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ADO invariants directly from partial traces
of homological representations

Cristina Ana-Maria Anghel

ABSTRACT. The ADO invariants are a sequence of non-semisimple quan-
tum invariants coming from the representation theory of the quantum group
U,(sl(2)) at roots of unity. Ito showed that these invariants are sums of traces
of quotients of homological representations of braid groups (truncated Lawrence
representations). In this paper we show a direct homological formula for the
ADO invariants, as sums of partial traces of Lawrence type representations,
without further truncations.
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1. Introduction

This paper concerns the family of non-semisimple quantum invariants called
Coloured Alexander polynomials or ADO invariants [1]. They come from the
representation theory of the quantum group U, (sl(2)) at roots of unity. The the-
ory of quantum invariants started with the discovery of the Jones polynomial
and was developed further by Reshetikhin and Turaev. They introduced an al-
gebraic construction which starts with the representation theory of a quantum
group and leads to link invariants. This construction applied for the generic
quantum group U,(sl(2)) leads to the sequence of coloured Jones polynomi-
als. Dually, the representation theory of the same quantum group at roots of
unity leads to the sequence of coloured Alexander invariants {®y(L, 1)}yen-
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This family recovers the original Alexander polynomial at the first term (corre-
sponding to N = 2).

The initial definition of these invariants was algebraic. On the homological
side, Lawrence introduced in [10], [9] a sequence of braid group representa-
tions using the homology of coverings of configuration spaces in the punctured
disc. This construction opened a new direction towards connections between
quantum invariants and topological information. Using these homological rep-
resentations, Lawrence [9] and later Bigelow based on her work [5], showed
that the Jones polynomial can be seen as an intersection pairing between ho-
mology classes in certain coverings of configuration spaces. We refer to such a
description as a topological model.

A different approach aims to describe an invariant as sums of traces of ho-
mological representations. In 2015 [7], Ito showed that the loop expansion of
coloured Jones invariants can be obtained as an infinite sum of traces of Lawrence
representations. A second step towards this kind of homological information
was made in [6], where Ito introduced certain quotients of the Lawrence rep-
resentations. Then, he proved that the ADO invariants are sums of traces of
truncated Lawrence representations. He said [6] that it would be interesting to
investigate further links towards more topological definitions, mentioning that
an obstruction to doing this in his model comes from a “lack of understanding”
of the truncation procedure of the Lawrence representations for N > 2.

Further on, in 2017 [2] we constructed a topological model for the coloured
Jones polynomials, as intersections of homology classes in coverings of con-
figuration spaces. Then, in 2019 [3], we constructed a topological model for the
coloured Alexander polynomials using truncated Lawrence representations.
These were existence type results. In [11], Martel introduced a slight variation
of Lawrence representations. Based on that, in his thesis he gave a homological
model for the coloured Jones polynomials, as sums of traces of these homological
representations.

Going back to topological models, very recently we showed a globalised result
[4], proving that the coloured Jones and ADO invariants both come as different
specialisations of a unified topological model over two variables. More precisely,
we described them as specialisations of certain intersection pairings between
explicit homology classes in these Lawrence type representations.

This paper concerns a homological type model for the ADO invariants, and
so it is different and independent from the topological intersection type models
which appeared in [3], [4] and [2]. This model will be given by a sum of partial
traces of certain homological representations. More specifically, we introduce
the notion of homological partial trace, which corresponds to the usual partial
trace, but restricted to weight spaces rather than tensor powers of quantum rep-
resentations. Then, we provide a homological model for the ADO invariants, as
sums of homological partial traces of specialisations of certain subrepresenta-
tions in Lawrence representations.
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1.1. Strategy and description of the homology groups. For n,m € N, we
use the unordered configuration space of m points in the n-punctured disc and
denote it by C,,,,. Then C,,, is a certain Z @ Z-covering space of this con-
figuration space. Further on, H, E;_(C'n,m, Z) will the Borel-Moore homology of
the covering, relative to a certain part of the boundary. This homology group
is generated by homology classes given by lifts of geometric submanifolds F, in
the base space C, ,,, prescribed by partitions e of m into n positive integers. The
precise construction is presented in section 4. The version of Lawrence repre-
sentation from [11] is obtained from the braid group action on this homology:

Lo © By = Aut (Hy ™ (Copm, 2), Z[x*, d*1]).

Now, we fix N € N to be the colour of the ADO invariant that we want to study

2mi

and &y the standard primitive 2N'" root of unity, £y = e2v .

