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Characteristic polynomials and finite
dimensional representations of
simple Lie algebras

Amin Geng, Shoumin Liu and Xumin Wang

ABSTRACT. In this paper, we prove the correspondence between finite di-
mensional representations of a simple Lie algebra and their associated char-
acteristic polynomials. We will also define a monoid structure on these char-
acteristic polynomials related to the tensor products of the representations.
Furthermore, the factorization of characteristic polynomials sheds new light
on the structure of simple Lie algebras and their Borel subalgebras.
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1. Introduction

For several matrices Ay, ..., A, of equal size, their characteristic polynomial
is defined as

fa(z) =det(zol + z,A, + -+ + 2,A,), z = (2g,...,2,) € C",

which has been investigated since the late 19th and early 20th century in prob-
lems related to group determinant and determinantal representations. We refer
to [4, 5, 8, 6, 7, 9] for some illustrations of this topic. However, studying charac-
teristic polynomial for several general matrices is a new frontier in linear alge-
bra. In [18], the notion of projective spectrum of operators is defined by R. Yang
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through the multiparameter pencil, and multivariable homogeneous charac-
teristic polynomials have been studied. Fruitful results have been obtained in
[2, 10, 11, 13, 1]. It is natural to consider similar topics for finite dimensional
Lie algebras. For a Lie algebra g with a basis {x1, ..., x,,}, the characteristic poly-
nomial of its adjoint representation

fq = det(zol +z,adx; + -+ + z,adx,)

is investigated in [1]. It is shown that f is invariant under the automorphism
group Aut(g). Let ¢ : 81(2,C) — gI(V) be an irreducible representation of
81(2, C), which 81(2, C) is Lie algebra of all 2-by-2 matrices with zero trace over
C and V is a (m + 1)-dimensional complex vector space. The characteristic
polynomial
2, Hl’i/lz (zg — 41%(z} + 2z323)) 2| m
J6(20: 21,22, 23) = (1.1)

Er:no_l)/z (zo — QL+ 1)*(2 + 2,23)) 2t m

is obtained in [3, 14, 12]. When the homomorphism ¢ is an arbitrary finite

dimensional representation of 3[(2, C), we let d, 4 denote the dimension of the
eigenspace of ¢(h) for the eigenvalue n, n € Z. The characteristic polynomial

d dn,
fo(20,21,25,23) = 2,* H (23 — n*(2} + 2,23)) ? (1.2)
n>1

is obtained in [16], where the authors proved that there is one to one correspon-
dence between finite dimensional representations of 3[(2, C) and their charac-
teristic polynomials. One wonders whether similar results hold for simple Lie
algebra.

The paper is sketched as the following. Section 2 presents the definition of
the characteristic polynomials with respect to finite dimensional representa-
tions of a simple Lie algebra. It is shown that the latter can be reconstructed
through its characteristic polynomials. In Section 3, similar to [16, Section 5],
we show that the characteristic polynomials of a simple Lie algebra can be en-
dowed with a commutative monoid structure compatible with the tensor prod-
uct of representations. In Section 4, some results about the characteristic poly-
nomials of 8[(2, C) acting on the classical simple Lie algebras are obtained. In
Section 5.3, we calculate the rank of the spectral matrices for the Borel subal-
gebras of simple Lie algebras.

2. Decomposition of the representations of simple Lie algebra
through characteristic polynomials

We first recall some basics for Lie algebras which can be found in [15]. Let
g be a finite dimensional complex simple Lie algebra, ® be the root system of
g, and IT={a,, ...,a,} be simple roots of ®. Let §) be a Cartan subalgebra of g,
{hq,s - hg } be a basis of f corresponding to IT, and E,, be the root vector for
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each a € ®. It is well known that the set A={h, ,...,h, ,E(a € ®)}is a
canonical basis of g, and we have the Cartan decomposition

4=5® ) CE,.
aed
Suppose ¢ : g — gl(V) is a finite dimensional linear representation of g, with
V being a g-module.

Definition 2.1. The polynomial

f8(20s 215 e s 245 Zo) = det <ZOI + Z ¢(he,)z; + Z ¢(Ea)za)
i=1

acd

is called the characteristic polynomial of g with respect to the basis A and the
representation ¢, where zy, zy, ..., z,, Z, are indeterminants.

