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On the invertibility of operators
on a model space

Mubariz Garayev

ABSTRACT. For a scalar inner function 8, the model space of Sz.-Nagy and
Foias is the subspace K, = H>©60H? of the classical Hardy space H> = H*(D)
over the unitdisc D = {z € C : |z| < 1}. For a bounded linear operator A on
the model space Kj, its Berezin symbol is the function AX¢ defined on D by
ARe(Q) = <AE6,,1, Ee,,1>, where

-2\ 1-ame
Ee,z(z) = ( 4 2) ! (_) @)
1-16()] 1-1z
is the normalized reproducing kernel of the subspace K. We shall consider
the following question: Let A : Ky — K, be an operator for which there
exists a constant § > 0 such that |[A¥e(1)| > 6 > 0, for all A € D. Under
which additional conditions is A invertible? In this article we investigate this
question in the case when 6 is an interpolation Blaschke product. In particu-
lar, the invertibility property of functions of model operators is investigated.
Some other problems are also discussed.
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1. Introduction

In this paper we continue the investigation of a generalized Douglas problem
started by the author in [18]. We consider the question of invertibility of oper-
ators on the model space Ky = H? © 6H? of Sz.-Nagy and Foias, where H? =
H?(D) is the Hardy space of all analytic functions in the unit disk

={zeC:|z| <1}

for which
2d
1712 sup [ 170 dm) <
0<r<1
where T = 0D = {{ : |{| = 1} is the unit circle, m is the normalized Lebesgue

measureon T, and 9 is an inner function (i.e.,6 € H? and o) =1aa.{ €T).
Recall that H? is a reproducing kernel Hilbert space, with the kernel

ka(z) = —
1-Az

known as the Szegd kernel. Thus (f,k;) = f(1) forall f € H> and 1 € D.
Therefore the function

, A,zeD,

1-6(1)6(2)
1-2z
where Py is the orthogonal projection from H? onto Ky, is the reproducing ker-

nel for the space K. For any bounded linear operator A : Ko — K, the Berezin
symbol of A is the function AX¢(1) on D defined by the formula

d
ko (2) Y Poky(z) =  AzeD,

~ d ~ ~
AKG(A) if <Ak6,/1,k@,l> , ALeD,

where

koa(z) =

sy kaa(2) _( 1- 12 )1/21—@9@)

[kea@)|| \1- o)} 12z

denotes the normalized reproducing kernel of Ky. Let B(Ky) denote the alge-
bra of all bounded linear operators on the space Kg. In this article we shall
investigate the following question: Let A € B(Kp) satisfying

|ZK6(/1)‘ >8>0 (VAeD)

for some & > 0. Under which conditions is A invertible in Kg?

This question is closely related to a problem of Douglas and works of Tolokon-
nikov, Nikolski and Wolff (see [21]), and author’s paper [18]. Moreover, the
Douglas type question for Bergman-Toeplitz operator with bounded harmonic
symbols also has been widely investigated in resent years. For relevant refer-
ences on this topic, one can consult Zhao-Zheng 28, 29], Guo-Zhao-Zheng [15]
and Yoneda [27]. It is worth nothing that the Tolokonnikov-Nikolski type con-
dition for Bergman-Toeplitz operators with bounded harmonic symbols was es-
tablished in [28, 29]. In the present article, using the techniques of reproducing
kernels and Berezin symbols, and an interpolation theorem of Shvedenko [22],
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we obtain sufficient conditions ensuring the invertibility of a linear bounded
operators on the model space Ky with a suitable interpolation Blaschke product
B (see Theorem 3.1 below). In particular, we give a new proof for invertibility of
some functions of model operators ¢ (Mp), which does not use the Carleson’s
Corona Theorem (see Theorem 3.3 below). We also characterize in terms of
Berezin symbols the normal operators on the Hardy space H?, and study the
compactness property of some products of Toeplitz operators on the Hardy and
Bergman spaces.

