a,B),

with a, 8 fixing (b ). Moreover a Sylow g-subgroup (yb ) is y(G)-invariant if
and only if y* = y# = y. The latter has y = 1 as a unique solution except when
Xx; = 0, which gives the p solutions y € { a; ).
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We will have y(a,) = af, i # 0, and replacing 8 with another element of
order q in y(G) we can suppose y(b) = .
Now we show that such an assignment extends to a gamma function if and

only if x; = 2x, + 1. If a = a’a’, consider the maps defined by

172
y(ab®) = aim—kxzﬁk_
With computations similar to the previous case, for a’ = af a“zv we find that

y(ab¥)y(a'b™) = qith HiyA A glebm

and
y((abk)y(a’bm)cbm) — ai(tﬂ_k"Z +y A= letmx; )‘6k+m

so that they are equal precisely when x; = 2x, + 1.

Since there are p + 1 choices for the kernel ( a, ), p choices for (a, ), p — 1
for the image of a,, g — 1 for x, such that 3 4 is non-scalar, and p? for the Sylow
g-subgroup (b ) fixed by a and 8, we have p*(p? — 1)(q — 1) GF. They are all
distinct if { b ) is the unique y(G)-invariant Sylow g-subgroup. Otherwise, when
X, = qT_l, the p choices for a y(G)-invariant Sylow g-subgroups yield the same

GF, so there are p?(p? — 1) distinct GF.

Note that we do not consider the choices for the images of b, as if y(b) = «!g¥,
then the choices for k correspond to the choices for x,, and since a'§* will have
eigenspaces (a, ),{az ), for a; € A\ (a; ), the choices for i correspond to the
choices for the second eigenspace, namely to the choice for ( a, ).

Since

bOlogob = q?®X®),

and a;' = a!, a5’ = a} modulo (a, ) for all ¢, denoting by Z, the action of b on
Ain (G, o), we have
AZX2+2 0
|

/lx2+1

If ¢ = 2 the unique choice for x;, x, compatible with the conditions g non-
scalar and x; = 2x, + 1is x; = 1 and x, = 0. Therefore Z, = diag(1,4), and
(G, o) is of type 6. Therefore:

Type 6: isfor g = 2and x, = 0. Since x; # 0 we obtain p3(p?—1) groups.

Suppose now g > 2. In this case if x, = —1, then x; = —1 too so that § is
scalar, against the assumption that y(G) is non-abelian. So suppose x, # —1,
so that the groups (G, o) can have only types 8 or 9.

Type 9: is when det(Z,) = 1, namely for 3(x, + 1) = 0. If ¢ > 3 then
there are no groups of type 9. If ¢ = 3 then for x, = 0 there is a unique
invariant Sylow g-subgroup, and we have p*(p? — 1) groups. If x, =
1 there are p invariant Sylow g-subgroups, and there are p*(p? — 1)
groups. Thus in total p?(p? — 1) + p3>(p? — 1) groups.
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Type 8: iswhen g > 3 and det(Z,) # 1, namely x, # —1. For each choice

of x, there are p3(p? — 1) groups, except when x, = q—_l, in which there

are p?(p?—1) groups. Thus in total p*(p?>—1)+ p3(p*—1)(g—2) groups.
Note that in this case Z, ~ diag(u?, ), where u = 1*2*1, therefore
the groups (G, o) are all isomorphic to G,.

As to the conjugacy classes, when there is a unique Sylow g-subgroup B
which is y(B)-invariant, as in the previous case, all classes have order a mul-
tiple of p2. Otherwise x; = 0 and there are p invariant Sylow g-subgroups. In
this case ((x) stabilises y if and only if ((x) commutes with both & and 8, namely
when x € (a; ).

Now suppose § = (;;) € GL(2, p). As above, ¥°(a;) = 1 and y°(a,) = y(a,)
if and only if §,, = 0 and &;; = &2,. Moreover

y°(b) = 87y(b)s = 57'p3,

and 3, which is non-scalar, is centralised by d when § is a diagonal matrix.
Therefore, the orbits have length p3(p?—1) if x; # 0and p?(p?>—1)ifx; = 0.
Second case. Suppose now v # 0 and x; = 2x, mod q. Then (10.2) yields
v = —2u and we have

¥(G) =(uo)a,B),

where a and B fix (b ), and ¢ = a¥a; . 1

replacing a; with a suitable element in ( a; ) we can suppose u = 5

We will have y(a,) = (i((c)x) for some i # 0, and y(b) = (i(c)a)/B¥, with
k # 0, as it is an element of order q in y(G). replacing § with a suitable element
in () we can suppose that k = 1.

