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Alexander and Markov theorems for
virtual doodles

Neha Nanda and Mahender Singh

ABSTRACT. Study of certain isotopy classes of a finite collection of im-
mersed circles without triple or higher intersections on closed oriented
surfaces can be thought of as a planar analogue of virtual knot theory
where the genus zero case corresponds to classical knot theory. Alexan-
der and Markov theorems for the genus zero case are known where the
role of groups is played by twin groups, a class of right angled Coxeter
groups with only far commutativity relations. The purpose of this paper
is to prove Alexander and Markov theorems for higher genus case where
the role of groups is played by a new class of groups called virtual twin
groups which extends twin groups in a natural way.
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1. Introduction

The study of doodles on surfaces began with the work of Fenn and Taylor
[9] who defined a doodle as a finite collection of simple closed curves lying
in a 2-sphere without triple or higher intersections. The idea was extended
by Khovanov [18] to a finite collection of closed curves without triple or
higher intersections on a closed oriented surface. An analogue of the link
group for doodles was also introduced in [18] and several infinite families
of doodles whose fundamental groups have infinite centre were constructed.
Recently, Bartholomew-Fenn-Kamada-Kamada [4] extended the study of
doodles to immersed circles on a closed oriented surface of any genus, which
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can be thought of as virtual links analogue for doodles. An invariant of
virtual doodles by coloring their diagrams using a special type of algebra has
been constructed in [6]. Recently, an Alexander type invariant for oriented
doodles which vanishes on unlinked doodles with more than one component
has been constructed in [8].

The role of groups for doodles on a 2-sphere is played by twin groups.
The twin groups T;,, n > 2, form a special class of right angled Coxeter
groups and appeared in the work of Shabat and Voevodsky [24], who re-
ferred them as Grothendieck cartographical groups. Later, these groups
were investigated by Khovanov [18] under the name twin groups, who also
gave a geometric interpretation of these groups similar to the one for clas-
sical braid groups. Consider configurations of n arcs in the infinite strip
R x [0,1] connecting n marked points on each of the parallel lines R x {1}
and R x {0} such that each arc is monotonic and no three arcs have a point
in common. Two such configurations are equivalent if one can be deformed
into the other by a homotopy of such configurations in R x [0, 1] keeping
the end points of arcs fixed. An equivalence class under this equivalence is
called a twin. The product of two twins can be defined by placing one twin
on top of the other, similar to that in the braid group B,. The collection
of all twins with n arcs under this operation forms a group isomorphic to
T,. Taking the one point compactification of the plane, one can define the
closure of a twin on a 2-sphere analogous to the closure of a braid in R3.
Khovanov also proved an analogue of the classical Alexander Theorem for
doodles on a 2-sphere, that is, every oriented doodle on a 2-sphere is closure
of a twin. An analogue of the Markov Theorem for doodles on a 2-sphere
has been established recently by Gotin [12]. From a wider perspective, a
recent work [2] look at which Alexander and Markov theories can be defined
for generalized knot theories.

The pure twin group P7T,, is the kernel of the natural surjection from T,
onto the symmetric group S, on n symbols. Algebraic study of twin and
pure twin groups has recently attracted a lot of attention. In a recent paper
[1], Bardakov-Singh-Vesnin proved that PT, is free for n = 3,4 and not free
for n > 6. Gonzilez-Le6n-Medina-Roque [11] recently showed that PTj is a
free group of rank 31. A lower bound for the number of generators of PT,, is
given in [13] while an upper bound is given in [1]. It is worth noting that [13]
physicists refer twin and pure twin groups as traid and pure traid groups,
respectively. Description of PTg has been obtained recently by Mostovoy
and Roque-Marquez [21] where they prove that PTg is a free product of the
free group F71 and 20 copies of the free abelian group Z ® Z. A complete
presentation of PT,, for n > 7 is still not known and seems challenging to
describe. Automorphisms, conjugacy classes and centralisers of involutions
in twin groups have been explored in recent works [22, 23].