In Definition 5.1 we define a subspace in this homology, generated by those
classes given by lifts of the geometric submanifolds [, where e is an n—partition
of m, whose components are all strictly smaller than N

If,— ~
NHrL,m gZ[x‘—fl,dil] Hm (Cn,m’ Z)-
Notation 1.1. (Specialisation) For q,A € C, define a specialisation by:
lpq,/l . Z[Xt,di] - C

ea(X) = g% Pga(d) =g

Using the precise form of the R-matrix from the quantum side, we show that
1, m induces a well defined braid group action on the subspace H,, ,,, when we
specialise through 9¢, ; (definition 5.3). We call this action level N Lawrence
representation and denote it by:

Ny * By — Aut (NHn,mlngN,pC)'

Next, we define the notion of homological partial trace of weight zero, and
denote it as below (definition 5.6):

hptr, : Aut (M, ly, . C) = C

Our main result presents the N** ADO invariant as a sum of partial traces of
the level N Lawrence representations.

Theorem 1.2. (N'" ADO invariant from level N Lawrence representations)
Let us fix N € N be the colour of the invariant and A € C. Then if an oriented
knot L is a closure of a braid 8,, € B,,, we have the following homological formula:

(N-1)(n—-1)
N—DAw(B,)+1— _
O (L, 1) = ‘%—N( DAw(Ba)+1-n) Z §N2m hptro (Nlnm(ﬁn)) 1)

m=0

In this formula, w(B,,) is the writhe (the exponent sum) of the braid.
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One feature of this formula is that it partially answers and explains Ito’s ques-
tion. It does not have any truncation and so the coefficients of the ADO invari-
ants are more clear from the homological point of view.

1.2. Comparison and idea of the proof. The difference between this model
and the model from [6] is that the former is a sum of traces on quotients of
homological representations. Here, we do not take any quotients but instead
we pay the price of having a partial homological trace. However, the direct ho-
mological actions have an advantage from the geometrical point of view and
also this model provides a very concrete algorithm for computations. The ex-
planation “behind the scenes” of this difference is that Ito’s strategy is based
on highest weight spaces and ours is based on weight spaces. Then the re-
sult from [6] uses a Kohno’s type identification for quantum representations on
highest weight spaces and homological representations. We use a more explicit
Kohno’s type identification due to Martel [11] for quantum representations on
weight spaces and homological representations.

More specifically, in [6] the splitting of tensor powers of the quantum repre-
sentation at roots of unity is used by means of highest weight spaces. Then the
homological correspondent for these highest weight spaces at roots of unity is
constructed, which has to have a truncation. On the other hand, we use weight
spaces instead of highest weight spaces, and the fact that their direct sum recov-
ers the same tensor power of the quantum representation at roots of unity. A
technical point is that we set up the whole construction such that it comes from
the quantum group together with its representations that are over two variables.
Then, we show that the weight spaces at roots of unity, naturally correspond to
subrepresentations in homological representations rather than quotients. The
last technical part is to define the concept of partial trace in a homological con-
text. We do this by translating the effect of the quantum trace on tensor powers
of the quantum representation at roots of unity, restricted onto certain weight
spaces, which in turn correspond to homological representations.

1.3. Structure of the paper. In Section 3, we describe the version of the quan-
tum group that we use (which has divided powers of one generator), as well
as the representation theory correlated to it. Then, we show that we can see
the ADO invariants from a certain specialisation of the Verma module associ-
ated to the two-variable quantum group. In the last part of the section we give
a formula for the ADO invariant in terms of quantum group representations.
Then, in Section 4, we set up the homological part of the picture, and define
the Lawrence representation that we work with. Section 5 is devoted to the
construction of a subrepresentation of the Lawrence representation, which we
call level N Lawrence representation. After that, we define the notion of homo-
logical partial trace of weight zero on this Lawrence subrepresentation. In the
last part, in Section 6, we put these notions together and prove a homologi-
cal model for the N** ADO invariant as a weighted sum of homological partial
traces on the level N Lawrence representations.
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2. Notations

In the paper, we will use certain specialisations of coefficients of some ho-
mology modules. The precise definition of a specialisation is the following.

Notation 2.1. (Specialisation)
Let R be a ring and M an R-module. Suppose that we fix a basis % of the module
M. If S is another ring, let us assume that we fix a specialisation of the coefficients,
given by a ring morphism:
Y :R—S.
Then, the specialisation of the module M by the change of coefficients i is the
following S-module:
Mlzp =M ®R S
which has the corresponding basis given by
%Mllﬁ = c93@131 €M|¢

Notation 2.2. (Partial traces) For a tensor power of two vector spaces V, W, we
denote the partial trace with respect to the elements of W by:

ptr,, : End(V @ W) — End(V).

Also, for the representation theory part, we will use the following notations
for quantum factorials:

Q=g
S g-q!
[n]g! = [1]4[2]4---[n]q
" =
g [n=jlglily!
[x;ilg! = [x]ge.[x + 1 =i,

X} i=q"—q™ [x]g:

3. The ADO invariant from generic Verma modules

In this part, we present the set-up on the representation theory side which we
use, in order to obtain the ADO invariant. The usual definition of these invari-
ants starts from the version of the quantum group U,(sl(2)) over one variable,
which is a root of unity, as presented in Subsection 3.3. Here, we will use the
version of the quantum group over two variables from Subsection 3.1, given by
the divided powers of one of the generators. We showed in [4] that we can spe-
cialise this representation theory later on, to one variable, and obtain the ADO
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invariant in this manner. For the precise construction of this set-up, we refer
to [4], Section 3. Below, we outline the main points of the construction.

