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ADO invariants directly from partial traces
of homological representations

Cristina Ana-Maria Anghel

Abstract. The ADO invariants are a sequence of non-semisimple quan-
tum invariants coming from the representation theory of the quantum group
𝑈𝑞(𝑠𝑙(2)) at roots of unity. Ito showed that these invariants are sums of traces
of quotients of homological representations of braid groups (truncatedLawrence
representations). In this paper we show a direct homological formula for the
ADO invariants, as sums of partial traces of Lawrence type representations,
without further truncations.
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1. Introduction
This paper concerns the family of non-semisimple quantum invariants called

Coloured Alexander polynomials or ADO invariants [1]. They come from the
representation theory of the quantumgroup𝑈𝑞(𝑠𝑙(2)) at roots of unity. The the-
ory of quantum invariants started with the discovery of the Jones polynomial
and was developed further by Reshetikhin and Turaev. They introduced an al-
gebraic construction which starts with the representation theory of a quantum
group and leads to link invariants. This construction applied for the generic
quantum group 𝑈𝑞(𝑠𝑙(2)) leads to the sequence of coloured Jones polynomi-
als. Dually, the representation theory of the same quantum group at roots of
unity leads to the sequence of coloured Alexander invariants {Φ𝑁(𝐿, 𝜆)}𝑁∈ℕ.
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This family recovers the original Alexander polynomial at the first term (corre-
sponding to 𝑁 = 2).
The initial definition of these invariants was algebraic. On the homological

side, Lawrence introduced in [10], [9] a sequence of braid group representa-
tions using the homology of coverings of configuration spaces in the punctured
disc. This construction opened a new direction towards connections between
quantum invariants and topological information. Using these homological rep-
resentations, Lawrence [9] and later Bigelow based on her work [5], showed
that the Jones polynomial can be seen as an intersection pairing between ho-
mology classes in certain coverings of configuration spaces. We refer to such a
description as a topological model.
A different approach aims to describe an invariant as sums of traces of ho-

mological representations. In 2015 [7], Ito showed that the loop expansion of
coloured Jones invariants can be obtained as an infinite sumof traces of Lawrence
representations. A second step towards this kind of homological information
was made in [6], where Ito introduced certain quotients of the Lawrence rep-
resentations. Then, he proved that the ADO invariants are sums of traces of
truncated Lawrence representations. He said [6] that it would be interesting to
investigate further links towards more topological definitions, mentioning that
an obstruction to doing this in his model comes from a “lack of understanding”
of the truncation procedure of the Lawrence representations for 𝑁 > 2.
Further on, in 2017 [2] we constructed a topological model for the coloured

Jones polynomials, as intersections of homology classes in coverings of con-
figuration spaces. Then, in 2019 [3], we constructed a topological model for the
coloured Alexander polynomials using truncated Lawrence representations.
These were existence type results. In [11], Martel introduced a slight variation
of Lawrence representations. Based on that, in his thesis he gave a homological
model for the coloured Jones polynomials, as sums of traces of these homological
representations.
Going back to topologicalmodels, very recently we showed a globalised result

[4], proving that the coloured Jones and ADO invariants both come as different
specialisations of a unified topologicalmodel over two variables. More precisely,
we described them as specialisations of certain intersection pairings between
explicit homology classes in these Lawrence type representations.
This paper concerns a homological type model for the ADO invariants, and

so it is different and independent from the topological intersection type models
which appeared in [3], [4] and [2]. This model will be given by a sum of partial
traces of certain homological representations. More specifically, we introduce
the notion of homological partial trace, which corresponds to the usual partial
trace, but restricted toweight spaces rather than tensor powers of quantum rep-
resentations. Then, we provide a homological model for the ADO invariants, as
sums of homological partial traces of specialisations of certain subrepresenta-
tions in Lawrence representations.
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1.1. Strategy and description of the homology groups. For 𝑛,𝑚 ∈ ℕ, we
use the unordered configuration space of𝑚 points in the 𝑛-punctured disc and
denote it by 𝐶𝑛,𝑚. Then 𝐶̃𝑛,𝑚 is a certain ℤ ⊕ ℤ-covering space of this con-
figuration space. Further on, 𝐻lf,−

𝑚 (𝐶̃𝑛,𝑚, ℤ) will the Borel-Moore homology of
the covering, relative to a certain part of the boundary. This homology group
is generated by homology classes given by lifts of geometric submanifolds 𝔽𝑒 in
the base space𝐶𝑛,𝑚, prescribed by partitions 𝑒 of𝑚 into 𝑛 positive integers. The
precise construction is presented in section 4. The version of Lawrence repre-
sentation from [11] is obtained from the braid group action on this homology:

𝑙𝑛,𝑚 ∶ 𝐵𝑛 → Aut
(
𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ), ℤ[𝑥±1, 𝑑±1]

)
.

Now, we fix𝑁 ∈ ℕ to be the colour of the ADO invariant that we want to study

and 𝜉𝑁 the standard primitive 2𝑁𝑡ℎ root of unity, 𝜉𝑁 = 𝑒
2𝜋𝑖
2𝑁 .

In Definition 5.1 we define a subspace in this homology, generated by those
classes given by lifts of the geometric submanifolds𝔽𝑒 where 𝑒 is an 𝑛−partition
of𝑚, whose components are all strictly smaller than 𝑁:

𝑁𝐻𝑛,𝑚 ⊆ℤ[𝑥±1,𝑑±1] 𝐻
lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ).

Notation 1.1. (Specialisation) For 𝑞, 𝜆 ∈ ℂ, define a specialisation by:

𝜓𝑞,𝜆 ∶ ℤ[𝑥±, 𝑑±] → ℂ

𝜓𝑞,𝜆(𝑥) = 𝑞2𝜆; 𝜓𝑞,𝜆(𝑑) = 𝑞−2.

Using the precise form of the 𝑅-matrix from the quantum side, we show that
𝑙𝑛,𝑚 induces a well defined braid group action on the subspace 𝑁𝐻𝑛,𝑚, when we
specialise through 𝜓𝜉𝑁 ,𝜆 (definition 5.3). We call this action level 𝑁 Lawrence
representation and denote it by:

𝑁𝑙𝑛,𝑚 ∶ 𝐵𝑛 → Aut
(
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 , ℂ

)
.

Next, we define the notion of homological partial trace of weight zero, and
denote it as below (definition 5.6):

hptr0 ∶ Aut
(
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 , ℂ

)
→ ℂ

Our main result presents the𝑁𝑡ℎ ADO invariant as a sum of partial traces of
the level 𝑁 Lawrence representations.

Theorem 1.2. (𝑁𝑡ℎ ADO invariant from level N Lawrence representations)
Let us fix 𝑁 ∈ ℕ be the colour of the invariant and 𝜆 ∈ ℂ. Then if an oriented
knot 𝐿 is a closure of a braid 𝛽𝑛 ∈ 𝐵𝑛, we have the following homological formula:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆(𝑤(𝛽𝑛)+1−𝑛) ⋅

(𝑁−1)(𝑛−1)∑

𝑚=0

𝜉−2𝑚𝑁 hptr0
(𝑁𝑙𝑛,𝑚(𝛽𝑛)

)
(1)

In this formula, 𝑤(𝛽𝑛) is the writhe (the exponent sum) of the braid.
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One feature of this formula is that it partially answers and explains Ito’s ques-
tion. It does not have any truncation and so the coefficients of the ADO invari-
ants are more clear from the homological point of view.