Now we show that if the assignment above extends to a GF, theni = 1. In
fact, denoting by M; the matrix 1 + a~! + -+ + &=~ we will have

beloazob = (by(b)_l}’(az)}’(b))—lag(b)b
= (R 103
= b—lc(l—/l—l)M,-aiﬁa;cfﬁb
= c(ﬂ—l)Miaiﬁaga’ﬁ

GA=DEHDAZ2 (1 _ayipnan
=a,’ a, .
Applying y to both the sides we obtain

y(0) y(ay)y(b) = y(ay)A-DH+DAZ
and comparing with

y(b)y(a)y(b) = B i(M)al = (Mot
we obtain (1 —A)i + A = i,sothati = 1.
Now we show that if the map y extends to a GF then there always exists at
least one Sylow g-subgroup B which is y(B)-invariant.
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Write x = a}’a; for an element in A. If y extends to a GF, then

y(xb) = y(az* )y (b) = u(cM)ak B,
where K .= j + z1*2.
Since
(xb)Y*D) = (xp)(Ia*B = (e(-1+A" MY B
(xb)’P) belongs to ( xb ) if and only if

=B — (—1+27 )Mk B (10.3)

Writing x and c in the basis {a;, a,} and looking at their second component
in (10.3) we find
z(A7 =A%) = jA2(1 - A7), (10.4)
If x, # —1 then there is a unique solution for z and in this case the first
component (10.3) yields

1-17YH
w(l _/12x2 — -2/12x2 ( 1 _Asz ,
( )= A )
so that, since ¢ > 2 (as x, # 0,—1), there is a unique invariant Sylow g-
subgroup.
Suppose now x, = —1. By induction one can show that in this case if the
map y is a GF then

y(b™) = y(ay)/n-(tA+ 42"y (pym,

Looking at the exponent of o in y(b?) = 1, we obtain that jqg = 0, namely j = 0.
Therefore, (10.4) yields that there are p solutions for z. Moreover in this case

w(l — A-2) = %z2(1 +27D),

so that there are p invariant Sylow g-subgroups when q > 2 and p? when q = 2.
Now, since the Sylow g-subgroup (b ) is invariant, y(b) = g¥.
With computations similar to the previous cases one can show that the as-
signment

y(az) = uc)a
y(b) =p

extends to a GF, namely if a = aj aé then the map defined as
y(@b*) = (Mt )a 2 g

satisfies the GFE.

Since there are p+1 choices for ( a, ), p choices for ( a, ), p—1 choices for a,
in (a, ), g — 1 choices for x,, and p? choices for the Sylow g-subgroup fixed by
a and 3, we have p3(p? —1)(g — 1) GF. They are all distinct if ( b ) is the unique
invariant Sylow g-subgroup. Otherwise, when x, = —1, the p (respectively p?
when g = 2) choices for an invariant Sylow g-subgroup yield the same GF, and
so there are p?(p? — 1) (respectively p(p? — 1)) distinct GF.
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We have
2x7+1
bSlogiob =al ™",
1
La—paze
b®loa,ob = a} agxz,

and since a;' = a! and a5’ = a} modulo ( a, ) for all ¢, denoting as usual by Z,
the action of b on A in (G, o), we have

/12x2+1 0
Z°N[ 0 AXZ]'

Type 6: when Z, has an eigenvalue 1, namely for x, = %. In this case

there are p3(p? — 1) groups.

Type 7: when Z, is scalar, namely for x, = —1. In this case there are
p*(p?—1) groups if ¢ > 2 and p(p?—1)if ¢ = 2. (Note that for x; = —1,
b®loa,ob = agm, so that Z, is actually a scalar matrix.)

Type 8: when g > 3 and x, # —1, qT_l, qT_l, so there are p3(p? — 1)(q — 4)
groups of type 8.

Here each group (G, o) is isomorphic to G, ;! for a certain x,. For

each s # 2, s € X, there are 2p3(p? — 1) groups isomorphic to G,
namely those obtained for x, such that 2 + x;! = sand 2 + x;' =
s~!, while there are p3(p? — 1) groups isomorphic to G,, as they can be
obtained just for x, such that 2 + x; ' =271,

Type 9: when x, # —1, q7—1 and Z, has determinant equal to 1, namely
when x, = qT_l and g > 3. In this case we obtain p3(p? — 1) groups.

