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On the structure of the module of Euler
systems for a 𝒑-adic representation
Alexandre Daoud
Abstract. We investigate a question of Burns and Sano concerning the structure of the module of Euler systems for a general 𝑝-adic representation. Assuming the weak Leopoldt conjecture, and the vanishing of 𝜇-invariants of
natural Iwasawa modules, we obtain an Iwasawa-theoretic classification criterion for Euler systems which can be used to study this module. This criterion, taken together with Coleman’s conjecture on circular distributions,
leads us to pose a refinement of the aforementioned question for which we
provide strong, and unconditional, evidence. We furthermore answer this
question in the affirmative in many interesting cases in the setting of the multiplicative group over number fields. As a consequence of these results, we
derive explicit descriptions of the structure of the full collection of Euler systems for the situations in consideration.
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1. Introduction
The theory of Euler systems, and thus also the closely related theory of Kolyvagin systems, plays an important role in determining the structure of Selmer
groups attached to particular 𝑝-adic representations. The existence of an appropriate non-trivial Euler system in a given context has applications to both the
Bloch-Kato Conjecture and Iwasawa Main Conjectures; as was demonstrated,
for example, by Kolyvagin in his seminal article [27] and Rubin in [34].
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It seems to be the case, however, that the problem of constructing an Euler
system for a given representation is extremely difficult. To date only a handful of families of 𝑝-adic representations have been discovered to possess a nontrivial Euler system related to 𝐿-values. Some examples have arisen via classical
and well-understood algebraic number theory such as the system of cyclotomic
units. Others were discovered only after proving deep results in arithmetic geometry. As an example, one has Kato’s Euler system for the Tate module of
an elliptic curve over ℚ; its existence effectively depending on the celebrated
modularity theorem.
To further complicate matters, there exists a vast class of representations that
do not seem to fit into the framework given by the definition of an Euler system as a system of cohomology classes satisfying corestriction relations. In her
work [32], Perrin-Riou attempted to rectify this by asking for Euler systems to
be families of elements of appropriate exterior powers of cohomology modules:
so-called ‘higher rank’ Euler systems. While the incorporation of a notion of
‘rank’ into the theory of Euler systems has proven malleable, it still seems a
daunting task to (unconditionally) construct examples of such a system.
Motivated by the Rubin-Stark conjecture, Burns and Sano slightly modified
in [13] the definition of a higher rank Euler system to be a family of elements in
so-called ‘exterior biduals’ of appropriate cohomology groups. Armed with this
definition, they were able to construct a module ESb (𝑇) of higher rank Euler
systems which is non-zero under mild hypotheses on the given representation
𝑇. They then went on in [13, Rem. 1.6] to explicitly ask how common it is for
an arbitrary element of the full module of Euler systems ES(𝑇) to be an element
of ESb (𝑇).
In this present article we attempt to provide a conjectural framework, and
some results, towards this question. For suitably chosen representations we
pose in Question 1.8 the following refinement of the question of Burns and
Sano: are all systems in ES(𝑇) contained in ESb (𝑇)? This question can be seen
as an analogue for 𝑝-adic representations of [3, Conj. 2.5] formulated by Burns,
Sano, Seo and the presently named author. The formulation of Question 1.8
is thus motivated by Coleman’s conjecture on circular distributions which is
equivalent to the assertion that, modulo torsion, all Euler systems defined over
abelian extensions of ℚ arise from the cyclotomic Euler system.
An affirmative answer to our question would provide a heuristic for why
Euler systems tend to be so difficult to construct. Indeed, Question 1.8 lends
credence to the belief that for nice enough representations (such as those coming from geometry), all its associated Euler systems of appropriate rank arise
from determinants of particular cohomology complexes 𝐶𝐸,𝑆(𝐸) (see Appendix
A). While these determinants tend to be algebraically supple they are very mysterious objects in general; for example, they appear as central players in the
Burns-Flach formulation of the equivariant Tamagawa Number Conjecture.
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In the course of this article we shall use the equivariant theory of higher rank
Kolyvagin and Stark systems of Burns, Sakamoto and Sano to provide strong unconditional evidence for Question 1.8 for representations and fields satisfying
so-called ‘standard hypotheses’. We will then go on to employ Iwasawa theory
to give an explicit criterion for an Euler system to be an element of ESb (𝑇) in
terms of classical Iwasawa-theoretic divisibilities.
We moreover leverage the classical theory of Euler systems in the sense of
Kolyvagin to give a proof of Question 1.8 for particular twisted representations
of ℤ𝑝 (1) over ℚ. Consequently we are able to obtain an explicit description
of the Galois module structure of the full module of Euler systems for these
representations. To be more precise, we show that the module of rank one Euler
systems for ℚ and the aforementioned twisted representations is free of rank
one over the appropriate Iwasawa algebra with a basis given by the Euler system
of cyclotomic units.
While we are not at this stage able to give an answer to Question 1.8 for more
general representations over number fields (due, in part, to the difficult condition of vanishing 𝜇-invariants), we are able to give partial ‘systems-level’ results. For example, we show that for any elliptic curve over ℚ satisfying particular technical hypotheses, there exists a basic Euler system which agrees with
Kato’s Euler system on the cyclotomic ℤ𝑝 -extension of ℚ.
1.1. Notation and set-up.
1.1.1. Arithmetic. Throughout this article we fix a rational odd prime 𝑝 and
a number field 𝐾. We denote by 𝐾 a fixed algebraic closure and 𝐺𝐾 its absolute
Galois group. We fix also a finite extension 𝑄 of ℚ𝑝 and write 𝑅 for its ring of
integers. We assume to be given a finite-dimensional separable commutative
𝑄-algebra ℬ and a Gorenstein 𝑅-order ℛ in ℬ. We denote by 𝑇 a 𝑝-adic representation of 𝐾 with coefficients in ℛ (that is to say, a discrete free ℛ-module
admitting a continuous action of 𝐺𝐾 ).
Given any abelian extension 𝒦 of 𝐾 we write Ω(𝒦∕𝐾) for the collection of finite intermediate fields of 𝒦∕𝐾. For a fixed 𝐸 ∈ Ω(𝒦∕𝐾) we write 𝒢𝐸 for its Galois group Gal(𝐸∕𝐾), 𝑆∞ (𝐸) for the set of its archimedean places and 𝑆ram (𝐸∕𝐾)
for those primes of 𝐾 that ramify in 𝐸. Moreover, given any set of places 𝑆 of 𝐾,
we write 𝑆(𝐸) ∶= 𝑆 ∪ 𝑆ram (𝐸∕𝐾) and 𝑆𝐸 for the set of those places of 𝐸 that lie
above those in 𝑆. Except in cases of ambiguity we will often omit this subscript.
We write 𝑆𝑝 (𝐾) for the set of 𝑝-adic places of 𝐾 and 𝑆ram (𝑇) for the set of
places of 𝐾 at which 𝑇 is ramified. We then denote
𝑆min (𝑇) ∶= 𝑆∞ (𝐾) ∪ 𝑆𝑝 (𝐾) ∪ 𝑆ram (𝑇)
and fix forever a set 𝑆 of places of 𝐾 containing 𝑆min (𝑇).
For each prime 𝑣 ∉ 𝑆 we fix a Frobenius automorphism Fr𝑣 and define a
polynomial
𝑃𝑣 (𝑥) ∶= det(1 − Fr−1
𝑣 ∣ 𝑇) ∈ ℛ[𝑥]
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For every positive integer 𝑚 we denote by 𝜇𝑚 the group of 𝑚𝑡ℎ roots of unity
×

in ℚ . We then define a 𝑝-adic representation ℤ𝑝 (1) ∶= lim
𝜇 of 𝐺𝐾 , set
←,,,,,𝑚 𝑚
ℛ(1) ∶= ℛ ⊗ℤ𝑝 ℤ𝑝 (1) and define the Kummer dual 𝑇 ∗ (1) ∶= Homℛ (𝑇, ℛ(1)).
𝐺

We denote by 𝑇𝐸 the induced module Ind𝐺𝐸 (𝑇). We remark that 𝑇𝐸 identifies
𝐾
with ℛ[𝒢𝐸 ] ⊗ℛ 𝑇 upon which 𝐺𝐾 acts via the rule
𝜎 ⋅ (𝑎 ⊗ 𝑡) ∶= 𝑎𝜎

−1

⊗ 𝜎𝑡

for 𝜎 ∈ 𝐺𝐾 , 𝑎 ∈ ℛ[𝒢𝐸 ] and 𝑡 ∈ 𝑇 where 𝜎 is the image of 𝜎 in 𝒢𝐸 .
1.1.2. Homological Algebra. For any commutative ring 𝐴 we denote by D(𝐴)
𝑝
the derived category of complexes of 𝐴-modules and by D (𝐴) the full triangulated subcategory of D(𝐴) consisting of those complexes which are perfect (in
other words, those complexes which are isomorphic in D(𝐴) to a bounded complex of finitely generated projective 𝐴-modules).
Given a Galois extension of fields 𝐹∕𝐸 and 𝑁 an 𝐴[𝒢𝐸 ]-module admitting a
continuous Gal(𝐹∕𝐸)-action, we write RΓ(𝐹∕𝐸, 𝑁) for the complex of continuous cochains of 𝑁. If 𝐹 is the separable closure of 𝐸 then we abbreviate this to
just RΓ(𝐸, 𝑁).
For any finite set of places 𝑈 of 𝐾 containing 𝑆min (𝑁), let 𝐸𝑈 denote the
maximal Galois extension of 𝐸 unramified outside of the places lying above
those in 𝑈. Then 𝑁 is naturally a Gal(𝐸𝑈 ∕𝐸) module and we write RΓ(𝒪𝐸,𝑈 , 𝑁)
for RΓ(𝐸𝑈 ∕𝐸, 𝑁).
We define the compactly-supported cohomology complex RΓ𝑐 (𝒪𝐸,𝑈 , 𝑁) to be
the mapping fibre in D(𝐴[𝒢𝐸 ]) of the natural localisation morphism
⨁
RΓ(𝒪𝐸,𝑈 , 𝑁) →
RΓ(𝐸𝑤 , 𝑁)
𝑤∈𝑈𝐸

induced by inflation with respect to 𝐺𝐸 → Gal(𝐸𝑈 ∕𝐸) and then restriction with
respect to 𝐺𝐸𝑤 ⊆ 𝐺𝐸 .
Now fix a place 𝑤 ∉ 𝑈𝐸 . We define the finitely-supported cohomology complex
RΓ𝑓 (𝐸𝑤 , 𝑁) ∶= RΓ(𝐸𝑤ur ∕𝐸𝑤 , 𝑁)
where 𝐸𝑤ur is the maximal unramified extension of 𝐸𝑤 . We remark that this
𝑝
complex is isomorphic in D (𝐴[𝒢𝐸 ]) to the complex
1−Fr−1
𝑤

[𝑁 ,,,,,,→ 𝑁]

(1)

concentrated in degrees zero and one.
For each ∗ ∈ { ∅, 𝑐, 𝑓 } and 𝑖 ∈ ℤ, we denote by 𝐻∗𝑖 (−, 𝑁) the cohomology
modules 𝐻 𝑖 (RΓ∗ (−, 𝑁)).
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1.1.3. Algebra. Let 𝑋 be an 𝐴-module. We write 𝑋 ∗ ∶= Hom𝐴 (𝑋, 𝐴). We
write 𝑋tor for its torsion submodule as an abelian group and 𝑋tf for the quotient
𝑋∕𝑋tor . If, moreover, 𝐴 is an integral domain with fraction field 𝐹 then we write
𝐴∨ for the Pontryagin dual Hom𝐴 (𝑋, 𝐹∕𝐴).
We write d𝐴 for the determinant functor of Knudsen and Mumford from the
category of finitely generated projective 𝐴-modules to that of graded invertible
𝑝
𝐴-modules. We recall that this functor induces a functor on D (𝐴) which, by
abuse of notation, we also denote d𝐴 .
When 𝐺 is an abelian group, we denote by (−)# the involution functor on the
category of 𝐴[𝐺]-modules which sends an 𝐴[𝐺]-module 𝑋 to the module with
the same underlying abelian group structure but with the 𝐺-action twisted by
the involution 𝑔 ↦ 𝑔−1 of 𝐴[𝐺].
Given an integer 𝑟 ≥ 0 we define the 𝑟𝑡ℎ exterior bidual of 𝑋 to be the module
⋀𝑟

⋂𝑟
𝐴

𝑋 ∶= (

𝐴

∗

𝑋∗)

We remark that there is a natural homomorphism
⋀𝑟
⋂𝑟
𝜉𝑟 ∶
𝑋→
𝑋
𝐴

𝐴

𝑥 ↦ (𝜙 ↦ 𝜙(𝑥))
which is, in general, neither injective nor surjective. We also recall from [13,
Prop. A.8] that when 𝐴 = ℛ[𝒢𝐸 ] for some 𝐸 ∈ Ω(𝒦∕𝐾), then 𝜉𝑟 induces an
isomorphism
⋀𝑟
⋀𝑟
||
∼ ⋂𝑟
{𝑥 ∈𝑄⋅
𝑋
𝑋 ∗ } ,→
𝑋 ||| Φ(𝑥) ∈ ℛ[𝒢𝐸 ] for all Φ ∈
ℛ[𝒢𝐸 ]
ℛ[𝒢𝐸 ]
ℛ[𝒢𝐸 ]
|
where we have abbreviated the functor 𝑄 ⊗𝑅 − to 𝑄 ⋅ −.
ˆ a character, we define the (𝑝, 𝜓)If 𝐺 is finite, 𝑋 a ℤ[𝐺]-module, and 𝜓 ∈ 𝐺
𝜓
part 𝑋 of 𝑋 to be the ℤ𝑝 [im(𝜓)]-module 𝑋 ⊗ℤ[𝐺] ℤ𝑝 [im(𝜓)] where we regard
ℤ𝑝 [im(𝜓)] as a ℤ𝑝 [𝐺]-algebra via 𝜓. Given 𝑥 ∈ 𝑋 we write 𝑥𝜓 for the element
𝑥 ⊗ 1 of 𝑋 𝜓 .
1.2. Statement of the question and main results.
1.2.1. Modules of Euler systems. In this subsection we briefly review the
various modules of Euler systems with which we shall be concerned. To do
this, we fix an abelian extension 𝒦∕𝐾.
Given a pair of fields 𝐸 ⊆ 𝐸 ′ in Ω(𝒦∕𝐾) we note that the corestriction map
induces, for each 𝑟 ≥ 0, a morphism
⋀𝑟
⋀𝑟
cores𝐸 ′ ∕𝐸 ∶ 𝑄 ⊗𝑅
𝐻 1 (𝒪𝐸 ′ ,𝑆(𝐸 ′ ) , 𝑇) → 𝑄 ⊗𝑅
𝐻 1 (𝒪𝐸,𝑆(𝐸 ′ ) , 𝑇)
ℛ[𝒢𝐸 ′ ]

ℛ[𝒢𝐸 ]

With this in mind we then make the following definition:
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Definition 1.1. A rational Euler system of rank 𝑟 ≥ 0 for the pair (𝑇, 𝒦) is a
collection
⋀𝑟
∏
𝜂 ∶= (𝜂𝐸 )𝐸 ∈
𝑄 ⊗𝑅
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
ℛ[𝒢𝐸 ]

𝐸∈Ω(𝒦∕𝐾)

such that for every pair of fields 𝐸 ⊆ 𝐸 ′ in Ω(𝒦∕𝐾) one has
⎛
cores𝐸 ′ ∕𝐸 (𝜂𝐸 ′ ) = ⎜

∏
′

⋀𝑟

⎝𝑣∈𝑆(𝐸 )∖𝑆(𝐸)

⎞
𝑃𝑣 (Fr−1
𝑣 )⎟ 𝜂𝐸
⎠

1
ℛ[𝒢𝐸 ] 𝐻 (𝒪𝐸,𝑆(𝐸 ′ ) , 𝑇).

inside 𝑄 ⊗𝑅
We denote by RES𝑟 (𝑇, 𝒦) the collection of
such rational Euler systems of rank 𝑟 for (𝑇, 𝒦) and note that it can naturally
be endowed with the structure of an ℛ[[Gal(𝒦∕𝐾)]]-module.
Definition 1.2. An Euler system of rank 𝑟 ≥ 0 for the pair (𝑇, 𝐾) is an element
𝜂 ∈ RES𝑟 (𝑇, 𝒦) with the property that for each 𝐸 ∈ Ω(𝒦∕𝐾) one has that
⋂𝑟
𝜂𝐸 ∈
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
ℛ[𝒢𝐸 ]

The set of all such Euler systems of rank 𝑟 is an ℛ[[Gal(𝒦∕𝐾)]]-submodule of
RES𝑟 (𝑇, 𝒦) which we denote by ES𝑟 (𝑇, 𝒦).
1.2.2. Admissible pairs. We consider the following natural hypotheses on
the pair (𝑇, 𝒦):
Hypothesis 1.3.
⨁
(H0 ) The ℛ-module 𝑌𝐾 (𝑇) ∶= 𝑣∈𝑆 (𝐾) 𝐻 0 (𝐾𝑣 , 𝑇 ∗ (1)) is free of rank 𝑟 ≥ 1.
∞
(H1 ) 𝑇 is ramified at only finitely many primes of 𝐾.
(H2 ) For all 𝐸 ∈ Ω(𝒦∕𝐾) the invariants module 𝐻 0 (𝐸, 𝑇) vanishes.
(H3 ) For all 𝐸 ∈ Ω(𝒦∕𝐾) the cohomology group 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇) is 𝑅-torsionfree.
Hypothesis 1.4. 𝒦 is an abelian pro-𝑝 extension such that
(1) 𝒦 contains the maximal 𝑝-extension inside the ray class field modulo 𝔮
for almost all primes 𝔮 of 𝐾;
(2) 𝒦 = 𝒦 ′ 𝐾∞ where 𝒦 ′ is unramified at all places in 𝑆 and 𝐾∞ is a ℤ𝑝 extension of 𝐾, with Galois group Γ, which is disjoint from the Hilbert class
field of 𝐾 and in which no non-archimedean place splits completely.
Remark 1.5. Assume 𝒦 is chosen to satisfy Hypothesis 1.4 and fix a field 𝐸 ∈
Ω(𝒦 ′ ∕𝐾). Then it is easy to check that there is a canonical decomposition of
Galois groups
Gal(𝐸𝐾∞ ∕𝐾) ≅ Gal(𝐸∕𝐾) × Gal(𝐾∞ ∕𝐾)
To give an example of when this hypothesis is satisfied, one can take 𝑝 to be a
prime not dividing the class number of 𝐾, 𝐾∞ a ℤ𝑝 -extension of 𝐾 and 𝒦 ′ the
maximal abelian extension of 𝐾 which is unramified at all primes in 𝑆.
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Throughout this article we assume that all pairs (𝑇, 𝒦), unless otherwise
explicitly stated, satisfy these hypotheses. In this case we shall refer to such
pairs as ‘admissible pairs’.
Example 1.6. If we set 𝑇 = ℤ𝑝 (1), then Kummer Theory provides us with an
identification
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇) ≅ 𝒪×𝐸,𝑆(𝐸) ⊗ℤ ℤ𝑝
for each 𝐸 ∈ Ω(𝒦∕𝐾). In particular, if 𝐾 (and therefore also 𝐸) is totally real
then each 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇) is ℤ𝑝 -torsion-free (since 𝑝 is assumed odd). In this
situation one then has that (𝑇, 𝒦) is an admissible pair for appropriately chosen
𝒦.
Remark 1.7. In order to maximise potential applications, the present article
has been written with a high level of generality in mind. In particular, the coefficient ring ℛ is rather general and Euler systems are, for the most part, of
arbitrary rank. To facilitate an initial read-through, the reader may wish to restrict their attention to the more classical rank-one situation. For example, one
could take 𝐾 = ℚ, ℛ = ℤ𝑝 , 𝒦 to be the maximal totally real sub-extension of
ℚab and 𝑇 = ℤ𝑝 (1). In this case 𝑟 = 1 and one has, for each 𝐸 ∈ Ω(𝒦∕𝐾), a
canonical isomorphism
⋂𝑟
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇) ≅ 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
ℛ[𝒢𝐸 ]