1.2. Comparison and idea of the proof. The difference between this model
and the model from [6] is that the former is a sum of traces on quotients of
homological representations. Here, we do not take any quotients but instead
we pay the price of having a partial homological trace. However, the direct ho-
mological actions have an advantage from the geometrical point of view and
also this model provides a very concrete algorithm for computations. The ex-
planation “behind the scenes” of this difference is that Ito’s strategy is based
on highest weight spaces and ours is based on weight spaces. Then the re-
sult from [6] uses a Kohno’s type identification for quantum representations on
highest weight spaces and homological representations. We use amore explicit
Kohno’s type identification due to Martel [11] for quantum representations on
weight spaces and homological representations.
More specifically, in [6] the splitting of tensor powers of the quantum repre-

sentation at roots of unity is used by means of highest weight spaces. Then the
homological correspondent for these highest weight spaces at roots of unity is
constructed, which has to have a truncation. On the other hand, we use weight
spaces instead of highest weight spaces, and the fact that their direct sum recov-
ers the same tensor power of the quantum representation at roots of unity. A
technical point is that we set up the whole construction such that it comes from
the quantumgroup togetherwith its representations that are over two variables.
Then, we show that the weight spaces at roots of unity, naturally correspond to
subrepresentations in homological representations rather than quotients. The
last technical part is to define the concept of partial trace in a homological con-
text. We do this by translating the effect of the quantum trace on tensor powers
of the quantum representation at roots of unity, restricted onto certain weight
spaces, which in turn correspond to homological representations.

1.3. Structure of thepaper. In Section 3, we describe the version of the quan-
tum group that we use (which has divided powers of one generator), as well
as the representation theory correlated to it. Then, we show that we can see
the ADO invariants from a certain specialisation of the Verma module associ-
ated to the two-variable quantum group. In the last part of the section we give
a formula for the ADO invariant in terms of quantum group representations.
Then, in Section 4, we set up the homological part of the picture, and define
the Lawrence representation that we work with. Section 5 is devoted to the
construction of a subrepresentation of the Lawrence representation, which we
call level 𝑁 Lawrence representation. After that, we define the notion of homo-
logical partial trace of weight zero on this Lawrence subrepresentation. In the
last part, in Section 6, we put these notions together and prove a homologi-
cal model for the 𝑁𝑡ℎ ADO invariant as a weighted sum of homological partial
traces on the level 𝑁 Lawrence representations.
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2. Notations
In the paper, we will use certain specialisations of coefficients of some ho-

mology modules. The precise definition of a specialisation is the following.

Notation 2.1. (Specialisation)
Let 𝑅 be a ring and𝑀 an 𝑅-module. Suppose that we fix a basisB of the module
𝑀. If 𝑆 is another ring, let us assume that we fix a specialisation of the coefficients,
given by a ring morphism:

𝜓 ∶ 𝑅 → 𝑆.
Then, the specialisation of the module 𝑀 by the change of coefficients 𝜓 is the
following 𝑆-module:

𝑀|𝜓 ∶= 𝑀 ⊗𝑅 𝑆
which has the corresponding basis given by

B𝑀|𝜓 ∶= B ⊗𝑅 1 ∈ 𝑀|𝜓.

Notation 2.2. (Partial traces) For a tensor power of two vector spaces 𝑉,𝑊, we
denote the partial trace with respect to the elements of𝑊 by:

ptr𝑉 ∶ End(𝑉 ⊗𝑊) → End(𝑉).

Also, for the representation theory part, we will use the following notations
for quantum factorials:

{𝑥} ∶= 𝑞𝑥 − 𝑞−𝑥 [𝑥]𝑞 ∶=
𝑞𝑥 − 𝑞−𝑥

𝑞 − 𝑞−1

[𝑛]𝑞! = [1]𝑞[2]𝑞...[𝑛]𝑞
[𝑛
𝑗

]

𝑞
=

[𝑛]𝑞!
[𝑛 − 𝑗]𝑞![𝑗]𝑞!

[𝑥; 𝑖]𝑞! = [𝑥]𝑞...[𝑥 + 1 − 𝑖]𝑞.

3. The ADO invariant from generic Vermamodules
In this part, we present the set-up on the representation theory sidewhichwe

use, in order to obtain the ADO invariant. The usual definition of these invari-
ants starts from the version of the quantum group 𝑈𝑞(𝑠𝑙(2)) over one variable,
which is a root of unity, as presented in Subsection 3.3. Here, we will use the
version of the quantum group over two variables from Subsection 3.1, given by
the divided powers of one of the generators. We showed in [4] that we can spe-
cialise this representation theory later on, to one variable, and obtain the ADO
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invariant in this manner. For the precise construction of this set-up, we refer
to [4], Section 3. Below, we outline the main points of the construction.

3.1. Quantum group and representations over 2 variables.

Definition 3.1. (Quantum group) Let𝑈𝑞(𝑠𝑙(2)) be theHopf algebra over the ring
with two variablesℤ[𝑞±1, 𝑠±1], genererated by {𝐸, 𝐹(𝑛), 𝐾±1| 𝑛 ∈ ℕ∗} subject to the
relations:

⎧
⎪

⎨
⎪
⎩

𝐾𝐾−1 = 𝐾−1𝐾 = 1; 𝐾𝐸 = 𝑞2𝐸𝐾; 𝐾𝐹(𝑛) = 𝑞−2𝑛𝐹(𝑛)𝐾;
𝐹(𝑛)𝐹(𝑚) =

[𝑛+𝑚
𝑛

]
𝑞
𝐹(𝑛+𝑚)

[𝐸, 𝐹(𝑛+1)] = 𝐹(𝑛)(𝑞−𝑛𝐾 − 𝑞𝑛𝐾−1).

This quantumgrouphas an associatedVermamodule, given by the following
description:

Definition 3.2. [4, 8] (Generic Verma module)
Let 𝑉̂ be an infinite dimensional ℤ[𝑞±1, 𝑠±1]-module generated by a sequence

of vectors {𝑣0, 𝑣1, ...}, with the following𝑈𝑞(𝑠𝑙(2))-actions:

⎧
⎪

⎨
⎪
⎩

𝐾𝑣𝑖 = 𝑠𝑞−2𝑖𝑣𝑖,
𝐸𝑣𝑖 = 𝑣𝑖−1,
𝐹(𝑛)𝑣𝑖 =

[𝑛+𝑖
𝑖

]
𝑞

∏𝑛−1
𝑘=0(𝑠𝑞

−𝑘−𝑖 − 𝑠−1𝑞𝑘+𝑖)𝑣𝑖+𝑛.
(2)

Further on, in order to construct knot invariants, we need to use finite di-
mensional representations. We start with a natural number 𝑁 ∈ ℕ and 𝜉𝑁 the
standard primitive 2𝑁𝑡ℎ root of unity.

Notation 3.3. Let us fix 𝜆 ∈ ℂ. For the pair (𝜉𝑁 = 𝑒
2𝜋𝑖
2𝑁 , 𝜆 ∈ ℂ) we consider the

specialisation
⎧
⎪

⎨
⎪
⎩

𝜂𝜉𝑁 ,𝜆 ∶ ℤ[𝑞
±, 𝑠±] → ℂ

𝜂𝜉𝑁 ,𝜆(𝑞) = 𝑒
𝜋𝑖
𝑁

𝜂𝜉𝑁 ,𝜆(𝑠) = 𝑒
𝜋𝑖𝜆
𝑁 .