Since the representations of a simple Lie algebra g are closely related to its
Cartan subalgebra §), we restrict the representation ¢ of g to f) and obtain a new
polynomial as follows.

Definition 2.2. Let g and ¢ be as above and define

f4(2) = det (ZOI +> ¢(hai)zi) = fo(20, 215 -, 2, 0, ..., 0)

i=1
with Z = (2, 21, ..., z,). We call f4(2) the linearization of f4(2).

For convenience, the polynomials f4(z) and f. #(2) are denoted as fy and f s
respectively. We gather these two kinds of polynomials in the two sets,

CP, = {fs(2)}s,  CP,={fs(D)

where ¢ runs over all finite dimensional representations of g. For these two
sets, analogous to the proof of [15, Section 22.5, Proposition A], the following
proposition can be obtained.

Proposition 2.3. The map
p: CPy — éﬁ,
p(fs) = s
is a bijective map.

Proof. For the representation module V for ¢, we have the complete decom-
position of V' = @§:1Vi by Weyl’s theorem [15, Theorem 6.3], where each V; is
an irreducible module of g with highest weight ;. Write ¢ = @;zldai, where ¢;
is the representation corresponding to V;. Then we have

t
f¢=1}f¢i- (2.1)
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By [15, Section 20], each V; can be written as V; = @,CV, withr € §* =
Hom(}, C) being a weight of V;, such that h(V,) = r(h)V, for any h € §. This
implies that ) is diagonalizable on V;. We denote the set of those eigenvectors
V, by I;. It follows that

t t
f¢=H H (Z0+r(ha1)zl+"'+r(han)zn):Hﬂbi' (2.2)
i=1 V€I i=1

For the module V, let T = U§=1 I';. Once the set I' is known, we can find
one dominant weight eigenvector Vg in I for which B, is one of the highest
weights in T. Therefore the Vg will generate a unique irreducible module of
g, which we denote by W. Then W is an irreducible component of V. Without
loss of generality, suppose the module W is isomorphic to the module V. Thus
we can consider I" = I'\I';. We can repeat the above operation to determine all
the irreducible components of V. Therefore, the polynomial f4 can be obtained
by formula (2.1) through the algorithm on T

Once the polynomial f, ¢ is fixed, we can uniquely write it as products of linear
polynomials with the coefficient of z, being 1 as in (2.2), and each linear factor
can determine a linear functional in §*, because {h}!" , is a basis of ). Then we
can determine all the weights for the I in this way. Therefore, by the algorithm
on the set I, the map p is an one to one correspondence between CP, and (FJE.

O

By the algorithm in the proof of the Proposition 2.3, the following theorem
holds.

Theorem 2.4. Let ¢ and ¥ be two finite dimensional representations of a finite
dimensional complex simpe Lie algebra . Then ¢ and ¥ are isomorphic if and

onlyif fg = fy.

Remark 2.5. In fact, the characteristic polynomials might differ if we choose
different bases for the Lie algebra. For the adjoint representation of a finite
dimensional Lie algebra, it is proved that the characteristic polynomial is in-
variant under the automorphism of the Lie algebra in [1, Theorem 2.3]. But
it does not hold for arbitrary finite dimensional representations, especially for
the outer automorphisms, which can produce non-trivial actions on their rep-
resentations.

3. Monoid structures on CP, and (ZF;

In this section, we mainly study the algebraic structure of CP, and (EE de-
fined through tensor products of the representations of g.

Let g be a simple Lie algebra with simple roots IT = {a;} | and Cartan sub-
algebra b, having a basis {h, }_ . Let rep(g) be the monoidal category of finite
dimensional representations of g. Let ¢ be an object in rep(g), I'y be all weights
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of ¢ with |['4| being its size. For each 1 € Ty, we let d; denote the multiplicity
of 1 in ¢, which is the dimension of the eigenspace of ¢ for 1.

The set (ET’; can be endowed with the monoid structure by a multiplication
defined below.

