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Shrinking targets on square-tiled surfaces

Josh Southerland

ABSTRACT. We study a shrinking target problem on square-tiled surfaces.
We show that the action of a subgroup of the Veech group of a regular square-
tiled surface exhibits Diophantine properties. This generalizes the work of
Finkelshtein, who studied a similar problem on the flat torus [Fil6].
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1. Introduction

In this paper we study the action of the abundant set of derivatives of affine
linear maps on a regular square-tiled surface, which is a particular type of trans-
lation surface. The set of derivatives we study is an arithmetic group, and we
show that the action of subgroups of these arithmetic groups exhibit Diophan-
tine properties.

1.1. Definition of a translation surface. A translation surfaceisa pair (X, w)
where X is a compact, connected Riemann surface without boundary and w a
non-zero holomorphic differential on X.

There is an equivalent definition of a translation surface that is more intu-
itive: a translation surface is an equivalence class of polygons or sets of polygons
in the plane C such that each edge is identified by translation to a parallel edge
on the opposite side of the polygon (or opposite side of a polygon in the set of
polygons). The equivalence is given by a cut-and-paste procedure that preserves
the positive imaginary direction relative to the ambient C.

Note that by imposing the condition that sides are identified to opposite edges
of the polygon we ensure that the positive imaginary direction is well-defined
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FIGURE 1. Translation surface

globally. Translation surfaces are flat surfaces away from a finite set of singu-
lar points, and at the singular points are cone points whose angles are integer
multiples of 27.

Definition 1.1 (Square-tiled Surface [M22], [Zm11]). A square-tiled surface is
a translation surface (X, ) given by a (finite) branched cover over the square
torus, g : X — T2, branched over 0. The one-form w is given by the pullback
of dz under the covering map q, w = q*(dz).

Square-tiled surfaces are so named because they have a polygonal represen-
tation which looks like a tiling of squares (each square projects to the square
torus in the branched cover). Consequently, square-tiled surfaces come with a
natural combinatorial description: (M, g, 7), where M denotes the degree of the
cover and o, T € Sy, are permutations that encode gluing information. o(i) = j
means that the right edge of the i’ square is glued to the left edge of the j"
square. 7(i) = j means that the top edge of the i*" square is glued to the bottom
edge of the j* square.

Definition 1.2 (Square-tiled Surface [M22], [Zm11]). A regular square-tiled
surface is a square-tiled surface (X, w) whose automorphism group (automor-
phisms of the translation structure) is transitive on the set of squares, g*((0, 1)?).

For the equivalence of the different definitions of a translation surface or
square-tiled surface, the reader is encouraged to visit [W15], [Zm11].

1.2. The SL,(R)-action. The group SL,(R) acts on the moduli space of trans-
lation surfaces, where the action of a matrix is just the usual linear action on
the polygons. Since the linear action sends parallel lines to parallel lines, the
action sends a translation surface to a translation surface. In fact, the natural
action in this setting is GL;r (R), but for our purposes, the action of SL,(R) is
more relevant since we are only interested in volume preserving maps.

For a more detailed introduction to translation surfaces, the reader is encour-
aged to consult one of the many excellent surveys on the topic [C17], [W15],
[Zor06].
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1.3. The dynamical system.

1.3.1. Action of the Veech group. The stabilizer of the action at a translation
surface (X, w) is called the Veech group of this surface, denoted SL(X, w). For an
example of a stabilizing element, consider the unit square with opposite sides

identified by translation (a torus) and let g = [(1) ﬂ

g

FIGURE 2. Stabilizing element of the Veech group

Using the cut-and-paste procedure pictured in Figure 2, we can reassemble
the new polygon as the old, while respecting the “north” direction on the sur-
face. This example shows us that the Veech group is not always trivial. The
action of the matrix appears related to linear maps on the surface, and in fact,
this is true. We can identify the Veech group with the collection of derivatives
of affine linear maps on the surface [V89].

There exist translation surfaces surfaces, for example, square-tiled surfaces,
whose stabilizers are lattices in SL,(R). Such lattices are necessarily discrete,
non-cocompact, finite covolume subgroups of SL,(R) [HS04]. We call these
surfaces lattice surfaces. Veech groups of lattice surfaces contain a hyperbolic
element, which can be represented as a matrix with expanding and contracting
eigenspaces. The corresponding linear action of this element, after several ap-
plications, sufficiently “mixes” the points on the surface. In fact, the map will
be ergodic (with respect to the Lebesgue measure on the surface). The existence
of this element means that the action of the Veech group is ergodic. Hence, we
can ask questions about the density of the orbits. One way to do this is to frame
the question as a shrinking target problem. Fix a lattice surface S with Veech
group I, and pick any y € S. Let By(y) denote the open ball of area (or mea-
sure) ¢(||g||) (a decreasing function of the operator norm). Does almost every
x € S have the property that g - x € By(y) for infinitely many g € I'? How fast
can ¢ decrease (the target shrink) before this no longer holds?

In 2016, Finkelshtein [Fil6] studied a shrinking target problem on the square
torus. The torus is an example of a translation surface and SL,(Z) is its Veech
group. Moreover, SL,(Z) is a lattice subgroup of SL,(R), so the torus is an ex-
ample of a lattice surface. Finkelshtein showed that the action of SL,(Z) on
the torus exhibits certain Diophantine estimates. Finkelshtein’s proof relies on
afundamental connection between the dynamics of the Veech group action and
the Laplacian on the torus.

The action of the Veech group on the surface induces a group representation,
the Koopman representation, w : SL,(Z) — % (L*(T?)), where 7(g)f(x) =
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FIGURE 3. Hitting the target

f(g7x). Recall that the eigenfunctions of the Laplacian, A = —(83 + 3;), are
solutions to Af = Af. We can compute eigenfunctions: e?*"*e?*"Y where

(m,n) € 7% Letg = [(cl Z] € SL,(Z), then

n(g)ezmmerﬂiny — eZn'i(dm—cn)erTri(an—bm)y.