One can think of the study of isotopy classes of immersed circles without
triple or higher intersection points on closed oriented surfaces as a planar
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analogue of virtual knot theory with the genus zero case corresponding to
classical knot theory. As mentioned earlier Alexander and Markov theorems
for the genus zero case are already known in the literature where the role
of groups is played by twin groups. The purpose of this paper is to prove
Alexander and Markov theorems for higher genus case. We show that virtual
twin groups introduced in a recent work [1] as abstract generalisation of twin
groups play the role of groups for the theory of virtual doodles. A virtual
twin group extends a twin group and surjects onto a symmetric group in a
natural way. A pure analogue of the virtual twin group is defined analogously
as the kernel of the natural surjection onto the symmetric group.

The paper is organised as follows. We define twin and virtual twin groups
in Section 2. A topological interpretation of virtual twins is given in Section
3. We discuss virtual doodle diagrams and their Gauss data in Section 4.
Finally, we prove Alexander Theorem for virtual doodles in Section 5 and
Markov Theorem in Section 6.

2. Twin and virtual twin groups

For an integer n > 2, the twin group T, is defined as the group with the
presentation

<81,82,...,Sn_1 | s?zl for 1 <i<n—1and s;s; =sjs; for |i — j| 22>.

Elements of T}, are called twins and the generator s; can be geometrically
presented by a configuration shown in Figure 1.

1 i—1 1 i+1 i+2 n

S;

FIiGURE 1. The twin s;

The kernel of the natural surjection from 7}, onto S,,, the symmetric group
on n symbols, is called the pure twin group and is denoted by PT,.

The virtual twin group V'T,,, n > 2, was introduced in [1, Section 5] as an
abstract generalisation of the twin group 7). The abstract group VT, has
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generators {s1,52,...,8n—1,P1,02, - -, Pn—1} and defining relations
s? = 1fori=1,2,...,n—1, (2.1)
sis; = sjs; for [i —j] > 2,
p? = l1lfort=1,2,...,n—1,
pipj = pjpifor |i—j| =2,
pipi+1pi = pit1pipi+1 fori=1,2,...,n—2,
pisj = sjpi for |i —j[ > 2,
PiPi+1Si = Siy1pipit1 fori=1,2,....n—2.

The kernel of the natural surjection from VT, onto .S, is called the virtual
pure twin group and is denoted by V PT,,. We show that virtual twin groups
play the role of groups in the theory of virtual doodles.

3. Topological interpretation of virtual twins

Consider a set @), of n points in R. A wvirtual twin diagram on n strands
is a subset D of R x [0, 1] consisting of n intervals called strands with 9D =
Qn x {0, 1} and satisfying the following conditions:

(1) the natural projection R x [0,1] — [0, 1] maps each strand homeo-
morphically onto the unit interval [0, 1],

(2) the set V(D) of all crossings of the diagram D consists of transverse
double points of D where each crossing has the pre-assigned infor-
mation of being a real or a virtual crossing as depicted in Figure 2.
A virtual crossing is depicted by a crossing encircled with a small
circle.

F1GURE 2. Real and virtual crossings

Two virtual twin diagrams D, and Do on n strands are said to be equiv-
alent if one can be obtained from the other by a finite sequence of moves
as shown in Figure 3 and isotopies of the plane. We define a virtual twin
as an equivalence class of such virtual twin diagrams. Let VT, denote the
set of all virtual twins on n strands. The product Dy D5y of two virtual twin
diagrams D; and D is defined by placing D; on top of Ds and then shrink-
ing the interval to [0,1]. It is clear that if D; is equivalent to D} and Do
is equivalent to D , then DjDs is equivalent to D{D5. Thus, there is a
well-defined binary operation on the set VT ,,. It is easy to observe that this
operation is indeed associative.
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19 Qe

FIGURE 3. Moves for virtual twin diagrams

(1<) s

Fi1GURE 4. Forbidden Moves

Remark 3.1. Fvery classical link diagram can be regarded as an immersion
of circles in the plane with an extra structure (of over/under crossing) at
the double points. If we take a diagram without this extra structure, then
it is simply a shadow of some link in R3 and such crossings are called flat
crossings in the literature [17]). An easy check shows that if one is allowed to
apply the classical Reidemeister moves to such a diagram, then the diagram
can be reduced to a disjoint union of circles. However, this does not happen
in flat virtual diagrams, that is, diagrams which have both flat and virtual
crossings. It is worth noting that if we include the first forbidden move
in the moves for virtual twin diagrams, then we get precisely the theory of
flat virtual links initiated in [17]. We note that the moves in Figure 4 are
forbidden and cannot be obtained from moves in Figure 3 (see Proposition

3.5).