2. Notations and Preliminaries

2.1. Berezin symbol. The Berezin symbol of a linear bounded operator T act-
ing on a functional Hilbert space H = H (D) over the unit disk D, with a repro-
ducing kernel k; (z) is the complex-valued function

T(/l) d;f <Ti€\/1, I/C\A> , AeD,

where 12/1 := k;/ ||k;|| denotes the normalized reproducing kernel of #. This
notion has been introduced for the first time by Berezin [4, 5]. It is well known
(see [9], [30]) that for a Toeplitz operator T, with symbol ¢ € L®(T), defined
on H? by T,f = P,of, where P, is the orthogonal projection from L*(T) onto

H?, known as the Riesz projection, its Berezin symbol ﬁ; is the harmonic ex-
tension ¢ of ¢ € L*(T) into D.

It is natural to define the following two numerical characteristics for the op-
erator T € B(H()

d ~
Ber(T) ef Range(T) is the so-called Berezin set
and

ber(T) = sup{|4| : 4 € Ber(T)} is the so-called Berezin number.
Obviously, Ber(T) ¢ W(T'), where W(T) is the numerical range of T. Also it is
easy to see that ber(T) < w(T), where w(T) denotes the numerical radius of T

When T = T, where ¢ is bounded, it is clear that Ber(T,) = {®(z) : z € D}
and ber(T,) = ||¢l|, - In particular, Ber(T,) = D and ber(T,) = 1.

Note that on the most familiar functional Hilbert spaces, including the Hardy
space and the Bergman space, the Berezin symbol uniquely determines the op-
erator. In fact, if T;(1) = T,(A) for all A, then T; = T,. See for instance, Yang
[26]; and for more general cases, see Fricain [10, Theorem 1.1.1]. In other words
the Berezin symbol of a bounded operator contains a lot of information about
the operator. It is one of the most useful tools in the study of Toeplitz operators.
The Berezin notion is motivated by its connections with quantum physics and
noncommutative geometry. For more details and references see [4, 5]. Other
properties and applications of Berezin symbols and reproducing kernels can be
found in [2, 3, 6, 7, 11, 12, 13].
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2.2. Carleson condition. We now recall some well-known facts (see, for in-
stance [21]) concerning reproducing kernels in H*(D). Let A = {1,,} ., be a
sequence of distinct points in 0. We denote by

B =B, = HnZlb/ln’

n>1

where
M Ay—2
An 1 — Zz’
the corresponding Blaschke product. Then we have
(i) If {1,},,,, satisfies the Blaschke condition, i.e., 2:;1 (1 - |/1n|2) < oo,

then {k;,} _, isa complete system in the model space K.

by, (2) =

(ii) The family K = {E,ln in> 1} is a Riesz basis of K if and only if {1,;}
satisfies the Carleson condition, namely
inf |B
inf |Bn(4,)| > 0,

n>1

d
where B, ef bi. In this case, we will write A € (C).
An

2.3. Riesz constant. We recall (see [21]) that if H is a complex Hilbert space,

and {x,},,, C H, then the set X © {x, : n > 1}is called a Riesz basis of H if
there exists an isomorphism U mapping X onto an orthonormal basis of H. In
this case the operator U will be called the orthogonalizer of X. It is well known
(see [21]) that X is a Riesz basis in its closed linear span if there are two positive
constants C;, C, such that

1/2 1/2
Col D lal* | <[ anxal| < Co| D Jaal” @1

n>1 n>1
for all finite complex sequences {a,},, - Note that if U is an orthogonalizer of
the set X, then C; =|| U ||} and C, =|| U™! || are the best constants possible

d
in the inequality (2.1). The product r(X) ef ||U||J|U‘1 [lcharacterizes the de-
viation of the basis X from an orthonormal one. r(X) will be referred to as the
Riesz constant of the family X. Clearly, »(X) > 1. For more detail, see [14, 21].