This is significant: the Koopman representation sends eigenspaces of the
Laplacian to eigenspaces. In other words, the action of the Veech group plays
nicely with the spectral properties of the Laplacian. In fact, we can say precisely
how the eigenspaces are permuted by noting how (m, n) is permuted: by mul-
tiplying on the left by the inverse transpose of g.

In what follows, we study the action of the Veech group on a square-tiled
surface. This problem is challenging for the following reason: the action of the
Veech group on a translation surface does not, in general, respect the eigenspaces
of the Laplacian.

We are able to bypass these difficulties by leveraging properties of the
branched cover over the torus. Our main result shows that the action of a sub-
group of a Veech group acting on a regular square-tiled surface exhibits similar
Diophantine properties that are governed by the critical exponent of the sub-
group. Recall the definition of critical exponent:

Definition 1.3 (Critical exponent, d1). Let I" be a Fuchsian group. The critical
exponent, o, is

log(#{g € I' : dy(g.xp, %) < R})
R b

Or .= limsup
R—o0
for any x,, where g.x, denotes the action of g on x, by Mobius transformation.
dr is independent of the basepoint x,.

The critical exponent 8 is the exponent required for convergence in the
Poincaré series of the group T' [B68], [P76], which is equivalent to the expo-
nential growth rate of the number of points in the orbit of I' acting on the upper
half-plane [S79] seen in Definition 1.3.

Patterson [P76] showed that for a finitely generated Fuchsian group T, the
critical exponent is precisely the Hausdorff dimension of the limit set, A = T'xN
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S, where S! is the circle at infinity. Sullivan [S79] showed that in the general
case of a Fuchsian group, the critical exponent is the Hausdorff dimension of
the radial limit set, A, C A consisting of all points in the limit set such that
there exists a sequence 4,x — y remaining within a bounded distance of a
geodesic ray ending at y.

These various interpretations are particularly relevant to our work since we
obtain Theorem 1.1 indirectly through spectral estimates of the boundary rep-
resentation of the subgroup I'.

Theorem 1.1. Let (X, w) be a regular square-tiled surface, and let T be a sub-
group of the Veech group SL(X,w) with critical exponent 6 > 0. For any
y € X, for Lebesgue a.e. x € X, the set

{gel :|gx—yl<|Igl™}
is
(1) finite for every a > 6r
(2) infinite for every o < dr

where || - || is the operator norm of g (as a linear transformation on R?).

In fact, Theorem 1.1 holds for parallelogram-tiled surfaces as well. As with
Finkelshtein’s result [Fil6], our result has the added benefit that we can deduce
Diophantine properties of thin subgroups of the Veech group.

Remark 1.4. The spectral theory of translations surfaces and, in particular,
square-tiled surfaces, has been studied by Hillairet [HO08], [H09].

1.4. Acknowledgements. The author thanks Jayadev Athreya for proposing
this project and providing guidance, and to the anonymous referee for many
helpful comments. Additionally, the author thanks Alexis Drouot, Dami Lee,
Farbod Shokrieh, and Bobby Wilson for helpful discussions, and Chris Judge
for helpful comments regarding Theorem 3.1. Additionally, the author thanks
Lior Silberman for identifying an error in an earlier version of this work, as well
as for a series of informative discussions on the representation theory of groups
of operators on singular spaces.

2. Shrinking targets

In this section, we will give a technical description of a shrinking target
problem and identify the main obstacle that we must overcome to solve one.
Throughout this section, (X, %, u) is a probability space,and T : X — X isa
measure-preserving transformation, unless otherwise indicated.

2.1. Set-up. First, recall Poincaré recurrence.

Theorem 2.1 (Poincaré recurrence). Let (X, %, u) be a probability space, let
T : X — X be a measure preserving transformation, and let E € #. Define a
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semigroup action on X by the group N as follows: n-x := T"(x) foranyn € N,
where T° = Id. Then for almost every point x € E, the set

{neN:n-x€E}

isinfinite. (In other words, the set of points in E that return to E infinitely often
has full measure in E.)

Given the additional hypothesis of ergodicity, we can strengthen Poincaré
recurrence. If T : X — X is ergodic, then for any measurable set E € %4
almost every x € X willland in E infinitely often. In other words, T"(x) € E for
infinitely many n € N. And, in fact, we know how often the point returns. As
n — oo, the ratio of x landing in E and x landing outside of E converges to the
measure of the set E. However, we can not deduce any quantitative information
about the density of the orbits. If we were interested in such information, we
could ask the following: given a measurable set E, how quickly can we shrink
the set E (shrink the set for each application of the transformation T) and still
have almost every x € X land in the shrinking sequence of sets infinitely often?
More concretely, assume X is a metric space, let y € X, and let By(,)(y) be a
ball centered at y with measure ¢(n), where ¢ : Z,, = R, is a decreasing
function. How quickly can we decrease the function ¢ so that T"(x) € By, (y)
infinitely often for almost every x € X?

FIGURE 4. Hitting the target

Historically, the key to solving such shrinking target problems has been to
use the Borel-Cantelli lemma and its partial converse.

Lemma 2.2 (Borel-Cantelli lemma and partial converse). Let (X, %, u) be a
probability space and let E,, be a sequence of measurable sets.

(1) (Borel-Cantelli lemma) If 3} u(E,) < co, then the set of points x € X
such that x occurs infinitely often has measure 0 (limsup, ,  E, has
measure 0).

(2) Conversely, if the E, are pairwise independent, and  u(E,) = o,
then the set x € X such that x occurs infinitely often has full measure
(limsup, _, . E, has full measure).

To see how the lemma helps us solve a shrinking target problem, consider
the following. If T"(x) lands in the target By, (y), then T~"*(By,)(y)) must
contain x. See Figure 5.
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FIGURE 5. Will hit the target (Application of T~! to target)

Now consider the following sum, assuming T is measure-preserving:

2 KT By = 2 HBy((¥))-

n=0 n=0
The first part of Lemma 2.2 tells us that if this sum converges, then the set of
x € X such that x € T™"(By(,(»)) infinitely often has measure zero. In other
words, for almost every x € X, there are at most finitely many n € N such that
T"(x) € Byny(»)-

Similarly, if the sum above diverges, and we have that the sets B¢(n)(y) are
pairwise independent, then we can conclude that the set of points x € X such
that x € T"(Bg(n)(y)) infinitely often has full measure. In other words, for
almost every x € X, T"(x) € By(,(y) for infinitely many n € N.