1 1—1 1 1+1 i+2 n 1 1—1 i 1+1 i+2 n

FIGURE 5. Generators §; and p;
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Lemma 3.2. For each n > 2, the set VT, of virtual twins forms a group
under the operation defined above.

Proof. We begin by noting that the virtual twin represented by a diagram
of n strands with no crossings is the identity element of the set VT, of
virtual twins. For each ¢ = 1,2,...,n — 1, let us define §; and p; to be
the virtual twins represented by diagrams as in Figure 5. Let 8 be any
arbitrary element in V7T,. Then after applying isotopies of the plane
can be represented by a diagram D C R x [0,1] such that the projection
R x [0, 1] — [0, 1] restricted to the set V(D) of all crossings is injective, that
is, each crossing is at a distinct level. Further, it follows from the moves
given in Figure 3 that 52 = 1 and p? = 1 for all i = 1,2,...,n — 1. Thus,
~€1 ~€2

; — 6k ‘ ; 3 5
we can write S = 51 p;” . .. Sir for some k, where ¢; € {0,1}. Since §; and p;

are self inverses, the element 8 has the inverse 5:: P8 O

Proposition 3.3. The diagrammatic group VT, and the abstract group
VT, are isomorphic for all n > 2.

Proof. It follows from the definition of equivalence of two virtual twin di-
agrams on n strands that the generators s; and p; satisfy the following
relations.

§ = 1fori=1,2,...,n—1,
53, = §;5 for|i—j|>2,
p? = lfori=1,2,....,n—1,
pipj = pipifor |i—j| =2,
piPi+1pi = Pit1pipi+1 fori=1,2,...,n—2,
pis; = Sjpifor i —j| = 2,
Pifis18i = Sip1pipies fori=1,2,... .n—2.
Thus, there exists a unique group homomorphism

given by fn(s;) = § and f,(p;) = p; for © = 1,2,...,n — 1. Since every
B € VT, can be written as a product of §; and p;, the map f, is surjective.
For an element 57! ;> ... 5" € VT, where ¢; € {0,1}, define

gn VT = VT,
by gn (5;%;; . 55’;) = 8§, p;; ... s;'. We prove that g, is well-defined. Let D

be a virtual twin diagram representing the element 53! 55> . . 5;: . A diagram
obtained by a planar isotopy on D that does not change the order of the

image of V(D) in [0, 1] under the projection map R x [0,1] — [0, 1] is again

represented by the element §'p52 ... 5. Any move that interchanges two
172 k

points in the image of V(D) under the projection Rx [0, 1] — [0, 1] exchanges

the subwords s;s; and §;s;, 5;p; and p;s; or p;p; and pjp; in the word

52 ﬁ:; .. éfl’z for some |i — j| > 2. Under each of these cases, the images of
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the corresponding words under g,, are the same element in V'T},. The move
that adds (respectively, removes) two points in V(D) adds (respectively,

removes) subwords of the form §;; or p;p; in the word Efll ﬁg e Efk But

s? =1= p? in VT,, and hence both the words are mapped to same element
under g,,. The third move interchanges the subwords p;p;+1p; and p;110:pi+1
in the word 53! p;” ... 5;*. But VT, has the relation pipit1pi = pir1pipi+1-
Finally, the last move replaces the subwords p;p;+15; and §;41p;pi+1, but
VT, has the relation p;p;115; = Si+1pipi+1, and hence g, is well-defined.

Since gy, o f, = id, f, is injective and the proof is complete. O

Since the diagrammatic group V7, and the abstract group VI, have been
identified, from now onwards, the generators s; and p; will be represented
geometrically as in Figure 5.

A representation p, : T, — Aut(F,), from the twin group to the auto-
morphisms group of the free group, has been constructed in [22, Theorem
7.1]. It turns out that p, extends easily to a representation of V'T,,.