3.1. Quantum group and representations over 2 variables.

Definition 3.1. (Quantum group) Let U(sl(2)) be the Hopf algebra over the ring

with twovariables Z[q*!, s'], genererated by {E, F"™,K*| n € N*} subject to the
relations:

KK'=K7'K=1; KE=¢g’EK; KF® =g 2"FIK;
FWpm) — [”"‘m] Fntm)
n

q
[E, F(n+1)] — F(n)(q—nK _ qu—l)'

This quantum group has an associated Verma module, given by the following
description:

Definition 3.2. [4, 8] (Generic Verma module)
Let V be an infinite dimensional Z[q*", s*']-module generated by a sequence
of vectors {vy, vy, ...}, with the following U4 (sl(2))-actions:

Kv; = sq~%v;,

Ev; = v, (2)
i n—-1 i _ i

F(n)vi — [n;i—l]q szo(sq k=i _ g lqk+l)vi+n-

Further on, in order to construct knot invariants, we need to use finite di-
mensional representations. We start with a natural number N € N and £y the
standard primitive 2N*" root of unity.

27mi

Notation 3.3. Let us fix A € C. For the pair ({5 = ev, A € C) we consider the
specialisation

Neya - Z1g*,s¥] - C

i

Neea(@) = en (3)

il

Neea(8) =en.

For the non-semisimple invariants at roots of unity, we will start with the
set-up over two variables, and then specialise through 7, ;.

Definition 3.4. We denote the quantum group at roots of unity by
Ue, (s1(2)) = Uy(sl(2)) ey C.
Correspondingly, we consider the specialised Verma module

V;Nj' = V ®77§N,A C
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on which Ug, (sl(2)) acts. Moreover, let us consider the vector subspace generated
by the first N vectors over C:

UN,A = <v07 eeey vN—l)C g va,/l'
Definition 3.5 (Braid group action on the Verma module). [8]
The quantum group U 4(sl(2)) has an R—matrix (that is, a solution of the Yang-
Baxter equation) over Z[q*', s*'], which belongs to the completion Uq(sl(z))®Uq(Sl(2))
(see [8] page 7, [4] Definition 3.4):

n(n-1)
P=>Yq 2 E"QF". (4)

n=0

Let us denote by:

Cly; ® vj) = S—(i+j)q2ijvi ® v

(L ®V)=0v; QU
This R-matrix leads to a braiding & given by the formula:

X =10Co(p ® P)P, (6)

where p : Uy(sl(2)) — End(V) is the representation. Here, by braiding we mean
a solution of the braid relation, which induces a representation of braid groups.

Remark 3.6 (Action on the generic basis [4] Remark 3.4, [8] relation (23)). The
Z-action on the standard basis of V. ® V is given by the following formula:

(5)

Lo i . . n(n—1) n +]
<@(v. ® v.) — S_(H'J) qZ(I—Vl)(]‘H’l)q 2 . .
j®u ) )
(7)

n—1
' H(Sq_k_j - S_lqk+j) Ujtn ® Vj_p.
k=0
This leads to a braid group representation (as presented in [4] Section 3.1):
$n : Bp = Alty, 2y (VE")

ot! - 1d®V @ %+ @ [d¥" V.

Further on, this action will induce an action at roots of unity provided by the
formula:

(®)

G 1 By — A",
A key point in [4] is based on the remark that even if the action of Uy, (sl(2))

doesn’t preserve the subspace Uy ; € V§N, 2» however the braid group action

qble * does preserve Uﬁ;’l. More precisely, we have the following property.

Proposition 3.7. [4, Lemma 3.1.7](Braid group action at roots of unity) The
vector subspace Uﬁ'}L is preserved by the braid group action, as below:

~EnA
2 (8) (Uh) c U )
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Notation 3.8. We denote the restriction of the braid group action gﬁi” * onto the

finite dimensional part by:
PN B, — Autc(Uy ™).

3.2. Weightspaces. In this part, we consider certain subspaces inside the ten-
sor powers of quantum representations, called weight spaces, which will have
nice homological correspondents.

Definition 3.9. (Weight spaces) Let us fix n,m € N and a natural number N €
N (which will correspond to the colour of the invariant).