so that our definition of Euler system for the pair (𝑇, 𝒦) coincides with that
of Rubin in [36, Def. II.1.1] (and see also [36, Cor. B.3.5]). In this setting the
reader is therefore free to dispose of all exterior biduals.
1.2.3. Statement of the question and main results. In this section we review the main results of this article. For ease of reading, we may defer the full
statement of a given result to the main body of the article and prefer to give a
less precise version here. For the convenience of the reader, each result will be
listed with the numbering of its corresponding precise version in parentheses.
At the outset we recall that for every admissible pair (𝑇, 𝒦), Burns and Sano
have constructed in [13, §2.5] a module of so-called ‘basic’ Euler systems
ESb (𝑇, 𝒦) (and we warn the reader that their 𝑇 corresponds to our 𝑇 ∗ (1)). We
remark that their construction is in terms of an auxiliary set of places Σ disjoint
from 𝑆 but the assumed validity of (H3 ) implies that we can take Σ = ∅.
Following Coleman’s work on circular distributions (see, for example, [14])
and the article [3] of Burns, Sano and Seo and the presently named author, we
are led to formulate the following question refining the one posed in [13, Rem.
1.6].
Question 1.8. Is every element of ES𝑟 (𝑇, 𝒦) contained in ESb (𝑇, 𝒦)?
As general evidence towards an affirmative answer to this question we use
the techniques of Burns and Sano in [13] and Burns, Sano and Sakamoto in [10]
to prove the following result which can be seen as an analogue of [3, Thm. 2.7].
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Proposition 1.9 (2.2). Let 𝐸 ∈ Ω(𝒦∕𝐾) be a field that satisfies ‘standard hypotheses’ for the representation 𝑇. Then for every Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦)
there exists a basic Euler system in ESb (𝑇, 𝒦) that agrees with 𝜂 on 𝐸.
Now, the proof of the equivariant Tamagawa Number Conjecture for abelian
extensions of ℚ of Burns and Greither in [5] suggests to us (c.f. Remark 3.7)
that in order to obtain results towards our question about Euler systems themselves (and not just at a fixed level 𝐸 ∈ Ω(𝒦∕𝐾) as in Proposition 1.9), one
must employ Iwasawa Theory. To this end we shall give an Iwasawa-theoretic
reinterpretation, modulo the validity of the weak Leopoldt conjecture, of the
construction of ES𝑏 (𝑇, 𝒦).
This reinterpretation then allows us to establish the following criterion for
2
an Euler system to be basic in which 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) is an Iwasawa cohomology
group.
Theorem 1.10 (3.14). Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦) be an Euler system and assume that the
𝜇-invariants of a family of natural Iwasawa modules vanish. Then 𝜂 ∈ ESb (𝑇, 𝒦)
ˆ𝐸 for which
if and only if for every 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and certain characters 𝜓 ∈ 𝒢
𝑒𝜓 ⋅ (𝜂𝐸𝑛 )𝑛 is non-trivial one has
⎧
⎫
𝜓
⋂𝑟
⎧
⎫
⎪
⎪
1
(lim
𝐻
(𝒪
,
𝑇))
⎪
⎪
𝐸
,𝑆(𝐸
)
|
𝑛
𝑛
←
,
,
,
,
,
𝑛
ℛ[𝒢𝐸𝑛 ]
( 2
)
|
⎬
char𝕍𝐸,𝜓 𝐻Iw (𝒪𝐸,𝑆(𝐸) , 𝑇)𝜓 ||| char𝕍𝐸,𝜓 ⎨
𝜓
⎪
⎪
⎨
⎬
||
⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍
⎪
⎪
𝐸,𝜓
⎩
⎭
𝕍
⎩
⎭
where 𝐸,𝜓 ∶= ℛ(im(𝜓))[[Gal(𝐸∞ ∕𝐸)]]. Moreover, 𝜂 is an ℛ[[Gal(𝒦∕𝐾)]]-basis
of ESb (𝑇, 𝒦) if and only if equality of these characteristic ideals holds.
In the setting of the multiplicative group over number fields, we then use
this criterion to establish the following result concerning Question 1.8.
×

Theorem 1.11 (4.4). Let 𝜓 ∶ 𝐺ℚ → ℚ𝑝 be an abelian character of finite primeto-𝑝 order satisfying technical hypotheses. Let 𝑇 be the representation of 𝐺ℚ which
is equal to ℛ ∶= ℤ𝑝 (im(𝜓)) as an ℛ-module and upon which 𝐺ℚ acts via 𝜒cyc 𝜓 −1
where 𝜒cyc is the cyclotomic character of ℚ. Then for an appropriately chosen 𝒦,
Question 1.8 has an affirmative answer for the pair (𝑇, 𝒦).
While this Theorem is stated for characters of 𝐺ℚ we are able to obtain in
Theorem 4.7 a similar but somewhat weaker result for general totally real fields
𝐾.
Combining Theorem 1.11 with the validity of the Iwasawa main conjecture
for abelian fields, as proved by Greither in [21, Thm. 3.1], we then obtain the
following Corollary.
Corollary 1.12 (4.6). With hypotheses as in Theorem 4.4, ES1 (𝑇, 𝒦) is a free
ℛ[[Gal(𝒦∕𝐾)]]-module of rank one with a basis given by the Euler system of cyclotomic units.
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Finally, we shall state a precise version of, and prove, the following result
which demonstrates that something stronger than the result of Theorem 1.9
can be said about the question of to what extent arbitrary Euler systems over
general representations are basic.
Theorem 1.13 (4.10). Let 𝑝 > 3 and 𝐶∕ℚ be an elliptic curve satisfying technical
hypotheses. Denote by 𝑇𝑝 (𝐶) the 𝑝-adic Tate module of 𝐶. Then for any Euler
system 𝜂 ∈ ES1 (𝑇𝑝 (𝐶), 𝒦) there exists a basic Euler system that agrees with 𝜂 on
the cyclotomic ℤ𝑝 -extension ℚ∞ of ℚ. In particular, this applies to Kato’s Euler
system 𝑧Kato (which is reviewed in, for example, [10, §6.3]).
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David Burns for suggesting this project to him as well as for numerous stimulating conversations and comments concerning the present manuscript. He also
wishes to thank the anonymous referee for their comments and suggestions
which have improved the exposition of the article.
The author would additionally like to extend his gratitude to Dominik Bullach for his careful reading of earlier versions of this article, as well as Andrew
Graham, Daniel Macias Castillo, and Takamichi Sano for their helpful comments and discussions.
The present article is based on material contained in the author’s King’s College London Ph.D. thesis [17], the preparation and writing of which was financially supported by the Engineering and Physical Sciences Research Council
[EP/N509498/1].

2. Evidence via the theory of Kolyvagin and Stark systems
In this section we provide unconditional evidence for Question 1.8 via the
theory of equivariant higher rank Kolyvagin and Stark systems. We remark the
extension 𝒦∕𝐾 need not be assumed to satisfy the decomposition in Hypothesis
1.4(2) herein and so we can, and will, ignore this assumption during the course
of this section.
2.1. The set-up. We fix a uniformiser 𝜛 of 𝑅 and write 𝕜 for the residue field
𝑅∕𝜛. We denote by 𝑇 the residual representation 𝑇 ⊗𝑅 𝕜.
Given a 𝐺𝐾 -module 𝐴 we write 𝐾(𝐴) for the minimal Galois extension of 𝐾
such that 𝐺𝐾(𝐴) acts trivially on 𝐴. We moreover denote
⋃
𝑛
𝐾𝑝𝑛 ∶= 𝐾(1)𝐾(𝜇𝑝𝑛 , (𝒪×𝐾 )1∕𝑝 ), 𝐾𝑝∞ ∶=
𝐾𝑝 𝑛
𝑛>0

where 𝐾(1) is the Hilbert class field of 𝐾.
For any field 𝐸 ∈ Ω(𝒦∕𝐾) we then define extensions of 𝐸 by setting
∙ 𝐸𝑝𝑛 ∶= 𝐸𝐾𝑝𝑛
∙ 𝐸𝑝∞ ∶= 𝐸𝐾𝑝∞
∙ 𝐸(𝑇)𝑝𝑛 ∶= 𝐸𝑝𝑛 𝐾(𝑇∕𝑝𝑛 𝑇)
∙ 𝐸(𝑇)𝑝∞ ∶= 𝐸𝑝∞ 𝐾(𝑇)

1002

ALEXANDRE DAOUD
𝐺

and denote 𝒯 = 𝒯𝐸 for the induced representation Ind𝐺𝐸 (𝑇). Given this, we
𝐾
then have the following ‘standard hypotheses’ on 𝑇 and 𝐸:
𝑝𝑘

(SH0 ) For almost all primes 𝔮 of 𝐾, the map Fr𝔮 −1 is injective on 𝑇 for all
𝑘 ≥ 0.
(SH1 ) 𝑇 is an irreducible 𝕜[𝐺𝐾 ]-module.
(SH2 ) There exists 𝜏 ∈ 𝐺𝐸𝑝∞ such that 𝑇∕(𝜏 − 1)𝑇 is a free ℛ-module of rank
one.
∨
(SH3 ) The modules 𝐻 1 (𝐸(𝑇)𝑝∞ ∕𝐾, 𝑇) and 𝐻 1 (𝐸(𝑇)𝑝∞ ∕𝐾, 𝑇 (1)) vanish.
∨

(SH4 ) If 𝑝 = 3 then 𝑇 and 𝑇 (1) have no non-zero isomorphic 𝑅[𝐺𝐾 ]-subquotients.
∨

(SH5 ) For all 𝔮 in 𝑆min (𝒯𝐸 )∖𝑆∞ (𝐾), the cohomology group 𝐻 0 (𝐾𝔮 , 𝑇 (1)) vanishes.
Example 2.1. There are several examples of representations 𝑇 and fields in
Ω(𝒦∕𝐾) for which all of the above hypotheses are satisfied:
×

(1) Let 𝐾 be a totally real field and 𝜓 ∶ 𝐺𝐾 → ℚ𝑝 an even abelian character
𝜓 ≠ 1 of finite order. Let 𝑇 be the representation of 𝐺𝐾 which is equal to
ℛ ∶= ℤ𝑝 (im(𝜓)) as an ℛ-module and upon which 𝐺𝐾 acts via 𝜒cyc 𝜓 −1 .
If 𝐸 ∈ Ω(𝒦∕𝐾) is a field with the property that no finite place in 𝑆(𝐸)
splits completely in 𝐿 then it is shown in [10, Lem. 5.3] that 𝑇 and 𝐸
satisfy all the hypotheses (SH0 ) through (SH5 ).
(2) Let 𝐶∕ℚ be an elliptic curve and suppose that the image of the representation 𝜌 ∶ 𝐺ℚ → GL2 (ℤ𝑝 ) ≅ Aut(𝑇) contains SL2 (ℤ𝑝 ) where 𝑇 is
the 𝑝-adic Tate module of 𝐶. If 𝐸 ∈ Ω(𝒦∕𝐾) is a field with the property that for every finite place 𝑣 ∈ 𝑆(𝐸) the curve 𝐶(ℚ𝑣 ) has no points
of order 𝑝 then it is shown in [10, Lem. 6.17] that 𝑇 and 𝐸 satisfy all the
hypotheses (SH0 ) through (SH5 ).
2.2. The statement and proof of the result.
2.2.1. Vertical determinantal systems and basic Euler systems. In order
to provide the statement of the precise version of Proposition 1.9, we first briefly
recall the definition of basic Euler systems due to Burns and Sano in [13].
Throughout the sequel we use the complex 𝐶𝐸,𝑆(𝐸) (𝑇) recalled in Appendix
A and write Θ𝑇,𝐸 for the projection map
⋂𝑟
Θ𝑇,𝐸 ∶ dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇)) →

ℛ[𝒢𝐸 ]

𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)

constructed in [13, §2.6.3] (denoted by Π𝐹 in loc. cit.).
We then write VS(𝑇, 𝒦) for the ℛ[[Gal(𝒦∕𝐾)]]-module of ‘vertical determinantal systems’ for the pair (𝑇, 𝒦), whose definition we now recall from [13,
Def. 2.9].
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We set
VS(𝑇, 𝒦) =

lim

←,,,,,

dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇))

𝐸∈Ω(𝒦∕𝐾)

where the transition map 𝜈𝐸 ′ ∕𝐸 is defined to be the composite
𝜈𝐸 ′ ∕𝐸 ∶ dℛ[𝒢𝐸′ ] (𝐶𝐸 ′ ,𝑆(𝐸 ′ ) (𝑇)) ↠ dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸 ′ ) (𝑇))
∼

,→ dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇))
⨂
⊗ℛ[𝒢𝐸 ]
dℛ[𝒢𝐸 ] (RΓ𝑓 (𝐾𝑣 , 𝑇𝐸 ))#
𝑣∈𝑆(𝐸 ′ )⧵𝑆(𝐸)
∼

,→ dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇))
Here the first arrow is induced by taking Gal(𝐸 ′ ∕𝐸)-coinvariants, the second
arrow induced by the exact triangle (36) and the final arrow is induced by resolving each term RΓ𝑓 (𝐾𝑣 , 𝑇𝐸 ) via the resolution (1), applying the trivialisation∼

by-the-identity map and finally the involution ℛ[𝒢𝐸 ]# ,→ ℛ[𝒢𝐸 ].
By [13, Thm. 2.18] one knows that the tuple of maps (Θ𝑇,𝐸 )𝐸 induces a homomorphism
Θ𝑇,𝒦 ∶ VS(𝑇, 𝒦) → ES𝑟 (𝑇, 𝒦)
2.2.2. The statement of the result. For the rest of this section we assume
that the pair (𝑇, 𝒦) is chosen so as to satisfy (H0 ), (SH0 ), (SH1 ), (SH4 ) and Hypothesis 1.4.
We remark that if this is the case then [10, Lem. 3.11] implies that (𝑇, 𝒦) satisfies the properties (H1 ) through (H3 ). As such, the pair (𝑇, 𝒦) is admissible.
Given 𝐸 ∈ Ω(𝒦∕𝐾) we say that 𝐸 ‘satisfies standard hypotheses for 𝑇’ if 𝑇
and 𝐸 satisfy the additional hypotheses (SH2 ) and (SH5 ).
The following is the precise version of Proposition 1.9.
Proposition 2.2. Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦) be an Euler system. Then for any 𝐸 ∈
Ω(𝒦∕𝐾) satisfying standard hypotheses we have
𝜂𝐸 ∈ Θ𝑇,𝐸 (dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇)))
In particular, there exists a basic Euler system 𝑐 ∈ ESb (𝑇, 𝒦) with the property
that 𝑐𝐸 = 𝜂𝐸 .
In order to prove this result we shall reduce it to a statement about equvivariant Kolyvagin and Stark systems. To do this, we first recall several important
constructions related to these systems that are introduced in [13] and [8].
2.2.3. Kolyvagin and Stark systems. We write ℱ for the relaxed Selmer structure on 𝒯𝐸 as defined, for example, in [10, Ex. 2.4]. We remark that since (SH5 )
is satisfied in this case, ℱ coincides with both ℱur and ℱcan - the unramified
and canonical Selmer structures respectively ([10, Lem. 3.10]).
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We write KS𝑟 (𝒯, ℱ) (resp. SS𝑟 (𝒯, ℱ)) for the ℛ[𝒢𝐸 ]-modules of Kolyvagin
systems (resp. Stark systems) of rank 𝑟 for the pair (𝒯, ℱ) as are defined in [8,
Def. 5.24] (resp. [8, Def. 4.11]).
Then [10, Thm. 3.6] implies that, under the present hypotheses, there exists
a canonical ‘Kolyvagin derivative’ homomorphism
𝒟𝒯 ∶ ES𝑟 (𝑇, 𝒦) → KS𝑟 (𝒯, ℱ)
and a canonical ‘regulator’ isomorphism
∼

ℛ𝒯 ∶ SS𝑟 (𝒯, ℱ) ,→ KS𝑟 (𝒯, ℱ)
2.2.4. Horizontal determinantal systems. In order to ease notation in the
sequel we shall henceforth write, for each 𝑚 ≥ 1, 𝔯𝑚 ∶= ℛ∕𝜛 𝑚 and 𝒜𝑚 ∶=
𝒯∕𝜛 𝑚 𝒯. In [13, Def. 3.2], the authors define a module of ‘horizontal determinantal systems’ for the representation 𝒜𝑚 . We briefly outline its definition
here. To do this we first write, for each 𝑚 ≥ 1, 𝒫𝑚 for the set of primes 𝔮 ∉ 𝑆(ℱ)
of 𝐾 such that
∙ 𝔮 splits completely in 𝐸𝑝𝑚 ;
∙ 𝒜𝑚 ∕(Fr𝔮 −1)𝒜𝑚 ≅ 𝔯𝑚 as 𝔯𝑚 -modules.
We write 𝒩𝑚 = 𝒩𝑚 (𝒫𝑚 ) for the set of square-free products of primes in 𝒫𝑚
and denote, for each 𝔫 ∈ 𝒩𝑚 , 𝑆𝔫 ∶= 𝑆 ∪ { 𝔮 ∣ 𝔫 } and 𝜈(𝔫) the number of prime
divisors of 𝔫.
The 𝔯𝑚 [𝒢𝐸 ]-module of ‘horizontal determinantal systems’ for the representation 𝒜𝑚 is given by
HS(𝒜𝑚 ) ∶= lim
d𝔯𝑚 [𝒢𝐸 ] (𝐶𝐾,𝑆𝔫 (𝒜𝑚 ))
←,,,,,
𝔫∈𝒩𝑚

with respect to a particular bijective transition map where 𝐶𝐾,𝑆𝔫 (𝒜𝑚 ) denotes
the complex 𝐶𝐾,𝑆𝔫 (𝒯𝐸 ) ⊗𝑅 𝑅∕𝜛 𝑚 𝑅. The inclusion 𝒩𝑚+1 ⊆ 𝒩𝑚 combines with
the canonical codescent isomorphism
d𝔯𝑚+1 [𝒢𝐸 ] (𝐶𝐾,𝑆𝔫 (𝒜𝑚+1 )) ⊗𝔯𝑚+1 [𝒢𝐸 ] 𝔯𝑚 [𝒢𝐸 ] ≅ d𝔯𝑚 [𝒢𝐸 ] (𝐶𝐾,𝑆𝔫 (𝒜𝑚 ))
for each 𝔫 ∈ 𝒩𝑚+1 to imply the existence of a canonical surjective transition
map
𝜅𝑚+1 ∶ HS(𝒜𝑚+1 ) → HS(𝒜𝑚 )
We now define the ℛ[𝒢𝐸 ]-module of horizontal determinantal systems for the
representation 𝒯 to be
HS(𝒯) ∶= lim
HS(𝒜𝑚 )
←,,,,,
𝑚∈ℕ

where the inverse limit is taken with respect to the 𝜅𝑚 .
One now checks that there is a commutative diagram
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SS𝑟 (𝒜𝑚+1 , ℱ)

𝜅𝑚+1

HS(𝒜𝑚 )

SS𝑟 (𝒜𝑚 , ℱ)

where the horizontal maps are those given by [13, Thm. 3.3] and the right-hand
vertical map is the one defined in [8, §4.3]. By passing to the limit over 𝑚 ∈ ℕ
one then deduces the existence of a canonical projection map
Ψ𝒯 ∶ HS(𝒯) → SS𝑟 (𝒯, ℱ)
In fact, the assumed validity of (SH5 ) combines with [13, Thm 3.3, Rem. 3.10]
to imply that Ψ𝒯 is an isomorphism.
On the other hand, for each 𝑚 ≥ 1 there is a natural surjective projection
map
∼

VS(𝑇, 𝒦) ↠ d𝔯𝑚 [𝒢𝐸 ] (𝐶𝐾,𝑆 (𝒜𝑚 )) ,→ HS(𝒜𝑚 )
This projection map is clearly compatible with the 𝜅𝑚 so that the universal property of the inverse limit implies the existence of a surjection
Π𝒯 ∶ VS(𝑇, 𝒦) ↠ HS(𝒯)
2.2.5. Proof of Proposition 2.2. Given the constructions of the previous section, we are now in a position to prove Proposition 2.2. We first observe that by
taking the inverse limit over 𝑚 in the diagram of [13, Thm. 4.16] and applying
[10, Thm. 3.6(i)] one deduces the existence of a commutative diagram
VS(𝑇, 𝒦)

Θ𝑇,𝒦

Ψ𝒯 ◦Π𝒯

SS𝑟 (𝒯, ℱ)

ES𝑟 (𝑇, 𝒦)
𝒟𝒯

ℛ𝒯
∼

(2)

KS𝑟 (𝒯, ℱ)

of ℛ[[Gal(𝒦∕𝐾)]]-modules. By the commutativity of this diagram, one knows
that the composite 𝒟𝒯 ◦Θ𝑇,𝒦 is surjective. As such, if we are given an
ℛ[[Gal(𝒦∕𝐾)]]-basis 𝑧 of VS(𝑇, 𝒦) then (𝒟𝒯 ◦Θ𝑇,𝒦 )(𝑧) is an ℛ[𝒢𝐸 ]-generator
of KS𝑟 (𝒯, ℱ). Now fix an Euler system 𝜂 ∈ ES𝑟 (𝒯, 𝒦). Then there exists
𝑥 ∈ ℛ[𝒢𝐸 ] such that 𝒟𝒯 (𝜂) = 𝑥 ⋅ (𝒟𝒯 ◦Θ𝑇,𝒦 )(𝑧). Evaluating this equality
of equivariant Kolyvagin systems at the empty product ideal 1, we have that
𝜂𝐸 = 𝒟𝒯 (𝜂)1 = 𝑥 ⋅ (𝒟𝒯 ◦Θ𝑇,𝒦 )(𝑧)1 = 𝑥 ⋅ Θ𝑇,𝒦 (𝑧)𝐸
∈ Θ𝑇,𝐸 (dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇)))
This establishes the first assertion of Proposition 2.2.
Finally, in order to construct a basic Euler system with the stated property,
it suffices to choose any pre-image 𝑥 of 𝑥 under the natural surjective map
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ℛ[[Gal(𝒦∕𝐾)]] → ℛ[𝒢𝐸 ] and set 𝑐 ∶= Θ𝑇,𝒦 (𝑥 ⋅ 𝑧). Indeed, it is then clear
that 𝑐 ∈ ESb (𝑇, 𝒦) and that
𝑐𝐸 = Θ𝑇,𝒦 (𝑥 ⋅ 𝑧)𝐸 = 𝑥 ⋅ Θ𝑇,𝒦 (𝑧)𝐸 = 𝜂𝐸


as required.

