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Bounds on torsion of CM abelian varieties
over a p-adic field with values in
a field of p-power roots

Yoshiyasu Ozeki

ABSTRACT. Let p be a prime number and M the extension field of a p-adic
field K obtained by adjoining all p-power roots of all elements of K. In this
paper, we show that there exists a constant C, depending only on K and an in-
teger g > 0, which satisfies the following property: If A i is a g-dimensional
CM abelian variety, then the order of the torsion subgroup of A(M) is bounded

by C.
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1. Introduction

Let p be a prime number. Let K be a number field (= a finite extension of
Q) or a p-adic field (= a finite extension of Q,). Let A be an abelian variety
defined over K of dimension g. It follows from the Mordell-Weil theorem and
the main theorem of [Ma] that the torsion subgroup A(K);.s of A(K) is finite.
The following question is quite natural and has been studied extensively:

Question. What can be said about the size of the order of A(K);qs?

If K is a number field of degree d and A is an elliptic curve (i.e., g = 1), it is
really surprising that there exists a constant B(d), depending only on the degree
d, such that #A(K);,s < B(d). An explicit formula for such a constant B(d) is
first given by Merel [Me]. After that, Oesterlé and Parent [Pa] give a refinement
of Merel’s bound, independently. (Oesterlé’s proof was unpublished until Der-
ickx transcribed it in his Ph.D Thesis; see [DKSS, Section 6] for the published
article). The amazing point here is that the constant B(d) is uniform in the
sense that it depends not on the number field K but on the degree d = [K : Q).
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Such uniform boundedness results are not known for abelian varieties of di-
mension greater than one. Next we consider the case where K is a p-adic field.
As remarked by Cassels, the “uniform boundedness theorem” for p-adic base
fields would be false (cf. Lemma 17.1 and p.264 of [Ca]). For abelian varieties A
over K with anisotropic reduction, Clark and Xarles [CX] give an upper bound
of the order of A(K)ys in terms of g, p and some numerical invariants of K.
This includes the case in which A has potentially good reduction.

We are interested in the order of A(L),,, for certain algebraic extensions L
of K of infinite degree. Now we suppose that K is a p-adic field. There are not
so many known L so that A(L)y is finite. Imai [Im] showed that A(L);, iS
finite if A has potential good reduction and L = K(upe), where upe is the set
of p-power root of unity. The author [Oz] showed that Imai’s finiteness result
holds even if we replace K(up) with a certain type of a Lubin-Tate extension
field of a p-adic field. The result [KT] of Kubo and Taguchi is also interesting.

They showed that the torsion subgroup of A(K( " W)) is finite, where A is an

abelian variety over K with potential good reduction and K( ” VK) is the exten-
sion field of K obtained by adjoining all p-power roots of all elements of K. Our
main theorem is motivated by the result of Kubo and Taguchi. The goal of this
paper is to show that, under the assumption that A has complex multiplication,

the order of A(K(” W))tors is “uniformly” bounded. (Here we say that A has
complex multiplication if there exists a ring homomorphism F — Q®z EndzA
for some algebraic number field F of degree 2g.)

Theorem 1.1. There exists a constant C(K, g), depending only on a p-adicfield K
and aninteger g > 0, which satisfies the following property: If A is a g-dimensional
abelian variety over K with complex multiplication, then we have

#A (K( PW)) _<C(K.g).

tor

The theorem above gives a global result: For any integer d > 0, we denote by
Q4 the composite of all number fields of degree < d. If we fix an embedding

Q < Q,, then Q4 is embedded into the composite field of all p-adic fields
of degree < d, which is a finite extension of Q,. If we denote by Q4 , the
extension field of Q., obtained by adjoining all p-power roots of all elements
of Q4, then the following is an immediate consequence of our main theorem.

Corollary 1.2. There exists a constant C(d, g, p), depending only on positive in-
tegers d, g and a prime number p, which satisfies the following property: If A is
a g-dimensional abelian variety over Q4 with complex multiplication, then we
have

#A(@gd,p)tors < C(d, 8, p)~

The organization of the paper is as follows. Section 2.1 is a preliminary of the
proof of Theorem 1.1. Some results related with characters and p-adic Hodge
theory are given there. In Section 2.2, we give a proof of Theorem 1.1. Here is
a sketch of our proof: If we denote by p the Galois representation given by the
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p-adic Tate module of A, we will find that it is enough to give an upper bound
of the minimal value of v,(det(p —I)) (here, v}, is the normalized p-adic valua-
tion). For this, we first reduce an argument to the case where A has both good
reduction and complex multiplication over the base field. If this is the case, the
(semi-simplification of the) representation p is given by some crystalline char-
acters ¥y, ... , P,g, and then we see that it suffices to give a bound of the minimal

value of Zizfl vp(¥; — 1). We obtain this bound by applying the results given in
Section 2.1 with careful treatments for the Hodge-Tate type of ;.

Notation : Throughout this paper, a p-adic field means a finite extension of
Q, in a fixed algebraic closure @p of Q. If F is an algebraic extension of Q,,
we denote by O and Fy the ring of integers of F and the residue field of F,
respectively. We denote by G the absolute Galois group of F and also denote
by I'z the set of Q,-algebra embeddings of F into @p. We putdp = [F @ Q,].
For an algebraic extension F’ /F, we denote by ep//r and fp/p the ramification
index of F’ /F and the extension degree of the residue field extension of F’ /F,
respectively. We set ey := ep /Q, and fr := fr /Qp and also set g := p/r. If
F is a p-adic field, we denote by F2® and F** the maximal abelian extension of
F and the maximal unramified extension of F, respectively.