1) Generic weight spaces
The n'" weight space of weight m corresponding to the generic Verma module V:

Vim 1={v € V®" | Kv = s"g~2"v}. (10)
The n'" weight space of weight m corresponding to the N*" finite part inside V':
. %% ® %
Vg i= (Vn,m N (v, ...,vN_l)Z['Zﬂ,Sﬂ]) cyen, (11)

2) Weight spaces at roots of unity
We introduce the notion of the n'"* weight space of weight m corresponding to the
finite dimensional part at roots of unity, which is given by:

VNt = {v e US" | Kv = £4-2m0} C U, (12)
Notation 3.10. Let us consider the following indexing sets:
Eym :={e=(ey,...,e) EN"|e; + ...+ ¢, = m}.

EY, =fe=(e,....e,) EE,n |0<ey,..,e, <N -1}
Remark 3.11. (Basis for weight spaces)
A basis for the generic weight space is given by:

By, = {ve =0, ®...QvV,, | e=(e,..,e;) € Epp}-
A basis for the N'™" finite weight space is given by:

%Vy’f,m ={v, =0, ®..QU, | e=(e,...e,) € EnN’m}.

Remark 3.12. (Braid group actions [4]) The generic action ¢,, induces a braid
group representation onto generic weight spaces, which we denote by:

@n,m . Bn - AUt(Vn,m)-
It however does not preserve the N*" finite weight space over two parameters

R
Vi € Vg

nm =
except in the case of the specialisation g = &y. This comes from the specific
formula of the specialisation of the R—matrix, towards one variable. We refer
to [4] (Definition 3.8, Remark 3.14) for the details of this phenomenon. The
main property is the following.
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Proposition 3.13. [4] The specialised action at roots of unity given by
gan,mlnENj : Bn - AUt(Vn,mlngN,/l)

preservers the inclusion of the specialised N'" weight space into the specialisation
of the generic one, leading to a braid group representation, which we denote by:

N . N
gpn,mlngN,A ° Bn — Aut (Vn’mlngN/l)

N 5 . N
Prmlne, ., = §0n,m|n§N,A( restricted to Vn,mlr)gN,a)'

(13)

In the following we will see that one advantage of these level N weight spaces
is that they are defined over two variables. Secondly, their direct sum recovers
the whole tensor power of the representation Uy ;, as below.

Proposition 3.14. The specialisations of the N*" weight spaces through Ney A Te-
cover the tensor power of the module at roots at unity as below:

n(N-1)
®n __ N
UP" = D Vinlneys (14)
m=0
Proof. We start with the remark that:

o0

Ve =PV, m (15)
m=0

Further, this direct sum recovers the tensor power of the vector space generated
by the first N-vectors:

® n(N-1)

n

((UO’---’UN—1>Z[sil,q“—'1]) = @ Vrlxm- (16)
m=0

This comes from equation (15) and the remark that the maximal weight that
we can reach with the first N vectors is n(N — 1). Then, by specialising the
coefficients from equation (16) through 7¢, ;, we conclude the decomposition
from the statement. O

Now, we will use Proposition 3.13, which tells us that the braid group actions

presented above preserve weight spaces, and the definition of the action qoi” A

from Notation 3.8. This shows that the splitting from equation (14) is preserved
by the braid group action. This means that we have the following property.

Corollary 3.15. The braid group actions onto the specialisations at roots of unity
of the N'" weight spaces recover the whole braid group action at roots at unity as
in the following formula:
n(N-1)
A
ot = D Nl - (17)
m=0
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3.3. Definition of the ADO invariant. In this partwe present the initial defi-
nition of the ADO invariant, following [6]. This is done using a different version
of the quantum group, which we explain below.

Definition 3.16. Let U,(sl(2)) be the quantum group generated by E, F, K *1 with
relations:
KK=!'=K7'K = 1,KE = ¢°EK;KF = q~*FK
K—-K!
q-q'
This has a structure of a Hopf algebra as follows:
AE)=E®QK+1Q®E, S(E)=-EK™!
AF)=F®1+K®F, S(F)=-KF
AK*H) =K @ K¥!, S(K)=KL

[E,F] =

Now we introduce the universal Verma module associated to this quantum
group U, (sl(2)).

Definition 3.17. (The universal Verma module) For A € C a complex parameter,
we consider V' to be the vector space generated by the family of vectors {0y, 0y, ...}:

V= (05,01, ...)c

with the following action:

Kv; = ¢,
Ev; =0
Flji = [l + 1](][1 - 1]q 6i+1'

Proposition 3.18. There is a universal R-matrix of the above quantum group
U4(sl(2)), which has the following formula:

HeH X n(n-1) {1}2n
R = q 2 Z q @ ——
n=0 {l’l}q!

E"® F".

It has an action on the tensor product of two generic Verma modules V . ® V,lz
via the following formula:

HQ®H 1 . .
S (D Ay 5204, -2)) A PN 5
q 2 (6;®0;)=q2" >, wherev; €V, ,0; €V),.