By observing convergence or divergence of this sum, we can determine how
fast ¢(n) can decrease, or rather, how fast we can shrink the target. But, there
is a catch. We often cannot say much regarding pairwise independence of the
sets. In fact, this property is often absent, which is what makes a shrinking
problem both interesting and challenging. We must look for a way to replace
this hypothesis.

2.2. A brief history. In 1966, Philipp used the Borel-Cantelli lemma in order
to prove certain Diophantine estimates. He did this by formulating a quantita-
tive version of the Borel-Cantelli lemma and used it to show that not only does
the 2x-map on the circle exhibit a shrinking target property, but so does the
continued fraction map and the 6-adic expansion map [Ph67].

Theorem 2.3 (Quantitative Borel-Cantelli lemma). Let E,, be a sequence of
measurable sets in an arbitrary probability space (X, u). Denote A(N, x) the
number of integers n < N such that x € E,,. Define

dN) = D) WE,)

n<N

Suppose that there exists a convergent series Y, C, with C > 0 such that for all
integers n > m we have



SHRINKING TARGETS ON SQUARE-TILED SURFACES 663

M(E, N Ey,) < WEDU(E,,) + u(E,)Cpp-
Then

AN, x) = $(N) + O3 (N) log: * ($(N)))

for any € > 0, for almost every x € X.

Notice how this quantitative version gives an error estimate so that we can
understand just how “far” from pairwise independence the sequence of mea-
surable sets is allowed to be.

In 1982, Sullivan used a similar idea to prove a logarithm law that describes
the cusp excursions of generic geodesics on noncompact, finite volume hyper-
bolic spaces [S82]. Sullivan constructed a quantitative Borel-Cantelli lemma
by replacing the pairwise independence condition with a geometric condition
imposed on shrinking sets in the cusps. In 1995, Hill and Velani coined the
term "shrinking target” in their fundamental work on the subject [HV95]. Their
work begins with an elegant description of the set-up (which we have expanded
to include other formulations of shrinking target questions above), then they
study the Hausdorff dimensions of the sets of points that hit a target (a Julia set)
infinitely often for certain expanding rational maps on the Riemann sphere.
Hill and Velani have also studied an analogous shrinking target problem cor-
responding to Z-actions of affine linear (not necessarily measure preserving)
maps on tori [HV95].

Kleinbock and Margulis [KM99] used a Borel-Cantelli argument to prove a
far-reaching result that generalizes Sullivan’s logarithm law to noncompact, fi-
nite volume locally symmetric spaces. They replace the pairwise independence
condition with exponential decay of correlations of smooth functions on the
space. Athreya and Margulis proved that unipotent flows satisfy an analogous
logarithm law, using probabilistic methods, techniques from the geometry of
numbers, and the exponential decay of correlations of smooth functions on the
space [AMO09], [AM17].

Following the literature on shrinking targets, we give the following defini-
tion.

Definition 2.4 (Borel-Cantelli [A09], [FO6]). Suppose G is a group acting by
measure-preserving transformations on a probability space (X, #,u) and T'isa
subgroup. We say that a sequence of measurable sets {E,},cr is Borel-Cantelli,

(BC), if der u(Eg) = co and
u({x € X : gx € E, infinitely often}) = 1.

Theorem 3.12 and Theorem 3.14 in Section 3 identify conditions for our tar-
get sets to be BC.
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For the interested reader, Athreya has provided an expository article on the
relationship between shrinking targets, logarithm laws, and Diophantine esti-
mates. The article also speaks to how shrinking target properties can manifest
in the various types of dynamical systems [A09].

3. Application to square-tiled surfaces

The goal of this section is to prove Theorem 1.1. We begin by reviewing
known properties of the Veech group of square-tiled surfaces, and then intro-
duce a representation of the Veech group of the torus. The main contribution is
in Section 3.3: we can use a geometric (covering) argument to yield spectral es-
timates for the representation of the Veech group of a square-tiled surface that
can be used to run a Borel-Cantelli argument. Further, we will show that the
results extend to parallelogram-tiled surfaces.

3.1. Properties of the Veech group. Let (X, w) be a lattice surface and let
SL(X,w) be its Veech group. SL(X,w) is a non-cocompact lattice subgroup of
SL,(R), which implies the following: the group contains a hyperbolic element,
hence the action of the Veech group on (X, w) is ergodic. For the interested
reader, proofs of these statements can be found or constructed from the follow-
ing sources: [HS04], [K92].

We will use the following fact, one direction of which was originally proven
by Veech [V89]. The equivalence was proven by Gutkin and Judge in [GJ96]
and [GJOO].

Recall that we say two subgroups I'; and T', of SL,(R) are commensurate if
I'; NI, has finite index in both I'; and T',. We say that two subgroups I'; and T,
of SL,(R) are commensurable if T'; is commensurate to a conjugate of I',.

Theorem 3.1. (X, w) is a square-tiled surface if and only if SL(X, w) is com-
mensurate with SL,(Z). Similarly, (X, w) is a parallelogram-tiled surface if and
only if SL(X, w) is commensurable with SL,(Z).

We will only need one direction of this statement (the one observed by Veech):
a square-tiled surface has a Veech group that is commensurate with SL,(Z).

3.2. Spectral estimates of the Koopman representation. In this section,
we provide background for Theorem 3.6 below. Theorem 3.6 gives a description
of the exponential decay of averages for the action of any convex cocompact
subgroup of the Veech group SL,(Z) on a torus. It was proven by Finkelshtein
in [Fil6].