3. Iwasawa theory of Euler systems
In this section we shall give a useful Iwasawa-theoretic reinterpretation of
the module of vertical systems VS(𝑇, 𝒦) constructed by Burns and Sano in [13,
Def. 2.8].
We recall that, by hypothesis, there is a decomposition 𝒦 = 𝒦 ′ 𝐾∞ . For
𝑡ℎ
each 𝐸 ∈ Ω(𝒦 ′ ∕𝐾), we denote by 𝐸∞ the
𝕍 compositum 𝐸𝐾∞ , by 𝐸𝑛 the 𝑛
layer of the ℤ𝑝 -extension 𝐸∞ ∕𝐸 and by 𝐸 the equivariant Iwasawa algebra
𝕍
ℛ[[Gal(𝐸∞ ∕𝐾)]] ≅ ℛ[𝒢
𝕍 𝐸 ][[Gal(𝐾∞ ∕𝐾)]]. We moreover write 𝑄( 𝐸 ) for the
total quotient ring of 𝐸 . Similarly, we write
Λ = ℛ[[Gal(𝐸∞ ∕𝐸)]] = ℛ[[Gal(𝐾∞ ∕𝐾)]]
for the non-equivariant Iwasawa algebra (which is independent of 𝐸) and 𝑄(Λ)
for its total ring of quotients. Finally, we shall denote for each 𝑖 ∈ { 1, 2 } and
𝑛 ∈ ℕ the functor
𝑖
𝐻Iw
(𝒪𝐸,𝑆(𝐸) , −) ∶= lim
𝐻 𝑖 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , −)
←,,,,,
𝑛∈ℕ

computing Iwasawa cohomology
3.1. Iwasawa theoretic setup. Throughout the rest of this section we assume
the following conjecture:
2
Conjecture 3.1 (Weak Leopoldt Conjecture). 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) is a torsion Λ′
module for every 𝐸 ∈ Ω(𝒦 ∕𝐾).

Remark 3.2. The above formulation of Conjecture 3.1 is due to Perrin-Riou in
[31, §1.3]. It is known to be true in several settings in arithmetic of which we
mention the following two cases:
(1) When 𝑇 = ℤ𝑝 (1) and 𝐾∞ ∕𝐾 is the cyclotomic ℤ𝑝 -extension then the
weak Leopoldt conjecture holds due to a result of Iwaswawa [23] (and
see also [31, §1.3 Rem (ii)]).
(2) When 𝐾 = ℚ and 𝑇 is the 𝑝-adic Tate module of an elliptic curve over 𝐾
then the validity of the weak Leopoldt conjecture follows from a result
of Kato in [26, Thm. 12.4(i)].
Fix now a field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and a finite set of places 𝑈 of 𝐾 containing 𝑆.
We define a complex by means of the derived limit
𝐶𝐸∞ ,𝑈 (𝑇) ∶= Rlim 𝐶𝐸𝑛 ,𝑈(𝐸𝑛 ) (𝑇)
←,,,,
𝑛∈ℕ
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𝕍
of 𝐸 -modules. Then by [2, Prop. 3.5] one knows that 𝐶𝐸∞ ,𝑈 (𝑇) is perfect and
there is a canonical identification
𝐻 0 (𝐶𝐸∞ ,𝑈 (𝑇)) ≅ lim
𝐻 1 (𝒪𝐸𝑛 ,𝑈(𝐸𝑛 ) , 𝑇)
←,,,,,
𝑛∈ℕ

and an exact sequence
0 → lim
𝐻 2 (𝒪𝐸𝑛 ,𝑈 , 𝑇) → 𝐻 1 (𝐶𝐸∞ ,𝑈 (𝑇)) → lim
𝑌𝐸𝑛 (𝑇)∗ → 0
←,,,,,
←,,,,,
𝑛∈ℕ

of

𝕍

(3)

𝑛∈ℕ

𝐸 -modules.

By the assumed validity of the weak Leopoldt conjecture, we have a natural
projection map Θ∞
𝑇,𝐸 given by the composite
d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
𝕍
↪ d𝑄(𝕍𝐸 ) (𝑄( 𝐸 ) ⊗𝕍𝐸 𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
⋀𝑟
∼
𝕍
𝕍 lim 𝐻 1 (𝒪𝐸 ,𝑆(𝐸 ) , 𝑇))
,→ (𝑄( 𝐸 ) ⊗𝕍𝐸
𝑛
𝑛
←,,,,,
𝐸

⊗𝑄(𝕍𝐸 )

(𝑄(

𝕍

𝐸)

𝑛∈ℕ

∗

⋀𝑟
⊗𝕍

𝕍

𝐸

lim 𝑌𝐸𝑛

𝐸 ←,,,,,

(𝑇)∗

)

𝑛∈ℕ

⋀𝑟
∼
𝕍
𝕍 lim 𝐻 1 (𝒪𝐸 ,𝑆(𝐸 ) , 𝑇)
,→ 𝑄( 𝐸 ) ⊗𝕍𝐸
𝑛
𝑛
←,,,,,
𝐸

𝑛∈ℕ

where the second arrow is the canonical passage-to-cohomology map and the
third arrow is induced by fixing a family of compatible bases of the free rank 𝑟
modules 𝑌𝐸𝑛 (𝑇)∗ for all 𝑛 ∈ ℕ.
3.1.1. Projection maps and biduals. In this section we record the following
useful Lemma in which we use the theory of standard representatives introduced in [13, §A.4].
Lemma 3.3.

𝕍
(1) There is a canonical identification of 𝐸 -modules
⋂𝑟
⋂𝑟
∼
1
𝕍 𝐻 (𝒪𝐸,𝑆(𝐸) , 𝑇) ,
→
lim
𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)
Iw
←,,,,,
𝐸

ℛ[𝒢𝐸𝑛 ]

𝑛∈ℕ

(4)

(2) There exists a quadratic standard representative (𝑃, 𝜓, { 𝑏1 , … , 𝑏𝑑 }) of the
complex 𝐶𝐸∞ ,𝑆(𝐸) (𝑇) with respect to the surjection
𝐻 1 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)) → lim
𝑌𝐸𝑛 (𝑇)∗
←,,,,,
𝑛∈ℕ

(3) The image of Θ∞
𝑇,𝐸 is contained in

⋂𝑟

𝕍
𝐸

1
𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)

Proof. Part (1) is given by applying [37, Lem. B.15] to the complex 𝐶𝐸∞ ,𝑆(𝐸) (𝑇)
and Part (2) is proved in [12, Lem. 7.10].
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We prepare for the proof of the remainder of the above Lemma by first collecting some useful notations. We write 𝔖𝑛 for the permutation group on 𝑚
elements and for any 1 ≤ 𝑛 ≤ 𝑚 we write
𝔖𝑚,𝑛 ∶= { 𝜎 ∈ 𝔖𝑠 ∣ 𝜎(1) < ⋯ < 𝜎(𝑛) and 𝜎(𝑛 + 1) ≤ ⋯ ≤ 𝜎(𝑚) }
Given a commutative ring 𝑅 and a finitely generated 𝑅-module 𝑋, suppose to
be given 𝜙 ∈ 𝑋 ∗ . For every 𝑚 ≥ 1 we define a map
⋀𝑚−1

⋀𝑚
𝑅

𝑋→

∑𝑅

𝑥1 ∧ ⋯ ∧ 𝑥𝑚 ↦

𝑋
(−1)𝑖−1 (𝑥1 ∧ ⋯ ∧ 𝑥𝑖−1 ∧ 𝑥𝑖+1 ∧ ⋯ ∧ 𝑥𝑚 )

1≤𝑖≤𝑚

which, by abuse of notation, we also denote by 𝜙. Now given a family of maps
{𝜙 }
in 𝑋 ∗ , we define for every pair of natural numbers 𝑚 > 𝑛 the map
⋀ 𝑖 1≤𝑖≤𝑚
𝑛<𝑖≤𝑚 𝜙𝑖 to be the composite 𝜙𝑛+1 ◦ ⋯ ◦𝜙𝑚 .
Given these notations we now finish the proof of the Lemma. For each 1 ≤
𝑖 ≤ 𝑑 denote 𝜓𝑖 ∶= 𝑏𝑖∗ ◦𝜓 where (𝑏𝑖∗ )𝑖 is the dual basis to (𝑏𝑖 )𝑖 in 𝑃∗ .
By [13, Lem. A.7(i),(ii)] one knows that Θ∞
𝑇,𝐸 coincides with the map induced
by the assignment
⋀𝑑
d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)) =

⋀𝑑
𝑃⊗

𝕍

𝑃∗ →

𝕍

𝐸

𝐸

(𝑏1 ∧ ⋯ ∧ 𝑏𝑑 ) ⊗ (𝑏1∗ ∧ ⋯ ∧ 𝑏𝑑∗ ) ↦

⋀𝑟
𝕍

𝑃

(⋀𝐸
𝑟<𝑖≤𝑑

)
𝜓𝑖 (𝑏1 ∧ ⋯ ∧ 𝑏𝑑 )

On the other hand, if one denotes for each 1 ≤ 𝑖 ≤ 𝑑 and 𝑛 ∈ ℕ the image
of 𝑏𝑖 under the codescent map 𝑃 → 𝑃𝑛 by 𝑏𝑛,𝑖 then { 𝑏𝑛,𝑖 }1≤𝑖≤𝑑 is a basis of 𝑃𝑛
𝜓𝑛

and the complex [𝑃𝑛 ,,→ 𝑃𝑛 ] constitutes a quadratic standard representative of
𝐶𝐸𝑛 ,𝑆(𝐸𝑛 ) (𝑇).
∗
In particular, if we write 𝜓𝑛,𝑖 = 𝑏𝑛,𝑖
◦𝜓𝑛 then the map
⋀𝑑
dℛ[𝒢𝐸𝑛 ] (𝐶𝐸𝑛 ,𝑆(𝐸𝑛 ) (𝑇)) =

ℛ[𝒢𝐸𝑛 ]

⋀𝑑
𝑃𝑛 ⊗

ℛ[𝒢𝐸𝑛 ]

𝑃𝑛∗ →

⋀𝑟
ℛ[𝒢𝐸𝑛 ]

𝑃𝑛

(5)

that is induced by the assignment
∗
∗
(𝑏𝑛,1 ∧ ⋯ ∧ 𝑏𝑛,𝑑 ) ⊗ (𝑏𝑛,1
∧ ⋯ ∧ 𝑏𝑛,𝑑
)↦

(⋀
𝑟<𝑖≤𝑑

)
𝜓𝑛,𝑖 (𝑏𝑛,1 ∧ ⋯ ∧ 𝑏𝑛,𝑑 )

⋂𝑟
has image inside ℛ[𝒢𝐸 ] 𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇) by [13, Lem. A.11(ii)]. The explicit
𝑛
description of these projection maps then implies that we have a commutative
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diagram
d𝕍

(𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
𝐸

𝑃

𝕍
𝐸

(6)

∼

∼

𝜌𝑇,𝐸

⋀𝑟

Θ∞
𝑇,𝐸

lim Θ𝑇,𝐸𝑛
←,,, 𝑛

lim
d
(𝐶𝐸𝑛 ,𝑆(𝐸𝑛 ) (𝑇))
←,,,,, ℛ[𝒢𝐸𝑛 ]
𝑛

⋀𝑟
lim
←,,,,,

𝑛∈ℕ

ℛ[𝒢𝐸𝑛 ]

𝑃𝑛

where the bottom left limit is taken with respect to the maps 𝜈𝐸𝑚 ∕𝐸𝑛 , the left
hand vertical arrow is induced by the codescent
𝕍 isomorphism (which is an isomorphism since it is a surjective map of free 𝐸 -modules of rank one), the right
hand vertical arrow is the natural one and the bottom arrow is the limit over 𝑛
of the map (5).
The Lemma now follows by noting that the isomorphism given in the first
part of the statement is induced by the right hand vertical map in the above
diagram.

3.2. Reinterpreting vertical determinantal systems. To ease notation we
denote,
for any 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and finite place 𝑣 of 𝐾 not in 𝑆(𝐸), the complex
𝕍
of 𝐸 -modules given by the derived limit
𝑃𝐸∞ ,𝑣 (𝑇) ∶= Rlim RΓ𝑓 (𝐾𝑣 , 𝑇𝐸∗ (1))
𝑛
←,,,,
𝑛∈ℕ

𝑝 𝕍
Observe that 𝑃𝐸∞ ,𝑣 (𝑇) is isomorphic in D ( 𝐸 ) to the complex

𝑇∗
[lim
←,,,,, 𝐸𝑛 (1)
𝑛∈ℕ

(1−Fr−1
𝑣 )𝑛∈ℕ

,,,,,,,,,,,→ lim
𝑇 ∗ (1)]
←,,,,, 𝐸
𝑛∈ℕ

𝑛

(7)

where the first term is placed in degree 0. Now fix a pair of fields 𝐸 ⊆ 𝐸 ′ in
Ω(𝒦 ′ ∕𝐾). Then by passing to the limit over 𝑛 in the exact triangle (36) one
deduces the existence of an exact triangle
⨁
𝐶𝐸∞ ,𝑆(𝐸 ′ ) (𝑇) → 𝐶𝐸∞ ,𝑆(𝐸) (𝑇) →
𝑃𝐸∞ ,𝑣 (𝑇)∗ [−1]
(8)
𝑣∈𝑆(𝐸 ′ )⧵𝑆(𝐸)
𝑝

in D (

𝕍

𝐸 ).

We now define a map
𝜈𝐸∞′ ∕𝐸 ∶ d𝕍𝐸′ (𝐶𝐸∞′ ,𝑆(𝐸 ′ ) (𝑇)) ↠ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸 ′ ) (𝑇))

(𝜈𝐸∞,1
′ ∕𝐸 )

∼

,→ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
⨂
⊗
d𝕍𝐸 (𝑃𝐸∞ ,𝑣 (𝑇))#
𝑣∈𝑆(𝐸 ′ )⧵𝑆(𝐸)
∼

,→ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
(𝜈𝐸∞,2
′ ∕𝐸 )
𝕍
where the first arrow is induced by base-change to 𝐸 and the inverse limit
of the codescent isomorphisms (37), the second arrow is induced by the exact
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triangle (8), and the third arrow is induced by resolving each term 𝑃𝐸∞ ,𝑣 as in
(7), applying the canonical trivialisation-by-the-identity map
∼

−1

d𝕍𝐸 (𝑃𝐸∞ ,𝑣 (𝑇)) = d𝕍𝐸 (lim
𝑇 ∗ (1)) ⊗𝕍𝐸 d𝕍𝐸 (lim
𝑇 ∗ (1)) ,→
←,,,,, 𝐸
←,,,,, 𝐸
𝑛

𝑛∈ℕ

𝑛∈ℕ

𝑛

𝕍
𝐸

𝕍# ∼ 𝕍
and then the involution isomorphism 𝐸 ,→ 𝐸 .
Throughout the sequel we shall use the canonical identification of rings
lim
←,,,,,

𝕍
𝐸

≅ ℛ[[Gal(𝒦∕𝐾)]]

𝐸∈Ω(𝒦∕𝐾)

without further explicit reference.
In the following lemma we write VSIw (𝑇, 𝒦) for the ℛ[[Gal(𝒦∕𝐾)]]-module
given by the inverse limit lim
d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)) taken with respect to
←,,,,,𝐸∈Ω(𝒦 ′ ∕𝐾)
the maps 𝜈𝐸∞′ ∕𝐸 .
Lemma 3.4. There is a commutative diagram of ℛ[[Gal(𝒦∕𝐾)]]-modules
VSIw (𝑇, 𝒦)
Θ∞
𝑇,𝒦

∼

𝜌𝑇,𝒦

(9)

Θ𝑇,𝒦

VS(𝑇, 𝒦)

ES𝑟 (𝑇, 𝒦)

where 𝜌𝑇,𝒦 is the tuple of maps (𝜌𝑇,𝐸 )𝐸 and Θ∞
is the composite
𝑇,𝒦
(Θ∞
𝑇,𝐸 )𝐸

⋂𝑟

∏

VSIw (𝑇, 𝒦) ,,,,,,→

𝕍
𝐸

𝐸∈Ω(𝒦 ′ ∕𝐾)
(4)
∼

⋂𝑟

∏

,,→

lim
←,,,,,

𝐸∈Ω(𝒦 ′ ∕𝐾) 𝑛∈ℕ
∏ ⋂𝑟

→
𝐸∈Ω(𝒦∕𝐾)

1
𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)

ℛ[𝒢𝐸 ]

ℛ[𝒢𝐸𝑛 ]

𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)

𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)

Proof. We first observe that the diagram (6) implies that Θ∞
indeed has im𝑇,𝒦
age inside ES𝑟 (𝑇, 𝒦). The Proposition will therefore follow immediately by
passing to the inverse limit over 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) of the diagrams (6) once it is
demonstrated that the map 𝜌𝑇,𝒦 is well-defined.
To do this we fix a pair of fields 𝐸 ⊆ 𝐸 ′ in Ω(𝒦 ′ ∕𝐾). Since for each 𝑛 ∈ ℕ,
ℛ[𝒢𝐸𝑛 ] is a reduced ring the determinant functor over ℛ[𝒢𝐸𝑛 ] is functorial in
exact triangles. A straightforward diagram chase using this fact to compare the
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maps 𝜈𝐸∞′ ∕𝐸 and 𝜈𝐸 ′ ∕𝐸 then gives the commutativity of the diagram
𝜌𝑇,𝐸 ′

d𝕍𝐸′ (𝐶𝐸∞′ ,𝑆(𝐸 ′ ) (𝑇))

lim
d
(𝐶𝐸𝑛′ ,𝑆(𝐸𝑛′ ) (𝑇))
←,,,,, ℛ[𝒢𝐸𝑛 ]

𝑛∈ℕ
𝜈∞′

lim 𝜈𝐸 ′ ∕𝐸𝑛

𝐸 ∕𝐸

←,,, 𝑛

𝜌𝑇,𝐸

d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))

𝑛

(10)

lim
d
(𝐶𝐸𝑛 ,𝑆(𝐸𝑛 ) (𝑇))
←,,,,, ℛ[𝒢𝐸𝑛 ]

𝑛∈ℕ

where 𝜈𝐸 ′ ∕𝐸 is the transition map used in the definition of VS(𝑇, 𝒦). By passing
to the limit over 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) of these diagarams it then follows that 𝜌𝑇,𝒦 maps
VSIw (𝑇, 𝒦) isomorphically onto VS(𝑇, 𝒦) as claimed.