Then, let us consider the operator:

_hh N A N
%/11,/12 =q 2 (TOR) S Hoqu(sl(Z)) (V/ll X Vlz’ V/lz 03] V/ll) .
Proposition 3.19. This operator gives a well defined braid group representation:
g . o
¢ : By = Endy, ey (V2)®")

o — 1d8V ® %, ® 1%V,
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Notation 3.20. (Scaling the generating vectors)
We denote the following normalisation of the vectors:

v, = [ﬂ,,l]q -U; € Vﬂ.-

Definition 3.21. (Verma module V94 of Uy(sl(2)))
Let us consider the submodule generated by this set of normalised vectors:

Vq’l = <Uo, U1, >C Q Vl.
As above, there is a braid group representation, induced by the R-matrix:
A
90:11 i B, > Enqu(sl(Z)) ((Vq,/l)@)n) .

Proposition 3.22. The action of the quantum group on the Verma module V%*
is the following:

KUl' — q/1—2ivi
EUl' = [l +1- l]q Vi1
FUl' = [l + 1]q Uitq-

In the next part, we consider the quantum group at roots of unity. For N € N

27mi

and q = £ = e a 2N'"-root of unity, we consider the quantum group associ-
ated to g = £, denoted by U¢(sl(2)).

Definition 3.23. (Finite dimensional representations of U (sl(2)))
Let A € C. Then the set of N vectors {vy, U, ..., Un_1} Spans an N-dimensional
subrepresentation, which we denote by:

A . %
UN .= <U0, Ul, ey UN_1>C Q V/l'

Lemma 3.24. The action at roots of unity g@ﬁ’l preserves the submodule U%, and
leads to a braid group representation denoted by:

A
@i !B, — EndU;(sl(Z))(U]/}]®n)
®(@i-1) ®(n—i-1) (18)
o, — Idy)" " @ %y, QIdy, T
Notation 3.25. For f € End(Uz’},), which is a scalar times identity, we denote:
f=()-Ide C-IdUﬁ].

Definition 3.26. (ADO invariant [1], [6])
Letusfix N € Nand A € C. Let L be an oriented knot which is the closure of a
braid B,, € B,,. The ADO invariant associated to L has the following formula:

On(L,2) = EN-DRE piry, ((1d @ KMoy BY)- (19)



492 CRISTINA ANA-MARIA ANGHEL

3.4. Construction of the ADO invariant using our set-up. In this part, we
will see that we can construct the N ADO invariant from the module Uy and
the set-up presented in Proposition 3.7. This set-up appeared in [4] and is a new
way of describing this invariant, which comes from the quantum group over
two variables and uses the trick of considering Uy ; in the way that we have
described above (is a module rather than a representation over the quantum

group).

Notation 3.27. For f € End(Uy ;), which is a scalar times identity, we denote
this scalar as follows:
f={f)-1deC- ldy,,.

Proposition 3.28. (Construction of the N'* ADO invariant)
2mi

Let us fix N € N to be the colour and 2 € C. We denote &y = e2n. Then, if an
oriented knot L is a closure of a braid 3, € B,,, we have:

On(L, ) =&y P ptry,  (1d @ K Mopi¥ B0). (20)

Proof. First of all, we explain why the endomorphism from this formula is a
scalar times the identity:

piry,, (Ud ®K'NMog; " (B,)) € C - Idy,, € End(Uy,). (1)

For the usual version of the quantum group U, (sl(2)) at roots of unity from
Subsection 3.3 this is not at all surprising. It comes from the fact that the partial
trace (which is exactly the Reshetikhin-Turaev construction applied on the knot
L with one strand that is cut) gives an automorphism of the representation Ul’b
over the quantum group. Further, for generic 4, it is known from representation
theory that Uﬁ] is a simple representation of the quantum group. This means
that any endomorphism of this representation is a scalar times identity.

However, in our case from Subsection 3.1, the subspace Uy, C V is not
preserved under the action of the quantum group.

We remind the construction of the above braid group action on this vector
space, which comes from the generic braid group action (defined over the Lau-

rent polynomial ring in two variables) presented in Proposition 3.7. More pre-

cisely, we defined gole * to be the action which is given by the specialised action

én |,7§N’A restricted to the subspace Uﬁ”}.

The key point is that the formulas for the action (ﬁ"lﬂgN,z (defined using the
formula from relation (7)) and the braid group action coming from the usual
construction (presented in Lemma 3.24) are actually the same. We can check
this by comparing formula (7) and equation (2) from [6]. Following this for-
mula and the property from above, which tells us that the usual Reshetikhin-
Turaev functor associated to this partial quantum trace leads to a scalar, we
conclude that the partial trace from equation (21) leads to a scalar as well.