Let (X, %, i) be a probability space, let % (L*(X, 1)) be the space of unitary
operators, and let I' be a group acting by measure preserving transformations.
The Koopman representation is the representation 7 : ' - % (L*(X, 1)) de-
fined by 7(g)f(x) = f(g~'x). Since constant functions are invariant, we will
consider the projection L(X, u) — Lg(X , 1) Where Lg(X , 1) is the closed sub-
space of functions orthogonal to the constant functions. We denote by 7, the
representation 7y : T - % (L(Z)(X , ).
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Consider the action of a convex cocompact subroup of SL,(Z) on the hyper-
bolic plane (by Mobius transformations) and recall the definition of the critical
exponent, Definition 1.3:

log(#{g € T : dy(g.x9, %) < R})-

or :=limsup R

R—o0

Patterson showed that the critical exponent for a finitely generated Fuchsian
group I' is the Hausdorff dimension of the limit set, A = I'xnS!, where S! is the
circle at infinity [P76]. Sullivan showed that the critical exponent of any Fuch-
sian group is the Hausdorff dimension of the radial limit set, A, C A, which
consists of all points in the limit set such that there exists a sequence 4,x — y
remaining within a bounded distance of a geodesic ray ending at y [S79]. Con-
vex cocompact Fuchsian groups are precisely those groups whose limit set is
the radial limit set. Sullivan studied the radial limit set using the “density at
infinity” (the Patterson-Sullivan measure class) and used this to equate the log-
arithmic growth rate of the number of orbit points in a ball of radius R of any
convex cocompact Fuchsian group acting on H to the Hausdorff dimension of
the radial limit set. The Patterson-Sullivan measure class is a measure class
on the boundary of hyperbolic space. The measures themselves are not invari-
ant under the action of the convex cocompact subgroup. Rather, the measure
class is invariant. For background on the Patterson-Sullivan measure class and
quasiconformal measures, see the survey [Q].

In [C93], Coornaert generalized the work of Sullivan to the action of a dis-
crete group of isometries on a hyperbolic geodesic metric space by extending the
notion of quasiconformal measures to this setting. For background on Gromov
hyperbolic spaces, the reader is encouraged to visit [BH99]. Let I" be a convex
cocompact subgroup of SL,(Z). If we pick a basepoint z, € H, we can define
dr(g1,8,) = du(g120,2220), and (T, dr) is an example of a Gromov hyperbolic
space. However, (T, dr) is not a geodesic metric space. This poses a problem in
applying Coornaert’s extension of Patterson-Sullivan theory to the action of I'
on (T, dr), or to the induced action on the Gromov boundary of the group.

Blachere, Haissinsky, and Mathieu solve this issue by proposing the follow-
ing coarse characterization of hyperbolicity in [BHM11]. In short, they define
a quasiruled hyperbolic metric space by equipping a the space with a visual
quasiruling structure. With the assumption additional assumption that the
metric space is proper, they generalize the Patterson-Sullivan measure class to
the non-geodesic setting. In what follows, by quasiconformal measures, we
mean a measure in this measure class on the visual boundary (defined below).
See Section §2 in [BHM11] for details. An example of a hyperbolic group with a
visual quasiruling structure is a convex cocompact I' C Isom(H) with the metric
dr.

In the remainder of this section, we will specialize to (T, dr), introduce the
visual boundary JdT" of I, and then state the lemma of the shadow according
to Blachére, Haissinsky, and Mathieu. As a consequence of the lemma of the
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shadow, we will define metric balls in (T, dr) that satisfy certain asymptotics as
the radius of the ball increases. Moreover, we will observe that there is a bound
on the number of shadows that can cover any element of the boundary provided
we pick our shadows carefully. Lastly, we will state the theorem Finkelshtein
proved. We encourage the interested reader to consult [BHM11] and [Fi16] for
details.

Let (T, dr) be as above.

Definition 3.2 (Gromov product). Let gy, g, h € T'. The Gromov product is

(8, 1), = 5 (dr(g,80) + dr(h g0) — dr(g, ).

We say that a sequence (g;)2; C I'is a Gromov sequence if (gi,g J)g — 00 as
- 0

mini, j — co. We say that two Gromov sequences (g, ) and (h,,) are equivalent if
(g, hy) g, —> 00 as i — oo. We denote an equivalence class of Gromov sequences
by [g;]. The visual boundary dT of (T, dr, go) is the set of equivalence classes of
Gromov sequences:

or = {(81){21 :g €land lgrjn(giagj)go = 00}/ ~.

Moreover, as introduced in [S79] and extended in [C93], we have a notion of
shadows. Note that some authors define shadows inclusive of elements in T.
The shadows we need only include elements in the visual boundary dT'. Given
an element g € I and a number R > 0, the shadow Se, (g,R)is

Se,(&R) 1= {[gi] €ar: lijrgioglf(g,gi)go > dr(go, 8) —R%-

Sullivan made a fundamental observation about the measure of the shad-
ows, see §2 in [S79], now called the lemma of the shadow. Coornaert gener-
alized the lemma of the shadow to the action of a discrete group of isometries
acting on a hyperbolic geodesic metric space [C93], and subsequently Blachere,
Haissinsky, and Mathieu generalized this lemma to the setting we are consid-
ering [BHM11].

Lemma 3.3 (Lemma of the shadow [BHM11]). Let p be a quasiconformal mea-
sure based at g, with respect to the metric dr on I'. There exists Ry > 0 such
thatif R > Ry, foranyg eI’

(S, (g, R)) = e~Ordr(&8)+0(),

A key consequence of the lemma of the shadow is that we can count orbits
in an expanding ball. We record Coornaert’s observation about the asymptotics
of such a group here.

Lemma 3.4. [C93] Let I C Isom(H) be convex cocompact and fix a basepoint
zy € H. Let o1 denote the critical exponent of I'. Define B,, C T to be the set
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of elements such that dy(gz,, zy) < n, where gz, denotes the action by M6bius
transformation. Then, for I with 8 > 0, we have the following asymptotics for
the number of elements in B,;:

|Bn| — eérn+0(1).