Definition 3.1. Let ¢, ¢ be two objects in rep(g), and f4 and f, be their charac-
teristic polynomials with f ¢ = p(fy)and f. o = p(f,) being their linearizations,
respectively. Suppose that Ty = {4;}, ', = {} are all weights of ¢, ¢, respec-
tively, and d o d,, are their multiplicities in ¢, ¢, respectively. Let

Aji = Aj(hg,), Mii = pic(he,)
forj=1,.., |F¢|, k=1,..., |F¢,|, i=1,..., n. It can be seen that

d/lj d/y
n j
f¢ = H Zy + Z /‘lj(hai)zi = H (ZO + Z/ljizl-) .
/ljel“¢ aiEH /ljel“¢ i=1
G n dyy
Jo= H Zo + Z Hic(he,)z; = H (Zo +Z:ukizi)
,leerw o; €11 ukeF¢, i=1
Define f * f, € Clzy, 21, ..., 2,] for f, and f,, by the formula
" dy dy,
foxfo= H (Zo + Z(/lji + Mki)Zi) . (3.1
/1j€1“¢,,uk€1"¢ i=1

Here, we call the polynomial f * f, the resolution product of f4 and f,.

Proposition 3.2. Let f y f. o be two polynomials in éT’;. Then

fo * fo = Fowe:
Proof. Suppose that {Uflj}/ljel"qs witht =1,..., d,lj, {wzk}ukenp withs =1,...,d,,
are bases of representation ¢ and ¢, respectively, such that each h,, € b is

diagonalizable under these two bases for ¢ and ¢, respectively. This implies
that

Bl (V) = A0, s @l W) = phaw}
It is known that {vflj ®wy, }Ajel"¢,ukel"¢ isabasisof¢p@qfort =1,..., dl]_, s =

1,..,d,, . By the definition of tensor products of the representations of Lie al-
gebra, we have

® ® gl (v}, ®w},)
@(he) ® 1 +1® 9l )0}, @ w},)
Bhe )V, ) ® W, + U, @ plheJw),) = (i + i)V, @ ).
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Let
¢ ® o(hy, )vij@w/ik = Aji + M (3.2)
for1 < j<|Tyl,1 <k <|[L,1<i<n, and d,lj;#k denote the dimension
of eigenvector space for ¢ ® p(h,,) of the eigenvalue 4;; + w; spanned by the
vectors vflj ® w;k, fort=1,..., d,lj ands=1,..,d, . Therefore, it follows that
d,lj;r#k = d,ljdyk. (3.3)

By equations (3.2) and (3.3), one can rewrite the polynomials f, f, and fyg,
as the follows,

n dij
fo = I (=4 20m)
/1jel“¢, i=1
n d/‘k
fo = H (Zo +Z:ukizi> ,
€Ly, i=1
n dlﬂr#k
fooe = H (Zo + Z oy @(”la,-)u;,@w;k Zi)
A;€T 4 k€L, i=1 !

n dﬂjdﬂk
= H (Zo + Z(/lji + :uki)zi) =fg * fo
/1j€1"¢,,uk€1"¢, i=1
[l

Theorem 3.3. The set (Fi’dg is a commutative monoid under the resolution prod-
uct with the unit element z,,.

Proof. By Proposition 3.2, the set éf’; is closed under the resolution product.
For three representations ¢, 1, ¢ of g, it is known that

PRW®P) = (P®YP)®¢.
By Proposition 3.2, it follows that
Fox (Fy * o) = fsewen = feener = (f¢ * [4) = fo.
Let ¢, denote the trivial representation of dimension 1 of g, then £, 0, = Zo- For
each representation ¢ of g, we have ¢ ~ ¢ ® ¢y = ¢y ® ¢, so it follows that
fo = f¢ * 2o = 2o * fg. At the end, the relation fy * fy = fy * fg holds for
PRY=P® . O

Let ¢ and ¢ be two representations of g of finite dimension. By Proposition
2.3, there is one to one correspondence between CpP, and CP,. Define

f¢*fqo=p_1(.f¢*fqo) (3.4)

which is called the resolution product of f4 and f,. By Proposition 3.2, we have
fo* fo =P_1(f¢ * f¢) = P_l(f¢®¢) = foc0-
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Combining with Theorem 3.3, the theorem below holds.

Theorem 3.4. The set CP is a commutative monoid under the resolution prod-

uct with the unit element z,. Furthermore, the monoids CP, and 6?; are isomor-
phic under their resolution product structures through the linearization map.