We remark that formula (20) looks similar to the formula (19) which is used
for the usual definition of the ADO invariant (in Section 2.3 presented in [6]),
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but the difference occurs from fact in that paper the construction of the repre-
sentation at roots of unity Uy , is different than ours. However, based on the
above discussion about the precise actions of R-matrices at the level of braid
group representations, the action from [6] and the one that we use are actually
the same. This concludes the formula for the ADO invariant, defined through
the tensor powers of Uy ; (as a vector space). O

4. Homological representations

In this section, we present the version of the homological representations of
braid groups that we will use for our model. We will follow [11]. Let us fix
n,m € N. Then, we denote by D? C C the unit disc including its boundary.

For our construction, we will use the n—punctured disc:

D, :=D*\{1,...,n}

We denote by C, ,, the unordered configuration space of m points in the n-
punctured disc, given by:

Cym = Conf,,(D,) = (D;fm \{x =(x1,...., ) | 3i+#j suchthatx; = xj})/Symm

(here, Sym,, is the symmetric group of order m).
Fix m points on the boundary of the disc d,, ...,d,, € dD,, and denote by d : =
{dy,...,dy,} € Cp, the corresponding point in the configuration space.

dy dy dp d dy dp

4.1. Coveringspace. We will use certain loops in the configuration space. We
denote by g; € m,(C,, ,,) the class represented by the loop in C,, ,,, with m — 1
fixed components (the base points d,,...,d,,) and the first one going on a loop
in D,, around the i*" puncture. Then, § € 71(Cy ) Will be the class of the loop
in the configuration space with the last (m — 2) components constant and the
first two components which swap the points d; and d,, as in figure 4.

Notation 4.1. Let us consider aug : Z" — Z to be the map given by:
AuE(Xy, oy Xpp) = X7 + oo + Xy

Definition 4.2. (Local system)
Letp : 7,(Cpm) = Hy (Cp,) be the abelianisation map. For m > 2, the homol-
ogy of the configuration space is (see [6]):
Hl (Cn,m) ~ 7" S Zz
(p(a)) (p(8)), i€{l,...,nk
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Combining the two morphisms, we consider the local system:

¢:m(Cpm) = Z2DZ
(x)(d) (22)
¢ = (aug @ Idz)op.

Definition 4.3. (Covering of the configuration space) Let C,, , be the covering of
Cp.m corresponding to the local system ¢. Then, the deck transformations of this
covering have two variables and they are given by:

Deck(Cym Crm) = (x)Xd)-

Let us fixd € C,,,, be alift of the base point d = {d, ..., d,,,} in the covering.

The construction uses the Borel-Moore homology of this covering space. For
the sequel, let us fix a point w € dD,,.

Definition 4.4. [11] Let H ;lfj;;_(én,m’ Z) be the Borel-Moore homology relative to
part of the boundary which is represented by the fiber in C,, ,,, over the base point w
(more precisely, the points in the configuration space C,, ,, whose projection onto
C.m contains w). This isa module over the group ring of the deck transformations,
namely Z[x*!, d*!].

From the property that the braid group is the mapping class group of the
punctured disc and the precise form of the above local system, there is an in-
duced action on this homology, which is compatible with its module structure:

B, ~ Hy (Cym» Z) as a Z[x*!, d*!] - module.
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4.2. Lawrence representation.

Definition 4.5. (Multiarcs [11])

a) Let us start with a partition e € E, ,,. Foreach i € {1, ..., n}, we use a segment
in D, starting at the point w and finishing at the i'" puncture, as in figure 4.1.
Then, we consider the space of ordered configurations of e; points on this segment.
Further on, we denote the projection onto the unordered configuration space by:

T - D™\ X = (X1, 000, X)|X; = Xj}) = Cpppy

The product of these ordered configuration spaces on segments together with the
projection lead to a submanifold in the unordered configuration space, denoted
by:

F. :=mn,(Conf, X..xConf, )CCp,,
b) We consider an additional imput, given by a fixed set of paths between the base
point on the boundary and the red segments:

g [0,1] = D,k €{1,...,m}

as in figure 4.1. The set of all paths n; leads to a path in the configuration space,
denoted by:

7 1= nmo(ni, vy 2 [0,1] — Com-

We remark that:
{ne(O) =d 23)
n°() € F..
Further on, let 1j° be the unique lift of the path n°® with the property that:
{ﬁe 110,11 = Co )
79(0) = d.

Definition 4.6. (Multiarcs)
Let us consider [, to be the unique lift of the submanifold [, with the property:

ﬂie : (0, 1~)m - C~’n,m (25)
7°(Q) € Fe.
This submanifold gives a class in the Borel-Moore homology, denoted by:
- Ifi—, ~
[F.] € Hy, (Coms 2)-
This is called the multiarc corresponding to the partition e € E,, ,.

Proposition 4.7. [11, Corollary 4.13] The set of all multiarcs {[F,] | e € E, ,}
is a basis for Hf,];’_((:‘n,m, 2).