Consequently, if we let S, x = B,, \ B,,_, then for fixed k, we have:

Isn,kl — eérn+0(1)'

Furthermore, Coornaert proved the following lemma in the case of a discrete
group of convex cocompact isometries acting on a geodesic metric space. The
lemma was originally observed by Sullivan in the setting of convex cocompact
groups.

Lemma 3.5. [C93] Let I be a discrete group of isometries acting on a geodesic
hyperbolic metric space (X, d). There exists a R, > 0 and k > 0 such that for
any R > Ryand n € N,
LJMg@DM.
8ESnk
Moreover, there exists L depending R and k such that for any n and any £ € 9X,

#lge S,k £€S.(g R} <L

Finkelshtein recognized that Lemma 3.5 holds for the case when the hyper-
bolic metric space is (T', dr). Using the work of Blachere, Haissinsky, and Math-
ieu (specifically, quasigeodesic rays), proofs of the above fact can be translated
into the case where a non-elementary group I' acts properly discontinuously
and cocompactly by isometries on a proper quasiruled hyperbolic space (such
as I' acting on (T, dr)).

Moreover, Finkelshtein observed that one can fix the k in S, , for all n, such
that we have both a bound L on the number of overlaps of shadows for all el-
ements in S, ; and the asymptotics in Lemma 3.4 hold as n — co. He defines
the shell S,, C T as the set S, such that k has this property. Further, he picks R
sufficiently large so that all of the shadows he uses in his argument satisfy both
the lemma of the shadow, Lemma 3.3, and Lemma 3.5. With this definition for
the shells and by fixing the R parameter in the shadows, Finkelshtein proved
the following theorem by studying the induced action of I' on its boundary. The
well-behaved harmonic analysis on the torus enabled Finkelshtein to pass from
the boundary representation back to the Koopman representation on the torus:

Theorem 3.6. [Fil6] Let T2 be a square torus, let I' € SL,(Z) be a convex
cocompact subgroup with critical exponent dr, and let 7z, denote the Koopman
representation on LS(TZ). Let u,, be a uniform probability measure on S,, C T.
Then

1
||77-'0(,un)|| < e—§5Fn+210gn+O(1),

where 7o(kn) = 2o equpp g, Hn(8)70(8)-
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This result was used to solve a similar shrinking target problem on a torus. In
our set-up, the spectral estimates of convex cocompact subgroups of SL,(Z) on
the torus play the role of the pairwise independence assumption in the Borel-
Cantelli lemma.

We require one more property of the shells for the Borel-Cantelli argument
in subsection 3.4:

Lemma 3.7. With S, as above, and letting ||-|| denote the operator norm of g
as a linear transformation on R2, we have

max{||g]| : g € Sy} <e".

Proof. Since g is anisometry of H which lives in a convex cocompact subgroup,
it must be either elliptic or hyperbolic. If elliptic, the operator norm is 1 and we
are finished. If hyperbolic, there is a § < ¢2" such that the translation distance

of g is 6. Thus g is conjugate in SL,(R) to a matrix of the form ¢’ 05

0 e 2

) )
It follows that the eigenvalues are ez and e 2 and we conclude that ||g|| is
S

e2 < e". Since the largest eigenvalue of a hyperbolic matrix is the operator
norm, we are done. O

3.3. A covering argument.

Lemma 3.8. Let (X, w) be a square-tiled surface and let SL(X, w) be its Veech
group. Then, there exist a finite index subgroup I' C SL(X, w) and a branched
cover q : X — T2 such that the cover is equivariant with respect to the action
of any subgroup I".

This follows from Theorem 3.1, and the work in [GJ0O]. A similar state-
ment holds for parallelogram-tiled surfaces, but we need to compose a cover of
a (non-square) torus with an affine map to a square torus.

Although irrelevant to our current goals, it is worth noting that we know pre-
cisely which square-tiled surfaces (and parallelogram-tiled surfaces) for which
the full Veech group descends to an action on the square torus (or to an ac-
tion conjugate to an action on the square torus). Recall that the saddle connec-
tions of a translation surface (Y, v) are straight line trajectories that start at a
singular point and end at a singular point, passing through no singular points
in-between. The holonomy vectors are the values we get when we integrate the
saddle connections over the holomorphic one-form v. The period lattice is the
the lattice generated by the holonomy vectors.

For a square-tiled surface (X, ) (tiled by unit squares), the holonomy vectors
must be a subset of Z@iZ. We say a square-tiled surface is reduced if the period
lattice is Z@iZ. Since the action of the Veech group preserves the period lattice,
we see that the Veech group must be a subgroup of SL,(Z), and further, that for
any g € SL(X, w), the following diagram commutes,
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x -3 x
bl

T2 L T

where q(x) = j;c w mod Z @ iZ. (Note that this map respects the choice of
north on the square-tiled surface.)

If the period lattice is not Z @ iZ, then there will be a parabolic element in
the Veech group with non-integral entries. Such an element cannot descend
with respect to the cover.

There is a similar picture for parallelogram-tiled surfaces, where the tiling
parallelogram hassides a, b € C and unitarea. Let P denote the translation sur-
face given by identifying opposite sides of the parallelogram. Then, we say that
(X, w) is a reduced parallelogram-tiled surface if the period lattice is aZ @ bZ.
For a reduced parallelogram-tiled surface, the following diagram commutes,

x -2y x
q q
p—2yp
h h
‘|]'2 ‘”'2

where q(x) = f; w mod Z[a]é® Z[b], h € SL,(R), and as above, the choice of
north on the translation surfaces is respected with the exception of the action
of h.

We now turn our attention to functions on the space. Let (X, ) be a square-
tiled surface with probability measure v and let g : X — T2 be the branched
covering map. Then

L*X,v)2H@H*
where H is the pullback of L*(T?).
Lemma 3.9. Let g* : L?(T?) — H denote the pullback. There exists a finite

index subgroup I” C SL(X, ) such that for every g € I”, the following diagram
commutes,
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7r(g)

H——>H
q*T q*T

L1 28 12(12)

where 7 : IV - % (H) is the Koopman representation of SL(X, w) on H, and
I - % (L*(T?)) is the Koopman representation of I'” on L(T?).