(3)

For the non-semisimple invariants at roots of unity, we will start with the
set-up over two variables, and then specialise through 𝜂𝜉𝑁 ,𝜆.

Definition 3.4. We denote the quantum group at roots of unity by

𝑈𝜉𝑁 (𝑠𝑙(2)) = 𝑈𝑞(𝑠𝑙(2)) ⊗𝜂𝜉𝑁,𝜆
ℂ.

Correspondingly, we consider the specialised Verma module

𝑉̂𝜉𝑁 ,𝜆 = 𝑉̂ ⊗𝜂𝜉𝑁,𝜆
ℂ
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on which𝑈𝜉𝑁 (𝑠𝑙(2)) acts. Moreover, let us consider the vector subspace generated
by the first𝑁 vectors over ℂ:

𝑈𝑁,𝜆 ∶= ⟨𝑣0, ..., 𝑣𝑁−1⟩ℂ ⊆ 𝑉̂𝜉𝑁 ,𝜆.

Definition 3.5 (Braid group action on the Verma module). [8]
The quantum group𝑈𝑞(𝑠𝑙(2)) has an𝑅−matrix (that is, a solution of the Yang-

Baxter equation) overℤ[𝑞±1, 𝑠±1], which belongs to the completion𝑈𝑞(𝑠𝑙(2))⊗̂𝑈𝑞(𝑠𝑙(2))
(see [8] page 7, [4] Definition 3.4):

𝒫 =
∞∑

𝑛=0
𝑞
𝑛(𝑛−1)

2 𝐸𝑛 ⊗𝐹(𝑛). (4)

Let us denote by:
𝐶(𝑣𝑖 ⊗ 𝑣𝑗) = 𝑠−(𝑖+𝑗)𝑞2𝑖𝑗𝑣𝑖 ⊗ 𝑣𝑗
𝜏(𝑣𝑖 ⊗ 𝑣𝑗) = 𝑣𝑗 ⊗ 𝑣𝑖

(5)

This 𝑅-matrix leads to a braidingR given by the formula:

R = 𝜏◦𝐶◦(𝜌 ⊗ 𝜌)𝒫, (6)

where 𝜌 ∶ 𝑈𝑞(𝑠𝑙(2)) → End(𝑉̂) is the representation. Here, by braiding we mean
a solution of the braid relation, which induces a representation of braid groups.

Remark 3.6 (Action on the generic basis [4] Remark 3.4, [8] relation (23)). The
R-action on the standard basis of 𝑉̂ ⊗ 𝑉̂ is given by the following formula:

R(𝑣𝑗 ⊗ 𝑣𝑖) = 𝑠−(𝑖+𝑗)
𝑖∑

𝑛=0
𝑞2(𝑖−𝑛)(𝑗+𝑛)𝑞

𝑛(𝑛−1)
2
[𝑛 + 𝑗

𝑗

]

𝑞
⋅

⋅
𝑛−1∏

𝑘=0
(𝑠𝑞−𝑘−𝑗 − 𝑠−1𝑞𝑘+𝑗) 𝑣𝑗+𝑛 ⊗ 𝑣𝑖−𝑛.

(7)

This leads to a braid group representation (as presented in [4] Section 3.1):

𝜑̂𝑛 ∶ 𝐵𝑛 → Aut𝑈𝑞(𝑠𝑙(2))
(
𝑉̂⊗𝑛)

𝜎±1𝑖 → 𝐼𝑑⊗(𝑖−1)𝑉 ⊗R±1 ⊗ 𝐼𝑑⊗(𝑛−𝑖−1)𝑉 .
(8)

Further on, this action will induce an action at roots of unity provided by the
formula:

𝜑̂𝜉𝑁 ,𝜆𝑛 ∶ 𝐵𝑛 → Aut(𝑉̂⊗𝑛
𝜉𝑁 ,𝜆

).

A key point in [4] is based on the remark that even if the action of 𝑈𝜉𝑁 (𝑠𝑙(2))
doesn’t preserve the subspace 𝑈𝑁,𝜆 ∈ 𝑉̂𝜉𝑁 ,𝜆, however the braid group action
𝜑̂𝜉𝑁 ,𝜆𝑛 does preserve 𝑈⊗𝑛

𝑁,𝜆. More precisely, we have the following property.

Proposition 3.7. [4, Lemma 3.1.7](Braid group action at roots of unity) The
vector subspace𝑈⊗𝑛

𝑁,𝜆 is preserved by the braid group action, as below:

𝜑̂𝜉𝑁 ,𝜆𝑛 (𝛽)
(
𝑈⊗𝑛
𝑁,𝜆

)
⊆ 𝑈⊗𝑛

𝑁,𝜆. (9)
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Notation 3.8. We denote the restriction of the braid group action 𝜑̂𝜉𝑁 ,𝜆𝑛 onto the
finite dimensional part by:

𝜑𝜉𝑁 ,𝜆𝑛 ∶ 𝐵𝑛 → Autℂ(𝑈𝑁,𝜆
⊗𝑛).

3.2. Weight spaces. In this part, we consider certain subspaces inside the ten-
sor powers of quantum representations, called weight spaces, which will have
nice homological correspondents.

Definition 3.9. (Weight spaces) Let us fix 𝑛,𝑚 ∈ ℕ and a natural number𝑁 ∈
ℕ (which will correspond to the colour of the invariant).
1) Generic weight spaces

The 𝑛𝑡ℎ weight space of weight𝑚 corresponding to the generic Verma module 𝑉̂:

𝑉̂𝑛,𝑚 ∶= {𝑣 ∈ 𝑉̂⊗𝑛 ∣ 𝐾𝑣 = 𝑠𝑛𝑞−2𝑚𝑣}. (10)

The 𝑛𝑡ℎ weight space of weight𝑚 corresponding to the𝑁𝑡ℎ finite part inside 𝑉̂:

𝑉𝑁
𝑛,𝑚 ∶=

(
𝑉̂𝑛,𝑚 ∩ ⟨𝑣0, ..., 𝑣𝑁−1⟩

⊗𝑛
ℤ[𝑞±1,𝑠±1]

)
⊆ 𝑉̂⊗𝑛. (11)

2) Weight spaces at roots of unity
We introduce the notion of the 𝑛𝑡ℎ weight space of weight𝑚 corresponding to the
finite dimensional part at roots of unity, which is given by:

𝑉𝜉𝑁 ,𝜆
𝑛,𝑚 ∶= {𝑣 ∈ 𝑈⊗𝑛

𝜆 ∣ 𝐾𝑣 = 𝜉𝑛𝜆−2𝑚𝑁 𝑣} ⊆ 𝑈⊗𝑛
𝜆 . (12)

Notation 3.10. Let us consider the following indexing sets:

𝐸𝑛,𝑚 ∶= {𝑒 = (𝑒1, ..., 𝑒𝑛) ∈ ℕ𝑛 ∣ 𝑒1 + ... + 𝑒𝑛 = 𝑚}.

𝐸𝑁𝑛,𝑚 ∶= {𝑒 = (𝑒1, ..., 𝑒𝑛) ∈ 𝐸𝑛,𝑚 ∣ 0 ≤ 𝑒1, ..., 𝑒𝑛 ≤ 𝑁 − 1}.

Remark 3.11. (Basis for weight spaces)
A basis for the generic weight space is given by:

B𝑉̂𝑛,𝑚 ∶= {𝑣𝑒 ∶= 𝑣𝑒1 ⊗ ... ⊗ 𝑣𝑒𝑛 ∣ 𝑒 = (𝑒1, ..., 𝑒𝑛) ∈ 𝐸𝑛,𝑚}.