As to the conjugacy classes, with computations similar to the previous cases
we obtain orbits of length p3(p? — 1) when x, # —1, otherwise x, = —1 and
there is unique orbit of length p?(p? — 1) if ¢ > 2, and p(p? — 1) if g = 2.

10.7. The cases |ker(y)| = q and |ker(y)| = 1 when g = 2. The case g = 2
was treated by Crespo in [11]. In the following, we show that we obtain the
same results using the gamma functions.

As explained in Subsection 10.1, in the case y(A) < Inn(G) and q = 2 we
cannot assume that p | |ker(y)|. But, except for the case when both y and 7
have kernel of size not divisible by p, we will use duality to swich to a more
convenient kernel as we done for the type 9. In particular, here we have to
consider also the kernels of size g and 1.

10.7.1. The case [ker(y)| = q = 2. With exactly the same argument used for
the type 9 (see Subsection 8.3), we obtain p? groups of type 5, which form a
unique orbit of length p?.
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10.7.2. The case |ker(y)| = 1. Also in this case we proceed as for the type 9
(see Subsection 8.7), namely we divide the GF’s of this case according to the
size of ker(7), and for those for which |ker(7)| # 1 we use the previous compu-
tations applied to 7. The others, for which |ker(7)| = 1, can be obtained using
Proposition 2.8.

Arguing as in Subsection 8.7, we obtain the following.

« When |ker(7)| = p%q,y = 7 corresponds to the left regular representa-
tion, and this gives one group of type 7.

« In the remaining cases for which q | |ker(7)
y’s has trivial kernel.

« If |ker(7)| = p? the p*> GF’s 7 corresponding to (G, o) of type 5 are
such that the corresponding y have kernel of size g, and all the others
7 correspond to y with kernel of size 1. Therefore, in the case of kernel
of size p? we double all the GF’s except those corresponding to (G, o) of
type 5.

« If |ker(7)| = p, again, ker(y) can have size 1 or . By Subsection 10.5, the
7’s such that p | |ker(7)| and p ¢ |ker(y)| are those of the cases Al and
Al*. Moreover, for every 7 belonging to these cases the corresponding
y are injective. Therefore, in the case of kernel of size p we double the
GF’s of cases Al and A1*.

« When |ker(7)| = 1, following the argument in Subsection 8.7, we obtain

2p(p—1)(p—2)- w = p*(p*—D(p-2)

groups (G, o) of type 6, which split in p — 2 classes of length p?(p? —1).

, none of the corresponding

10.8. Results. Takinginto account what we said in Subsection 10.1, we obtain
the following.

Proposition 10.3. Let G be a group of order p*q, p > 2, of type 7. For each
isomorphism class of groups (T), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following table.

For groups of type 8 we denote by 8¢, where s € X, the isomorphism class of
Gq.
T(n) denotes the total number of conjugacy classes.

In the row of 8 we mean that for every s € X, s # 2, there are

4p*(p +1)2p* — 5p + pq +2)
regular subgroups isomorphic to G.
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r Conditions RS n l T(n)
2 2
5 p’Bp+1) 1 p’(p+1) 5
2 P’(p*-1)
4 p’(p+1)
3
q>2 4p*(p + D(p* + pq — 2p) 4(q4 2 ll))z((ppztll)) 4g+1)
6 4 | pP@P’-1
4 p(p+1)
g=2 p(p+1)Bp+1) p+4 [p(p°-1)| 10+p
2 [ pP(*-1
2 1
2(q-2) p’
q>2 2+ p?Q2p*+ pg+2q—4) 2 pA(p+1) | 3¢g—1
7 2 pz(p2 - 1)
g-3 [ pP(p+1D
2 1
g=2 2+ p(p+1)(2p—-1) 2 p(P’-1) 5
1 p(p+1)

4q-3)| pPP(p+D

, s B 8 [ p(p+D)
2 g>3 2p*(p +1)(p?q + pg — 4p +2) i ppr-n] ¥

g [PP(P*-1

8

4q-3 [ pPPlp+1)
86.,5#2| g>3 4p*(p +1)(2p* —5p+ pq +2) 8 p’(p+1) |4(g+1)
8 p’(p*-1)

2q—5 | p(p+1)