Remark 3.5. To ease exposition in the sequel we shall continue to use the notation VSIw (𝑇, 𝒦) to indicate the (same) construction VS(𝑇, 𝒦) viewed with
Ω(𝒦 ′ ∕𝐾) as its indexing set via the isomorphism 𝜌𝑇,𝒦 .
3.3. Reinterpreting the basic condition. In this subsection we show that
the question of whether an Euler system is basic admits an explicit reformulation in terms of its values. To this end we first fix an Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦)
′
and a field 𝐸 ∈ Ω(𝒦
the assumed validity of the weak Leopoldt con𝕍 ∕𝐾).𝕍 By ∞
jecture, the map 𝑄( 𝐸 ) ⊗ 𝐸 Θ𝑇,𝐸 is bijective. We may thus define
𝕍
ℒ𝜂,𝐸 ∈ d𝑄(𝕍𝐸 ) (𝑄( 𝐸 ) ⊗𝕍𝐸 𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
𝕍
to be the inverse image under 𝑄( 𝐸 ) ⊗𝕍𝐸 Θ∞
𝑇,𝐸 of the element
⋂𝑟
(𝜂𝐸𝑛 )𝑛∈ℕ ∈ ←
lim
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
,,,,,
𝑛

ℛ[𝒢𝐸𝑛 ]

Proposition 3.6. Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦) be an Euler system. Then 𝜂 is basic if and
only if for every field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) one has
𝕍
(11)
ℒ𝜂,𝐸 ∈ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)) ↪ d𝑄(𝕍𝐸 ) (𝑄( 𝐸 ) ⊗𝕍𝐸 𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
𝕍
where the above embedding is the natural one induced by base-changing to 𝑄( 𝐸 ).
Proof. Fix 𝜂 ∈ ES𝑟 (𝑇, 𝒦) and first suppose that 𝜂 ∈ ESb (𝑇, 𝒦). Then there
exists a vertical system 𝑧 = (𝑧𝐸∞ )𝐸 ∈ VSIw (𝑇, 𝒦) that projects under Θ∞
to
𝑇,𝒦
′
give 𝜂. But for each 𝐸 ∈ Ω(𝒦 ∕𝐾), ℒ𝜂,𝐸 is clearly the unique element that
𝕍
′
projects under 𝑄( 𝐸 ) ⊗𝕍𝐸 Θ∞
𝑇,𝐸 to give (𝜂𝐸𝑛 )𝐸 . Hence for each 𝐸 ∈ Ω(𝒦 ∕𝐾),
the element 𝑧𝐸∞ must coincide with ℒ𝜂,𝐸 .
Conversely, we claim that the family ℒ𝜂 ∶= (ℒ𝜂,𝐸 )𝐸 constitutes an element
of VSIw (𝑇, 𝒦) and thus projects under Θ∞
to give 𝜂. In other words, we claim
𝑇,𝒦
′
that for every pair of fields 𝐸 ⊆ 𝐸 one has that 𝜈𝐸∞′ ∕𝐸 (ℒ𝜂,𝐸 ′ ) = ℒ𝜂,𝐸 . By the
definition of the map 𝜈𝐸∞′ ∕𝐸 we are reduced to verifying the pair of equalities
∞,2
𝜈𝐸∞,1
′ ∕𝐸 (ℒ𝜂,𝐸 ′ ) = 𝒫𝐸 ′ ∕𝐸 ⋅ ℒ𝜂,𝐸 and 𝜈𝐸 ′ ∕𝐸 (𝒫𝐸 ′ ∕𝐸 ⋅ ℒ𝜂,𝐸 ) = ℒ𝜂,𝐸 .
To prove the first equality we observe that we have a commutative diagram:
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⋂𝑟

Θ∞

d𝕍𝐸′ (𝐶𝐸∞′ ,𝑆(𝐸 ′ ) (𝑇))

𝑇,𝐸 ′

lim
←,,,,,

ℛ[𝒢𝐸 ′ ]

𝑛∈ℕ

𝑛

𝜈∞,1
′

𝑁 ∞′

𝐸 ∕𝐸

d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸 ′ ) (𝑇))

𝐻 1 (𝒪𝐸 ′ ,𝑆(𝐸 ′ ) , 𝑇)

𝐸 ∕𝐸

⋂𝑟

Θ∞
𝑇,𝐸

lim
←,,,,,

𝑛∈ℕ

ℛ[𝒢𝐸𝑛 ]

𝐻 1 (𝒪𝐸,𝑆(𝐸 ′ ) , 𝑇)

where 𝑁𝐸∞′ ∕𝐸 ∶= ←
lim
𝑁𝐸𝑛′ ∕𝐸𝑛 . As such we may calculate
,,,,,𝑛∈ℕ
∞,1
∞
∞
(Θ∞
𝑇,𝐸 ◦𝜈𝐸 ′ ∕𝐸 )(ℒ𝜂,𝐸 ′ ) = (𝑁𝐸 ′ ∕𝐸 ◦Θ𝑇,𝐸 ′ )(ℒ𝜂,𝐸 ′ )

= 𝑁𝐸∞′ ∕𝐸 ((𝜂𝐸𝑛′ )𝑛 )
= 𝒫𝐸 ′ ∕𝐸 ⋅ (𝜂𝐸𝑛 )𝑛
= Θ∞
𝑇,𝐸 (𝒫𝐸 ′ ∕𝐸 ⋅ ℒ𝜂,𝐸 )
whence the injectivity of Θ∞
𝑇,𝐸 yields the desired equality.
As for the second equality, we first observe that for each 𝑣 ∈ 𝑆(𝐸 ′ ) ⧵ 𝑆(𝐸) the
complex
⨁

𝕍
𝑄( 𝐸 ) ⊗𝕍𝐸

𝑃𝐸∞ ,𝑣 (𝑇)
𝑣∈𝑆(𝐸 ′ )⧵𝑆(𝐸)

is acyclic since, for any place 𝑤 of 𝐸 lying over 𝑣, 1 − Fr−1
𝑤 is a non-zero-divisor
in the algebra Λ.
One then deduces the existence (see, for example, [4, Lem. 1]) of a commutative diagram
⎛ 𝕍
d𝑄(𝕍𝐸 ) ⎜𝑄( 𝐸 ) ⊗𝕍𝐸
⎝

⨁

⎞
𝑃𝐸∞ ,𝑣 (𝑇)⎟

𝑣∈𝑆(𝐸 ′ )∖𝑆(𝐸)

𝑄(

⎠

𝕍

𝐸)

⋅𝒫−1′

𝐸 ∕𝐸

−1

d𝑄(𝕍𝐸 ) (0) ⊗𝑄(𝕍𝐸 ) d𝑄(𝕍𝐸 ) (0)

𝑄(

𝕍

𝐸)

∏
where 𝒫𝐸 ′ ∕𝐸 ∶= 𝑣∈𝑆(𝐸 ′ )∖𝑆(𝐸) 𝑃𝑣 (Fr−1
𝑣 ), the top and bottom maps are the relevant evaluation maps and the left-hand vertical map is the canonical passageto-cohomology map. This diagram then gives rise to the further diagram (in
which we abbreviate the functor ⊗Λ to just ⋅ and slightly abuse notation by
′
using Θ∞
𝑇,𝐸 to represent the projection map for both sets 𝑆(𝐸) and 𝑆(𝐸 )):
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𝑄(Λ) ⋅ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸 ′ ) (𝑇))

Θ∞
𝑇,𝐸

⋂𝑟
𝑄(Λ) ⋅ lim
←,,,,,

𝑛∈ℕ

ℛ[𝒢𝐸𝑛 ]

𝜈 ∞,2
′
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𝐻 1 (𝒪𝐸,𝑆(𝐸 ′ ) , 𝑇)

𝒫−1′

𝐸 ∕𝐸

𝐸 ∕𝐸

𝑄(Λ) ⋅ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))

Θ∞
𝑇,𝐸

⋂𝑟
𝑄(Λ) ⋅ lim
←,,,,,

𝑛∈ℕ

ℛ[𝒢𝐸𝑛 ]

𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)

A similar calculation as before using this second diagram then shows that
𝜈𝐸∞,2
′ ∕𝐸 (𝒫𝐸 ′ ∕𝐸 ⋅ ℒ𝜂,𝐸 ) = ℒ𝜂,𝐸 ,
as claimed.



Remark 3.7. Proposition 3.6 is reminiscent of the equivariant Iwasawa Main
Conjectures (eIMC) that is formulated by Burns, Kurihara and Sano in [7, Conj.
3.1] (and see also [7, Rem. 3.3]) which originate with the work of Kato in [24]
and [25, §3.3.8]. Indeed, if we specialise to the case 𝐾 = ℚ, 𝑇 = ℤ𝑝 (1) and
𝜂 the cyclotomic Euler system then the eIMC is the statement that, for every
𝕍
𝐸 ∈ Ω(𝒦 ′ ∕𝐾), not only ℒ𝜂,𝐸 ∈ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)) but that it constitutes a 𝐸 basis for this module.
In the next section we push this parallel further to see that the condition
in the Proposition is effectively an equivariant version of the Iwasawa-theoretic
divisibilities that Euler systems are expected to satisfy. As such we believe Question 1.8 to be at the heart of the theory of Euler systems.
3.4. Reformulating the condition of Proposition 3.6. We now reduce the
condition of Proposition 3.6 to an explicit statement about non-equivariant
Iwasawa-theoretic divisibilities and the vanishing of appropriate 𝜇-invariants.
3.4.1. Equivariant Iwasawa Algebras. We first review some important algebraic definitions and facts concerning equivariant Iwasawa algebras. The
proofs of these results are essentially well-known, especially in the case that
ℛ is a group ring, but for lack of a suitable reference for general orders ℛ we
provide full proofs here.
Suppose to be given a field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾). The ring ℛ[𝒢𝐸 ] is profinite as it
is a finitely generated 𝑅-algebra. In particular,
∏ [33, Ex. 5.1.3(2)] implies that
ℛ[𝒢𝐸 ] decomposes as a product ℛ[𝒢𝐸 ] =
ℛ where each ℛ𝜒 is a local
𝜒∈𝐼𝐸 𝜒
ring. Note that, since a local ring has connected spectrum, the set { 𝑒𝜒 }𝜒∈𝐼 of
𝐸
idempotents of ℛ[𝒢𝐸 ] inducing this decomposition constitutes a complete set
of primitive orthogonal idempotents.
Similarly, we write { 𝑒𝜓 }𝜓∈𝐼 for a complete set of primitive orthogonal idem𝐸
∏
potents of the semi-simple algebra ℬ[𝒢𝐸 ] so that ℬ[𝒢𝐸 ] =
ℬ where
𝜓∈𝐼𝐸 𝜓
each ℬ𝜓 is a finite extension of 𝑄.
We observe that if we are given 𝜒 ∈ 𝐼𝐸 , then there exists a decomposition
∑𝑑𝜒
𝑒𝜒 = 𝑖=1
𝑒𝜓(𝜒)𝑖 ∈ ℬ[𝒢𝐸 ] for some 𝑑𝜒 ∈ ℕ and 𝜓(𝜒)𝑖 ∈ 𝐼𝐸 ; in this case we say
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that any such 𝜓(𝜒) is associated to 𝜒. For any such 𝜓(𝜒) the image of ℛ𝜒 inside
ℬ𝜓 is an 𝑅-order which is a complete regular local ring (since it is integral over
𝑅) which we denote by ℛ𝜓′ .
In particular for all 𝜒 ∈ 𝐼𝐸 we have a decomposition
𝑑𝜒
⨁

ℛ𝜒 [1∕𝜋] =

′
ℛ𝜓(𝜒)
[1∕𝜋]

𝑖=1

𝑖

(12)

where 𝜋 is a generator of the maximal ideal of 𝑅.
To give an example of these constructions we let 𝐻 be a finite group and set
ℛ = 𝑅[𝐻] with 𝑅 a finite extension of ℤ𝑝 . Then we have ℬ = 𝑄[𝐻] and we may
take the { 𝑒𝜒 }𝜒∈𝐼 to be the canonical idempotents associated to each character
𝐸
class 𝜒 ∈ 𝒢ˆ
𝐸 × 𝐻∕ ∼𝐺𝑄 admitting a representative of prime-to-𝑝 order where
∼𝑄 is the equivalence relation defined by
𝜒 ∼ 𝜒 ′ ⟺ there exists 𝜎 ∈ 𝐺𝑄 such that 𝜒 = 𝜎◦𝜒 ′
Similarly, the set { 𝑒𝜒 }𝜒∈𝐼 consists of the canonical idempotents associated to
𝐸
each character class 𝜒 ∈ 𝒢ˆ
𝐸 × 𝐻∕ ∼𝐺 . Motivated by this example, we shall
𝑄

refer to elements of 𝐼𝐸 and
𝕍 𝐼𝐸 as ‘character classes’.
We next remark that 𝐸 decomposes as
⨁
𝕍
ℛ𝜒 [[Γ]]
𝐸 =

(13)

𝜒∈𝐼𝐸

where we recall that𝕍Γ = Gal(𝐾∞ ∕𝐾). In particular, if each ℛ𝜒 is a finite integral
extension of 𝑅 then 𝐸 is a 𝕍
product of classical Iwasawa algebras and, therefore,
a regular ring. In general, 𝐸 is more complicated but still satisfies sufficiently
good ring-theoretic
properties. Indeed, it is easily seen from the decomposition
𝕍
(13) that 𝐸 is Gorenstein.
In this
𝕍 setting an important distinction now arises: we say that a prime 𝔭 ∈
Spec( 𝐸 ) of height one is regular if 𝑝 ∉ 𝔭 and singular otherwise.
Observe that the decompositions (12) and (13) combine to give a decomposition
⨁𝕍
𝕍 1
1
𝐸[ ]≅
𝐸,𝜓 [ ]
𝜋
𝜋
𝜓∈𝐼𝐸

𝕍
∶= ℛ𝜓′ [[Γ]]. In particular, if 𝔭 is a regular prime of 𝐸 then there
𝕍
exists
that 𝐸,𝔭 coincides with a localisation
𝕍 a character class 𝜓 = 𝜓𝔭 ∈ 𝐼𝐸 such 𝕍
of 𝐸,𝜓 at 𝔭Λ𝜓 . As such, the localisation 𝐸,𝔭 is𝕍 a discrete valuation ring.
Now suppose that 𝔭 is a singular prime of 𝐸 . Then by𝕍the decomposition
(13) there exists a character class 𝜒 = 𝜒𝔭 ∈ 𝐼𝐸 such that 𝔭 coincides with a
𝕍
localisation of 𝐸,𝜒 ∶=𝕍ℛ𝜒 [[Γ]] at 𝔭Λ𝜒 . The following Lemma then shows that
the singular primes of 𝐸 are in one-to-one correspondence with the character
classes in 𝐼𝐸 :
where

𝕍

𝐸,𝜓
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Lemma 3.8. Let 𝜒 ∈ 𝐼𝐸 be a character√
class. Then the unique height one prime
𝕍
𝕍
ideal of 𝐸,𝜒 = ℛ𝜒 [[Γ]] containing 𝑝 is 𝑝ℛ𝜒 𝐸,𝜒 .
√
𝕍
Proof. We first show that the ideal 𝑝ℛ𝜒 𝐸,𝜒 is indeed a prime ideal. Note
√
√
𝕍
𝕍
that the quotient 𝐸,𝜒 ∕ 𝑝ℛ𝜒 𝐸,𝜒 identifies with (ℛ𝜒 ∕ 𝑝ℛ𝜒 )[[Γ]] and so it
suffices to show that this latter
√ ring is a domain.
To do this we note that

𝑝ℛ𝜒 coincides with the inverse image of the nil-

radical of the ring ℛ𝜒 ∕𝑝ℛ𝜒 under the natural projection ℛ𝜒 → ℛ𝜒 ∕𝑝ℛ𝜒 . Since
𝑝 is not a unit in ℛ the ring ℛ𝜒 ∕𝑝ℛ𝜒 is a non-zero local ring of Krull dimension
zero and so its nilradical
coincides with its unique maximal ideal. From this it
√
follows that ℛ𝜒 ∕

𝑝ℛ𝜒 is a non-zero field of characteristic 𝑝. This immediately
√
implies that ℛ𝜒 ∕ 𝑝ℛ𝜒 [[Γ]] is a domain as claimed.
√
𝕍
𝕍
By definition, 𝑝ℛ𝜒 𝐸,𝜒 is minimal amongst those primes of 𝐸,𝜒 containing the principal ideal 𝑝Λ𝜒 . We may then appeal to Krull’s principal ideal the√
𝕍
orem to establish that 𝑝ℛ𝜒 𝐸,𝜒 has height one as is required to complete the
proof of the Lemma.



𝕍
The above discussion implies that the localisation of 𝐸 at a singular prime
does not enjoy as nice a structure as in the regular case and it is therefore quite
cumbersome to study the structure of its category of modules.𝕍 With this being said, one can circumvent this issue by restricting oneself to 𝐸 -modules for
which certain 𝜇-invariants vanish as the following Lemma shows. To state it
we will write 𝜇𝐴 (𝑀) for the 𝜇-invariant of the Iwasawa module 𝑀 over a given
(non-equivariant) Iwasawa algebra 𝐴.
𝕍
Lemma 3.9. Let 𝑀 be a finitely generated 𝐸 -module which is torsion as a Λmodule, 𝔭 a singular prime with associated character class 𝜒 = 𝜒𝔭 ∈ 𝐼𝐸 . Then
the following are equivalent:
(1) The 𝜇Λ -invariant of 𝑒𝜒 𝑀 vanishes,
(2) For any character class 𝜓 = 𝜓(𝜒) ∈ 𝐼𝐸 associated to 𝜒 the 𝜇𝕍𝐸,𝜓 -invariant
of
𝕍
𝕍
𝑀𝜓 ∶= 𝑀 ⊗𝕍𝐸 𝐸,𝜓 ≅ 𝑒𝜒 𝑀 ⊗𝕍𝐸 𝐸,𝜓
vanishes,
𝕍
(3) The 𝔭 -module 𝑀𝔭 vanishes.
Proof. It is an immediate consequence of the structure theorem for Iwaswa
modules that 𝜇Λ (𝑒𝜒 (𝑀)) (resp. 𝜇𝕍𝐸,𝜓 (𝑀𝜓 )) vanishes if and only if the same is
true of (𝑒𝜒 𝑀)(𝑝) (resp. 𝑀𝜓,(𝜋) with 𝜋 a generator of the maximal ideal of ℛ𝜓′ ).
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We now claim that the natural homomorphism
𝕍
𝕍
𝐸,𝜒 ⊗Λ Λ(𝑝) ≅ 𝐸,𝜒,𝔭

(14)

of rings is an isomorphism. To do this we fix a topological generator
𝛾 of Γ. Then
𝕍
by the argument used to prove Lemma
3.8
the
ideal
(𝔭,
𝛾
−
1)
is
the unique
𝐸,𝜒
𝕍
maximal ideal of the local ring 𝐸,𝜒 . Observe, furthermore, that 𝛾𝕍− 1 is in fact
an element of Λ,
𝕍 not divisible by 𝑝, and is therefore invertible in 𝕍𝐸,𝜒 ⊗Λ Λ(𝑝) .
Since the ring 𝐸,𝜒 has Krull dimension two it then follows that 𝐸,𝜒 ⊗Λ Λ(𝑝)
has Krull dimension
one. A straightforward calculation then
𝕍
𝕍 shows that the
spectrum of 𝐸,𝜒 ⊗Λ Λ(𝑝) coincides with the subset of Spec( 𝐸,𝜒 ) consisting of
those prime ideals of height one containing 𝑝. The isomorphism (14) is now an
immediate consequence of the fact that the only such prime is 𝔭.
The equivalence
𝕍 between (1) and (3) now follows by tensoring the isomorphism (14) over with 𝑀.
We now note that the map ℛ𝜒 → ℛ𝜓′ is surjective by definition and so the
√
induced map on residue fields ℛ𝜒 ∕ 𝑝ℛ𝜒 → ℛ𝜓′ ∕𝜋𝜓 ℛ𝜓′ is an isomorphism
where 𝜋𝜓 is a generator of the maximal ideal of ℛ𝜓′ . The equivalence between
(2) and (3) is now follows by combining this isomorphism with Nakayama’s
Lemma.

The following Lemma will allows us to analyse the condition
𝕍 of Proposition 3.6 after localising at height one primes. We remark that 𝐸 is a CohenMacaulay ring by virtue of being Gorenstein.
Lemma 3.10. Let 𝑅 be a Cohen-Macaulay ring with total ring of quotients 𝑄
and suppose 𝑅 admits a decomposition as a product of local rings. Assume to be
given an invertible 𝑄-module 𝑀, a cyclic 𝑅-submodule 𝐼 of 𝑀, and an invertible
𝑅-submodule 𝐽 of 𝑀. Then 𝐼 ⊆ 𝐽 if and only if for every height one prime 𝔭 of 𝑅
one has 𝐼𝔭 ⊆ 𝐽𝔭 inside 𝑀𝔭 .
Proof. This is shown in the same way as [19, Lem. 5.3] by using an 𝑅-generator
of 𝐼 instead of a basis.

of

We end this section by recalling the following useful result on Fitting ideals
𝕍
𝐸 -modules:

Theorem 3.11 (Greither-Kurihara). Fix a field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and let (𝑀𝑛 )𝑛∈ℕ
be an inverse system of ℛ[𝒢𝐸𝑛 ]-modules with surjective transition morphisms. If
the limit 𝑀∞ ∶= ←
lim
𝑀𝑛 is torsion as a Λ-module then the natural projection
,,,,,𝑛∈ℕ
maps ℛ[𝒢𝐸𝑚 ] → ℛ[𝒢𝐸𝑛 ] induce an isomorphism of Fitting ideals
0

0

Fitt𝕍 (𝑀∞ ) ≅ ←
lim
Fittℛ[𝒢𝐸 ] (𝑀𝑛 )
,,,,,
𝑛∈ℕ

𝑛

Proof. This follows via the same argument used to prove [22, Thm. 2.1]. The
statement of loc. cit. is for the case ℛ = 𝑅[𝐺] where 𝐺 is a finite abelian group.
However, the only point at which this structure is relevant in the argument is
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in step (5) in which
𝕍
𝕍a non-zero-divisor annihilator 𝑓 ∈ Λ of 𝑀∞ is fixed and
the claim that 𝐸 ∕𝑓 𝐸 is a semi-local ring of dimension one is asserted. Since
it is clear that this condition is also satisfied under the slightly more general
hypotheses levied on ℛ herein, the argument of loc. cit. carries through unchanged.