Remark 3.5. Here we recall the definition of the formal characters Z[A] of a
simple Lie algebra g from [15, Section 22.5]. Let A C §* be the set of integral
weight lattice, namely all A € §* which (1,a) € Z(a € ®). Let Z[A] be the
free abelian group with {e(u)},ca being its basis. From [15, Section 22.5], the
abelian group Z[A] has a commutative ring structure through decreeing that
e(Ve(u) = e(A + u). For A € A, we suppose that V(1) is an irreducible finite
dimensional module of g with the highest weight A and I1(1) denote the set of
its weights. We define the formal character for V(1) as

chy= D, mu(we(w),
METI(A)
where m;(u) is the multiplicity of u in V(1), namely the dimension of the
eigenspace corresponding to the weight u. If V.= V(1,) @ --- V(4,), we de-

fine its formal character as
t

chy = Z chy..
i=1
Define a map 7 from CP, to Z[A] by

7(fy) = chy, fy € CPy,

where ¢ is the representation of g acting on the module V. By the Theorem 3.4
and [15, Section 22.5, Proposition B], it follows that

t(fp)t(fp) = chy + chy,  T(fy) * 7(f,) = chychy,
where ¢ and ¢ are representations of g acting on V' and W, respectively.

4. The adjoint representation of $1(2, C) on simple Lie algebras

Let g be a finite dimensional complex simple Lie algebra, {h, e;, e,} be a canon-
ical basisof 8[(2,C),and ¢ : 31(2,C) — gbea Lie algebra embedding. Suppose
that ado¢ is the composition of ¢ and the adjoint representation ad of g. In this
section, our main concern is the characteristic polynomial f;404(20, 21, 22, Z3)
of adog. In [16], the authors have calculated the case for simple Lie algebra
type A,,_;. In this section, we’re going to calculate this for other types.

In the following, a general formula in Theorem 4.1 will be presented. We
first apply the formula to the complex simple Lie algebra of type C,,. Analogous
results for other types are summarized in Table 1.

Here we recall the Chevalley basis for g from [15, Section 25.2]. Any basis

{Ep,a€®, hy,i=1,..,n}

is called a Chevalley basis of g if it satisfies:
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(1) [EOC’E—OC] = hoc'

() fa,B,a+p €, [EOUE—ﬁ] = ca,ﬁEOC+,3’ then Cap = —Cq,—5-
(iii) The coefficient c, g in (ii) satisfies
(@ +B,a+p)

8.8

where 8 —ra, ..., § + qa is the a-string through .
In [15, Scetion 25.2, Propostion], the existence of a Chevalley basis of g is pre-
sented. From [15, Scetion 25.2, Theorem | we know that for any o € ®,

[hia Eoc] = <O(, O‘i>Ea’

where h; = h,, {a;} is a base for .

2
Cop = q(r +1)

Theorem 4.1. Let g be as above, @ be its root system, and A € . Let ¢ :
81(2,C) — g be the Lie algebra embedding defined by ¢(h) = H;, ¢(e;) = E;,
¢(e;) = E_;. Then

3
k . k;
fadop(Z0,21,22,23) = 2" [ [ (22 — 1322 + 2523)) (4.1)
i=1

where k; represents the multiplicity of the eigenvalue i of adH,. Furthermore, we
have dimg = ko + 2(k;, + k, + k3).

Proof. In view of formula (1.2), we need to compute the eigenvalues of adH;
and their multiplicities. If we choose the canonical basis to be a Chevalley basis,
it is known that for § € @,

2(B, 1)

4,4

where (3,4) and (4, 1) are the canonical inner products. For g is a simple Lie
algebra, the possible values for < 3,4 > are 0, +1, +2, +3. Since

g=b® >, CE,, [H;hl=0,

aced

[Hy,Egl =< B,4 > Eg, with < ,A >=

for adH;, we have all its possible eigenvalues being 0, +1, +2, +3. Therefore,
formula (4.1) follows from formula (1.2). O

Remark 4.2. Let g, ® be as above. For each root «t, 8 € @, if «, § have the same
length, there is an element g of Weyl group with respect to g, such that ga = 3,
which can be extended to an automorphism of g. By Corollary 2.5, we see that
the characteristic polynomial is invariant under g. Thus the tuple (ky, k1, k,, k3)
of powers in (4.1) has at most two possible sets of values depending on whether
A being long or short.