A basis for the𝑁𝑡ℎ finite weight space is given by:

B𝑉𝑁
𝑛,𝑚

∶= {𝑣𝑒 ∶= 𝑣𝑒1 ⊗ ... ⊗ 𝑣𝑒𝑛 ∣ 𝑒 = (𝑒1, ..., 𝑒𝑛) ∈ 𝐸𝑁𝑛,𝑚}.

Remark 3.12. (Braid group actions [4]) The generic action 𝜑̂𝑛 induces a braid
group representation onto generic weight spaces, which we denote by:

𝜑̂𝑛,𝑚 ∶ 𝐵𝑛 → Aut(𝑉̂𝑛,𝑚).

It however does not preserve the𝑁𝑡ℎ finite weight space over two parameters

𝑉𝑁
𝑛,𝑚 ⊆ 𝑉̂𝑛,𝑚

except in the case of the specialisation 𝑞 = 𝜉𝑁 . This comes from the specific
formula of the specialisation of the 𝑅−matrix, towards one variable. We refer
to [4] (Definition 3.8, Remark 3.14) for the details of this phenomenon. The
main property is the following.
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Proposition 3.13. [4] The specialised action at roots of unity given by

𝜑̂𝑛,𝑚|𝜂𝜉𝑁,𝜆 ∶ 𝐵𝑛 → Aut(𝑉̂𝑛,𝑚|𝜂𝜉𝑁 ,𝜆)

preservers the inclusion of the specialised𝑁𝑡ℎ weight space into the specialisation
of the generic one, leading to a braid group representation, which we denote by:

𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 ∶ 𝐵𝑛 → Aut
(
𝑉𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆

)

𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 = 𝜑̂𝑛,𝑚|𝜂𝜉𝑁,𝜆
(
restricted to 𝑉𝑁

𝑛,𝑚|𝜂𝜉𝑁,𝜆
)
.

(13)

In the followingwewill see that one advantage of these level𝑁weight spaces
is that they are defined over two variables. Secondly, their direct sum recovers
the whole tensor power of the representation 𝑈𝑁,𝜆, as below.

Proposition 3.14. The specialisations of the𝑁𝑡ℎ weight spaces through 𝜂𝜉𝑁 ,𝜆 re-
cover the tensor power of the module at roots at unity as below:

𝑈⊗𝑛
𝜆 =

𝑛(𝑁−1)⨁

𝑚=0
𝑉𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆 . (14)

Proof. We start with the remark that:

𝑉̂⊗𝑛 =
∞⨁

𝑚=0
𝑉̂𝑛,𝑚. (15)

Further, this direct sum recovers the tensor power of the vector space generated
by the first 𝑁-vectors:

(
⟨𝑣0, ..., 𝑣𝑁−1⟩ℤ[𝑠±1,𝑞±1]

)⊗𝑛
=

𝑛(𝑁−1)⨁

𝑚=0
𝑉𝑁
𝑛,𝑚. (16)

This comes from equation (15) and the remark that the maximal weight that
we can reach with the first 𝑁 vectors is 𝑛(𝑁 − 1). Then, by specialising the
coefficients from equation (16) through 𝜂𝜉𝑁 ,𝜆, we conclude the decomposition
from the statement. □

Now, wewill use Proposition 3.13, which tells us that the braid group actions
presented above preserve weight spaces, and the definition of the action 𝜑𝜉𝑁 ,𝜆𝑛
fromNotation 3.8. This shows that the splitting from equation (14) is preserved
by the braid group action. This means that we have the following property.

Corollary 3.15. The braid group actions onto the specialisations at roots of unity
of the 𝑁𝑡ℎ weight spaces recover the whole braid group action at roots at unity as
in the following formula:

𝜑𝜉𝑁 ,𝜆𝑛 =
𝑛(𝑁−1)⨁

𝑚=0
𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 . (17)
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3.3. Definitionof theADO invariant. In this partwe present the initial defi-
nition of theADO invariant, following [6]. This is done using a different version
of the quantum group, which we explain below.

Definition 3.16. Let𝑈𝑞(𝑠𝑙(2)) be the quantumgroup generated by𝐸, 𝐹, 𝐾±1with
relations:

𝐾𝐾−1 = 𝐾−1𝐾 = 1;𝐾𝐸 = 𝑞2𝐸𝐾;𝐾𝐹 = 𝑞−2𝐹𝐾

[𝐸, 𝐹] = 𝐾 − 𝐾−1

𝑞 − 𝑞−1
.

This has a structure of a Hopf algebra as follows:

⎧

⎨
⎩

∆(𝐸) = 𝐸 ⊗ 𝐾 + 1 ⊗ 𝐸, 𝑆(𝐸) = −𝐸𝐾−1

∆(𝐹) = 𝐹 ⊗ 1 + 𝐾 ⊗ 𝐹, 𝑆(𝐹) = −𝐾𝐹
∆(𝐾±1) = 𝐾±1 ⊗𝐾±1, 𝑆(𝐾) = 𝐾−1.

Now we introduce the universal Verma module associated to this quantum
group 𝑈𝑞(𝑠𝑙(2)).

Definition 3.17. (The universal Vermamodule) For 𝜆 ∈ ℂ a complex parameter,
we consider 𝑉̂𝜆 to be the vector space generated by the family of vectors {𝑣0, 𝑣1, ...}:

𝑉̂𝜆 ∶= ⟨𝑣0, 𝑣1, ...⟩ℂ
with the following action:

⎧

⎨
⎩

𝐾𝑣𝑖 = 𝑞𝜆−2𝑖𝑣𝑖
𝐸𝑣𝑖 = 𝑣𝑖−1
𝐹𝑣𝑖 = [𝑖 + 1]𝑞[𝜆 − 1]𝑞 𝑣𝑖+1.

Proposition 3.18. There is a universal R-matrix of the above quantum group
𝑈𝑞(𝑠𝑙(2)), which has the following formula:

𝑅 = 𝑞
𝐻⊗𝐻
2

∞∑

𝑛=0
𝑞
𝑛(𝑛−1)

2
{1}2𝑛

{𝑛}𝑞!
𝐸𝑛 ⊗𝐹𝑛.

It has an action on the tensor product of two generic Verma modules 𝑉̂𝜆1 ⊗ 𝑉̂𝜆2
via the following formula:

𝑞
𝐻⊗𝐻
2 (𝑣𝑖 ⊗ 𝑣𝑗) = 𝑞

1
2
(𝜆1−2𝑖)(𝜆2−2𝑗), where 𝑣𝑖 ∈ 𝑉̂𝜆1 , 𝑣𝑗 ∈ 𝑉̂𝜆2 .

Then, let us consider the operator:

R𝜆1,𝜆2 ∶= 𝑞−
𝜆1𝜆2
2 (𝜏◦𝑅) ∈ Hom𝑈𝑞(𝑠𝑙(2))

(
𝑉̂𝜆1 ⊗ 𝑉̂𝜆2 , 𝑉̂𝜆2 ⊗ 𝑉̂𝜆1

)
.