3.4.2. Iwasawa-theoretic divisibilities. In this section we expand upon Remark 3.7 by giving the precise statement and proof of Theorem 1.10. In particular, we shall show that the question of whether an Euler system is basic is
equivalent (modulo vanishing of particular 𝜇-invariants) to a collection of classical Iwasawa-theoretic divisibilities.
To do this we first record the following Lemma:
Lemma 3.12. Fix𝕍an Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦), a field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾), and a
regular prime 𝔭 of 𝐸 . If ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍 is non-trivial then
𝐸,𝔭

⋂𝑟

(
lim
←,,,,,𝑛

ℛ[𝒢𝐸𝑛 ]

)
𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)

𝔭

⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸,𝔭

is a torsion

𝕍

𝐸,𝔭 -module.
𝜓

Proof. At the outset we fix a quadratic standard representative [𝑃 ,→ 𝑃] of the
complex 𝐶𝐸∞ ,𝑆(𝐸) (𝑇), the
𝕍 existence of which is guaranteed by Lemma 3.3.
We next recall that 𝐸,𝔭 is a discrete valuation ring and, therefore, a prin1
cipal ideal domain. The embedding 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) ⊆ 𝑃 then implies that
𝕍
1
𝐻Iw (𝒪𝐸,𝑆(𝐸) , 𝑇)𝔭 is a free 𝐸,𝔭 -module, being a submodule of a finite free module. A straightforward analysis of the Yoneda 2-extension associated to the 𝕍
fixed
standard representative of the complex 𝐶𝐸∞ ,𝑆(𝐸) (𝑇) then implies that the 𝐸,𝔭 rank of this module is precisely 𝑟.
In particular one sees that
⋂𝑟
⋂𝑟
1
1
( 𝕍 𝐻Iw
𝕍 𝐻 (𝒪𝐸,𝑆(𝐸) , 𝑇)𝔭
(𝒪𝐸,𝑆(𝐸) , 𝑇)) ≅
Iw
𝐸

𝐸,𝔭

𝔭

⋀𝑟
≅

𝕍
𝐸,𝔭

is

1
𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)𝔭

𝕍

𝐸,𝔭 -free of rank one.
As such the assumption that the module ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸,𝔭

be non-trivial means

that it is also free of rank one and, therefore, that the quotient of the Lemma is
𝕍

𝐸,𝔭 -torsion.
Remark 3.13. Let 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) be a field and
𝕍 𝜓 ∈ 𝐼𝐸 a character class. Then
by
fixing
any
regular
height
one
prime
𝔭
of
𝐸,𝜓 and regarding it as a prime of
𝕍
one
may
immediately
deduce
from
Lemma
3.12 the following.
𝐸
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𝜓

Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦) be an Euler system. If there is some 𝑛 ∈ ℕ such that 𝜂𝐸
𝑛
is non-trivial then
⋂𝑟𝑇
(
)𝜓
1 (𝒪
lim
𝐻
,
𝑇)
𝐸𝑛 ,𝑆(𝐸𝑛 )
←,,,,,𝑛
ℛ[𝒢𝐸𝑛 ]

𝜓

⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸,𝜓

is a torsion

𝕍

𝐸,𝜓 -module

where we write (−)𝜓 for the functor − ⊗𝕍𝐸

𝕍

𝐸,𝜓 .

Theorem 3.14. Suppose to be given an Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦). Assume
that for each field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and every character class 𝜒 ∈ 𝐼𝐸 one has that
the 𝜇Λ -invariant of
2
𝑒𝜒 ⋅ 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)

(15)

vanishes. Then the following are equivalent
(1) 𝜂 ∈ ESb (𝑇, 𝒦);
𝕍
(2) For every field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and regular prime 𝔭 of 𝐸 such that ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍
is non-trivial there is an inclusion
⋂𝑟
⎧
⎫
1 (𝒪
⎧ lim
⎫
𝐻
,
𝑇)
𝐸
,𝑆(𝐸
)
( 2
)
𝑛
𝑛
←,,,,,𝑛
ℛ[𝒢𝐸𝑛 ]
0𝕍
⎨
⎬ ⊆ Fitt0𝕍 𝐻Iw
Fitt 𝐸
(𝒪𝐸,𝑆(𝐸) , 𝑇) 𝔭 (16)
𝐸
𝕍
⟨(𝜂
)
⟩
⎨
⎬
𝐸𝑛 𝑛
⎩
⎭𝔭
𝐸
⎩
⎭
(3) For every field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and character class 𝜓 ∈ 𝐼𝐸 for which there
exists an 𝑛 ∈ ℕ such that 𝑒𝜓 ⋅ 𝜂𝐸𝑛 is non-trivial one has that
)
( 2
(𝒪𝐸,𝑆(𝐸) , 𝑇)𝜓
char𝕍𝐸,𝜓 𝐻Iw

||
||
||
|

⎧
⎫
𝜓
⋂𝑟
⎧
⎫
⎪
⎪
1 (𝒪
(lim
𝐻
,
𝑇))
⎪ ←,,,,,𝑛
⎪
𝐸𝑛 ,𝑆(𝐸𝑛 )
ℛ[𝒢𝐸𝑛 ]
⎬
char𝕍𝐸,𝜓 ⎨
𝜓
⎨
⎪
⎬
⎪
𝕍
⟨(𝜂
)
⟩
𝐸𝑛 𝑛
⎪
⎪
𝐸,𝜓
⎩
⎭
𝕍
⎩
⎭
𝕍

(17)

where we write (−)𝜓 for the functor − ⊗ℛ[𝒢𝐸 ] ℛ𝜓 = − ⊗ 𝐸 𝐸,𝜓 .
Moreover, suppose that for each field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and every character class
𝜒 ∈ 𝐼𝐸 one has that the 𝜇Λ -invariant of
𝜒
⋂𝑟
1
(lim
𝐻 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇))
←,,,,,𝑛
ℛ[𝒢𝐸𝑛 ]

𝜒

⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸

vanishes. Then 𝜂 is an ℛ[[Gal(𝒦∕𝐾)]]-basis of ESb (𝑇, 𝒦) if and only if equality
holds in either (and thus both) (2) and (3).
Proof. We shall establish these equivalences by arguing that (1) ⟺ (2) and
(2) ⟺ (3)
At the outset we remark that by Proposition 3.6 one knows that 𝜂 ∈ ESb (𝑇, 𝒦)
if and only if for every 𝐸 ∈ Ω(𝒦∕𝐾) one has an inclusion
ℒ𝜂,𝐸 ∈ d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇))

(18)

𝐸,𝔭
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Now fix 𝐸 ∈ Ω(𝒦 ′ ∕𝐾). Without loss of generality we may assume that there
exists 𝑛 ∈ ℕ such that 𝜂𝐸𝑛 is non-trivial. Indeed if 𝜂𝐸𝑛 is trivial for all 𝑛 ∈ ℕ
then the inclusion (18) is vacuous and so there is nothing to prove in this case.
Appealing to Lemma 3.10 we see that it 𝕍
suffices to check the above inclusion
after localisation at a height one prime of 𝐸 .
𝕍
We first perform the analysis for the singular primes of 𝐸 . Fix such a prime
𝔭. By Lemma 3.9 and the hypothesis, one knows that the localisation
2
(𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)𝔭 vanishes. This combines with the exact sequence (3) and the
vanishing of the Euler-Poincaré characteristic of the relevant complex to imply
1
that (𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇))𝔭 is free of rank 𝑟. We may thus pass to cohomology and
apply the injective map Θ∞
𝑇,𝐸,𝔭 to find that the inclusion (18) is equivalent to the
inclusion
⋂𝑟
𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇))
⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍 ⊆ (lim
(19)
←,,,,,
𝐸,𝔭

ℛ[𝒢𝐸𝑛 ]

𝑛∈ℕ

𝔭

We next analyse both directions𝕍of the implication
for regular primes. To this
𝕍
end, fix first a regular prime 𝔭 of 𝐸 . Then 𝐸,𝔭 is a discrete valuation ring and
is thus regular. In particular,
we may pass to cohomology in the determinant
𝕍
functor. Moreover,𝕍 𝐸,𝔭 has dimension one and so the determinants of finitely
generated torsion 𝐸,𝔭 -modules coincide with the inverse of their initial Fitting
ideals. These two facts taken together imply that the desired inclusion
𝕍
⟨ℒ𝜂,𝐸 ⟩𝕍 ⊆ d𝕍𝐸,𝔭 ( 𝐸,𝔭 ⊗𝕍𝐸 𝐶𝐸∞ ,𝑆(𝐸) (𝑇))
(20)
𝐸,𝔭

is equivalent to an inclusion

⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸,𝔭

If ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸,𝔭

)
) (
⋂𝑟
0 ( 2
1 (𝒪
⊆ Fitt𝕍𝐸 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) 𝔭 ⋅ lim
𝐻
,
𝑇)
𝐸𝑛 ,𝑆(𝐸𝑛 )
ℛ[𝒢𝐸 ]
←,,,,,𝑛
𝑛

𝔭

is trivial then this inclusion is vacuous. Otherwise, Lemma 3.12

implies that this inclusion is equivalent to the inclusion
⋂𝑟
⎧ lim
𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇) ⎫
←,,,,,𝑛
)
ℛ[𝒢𝐸𝑛 ]
0𝕍
0 ( 2
Fitt 𝐸 ⎨
(𝒪𝐸,𝑆(𝐸) , 𝑇) 𝔭 (21)
⊆ Fitt𝕍𝐸 𝐻Iw
⎬
⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍
𝐸
⎩
⎭𝔭
This establishes the equivalence (1) ⟺ (2) of the Theorem.
Now suppose that the divisibility (17) holds for all 𝜓 ∈ 𝐼𝐸 such
𝕍 that there
exists an 𝑛 ∈ ℕ with 𝑒𝜓 ⋅𝜂𝐸𝑛 non-trivial. Fix a regular prime 𝔭 of 𝐸 . Then there
exists
𝜓𝕍∈ 𝐼𝐸 such that 𝜓𝔭 = 𝜓. Observe
𝕍
𝕍 that
𝕍 the localisation homomorphism
by multiplication by
𝐸 → 𝐸,𝔭 factors through the map 𝐸 → 𝐸,𝜓 induced
𝕍
𝑒𝜒 . Moreover for every finitely generated torsion 𝐸,𝜒 -module 𝑀, [30, Lem.
3.4.2] gives an equality
0

0

Fitt𝕍𝐸,𝜓 (𝑀) = Fitt𝕍𝐸,𝜓 (𝑀f in ) ⋅ char𝕍𝐸,𝜓 (𝑀)

(22)

where 𝑀f in is the maximal finite submodule𝕍 of 𝑀. Since 𝔭 is regular we may
therefore base-change the condition (17) to 𝔭 to establish (3) ⟹ (2).
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Conversely, observe that the
𝕍 definition of characteristic ideals implies that
for finitely generated torsion 𝐸,𝜓 -modules 𝑀 and 𝑁 one has that char(𝑀) ⊆
𝕍
char(𝑁) if and only if char(𝑀𝔭 ) ⊆ char(𝑁𝔭 ) for all height one primes 𝔭 of 𝐸,𝜓 .
Given this, the implication (2) ⟹ (3) is now an immediate consequence of
the equality (22) and the 𝜇-vanishing assumption.
Finally, to prove the claim regarding bases of ESb (𝑇, 𝒦) we first observe that
the second 𝜇-vanishing condition in the statement is equivalent to the assertion
that the inclusion (19) is in fact an equality. The claim then follows from the
same argumentation as above by replacing all relevant inclusions/divisibilities
with equalities and noting that 𝜂 is a basis of ESb (𝑇, 𝒦) if and only if for every
𝐸 ∈ Ω(𝒦 ′ ∕𝐾) one has that ℒ𝜂,𝐸 is a basis of d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)).
This completes the proof of the Theorem.

Remark 3.15. Euler systems are widely believed to satisfy divisibility conditions of the shape (17). Such conditions are well-known in the rank one setting
and appear in, for example, [36, Thm. 3.3]. They are also known to hold in
certain cases in the higher rank setting for the Euler system of Rubin-Stark elements and in this regard we refer the reader to [15, Thm. A]. As such, Theorem
3.14 can be seen to give evidence for Question 1.8.
Remark 3.16. The 𝜇-vanishing condition (15) has been studied by various authors for the cyclotomic ℤ𝑝 -extension 𝐸∞ ∕𝐸 and for varying 𝑇:
(1) For 𝑇 = ℤ𝑝 (1) this is the celebrated conjecture of Iwasawa which is still
only known in a few cases such as when 𝐸 is abelian over ℚ through
the work of Ferrero-Washington [18].
(2) If 𝑇 is the 𝑝-adic Tate module of an elliptic curve then Coates and Sujatha have conjectured in [16, Conj. A] that the dual of the fine Selmer
group of 𝑇 over 𝐸∞ has vanishing 𝜇-invariant (and see below for the
equivalence with Iwasawa cohomology).
(3) In general, Lim has conjectured in [28, Conj. A] that the dual of the
fine Selmer group of 𝑇 over 𝐸∞ has vanishing 𝜇-invariant. We remark
that by Lemma 3.4 of loc. cit. this is equivalent to the vanishing of the
2
𝜇-invariant of 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇). Moreover, in Theorem 3.1 of loc. cit. it
is shown that if Iwasawa’s conjecture holds for a particular finite extension 𝐹 of 𝐸 then Lim’s conjecture holds for 𝐸∞ .
3.5. Standard hypotheses revisited. In this section we consider representations and fields satisfying standard hypotheses in order to obtain stronger
evidence in favour of Question 1.8. As such, we shall make use of the notations and assumptions established in §2.1. We assume, for simplicity, that 𝐾∞
is the cyclotomic ℤ𝑝 -extension of 𝐾. We remark, however, that by considering
Iwasawa-theoretic versions of (SH2 ) and (SH3 ) one can prove analogous results
for other ℤ𝑝 -extensions (see [10, Th. 4.27, Rem. 4.28]).
In the sequel we write ℒ for the maximal subextension of 𝒦 ′ such that every
field in Ω(ℒ𝐾∞ ∕𝐾) satisfies standard hypotheses for the representation 𝑇.
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Proposition 3.17. Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦)𝕍be an Euler system. Then for every field
𝐸 ∈ Ω(ℒ∕𝐾) and regular prime 𝔭 of 𝐸 for which ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝔭 is non-trivial the
inclusion (16) holds.
Proof. Fix a field 𝐸 ∈ Ω(ℒ∕𝐾). Then it is easy to see that for every 𝑛 ∈ ℕ, the
field 𝐸𝑛 satisfies standard hypotheses for the representation 𝑇. As such, [10,
Lem. 3.10] implies that the canonical and relaxed Selmer structures coincide
for the induced representations 𝒯𝐸𝑛 .
After taking into account [10, Ex. 2.7(iii)] we then have a canonical isomorphism
∨
1
∨
2
𝐻ℱ
∗ (𝐾, 𝒯𝐸 (1)) ≅ 𝐻 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)
𝑛

can

We may thus apply [10, Thm. 3.6(iii)] to deduce an inclusion
0

im(𝜂𝐸𝑛 ) ⊆ Fittℛ[𝒢𝐸 ] (𝐻 2 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇))
𝑛

for every 𝑛 ∈ ℕ.
𝕍
Now fix a regular prime 𝔭 of 𝐸 . By Lemma 3.18 below we can pass to the
limit to obtain
0

2
(𝒪𝐸,𝑆(𝐸) , 𝑇))𝔭
im((𝜂𝐸𝑛 )𝑛 )𝔭 ⊆ Fitt𝕍𝐸 (𝐻Iw

(23)

Consider next the tautological exact sequence
⋂𝑟
1
𝕍 𝐻 (𝒪𝐸,𝑆(𝐸) , 𝑇)𝔭 → 𝑄 → 0
0 → ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍 →
Iw
𝐸,𝔭

𝐸,𝔭

𝕍

Since 𝐸,𝔭 is a discrete valuation ring, a straightforward analysis of the Yoneda
2-extension associated to the representative [𝑃𝔭 → 𝑃𝔭 ] arising
𝕍 from Lemma
3.3(2) implies that the first two terms of this sequence are free 𝐸,𝔭 -modules of
rank one.
Given this, we may apply [13, Lem. A.2(ii)] to deduce that
0

im((𝜂𝐸𝑛 )𝑛 )𝔭 = Fitt𝕍𝐸,𝔭 (𝑄)
The desired inclusion (16) now follows immediately by combining the inclusion (23) with the identification
⋂𝑟
lim
𝐻 1 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)
←,,,,,
𝑄≅

𝑛∈ℕ

ℛ[𝒢𝐸𝑛 ]

⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍

𝐸



induced by the isomorphism of Lemma 3.3.
Lemma 3.18. Fix a field 𝐸 ∈ Ω(𝒦 ′ ∕𝐾).
(1) There is an equality of ideals
0

0

2
lim
Fittℛ[𝒢𝐸 ] (𝐻 2 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)) = Fitt𝕍𝐸 (𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇))
←,,,,,

𝑛∈ℕ

𝑛
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(2) For every Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦) there is an inclusion of ideals
im(𝜂𝐸𝑛 ))
im((𝜂𝐸𝑛 )𝑛 ) ⊆ (lim
←,,,,,
𝑛

with pseudo-null cokernel where (𝜂𝐸𝑛 )𝑛 is viewed as an element of
⋂𝑟
𝕍
𝐸

1
𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)

via the isomorphism of Lemma 3.3.
Proof. By [10, Lem. 4.29] one knows that the restriction maps ℛ[𝒢𝐸𝑚 ] →
ℛ[𝒢𝐸𝑛 ] for 𝑚 > 𝑛 induce surjective maps
0

0

Fittℛ[𝒢𝑚 ] (𝐻 2 (𝒪𝐸𝑚 ,𝑆(𝐸𝑚 ) , 𝑇)) ↠ Fittℛ[𝒢𝑛 ] (𝐻 2 (𝒪𝐸𝑛 ,𝑆(𝐸𝑛 ) , 𝑇)),
im(𝜂𝐸𝑚 ) ↠ im(𝜂𝐸𝑛 )
By passing to the limit over the first of these transition maps and applying Theorem 3.11 one obtains the identification in the first claim of the Lemma.
As for the second claim, we first observe that the surjectivity of the second of
the above transition maps implies that lim
im(𝜂𝐸𝑛 ) is a well-defined non-zero
←,,,,,𝑛
𝕍
ideal of 𝐸 .
Now, the definition of the bidual implies that there is an equality of ideals
⋀𝑟
||
1
𝕍 𝐻 (𝒪𝐸,𝑆(𝐸) , 𝑇)∗ }
im((𝜂𝐸𝑛 )𝑛 ) = { 𝜙((𝜂𝐸𝑛 )𝑛 ) ||| 𝜙 ∈
Iw
𝐸
|
By Lemma 3.3(2) there exists a short exact sequence
1
(𝒪𝐸,𝑆(𝐸) , 𝑇) → 𝑃 → 𝐼 → 0
0 → 𝐻Iw
𝕍
𝕍
where 𝑃 is a free 𝐸 -module and 𝐼 is 𝐸 -torsion-free. Appealing to [29, Prop.
𝕍
1
5.4.17, Cor. 5.5.4(ii)] one sees that Ext𝕍𝐸 (𝐼, 𝐸 ) is finite and so the natural map
1
𝑃∗ → 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇)∗

has pseudo-null cokernel. Given this we have an inclusion of ideals
⋀𝑟
||
𝕍 𝑃∗ }
im((𝜂𝐸𝑛 )𝑛 ) ⊆ { 𝜙((𝜂𝐸𝑛 )𝑛 ) ||| 𝜙 ∈
𝐸
|
with pseudo-null cokernel.
Moreover, if we set 𝑃𝑛 ∶= 𝑃 ⊗𝕍𝐸 ℛ[𝒢𝐸𝑛 ] then an entirely similar argument
applied to the representative 𝑃𝑛 → 𝑃𝑛 of 𝐶𝐸𝑛 ,𝑆(𝐸𝑛 ) (𝑇) gives the equality
⋀𝑟
||
im(𝜂𝐸𝑛 ) = { 𝜙(𝜂𝐸𝑛 ) ||| 𝜙 ∈
𝑃∗ }
ℛ[𝒢𝐸𝑛 ] 𝑛
|
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On the other hand, since 𝑃 is projective we obtain a composite isomorphism
⋀𝑟
⋀𝑟
𝕍
𝕍
Hom𝕍𝐸 ( 𝕍 𝑃, 𝐸 ) ≅ Hom𝕍𝐸 (lim
𝑃𝑛 , 𝐸 )
←,,,,,
ℛ[𝒢 ]
𝐸

𝐸𝑛

𝑛

⋀𝑟
≅←
lim
Hom𝕍𝐸 (lim
,,,,,
←,,,,,
𝑚

𝑛

ℛ[𝒢𝐸𝑛 ]

𝑃𝑛 , ℛ[𝒢𝐸𝑚 ])

⋀𝑟
≅←
lim
Homℛ[𝒢𝐸𝑚 ] (
,,,,,
𝑚

ℛ[𝒢𝐸𝑚 ]

𝑃𝑚 , ℛ[𝒢𝐸𝑚 ])

The Lemma now follows by combining this isomorphism with the above descriptions of the relevant ideals.