Proposition 3.4. The map p, : VT, — Aut(F,) defined by the action of
generators of VI, by

Tj > TiTit1,
) -1
(i) Tip1 = T,
Tj = Tj, jFi i+ 1,

Ti = Ti41,
pn(pi) = Q Tig1 —
Tj — Xy, j#Ei i+ 1,

is a representation of VT,.

As a consequence of Proposition 3.4, it follows that the forbidden moves
in Figure 4 cannot be obtained from the moves in Figure 3.

Proposition 3.5. The following holds in VI, :

(1) 5iSi415; # Sit15iSi41-
(2) piSit18i # Si+1SiPit1-

Proof. An easy check gives
Mn(8i8i+18i)(l‘z’) # Mn(5i+18i5i+1)($z’)
and

pn(pisit15:)(Ti) # pn(Sit18ipit1)(Ts)

for each 1. O
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4. Virtual doodle diagrams

A virtual doodle diagram is a generic immersion of a closed one-dimensional
manifold (disjoint union of circles) on the plane R? with finitely many real
or virtual crossings (as in Figure 2) such that there are no triple or higher
real intersection points.

Example 4.1. An example of a virtual doodle is shown in Figure 6. The
figure represents a flat virtual knot called the flat Kishino knot which was
proved to be non-trivial as a flat virtual knot in [10, 14]. Thus, the flat
Kishino knot is also non-trivial as a virtual doodle. Note that, the original
Kishino knot diagram is a diagram of a virtual knot and its non-triviality as
a virtual knot is proven, for example, in [3, 19].

FI1GURE 6. Flat Kishino knot as virtual doodle

Two virtual doodle diagrams are equivalent if they are related by a finite
sequence of Ry, Ro, VRy, VRs, VR3, M moves as shown in Figure 7 and
isotopies of the plane. Note that V R1, V Re, VR3 and M are flat versions of
virtual Reidemeister moves in virtual knot theory [17]. The moves R; and
Ry are referred as flat versions of Reidemeister moves for classical knots [5].

An oriented virtual doodle diagram is a doodle diagram with an orientation
on each component of the underlying immersion. It is easy to see that there
are a total of 28 moves for oriented virtual doodle diagrams. Further, any
oriented move can be obtained as a composition of moves in Figure 8 and
planar isotopies. From here onwards, by a virtual doodle diagram we mean
an oriented virtual doodle diagram unless stated otherwise.

It is known due to [4] that there is a natural bijection between the set of
oriented (or unoriented) virtual doodles on the plane and the set of oriented
(or unoriented) doodles on surfaces. This is an analogue of a similar fact that
there is a natural bijection between the set of oriented (or unoriented) virtual
knots and the set of stable equivalent classes of oriented (or unoriented) knot
diagrams on surfaces [7, 15, 20].

Gauss data. Let K be a virtual doodle diagram on the plane with n real
crossings. Let N, Na,..., N, be closed 2-disks each enclosing exactly one
real crossing of the diagram K and W (K) the closure of R? \ U™, N; in the
plane. Note that W (K) consists of immersed arcs and loops in the plane
where the intersection points are the virtual crossings. Let Vz(K) be the
set of real crossings of K. Since we are considering oriented virtual doodle



280 NEHA NANDA AND MAHENDER SINGH

- -
R, VR,
<> -

R, VR,
VR, M
FIGURE 7. Moves for virtual doodle diagrams

\Z
Ria Rip R,

VR,

<> <> <>
Y
VR2 VR2, VRap
MVR, MVR,
X € X <>
VR; M

FiGURE 8. Moves for oriented virtual doodle diagrams
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diagrams, for each real crossing c¢;, the set ON; N ¢; consists of four points
and are assigned symbols as in Figure 9.

Define
Vo(K)={c |i=1,2,...,nand j =1,2,3,4}
and
X(K) = {(a,b) € Vo(K) x Va(K) | there is an arc in K N W (K) starting

at a and ending at b}.

We define the Gauss data of a virtual doodle diagram K to be the pair
(VR(K),X(K)). See [4, Section 6] for a related discussion. The Gauss data
will be crucial in establishing Alexander and Markov theorems for virtual
doodles which we prove in the remaining two sections.