Proposition 3.19. This operator gives a well defined braid group representation:

𝜑̂𝑞,𝜆𝑛 ∶ 𝐵𝑛 → End𝑈𝑞(𝑠𝑙(2))
(
(𝑉̂𝜆)⊗𝑛

)

𝜎𝑖 ⟶𝐼𝑑⊗(𝑖−1)𝑉 ⊗R𝜆,𝜆 ⊗ 𝐼𝑑⊗(𝑛−𝑖−1)𝑉 .
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Notation 3.20. (Scaling the generating vectors)
We denote the following normalisation of the vectors:

𝑣𝑖 ∶= [𝜆; 𝑖]𝑞 ⋅ 𝑣𝑖 ∈ 𝑉̂𝜆.

Definition 3.21. (Verma module 𝑉𝑞,𝜆 of𝑈𝑞(𝑠𝑙(2)))
Let us consider the submodule generated by this set of normalised vectors:

𝑉𝑞,𝜆 ∶= ⟨𝑣0, 𝑣1, ...⟩ℂ ⊆ 𝑉̂𝜆.

As above, there is a braid group representation, induced by the 𝑅-matrix:

𝜑𝑞,𝜆𝑛 ∶ 𝐵𝑛 → End𝑈𝑞(𝑠𝑙(2))
(
(𝑉𝑞,𝜆)⊗𝑛

)
.

Proposition 3.22. The action of the quantum group on the Verma module 𝑉𝑞,𝜆

is the following:

⎧

⎨
⎩

𝐾𝑣𝑖 = 𝑞𝜆−2𝑖𝑣𝑖
𝐸𝑣𝑖 = [𝜆 + 1 − 𝑖]𝑞 𝑣𝑖−1
𝐹𝑣𝑖 = [𝑖 + 1]𝑞 𝑣𝑖+1.

In the next part, we consider the quantum group at roots of unity. For𝑁 ∈ ℕ

and 𝑞 = 𝜉 = 𝑒
2𝜋𝑖
2𝑁 a 2𝑁𝑡ℎ-root of unity, we consider the quantum group associ-

ated to 𝑞 = 𝜉, denoted by 𝑈𝜉(𝑠𝑙(2)).

Definition 3.23. (Finite dimensional representations of𝑈𝜉(𝑠𝑙(2)))
Let 𝜆 ∈ ℂ. Then the set of 𝑁 vectors {𝑣0, 𝑣1, ..., 𝑣𝑁−1} spans an 𝑁-dimensional
subrepresentation, which we denote by:

𝑈𝜆
𝑁 ∶= ⟨𝑣0, 𝑣1, .., 𝑣𝑁−1⟩ℂ ⊆ 𝑉̂𝜆.

Lemma 3.24. The action at roots of unity 𝜑̂𝜉,𝜆𝑛 preserves the submodule𝑈𝜆
𝑁 , and

leads to a braid group representation denoted by:

𝜑𝜉,𝜆𝑛 ∶ 𝐵𝑛 → End𝑈𝜉(𝑠𝑙(2))(𝑈
𝜆
𝑁
⊗𝑛)

𝜎𝑖 ⟶𝐼𝑑⊗(𝑖−1)𝑉 ⊗R𝜆,𝜆 ⊗ 𝐼𝑑⊗(𝑛−𝑖−1)𝑉 .
(18)

Notation 3.25. For 𝑓 ∈ End(𝑈𝜆
𝑁), which is a scalar times identity, we denote:

𝑓 = ⟨𝑓⟩ ⋅ 𝐼𝑑 ∈ ℂ ⋅ 𝐼𝑑𝑈𝜆
𝑁
.

Definition 3.26. (ADO invariant [1], [6])
Let us fix𝑁 ∈ ℕ and 𝜆 ∈ ℂ. Let 𝐿 be an oriented knot which is the closure of a

braid 𝛽𝑛 ∈ 𝐵𝑛. The ADO invariant associated to 𝐿 has the following formula:

Φ𝑁(𝐿, 𝜆) = 𝜉(𝑁−1)𝜆𝑤(𝛽𝑛)⟨ptr𝑈𝜆
𝑁

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉,𝜆𝑛 (𝛽𝑛)

)
⟩. (19)
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3.4. Construction of the ADO invariant using our set-up. In this part, we
will see that we can construct the𝑁𝑡ℎ ADO invariant from themodule𝑈𝑁,𝜆 and
the set-up presented in Proposition 3.7. This set-up appeared in [4] and is a new
way of describing this invariant, which comes from the quantum group over
two variables and uses the trick of considering 𝑈𝑁,𝜆 in the way that we have
described above (is a module rather than a representation over the quantum
group).

Notation 3.27. For 𝑓 ∈ End(𝑈𝑁,𝜆), which is a scalar times identity, we denote
this scalar as follows:

𝑓 = ⟨𝑓⟩ ⋅ 𝐼𝑑 ∈ ℂ ⋅ 𝐼𝑑𝑈𝑁,𝜆
.

Proposition 3.28. (Construction of the𝑁𝑡ℎ ADO invariant)

Let us fix𝑁 ∈ ℕ to be the colour and 𝜆 ∈ ℂ. We denote 𝜉𝑁 = 𝑒
2𝜋𝑖
2𝑁 . Then, if an

oriented knot 𝐿 is a closure of a braid 𝛽𝑛 ∈ 𝐵𝑛, we have:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛)⟨ptr𝑈𝑁,𝜆

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

)
⟩. (20)

Proof. First of all, we explain why the endomorphism from this formula is a
scalar times the identity:

ptr𝑈𝑁,𝜆

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

)
∈ ℂ ⋅ 𝐼𝑑𝑈𝑁,𝜆

⊆ End(𝑈𝑁,𝜆). (21)

For the usual version of the quantum group 𝑈𝑞(𝑠𝑙(2)) at roots of unity from
Subsection 3.3 this is not at all surprising. It comes from the fact that the partial
trace (which is exactly theReshetikhin-Turaev construction applied on the knot
𝐿 with one strand that is cut) gives an automorphism of the representation𝑈𝜆

𝑁
over the quantum group. Further, for generic 𝜆, it is known from representation
theory that 𝑈𝜆

𝑁 is a simple representation of the quantum group. This means
that any endomorphism of this representation is a scalar times identity.
However, in our case from Subsection 3.1, the subspace 𝑈𝑁,𝜆 ⊂ 𝑉̂ is not

preserved under the action of the quantum group.
We remind the construction of the above braid group action on this vector

space, which comes from the generic braid group action (defined over the Lau-
rent polynomial ring in two variables) presented in Proposition 3.7. More pre-
cisely, we defined 𝜑𝜉𝑁 ,𝜆𝑛 to be the action which is given by the specialised action
𝜑̂𝑛|𝜂𝜉𝑁,𝜆 restricted to the subspace 𝑈

⊗𝑛
𝑁,𝜆.