Notation 4.8. (Normalised multiarc) For e € E,, ,,, let us consider a normalisa-
tion of the multiarc given by:

F, = xzzll(i_l)ei[E] € Hijr;’_(én,m’ Z).
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Notation 4.9. (Lawrence representation)

Letl, ,, be the braid group action from above, in the basis %H%- Com?) = {Fe, e €

E,, m} given by multiarcs:
Ifi—, A
Lum © By = AWHL (Cpmr 2)).

4.3. Identification between weight space representations and homolog-
ical representations. We will use the following specialisation of coefficients:

y : Z[x*, dE] - Z[gt!, st
y(x) =s% y(d)=q72 (26)

The advantage of the basis from above is that it naturally corresponds to the
basis in the weight spaces. More precisely, in [11], it was shown the following
identification.

Theorem 4.10. [11, Theorem 1.4] The quantum representations on weight spaces
are isomorphic to the homological representations of the braid group:

By A Vym = Hypl, © By
where the isomorphism is given by the formula:
0 m(Ve, ®...Q UV, ) = F,, Ve=(e,..,e,) € Eypp. 27)

Corollary 4.11. This isomorphism shows that the associated specialisations at
roots of unity are isomorphic:

gan,m |’7§N,l = ln,m |¢§NW (28)

5. Level N Lawrence representation

On the quantum side, we have seen that the N'* ADO invariant is related to
weight spaces corresponding to the N'" finite part of the generic Verma module.
Having this in mind, we consider a subspace in the Lawrence representation,
which will correspond to the level N weight spaces from the quantum side. Let
us make this precise.

Definition 5.1. (Level N Lawrence representation)
Let us consider the subspace in the Lawrence representation generated by the mul-
tiarcs whose multiplicities are all bounded by N':

If—,
NH, o 1= ([F] | e € BN, zpxs1 qs1) € Hy (Cpoms Z). (29)

In the sequel, we show that this homological subspace, up to level N, corre-
sponds to the weight spaces from tensor powers of the finite dimensional mod-
ule of dimension N from the Verma module, after an appropriate specialisation.

Lemma 5.2. The braid group action on Hll/{z’_(én,m’ Z) specialised through ¢, ;

preserves the specialised vector subspace NH,, ,, l’l’EN -
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L

N =@

Hn,mlzpr,ﬂ S HV{L (Cn,m’ Z)lzpr,/l
o = ©

ln,mllf)gN’,l ln:mll\bEN,/l

Proof. Going back to the algebraic side, we know that the braid group action
specialised at roots of unity using 7, 1, preserves the small weight spaces inside
the ones corresponding to the Verma module, as presented in Proposition 3.13:

L ,
N
Vn,m |)7§er g Vn,m |7]§N~A
¢ = O
N A
¢n,m |7}5N’/1 gon,m |7}§Ny/1 (30)
Here, we remind that qoj,;], m |,7§N,A is §.m |,7§N,A restricted to the specialised weight
N
space Vi, |’7§N./1'

Now, using the identification from Corollary 4.11 we notice that the genera-
tors given by monomials from V{Z " |,)§N , corresponds exactly to the normalised
multiarcs which are prescribed by partitions with all components smaller than

N

This shows that VnN, mly - corresponds to the homological module H,, ,, |¢§N .

which is specialised through ¥ ;:

Gn,m |7;§N A

If—/ ~
Vn’mlan,/l = Hm (Cn,m3 Z)ll,ng,ﬂ
U U
N

N
Vn,mlngNJl n,mlz,ng,A (31)

Using the commutativity property from equation (30) and the correspondence
presented in relation (31), we conclude the commutativity property for the braid
group actions on the homological side. (]

Proposition 5.3. (Level N Lawrence representation)
It follows that I, ,, |¢§N , induces a well defined action on the specialised subspace

NH,y . ,» which we denote by:

My = By = At (NHyly, )
Corollary 5.4. We have the following identifications of braid group actions:

N N ~ N N
go",mlﬂgN,a N Vl’l,mlﬂgN,/l — Hn,mlszN,,l 2 ln,m- (32)
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5.1. Homological Partial Trace. In this part, we introduce the concept of
partial trace on Lawrence representations. This definition comes from the aim
of having a correspondent of the partial trace from the quantum side, in ho-
mological terms. In the end, we will see that the collection of all homological
partial traces will correspond to the partial trace on the quantum side (on the
tensor power of the representation Uy ;).

Notation 5.5. Let NH}, ,, be the subspace in the level N Lawrence representation
which is generated by those multiarcs which are prescribed by partitions whose
first component is zero:

NHg,m .= <[[Fe] | e € ErZXm’el = 0>Z[xt1,dil] c NHn,m-

Let ¢y : NHg,m|¢§N L NHn,mlszN . be the corresponding inclusion. Further on,
we consider the projection onto this subspace, as follows:

ﬂ() : NHn,mlzl)gN,A - NHg,mlzpst,l
[Fel, ife; =0
mo(F,) =
o(Fe) 0, otherwise.