We end this section with a straightforward Corollary of Proposition 3.17.
Corollary 3.19. Suppose that for every field 𝐸 ∈ Ω(ℒ∕𝐾) the 𝜇-invariant hypothesis (15) holds. Then for every Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦) there exists a
basic Euler system that agrees with 𝜂 on the extension ℒ𝐾∞ ∕𝐾.
Proof. Fix an Euler system 𝜂 ∈ ES𝑟 (𝑇, 𝒦). Then by Proposition 3.17 and Theorem 3.14 one knows that for every 𝐸 ∈ Ω(ℒ∕𝐾) the element ℒ𝜂,𝐸 is contained
in d𝕍𝐸 (𝐶𝐸∞ ,𝑆(𝐸) (𝑇)).
Now since the transition map 𝜈𝐸∞′ ∕𝐸 in the definition of VSIw (𝑇, 𝒦) is surjective, the natural projection map
VSIw (𝑇, 𝒦) ↠ VSIw (𝑇, ℒ𝐾∞ )
is a surjection. We are therefore able to lift the family (ℒ𝜂,𝐸 )𝐸∈Ω(ℒ∕𝐾) to a vertical
system 𝑧 ∈ VSIw (𝑇, 𝒦). The element Θ∞
(𝑧) then gives the desired basic Euler
𝑇,𝒦
system.


4. Applications to arithmetic
4.1. The multiplicative group.
×

4.1.1. The set-up. Let 𝐾 be a totally real field and 𝜓 ∶ 𝐺𝐾 → ℚ𝑝 a nontrivial character of finite prime-to-𝑝 order. Denote by ℛ the finite ℤ𝑝 -algebra
generated by the image of 𝜓. If 𝐿 denotes the fixed field of 𝜓 then we suppose
throughout this section that 𝐿 is totally real and that no 𝑝-adic place of 𝐾 splits
completely or ramifies in 𝐿. We moreover write ∆ = Gal(𝐿∕𝐾).
We write ℛ(1) ⊗ 𝜓 −1 for the 𝐺𝐾 -representation which equals ℛ as an ℛmodule and upon which 𝐺𝐾 acts via 𝜒cyc 𝜓 −1 where 𝜒cyc is the cyclotomic character of 𝐾.
Then 𝑇 = ℛ(1) ⊗ 𝜓 −1 is a 𝑝-adic representation with coefficients in ℛ. Fix
a finite set of places 𝑆 of 𝐾 containing 𝑆min (𝑇) and an abelian extension 𝒦∕𝐾
such that the pair (𝑇, 𝒦) is admissible.
In this setting we note that the weak Leopoldt conjecture holds by the result
recalled in Remark 3.2.
For each 𝐸 ∈ Ω(𝒦∕𝐾) we make the following definitions:
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∙ 𝑈𝐸,𝑆(𝐸) ∶= (𝒪×𝐿𝐸,𝑆(𝐸) )𝜓 and 𝑈𝐸 ∶= (𝒪×𝐿𝐸 )𝜓
∙ 𝐴𝐸,𝑆(𝐸) ∶= Cl𝑆(𝐸) (𝐿𝐸)𝜓 and 𝐴𝐸 ∶= Cl(𝐿𝐸)𝜓
∙ 𝑌𝐸,𝑉 for the (𝑝, 𝜓)-part of the free abelian group on the places in 𝑉𝐿𝐸
where 𝑉 is any finite set of places of 𝐾.
For any □ ∈ { 𝑈, 𝐴, 𝑌 } we set □∞
□𝐸𝑛 ,𝑉 . Here the limit is taken
𝐸,𝑉 ∶= lim
←,,,,,𝑛
with respect to the homomorphisms induced by the norm map if □ ∈ { 𝑈, 𝐴 }
and with respect to the map induced by restriction of places otherwise.
Note, moreover, that for any pair of fields 𝐸 ⊆ 𝐸 ′ there is another transition
map
𝑌𝐸 ′ ,𝑉 → 𝑌𝐸,𝑉
𝑤 ↦ 𝑓𝑤∕𝑣 𝑣
where for any place 𝑤 of 𝑉𝐸 ′ lying above 𝑣 ∈ 𝑉𝐸 we write 𝑓𝑤∕𝑣 for the inertial
∞
the limit lim
𝑌𝐸𝑛 ,𝑉 taken with respect to
degree. We then denote by 𝑌𝐸,𝑉
←,,,,,𝑛∈ℕ
this map.
Observe that Kummer theory gives a canonical isomorphism
𝑈𝐸,𝑆(𝐸) ≅ 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
In particular, any 𝜂 ∈ ES𝑟 (𝑇, 𝒦) can be regarded as a compatible collection of
elements in 𝑈𝐸,𝑆(𝐸) as 𝐸 varies over Ω(𝒦∕𝐾).
We first record the following Lemma.
Lemma 4.1. Let 𝐾 = ℚ and 𝜂 ∈ ES1 (𝑇,𝕍𝒦) be an Euler system and 𝐸 ∈
Ω(𝒦 ′ ∕𝐾). Then for every regular prime 𝔭 of 𝐸 the condition (16) is equivalent
to an inclusion
0

0

∞
Fitt𝕍𝐸,𝔭 ((𝑈𝐸∞ ∕(𝜂𝐸𝑛 )𝑛 )𝔭 ) ⋅ Fitt𝕍𝐸,𝔭 (𝑌𝐸,𝑆(𝐸)⧵𝑆

𝑝 (𝐾),𝔭

0

∞
)
)−1 ⊆ Fitt𝕍𝐸,𝔭 (𝐴𝐸,𝔭

(24)

Proof. At the outset we remark that we have a natural exact sequence
∞
∞
∞
0 → 𝑈𝐸∞ → 𝑈𝐸,𝑆(𝐸)
→ 𝑌𝐸,𝑆(𝐸)
→ 𝐴𝐸∞ → 𝐴𝐸,𝑆(𝐸)
→0
∞
Since no finite place of 𝐿𝐸 can split completely in 𝐿𝐸∞ it follows that 𝑌𝐸,𝑆(𝐸)
=
∞
𝑌𝐸,𝑆

𝑝 (𝐾)

. By hypothesis, no 𝑝-adic place of 𝐾 can split completely in 𝐿 and so

this latter limit is in fact trivial.
As such, the inclusion and quotient maps respectively give canonical identi∞
∞
fications 𝑈𝐸∞ = 𝑈𝐸,𝑆(𝐸)
and 𝐴𝐸∞ ≅ 𝐴𝐸,𝑆(𝐸)
.
On the other hand, the fact that 𝜓 is non-trivial implies that we have an exact
sequence
2
∞
0 → 𝐴𝐸∞ → 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) → 𝑌𝐸,𝑆(𝐸)⧵𝑆

𝑝 (𝐾)

→0

(25)

The proof of the Lemma now follows from the well-known fact that Fitting
ideals are multiplicative on short-exact sequences over rings of global dimension one.
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4.1.2. An interlude on Euler systems in the sense of Kolyvagin. A key
step in the proof of Theorem 1.11 will be to use the argument employed by
Greither [21, Thm. 3.1] in proving the Iwasawa main conjecture over arbitrary
abelian extensions. The argument of loc. cit. is carried out in the classical
framework of Euler systems in the sense of Kolyvagin, the notation of which
differs from the more modern definition 1.2. In order to facilitate exposition in
the sequel we now recall this earlier definition and how elements of ES1 (𝑇, 𝒦)
give rise to such systems.
To do this we follow Greither in [21, p. 471] (and Burns and Seo in [14, §3.2])
by fixing a rational prime 𝑝, an abelian field 𝐹 ∈ Ω(𝐾 ab ∕𝐾) and 𝑀 a power of
𝑝. We let { 𝜁𝑛 }𝑛≥1 be a compatible family of primitive 𝑛𝑡ℎ -roots of unity and
we denote 𝐹(𝑚) = 𝐹(𝜁𝑚 ) for each natural number 𝑚. We write 𝒥 = 𝒥𝐹,𝑀 for
the set of square-free positive integers whose every prime divisor both splits
completely in 𝐹 and is congruent to 1 modulo 𝑀.
Definition 4.2. A 𝑝-adic Euler-Kolyvagin system for the field 𝐹 is a collection
(𝜀𝑟 )𝑟∈𝒥 satisfying the following properties for a given 𝑟 ∈ 𝒥𝐹,𝑀 and each prime
divisor 𝓁 of 𝑟:
ˆ ℤ ℤ𝑝 ,
(ES1 ) 𝜀𝑟 belongs to 𝐹(𝑟)× ⊗
×
(ES2 ) 𝜀𝑟 belongs to 𝒪𝐹(𝑟),𝑝 when 𝑟 > 1,
(ES3 ) 𝑁𝐹(𝑟)∕𝐹(𝑟∕𝓁) (𝜀𝑟 ) = (1 − Fr−1
𝓁 ) ⋅ 𝜀𝑟∕𝓁 ,
(ES4 )𝑝 For all primes 𝔩 of 𝐹(𝑟) lying above 𝓁 we have 𝜀𝑟 ≡ 𝜀𝑟∕𝓁 (mod 𝔩)𝑝
where (mod 𝔩)𝑝 is taken to mean that the congruence holds only after
projecting to the 𝑝-primary component of the residue field 𝒪𝐹(𝑟) ∕𝔩.
Henceforth we shall assume that 𝐾 = ℚ, 𝒦 ′ is the maximal abelian pro-𝑝
extension of 𝐾 unramified at the primes in 𝑆 and 𝒦 = 𝒦 ′ ℚ∞ where ℚ∞ is the
cyclotomic ℤ𝑝 -extension of ℚ.
In the following Lemma we shall demonstrate how elements of ES1 (𝑇, 𝒦)
give rise to useful Euler-Kolyvagin systems for fields 𝐸 ∈ Ω(𝒦∕𝐾). While
this is in principle a straightforward task, there are two minor inconveniences
that make matters somewhat delicate. Firstly, elements of 𝜂 ∈ ES1 (𝑇, 𝒦) do
not admit values over full ray class fields, rather only over the maximal 𝑝subextensions of the various cyclotomic fields over 𝐿. Secondly, 𝜂 admits values
inside the 𝜓-isotypical part of the various unit groups. We will deal with these
issues by introducing certain useful splittings of modules of Euler systems.
To formulate this we write 𝔣𝐸 (resp. 𝐸 𝑝 ) for the conductor (resp. maximal
𝑝-subextension) of an abelian field 𝐸 and 𝑁 † for the set of natural numbers
congruent to 2 modulo 4.
Proposition 4.3. Fix a field 𝐸 ∈ Ω(𝒦∕𝐾) and a natural number 𝑑 ∈ ℕ† such
that 𝑑 ∣ 𝔣𝐸 . Given an Euler system 𝜂 ∈ ES1 (𝑇, 𝒦) there exists a 𝑝-adic EulerKolyvagin system (𝜀𝜂,𝑑,𝑟 )𝑟∈𝒥𝐹,𝑀 for the field 𝐿𝐸 with the property that
𝜀𝜂,𝑑,1 = 𝑁𝐿ℚ(𝔣𝐸 )𝑝 ∕𝐿𝐸 (𝜂ℚ(𝑑)𝑝 )
In particular, if 𝐸 =

ℚ(𝑛)𝑝

then 𝜀𝜂,𝑑,1 = 𝜂ℚ(𝑑)𝑝 .
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Proof. At the outset we shall first demonstrate the existence of a ℛ𝐿ℒ∕ℚ -splitting
of the natural map
Ψ ∶ ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) → ES1 (ℤ𝑝 (1), 𝐿𝒦∕ℚ) → ES1 (𝑇, 𝒦∕ℚ)
Here ℒ is the extension ℒ′ ℚ∞ with ℒ′ the maximal abelian extension of ℚ unramified outside 𝑆.
To this end we fix a field 𝐸 ∈ Ω(𝒦∕ℚ) and remark that the fact that |∆| is
prime-to-𝑝 implies the existence of a canonical decomposition
⨁
ℤ𝑝 (im(𝜙))[𝒢𝐸 ]
ℤ𝑝 [𝒢𝐿𝐸 ] ≅
ˆ
𝜙∈∆

By tensoring this decomposition over ℤ𝑝 [𝒢𝐿𝐸 ] with 𝒪×𝐿𝐸 we then obtain the
decomposition
⨁ ×,𝜙
𝒪𝐿𝐸
𝒪×𝐿𝐸 ≅
ˆ
𝜙∈∆

In particular one sees that there is an embedding
𝜄𝐸 ∶ 𝑈𝐸 ↪ 𝒪×𝐿𝐸

(26)

with the property that the composite 𝑈𝐸 ↪ 𝒪×𝐿𝐸 → 𝑈𝐸 is the identity and, for
each pair of fields 𝐸 ⊆ 𝐸 ′ , the diagram
𝑈𝐸 ′
𝑁𝐸 ′ ∕𝐸

𝑈𝐸

𝒪𝐿𝐸 ′ ,𝑆(𝐸 ′ )
𝑁𝐸 ′ ∕𝐸

𝒪𝐿𝐸,𝑆(𝐸 ′ )

commutes. As such, the tuple of maps (𝜄𝐸 )𝐸∈Ω(𝒦∕𝐾) defines a homomorphism
of ℛ𝐿𝒦∕ℚ -modules
ES1 (𝑇, 𝒦∕ℚ) → ES1 (ℤ𝑝 (1), 𝐿𝒦∕ℚ)
splitting the natural map ES1 (ℤ𝑝 (1), 𝐿𝒦∕ℚ) → ES1 (𝑇, 𝒦∕ℚ).
On the other hand, the group ℋ𝐸 ∶= Gal(𝒢𝐿𝐸 ∕𝒢𝐿𝐸 𝑝 ) has order prime-to-𝑝
by definition. In particular, we have a canonical idempotent
∑
𝑒ℋ𝐸 ∶= |ℋ𝐸 |−1
𝜎
𝜎∈ℋ𝐸

in ℤ𝑝 [𝒢𝐿𝐸 ] which induces a canonical decomposition
ℤ𝑝 [𝒢𝐿𝐸 ] ≅ 𝑒ℋ𝐸 (ℤ𝑝 [𝒢𝐿𝐸 ]) ⊕ (1 − 𝑒ℋ𝐸 )(ℤ𝑝 [𝒢𝐿𝐸 ])
≅ ℤ𝑝 [𝒢𝐿𝐸 𝑝 ] ⊕ (1 − 𝑒ℋ𝐸 )(ℤ𝑝 [𝒢𝐿𝐸 ])

(27)
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A straightforward calculation using this decomposition then shows that for
each pair of fields 𝐸 ⊆ 𝐸 ′ we have a commutative diagram
ℤ𝑝 [𝒢𝐿𝐸 ′ ]
𝑁𝐿𝐸 ′ ∕𝐿𝐸

ℤ𝑝 [𝒢𝐿𝐸 ]

ℤ𝑝 [𝒢𝐿𝐸 ′ ,𝑝 ]
𝑁𝐿𝐸 ′ ,𝑝 ∕𝐿𝐸 𝑝

(28)

ℤ𝑝 [𝒢𝐿𝐸 𝑝 ]

By tensoring the decomposition (27) over ℤ𝑝 [𝒢𝐿𝐸 ] with 𝒪×𝐿𝐸 we then obtain a
decomposition
𝜋𝐸 ∶ 𝒪×𝐿𝐸 ≅ 𝒪×𝐿𝐸 𝑝 ⊕ (1 − 𝑒ℋ𝐸𝑝 )𝒪×𝐿𝐸
This then combines with the diagram (28) to imply that the tuple of homomorphisms (𝜋𝐸 )𝐸∈Ω(ℒ∕ℚ) induces a homomorphism of ℛ𝐿ℒ∕ℚ -modules
ES1 (ℤ𝑝 (1), 𝐿𝒦∕ℚ) → ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ)
which splits the natural map ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) → ES1 (ℤ𝑝 (1), 𝐿𝒦∕ℚ).
The above discussion therefore implies the existence of a natural decomposition
ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) = ES1 (𝑇, 𝒦∕ℚ) ⊕ ker(Ψ)
Via this we may view the Euler system 𝜂 ∈ ES1 (𝑇, 𝒦) as an element 𝜂 ∈
ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) in such a way that 𝜂𝐿𝑀 𝑝 = 𝜂𝑀 𝑝 for all 𝑀 ∈ Ω(ℒ∕ℚ).
It now remains to show that the system 𝜂 ∈ ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) gives rise to
∗
an Euler-Kolyvagin system of the desired form. To do this we write 𝜇∞
for the
union of all 𝜇𝑚 with 𝑚 divisible by 𝑝 and prime to the conductor 𝔣𝐿 of 𝐿. We
define a function
×

∗
ˆ ℤ ℤ𝑝
𝑓 ∶ 𝜇∞
→𝐿 ⊗

𝜁𝑚 ↦ {

𝜂𝐿(𝑚)
if 𝑚 ≢ 2 (mod 4)
−1
(1 − Fr2 )𝜂𝐿(𝑚) if 𝑚 = 2𝑚′ with 𝑚′ ≥ 1 odd

We note that 𝑓 is necessarily Gal(𝐿∕𝐿)-equivariant and satisfies the distribution
relation
∏
𝑓(𝜁) = 𝑓(𝜀)
(29)
𝜁 𝑎 =𝜀
∗
for all 𝑎 ∈ ℕ and 𝜀 ∈ 𝜇∞
.
Given this construction we now set 𝐹 = 𝐿𝐸 and claim that the assignment
(
∏ )
𝜀𝑟 = 𝜀𝜂,𝑑,𝑟 ∶= 𝑁𝐿(𝔣𝐸 𝑟)∕𝐹(𝑟) 𝑓 𝜁𝑑 ⋅
𝜁𝓁
𝓁∣𝑟

defines the desired 𝑝-adic Euler-Kolyvagin system for 𝐹.
The fact that this collection satisfies (ES1 ) and (ES2 ) is immediate from the
assumptions. As for (ES3 ), we calculate
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(
)
∏
𝑁𝐹(𝑟)∕𝐹(𝑟∕𝓁) 𝑁𝐿(𝔣𝐸 𝑟)∕𝐹(𝑟) (𝜀𝑟 ) = 𝑁𝐹(𝑟)∕𝐹(𝑟∕𝓁) 𝑁𝐿(𝔣𝐸 𝑟)∕𝐹(𝑟) 𝑓 𝜁𝑑 ⋅
𝜁𝑞
𝑞∣(𝑟∕𝓁)

(
)
∏
= 𝑁𝐿((𝑟∕𝓁)𝔣𝐸 )∕𝐹(𝑟∕𝓁) 𝑁𝐿(𝔣𝐸 𝑟)∕𝐿(𝔣𝐸 (𝑟∕𝓁)) 𝑓 𝜁𝑑 ⋅
𝜁𝑞
𝑞∣(𝑟∕𝓁)

= 𝑁𝐿(𝔣𝐸 (𝑟∕𝓁))∕𝐹(𝑟∕𝓁)

𝓁−1 (
)
∏
∏
𝑓 𝜁𝑑 𝜁𝓁𝑖
𝜁𝑞
𝑖=1

𝑞∣(𝑟∕𝓁)

((

)𝓁 )
∏
𝑓 𝜁𝑑 𝑞∣(𝑟∕𝓁) 𝜁𝑞
= 𝑁𝐿(𝔣𝐸 (𝑟∕𝓁))∕𝐹(𝑟∕𝓁) ( ∏
)
𝑓 𝜁𝑑 𝑞∣(𝑟∕𝓁) 𝜁𝑞
(
)
∏
𝜁𝑞
= (1 − Fr−1
𝓁 ) ⋅ 𝑁𝐿(𝔣𝐸 (𝑟∕𝓁))∕𝐹(𝑟∕𝓁) 𝑓 𝜁𝑑
𝑞∣(𝑟∕𝓁)

= (1 −

Fr−1
𝓁 )

⋅ 𝜀𝑟∕𝓁

Here the second equality follows from standard functoriality properties of norms,
the third by the definition of the norm and the fourth by applying the distribution relation (29).
Turning now to the verification of the condition (ES4 )𝑝 , we first note that
the fact that 𝜂 constitutes a 𝑝-adic Euler system in the sense of [36, Def. II.1.1]
combines with a well-known argument (see, for instance, [36, Cor. IV.8.1, Rem.
IV.8.2] or [11, Thm. A.1]) to imply that for each prime 𝔩 of 𝐿(𝔣𝐸 𝑟) lying above 𝓁
the congruence
−1

𝑓(𝜁𝑑𝑟 ) ≡ 𝑓(𝜁𝑑(𝑟∕𝓁) )Fr𝓁

(mod 𝔩)𝑝

(30)
Fr−1
Fr−1
𝑞
𝑝

holds. Since for any primes 𝑝 ≠ 𝑞 we have 𝜁𝑝𝑞 = 𝜁𝑝 𝜁𝑞 , and Fr𝑞 acts
trivially on 𝜁𝑞 , a straightforward calculation combines with this congruence to
yield the further congruence
(
(
)
∏ )
∏
𝑓 𝜁𝑑 ⋅
𝜁𝓁 ≡ 𝑓 𝜁𝑑 ⋅
𝜁𝑞
(mod 𝔩)𝑝
𝓁∣𝑟

𝑞∣(𝑟∕𝓁)

The claim now follows immediately from the definition of the system (𝜀𝑟 )𝑟 .
Finally, we may calculate
𝜀𝜂,𝑛,1 = 𝑁𝐿(𝔣𝐸 )∕𝐿𝐸 (𝑓(𝜁𝑑 )) = 𝑁𝐿(𝔣𝐸 )∕𝐿𝐸 (𝜂𝐿(𝑑) ) = 𝑁𝐿ℚ(𝔣𝐸 )𝑝 ∕𝐿𝐸 (𝜂𝐿ℚ(𝑑)𝑝 )
= 𝑁𝐿ℚ(𝔣𝐸 )𝑝 ∕𝐿𝐸 (𝜂ℚ(𝑑)𝑝 )
which completes the proof of the Proposition.