Let K and K’ be two virtual doodle diagrams each with n real crossings.
We say that K and K’ have the same Gauss data if there is a bijection
o : VR(K) — Vg(K') such that whenever (a,b) € X(K), then (5(a),5(b)) €
X (K'), where ¢ : V3(K) — Vy(K') is defined as

() =o(c).

7

The following result is proved in [4, Lemma 6.1].

Lemma 4.2. Let K and K' be virtual doodle diagrams with the same number
of real crossings. Then the following are equivalent:

(1) K and K’ have the same Gauss data,

(2) K and K' are related by a finite sequence of VR1, VRa, VRs, M
moves and isotopies of the plane,

(3) K and K’ are related by a finite sequence of Kauffman’s detour moves
(shown in Figure 10) and isotopies of the plane.

5. Alexander Theorem for virtual doodles

Consider the space R? \ D°, where D° is the interior of the closed unit
2-disk D centred at the origin. A closed virtual twin diagram of degree n is
an oriented virtual doodle diagram K on the plane satisfying the following:

(1) K is contained in R? \ D°.
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FiGURE 10. Kauffman’s detour move

(2) If 7 : R\ D° — S! is the radial projection and k : LI S' — R? \ D°
the underlying immersion of K, then

rok:US! —»S!

is an n-fold covering, where S! is the boundary of D and we assume
it to be oriented counterclockwise.
(3) The map 7 restricted to V(K), the set of all crossings of K, is
injective.
(4) The orientation of K is compatible with a fixed orientation of S!.
Consider a point p € S! such that 7= (p)NV(K) = ¢. Then cutting along
the ray emanating from the origin and passing through p gives a virtual twin
diagram on n strands. The closure of a virtual twin diagram on the plane
is defined to be the doodle obtained from the diagram by joining the end
points with non-intersecting curves as shown in Figure 11. We note that
there are many ways of taking closure of a virtual twin diagram.

| | ]

FiGURE 11. Different closures of a virtual twin diagram
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We observe that in the case of classical twins, due to forbidden move
SiSi+1Si # Si+151Si+1, taking closure of a twin diagram on a plane is not
well-defined. The following result shows that the operation of taking closure
on a plane in virtual setting is well-defined.

Lemma 5.1. Any two closures of a virtual twin diagram on the plane gives
equivalent virtual doodle diagrams on the plane.

Proof. Let 3 be a virtual twin diagram and K and K’ two different closures
of 3. Then K and K’ are a finite sequence of Kauffman’s detour move
depicted in Figure 10. By Lemma 4.2, K and K’ are equivalent virtual
doodle diagrams on the plane. ([l

We now prove Alexander Theorem for virtual doodles.

Theorem 5.2. FEvery oriented virtual doodle on the plane is equivalent to
closure of a virtual twin diagram.

Proof. Let K be a virtual doodle diagram with n real crossings. The idea is
to construct a closed virtual twin diagram with the same Gauss data as that
of K. The proof then follows from Lemma 4.2. We label each real crossing
of K as in Figure 9. Next, we consider R? \ D° and orient the boundary
S! of D, say, counter clockwise. Considering the real crossings of K with
the information assigned as in Figure 9, we place them in R? \ D such that
7(c;) Nm(cj) = ¢ for all i # j and the orientation is compatible with the
orientation of S!. Next, we join these crossings in R? \ D according to the
Gauss data such that each intersection of arcs is marked as a virtual crossing
and the orientation of arcs/loops are compatible with the orientation of S!,
as illustrated in Figure 12. In other words, for each (a,b) € X(K) the
orientation of the arc joining a to b should be compatible with the orientation
of S', that is, there is a possibility that we will have to wind the arc around
S! to join @ and b. Also, whenever it intersects with some other arc, then
the intersection point should be marked as a virtual crossing. Note that this
process is well defined upto detour moves shown in Figure 10, and virtual
doodle so obtained is a closed virtual twin diagram which has the same
Gauss data as that of K. Finally, cutting along 7~ !(p) for a point p € S
such that 77! (p) does not pass through any crossing gives the desired virtual
twin diagram whose closure is K. O

Following [16], for convenience in writing, we refer the process of con-
struction of a virtual twin in Theorem 5.2 as the braiding process which is
illustrated for virtual Kishino doodle in Figure 13.