5 4 3 2 2 p(p+1)

q>3 |4p°+p(q-2D+p2q-7)+3p"+p — pp+D | X4+
4 pP’(p*-1)
9 1 p’(p+1)
2 p’(p+1)

g=3 p(p+1)2p*+3p>-2p+1) 1 p(p+1) 10
2 [ pP(p*-1
4 pP’(p*-1)
11. Type 10

In this case g | p + 1, where g > 2, and G = (€, X C),) X¢ C4. The Sylow p-
subgroup A = ( a;, a, ) is characteristic and a generator b of a Sylow g-subgroup
acts on A as a suitable power Z of a Singer cycle, namely a’ = aZ fora € A. We
know that Z has determinant 1 and two (conjugate) eigenvalues 1,4 = 17! €
Fpa \ Fp.

The divisibility condition on p and g implies that (G, o) can only be of type
5or 10.

According to Subsections 4.1 and 4.4 of [8], we have

AUt(G) = (€, X Cp) X (Cpe_y X Cy),
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where C, X €, = ((A), and for 4 € Cp2_; and P € C, we write

ar aM ar as
,u:{ , Pl

, (11.1)

b—b b b"
where M = ul + vZ € GL(2, p), foru,v € [, not both zero, and S, r are such
that eitherr =1and S =1,orr = —1 and

01
s=[7 o
The Sylow p-subgroup of Aut(G) has order p? and is characteristic and a
Sylow g-subgroup is cyclic, so y(G) of order a divisor of p?q is always contained
in Inn(G).
Moreover
« since A is characteristic, it is also a Sylow p-subgroup of (G, o), so y(A)
is a subgroup of ((A), the Sylow p-subgroup of Aut(G).

* 714 - A — Aut(G) is a morphism, as for each a € A the automorphism
t(a) acts trivially on the abelian group A, and so

y(a)y(a) = y(a"®a’) = y(aa).
Therefore, y(a) = ((a™9) for each a € A, where 0 € End(A).
In the following assume y # 1.

11.1. The case |ker(y)| = p. This case does not arise, in fact the group (G, o)
cannot have type 5, since Inn(G) does not contain an abelian subgroup of order
pq. (G, o) can neither be of type 10, since a group of type 10 has no normal
subgroups of order p.

11.2. The case |ker(y)| = p?. Here ker(y) = A and [¥(G)| = q,50y(G) =
(u(b)) where b is a g-element of G. In this case B = (b)) is the unique y(G)-
invariant Sylow g-subgroup, therefore by Proposition 2.6, each y is the lifting of
exactly one RGF defined on the unique y(G)-invariant Sylow g-subgroup. So,
for each choice of B = (b ) (p? possibilities), we can define y(b) = «(b~%), with
1 <s<qg-—1(q—1choices).
Since [B,y(B)] = 1, by Lemma 2.5 the RGF’s correspond to the morphisms.
For s = 1 we obtain a group of type 5 and for s # 1 (q — 2 choices) we obtain
a group of type 10. In conclusion there are
(i) p? groups of type 5;
(ii) p?(q — 2) groups of type 10.
As to the conjugacy classes, here the kernel A is characteristic, so that every
® € Aut(G) stabilises y 4.
All orbits here have length a multiple of p?, as

y@(b) = ix Dy (b(x) = " +2b=5) = (x "+ 2 )y (b),
Now, let ¢ = u, where p and ¢ are as in (11.1). Then
y?(b) = ¢~ (b~ = P~ b~ ) = «(b™*) = y(b),
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so that the orbits have length exactly p?.

11.3. Thecaseq | |ker(y)|. Inthiscase (G, o) can only be of type 5, as a group
of type 10 has no normal subgroups of order q or pq.

Let B < ker(y). Since A is characteristic, by Proposition 2.6 each GF on G is
the lifting of a RGF defined on A, and a RGF on A can be lifted to G if and only
if B is invariant under {y(a)i(a) | a € A}.

Now, for each a € A, y(a) = ((a™?), where ¢ € End(A), so that y(a)i(a) =
1((a'=9). Since every Sylow g-subgroup of G is self-normalising, necessarily o =
1, so that foreacha € A

y(a) = «(a™).

Since [A,y(A)] = 1, by Lemma 2.5 the RGF’s correspond to the morphisms.
So, for each of the p? choices for B there is a unique RGF on A which lifts to G.