2.4. Shvedenko constant. Let {Lk};il be a sequence of linear continuous
functionals on the Hardy space H?, 1 < p < oo, (see Hoffman [16]). It is
natural to try to describe the space of sequences

def
HP{L} = {Le(}2, © f € HP}.
In particular, it is not without interest to try to find conditions under which the
inclusion S ¢ H? {L,} is satisfied for a given space S of sequences of complex
numbers. For some class of Banach spaces S of sequences, Shvedenko [22] gave
a general criterion for such inclusion.
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For 1 < p < o, it is well known that the functionals L; have the following
representation

L =5 [ FEk )t s e,

where the functions [, (z) € H? (l +1= 1) depend only on L,. Notice that
P g

for the evaluation functionals

L (f)=f (), k=1,2,..,
where {Ak}zozl is a sequence of different points of D, it is easy to see that [, (z) =

;_, which is the Szeg6 kernel.
l—lkZ

Let S be a Banach space of sequences satisfying the following conditions

(S1) S be a BK-space [23], i.e., the map w — wy,w = {wk};ozl € S, is con-
tinuous. This is equivalent to the inequality |wy| < ¢ |lwl|g , where [[w]| is the
norm in S and ¢, > 0, k = 1,2, .... In particular, this condition implies the in-
clusion E,, C S*, where E, is the space of sequences containing only a finite
number of nonzero terms.

(S2) S is complexly conjugated, i.e., both of w = {wi},., and w = {wy}
belong to S and ||ﬁ“s = [Jwll -

It is not difficult to verify that the classical weighted spaces [’(w,,), p > 1,
satisfy conditions (S1) and (S2). The following key lemma is due to Shvedenko
[22].

©
k=1

Lemma 2.1. For the Banach spaces S of sequences satisfying conditions (S1) and
(S2), the inclusion S C HP {L;;},1 < p < o, is fulfilled if and only if

Zk aiky, (z)
in u>0,wherel+l=1.
<a>€E. |[[< a >|lg. P q

In what follows we will call the number

def . ||Zk akkﬂk(z)”q

Na = In
<@>€E,  ||< ay >|g.

d oo
the Shvedenko constant corresponding to the sequence A ef Akh—y -

3. Invertibility of operators on the model space K,

3.1. Mainresult. The main result of this article is the following theorem, which
essentially improves [18, Theorem 3.1 p. 185].
Theorem 3.1. Suppose A = {1,},, is a Carleson sequence of distinct points of

D, B is the interpolation Blaschke product associated to{A,}, .., , X = {EM tn> 1}

is a corresponding Riesz basis of the space K, and r(X) is the corresponding Riesz
constant associated the family K. Forany A € B (Kgp) and any bounded sequence
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b = {b,},>1 of complex numbers b,,, for which there exists a constant § > 0 such
that |b,| > 6 for all n > 1, we denote

o 1/2
Tap = (Z (1 - |/1,42) ”(A —b,I) i?in‘f)
n=1
and
- 2 )2 v
SPRE (Z (1= || )H(A—an) | )
n=1
If
rn(fg) max {1’ Ab ‘L'Z’b} <1, (H)
then A is an invertible operator in Kz. Moreover

_ r(XK)na
HA 1” = /I _r(jC)TA,b,

where 1), is the Shvedenko constant corresponding to the sequence A = {1}, , -

Proof. Since {”Afc\,l — bn@ } . and {“A*fc\/l — Enfc\/l
n n nZ n n
quences and A is a Blaschke sequence, the numbers 74 and 7/, , are finite.

Also, the family X = {E/ln ‘n> 1} is a Riesz basis in Kg, because A € (C). If U
is an orthogonalizer of X, then

} are bounded se-
n>1

1/2 1/2
W17 D lan* | < |20 anka, || < U | 2 lanl” (3.1)
n>1 n>1

n>1
for any finite complex sequence {a,},. , . Hence by considering the condition
|bp| = 6 > 0,n > 1, we have that for any N > 0

1/2

N R 1 N 5
Z anbnkln 2 ||U|| Z |anbn|
n=1

n=1

1/2

N
> S|l |an|”
n=1

S N
>— 2 N ak|.
Ul nzz:l m
Since r(X) = ||U||||U!||, we obtain
N S N
Z_:anbnkln Z% Zankln . (32)
n=1 n=1
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Now
N

A Z a, ic\ln

n=1

||M2 ||MZ

:r>
P

(Ai{\/ln — bnl/c\,ln + bnic\ln)

Ak — bn@n”.