Now, we introduce the definition of a homological partial trace (with respect
to elements from the basis of VH,, ,, prescribed by partitions starting with zero)
on the level N Lawrence representation.

Definition 5.6. (Homological partial trace)
Let n,m € N. The weight zero partial trace (corresponding to the last m — 1
components) is given by:

hptr0 : Aut (NHn,m|¢§N,A) —~C
hptry(f) = tr (oo fotp).

(33)

6. Homological model for the ADO invariant

In this section, we show the homological model presented in Theorem 1.2.
We start with the definition of the ADO polynomial presented in formula (20):

on(LA) = & Pty (Ud @ KMo B). (34)

In the following, we investigate the partial trace from this formula. We remind
that from the proof of Proposition 3.28 we know that the corresponding endo-
morphism is a scalar times the identity:

ptry,  (Ud ® K'"N)op;**(8,)) € C - Idy,, C End(Uy,).  (35)

Since the partial trace in (35) is a scalar multiple of the identity, its value can
be determined by its action on any single vector, say vy. Using this, we have the
formula:

N-Diw(B,
ON(L,A) = gN( B

prooptry, ((1d ® K'™N)ogi**(8,)) (v). (36
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Here pry : Uy — Cis the projection given by:

1,ifi=0
Pro(v) = 0, otherwise. (37)
In the next part, for a fixed basis B and a vector v, we denote by C(v, w) the
coefficient of v in the expression obtained for the vector w written in the basis
B. We apply this notation for the basis given by the standard tensor monomials
in the tensor product of Uy ;. Using this notation, the partial trace with respect
to vy can be written as follows:

N-1)Aw(B,
DN(L,A) = é«N( Aw(By) (38)

N-1
>c (vo ®u, ® .. Qv ,(Id®K™N)opi¥(8,) (1, @ v, ® .. ® vin)) .
iyemin_1=0
Having in mind the notion of weight spaces, we split the above sum corre-
sponding to the total weight m € {0, .., N — 1} of the vectors, as below:

(N-1)(n—1)
N-DAw(B,
Oy(L,2) = &y O Z (39)

m=0

> ¢ (vo ®u, ® .. Qv ,(Id®K™) opi¥ (B,)(vy ® vy, ® .. ® v,.n) .
(inyeesip—1)
GEVJY—l,m

Now, we remind that the braid group action on the quantum side behaves
well with respect to weight spaces, as discussed in Corollary 3.15:

n(N-1)
A
ot = D Nl - (40)
m=0

This splitting through actions on weight spaces together with equation (39),
lead to the following description:

N-1)(n—1)
N-Daw(B,
Oy(L,2) = £ Z (41)

m=0

Z C (Uo ® U, ®..& Ui» (Id ® Kl_N) oqojrzm'ngN,,l(ﬁn)(UO ® Ui, Q..Q vin) .
iypeensin_1)
EEQ—I,M

Now, we look what happens for a fixed m in this formula. We remark that
the vectors on which we act with the braid action have the following form:

Vo ® U, ®...QU; , wherev, @ ...®v; € VY

n—-1m"
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Further on, the action of K on this weight space is given just by a scalar:

N _ ¢(n-1)A-2m
K~V,_ 1m|’7§N,ﬂ =&y -Id.

Gluing back the weight zero vector, we obtain:

(Id®@K'"N) A v, @ VN grmDU=A=2mA-N) 1 (42)

n— 1m|77§NA

We arrive at the following weighted sum:

(N-1)(n-1)
(N=1DAw(B,)
Oy, 2) =LK (43)
m=0 (i2 ..... ln 1)
eEjn\]lm

—-1)(1-N)A-2m(1-N
(gPONI2mONE () @ 1, @ .. ® 1y Pl B 0o B 1, ® . B D)
After we separate the coefficients, we have:

(N-1)(n-1)
(N-1A n N/l 2 —-N
Oy(L,2) = £y N TIED n=DO-) Z 0N (ae

Z c (Uo U, Q...0 UV, ¢£Xm|n§N,ﬂ(5n)(Uo v, ®..Q Ui,,) :
(127é2~';\11)

n—-1m

Using the identification between specialised homological representations on
the N** homological part and specialised representations on the N* weight
spaces from Corollary 5.4, we conclude the formula:

(N-1)(n-1)
Oy (L, A) = é,N(N—l)/lw(ﬁn) (n—1)(1-N)A Z é,szu—N) (45)

Z C(Foiis “amBr)Fos.i) -
(igesin—1)

eEN

n—1,m

Now, looking at the second sum, we remark that it leads exactly to the ho-
mological partial trace introduced in the definition 5.6:

> C(Fouiy MamB)F s, i) = hptty M m(B)  (46)
(ip,. - ElnN 1)

n—-1m

The last two equations (45) and (46) lead exactly to the formula from Theorem
1.2 and conclude the proof of the homological model.
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