Remark 4.3. Let {¢;};_, be the canonical basis of R". From [15], the root system
® of type C,, can be realized in R"”, and it consists of 2xn long roots +2¢; (1 <
i < n) and 2n? — 2n short roots +¢; + €; (1 <i < j < n), with simple roots
I={a,..,0,} ={€] — €3, .., €41 — €p> 26}
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Theorem 4.4. Let ¢ : 31(2,C) — g be the Lie algebra embedding defined by
¢(h) = Hy, ¢(e;) = E;, ¢(ey) = E_, with A € ®, where g is the complex simple
Lie algebra of type C,,. Suppose that ado¢ be the composition of ¢ and the adjoint
representation ad of & Then

2_ 2n—2
fadop = 227 (22 = (22 + 2323)) (22— 422 +2323))  (4.2)

with A being a long root, and

2_ 4n—-8 3
fado¢ = Z(Z)n n+10 (Z(z) — (Z% + 2223)) (Zg - 4(Z% + Z2Z3)) (43)
with A being a short root.

Proof. By Remark 4.2, without loss of generality, suppose that 1=2¢, for the
long root case. By Theorem 4.1, it is natural to calculate the multiplicity of each
2(B,2¢,)
(2€,,,2€,)
the number of Ej for the eigenvalue < 8, a > by realizing ® as in the Remark
4.3. Hence, it follows that ky = 2n?> —3n +2,k; =2n—2,and k, = 1.

In a similar way, we assume 1=¢; — ¢, for the short root case. By calculating
M, it can be seen that k, = 2n®> — 8n + 10, k; = 4n — 8, and k, = 3. So

(e1—€2,61—¢;
the formulas follow from Theorem 4.1. O

eigenvalue, whose possible values are 0, +1, +2. Through , we can find

We list the crucial values ky(including the dimension of the Cartan subal-
gebra), ki, k,, ks in Table 1 for all types of simple Lie algebras. We call the
quadruple (ky, k;, k,, k3) the power index for the embedding ¢ from 31(2,C)
into g. In the table, the letters « and y stand for a long root and a short root,
respectively.

From the table, it can be seen that once we know the the dimensions of the
Cartan subalgebras of the simple Lie algebras, then the table gives us enough
information to classify them into different types. Hence the corollary below
holds.

Corollary 4.5. Let g; and g, be two finite dimensional complex simple Lie alge-
bras, and f and f 4, be the corresponding characteristic polynomials associated
to their adjoint representations, respectively. Then g; is isomorphic to g, if and

onlyif fq = fg4, up to a change of basis of g,.

Proof. By the Theorem 4.4, it is sufficient to prove that finite dimensional com-
plex simple Lie algebras can be distinguished by the power indices listed in the
Table 1.

We first start from type Eg, whose power index is (134, 56, 1, 0), by the values of
ki, k,, k3, the only possible types are A, and D,4. But the values k;, of type A,q
and D¢ are different. And by verifying type G,, F,4, Eg, E; in the same way, we
see that their power indices are distinct.

For the type A,, and D,,,, we obtain two equations,

2n—2=4m—8, n®*-2n+2=2m?*—-9m+ 14.
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TABLE 1. The valuesof kg, kq, k,, k3

ko ky k, k3

Type | Root | <B,a>=0 <B,a>=1 | <B,a>=2 | <p,a>=3
A, a n?—2n+2 2n—2 1 0
B, a | 2n?—7n+10 4n —6 1 0
2n? —3n+2 0 2n—1 0
c, a 2n? —3n+2 2n—2 1 0
y | 2n2=7n+10 4n —8 3 0
D, a |2n*-9n+14 4n -8 1 0
G, a 4 4 1 0
Y 4 2 1 2
F, a 22 14 1 0
% 22 8 7 0
E a 36 20 1 0
E, a 67 32 1 0
Ejg a 134 56 1 0

And the solution is n = m = 3. For the type B, and C,,, in the similar way,
we have n = m = 2. Therefore the results coincide with the fact that A; =~ D,
B, = C,. O

5. Borel subalgebras, parabolic subalgebras and spectral matrix

In this section, we focus on the rank of spectral matrices and parabolic sub-
algebras. Let & be a subalgebra of g with a basis B = {vy, ..., v,}. Huand Zhang
obtained the following theorem in [14].