N N
> (12 aubulks, || = 2 |ax|
n=1 n=1

From inequality (3.2), it follows that

N ~
Z anky,

N ~
AZank,ln > —

n=1

e 0 ||an: % (1= ') AR, = b |
A

Using the Holder inequahty we obtain

A Z ankl (f]C) k/1
IZV: |an|2 1/2 - b A 2% (1 M |2) 1/2
= (1_ |/1n'2) “ An n /ln” “~ n
( ) 1/2
1 el (= A
Z kfln — Z TA,b'
r(gC) n=1 ‘ n=1 (1 _ |/1n|2)2
Writing that
, , 1/2
N fan]" (1 = |4
2 z ( Z)HZ ) B H{ an1 = Mlz)l/z}” Hleqa-ia,2-1)°
= (1
we have
N
AZanfc\,ln >
n=1
N
A 2y\1/2 -1
D |2 o (G CIRRG A ENE IUre v
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Because {1,},., is assumed to be a Carleson sequence, it is well-known in this
case that

H{L,} =1 (1= |2,]").
o L . 2\t 5 2
Thus, by considering the obvious inclusion [ (1 — |An| ) cl (1 — |An| ) ,
-1
we have that [? ((1 — |/1n|2) ) C H?*{L,}. Therefore, by setting p = 2 and

-1
S =1 ((1 — |/1n|2) ) in Lemma 2.1, we obtain

N s N N N1/
A Z ank; || > e Z anky || — Z a, (1 — | 4] ) ki || mx Tan
n=1 r ( ) n=1 n=1
s N N
= ka || =07t ka |l-
() n;lan || = VA TAD n;lan An
Finally, we arrive to the following inequality
N N
~ ) TAb ~
A aky || > ( — —) a,k (3.3)
nZ=:1 n An r(j(-) 77/\ r;[ n An

for any complex numbers a,,n = 1,2,---,N, and all N > 0. Since the Carleson
condition implies the Blaschke condition, Span (X) = Kj, i.e., X is a complete
system in K. Therefore, we deduce from (3.3) that

o) TA)
Af|l > (— - = , (34)
1af= (s = ) 1
for any f € Kj.
By a similar arguments, we prove that

AR s T\l ~
A* ) ayk; || > -— ank; |,
2 ks (r(ﬂc) m)n;”
which yields that
S Tab
Afll 2| —= — — 3.5
a1 (rm m)ufn (3.5)

for any f € Kp. Now, combining hypothesis (H) with both inequalities (3.4)
and (3.5), implies that A is invertible in Kz and that

r(K)na
a8 —r (K)Tap ’
which completes the proof. (|

[ =<

~K —_— ~K ~
Since A* (1) = AKs (1) and |A* © (1)| = | Az (1) < |4l for every A in
B (Xg), the following is an immediate corollary of Theorem 3.1.
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Corollary 3.2. Under the same hypothesis as in Theorem 3.1, if the sequence b
is chosen to be b = {AX5 (1,,)} with ‘AKB (/ln)’ >8> 0,foralln > 1.Then A is
invertible in K and
1 “ < r (-7( ) N )

T oA —r(K)Tap

4~

3.2. Model operators. Consider the model operator Mg of Sz.-Nagy and Foias,
acting on the subspace Ky in the following way

Mpf = PeSf,
where S is the unilateral shift operator in the Hardy space H? defined by Sg (z) =

zg(z), O is an inner function and Py = I — ToT} is the orthogonal projection

from H? onto K. It is well-known [24] that the operator My admits a functional
calculus in the class H®, i.e., for any function ¢ € H*, the operator ¢ (My) is
defined by

¢ (Mp) f =Popf, [ €Kp.
It is also known [21] that the operator ¢ (My) is invertible if and only if there
exists a constant § > 0 such that

v (@) +18(2)] 26, (3.6)

for all z € D. The proof of this statement is based on the classical Carleson’s
Corona Theorem [21]. When 0 is an interpolation Blaschke product B, i.e.,
Blaschke product with zeros A = {4,},., € (C), itis also known (see, for in-
stance, Hoffman [16, Chapter 10] that condition (3.6) becomes

lp (4,)| = 6, foralln > 1.

In the next proposition, we present a new proof of the invertibility of the oper-
ator ¢ (Mp), which does not use the Carleson’s corona theorem.