2. Proof

2.1. Some technical tools. We denote by v, the p-adic valuation on a fixed

algebraic closure Q, of Q, normalized by v,(p) = 1. Let K be a p-adic field.
For any continuous character y of Gg, we often regard y as a character of
Gal(K® /K). We denote by Arty the local Artin map K* — Gal(K?*®/K) with
arithmetic normalization. We set yx := yoArty. We denote by K* the profi-
nite completion of K*. Note that the local Artin map induces a topological iso-

morphism Artg : KX S Gal(K® /K). For a finite extension K’ /K, we denote
by Ng//k the norm map from K’ to K.

Proposition 2.1. Let K and k be p-adic fields. We denote by k,, the Lubin-Tate
extension' of k associated with a uniformizer 7 of k. (Ifk = Q pand = p, then

—X
we have k; = Q,(up=).) Let x1,..., xn: Gx — Q) be continuous characters.
Then we have

Min {Z vp(xi(e)—1) | o€ GKk,,}

i=1

n
< Min iz Up(XixoNk/x(@) —1) [ w € Ngi/k(ﬂf’“‘/"z)i :
i=1

Igee [Yo] for Lubin-Tate extensions.
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Proof. We have a topological isomorphism Art;1 : Gal(k®/k) 5 kX and
Art,zl(Gal(kab /k")) = (9;5. We denote by M the maximal unramified exten-
sion of k contained in Kk. Since the group A1rt;1(Gal(k‘j‘b /M)) contains O: and
is a subgroup of = nl x (9;(< ofindex [M : k], we see Art,?l(Gal(kab /M)) =

M:KIZ 5 (9>k<. (Here, 72 is the closure of the subgroup 7% of [ generated by

7l
7, which is topologically isomorphic to 2. We write 72 for the n-th power of
72 for any integer n.) On the other hand, we have A1r‘[,:1(Gal(kab [kz)) = z
Thus we obtain Art;'(Gal(k?®/Mk,)) = 7K Denote by Resy / the nat-
ural restriction map Gal((Kk)*®/Kk) — Gal(k?®/k). Then one can check that
it follows ResI_{i /k(Gal(kab /Mk,)) = Gal((Kk)®/Kk,). Thus it follows that
the group Artlzllc(Gal((K k)2 /Kk,)) coincides with lei /k(ﬂ'[M :k]z). Therefore,

if we take any w € lei/k(n[M:k]Z), we have

n
Min {Z v,(Xi(0) = 1) | 0 € Gy,
i=1

i=1

= Min {Z v,(xi(0) — 1) | o € Gal((Kk)™ /Kk,,)z

n
= Min {Z Up()(i,KoNKk/KoArtI_{}((a) -1)|oe Gal((Kk)ab/Kkﬂ)g

i=1

n
< Z Up(Xi,koNgi /g (@) — 1).
i=1

0

We recall an observation of Conrad for crystalline characters. We often use
p-adic Hodge theory. For the basic notion of p-adic Hodge theory, it is helpful
for the reader to refer [Fol] and [Fo2]. Let B be the Fontain’s p-adic pe-
riod ring and set DfriS(V) := (B ®q, V)6 for any Q) -representation V' of
Gk. Let us denote by K the maximal unramified subextension of K/Q, and
denote by ¢, the Frobenius map of K, that is, the (unique) lift of the p-th
power map on the residue field of K,. Since Bfrfs = K,, Dfris(V) is a Ky-vector
space. Moreover, DfriS(V) is a filtered ¢-module over K; it is of finite dimen-
sion over K, it is equipped with a bijective ¢ -semi-linear Frobenius operator
@ and it is equipped with with a decreasing exhaustive and separated filtration
on Dfris(V) ®g, K. On the other hand, we denote by gx the Weil restriction

Resg/q, (Gyn)- This is an algebraic torus such that, for a Q,-algebra R, the R-
valued points KX(R) ofg>< is G,,(R ®aq, K).

Proposition 2.2 ([Co, Proposition B.4]). Let K and F be p-adic fields, and let
X - Gg — F* beacontinuous character. We denote by F () the Q,-representation
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of Gg underlying a 1-dimensional F-vector space endowed with an F-linear ac-
tion by Gy via y.

(1) y iscrystalline® if and only if there exists a (necessarily unique) Q p-homo-
morphism Xy : K* — F* such that yx and Xalg (0n Qp-points) coin-
cides on 0% (C K* = K*(Qp)).

(2) Let K be the maximal unramified subextension of K /Q,. Assume that y
is crystalline and let x4 be as in (1). (Note that x L is also crystalline.)
Then, the filtered p-module Dfris(F (™) = B ®aq, F( x~H)%k over
K is free of rank 1 over K|, ®q, F and its Ky-linear endomorphism ¢/« is
given by the action of the product yx(my) - )(a_l;(ﬂK) € F*. Here, 1y is
any uniformizer of K.

We define some notations for later use. It is helpful for the readers to refer
[Se, Section III, A4 and A5] and [Co, Appendix B]. Assume that K is a Galois
extension of Q. Let y : Gg — K* be a crystalline character. Let yir: Ix —
K* be the restriction to the inertia I of the Lubin-Tate character® associated
with any choice of uniformizer of K (it depends on the choice of a uniformizer
of K, but its restriction to the inertia subgroup does not). By definition, the
character yp is characterlized by y;roArtg(x) = x~! for any x € 0. (We
remark that y;r is the restriction to Iy of the p-adic cyclotomic character if
K=0 p.) Then, since y is crystalline, we have

x =TI o oxs

oel'y

on the inertia Iy for some (unique) integer h,. Equivalently, the character y,,
(appeared in Proposition 2.2) on Q,-points is given by

Xalg(x) = H (o™ tx)he
UGFK
for x € K*. We say thath = (ha)o.epK is the Hodge-Tate type of y. Note that
{h, | o € Tg} as a set is the set of Hodge-Tate weights of K(y), that is, C Qaq,

K(x) ~ @ger,C(hy) where C is the completion of @p (cf. [Se, Chapter III, A5,
Lemma 1 and Theorem 2]).