Proof. This follows from the equivariance of the covering map, Lemma 3.8. In
fact, the group representation 7 is well-defined because of Lemma 3.8. O

Corollary 3.10. With hypothesis as in Lemma 3.9, for every g € T”,

Nze@Il = 7@l
As a consequence, and by applying Theorem 3.6, we have the following.

Corollary 3.11. Let H, C H such that H, = q*(L(z)('I]'Z)), the subspace of H
orthogonal to the constant functions. Let 7y, : I" — % (H,), which is well-
defined since the space of constant functions is invariant under the representa-
tion 7r;; defined above. Let u,, be the measure from Theorem 3.6. Then

1
||7THO(,Lln)|| = ||7T0(,un)|| < e_z5rn+2logn+o(1)'

The technique above provides a framework for lifting spectral estimates us-
ing a cover, so estimates on “primitive” translation surfaces, those that do not
cover (with finite branching) other translation surfaces, can be lifted to surfaces
covered by the primitive surface.

3.4. A Borel-Cantelli argument. In this section, we show how to use the
spectral estimates to run a Borel-Cantelli argument similar to [Fi16], but with
variations to accommodate a reduction to a finite index subgroup and the tiling
of the surface.

Theorem 3.12. Let (X,w) be a square-tiled (or parallelogram-tiled) surface
with M squares in the tiling and let ¢ : X — T be the branched cover over
the torus. Let u denote the normalized Lebesgue measure so that u(X) = 1
and let ' C SL(X,w) be a convex cocompact subgroup with critical exponent
dr > 0. Define a sequence of measurable sets Targ () of measure ¢(r) where

¢ : R,y — R,y is a non-increasing function such that if r; > r,, we have
Targ,, , C Targy, ,. Moreover, we require that there exists an R such that

for all r > R, the set Targ () is saturated with respect to the cover, meaning
q log(Targ ¢(x)) = Targy . Then for almost every x € X, the set

{g €l:gxe Targqﬁ(ngn)}
is
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(1) finite, if ) | n?r~1¢(n) < co.
(2) infinite, if Z;o:l n=r+D Jog*(n)p(n)~! < 0.

Remark 3.13. There is a gap between the finite and infinite case. If ¢(r) =
Cr=%r 10g1+€(r) for all large r, where C is any constant and ¢ > 0, there will
only be finitely many solutions. If ¢(r) = Cr—2r log5+€(r), for all large r, where
again C is any constant and ¢ > 0, there will be infinitely many solutions. It
may be possible to strengthen this theorem.

Proof. Fix a basepoint x,, and let S,, be as in Theorem 3.6 where S,, = S, for
some k > 0. In our proof, we will not impose any constraints on the value of k,
but we will eventually use the conclusion of Theorem 3.6.

First, we show that the sum converges under the first condition, which by
Borel-Cantelli (Lemma 2.2) implies that the set is finite. Let B, = {g € T :
dy(gzy, zo) < n}(asin Lemma 3.4). Observe that

(1) Bk U (U:ozk+1 Bl’l \Bn—l) = F’
(2) (B, \ Bp—1) (B \ Bp—1) = @if and only if n # m and n,m > 0, and
(3) BynB,\B,_y =@ foralln > k.

It follows that

D g Targ 0= D >, ¢dlglD+ Y #llglD,
ger n=k+1 geB,\B,_1 gEBy,

where the second term on the right-hand side is a sum over finitely many ele-
ments. We focus on the tail of the series. Let N be sufficiently large and use the
precise asymptotics of the balls, Lemma 3.4. Moreover, observe that Lemma 3.7

implies that for any g € B,,, ||g|| < ez. These observations yield

(]

>3 #llgih < Y (gl
n=N

n=N geB,\B,

0 n—1
=C, ), eople )
n=N

=C, Y e

n=N+1

for some constant C; > 0. We apply a variation of the Cauchy condensation
test to establish the criteria for convergence. For a non-increasing function f :
N — Ry, 2., f(n) converges ifand only if 3} e" f(e") converges. Observe that
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~ n S Mos—1),, "
D, Efmgler) = Y erert T Ug(er).
n=N+1 n=N+1

By splitting the sum over the odd and even integers greater than N+1, bounding
the sum by twice the sum over the even integers, and re-indexing, we can use
Cauchy condensation to deduce that the series above converges if and only if
2:;1 n?r=1¢(n) converges. By Borel-Cantelli, we can conclude that for almost
every x € X the set

{g €l:gxe Targ¢(”g”)}

is finite.
For the more difficult part of the proof, we show the set

lg e : gx € Targy ) |

is infinite when ¢ satisfies the condition in (2). For this part of the proof we will
use the assumption that there exists an R such that for every r > R,

q~'oq(Targy)) = Targy
(the target is a saturated set with respect to the cover).

In this part of the proof, a key step requires applying Theorem 3.6, so we will
use the shells S,,. For n > k, let

By =X\ | g7 Targy ),
gesn
E,, is the set of points x such that gx is not in its target Targ (112l forallg € S,,.
Let
E =limsup E,,.
n—oo

E consists of the points for which there are infinitely many n such that for all
g € S,, gx is not in the target. The complement of this set is the set of x € X
such that there are only finitely many »n such that gx misses the target for all
g € S,,. This is a subset of the points which hit the target infinitely often. If we
show that u(E) = 0, then we will have shown that the set of x € X which land
in the target infinitely often has full measure.

We begin by reducing to a finite index subgroup I C T so that we can apply
the results of Theorem 3.6. For finite index subgroups of convex cocompact
subgroups we have that 8y = 6. Moreover, the finite index subgroup is convex
cocompact (being finitely generated without parabolic elements).