Theorem 3.3. Let A = {4,},5,, N, B and r (X) be as in Theorem 3.1. Let ¢ €
H® be a function satisfying ||p|| . < 1, for which there exists a constant § > 0
such that

P )| 26> r(K)wy, | —————, foralln=1, (37
na +r(XK) wk

Y
n=1

1/2
for some § > 0, where wy o (Z (1 - |/1n|2)) . Then the operator ¢ (Mp)

is invertible in Kz and
r(X)

-1
< —.
o 107" < =5
Proof. The proof uses the following formula
¢ (2) — B(2) 9B (2)
1-1B@)

—_Kp
pMp) (2)=

(ZED)a
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from the author’s paper [17, formula (1)], which implies that
— K
b, ;= (Mp)  (A,)=¢(,), forall n> 1.

This shows that the inequality |¢ (4,)| > § is in fact equivalent to

— K
o(Mg)  (A)| >8>0, foralln > 1.

Moreover, using the fact that PB@n = E/l,,, we have

lo M Rs, — 0 ARy | = (PaToa, PaToks, ) — 5 G) (PoT ok, K, )
— ¢ (L) (ks PeTokz, ) + @ ()]
= TgPsTy () — 9 () (Toka, . Ky, )
— o () (K, Toky, ) + |0 (1)
= T5P5T, (1) — |¢ (An)|”
< ber (TzPT,) — &
< [rspary| - &°
<llgllZ, - &2
<1-62

Thus
2

~ — K ~
o0&, — 0" )y | <1~ (38)
Inequality (3.8) implies that (after rewriting the definition of 7 4 ;, in Theorem

— K
3.1, with A = ¢ (Mp) and b, = ¢ (Mp)  (4,))

1/2
Toapb S WA (1=6%) .

Since (p (M3p))" = T | Kp, it is easy to see that

~ K3 ~
(¢ Mp)) ks, =@ (Mp)"  (An)ks, = 0.
Thus,
* —
o = O
Now, combining the equation above with the inequality (3.8) and using the
same argument as in the proof of Theorem 3.1, one can show that

o 1) £ > | 55 = 52 (1= )" U1

1/2

and

* o)
“Gp (Mp) f” > m LI
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for any f € Kp. Therefore Corollary 3.2 implies that ¢ (Mp) is invertible, and
since “(gp (MB))_1|| = H(qo (MB)*)_IH , we have that

[ ™ < Z52,

which completes the proof. O
Remark 3.4. If A = {4,} € (C) is a sequence such that
7)/2\ + r(.‘K’)2 wlz\ =T (K)wy + 1)2

(ie,ifny =1+ 2r (K)wpy), then condition (3.7), satisfied by 8 in Theorem 3.3,
becomes

r(K)wp
r(K)wy+1°

In particular, if r (X)w, = 45, then ny = \91. Therefore condition (3.9) be-
comes

5> (3.9)

d> 2—2, which is a "Tolokonnikov type” condition [25].
Ifr () wy = 23, we obtain that
d> ; which is a "Nikolski type” condition [21].
More details about "Tolokonnikov-Nikolski type” invertibility conditions for the
Toeplitz operators on the Hardy space H? can be found in [21].

4. Further Results

4.1. Normal and Toeplitz operators. We shall characterize normal opera-
tors on the Hardy space H? in terms of Berezin symbols. Also, we shall discuss
compactness properties of products of some Toeplitz operators acting in Hardy
and Bergman spaces.

Theorem 4.1. Let A be a bounded operator on H? and A (1) = <AE,1 (2), EA (z)>

. . ~ 1-12° . . .
be its Berezin symbol, where k; (z) = - 71| isa normalized reproducing kernel
—AZ

of H?. Then
(i) A is a normal operator on H? if and only if

”(A—Z(/I)I) EA” = ”(A —K(A)I)* ic\l” , forall A € D.

(ii) In particular, if A = T, where ¢ € L*, then the product T;T, (or T¢T2;) is
compact if and only if p = 0.

Proof. An easy computation shows that

|ak: - A @”2 = FA@W - |AW)[ 4.1)
and 5 ,
A'ky — A% (1) a“ = A& Q) - |AQ)[ . (4.2)
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Since the Berezin symbol uniquely determines the operator A, it follows from
formulas (4.1), (4.2) that A is a normal operator on H? if and only if

' (A-AQ)I) EAH = H(A A1) EAH (VA e D),

which proves (i).
On the other hand, it is known that (see Engli§ [9] and Karaev [19])

“Tq,@ —3() EA” — 0as A — T radially.