In conclusion we obtain p? groups of type 5. Note that for all the GF’s of this
case |ker(y)| = q, namely there are no GF’s on G with |ker(y)| = pq.

As to the conjugacy classes, as in Subsection 8.3, since ((A) conjugates tran-
sitively the p? Sylow g-subgroups of G, the p?> GF’s are conjugate.

11.4. The case ker(y) = {1}. As in Subsection 8.7, the GF’s of this case can
be divided into subclasses according to the size of ker(y).

In this case y(G) = Inn(G) = (G, o), so that all the GF’s correspond to groups
of type 10.

Let y(a) = t((a™°) for some o € GL(2, p).

Consider first the case o = 1, namely y(a) = «(a™"). In this case p* | |ker(7)
since 7(x) = y(x " u(x~1) for all x € G.

Consider the 7’s whose kernel has size exactly p?. By the result of Subsec-
tion 11.2, the are p?q such 7, and they split as follows.

« p? of these 7 correspond to (G, o) of type 5; the corresponding y have
kernel of size g, so that they have already been considered in Subsec-
tion 11.3.

« p*(g — 1) of these 7 correspond to (G, o) of type 10; the corresponding
y have indeed kernels of size 1.

’

Therefore the y with |[ker(y)| = 1 and such that the corresponding 7 have
[ker(y)| # 1 are p?(q — 1) plus the right regular representation, and all of them
correspond to groups of type 10.

Let now o # 1. In this case 1 is not an eigenvalue of o, in fact otherwise
p | |ker(7)|, but, as seen before, this implies p? | |ker(7)|, and hence o = 1.
Therefore, here both o and (1 — o~!) are invertible.

Let b be a g-element and let y(b) = t(ayb™5) for some a, € A and s #Z 0 mod
g. Then Subsection 4.2 yields (4.2), which in our notation here is

(c'=1D)1Zz5%(c 1 —-1) =215, (11.2)
Recall that Z has order g and has two conjugate eigenvalues A and 27! in the ex-

tension [ 2\ ,. An easy computation shows that the corresponding eigenspaces
are (v; ) and (v, Y with v; = a; + 1ay, v, = a; + 17 a,.
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From (11.2) we get {175, 15} = {4175, 171%5}, which is possible only for 175 =
A~1¥5: this gives the condition 2s = 1 mod g and means that ! — 1 exchanges
the two eigenspaces of Z. Therefore, with respect to the basis {v;, v,},

0 P

-1 _ —
o} 1 [v 0 ] ,
wherev € [F;Z. The condition that o has not 0 and 1 as eigenvalues reads here as

det(c™1—1) = vP*! £ 0anddet(c™!) = 1—vP*! # 0,s0owe have p>—1—(p+1) =
(p + 1)(p — 2) choice for ! — 1 and hence for . Since 2s = 1 mod g, there
are (p + 1)(p — 2) choices for the couple (o, 5).

The next Proposition shows that all the GF’s of this case can be constructed
via gluing.

Proposition 11.1. Let y be a GF on a group G of type 10. If |ker(y)| = 1, then
there is a unique Sylow q-subgroup B of G invariant under y(B).

Proof. Let B = (b)) be a Sylow g-subgroup of G. Then, a Sylow g-subgroup
(b*), where x € A, is invariant when (b*)'®") e (b*), that is,

y(b*) € Norm (b))
Since y(b*) is a g-element, the latter means that
y(b*) € (u«(b¥)). (11.3)
Since
y(b¥) = y(x 7+ b)
= y(x Ty (b)
= ((x(1=Z 7Y (ayb ™)
— L(b_s)L(x(l_Z_l)ZSUZ_Sag_s),
(11.3) becomes
[(b—s)[(x(l—Z‘l)ZsaZ‘Sag‘s) — L(x_1+Z_lb)_S,
which is equivalent to
b—sx(l—Z’l)ZsaZ’sag_s = b Sx—Z7°+1,
Therefore, we are left with showing that the equation
x(l‘z_l)zs"z_saozfs =x"%"1 (11.4)
has a unique solution x for each choice of a, € A, namely that the matrix
D=1-ZYHYZ"+(1-2%0""!

is invertible. One can easily compute D and det(D) = (1—2%)(1—217%)(1—vP*1),
and since the latter is non-zero, D is invertible and (11.4) has a unique solution
X. U
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Summarising, each y admits a unique invariant Sylow g-subgroup, so that it
is a gluing of a RGF yz : B — Aut(G) and a RGF y4 determined by o, with
the condition that equation (11.2) holds. Necessarily, y5(b) = «(b~*) for some s,
and by (11.2) we get 2s = 1 mod q. Therefore, for each B (p? choices), we have
only one RGF on B and (p+1)(p —2) choices for ¢, so there are p?(p+1)(p—2)
distinct GF, corresponding to groups of type 10.