Let Targ, denote the set Targ¢ o and let Y,y be the characteristic func-

tion of that set. Let y be the characteristic of the set E,,. Let M be the number
of squares tiling (X, w) and recall that g : X — T?2 is the covering map. We will
define two bounded linear operators. First, define A : L>(X) — H by
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Af)=1f

where f(x) = i 3 eq-toqe S 0)- Note that fy A(f)du = fy f dy

Now define the orthogonal projection P : L?>(X) — H, by

P = A~ [ fau
X
P is a self-adjoint, idempotent operator. First, (Pf,g) = (f, Pg):

<Pf,g>—<f,Pg>=f(A(f)—ffdu)gdu—f(A(g)—fgdu>fdu
X X X X
=fA(f)gd/x—ffdegd#
X X X
- d d d
fXA(g)f #+fo /xfxgu

=/quw—fmgwﬂ
X

X
=0,

where the last line follows from considering the integral over each square.
Second, P*(f) = P(f):

IWD=HMﬂ—ffW)
X
=Hmn—qumm
X
=PMUD—HfAUMm
X
=AMUDi/MﬁWH0

X

(f) fo I

We can project the characteristic functions ., and yg, to Hy:

T, := P(XTargn) = A(XTargn) - #(Targn)
Bad, := P(xg,) = A(xg,) — W(Ep).

Now observe that
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[T, |15 < (1 — u(Targ, ))u(Targ,) < u(Targ,)
||Badn||2 < (1 - #(En));u(En) < M(En)

Indeed, consider ||T,,| |§. Define sets

A = {x €X 1 A(XTarg,)(X) = ﬁ}

fori € {0,1,2,---,M}. Observe that X = |_|1i\i0 A;, where the A; are disjoint,
M
and ¥, —u(A;) = u(Targ,):

M . M .
l l

p(Targ,) = f XTarg dp = f AQrarg VA= | D) —xa du =D, —u(A)).
X " X " oM oM

Then,

2
[T |§ = ’A()(Targn) - M(Targn)‘ du

2
(A(XTargn)) d:u - 2#(Targn)fA(XTargn)dﬂ + M(Targn)z
X

(AGtrasg,)) dut - p(Targ, 2

.\ 2
(37) du = wcTarg,?

Il
Mz s— 55— 5
—

(1\%)2#(141-) — p(Targ,)?

I
.Mg

.~
Il
—

IA
,Mg

N
I
_

(37) 140 - rarg,

(Targ,) — u(Targ,)*
1 — u(Targ,))u(Targ,)

o
o =

The computation is similar for ||Bad,| |§. Moreover,
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<Tn’ Badn> = f (A()(Targn) - “(Targn)) (A(XE,,) - //‘(En)) d,Ll
X
= /A(XTargn)A(XEn)d:u - M(En)fA(XTargn)dM
X X
- (targ,) [ AGrs,)du-+ p(Targ, Ju(B,)
X

— | AGtru )G, db — pTarg, D).
X

We will show that provided n > 2log R, where R comes from our Theorem
statement, and that g € S,,, we have

(71, (87T, Bad,,)| = p(Targ, u(Ey)
Fixany g € S,, C I and observe that g~! € S,,. We have
<7TH0 (g_l)Tn’ Bad,,)

= / A(Xrarg, (8X)A(XE, (X)) du(x) — u(Targ, Ju(Ey,)
X

= [ At 1, CDAGr, (0 duo) = Targ, ()
X

=/[1\l/[ 2 Xg‘lTargn(Y)][% > )(En(.)))] du(x) — u(Targ, Ju(E,).
X

y€qlog(x) y€q~log(x)

The integrand is zero. To be non-zero at x € X, there must exists two points
Y1,¥ € g tog(x) such thaty, € g‘lTargn and y, € E,.. Given our assumption
that the target set is saturated with respect to the cover (we pick n > 2logR),
this is not possible. If Targ, is a saturated set, then so is g‘lTargn (g7lisa
continuous map that commutes with the cover). If y; € g_lTargn, then every

y € g toq(x) is also in g 'Targ, . This means that y, must be in both g~'Targ,
and E,.. However, if

g(y,) € Targ,
and

h(y2) & Targ,y),
for all h € S,, we get a contradiction. g(y,) € Targ, = Targq5 eg) C Targg (g1

but g € S,,. Thus, we can conclude that for n > 2log(R) and g € S,
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(7r, (87T, Bad,,)| = u(Targ, u(Ey).
Moreover, if we let y,, be a uniform probability distribution on S,,, we can con-
clude

(7r, ()T, Bad,,)| = p(Targ, u(Ey).
Using Cauchy-Schwarz on this inner product as well as the bounds on ||T,,| |§
and ||Bad,,||2, we can relate the operator norm of |17, ()| to the measures
U(E,) and u(Targ,).

1 1
|<(7TH0(Mn))Tn’ Badn>| < (l |7TH0(,un)| |) ,u(Targn)zu(En)z
By applying the spectral estimate in Corollary 3.11 in combination with the
previous two equations, we can deduce that for some constant C, > 0

u(Targ Ju(Er) < (1175, (a)l]) 1(Targ,) u(Ey)?
(Ep) < (1703, (1)’ p(Targ, )™t

< CynteOmp(e2) L,
Thus,

2 ME)SCy Q) nlerl(ex)
n>2logR n>2logR
In order for Zn u(E,) to converge, which by the Borel-Cantelli lemma would
imply that u(E) = 0, we need the following sum to converge:

oo
Z n4e_25f¢(e”)_1.
n>2logR
By using the same variation of the Cauchy condensation test as we used prior,
we deduce that convergence the sum is equivalent to convergence of the fol-
lowing sum.

Z (IOg n)4n—(25r+1)¢(n)—1
n=1
This completes the proof for target sets Targy ) that are eventually saturated.
O

If we further assume that the square-tiled surface is a regular square-tiled
surface, then we can conclude that each sheet in a saturated target is hit infin-
itely often. This allows us to remove the assumption of a saturated set. How-
ever, to do this, we need to add the assumption that the target sets become
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sufficiently small in the sense that eventually, the projection of the target is an
evenly covered set.