For any set of integers h = (h;)ser, indexed by 'y, we define a continuous
character ¢y, : Ox — O% by

() = [ (@7Ix) . (1)

o€el'y

Lemma 2.3. For1 <i <, leth; = (h;)scr, be a set of integers. For each i,
assume that

2This means that the Q p-representation F(y) of Gy is crystalline.
30ur Lubin-Tate character here is the character xg" in [Se, Section III, A4]. See also Propo-
sition 4 of loc., cit.
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(a) ZaerK h; ; is not zero, and

(b) his # h;, forsomeo,t € Tk.
Then, there exists an element w of ker Ng /Q, such that Py, (@), ..., Py (@) are of
infinite orders.

Proof. For any character y on O%, we denote by y’ the restriction of y to 1 +
p2 Og. To show the lemma, it suffices to show

r
!/ /
ker NK/@p ¢ g ker z/)hl_. (2)

(In fact, any non-trivial element of Im gb;r is of infinite order since Im gb{} isa

subgroup of a torsion free group 1 + p?>O.) Since N ;< /a
p

subgroup of Z%, we see that the dimension* of ker N 4

(14 p?Ok) is an open

/0, is dg — 1. We claim

that dim ker 3, < dg —1. By the assumption (a), we see that Im w;li contains an
open subgroup H of Z3. Thus we have dim ker gbl’% = dg —dim Im 1,[)1’1!_ <dg-—1.
If we assume dim ker z,b;li = dg — 1, then dim Im zp{ll_ = 1 and thus H is a finite
index subgroup of Im z,b;li. It follows that there exists an open subgroup U of O%
such that ¢y, restricted to U has values in Z;f. By [0z, Lemma 2.4], we obtain
that h; ; = h;; for any o, € T’y but this contradicts the assumption (b) in the
statement of the lemma. Thus we conclude that dim ker zp;ll_ <dg —1.

Now we fix an isomorphism ¢ : 1+ p?Og ~ Z;‘?d" of topological groups. We

define vector subspaces N and P; of @;‘?dK by N := u(ker N;{ /0 ) ®zp Q, and
p

P, := L(kerlpl’r)®2p@p. We know thatdimg N = dy—1anddimg P; < dg—1.

Assume that (2) does not hold, that is, ker N}, sa, © U;=1 kergy . Then we

have N C Uir=1 P;. This implies N = U:=1(N N P;). By the lemma below,
we find that N = N n P; C P; for some i but this contradicts the fact that
dim@p N > dimQP P;. O

Lemma 2.4. Let V be a vector space over a field F of characteristic zero. Let
W1,..., W, bevector subspaces of V. If V = U:=1 W, then V. = W, for some i.

Proof. We show by induction on r. The cases r = 1,2 are clear. Assume that

the lemma holds for r and suppose V = U:ll W,;. We assume both W; ¢

Ulr;l W;and W, ¢ U:zl W; holds. Then there exist elements x; € W;

1 . .
U:z W;and X, ;1 € W, 4~ U;zl W,;. It is not difficult to check that we have
AX;+X, 41 & W1 |J W, forany 2 € F*. Hence there exists an integer 2 < j, <

“Ifa profinite group G has an open subgroup U which is isomorphic to 7% then d does not
depend on the choice of U and we say that d is the dimension of G. For example, dim Zfd =d.
Note that the dimension of G is zero if and only if G is finite. See [DDMS] for general theories of
dimensions of p-adic analytic groups.
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r for each integer n > O such that nx, +x,,, € W; . Takeany integers0 < ¢ <k
so that j, = ji(=: j). Then (k — €)x; = (kx; + X,41) — (€% + X,41) € W,
Since F is of characteristic zero, we have x; € W j but this contradicts the fact

that x; ¢ Ulr;rzl W;. Therefore, either W, C Ulr:zl WiorW,,, C Uir:1 W; holds.

This shows that V' = U:zl WiorV = U:zl W; and the induction hypothesis

implies V = W; for some i. O

Finally we describe the following consequence of p-adic Hodge theory, which
is well-known for experts.

Proposition 2.5. Let X be a proper smooth variety with good reduction over a
p-adic field K. Then we have
det(T — ¢/x | DX (H! (Xz,Q,)) = det(T — Frobg | H. (Xz, Q,))

for any prime € # p. Here, Frobg stands for the arithmetic Frobenius of K.