As to the conjugacy classes, since each y has a unique Sylow g-subgroup B
which is y(B)-invariant, by Lemma 2.11-(2), for a € A, y“® has B = B{® as
y(B)-invariant Sylow p-subgroup. Now ((A) conjugates transitively the Sylow
p-subgroups of G, so that all classes have order a multiple of p2.

Consider ¢ = up € Aut(G), where p and ¥ are as in (11.1). u fixes b and
centralises y(b), so that it stabilises y|z. Moreover ¥ has order 2, and b¥ = b,
i(b)? = 1(b"), so that 3 stabilises y as well.

As for y|4, we have a® =g = @M 5o that

r?(a) = 97y (@M ) = p7li(aSM 0N,
and it coincides with y(a) = «(a~°) if and only if gSM "~ MS
only if tMSo~! = MS. The latter can be written as

(c7'=1)"'MS(c™' —1) = MS. (11.5)

= a%, namely if and

If S =1, (11.5) yields u + vA™! = u + vA, namely v = 0, so that there are p — 1
choices for . If S # 1, (11.5) yields (u + vA~)vP~! = u + vA, namely
u A=Aty

v yp-1 -1

Since it is fixed by the Frobenius endomorphism, it is actually in [F,, and there
are p — 1 choices for u.

Therefore, the stabiliser has order 2(p—1), and there are p—2 orbits of length
pX(p+1).

We summarise, including the right and left regular representations.

Proposition 11.2. Let G be a group of order p*q, p > 2, of type 10. For each
isomorphism class of groups (T'), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following table.

r RS n l
5 2p? 2 p?
2 1

10 |2+ p*2(q-2)+(p+1)(p—2) [ 2(q —2) p’
p—2 | p(p+1)

12. Type 11

Inthiscase p | g—1and G = €, X (C, X Cy). Let Z = ( z ) be the center of
G, and B = (b ) the Sylow g-subgroup.
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According to Subsection 4.6 of [8],
Aut(G) = Hol(C,) X Hol(Cy),
so that a Sylow p-subgroup of Aut(G) is of the form €, X , where €, is gener-
ated by a central automorphism and 2 is a Sylow p-subgroup of Hol(C,). There-

fore, a subgroup of order p? in Aut(G) is generated by an inner automorphism
t(a), for some non-central element a of order p, and the central automorphism

A=A
Yp:ia-az, . (12.1)
b—b

By Proposition 2.9 (see also [7, Corollary 2.25]) in counting the GF’s we can
suppose B < ker(y). Therefore, the image y(G) is contained in a subgroup of
Aut(G) of order p?, that is,

¥(G) <(ua),¥),
fora e A\ Z,and ¢ asin (12.1).

In this case there exists at least one Sylow p-subgroup A of G which is y(G)-
invariant (see [7, Theorem 3.3]). More precisely A = {a, z ) is y(G)-invariant,
and it is the unique y(G)-invariant Sylow p-subgroup if y(G) N Inn(G) # {1};
otherwise y(G) < (¥ ), and every Sylow p-subgroup is y(G)-invariant.

We may thus apply Proposition 2.6, and look for the functions

7Y A - Aut(G)

which satisfy the GFE (we will just write y in the following). Since (A, o) is
abelian, we have
a’@z = goz = zoa = z2'Wq = za,

so that a”® = g, namely

y(2) = «a)’, (12.2)
for some 0 < s < p — 1. We also have
y(a) = (a) Y, (12.3)

forsome0 <t,u<p-—1.

If boths = 0 and u =t = 0, then ker(y) = G and we get the right regular
representation.

Proposition 2.6 yields also that the RGF’s on A with kernel of size 1, respec-
tively p, correspond to the GF’s on G with kernel of size g, respectively gp. In
the following we suppose y(G) # {1}.