The key point is that the formulas for the action 𝜑̂𝑛|𝜂𝜉𝑁,𝜆 (defined using the
formula from relation (7)) and the braid group action coming from the usual
construction (presented in Lemma 3.24) are actually the same. We can check
this by comparing formula (7) and equation (2) from [6]. Following this for-
mula and the property from above, which tells us that the usual Reshetikhin-
Turaev functor associated to this partial quantum trace leads to a scalar, we
conclude that the partial trace from equation (21) leads to a scalar as well.
We remark that formula (20) looks similar to the formula (19) which is used

for the usual definition of the ADO invariant (in Section 2.3 presented in [6]),
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but the difference occurs from fact in that paper the construction of the repre-
sentation at roots of unity 𝑈𝑁,𝜆 is different than ours. However, based on the
above discussion about the precise actions of 𝑅-matrices at the level of braid
group representations, the action from [6] and the one that we use are actually
the same. This concludes the formula for the ADO invariant, defined through
the tensor powers of 𝑈𝑁,𝜆 (as a vector space). □

4. Homological representations
In this section, we present the version of the homological representations of

braid groups that we will use for our model. We will follow [11]. Let us fix
𝑛,𝑚 ∈ ℕ. Then, we denote by𝒟2 ⊆ ℂ the unit disc including its boundary.
For our construction, we will use the 𝑛−punctured disc:

𝐷𝑛 ∶= 𝒟2 ⧵ {1, ..., 𝑛}

We denote by 𝐶𝑛,𝑚 the unordered configuration space of 𝑚 points in the 𝑛-
punctured disc, given by:

𝐶𝑛,𝑚 = Conf𝑚(𝐷𝑛) =
(
𝐷×𝑚
𝑛 ⧵ {𝑥 = (𝑥1, ..., 𝑥𝑚) ∣ ∃ 𝑖 ≠ 𝑗 such that 𝑥𝑖 = 𝑥𝑗}

)
∕𝑆𝑦𝑚𝑚

(here, 𝑆𝑦𝑚𝑚 is the symmetric group of order𝑚).
Fix 𝑚 points on the boundary of the disc 𝑑1, ..., 𝑑𝑚 ∈ 𝜕𝐷𝑛 and denote by 𝐝 ∶=
{𝑑1, ..., 𝑑𝑚} ∈ 𝐶𝑛,𝑚 the corresponding point in the configuration space.

1 𝑖 𝑛𝜎𝑖

𝑑1 𝑑2 𝑑𝑚

∧
1 𝑖 𝑛

𝑑1 𝑑2 𝑑𝑚

𝛿

4.1. Covering space. Wewill use certain loops in the configuration space. We
denote by 𝜎𝑖 ∈ 𝜋1(𝐶𝑛,𝑚) the class represented by the loop in 𝐶𝑛,𝑚 with 𝑚 − 1
fixed components (the base points 𝑑2,...,𝑑𝑚) and the first one going on a loop
in 𝐷𝑛 around the 𝑖𝑡ℎ puncture. Then, 𝛿 ∈ 𝜋1(𝐶𝑛,𝑚) will be the class of the loop
in the configuration space with the last (𝑚 − 2) components constant and the
first two components which swap the points 𝑑1 and 𝑑2, as in figure 4.

Notation 4.1. Let us consider aug ∶ ℤ𝑛 → ℤ to be the map given by:

aug(𝑥1, ..., 𝑥𝑚) = 𝑥1 + ... + 𝑥𝑚.

Definition 4.2. (Local system)
Let 𝜌 ∶ 𝜋1(𝐶𝑛,𝑚) → 𝐻1

(
𝐶𝑛,𝑚

)
be the abelianisation map. For𝑚 ≥ 2, the homol-

ogy of the configuration space is (see [6]):

𝐻1
(
𝐶𝑛,𝑚

)
≃ ℤ𝑛 ⊕ ℤ
⟨𝜌(𝜎𝑖)⟩ ⟨𝜌(𝛿)⟩, 𝑖 ∈ {1, ..., 𝑛}.
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Combining the two morphisms, we consider the local system:

𝜙 ∶ 𝜋1(𝐶𝑛,𝑚) → ℤ⊕ℤ
⟨𝑥⟩ ⟨𝑑⟩

𝜙 = (aug ⊕ 𝐼𝑑ℤ)◦𝜌.
(22)

Definition 4.3. (Covering of the configuration space) Let 𝐶̃𝑛,𝑚 be the covering of
𝐶𝑛,𝑚 corresponding to the local system 𝜙. Then, the deck transformations of this
covering have two variables and they are given by:

Deck(𝐶̃𝑛,𝑚, 𝐶𝑛,𝑚) ≃ ⟨𝑥⟩⟨𝑑⟩.

Let us fix 𝐝̃ ∈ 𝐶̃𝑛,𝑚 be a lift of the base point 𝐝 = {𝑑1, ..., 𝑑𝑚} in the covering.

𝑤
1

𝜂𝑒1
𝜂𝑒𝑒1 𝜂𝑒𝑚 𝜂𝑒 = (𝜂𝑒1, ..., 𝜂

𝑒
𝑚)

𝜂𝑒

n

d=

𝐝̃

Conf e1 Conf e𝑛
𝔽𝑒

𝔽̃𝑒

𝐶𝑛,𝑚

𝐶̃𝑛,𝑚

𝑑1𝑑𝑒1 𝑑𝑚

The construction uses the Borel-Moore homology of this covering space. For
the sequel, let us fix a point 𝑤 ∈ 𝜕𝐷𝑛.

Definition 4.4. [11] Let𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ) be the Borel-Moore homology relative to

part of the boundary which is represented by the fiber in 𝐶̃𝑛,𝑚 over the base point𝑤
(more precisely, the points in the configuration space 𝐶̃𝑛,𝑚 whose projection onto
𝐶𝑛,𝑚 contains𝑤). This is amodule over the group ring of the deck transformations,
namely ℤ[𝑥±1, 𝑑±1].

From the property that the braid group is the mapping class group of the
punctured disc and the precise form of the above local system, there is an in-
duced action on this homology, which is compatible with its module structure:

𝐵𝑛 ↷ 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ) as a ℤ[𝑥±1, 𝑑±1] - module.
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4.2. Lawrence representation.

Definition 4.5. (Multiarcs [11])
a) Let us start with a partition 𝑒 ∈ 𝐸𝑛,𝑚. For each 𝑖 ∈ {1, ..., 𝑛}, we use a segment
in 𝐷𝑛 starting at the point 𝑤 and finishing at the 𝑖𝑡ℎ puncture, as in figure 4.1.
Then, we consider the space of ordered configurations of 𝑒𝑖 points on this segment.
Further on, we denote the projection onto the unordered configuration space by:

𝜋𝑚 ∶ 𝐷×𝑚
𝑛 ⧵ {𝑥 = (𝑥1, ..., 𝑥𝑚)|𝑥𝑖 = 𝑥𝑗}) → 𝐶𝑛,𝑚

The product of these ordered configuration spaces on segments together with the
projection lead to a submanifold in the unordered configuration space, denoted
by:

𝔽𝑒 ∶= 𝜋𝑚(𝐶𝑜𝑛𝑓𝑒1 × ... × 𝐶𝑜𝑛𝑓𝑒𝑛) ⊆ 𝐶𝑛,𝑚
b) We consider an additional imput, given by a fixed set of paths between the base
point on the boundary and the red segments:

𝜂𝑒𝑘 ∶ [0, 1] → 𝐷𝑛, 𝑘 ∈ {1, ..., 𝑚}

as in figure 4.1. The set of all paths 𝜂𝑒𝑘 leads to a path in the configuration space,
denoted by:

𝜂𝑒 ∶= 𝜋𝑚◦(𝜂𝑒1, ..., 𝜂
𝑒
𝑚) ∶ [0, 1] → 𝐶𝑛,𝑚.

We remark that:

{
𝜂𝑒(0) = 𝐝
𝜂𝑒(1) ∈ 𝔽𝑒.

(23)

Further on, let 𝜂𝑒 be the unique lift of the path 𝜂𝑒 with the property that:

{
𝜂𝑒 ∶ [0, 1] → 𝐶̃𝑛,𝑚
𝜂𝑒(0) = 𝐝̃.