Proof. LetY be the special fiber of a proper smooth model of X over the integer
ring of K. By the crystalline conjecture shown by Faltings [Fa] (cf. [Ni], [Tsu]),
we have an isomorphism DfriS(Hfét(X—, Q,)) =K, ®W([Fq,<) H ériS(Y /W (Fg,)) of
@-modules over Kj,. It follows from Corollary 1.3 of [CLS] (cf. [KM, Theorem
1] and [Na, Remark 2.2.4 (4)]) that the characteristic polynomial of K|, ®W([FqK)

H'  (Y/ W(Fg,)) for the (fk-iterate) Frobenius action coincides with det(T' —

Cris

FrobEl | H é (X7, Q¢)) for any prime ¢ # p. Thus the result follows. O

2.2. Proof of the main theorem. Let A be a g-dimensional abelian variety
over K with complex multiplication. We denote by L the field obtained by ad-
joining to K all points of A[12]. It follows from [Si, Theorem 4.1] that endomor-
phisms of A are defined over L. By Raynaud’s criterion of semi-stable reduction
[Gr, Proposition 4.7], A has semi-stable reduction over L. Moreover, A has good
reduction over L since A has complex multiplication [ST, Section 2, Corollary
1]. Since the extension degree of L over K is at most the order of GLy,(Z/127)
and there exist only finitely many p-adic fields of a given degree, we immedi-
ately reduce a proof of Theorem 1.1 to showing the following:

Proposition 2.6. There exists a constant C(K, g), depending only on a p-adic
field K and an integer g > 0, which satisfies the following property: Let A be a g-
dimensional abelian variety over K with the properties that A has good reduction
over K and Endg(A) ®7 Q is a CM field of degree 2g. Then we have

#A (K( "W))tors < (K, d).

Proof. Since there exist only finitely many p-adic field of a given degree, re-
placing K by a finite extension, we may assume the following hypothesis:

(H) K is a Galois extension of Q, and K contains all p-adic fields of degree
<2g.
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In the rest of the proof, weset M := K(* W ). Let A be a g-dimensional abelian
variety over K with the properties that A has good reduction over K and F :=
Endg(A) ®7 Q is a CM field of degree 2g. Let T = Tp(A) = l(iEnA[pn] be
the p-adic Tate module of A and V' = V,(4) 1= Tp(A) ®z, Qp. Then V is
a free F, := F ® Q,-module of rank one and the representation p: Gy —
GLz, (T)(c GLQP(V)) defined by the Gg-action on T has values in GLFP(V) =

F;‘. In particular, p is an abelian representation. The representation V is a
Hodge-Tate representation with Hodge-Tate weights 0 (multiplicity g) and 1
(multiplicity g). Moreover, V is crystalline since A has good reduction over K.
Fix an isomorphism ¢: T S Z?Zg of Z,-modules. We have an isomorphism
[: GLZP (T) = GL,g(Z),) relative to 1. We abuse notation by writing p for the
composite map Gx — GLZP(T) ~ GLyy(Zp) of p and i. Now let P € T and
denote by P the image of P in T/p"T. By definition, we have (cP) = p(o)u(P)
for o € Gy. Suppose that P € (T /p"T)®. This implies cP — P € p"T for any
o € Gy Thisis equivalent to saying that (o(c)—I)u(P) € p"Zfzg where I is the
identity matrix, and this in particular implies det(p(c) — Di(P) € p"Z;‘fzg for
any o € G);. If we denote by M,;,, the maximal abelian extension of K contained
in M, it holds that p(Gy;) = p(Gyy,, ) since p(Gy) is abelian. Thus we have

det(p(o) — Du(P) € p"Z;?Zg forany o € Gy, . 3)

On the other hand, we set G := Gal(M/K) and H := Gal(M/K(up=)). Let
Xpt Gg — Z; be the p-adic cyclotomic character. Since we have oto™!

) for any ¢ € G and T € H, we see (G, G) D (G,H) > H*»©~1 (here, (-, -)
stands for the commutator). Hence we have a natural surjection

H/H%@™! % H/(G,G) = Gal(M,,/K(1p)) foranyo € G. (4)

Let v be the smallest p-power integer with the properties that v > 1 and
Xp(Gg) D 1+vZ,. Then (4) gives the fact that Gal(M,, /K (tpe)) is of exponent
v, thatis, o € G (upe0) implies 0¥ € G, . Hence it follows from (3) that, for

any point P € T such that its image P in T/ p"T is fixed by Gy, we have
det(p(0)” — Di(P) € p"ZP* foranyo € Gy (5)
Claim. There exists a constant Cy(K, g), depending only on K and g such that
vp(det(p(op)” — 1)) < Co(K, 8)

for some o, € G (upe0)-

Admitting this claim, we can finish the proof of Proposition 2.6 immediately:
It follows from Claim 2.2 and (5) that (T /p"T)%» c p"~C&&T/p"T for n >
Co(K,g). Setting C(K, g), := p“oK:8228 we obtain

#AM)[p"] = #(T/p"T)™ < #(T/p©&dT) = C(K, g),,
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which shows #A(M)[p*] < C(K, g)p,, On the other hand, we remark that Kubo
and Taguchi showed in [KT, Lemma 2.3] that the residue field F,, of M is finite.
The reduction map indues an injection from the prime-to-p part of A(M) into
A(F,,) where A is the reduction of A. If we denote by g the order of F, it
follows from the Weil bound that #A(F,,) < (1 + \/@)*¢. Therefore, setting
C(K,g) := C(K,g), - (1 ++/q)*8, we conclude that #A(M),s < C(K, g). This
finishes the proof of the proposition.