4.1.3. The proof of Theorem 1.11. We are now in a position to state and prove
the precise version of Theorem 1.11.
Theorem 4.4. Question 1.8 has an affirmative answer for the pair (𝑇, 𝒦).
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Proof. By Theorem 3.14 and Remark 3.16 it suffices
𝕍 to show that for every 𝜂 ∈
ES1 (𝑇, 𝒦), 𝐸 ∈ Ω(𝒦 ′ ∕𝐾) and regular prime 𝔭 of 𝐸,𝔭 such that ⟨(𝜂𝐸𝑛 )𝑛 ⟩𝕍 is
𝐸,𝔭

non-trivial the inclusion (24) of Lemma 4.1 holds.
By class field theory we are free to assume that 𝐸 is the maximal 𝑝-extension
inside ℚ(𝑚) where 𝑚 is a natural number not divisible by the finite primes in
𝑆 and not congruent to 2 modulo 4.
To verify the relevant inclusion we first claim that
0

Fitt𝕍𝐸,𝔭 (

⟨(𝜂𝐸𝜒,𝑛 )𝑛 ⟩
⟨(𝜂𝐸𝑛 )𝑛 )⟩

0

∞
) = Fitt𝕍𝐸,𝔭 (𝑌𝐸,𝑆(𝐸)⧵𝑆

𝑝 (𝐾),𝔭

⎛
=⎜

∏

)

⎞𝕍
1 − Fr−1
𝑣 ⎟ 𝐸,𝔭

⎠
⎝𝑣∈𝑆(𝐸)⧵𝑆(𝐸𝜒 )
where 𝐸𝜒 is the maximal 𝑝-extension inside ℚ(𝑑) where 𝑑 is such that the character 𝜒 = 𝜒𝔭 corresponding to 𝔭 has conductor either 𝑑 or 𝑑𝑝. Indeed, first
note
𝕍 that for any prime 𝑞 dividing the conductor of 𝐸 we have isomorphisms of
𝐸 -modules
Gal(𝐸∞ ∕𝐾)

∞
𝑌𝐸,{
≅ Ind𝐷
𝑞}

𝑞

(ℛ) ≅ ℛ[Gal(𝐸∞ ∕𝐾)∕𝐷𝑞 ]

where 𝐷𝑞 is the decomposition subgroup of 𝑞 inside Gal(𝐸∞ ∕𝐾). Now, if 𝐼𝑞
denotes the inertia subgroup inside 𝐷𝑞 then 𝑞 divides the conductor of 𝐸𝜒 if
∞
and only if 𝜒|𝐼𝑞 ≠ 1 whence 𝑌𝐸,{
= 0. Conversely, suppose that 𝜒|𝐼𝑞 = 1.
𝑞 },𝔭
We have an exact sequence
0→

1−Fr−1
𝑞

𝕍
𝐸

,,,,,,→

𝕍
𝐸

→ ℛ[Gal(𝐸∞ ∕𝐾)∕𝐷𝑞 ] → 0

Localising at 𝔭 we then obtain
0→

1−Fr−1
𝑞

𝕍
𝐸,𝔭

,,,,,,→

𝕍
𝐸,𝔭

∞
→ 𝑌𝐸,{
→0
𝑞 },𝔭

This establishes the latter of the two claimed equalities. As∑for the first, let
ℋ ∶= Gal(𝐸∕𝐸𝜒 ) and observe that the norm element 𝑁ℋ = 𝜎∈ℋ 𝜎 is a unit
𝕍
in 𝐸,𝔭 . We then have by the Euler system relation an equality
⎛
−1
(𝜂𝐸𝑛 )𝑛 = 𝑁𝐸∕𝐸
⋅⎜
𝜒

∏

⎞
1 − Fr−1
𝑣 ⎟ ⋅ (𝜂𝐸𝜒 ,𝑛 )𝑛

⎝𝑣∈𝑆(𝐸)⧵𝑆(𝐸𝜒 )
⎠
The claim then
𝕍 follows by combining this equality with the fact that the module
⟨(𝜂𝐸𝜒 ,𝑛 )𝑛 ⟩ is 𝐸 -torsion-free.
Given the above discussion we are reduced to verifying that there is an inclusion
0

0

Fitt𝕍𝐸,𝔭 ((𝑈𝐸∞ ∕(𝜂𝐸𝜒,𝑛 )𝑛 )𝔭 ) ⊆ Fitt𝕍𝐸,𝔭 (𝐴𝔭∞ )

(31)
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𝕍
𝕍
𝕍
𝕍
Since the localisation map 𝐸 → 𝐸,𝔭 factors through the map 𝐸 → 𝐸,𝜒
induced by 𝜒 we are further reduced to verifying the divisibility of characteristic
ideals
⎛ 𝑈 ∞,𝜒 ⎞
( ∞,𝜒 )
char𝕍𝐸,𝜒 𝐴𝐸
∣ char𝕍𝐸,𝜒 ⎜ 𝐸 𝜒 ⎟
(𝜂
)
⎝ 𝐸𝜒 ,𝑛 𝑛 ⎠

(32)

At this stage we seek to apply the argument of Greither used to prove the
main conjecture [21, Th. 3.1] for abelian fields.
To do this we resume the notations of §4.1.2 and fix 𝑛 ∈ ℕ. Then by Proposition 4.3 there exists a 𝑝-adic Euler-Kolyvagin (𝜀𝜂,𝑑𝑝𝑛 ,𝑟 )𝑟∈𝒥 system for the field
𝐿𝐸𝑛 with the property that
𝜀1 = 𝜂ℚ(𝑑𝑝𝑛 )𝑝 = 𝜂𝐸𝜒,𝑛
This system may fail to be an Euler system in the strict sense considered
by Rubin in [35] (and thus Greither in [21]). In particular, an Euler system
in loc. cit. is required to satisfy the property (ES4 ) which is, a priori, stronger
than (ES4 )𝑝 where the congruence is required to hold without projecting to the
maximal 𝑝-primary component of the appropriate residue field.
However, the only occurrence of the condition (ES4 ) during the course of the
proof of [21, Th. 3.1] is in the proof of [35, Prop. 2.4] which uses the map 𝜑𝓁
constructed in [35, Lem. 2.3]. Since 𝑀 is taken to be a power of 𝑝, the map
𝜑𝓁 factors through the projection of (𝒪𝐹 ∕𝓁𝒪𝐹 )× to its 𝑝-primary component.
As such, it suffices to replace (ES4 ) in the proof of [21, Th. 3.1] by the weaker
condition (ES4 )𝑝 .
Given these observations, we may now apply the argument used to prove [21,
Th. 3.1] to the aforementioned 𝑝-adic Euler-Kolyvagin systems arising from the
Euler system 𝜂 in order to deduce the desired divisibility (32).

Remark 4.5. It is natural to ask if one can remove the assumption that 𝑝 does
not split completely in 𝐿. As observed above, this condition ensures that (ES2 )
is always satisfied for the classical 𝑝-adic Euler systems arising from elements
of ES1 (𝑇, 𝒦).
Define the module ESstr
1 (𝑇, 𝒦) of ‘strict’ Euler systems to be the subset of
ES1 (𝑇, 𝒦) comprising those systems 𝜂 with the property that for every 𝐸 ∈
Ω(𝒦∕𝐾) one has that 𝜂𝐸 ∈ 𝑈𝐸 . Then the proof of Theorem 4.4 makes it clear
that if 𝑝 is allowed to split completely in 𝐿 then one at least has the equality
b
ESstr
1 (𝑇, 𝒦) = ES (𝑇, 𝒦) (the backwards inclusion here follows from the argument of Corollary 4.6 below and the fact that 𝜂cyc ∈ ESstr
1 (𝑇, 𝒦)).
As such, the validity of Question 1.8 in this situation is reduced to the question of whether the equality ES1 (𝑇, 𝒦) = ESstr
1 (𝑇, 𝒦) holds. In this regard we
note that by Proposition 2.2 the condition 𝜂𝐸 ∈ 𝑈𝐸 holds for any field 𝐸 satisfying standard hypotheses for the representation 𝑇. Given this we believe it
reasonable to conjecture that this equality always holds.
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We can now state and prove the precise version of Corollary 1.12. To do this
we write 𝜂cyc ∈ ES1 (ℤ𝑝 (1), 𝐿ℒ∕ℚ) for the usual Euler system of cyclotomic
units. That is to say, the system for which at each 𝐸 ∈ Ω(𝐿ℒ∕ℚ) one has 𝜂𝐸 =
𝑁ℚ(𝔣𝐸 )∕𝐸 (1 − 𝜁𝔣𝐸 ). We also continue to use the notation established in the proofs
of Proposition 4.3 and Theorem 4.4.
Corollary 4.6. ES1 (𝑇, 𝒦) is a free ℛ[[Gal(𝒦∕𝐾)]]-module of rank one, with a
basis given by 𝑐 = Ψ(𝜂cyc ).
Proof. At the outset we fix a field 𝐸 ∈ Ω(𝒦 ′ ∕ℚ) and write 𝐶𝐸𝑛 for the group of
cyclotomic units of the field 𝐿𝐸𝑛 . Explicitly, this is given by the intersection
𝐶𝐸𝑛 ∶= { 𝑁ℚ(𝔣𝐿𝐸𝑛 )∕𝐿𝐸𝑛 (1 − 𝜁𝑑 ) ∣ 𝑑 divides 𝔣𝐿𝐸𝑛 }

ℤ𝑝 [𝒢𝐿𝐸𝑛 ]

∩ (𝒪×𝐿𝐸 ⊗ℤ ℤ𝑝 )
𝑛

𝜙

𝐶𝐸 taken with respect to the
We then write 𝐶𝐸∞ for the inverse limit lim
←,,,,,𝑛∈ℕ
𝑛
norm maps.
Turning now to the proof of the claim, we note that by Theorem 3.14 it suffices to show, firstly, that the 𝜇Λ -invariant of the quotient
∞
𝑈𝐸,𝑆(𝐸)

⟨(𝑐𝐸𝑛 )𝑛 ⟩𝕍

𝐸

vanishes and, secondly, that the inclusion (24) is an equality for 𝜂 = 𝑐.
The first of these claims follows as an immediate consequence of the main
result of Greither in [19, Appendix] in combination with the filtration
∞
⟨(𝑐𝐸𝑛 )𝑛 ⟩𝕍 ⊆ 𝐶𝐸∞ ⊆ 𝑈𝐸∞ ⊆ 𝑈𝐸,𝑆(𝐸)
𝐸

As for the second claim, first observe that the proof of Theorem 4.4 implies that
we just have to verify that (31) is an equality in this case. We claim, firstly, that
the element 𝑐𝐸𝜒,𝑛 generates 𝐶∞,𝔭 . To this end we fix 𝑓 ∈ ℕ such that 𝑑 ∣ 𝑓 ∣ 𝑚
and set 𝐸 = ℚ(𝑓)𝑝 . Then
𝑁𝐸∕𝐸𝜒 ((𝑐𝐸 𝑛 )𝑛 ) = [𝐸 ∶ 𝐸]𝑁𝐸∕𝐸𝜒 ((𝑐𝐸 𝑛 )𝑛 )
(
)
∏
= [𝐸 ∶ 𝐸]
1 − Fr−1
((𝑐𝐸𝜒𝑛 )𝑛 )
𝑣
𝑣∈𝑆(𝐸)⧵𝑆(𝐸𝜒 )

𝕍

Since 𝑁𝐸∕𝐸𝜒 is invertible in 𝐸,𝔭 it then follows that (𝑐𝐸 𝑛 )𝑛 is contained in the
𝕍
𝐸,𝔭 -module generated by (𝑐𝐸𝜒𝑛 )𝑛 . Now suppose that 𝑑 ∤ 𝑛. Then 𝜒 is nontrivial on the group Gal(𝐸∕𝐸) and so
((𝑐𝐸 𝑛 )𝑛 )𝔭 = [𝐸 ∶ 𝐸]−1 (𝑁𝐸∕𝐸 (𝑐𝐸 𝑛 )𝑛 )𝔭 = [𝐸 ∶ 𝐸]−1 𝜒(𝑁𝐸∕𝐸 )((𝑐𝐸 𝑛 )𝑛 )𝔭 = 0
The above discussion therefore implies that it suffices to prove the existence
of some integer 𝑎 for which there is an equality of characteristic ideals
𝜒
( ∞,𝜒 )
∞
𝜋𝜒𝑎 ⋅ char𝕍𝐸,𝜒 𝐴𝐸
= char𝕍𝐸,𝜒 ((𝑈𝐸 ⟋𝐶 ∞ ) )
𝐸
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where 𝜋𝜒 is a uniformiser of ℚ(im(𝜒)). This is now an immediate consequence
of Greither’s original result [21, Thm. 3.1] on the main conjecture.

4.1.4. The higher rank setting. We now focus on the situation where 𝐾 is
an arbitrary totally real field.
We write ℒ = ℒ𝜓 for the maximal subextension of 𝒦 ′ with the property
that every field in Ω(ℒ𝐾∞ ∕𝐾) satisfies standard hypotheses for 𝑇. Note that by
Example 2.1 one knows that the extension ℒ is non-trivial.
The exact sequence (25) implies that for any 𝐸 ∈ Ω(ℒ∕𝐾), the 𝜇-invariant
hypothesis (15) is equivalent to the vanishing of the 𝜇-invariants of 𝑒𝜒 ⋅ 𝐴𝐸∞ for
all 𝜒 ∈ 𝐼𝐸 . This has been conjectured to be the case by Iwasawa and we assume
this conjecture for all 𝐸 ∈ Ω(ℒ∕𝐾).
Recall that 𝑇 is the representation 𝑇 = ℛ(1) ⊗ 𝜓−1 defined at the beginning
of this section.
Proposition 4.7. Let 𝜂 ∈ ES𝑟 (𝑇, 𝒦) be an Euler system. Then there exists a basic
Euler system that agrees with 𝜂 on the extension ℒ𝐾∞ .
Proof. This follows via an immediate application of Corollary 3.19.



Remark 4.8. Fix a field 𝐸 ∈ Ω(𝒦∕𝐾). Then by Example 2.1 one knows that
𝐸 ∈ Ω(𝒦∕𝐾) satisfies standard hypotheses if no prime in 𝑆(𝐸) ⧵ 𝑆∞ (𝐾) splits
completely in 𝐿 (the fixed field of 𝜓). This fact motivates a probabilistic heuristic
for the validity of Question 1.8 in this setting.
Indeed, recall that 𝒦 must contain the maximal 𝑝-subextension of the ray
class field modulo 𝔮 for almost every prime 𝔮 of 𝐾. As such, the analytic density
of the set of primes of 𝐾 ramifying in 𝒦 is one. On the other hand, if we write
|𝜓| for the order of 𝜓 then by the Chebotarev Density Theorem, the analytic
density of the set of primes of 𝐾 that split completely in 𝐿 is [𝐿 ∶ 𝐾]−1 = |𝜓|−1 .
In particular the density, in a natural sense, of the set Ω(ℒ𝜓 ∕𝐾) inside Ω(𝒦 ′ ∕𝐾)
is bounded below by 1 − |𝜓|−1 .
It then follows that as |𝜓| approaches infinity, the density of Ω(ℒ𝜓 ∕𝐾) inside
Ω(𝒦 ′ ∕𝐾) approaches one. This in turn implies that as |𝜓| approaches infinity,
the density of the set of fields in Ω(𝒦∕𝐾) upon which a given Euler system
agrees with a basic Euler system approaches one.
One can therefore see Question 1.8 in this setting as being ‘true in the limit
|𝜓| → ∞’.
Remark 4.9. During the preparation of the present manuscript, the article [38]
of Sakamoto appeared online in which the author also considers the question of
to what extent Euler systems are basic. In particular in [38, Thm. 1.1] Sakamoto
shows that Question 1.8 has an affirmative answer in the setting of the multiplicative group over totally real fields under the assumed validity of Greenberg’s
conjecture for every 𝐸 ∈ Ω(𝒦 ′ ∕𝐾).
4.2. Elliptic curves and the proof of Theorem 1.13. Let 𝐶∕ℚ be an elliptic
curve and ℚ∞ ∕ℚ the cyclotomic ℤ𝑝 -extension of ℚ. We denote by 𝑇 = 𝑇𝑝 (𝐶)
the 𝑝-adic Tate module of 𝐶. Suppose that 𝑝 > 3 and
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(EH1 ) The image of the representation
𝜌 ∶ 𝐺ℚ → Aut(𝑇) ≅ GL2 (ℤ𝑝 )
contains SL2 (ℤ𝑝 ).
(EH2 ) For all 𝑣 ∈ 𝑆 ⧵ 𝑆∞ (ℚ) the curve 𝐶(ℚ𝑣 ) has no points of order 𝑝.
(EH3 ) There exists a finite abelian extension 𝐿∕ℚ, not contained in 𝒦, such
that 𝐶(𝐿)[𝑝∞ ] ≠ 0.
By Example 2.1, the Hypotheses (EH1 ) and (EH2 ) imply that ℚ satisfies standard hypotheses for the representation 𝑇. In this situation one also knows that
the weak Leopoldt conjecture holds for all 𝐸 ∈ Ω(𝒦 ′ ∕ℚ) by the result recalled
in Remark 3.2.
We can now state and prove the precise version of Theorem 1.13.
Theorem 4.10. Assume that 𝑝 > 3 and assume to be given an elliptic curve 𝐶∕ℚ
that satisfies the hypotheses (EH1 ) through (EH3 ). Then for every 𝜂 ∈ ES1 (𝑇, 𝒦)
there exists a basic Euler system that agrees with 𝜂 on the extension ℚ∞ ∕ℚ.
Proof. In this situation 𝑟 = 1 and so the Theorem will follow from an immediate application of Corollary 3.19 once we verify that the 𝜇-invariant condition
(15) holds.
2
To do this, first note that vanishing of the 𝜇-invariant of 𝐻Iw
(𝒪𝐸,𝑆(𝐸) , 𝑇) holds
if and only if the same is true of that of the dual of the fine Selmer group over
𝐸∞ for any abelian extension 𝐸∕ℚ by the facts recalled in Remark 3.16(iii).
2
As such, the 𝜇-invariant of 𝐻Iw
(𝒪𝐿,𝑆(𝐿) , 𝑇) vanishes by the assumed validity
of (EH3 ) and [16, Cor. 3.6]. It is then straightforward to see that this implies
2
(𝒪ℚ,𝑆(ℚ) , 𝑇) also vanishes as is required to complete
that the 𝜇-invariant of 𝐻Iw
the proof of the Theorem.

Remark 4.11. Fouquet and Wan have recently announced a proof of the full
Kato Main Conjecture under the same ‘big image’
𝕍 hypothesis as Kato’s divisibility proof in [26]. Let 𝔷∞ be the element of 𝑄( ℚ ) ⊗𝕍ℚ d𝕍ℚ (𝐶ℚ∞ ,𝑆(ℚ) (𝑇)) defined
in [9, §7.1]. Since the big𝕍 image hypothesis is implied by (EH1 ), their result
would imply that 𝔷∞ is a ℚ -basis of d𝕍ℚ (𝐶ℚ∞ ,𝑆(ℚ) (𝑇)). A strengthening of the
argument of Corollary 3.17 then yields a basic Euler system 𝑐 that agrees with
Kato’s Euler system 𝑧kato on the extension ℚ∞ ∕ℚ and has the property that for
ˆ𝐸 one has that 𝑐𝜒 ≠ 1 if and only if
every 𝐸 ∈ Ω(𝒦∕𝐾) and character 𝜒 ∈ 𝒢
𝐸
(𝑧𝐸kato )𝜒 ≠ 1.