(24)

Definition 4.6. (Multiarcs)
Let us consider 𝔽̃𝑒 to be the unique lift of the submanifold 𝔽𝑒 with the property:

{
𝔽̃𝑒 ∶ (0, 1)𝑚 → 𝐶̃𝑛,𝑚
𝜂𝑒(1) ∈ 𝔽̃𝑒.

(25)

This submanifold gives a class in the Borel-Moore homology, denoted by:

[𝔽̃𝑒] ∈ 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ).

This is called the multiarc corresponding to the partition 𝑒 ∈ 𝐸𝑛,𝑚.

Proposition 4.7. [11, Corollary 4.13] The set of all multiarcs {[𝔽̃𝑒] | 𝑒 ∈ 𝐸𝑛,𝑚}
is a basis for𝐻lf,−

𝑚 (𝐶̃𝑛,𝑚, ℤ).

Notation 4.8. (Normalised multiarc) For 𝑒 ∈ 𝐸𝑛,𝑚, let us consider a normalisa-
tion of the multiarc given by:

ℱ𝑒 ∶= 𝑥
∑𝑛

𝑖=1(𝑖−1)𝑒𝑖 [𝔽̃𝑒] ∈ 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ).
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Notation 4.9. (Lawrence representation)
Let 𝑙𝑛,𝑚 be the braid groupaction fromabove, in the basisB𝐻lf,−

𝑚 (𝐶̃𝑛,𝑚 ,ℤ)
∶= {ℱ𝑒, 𝑒 ∈

𝐸𝑛,𝑚} given by multiarcs:

𝑙𝑛,𝑚 ∶ 𝐵𝑛 → Aut(𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ)).

4.3. Identification betweenweight space representations andhomolog-
ical representations. Wewill use the following specialisation of coefficients:

{
𝛾 ∶ ℤ[𝑥±1, 𝑑±1] → ℤ[𝑞±1, 𝑠±1]
𝛾(𝑥) = 𝑠2; 𝛾(𝑑) = 𝑞−2.

(26)

The advantage of the basis from above is that it naturally corresponds to the
basis in the weight spaces. More precisely, in [11], it was shown the following
identification.

Theorem4.10. [11, Theorem1.4]The quantumrepresentations onweight spaces
are isomorphic to the homological representations of the braid group:

𝐵𝑛 ↷ 𝑉̂𝑛,𝑚 ≃ 𝐻𝑛,𝑚|𝛾 ↶ 𝐵𝑛
where the isomorphism is given by the formula:

Θ𝑛,𝑚(𝑣𝑒1 ⊗ ... ⊗ 𝑣𝑒𝑛) = ℱ𝑒, ∀𝑒 = (𝑒1, ..., 𝑒𝑛) ∈ 𝐸𝑛,𝑚. (27)

Corollary 4.11. This isomorphism shows that the associated specialisations at
roots of unity are isomorphic:

𝜑̂𝑛,𝑚|𝜂𝜉𝑁,𝜆 ≃ 𝑙𝑛,𝑚|𝜓𝜉𝑁,𝜆 . (28)

5. Level N Lawrence representation

On the quantum side, we have seen that the𝑁𝑡ℎ ADO invariant is related to
weight spaces corresponding to the𝑁𝑡ℎ finite part of the generic Vermamodule.
Having this in mind, we consider a subspace in the Lawrence representation,
which will correspond to the level𝑁 weight spaces from the quantum side. Let
us make this precise.

Definition 5.1. (Level𝑁 Lawrence representation)
Let us consider the subspace in the Lawrence representation generated by themul-
tiarcs whose multiplicities are all bounded by𝑁:

𝑁𝐻𝑛,𝑚 ∶= ⟨[𝔽𝑒] ∣ 𝑒 ∈ 𝐸𝑁𝑛,𝑚⟩ℤ[𝑥±1,𝑑±1] ⊆ 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ). (29)

In the sequel, we show that this homological subspace, up to level 𝑁, corre-
sponds to the weight spaces from tensor powers of the finite dimensional mod-
ule of dimension𝑁 from theVermamodule, after an appropriate specialisation.

Lemma 5.2. The braid group action on𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ) specialised through 𝜓𝜉𝑁 ,𝜆

preserves the specialised vector subspace 𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 :
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𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ)|𝜓𝜉𝑁,𝜆

𝑙𝑛,𝑚|𝜓𝜉𝑁,𝜆𝑙𝑛,𝑚|𝜓𝜉𝑁,𝜆

↪
𝜄

↺ ↺≡

Proof. Going back to the algebraic side, we know that the braid group action
specialised at roots of unity using 𝜂𝜉𝑁 ,𝜆, preserves the small weight spaces inside
the ones corresponding to the Vermamodule, as presented in Proposition 3.13:

𝑉𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆 𝑉̂𝑛,𝑚|𝜂𝜉𝑁,𝜆

𝜑̂𝑛,𝑚|𝜂𝜉𝑁,𝜆𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆

↪
𝜄

↺ ↺≡

(30)

Here, we remind that 𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 is 𝜑̂𝑛,𝑚|𝜂𝜉𝑁,𝜆 restricted to the specialised weight
space 𝑉𝑁

𝑛,𝑚|𝜂𝜉𝑁,𝜆 .
Now, using the identification from Corollary 4.11 we notice that the genera-

tors given by monomials from 𝑉𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆 corresponds exactly to the normalised

multiarcs which are prescribed by partitions with all components smaller than
𝑁.
This shows that𝑉𝑁

𝑛,𝑚|𝜂𝜉𝑁,𝜆 corresponds to thehomologicalmodule
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆

which is specialised through 𝜓𝜉𝑁 ,𝜆:

𝑉̂𝑛,𝑚|𝜂𝜉𝑁,𝜆 𝐻lf,−
𝑚 (𝐶̃𝑛,𝑚, ℤ)|𝜓𝜉𝑁,𝜆

𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆𝑉𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆

≃

Θ𝑛,𝑚 ∣𝜂𝜉𝑁 ,𝜆

∪ ∪

↔
(31)

Using the commutativity property from equation (30) and the correspondence
presented in relation (31), we conclude the commutativity property for the braid
group actions on the homological side. □

Proposition 5.3. (Level𝑁 Lawrence representation)
It follows that 𝑙𝑛,𝑚|𝜓𝜉𝑁,𝜆 induces a well defined action on the specialised subspace
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 , which we denote by:

𝑁𝑙𝑛,𝑚 ∶ 𝐵𝑛 → Aut
(
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆

)
.

Corollary 5.4. We have the following identifications of braid group actions:
𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 ↷ 𝑉𝑁

𝑛,𝑚|𝜂𝜉𝑁,𝜆 ≃
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 ↶

𝑁𝑙𝑛,𝑚. (32)
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5.1. Homological Partial Trace. In this part, we introduce the concept of
partial trace on Lawrence representations. This definition comes from the aim
of having a correspondent of the partial trace from the quantum side, in ho-
mological terms. In the end, we will see that the collection of all homological
partial traces will correspond to the partial trace on the quantum side (on the
tensor power of the representation 𝑈𝑁,𝜆).

Notation 5.5. Let 𝑁𝐻0
𝑛,𝑚 be the subspace in the level𝑁 Lawrence representation

which is generated by those multiarcs which are prescribed by partitions whose
first component is zero:

𝑁𝐻0
𝑛,𝑚 ∶= ⟨[𝔽𝑒] ∣ 𝑒 ∈ 𝐸𝑁𝑛,𝑚, 𝑒1 = 0⟩ℤ[𝑥±1,𝑑±1] ⊆ 𝑁𝐻𝑛,𝑚.