It suffices to show Claim 2.2. Since the action of Gk on V factors through an
abelian quotient of Gy, it follows from Schur’s lemma that each Jordan Holder

—X
factor of V ®aq, Q,, is of dimension one. Let ¥;,..., 95,1 Gx — Q, be the

characters associated with the Jordan Holder factors of V' ®q, Qp. Since K
contains all p-adic fields of degree < 2g, we know that each ; has values in
K* (in fact, for any o € Gk, we know that 1,(0), ..., ,,(0) are the roots of the
polynomial det(T — o | V) € Q,[T] of degree 2g). In the rest of the proof, we
regard i; as a character Gy — K* of Gg with values in K*. We remark that
each 1); is a crystalline character since V is crystalline. Furthermore, we have

2g 2g
vp(det(p(o)” = D) = v, H(zp;(o)—l) =;vp(¢;<a)—1>

foranyo € G (u,e)- Hence it follows from Proposition 2.1 that we have

Min {vp(det(p(a)” -I)|oe GK(,LLPOO)}

2g
< Min Z vp(lpl?”K(pco)_1 —1)| w € ker NK/@p . (6)
i=1

Note that we have
i x(pw)™! = wi,K(ﬂ;K : ﬂlefp_l) g (w)™
= ¢i,K(ﬂK)_eK¢i,alg(”;é{p_l) ()™
=a, " Prag(p) - Pig (@) (7)
for w € ker Ny /g, where a; 1= Vi k(T s arg ()~

Lemma 2.7. Let the notation be as above. Let AV be the dual abelian variety of
A, and let A and AV be the reductions of A and AV, respectively.

(1) «; is a root of the characteristic polynomial of the geometric Frobenius endo-
morphism on/FK.

2) ocl._lqK is a root of the characteristic polynomial of the geometric Frobenius
endomorphism of AV [Py

Proof. In this proof, we denote by WV the dual representation
wY = Home(W, Qp)
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for any p-adic representation W. As K (zpi‘l) is a subquotient of V,(A)¥ ®q, K,
it follows from Proposition 2.2 that «; is a root of the characteristic polynomial
f(T) := det(T — /x| DCKriS(Vp(A)V)) of the K,-linear endomorphism ¢/%, the
[fx-th iterate of the Frobenius ¢, on the K-vector space Dfris(Vp(A)V). We find
that

f(T) = det(T — ¢/x | DX, (H} (Ag, Qp))

cris

= det(T — Froby | H(Az, Q) = det(T — Froby | V,(A))

for any prime ¢ # p where Frobg stands for the arithmetic Frobenius. The
second equality follows from Proposition 2.5. The last term above coincides
with the characteristic polynomial of the geometric Frobenius endomorphism
of Z/[FK. This shows (1). On the other hand, it follows from Proposition 2.2
again that o' is a root of det(T — ¢/« | DE. (V,(A))). Since V,(A)(-1) =~

V,(AY)Y, we see that a; ' gy is aroot of f¥(T) := det(T —@/x | DX, (V,(AV)).

cris
Now the same argument of the proof of (1) with replacing A by A gives a proof

of (2). O

We continue the proof of Proposition 2.6. Let h; = (h; ;)ser, be the Hodge-
Tate type of ¢;. Then we have h; , € {0, 1} for any i and o. Reordering, we may
suppose there is an r for which we have the following:

(D h; # (0)gery> Wger, for1 <i<r,and
(ID) h; = (0)ger, orh; = (Dger, forr+1<i < 2g.
Consider the case h; = (0)¢r, - If this is the case, 1; is unramified. This implies
that 1; 5 on (Q,-points) is trivial. Take any w € ker Ng/q, and consider the
p-adic value v, (¥ (pw)~! —1). By (7), we have

Pre(pe)y™ =", (8)

We remark that the right hand side is independent of the choice of w € ker N /Q,
and a; must be a p-adic unit (since so is the left hand side).
Next, consider the case h; = (1)g¢r, - If this is the case, we have 3; = y, on

Ik, thatis, §; 5, (on Q,-points) is N-! . Takeany w € ker Ng /Q, and consider

K/Q,
the p-adic value Up(wg’K(pw)—l —1). By (7), we have
Ve (p@) ™ = (o - Nigjq, (P)) = (o' q)™™s. ©)

We remark that the last term is independent of the choice of w € ker Ng /Q,-
Supposer+1 < i < 2g. Let L be the unramified extension of K of degree vey.
Denote by f;(T) the characteristic polynomial of the Frobenius endomorphism

of A /F, or that of AV JF, ifth; = (0)ger, orh; = (1)5¢r, , respectively. We also set
a =9 (pw)ora 1=y} (pw)~" ifh; = (0)ser, orh; = (1)ger,, respectively.
It follows from (8), (9) and Lemma 2.7 that « is a unit root of f;(T). Writing
fi(T) = (T — 1)g;(T) + f;(1) for some g;(T) € Z[T], we obtain 0 = f;(a) =
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(¢ — 1)g;(a) + fi(1). This gives
vp(a™ = 1) = vy(a — 1) < vp((a — 1gy(a)) = vp(fi(1).

On the other hand, f;(1) coincides with the order of Z([FqL) or F([FqL). Hence
it follows from the Weil bound that f;(1) < (1 ++/q;)*® < (1 + \/EVdeg,
which gives an inequality v,(f;(1)) < log p(l + \/l_)VdK )%. Therefore, setting
Cy(K,g) :=log,(1+ \/EydK)zg, we obtain

Up(¢ZK(pw)_l - 1) < CZ(K7 g)

forr+1<i<2g.