Appendices
A. Results on étale cohomology complexes. For convenience of the reader
we gather in this appendix various well-known facts about the étale cohomology complexes that we have employed in this article. To do this we first recall
the definition of the so-called ‘Σ-modified’ cohomology complexes. We remark
that Σ-modification is only relevant for Appendix B and so for the purpose of
reading the main body of this article the reader is invited to ignore any adornments by Σ.
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Fix 𝐸 ∈ Ω(𝒦∕𝐾) and suppose to be given a finite set 𝑈 of places of 𝐾 containing 𝑆(𝐸) along with a finite set of places Σ of 𝐾 disjoint from 𝑈. We define
the ‘Σ-modifed’ cohomology complex RΓΣ (𝒪𝐸,𝑈 , 𝑇) to be the mapping fibre in
D(ℛ[𝒢𝐸 ]) of the natural localisation morphism
⨁
RΓ𝑓 (𝐸𝑤 , 𝑇)
(33)
RΓ(𝒪𝐸,𝑈 , 𝑇) →
𝑤∈Σ𝐹

Given this, one then defines the ‘Σ-modifed’ compactly supported cohomology
complex
RΓ𝑐,Σ (𝒪𝐸,𝑈 , 𝑇) ∶= RHomℛ (RΓΣ (𝒪𝐸,𝑈 , 𝑇 ∗ (1)), ℛ)[−3]
⎛ ⨁
⎞
⊕⎜
𝐻 0 (𝐸𝑤 , 𝑇)⎟ [−1]
⎝𝑤∈𝑆∞ (𝐸)
To ease notation in the sequel, we then denote

⎠

𝐶𝐸,𝑈,Σ (𝑇) ∶= RHomℛ (RΓ𝑐,Σ (𝒪𝐸,𝑈 , 𝑇 ∗ (1)), ℛ)[−2]
The properties of use to us in this article are then summarised in the following
Proposition:
Proposition A.1. Fix a field 𝐸 ∈ Ω(𝒦∕𝐾), 𝑈 a finite set of places of 𝐾 containing
𝑆(𝐸) and Σ a finite set of places of 𝐾 disjoint from 𝑈. If 𝐻 0 (𝐸, 𝑇) = 0 then
(1) 𝐶𝐸,𝑈,Σ (𝑇) is a perfect complex of ℛ[𝒢𝐸 ]-modules and is acyclic outside
degrees zero and one. Moreover, the Euler-Poincaré characteristic of the
complex 𝑄 ⊗𝑅 𝐶𝐸,𝑈,Σ (𝑇) vanishes.
(2) There is a canonical isomorphism 𝐻 0 (𝐶𝐸,𝑈,Σ (𝑇)) ≅ 𝐻Σ1 (𝒪𝐸,𝑈 , 𝑇) and a
split exact sequence
0 → 𝐻Σ2 (𝒪𝐸,𝑈 , 𝑇) → 𝐻 1 (𝐶𝐸,𝑈,Σ (𝑇)) → 𝑌𝐾 (𝑇)∗ ⊗ℛ ℛ[𝒢𝐸 ] → 0

(34)

in which the injection is canonical and the surjection is dependent on a
choice of a set of representatives of the Gal(𝒦∕𝐾)-orbits on 𝑆∞ (𝒦).
(3) For any finite set of places Σ′ of 𝐾 containing Σ and disjoint from 𝑈 one
has an exact triangle
⨁
𝐶𝐸,𝑈,Σ′ (𝑇) → 𝐶𝐸,𝑈,Σ (𝑇) →
RΓ𝑓 (𝐸𝑤 , 𝑇)[1]
(35)
𝑤∈(Σ′ ⧵Σ)𝐸
𝑝

in D (ℛ[𝒢𝐸 ]).
(4) For any set of places 𝑈 ′ of 𝐾 containing 𝑈 and disjoint from Σ one has an
exact triangle
⨁
𝐶𝐸,𝑈,Σ (𝑇) → 𝐶𝐸,𝑈 ′ ,Σ (𝑇) →
RΓ𝑓 (𝐸𝑤 , 𝑇 ∗ (1))∗ [−1]
(36)
𝑤∈(𝑈 ′ ⧵𝑈)𝐸
𝑝

in D (ℛ[𝒢𝐸 ]).

ON THE STRUCTURE OF THE MODULE OF EULER SYSTEMS

1035

(5) For any pair of fields 𝐸 ⊆ 𝐸 ′ in Ω(𝒦∕𝐾) such that 𝑈 contains 𝑆(𝐸 ′ ), there
is a natural codescent isomorphism
𝐶𝐸 ′ ,𝑈,Σ (𝑇) ⊗ℛ[𝒢𝐸′ ] ℛ[𝒢𝐸 ] ≅ 𝐶𝐸,𝑈,Σ (𝑇)

(37)

𝑝

in D (ℛ[𝒢𝐸 ]).
Proof. Part (1) and (2) of the Proposition are exactly [13, Prop. 2.21]. Part (4)
is Subsection 2.3.2 of loc. cit. and Part (5) is [20, Prop. 1.6.5(iii)]. As for Part (3),
the desired exact triangle follows from a straightforward calculation involving
combining Artin-Verdier duality (and noting that 𝑝 is odd) in the form [4, (6)]
with the triangle of definition of the Σ-modified cohomology complex for 𝑇. 
B. Weakly admissible pairs. It is natural to ask if one can weaken the hypotheses levied on the pairs (𝑇, 𝒦) in order to say something about more general representations. For example, if 𝐾 is an imaginary quadratic field then
hypothesis (H3 ) is never satisfied for the representation ℤ𝑝 if 𝒦 contains the
cyclotomic ℤ𝑝 -extension of 𝐾 and so the Euler system of elliptic units defined
over 𝐾 do not fit into the theoretical framework underpinning Question 1.8. In
this section we outline how one can weaken the hypotheses on (𝑇, 𝒦) to incorporate such examples of representations.
Consider the following hypothesis on pairs (𝑇, 𝒦):
Hypothesis B.1.
(H0 )
(H1 )
(H2 )
(H′3 )

⨁
The ℛ-module 𝑌𝐾 (𝑇) ∶= 𝑣∈𝑆 (𝐾) 𝐻 0 (𝐾𝑣 , 𝑇 ∗ (1)) is free of rank 𝑟 ≥ 1.
∞
𝑇 is ramified at only finitely many primes of 𝐾.
For all 𝐸 ∈ Ω(𝒦∕𝐾) the invariants module 𝐻 0 (𝐸, 𝑇) vanishes.
There exists a finite set of places 𝑆𝑓 of 𝐾 with the property that for every 𝑣 ∉
𝑆𝑓 , the complex RΓ𝑓 (𝐾𝑣 , 𝑇) is acyclic outside degree one and 𝐻𝑓1 (𝐾𝑣 , 𝑇) is
a cyclic ℛ-module.

Throughout this appendix we assume that all pairs (𝑇, 𝒦) satisfy Hypotheses
B.1 and 1.4 and that 𝑆 contains 𝑆𝑓 . In this case we shall refer to such pairs as
‘weakly admissible pairs’.
Example B.2. Set 𝑇 = ℤ𝑝 (1) and fix a field 𝐸 ∈ Ω(𝒦∕𝐾). In this case the
acyclicity condition in (H′3 ) is clear from the definition of 𝑇. Moreover, since for
𝑝

1−Fr−1
𝑣

every 𝑣 ∉ 𝑆(𝐸), RΓ𝑓 (𝐾𝑣 , 𝑇) is isomorphic in D (ℤ𝑝 [𝒢𝐸 ]) to the complex 𝑇 ,,,,,,→
𝑇, and 𝑇 is a free ℤ𝑝 -module of rank one, it follows that 𝐻𝑓1 (𝐾𝑣 , 𝑇) is cyclic. As
such, (𝑇, 𝒦) is a weakly admissible pair for any appropriate choice of 𝒦.
B.1. The ideal 𝒜𝑻,𝒦 and the modified question. Observe that since 𝑇 does
not in general satisfy (H3 ) the homomorphism Θ𝑇,𝒦 constructed by Burns and
Sano is only a map
Θ𝑇,𝒦 ∶ VS(𝑇, 𝒦) → RES𝑟 (𝑇, 𝒦)
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We refer to the image of this map as the module of ‘basic Euler systems’ for
the weakly admissible pair (𝑇, 𝒦) and denote it as usual by ESb (𝑇, 𝒦). In this
section we shall construct a non-zero ideal 𝒜𝑇,𝒦 of ℛ[[Gal(𝒦∕𝐾)]] with the
property that 𝒜𝑇,𝒦 ⋅ ESb (𝑇, 𝒦) ⊆ ES𝑟 (𝑇, 𝒦).
To this end, fix a field 𝐸 ∈ Ω(𝒦∕𝐾) and define the ideal 𝒜𝑇,𝐸 of ℛ[𝒢𝐸 ] to be
𝒜𝑇,𝐸 ∶= Annℛ[𝒢𝐸 ] (𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)tor )
where here tor indicates the 𝑅-torsion submodule. We now record the following Lemma which can be seen as an analogue of [39, Lem. IV.1.1] for 𝑝-adic
representations:
Lemma B.3. For each 𝐸 ∈ Ω(𝒦∕𝐾) the following claims are valid:
(1) Let 𝑈 be a finite set of places of 𝐾 not containing 𝑆(𝐸). Then there is an
equality
⟩
⟨
𝒜𝑇,𝐸 = Annℛ[𝒢𝐸 ] (𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 )) ∣ 𝑣 ∉ 𝑈
(2) For every field 𝐸 ′ ∈ Ω(𝒦∕𝐾) containing 𝐸 the natural projection map
𝜋𝐸 ′ ∕𝐸 ∶ ℛ[𝒢𝐸 ′ ] → ℛ[𝒢𝐸 ] sends 𝒜𝑇,𝐸 ′ onto 𝒜𝑇,𝐸 .
Proof. At the outset we note that in order to prove the first claim it suffices, by
Shapiro’s Lemma, to demonstrate that
⟨
⟩
Annℛ[𝒢𝐸 ] (𝐻 1 (𝒪𝐾,𝑆(𝐸) , 𝑇𝐸 )tor ) = Annℛ[𝒢𝐸 ] (𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 )) ∣ 𝑣 ∉ 𝑈
(38)
Moreover, an analysis of the long exact sequence of cohomology of the triangle
(36) yields the equality 𝐻 1 (𝒪𝐾,𝑈 , 𝑇𝐸 )tor = 𝐻 1 (𝒪𝐾,𝑆(𝐸) , 𝑇𝐸 )tor . As such, we may
verify the above equality with the set 𝑆(𝐸) replaced by 𝑈.
To simplify notation in this proof, we shall write 𝑉 = 𝑇𝐸 ⊗𝑅 𝑄, 𝐾𝑈 for the
the maximal Galois extension of 𝐾 unramified outside 𝑈 and 𝐺𝐾,𝑈 for its Galois
group. The long exact sequence of 𝐺𝐾,𝑈 -cohomology of the tautological exact
sequence
0 → 𝑇𝐸 → 𝑉 → 𝑉∕𝑇𝐸 → 0

(39)

combines with the assumed validity of (H′3 ) to give an identification
𝐻 1 (𝒪𝐾,𝑈 , 𝑇𝐸 )tor ≅ 𝐻 0 (𝒪𝐾,𝑈 , 𝑉∕𝑇𝐸 ) = (𝑉∕𝑇𝐸 )𝐺𝐾,𝑈
For each 𝑣 ∉ 𝑈, let Frob𝑣 be the associated Frobenius conjugacy class in 𝐺𝐾,𝑈 .
Then by the Chebotarev
⋃ density theorem applied to the extension 𝐾𝑈 ∕𝐾, one
knows that the set 𝑣∉𝑈 Frob𝑣 is dense in 𝐺𝐾,𝑈 . As such, if we are given a
𝜎 ∈ 𝐺𝐾,𝑈 , there exists a place 𝑣 ∉ 𝑈 with the property that 𝜎 ∈ ⟨Frob𝑣 ⟩. But
the latter is just the decomposition group 𝐺𝐾,𝑣 relative to 𝑣 inside 𝐺𝐾,𝑈 . We thus
see that
⋂
⋂
(𝑉∕𝑇𝐸 )𝐺𝐾,𝑈 =
(𝑉∕𝑇𝐸 )𝐺𝐾,𝑣 =
𝐻 0 (𝐾𝑣 , 𝑉∕𝑇𝐸 )
𝑣∉𝑈

𝑣∉𝑈
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Now for each 𝑣 ∉ 𝑈, the long exact sequence of Gal(𝐾𝑣ur ∕𝐾𝑣 )-cohomology of
(39) together with the assumed validity of (H′3 ) implies that there is a canonical
identification
𝐻 0 (𝐾𝑣 , 𝑉∕𝑇𝐸 ) = 𝐻𝑓0 (𝐾𝑣 , 𝑉∕𝑇𝐸 ) ≅ 𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 )
The desired equality (38) now follows via passage to annihilators after combining the above two facts.
Turning now to the second claim, we fix a finite set of places 𝑈 of 𝐾 disjoint
from 𝑆(𝐸 ′ ) and choose 𝑣 ∈ 𝑈. By using the resolution (1) one deduces the
existence of a codescent isomorphism
𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ′ ) ⊗ℛ[𝒢𝐸′ ] ℛ[𝒢𝐸 ] ≅ 𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 )
By Hypothesis (H′3 ), the ℛ[𝒢𝐸 ′ ]-module 𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ) is of projective dimension
one. In particular, its initial Fitting ideal is an invertible ℛ[𝒢𝐸 ]-module. We
may therefore take Fitting ideals across the above isomorphism to deduce that
the restriction map ℛ[𝒢𝐸 ′ ] → ℛ[𝒢𝐸 ] induces a surjective map
0

0

Fittℛ[𝒢𝐸′ ] (𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ′ )) → Fittℛ[𝒢𝐸 ] (𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ))
On the other hand, the assumed validity of (H′3 ) implies that for every 𝑣 ∉ 𝑈,
𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ) is a cyclic ℛ[𝒢𝐸 ]-module. As such its ℛ[𝒢𝐸 ]-annihilator coincides
with its initial Fitting ideal. The Lemma now follows by applying the first assertion of the Lemma with the set 𝑈 to 𝒜𝑇,𝐸 .

We can now define an ideal of ℛ[[Gal(𝒦∕𝐾)]]
𝒜𝑇,𝒦 ∶=

lim
←,,,,,

𝒜𝑇,𝐸

𝐸∈Ω(𝒦∕𝐾)

where the inverse limit is taken with respect to the maps 𝜋𝐸 ′ ∕𝐸 . A straightforward exercise in class field theory (see, for example, [3, Lem. 3.5]) implies
that 𝒜𝑇,𝒦 is non-zero.
Proposition B.4. There is an inclusion 𝒜𝑇,𝒦 ⋅ ES𝑏 (𝑇, 𝒦) ⊆ ES𝑟 (𝑇, 𝒦).
Proof. Fix an element 𝑎 = (𝑎𝐸 )𝐸 of 𝒜𝑇,𝒦 , a vertical system (𝑧𝐸 )𝐸 ∈ VS(𝑇, 𝒦)
and a field 𝐸 ∈ Ω(𝒦∕𝐾). By definition, we are required to show that
⋂𝑟
𝑎𝐸 ⋅ 𝑧𝐸 ⊆
𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
ℛ[𝒢𝐸 ]

By the definition of the ideal 𝒜𝑇,𝐸 and Lemma B.5 below, we may choose a
singleton set Σ = { 𝑣 } ⊈ 𝑆(𝐸) with the property that 𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇) is 𝑅-torsionfree and assume that 𝑎𝐸 is of the form
(
)
0
𝑎𝐸 ∈ Fittℛ[𝒢𝐸 ] 𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 )
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Note now that there are canonical isomorphisms of ℛ[𝒢𝐸 ]-modules
(
)
dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸),Σ (𝑇)) ≅ dℛ[𝒢𝐸 ] RΓ𝑓 (𝐾𝑣 , 𝑇𝐸 ) ⊗ℛ[𝒢𝐸 ] dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇))
(
)
0
≅ Fittℛ[𝒢𝐸 ] 𝐻𝑓1 (𝐾𝑣 , 𝑇𝐸 ) ⋅ dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸) (𝑇))
where the first is induced by the exact triangle (35) and the second by the assumed validity of (H′3 ).
⋂𝑟
⋂𝑟
Since we have ℛ[𝒢𝐸 ] 𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇) ⊆ ℛ[𝒢𝐸 ] 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇), we are reduced
to showing that
⋂𝑟
𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇)
Θ𝑇,𝐸 (dℛ[𝒢𝐸 ] (𝐶𝐸,𝑆(𝐸),Σ (𝑇))) ⊆
ℛ[𝒢𝐸 ]

To accomplish this, observe that since 𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇) is 𝑅-torsion-free, the
complex 𝐶𝐸,𝑆(𝐸),Σ (𝑇) is an admissible complex of ℛ[𝒢𝐸 ]-modules in the sense
of [13, Def. 2.20].
The Theorem now follows immediately upon appealing to Prop. A.11(ii) of
loc. cit. with the data (ℛ, 𝐶, 𝑋) taken to be (ℛ[𝒢𝐸 ], 𝐶𝐸,𝑆(𝐸),Σ (𝑇), 𝑌𝐸 (𝑇)∗ ) and the
surjection 𝑓 to be the right-hand map of the exact sequence (34).

Lemma B.5. Fix a field 𝐸 ∈ Ω(𝒦∕𝐾). Then for any singleton set Σ ∶= { 𝑣 } ⊈
𝑆(𝐸) one has that 𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇) is 𝑅-torsion-free.
Proof. An analysis of the long exact sequence of cohomology of the triangle
(35) implies that 𝐻Σ1 (𝒪𝐸,𝑆(𝐸) , 𝑇)tor identifies with the kernel of the map
⨁
𝐻𝑓1 (𝐸𝑤 , 𝑇)
∆ ∶ 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)tor →
𝑤∈Σ𝐸

Now fix a place 𝑤 of 𝐸 lying over 𝑣 and consider the inflation-restriction exact
sequence
ur

0 → 𝐻𝑓1 (𝐸𝑤 , 𝑇) → 𝐻 1 (𝐸𝑤 , 𝑇) → 𝐻 1 (𝐸𝑤ur , 𝑇)Gal(𝐸𝑤 ∕𝐸𝑤 )
Observe that since 𝑇 has good reduction at 𝑣, there is an equality
𝐻 1 (𝐸𝑤ur , 𝑇) = Homℛ (Gal(𝐸𝑤𝑐 ∕𝐸𝑤ur ), 𝑇)
which is clearly 𝑅-torsion-free. As such we see that 𝐻𝑓1 (𝐸𝑤 , 𝑇) (which is torsion
by (H′3 )) identifies with 𝐻 1 (𝐸𝑤 , 𝑇)tor . Write now 𝑉 = 𝑇 ⊗𝑅 𝑄. Applying 𝐸𝑤 cohomology to the tautological sequence (39) gives a canonical identification
𝐻 1 (𝐸𝑤 , 𝑇)tor ≅ 𝐻 0 (𝐸𝑤 , 𝑉∕𝑇)
A similar argument also shows that 𝐻 1 (𝒪𝐸,𝑆(𝐸) , 𝑇)tor identifies with with the
cohomology group 𝐻 0 (𝒪𝐸,𝑆(𝐸) , 𝑉∕𝑇). Hence ker(∆)tor identifies with the kernel
of the natural map
⨁
𝐻 0 (𝒪𝐸,𝑆(𝐸) , 𝑉∕𝑇) →
𝐻 0 (𝐸𝑤 , 𝑉∕𝑇)
𝑤∈Σ𝐸

which is clearly injective.
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Given this construction we are now in a position to formulate a version of
Question 1.8 for weakly admissible pairs which can be seen as a direct analogue
of [3, Conj. 2.5]:
Question B.6. Is there an inclusion 𝒜𝑇,𝒦 ⋅ ES𝑟 (𝑇, 𝒦) ⊆ 𝒜𝑇,𝒦 ⋅ ES𝑏 (𝑇, 𝒦)?
Remark B.7. If (𝑇, 𝒦) is an admissible pair then, for every 𝐸 ∈ Ω(𝒦∕𝐾),
𝒜𝑇,𝐸 = ℛ[𝒢𝐸 ] whence 𝒜𝑇,𝒦 = ℛ[[Gal(𝒦∕𝐾)]]. Hence in this case Question
B.6 reduces to Question 1.8.
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