12.1. The case [ker(y)| = q. Here y(G) = («a),)and A = (a,z) is the
unique Sylow p-subgroup of G which is y(G)-invariant. By the discussion above,
we look for the RGF’s y on A extending the assignments (12.2), (12.3), and with
trivial kernel, namely s # 0 and u # 0. By Lemma A.1 in the Appendix there is
a unique RGF y like that, and since there are g choices for A, we get gp(p — 1)
maps.
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As to the circle operation, for every x € A, x®'obox = bYW 5o that
a®loboa = b{@™ W z81lohoz = pa'D),

Since b°¢ = b* and s # 0, all groups (G, o) are of type 11.
As to the conjugacy classes, let ¢ € Aut(G). Write ¢ = ¢,¢,, where p; €
Hol(€,) and ¢, € Hol(C,), so that

Z >z Zz

¢ :{la—az/ ,p,:4a~b"a . (12.4)
b~b b~ bk

Since the kernel B is characteristic, then y | is stabilised by every automorphism
of G.

Moreover
r?(@) = ¢~ y(az " )p
= oy (a)y(2) g
=g lu(a ™ g
= (a5 )PP,
and

r9(2) = o7y e
= o7 l(@ g
= (a" )P,
so that ¢ stabilises y if and only if p; = 1and ¢, € Cy_;.

Therefore, the stabiliser has order g — 1 and there are p — 1 orbits of length
qp(p —1).

12.2. The case |ker(y)| = pq. Herey(G) is a subgroup of order p of ( «(a), ¥ ).
We look for the RGF’s y on A extending the assignments (12.2), (12.3), and with
kernel of size p, namely s = 0 or u = 0.

Suppose first that s = 0, so that the kernel is ZB and y(a) = «(a)'¢*. By
Lemma A.2 in the Appendix the RGF’s on A with kernel of size p are precisely
the morphisms.

(1) Ift = 0, then y(a) = ¥* and every Sylow p-subgroup is y(G)- invariant.
Therefore, here we obtain p — 1 groups, and they are all of type 11 as B
is y(B)-invariant and

a®'oboa = b'®,

(2) If t # 0, then y(a) = w(a)'y*, and A = (a,z) is the unique y(G)-
invariant Sylow p-subgroup, so that we have g choices for A, p — 1 for
t and p for u, namely gp(p — 1) functions. Since

a®loboq = b
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they correspond to gp groups of type 5 and gp(p — 2) groups of type 11.

As to the conjugacy classes, here the kernel ZB is charactertistic, so that y| ;5
is stabilised by every automorphism of G.

Now, since a®¥ = a mod ker(y), we have

r¥(@) = ¢ y(@g = ¢~ (@M e = (a")P ()%,
so that ¢ stabilises y if and only if it centralises y(a).

If t = 0, the last condition is equivalent to say that ¢; € (%) and ¢, €
Hol(C,), so that the p — 1 groups of type 11 form one orbit of length p — 1.

If ¢ # 0, then ¢ centralises y(a) if and only if ¢, € €,_;, and either u # 0
and ¢; € (), oru = 0and ¢; € Hol(C,). In the first case the stabiliser has
order p(q — 1), and there is one orbit of length q(p — 1) for the type 5, and p — 2
orbits of length q(p — 1) for the type 11. In the second case the stabiliser has
order p(p —1)(q — 1), and there is one orbit of length q for the type 5, and p —2
orbits of length g for the type 11.

Suppose now u = 0, so thaty(a) = «(a’) and y(z) = «(a®). Hereker(y) = (v),
where v = z°a/ is such that ¢ f + se = 0. Up to changing the basis of A, we can
appeal again to Lemma A.2, which yields that the RGF’s here are exactly the
morphisms. Again, A = ( a, z ) is the unique y(G)-invariant Sylow p-subgroup,
and we obtain gp(p — 1) functions. Since

z®loboz = pHa’)

they correspond to groups of type 11.

As to the conjugacy classes, since B < ker(y) is characteristic, y |z is stabilised
by every automorphism ¢. Moreover, let p = ¢,¢p, where ¢;, ¢, are asin (12.4).
We have

(@) = o~ ly(az 1 g = (a5 ))#2,
Y2(2) = o ly(Z g = (@),

so that ¢ stabilises y if and only if ¢, = id and ¢, € C,_;, namely the stabiliser
has order g — 1, and there is one orbit of length gp(p — 1).
We summarise, including the right and left regular representations.