Suppose 1 < i < r. We define a subset R = R(K, g) of @p by taking the set
consistingofall € @p that are a root of a polynomial in Z[T] of degree at most
2g and also a qg-Weil integer® of weight 1. We also define ®' = R'(K,g) :=
{(a"p") | « € R,0 < h < dg}. Then, both R and R’ are finite sets and

depend only on K and g. Furthermore, Lemma 2.7 and the Weil Conjecture
imply that each «; is an element of R. Thus, setting

e— ¢ -1 _ ¢ Zg hi o
Yii=o CPag(p)” = o F - pTeetk e,
we have y7 € R’. We consider the continuous character ¥y, : Ox — O de-

fined in (1). The character ¥; 5, (on Q,-points) restricted to O coincides with
Yn,- By Lemma 2.3, there exists an element w = w(K;hy,...h,) of ker Ng /Q,

such that z,b;’ll (@), ..., Py (@) are of infinite order. Since R’ is finite, there ex-
ists an integer r such that z/);’ll (wh), ... ,zpfl (w") are not contained in R’. Putting
wy = w', it holds that

* @, is an element of ker Ny /Q, Furthermore, w, depends only on K, g
and h,, ..., h,, and
. gb;’ll (o), -, Py, (wp) are not contained in R

Now we define a constant C(K, g, h;, ..., h,) by

r
C(Ka 8, hla ’hr) = Max Z Up(V{QbKi(CUO)_l - 1) | 7/1, € R, .

i=1

>We say that a is a q-Weil integer of weight w if o is an algebraic integer such that |«(a)| = q;/ g
for any embedding :: Q < C.
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By construction of w,, we see that the constant above is finite and depends only
onK,g,hy,...,h,. We find that

2g
Min Z vp(z,bZK(pco)‘l —1) | w € ker Nk/a,
i=1

2g
<> 0,7 (pwg)™ = 1)
i=1

r 2g
=Z vp()/fzp;’li(a)o)_l - 1) + Z Up(lpZK(pr)_l - 1)
i=1 i=r+1
SC(K’ 8, hl’ ’hr) + (2g - r)CZ(K’ g) < CO(K’ g) (10)

Here,

Co(K,g) :=Max{C(K,g,hy,...,h,) + (2g —r)C5(K, g)
|0<r<2g hy,..,h : Case ()}

(if r = 0, we consider the constant C(K, g, hy, ..., h,) as zero). By construction,
the constant Cy(K, g) is finite and depends only on K and g. By (6) and (10), we
conclude that Cy(K, g) defined here satisfies the desired property of Claim 2.2.
This is the end of the proof of Proposition 2.6. (]

We end this paper with the following remarks.

Remark 2.8. (1) We do not know the explicit description of the bound C(K, g)
in Theorem 1.1.

(2) We do not know whether we can remove the sentence “with complex mul-
tiplication” from the statement of Theorem 1.1 or not.

(3) Let K be a p-adic field. Let 7 = 7 be a uniformizer of K and 7, a p"-th

root of 7 such that 7r5+1 =, foranyn > 0. Weset K, := K(m, | n > 0). The

field K, is clearly a subfield of K( * W). It is well-known that K is one of key
ingredients in (integral) p-adic Hodge theory since K, is familiar to the theory
of norm fields. We can check the equality

A(Koo )tors = A(K)tors

holds for any abelian variety A over K with good reduction. It should be re-
marked that we do not need CM assumption here and the main theorem of
[CX] gives an explicit bound on the order of A(K),,. The proof for the above
equality is as follows: It follows from the criterion of Néron-Ogg-Shafarevich
[ST, Theorem 1] that the inertia subgroup I of Gg acts trivially on the prime-
to-p part of A(K ). Since K, is totally ramified over K, we obtain the fact that
the prime-to-p parts of A(K);.rs and A(K, )iors cOincide with each other. On the
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other hand, we consider the following natural maps.

AK)[p"] ~ Homg, (Z/p"Z, A(K)[p"])

& Homg, _(Z/p"Z, AB)[p"]) = AK)[p"].

Since A has good reduction, the injection ¢ above is bijective (cf. [Br, Theo-
rem 3.4.3] for p > 2; [Ki], [La], [Li] for p = 2). This implies A(K,,)[p*°] =

AK)[p

%],

References

[Br]

[Ca]

[CLS]

[DKSS]

[DDMS]

[Fa]

[Fo1]

[Fo2]

[Gr]

(Im]

[Ki]

[KT]

C. BrREUIL, Integral p-adic Hodge theory, in Algebraic geometry 2000, Azumino
(Hotaka), Adv. Stud. Pure Math., 36 (2002), 51-80. MR1971512, Zbl 1046.11085,
doi: 10.2969/aspm/03610051. 434

J. W.S. CASSELS, Diophantine equations with special reference to elliptic curves, J. Lon-
don Math. Soc. 41 (1966), 193-291. MR0199150, Zbl 0138.27002, doi: 10.1112/jlms/s1-
41.1.193. 423

B. CHIARELLOTTO AND B. LE STUM, Sur la pureté de la cohomologie cristalline,
C. R Acad. Sci. Paris Sér. I Math. 8 (1998), 961-963. MR1649945, Zbl 0936.14016,
doi: 10.1016/S0764-4442(98)80122-5. 428

B. CONRAD, Lifting global representations with local properties, preprint, 2011, avail-
able at http://math.stanford.edu/~conrad/papers/locchar.pdf 425, 426

P.L. CLARK AND X. XARLES, Local bounds for torsion points on abelian varieties,
Canad. J. Math. 60 (2008), 532-555. MR2414956, Zbl 1204.11090, doi: 10.4153/CIM-
2008-026-x. 423, 433

M. DERICKX, S. KAMIENNY, W. STEIN AND M. STOLL, Torsion points on elliptic curves
over number fields of small degree, Algebra Number Theory 17 (2023), 267—308.
MR4564759, Zbl 07669194, arXiv:1707.00364v2, doi: 10.2140/ant.2023.17.267. 422
J.D. DIXON, M.P.F. DU SAUTOY, A. MANN AND D. SEGAL, Analytic pro-p groups, Sec-
ond edition, Cambridge Studies in Advanced Mathematics, 61, Cambridge Univ. Press,
Cambridge, 1999. MR1720368, Zbl 0934.20001, doi: 10.1017/CB09780511470882. 427
G. FALTINGS, Crystalline cohomology and p-adic Galois-representations, Algebraic
analysis, geometry, and number theory (Baltimore MD, 1988), 25-80. MR1463696, Zbl
0805.14008. 428