Theorem 3.14. Let (X, w)be aregular square-tiled (or parallelogram-tiled) sur-
face with M squares in the tiling and let g : X — T be the branched cover over
the torus. Let u denote the normalized Lebesgue measure so that u(X) = 1
and let ' € SL(X,w) be a convex cocompact subgroup with critical exponent
dr > 0. Define a sequence of measurable sets Targ () of measure ¢(r) where
¢ : R,y — R,y is a non-increasing function such that if r; > r,, we have
Targy, , C Targ,, ,. Moreover, we require that there exists an R such that for
all r > R, the set g(Targ le(r)) is evenly covered and that one of the sheets is
Targ 50)" Then for almost every x € X, the set

lg €T : gx € Targy ) |
is
(1) finite, if ) | n?r~1¢(n) < co.
(2) infinite, if Y>> n=@r) log*(n)¢(n) ! < co.

Proof. Asin the proof of Theorem 3.12, the finite case follows from a direct ap-
plication of Borel-Cantelli, Lemma 2.2. The infinite case follows from Theorem
3.12, and the fact that a regular square-tiled surface has a transitive automor-
phism group. First, observe that Theorem 3.12 implies

{g €l:gxeqlog (Targ;b(ngm)}

is infinite when ¢ is as in the theorem. Morever, we can restrict to g € T such
that ||g|| > R, and the set

fger: llgll> Rand gx € g~ oq (Targy )}

remains infinite. Indeed, the proof of Theorem 3.12 shows that for almost every
x € X, there are infinitely many n such that there exists a g € S,, such that gx
hits the target.

By assumption, for any € > 0, g(Targ (R +E)) is evenly covered. Consider the
sheets of g(Targ SR+ €)). Corresponding to each sheet is a sequence of measur-
able sets contained in that sheet, where each measurable set is a lift of g(Targ ¢(r))
for r > R. Since Targwl) C Targ () for r; > r,, the sequences corresponding

to each sheet satisfy the inclusion property. Further, by the pigeonhole princi-
ple, one of the sequences is hit infinitely often. If this sequence is Targ ) then

we are done. If not, call this sequence U,.
The action of the automorphism group on the squares is transitive and
q(Targ 51 g”)) is evenly covered, so there exists an automorphism f : X - X

such that Targ 5(r) is mapped to U,, for all r. For almost every x € X, we know
that the set {g €Tl :|lg||>Rand f~l(gx) e f~Y(U) = Targ¢(”g”)} is infinite.
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We make two observations. First, recall that the Veech group SL(X, w) is the
image of the derivative map D : Aff(X,w) —» SL(X, w), where Aff(X, w) is the
group of affine transformations of the surface. Moreover, the kernel of this map
is the set of automorphisms of the translation structure, Aut(X, ), hence the
set of automorphisms is a normal subgroup of the group of affine transforma-
tions. See, for example, [HS04]. We can inject SL(X, ) into the group of affine
transformation: an element from SL(X, w) is an affine transformation, but with
no translation component. Since the automorphisms are a normal subgroup, if
we conjugate the automorphism f~! by an element g € T, the result is another
automorphism. Call it A.

h

X -3 x
8 g
Yoy

This gives us an equivalence of the sets:

{g €T : |lgll>Rand f'(gx) € Tafgqs(ngn)}

={geT : |lg| > Rand gh(x) € Targ,,!.

Second, let X be the full measure set such that {g el : g(h(x)) € Targ 011 g”)}
is infinite. Observe that h is not only an automorphism, but an invertible,
measure-preserving transformation. Hence, h(X) is a full measure set. This
second observation completes the proof. O

Theorem 1.1 follows from Theorem 3.14. Setting ¢(r) = Czr~2* where C
is a constant correcting for normalization of the measure, we see that Theo-
rem 1.1 holds for convex cocompact subgroups of the Veech group of regular
square-tiled surfaces. To extend the result to all groups we employ the follow-
ing lemma.

Lemma 3.15. [Fil6] Let ' C SL,(Z). For any ¢ > 0, there exists a convex
cocompact subgroup I C T such that 6 > 6 — ¢.

Theorem 1.1. Let (X, w) be a regular square-tiled surface, and let I be a sub-
group of the Veech group SL(X,w) with critical exponent §p > 0. For any
y € X, for Lebesgue a.e. x € X, the set

{gel |gx—yl<|lgll™}
is
(1) finite for every a > 6y
(2) infinite for every o < Oy

where || - || is the operator norm of g (as a linear transformation on R?).
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Proof. For the first part of the proof, to show the set is finite for every o >
dr, use the definition of the critical exponent, Definition 1.3. Fix a, and for
sufficiently large N, the asymptotics of B,, (and S,) are within € where 2¢ <
a — dr, so the same argument as in the proof of Theorem 3.12 will work:

D H(gT I Targ, ) SC D) eCrtong(en)
ger n=N+1

<cC Z e(“_g)”¢(eg).

n=N+1

We can use Cauchy condensation to deduce that the tail converges if and only
i oy n2¢79716(n) converges. Pick ¢(r) = Crr=2*, where C is a constant
correcting for normalization of the measure, and by Borel-Cantelli, we can con-
clude that for almost every x € X the set

lger: gx e Targ, |

is finite.

For the second part of the statement, we leverage Lemma 3.15. For any ¢ > 0,
there exists a convex cocompact subgroup I" C T such that 6y > 8p — €. By
applying Theorem 3.12, we know that the set

/ .
lger cr g eTargy,, |

has infinitely many elements provided 3 | (log n)*n=@r+U¢(n)~! < co. Thus,
we need

$(r) 2 Cr 2% 1og™ (1)
for all sufficiently large r. Recall that for our choice of ¢ > 0 above, and any

M > 0, for all r sufficiently large, r¢ > logM(r). Since dr < Op + ¢, for all
sufficiently large r, we have

p—20r+3e 5 =200 +e)+3e — p—20p+e 5, =20 log5+5(r).

Hence, we can pick ¢(r) = Czr=2% for any C and any a < & and conclude that
there will be infinitely many elements in the set. (|
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