In fact, the functions l/c\/l (1 € D) are "loosely speaking” asymptotic eigenfunc-
tions for the Toeplitz operator T,, with asymptotic eigenvalues ¢ (4). Since
T¢ (1) = @ (4) is the harmonic extension of ¢ onto unit disk D, it follows from
equalities (4.1) and (4.2) that

ok - R = T3T, W) - ) 43)
and ,
|3k~ k|| =T, T~ 1g@[ - (44)

Now, using the fact that the Berezin symbol of any compact operator on H?
vanishes at the boundary T, and considering the above mentioned facts, we
deduce from (4.3) and (4.4) that if T, T, (or T,Ty) is a compact operator on H 2
then
) )
111}1 |q"o'(re”)| = ’qo (e”)| =0,
r—1-

for almost all ¢t € [0, 277), and hence ¢ = 0. This proves (ii) and the proposition
is then proved. O

In the Bergman space, as usual, things are much more complicated. The
analogous of assertion (ii) of Theorem 4.1 is not true for the Bergman space
Toeplitz operators. In Example 4.2, we were able to find a nonzero radial sym-

bol f such that the product T}% is equal to a compact Toeplitz operator T.

LetdA = rdr%, where (r,0) are the polar coordinates in the complex plane
C, denote the normalized Lebesgue area measure on the unit disk D, so that the
measure of D equals 1. The Bergman space L2(D) is the Hilbert space consisting
of the analytic functions on D that are also square integrable with respect to
the measure dA. We denote the inner product in L?(D, dA) by <, >. It is well
known that L2(D) is a closed subspace of the Hilbert space L?(DD, dA), and has
the set{\/n + 1z" | n > 0} as an orthonormal basis. We let P be the orthogonal
projection from L?(D, dA) onto L2(D). For a bounded function f on D, the
Toeplitz operator Ty with symbol f is defined by

T(h) = P(¢h) for h € L2(D).

It is well known that if the symbol f is a radial function, i.e. f(z) = f(|z]),
then the matrix of the Toeplitz operator T s, with respect to the orthonormal
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basis {\/n +1z" | n > 0} of L3(D), is a diagonal matrix with the sequence
{2(n +1) fol f(ryrin+l dr} oo as elements of the main diagonal. In fact
nz

(Tr(Vn+12"),Vm +12") = (P(fVn + 12",V m + 1z™)

=vVn+1Wm+ 1(fz",z")
1 27 do
=Vn+1lWm+ 1/ / f(r)r”‘m“ei(”‘m)eﬂdr
o Jo

_ 2(n+1)f01f(r)r2”+1dr ifn=m
“lo ifn#m

Moreover, it has been shown in [20, Proposition 4.3. p 530], that the product
Ti, is equal to a Toeplitz operator T, if and only if there exist a radial symbol g

solution to the following Mellin convolution equation

1 1
[ 0% = [ r(G)ro% @3

Now we are ready to present our counter example to condition (ii) of Theorem
4.1 in the case of Bergman space Toeplitz operators.

Example 4.2. Let f (r) = r Inr. By solving equation (4.5)) for g, we obtain
_r(1 2
g(r)—2<31nr 1)(1nr) .

Hence TJ% = Tg. Obviously f and g are not bounded but they are the so-called

"nearly bounded functions” [1, p.204]. Thus the Toeplitz operators associated to

these two symbols are bounded. Since g is a radial symbol, T, is a diagonal op-

erator with the sequence {2 (n+1) fol g r2"+1dr} as elements of the main
n>0

diagonal. In this case, it is well known that T will be compact if and only if

lim 2(n+1) =0.

n—-+oo

1
f g(r)rtidr
0

Now since Ty = szr, a direct calculation shows that

2

1 1
2(n+1) / g(ryrtidr = (2 (n+1) f Q) r2"+1dr)
0 0

_4n+1)
@n +3)"

It is clear that the fraction above will tend to zero as n goes to infinity. Hence T,

and therefore T} is compact. But f is not the zero function.

foralln > 0.
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