J.-M. FONTAINE, Le corps des périodes p-adiques, With an appendix by Pierre
Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988), Astérisque 223 (1994), 59-111.
MR1293971, Zbl 0940.14012. 425

J.-M. FONTAINE, Représentations p-adiques semi-stables, With an appendix by Pierre
Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988), Astérisque 223 (1994), 113-184.
MR1293972, Zbl 0865.14009. 425

A. GROTHENDIECK, Mod¢les de Néron et monodromie, in Groupes de monodromie
en géometrie algébrique, SGA 7, Lecture Notes in Mathematics 288, 313-523 1972.
doi: 10.1007/BFb0068688. 428

H. IMAIL, A remark on the rational points of abelian varieties with values in cyclo-
tomic Z ,-extensions, Proc. Japan Acad. 51 (1975), 12-16. MR0371902, Zbl 0323.14010,
doi: 10.3792/pja/1195518722. 423

W. KiM, The classification of p-divisible groups over 2-adic discrete valuation
rings, Math. Res. Lett. 19 (2012), no. 1, 121-141. MR2923180, Zbl 1284.14056,
arXiv:1007.1904v3, doi: 10.4310/MRL.2012.v19.n1.a10. 434

Y. KUBO AND Y. TAGUCHI, A generalization of a theorem of Imai and its applica-
tions to Iwasawa theory, Math. Z. 275 (2013), 1181-1195. MR3127053, Zbl 1286.11085,
arXiv:1304.4332, doi: 10.1007/s00209-013-1176-3. 423, 430


http://www.ams.org/mathscinet-getitem?mr=1971512
http://www.emis.de/cgi-bin/MATH-item?1046.11085
http://dx.doi.org/10.2969/aspm/03610051
http://www.ams.org/mathscinet-getitem?mr=0199150
http://www.emis.de/cgi-bin/MATH-item?0138.27002
http://dx.doi.org/10.1112/jlms/s1-41.1.193
http://dx.doi.org/10.1112/jlms/s1-41.1.193
http://www.ams.org/mathscinet-getitem?mr=1649945
http://www.emis.de/cgi-bin/MATH-item?0936.14016
http://dx.doi.org/10.1016/S0764-4442(98)80122-5
http://www.ams.org/mathscinet-getitem?mr=2414956
http://www.emis.de/cgi-bin/MATH-item?1204.11090
http://dx.doi.org/10.4153/CJM-2008-026-x
http://dx.doi.org/10.4153/CJM-2008-026-x
http://www.ams.org/mathscinet-getitem?mr=4564759
http://www.emis.de/cgi-bin/MATH-item?07669194
http://arXiv.org/abs/1707.00364v2
http://dx.doi.org/10.2140/ant.2023.17.267
http://www.ams.org/mathscinet-getitem?mr=1720368
http://www.emis.de/cgi-bin/MATH-item?0934.20001
http://dx.doi.org/10.1017/CBO9780511470882
http://www.ams.org/mathscinet-getitem?mr=1463696
http://www.emis.de/cgi-bin/MATH-item?0805.14008
http://www.emis.de/cgi-bin/MATH-item?0805.14008
http://www.ams.org/mathscinet-getitem?mr=1293971
http://www.emis.de/cgi-bin/MATH-item?0940.14012
http://www.ams.org/mathscinet-getitem?mr=1293972
http://www.emis.de/cgi-bin/MATH-item?0865.14009
http://dx.doi.org/10.1007/BFb0068688
http://www.ams.org/mathscinet-getitem?mr=0371902
http://www.emis.de/cgi-bin/MATH-item?0323.14010
http://dx.doi.org/10.3792/pja/1195518722
http://www.ams.org/mathscinet-getitem?mr=2923180
http://www.emis.de/cgi-bin/MATH-item?1284.14056
http://arXiv.org/abs/1007.1904v3
http://dx.doi.org/10.4310/MRL.2012.v19.n1.a10
http://www.ams.org/mathscinet-getitem?mr=3127053
http://www.emis.de/cgi-bin/MATH-item?1286.11085
http://arXiv.org/abs/1304.4332
http://dx.doi.org/10.1007/s00209-013-1176-3

[KM]

[La]

[Se]

BOUNDS ON TORSION OF CM ABELIAN VARIETIES 435

N. KATZ AND W. MESSING, Some consequences of the Riemann hypothesis for vari-
eties over finite fields, Invent. Math. 23 (1974), 73-77. MR0332791, Zbl 0275.14011,
doi: 10.1007/BF01405203. 428

E. LAU, Relations between Dieudonné displays and crystalline Dieudonné the-
ory, Algebra Number Theory 8 (2014), 2201-2262. MR3294388, Zbl 1308.14046,
doi: 10.2140/ant.2014.8.2201. 434

T. L1U, The correspondence between Barsotti-Tate groups and Kisin modules when p =
2, J. Théor. Nombres Bordeaux 25, no. 3 (2013), 661-676. MR3179680, Zbl 1327.14206,
doi: 10.5802/jtnb.852. 434

A. MATTUCK, Abelian varieties over p-adic ground fields, Ann. of Math. (2) 62 (1955),
92-119. MR0071116, Zbl 0066.02802, doi: 10.2307/2007101. 422

L. MEREL, Bornes pour la torsion des courbes elliptiques sur les corps de
nombres, Invent. Math. 124 (1996), 437-449. MR1369424, Zbl 0936.11037,
doi: 10.1007/5002220050059. 422