Proposition 12.1. Let G be a group of order p*q, p > 2, of type 11. For each
isomorphism class of groups (T), the number of regular subgroups in Hol(G) (RS),
and the number (n) and the lengths (1) of the conjugacy classes in Hol(G) are listed
in the following table.

r RS

l

q
qip—-1)
1
p—1
112pA+q(P*-2)| 2p |[gp(p—-1)
2(p—=2)| qlp—-1)

2(p-2) q

5 2pq

NN NN S
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13. Conclusions

The proofs of Theorem 1.6 and Theorem 1.7 are obtained by piecing together
the results of Propositions 5.2, 6.1, 8.3, 9.3, 10.3, 11.2, 12.1, and recalling that if
the Sylow p-subgroups of the groups I' and G are not isomorphic, thene'(T, G) =
e(T',G) = 0([7, Corollary 3.4]).

To prove Theorem 1.5, we use Theorem 1.2 [4, Corollary p. 3220]. Therefore,
for each pair of finite groups I', G with |I'| = |G|, we have

|Aut(T)]|
|AuKGﬂe(r;G)

The values of ¢/(I', G) computed in Propositions 5.2, 6.1, 8.3, 9.3, 10.3, 11.2,
12.1 and the cardinalities of the automorphism groups given in Table 3 yield
the values of e(T', G).

e(l',G) =

Appendix A.

The following Lemma proves that the maps found in Subsections 5.2,12.1 in
the case |ker(y)| = q are gamma functions.

Lemma A.1. Let G be a group of type 5 or 11, B its Sylow g-subgroup, and A =
(ay,a, ) a Sylow p-subgroup.
Lety : A - Aut(G) a map such that

y@a) =m

Al
}/(612) =72 ( )

where Ma=1 a?z =a,, azz = aza’f, 1<k<p.
Then
n—k(1+:--+(m-1)) _m

y(ajay) =, ,

is the unique RGF extending the assignment above.

Proof. By our assumptions A is clearly y(A)-invariant. Moreover
e f e—k(1+--+(f-1)_f

y((@fayy“itasal) = y((afay)” " ata))

_ ( n( m)’?ér e [ )

=rialay ) a4,

_ n+e+kfm m+f

- V(al az )

n+e+kfm—k(1+---+(m+f-1)) m+f
1 772 )

and, on the other hand,

—k(1+--- -1 k(14 4(f—1
y(a;la;n)y(aiag)znln 1+--+(m ))ngnni At-+(f ))775

_ k@t +m=1)+e—k(1+---+(f-1)) m+f
=M o
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Therefore, y satisfies the GFE if and only if

m+f—1 m—1 f-1
—k( Z )+ fkm= —k(Z s+ Z s) mod p,
s=1 s=1 s=1
that is,
m+f—1 f-1
Z s—meZsmodp.
s=m s=1

Sincem+(m+1)+---+(m+f—1)= fm+1Q+---+ f —1), the last condition
holds true, and y is a RGF on A.
Now let ¥’ be a RGF on A extending the assignment (A.1). Since M =1,
necessarily a}" = af, so
!¢ 41\—1
y'(alal) = y' (@Y @)y (@) =y (@' (@)
Moreover
Y@ =7y @)y (@)
—k(m— _
= y'(a; " VN (ay)
=7'(a) M=y (@ )y (ay).
By induction we obtain y’(aZ') = y/(a,) F(m=D+m=2+-+1)y/(q )™ 5o that
7//(a;za;n — yl(al)n—k((m—1)+(m—2)+~~-+1)yl(a2)m,
namely y’ = y. O

The following Lemma proves that the maps y in Subsections 5.2,10.3 and 12.2,
in the case |ker(y)| = pq, satisfy the assumptions of Lemma 2.5.

Lemma A.2. Let G be a group of order p>q, A = (a;,a, ) a Sylow p-subgroup
of G,andy : A - Aut(G) a map such that
y(a,) = @ (possibly modulo ((A))
y(a) =1
where af = q,, af = ala;(“’ for a certain k.
Then y extends to a unique RGF on A if and only if y is a morphism.

Proof. We show that

[A,y(A)] = [A,y(a; D] €(az),
and then, by Lemma 2.5, the RGF’s on A with kernel { a, ) correspond to the
morphisms A - Aut(G).
Note that if y is a RGF or a morphism, then y(a}) = y(a,)’, asker(y) = (a, ).
Thus we have

tk
(ama) M (alal Y = (aTal) 1+ = (ab) T =

a,” €(ay).
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