Theorem 5.1. R is solvable if and only if the characteristic polynomial of  is
completely reducible with respect to any finite dimensional representation and any
basis.

Definition 5.2. Let & be a solvable Lie algebra with a basis B = {v;,...,0,}
and fg(z) be its characteristic polynomial for the adjoint representation. By
Theorem 5.1, one may write

fe(2) = H (Zo + Z/lijzl)-

j=1 i=1
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The spectral matrix for & with respect to the basis 3B is defined as 1g=(4;;)xn>
namely
A A
At 0 Ann
Definition 5.3. Let g be a simple Lie Algebra, with fj being a Cartan subalgebra

of g, and ®* being the positive root system of g. A Borel subalgebra of g is a
subalgebra

b= hEB za q:Ea,

acd+
which is the maximal solvable subalgebra of g. Any subalgebra p of g containing
a Borel subalgebra is called a parabolic subalgebra of g.

By computing the characteristic polynomial of the Borel subalgebra of a sim-
ple Lie algebra, the theorem below follows.

Theorem 5.4. Suppose b is a Borel subalgebra of g. Then rankA, = dim}).

Proof. Take a basis of {h,, ..., h,} for §), and suppose that ht(a) is the height
of a € @t relative to some set of simple roots. Arrange the positive roots in
@7 by their heights such that ®* = {a,...,a,} with s > j > i > 1 indicates
ht(a;) > ht(a;). Let E , ..., E4 be the corresponding roots. Since

[5.5] =0,
[h;, E, ] = ocj(hl-)Eaj,Vl <i<n1<j<s,
[
[

Eo,Eq)] = NijEq4ap 1 S04 J < 5,05+ € ot,
E,,, Eq ]—0,1§i,j§S,oci+ocj¢q>+,

1

we see ht(a; + «;) > ht(a;) and ht(e; + ;) > ht(a;) if o; + «; € ®*. Under the
ordered basis B = {h, ..., hy,, Eg , ..., E; }, we have that

o (hy) - 0
! 0 - ayh)
0l
adEaj = : s

and adE, . is a strict lower triangular matrix. Then the characteristic polyno-

mial for the adjoint representation with the ordered basis {h;, ..., hy,, E,,
., B tofbis

fe(2) = c

ZOInxn O‘
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with

Zo + Z?zl o (hy)z; - 0
= : - : ,

0 o Zg+ Z:;l as(hy)z;

which implies

fe(2) =z (Zo +

Jj=1

a j(hi)zi) .
i=1
Therefore, we have

OIHXVL

rankA, = rank al(:hl) al(:h") = dimb}.

a(h) e ()
]

Remark 5.5. It also can be obtained through the formula RankAy=dim b/Nil(b)
([1, proposition 4.5]) by proving Nil(b)=3}; <o+ CEq, Which can be done by an-
alyzing its structure. For more information about the nilpotent radical Nil(b),
we refer the reader to [17, Chapter 5].

Theorem 5.6. Let p be a parabolic subalgebra of a complex simple Lie algebra
g. Then p is a Borel subalgebra if and only if its characteristic polynomial of any
finite dimensional representation is a product of linear factors.

Proof. If pisa Borel subalgebra of g, then p is solvable. By Lie’s Theorem, there
exists a basis of the complex linear space V such that the matrix of p is upper
triangular relative to the basis. Therefore the necessity holds. On the other
hand, by Theorem 5.1, if the characteristic polynomial of a linear representation
of p is a product of linear factors, then p is solvable. O

Remark 5.7. From this paper, we see that the characteristic polynomials of the
representations of a complex simple Lie algebra have a profound meaning for
the representation monoidal category of the Lie algebra. There are many inter-
esting topics about these polynomials, such as how to present these polynomi-
als precisely, finding the link between the coefficients and the representations,
how to factorize the tensor products through the resolution products of their
characteristic polynomials and so on. Therefore, we need more efforts to work
on these topics.
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