Y. NAKKAJIMA, p-adic weight spectral sequences of log varieties, J. Math. Sci. Univ.
Tokyo 12 (2005), 513-661. MR2206357, Zbl 1108.14015. 428

W. N1zI0L, Crystalline conjecture via K-theory, Ann. Sci. Ecole Norm. Sup. (4) 31 (1998),
659-681. MR1643962, Zbl 0929.14009, doi: 10.1016/S0012-9593(98)80003-7. 428

Y. Ozexi, Torsion of abelian varieties and Lubin-Tate extensions, J. Num-
ber Theory 207 (2020), 282-293. MR4017947, Zbl 1468.11136, arXiv:1806.07515,
doi: 10.1016/j.jnt.2019.07.010. 423, 427

P. PARENT, Bornes effectives pour la torsion des courbes elliptiques sur les corps
de nombres, J. Reine Angew. Math. 506 (1999), 85-116. MR1665681, Zbl 0919.11040,
arXiv:alg-geom/9611022, doi: 10.1515/crll.1999.506.85. 422

J.-P. SERRE, Abelian l-adic representations and elliptic curves, second ed., Advanced
Book Classics, Addison-Wesley Publishing Company Advanced Book Program, Redwood
City, CA, 1989, With the collaboration of Willem Kuyk and John Labute. MR1043865.
426

A. SILVERBERG, Fields of definition for homomorphisms of abelian varieties,
J. Pure Appl. Algebra 77 (1992), no. 3, 253--262. MR1154704, Zbl 0808.14037,
doi: 10.1016/0022-4049(92)90141-2. 428

J.-P. SERRE AND J. TATE, Good reduction of abelian varieties, Ann. of Math. (2) 8 (1986),
492-517. MR0236190, Zbl 0172.46101, doi: 10.2307/1970722. 428, 433

T. TsuJi, p-adic étale cohomology and crystalline cohomology in the semi-stable
reduction case, Invent. Math. 137 (1999), 233-411. MR1705837, Zbl 0945.14008,
doi: 10.1007/5002220050330. 428

T. YOSHIDA, Local Class Field Theory via Lubin-Tate Theory, Ann. Fac. Sci. Toulouse
(6), 17 (2008), no. 2, 411-438. MR2487860, Zbl 1169.11054, arXiv:math/0606108v2,
doi: 10.5802/afst.1188. 424

(Yoshiyasu Ozeki) FACULTY OF SCIENCE, KANAGAWA UNIVERSITY, 3-27-1 ROKKAKUBASHI,
KANAGAWA-KU, YOKOHAMA-SHI, KANAGAWA 221-8686, JAPAN
ozeki@kanagawa-u.ac. jp

This paper is available via http://nyjm.albany.edu/j/2024/30-16.html.


http://www.ams.org/mathscinet-getitem?mr=0332791
http://www.emis.de/cgi-bin/MATH-item?0275.14011
http://dx.doi.org/10.1007/BF01405203
http://www.ams.org/mathscinet-getitem?mr=3294388
http://www.emis.de/cgi-bin/MATH-item?1308.14046
http://dx.doi.org/10.2140/ant.2014.8.2201
http://www.ams.org/mathscinet-getitem?mr=3179680
http://www.emis.de/cgi-bin/MATH-item?1327.14206
http://dx.doi.org/10.5802/jtnb.852
http://www.ams.org/mathscinet-getitem?mr=0071116
http://www.emis.de/cgi-bin/MATH-item?0066.02802
http://dx.doi.org/10.2307/2007101
http://www.ams.org/mathscinet-getitem?mr=1369424
http://www.emis.de/cgi-bin/MATH-item?0936.11037
http://dx.doi.org/10.1007/s002220050059
http://www.ams.org/mathscinet-getitem?mr=2206357
http://www.emis.de/cgi-bin/MATH-item?1108.14015
http://www.ams.org/mathscinet-getitem?mr=1643962
http://www.emis.de/cgi-bin/MATH-item?0929.14009
http://dx.doi.org/10.1016/S0012-9593(98)80003-7
http://www.ams.org/mathscinet-getitem?mr=4017947
http://www.emis.de/cgi-bin/MATH-item?1468.11136
http://arXiv.org/abs/1806.07515
http://dx.doi.org/10.1016/j.jnt.2019.07.010
http://www.ams.org/mathscinet-getitem?mr=1665681
http://www.emis.de/cgi-bin/MATH-item?0919.11040
http://arXiv.org/abs/alg-geom/9611022
http://dx.doi.org/10.1515/crll.1999.506.85
http://www.ams.org/mathscinet-getitem?mr=1043865
http://www.ams.org/mathscinet-getitem?mr=1154704
http://www.emis.de/cgi-bin/MATH-item?0808.14037
http://dx.doi.org/10.1016/0022-4049(92)90141-2
http://www.ams.org/mathscinet-getitem?mr=0236190
http://www.emis.de/cgi-bin/MATH-item?0172.46101
http://dx.doi.org/10.2307/1970722
http://www.ams.org/mathscinet-getitem?mr=1705837
http://www.emis.de/cgi-bin/MATH-item?0945.14008
http://dx.doi.org/10.1007/s002220050330
http://www.ams.org/mathscinet-getitem?mr=2487860
http://www.emis.de/cgi-bin/MATH-item?1169.11054
http://arXiv.org/abs/math/0606108v2
http://dx.doi.org/10.5802/afst.1188
mailto:ozeki@kanagawa-u.ac.jp
http://nyjm.albany.edu/j/2024/30-16.html

	1. Introduction
	2. Proof
	References