Let 𝜄0 ∶ 𝑁𝐻0
𝑛,𝑚|𝜓𝜉𝑁,𝜆 →

𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 be the corresponding inclusion. Further on,
we consider the projection onto this subspace, as follows:

𝜋0 ∶ 𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆 →
𝑁𝐻0

𝑛,𝑚|𝜓𝜉𝑁,𝜆

𝜋0(𝔽𝑒) = {
[𝔽𝑒], if 𝑒1 = 0
0, otherwise.

Now, we introduce the definition of a homological partial trace (with respect
to elements from the basis of 𝑁𝐻𝑛,𝑚 prescribed by partitions starting with zero)
on the level 𝑁 Lawrence representation.

Definition 5.6. (Homological partial trace)
Let 𝑛,𝑚 ∈ ℕ. The weight zero partial trace (corresponding to the last 𝑚 − 1
components) is given by:

hptr0 ∶ Aut
(
𝑁𝐻𝑛,𝑚|𝜓𝜉𝑁,𝜆

)
→ ℂ

hptr0(𝑓) = 𝑡𝑟 (𝜋0◦𝑓◦𝜄0) .
(33)

6. Homological model for the ADO invariant
In this section, we show the homological model presented in Theorem 1.2.

We start with the definition of the ADO polynomial presented in formula (20):

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛)⟨ptr𝑈𝑁,𝜆

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

)
⟩. (34)

In the following, we investigate the partial trace from this formula. We remind
that from the proof of Proposition 3.28 we know that the corresponding endo-
morphism is a scalar times the identity:

ptr𝑈𝑁,𝜆

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

)
∈ ℂ ⋅ 𝐼𝑑𝑈𝑁,𝜆

⊆ End(𝑈𝑁,𝜆). (35)

Since the partial trace in (35) is a scalar multiple of the identity, its value can
be determined by its action on any single vector, say 𝑣0. Using this, we have the
formula:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) 𝑝𝑟0◦ptr𝑈𝑁,𝜆

(
(𝐼𝑑 ⊗ 𝐾1−𝑁)◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

)
(𝑣0). (36)
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Here 𝑝𝑟0 ∶ 𝑈𝑁,𝜆 → ℂ is the projection given by:

𝑝𝑟0(𝑣𝑖) = {
1, if 𝑖 = 0
0, otherwise.

(37)

In the next part, for a fixed basis 𝐵 and a vector 𝑣, we denote by 𝐶(𝑣, 𝑤) the
coefficient of 𝑣 in the expression obtained for the vector 𝑤 written in the basis
𝐵. We apply this notation for the basis given by the standard tensor monomials
in the tensor product of𝑈𝑁,𝜆. Using this notation, the partial trace with respect
to 𝑣0 can be written as follows:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) ⋅ (38)

⋅
𝑁−1∑

𝑖2,...,𝑖𝑛−1=0
𝐶
(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 ,

(
𝐼𝑑 ⊗ 𝐾1−𝑁) ◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)

(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛

))
.

Having in mind the notion of weight spaces, we split the above sum corre-
sponding to the total weight𝑚 ∈ {0, .., 𝑁 − 1} of the vectors, as below:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) ⋅

(𝑁−1)(𝑛−1)∑

𝑚=0

(39)

⎛
⎜
⎜
⎜
⎝

∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

𝐶
(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 ,

(
𝐼𝑑 ⊗ 𝐾1−𝑁) ◦𝜑𝜉𝑁 ,𝜆𝑛 (𝛽𝑛)(𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛

)
⎞
⎟
⎟
⎟
⎠

.

Now, we remind that the braid group action on the quantum side behaves
well with respect to weight spaces, as discussed in Corollary 3.15:

𝜑𝜉𝑁 ,𝜆𝑛 =
𝑛(𝑁−1)⨁

𝑚=0
𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆 . (40)

This splitting through actions on weight spaces together with equation (39),
lead to the following description:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) ⋅

(𝑁−1)(𝑛−1)∑

𝑚=0

(41)

⎛
⎜
⎜
⎜
⎝

∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

𝐶
(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 ,

(
𝐼𝑑 ⊗ 𝐾1−𝑁) ◦𝜑𝑁𝑛,𝑚|𝜂𝜉𝑁,𝜆(𝛽𝑛)(𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛

)
⎞
⎟
⎟
⎟
⎠

.

Now, we look what happens for a fixed 𝑚 in this formula. We remark that
the vectors on which we act with the braid action have the following form:

𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 , where 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 ∈ 𝑉𝑁
𝑛−1,𝑚.
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Further on, the action of 𝐾 on this weight space is given just by a scalar:

𝐾 ↷ 𝑉𝑁
𝑛−1,𝑚|𝜂𝜉𝑁,𝜆 = 𝜉(𝑛−1)𝜆−2𝑚𝑁 ⋅ 𝐼𝑑.

Gluing back the weight zero vector, we obtain:
(
𝐼𝑑 ⊗ 𝐾1−𝑁) ↷ 𝑣0 ⊗𝑉𝑁

𝑛−1,𝑚|𝜂𝜉𝑁,𝜆 = 𝜉(𝑛−1)(1−𝑁)𝜆−2𝑚(1−𝑁)𝑁 ⋅ 𝐼𝑑 (42)

We arrive at the following weighted sum:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) ⋅

(𝑁−1)(𝑛−1)∑

𝑚=0

∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

(43)

(
𝜉(𝑛−1)(1−𝑁)𝜆−2𝑚(1−𝑁)𝑁 𝐶

(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 , 𝜑

𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆(𝛽𝑛)(𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛

))
.

After we separate the coefficients, we have:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) 𝜉(𝑛−1)(1−𝑁)𝜆𝑁 ⋅

(𝑁−1)(𝑛−1)∑

𝑚=0

𝜉−2𝑚(1−𝑁)𝑁 (44)

∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

𝐶
(
𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛 , 𝜑

𝑁
𝑛,𝑚|𝜂𝜉𝑁,𝜆(𝛽𝑛)(𝑣0 ⊗ 𝑣𝑖2 ⊗ ... ⊗ 𝑣𝑖𝑛

)
.

Using the identification between specialised homological representations on
the 𝑁𝑡ℎ homological part and specialised representations on the 𝑁𝑡ℎ weight
spaces from Corollary 5.4, we conclude the formula:

Φ𝑁(𝐿, 𝜆) = 𝜉𝑁
(𝑁−1)𝜆𝑤(𝛽𝑛) 𝜉(𝑛−1)(1−𝑁)𝜆𝑁

(𝑁−1)(𝑛−1)∑

𝑚=0

𝜉−2𝑚(1−𝑁)𝑁 (45)

⋅
∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

𝐶
(
ℱ0,𝑖1,...,𝑖𝑛 ,

𝑁𝑙𝑛,𝑚(𝛽𝑛)ℱ0,𝑖1,...,𝑖𝑛
)
.

Now, looking at the second sum, we remark that it leads exactly to the ho-
mological partial trace introduced in the definition 5.6:

∑

(𝑖2,...,𝑖𝑛−1)
∈𝐸𝑁𝑛−1,𝑚

𝐶
(
ℱ0,𝑖1,...,𝑖𝑛 ,

𝑁𝑙𝑛,𝑚(𝛽𝑛)ℱ0,𝑖1,...,𝑖𝑛
)
= hptr0

(𝑁𝑙𝑛,𝑚(𝛽𝑛)
)

(46)

The last two equations (45) and (46) lead exactly to the formula from Theorem
1.2 and conclude the proof of the homological model.
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