6. Markov Theorem for virtual doodles

For g € VT, let m® 8 € V1, +m denote the virtual twin obtained by
putting trivial m strands on the left of 3. For n > 2 and virtual twins
a, B, B1, B2 € VT, consider the following moves as illustrated in Figures 14
and 15:
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FIiGURE 12.

4.

o B ]

A

PR

(=)

o
B W,

S
=W

o

1o,
o

SN

FiGure 13. Application of braiding process on virtual
Kishino doodle

0) Defining relations 2.1 in V'T,, (cf. Figure 3).
1) Conjugation: a~!Ba ~ B.
2) Right stabilization of real or virtual type: Bs, ~ 8 or Bp, ~ f.
3) Left stabilization of real type: (1® 3)s1 ~ S.
4) Right exchange: B1snfasn ~ /Blpnﬂ2pn-
5) Left exchange: s1(1® £1)s1(1 ® B2) ~ p1(1 ® B1)p1(1 ® B2).

We observe that the left stabilization of virtual type (1 ® B)p1 ~ S is
a consequence of the other moves as shown in Figure 16. Note that the

(M
(M
(M
(M
(M
(M
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moves M0 — M5 can be defined for closed virtual twin diagrams in a similar
manner.

B B B B

B B 8 B

FIGURE 14. Left and right stabilisation of real and virtual type

| [ | X 58<

By 5

51 51

s bl

Ba Ba

>§ % II‘ | M1

F1GURE 15. Left and right exchange

| B |Ml || B EM() B MO

Ié] —l ]L[Ol B | ]LI().,]\J?l 3 I

FiGURE 16. Left stabilization of virtual type as a conse-
quence of M0 — M5
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Lemma 6.1. Let n > 2 and 1 < i < n. Under the assumption of moves
MO — M5, the following hold:
(1) BSnSn—1---8i+18iSit1--.Sn—18n ~ B, where f € VT,,.

(2) SpSp—1-.-8i4185i015i5i41---Snf2 ~ PnPn—1---Pi+1PiB1PiPi+1 - - - PruB2,
where B, € VT; and Py € VT,

(3) TnTn—1.--Tit1TiBLITiTiq1 - - Tn—1Tn B2 ~ PrpPn—1 - .- Pit1PiB1PiPi+1 - - - Pr 2,
where By € VT3, B2 € VT, and 7; = s; or p; for each j.

(4) BTnTn—1...TiTi—1Ti ... Tn—1Tn ~ B, where B € VT,, and 7; = s; or p; for
each j.

Proof. We begin by observing that the case i = n holds due to move M?2.
Also, for i =n — 1, we have

B5nSn—15n Y Bpusn—i1pn
0 Bpu_isnpt
L9 Prn—1BPn-15n
' puc1Bpat
Myos.
Let us suppose that
BSnSn—1---8i+28i+15i+2 - - - Sp—18n ~ B (6.1)

for 1 <i<n—2 and for any g € V1,,. Then, we have

BSnSn—1- - 8i+18iSi+1 -+ Sn—15n

M BPnSn—15n—2 - - 5i415i5i41 - .- 5n—25n—1Pn

M Bpusn1pn - Si415iSi41 -+ PrSn_1Pn

M BPr—15nPr—15n—2 - - - Si415iSit1 - - - Sp—2Pn—15nPn—1

Y BPn15mPne150—2Pn1 -+ Si418i8i+1 - - - Pr15n—2Pn—15nPn—1
Y BPn150Pn25n—1Pn—2 - Si+15i8i+1 - - - Pr25n—1Pn—25nPn—1
MO

~ BPn—1Pn—25n5n-1Pn—2 - - - Si+15iSi+1 - - - Pn—25n—15nPn—2Pn—1-
Repeating the above steps gives
ﬁsnsn—l c oo Si4185iSi4+1 .- - Sn—15n

~ ﬁpn—lpn—2 coe Pir1SnSn—1 - - Si42Pi4+15iPi4+15i42 - - - Spn—15nPi+1 - - - Pn—2Pn—1

~ Bpn-1pn-2-. . Pit18nSn—1- - 8i+2Pi8i+1PiSi42 - - - Sn—15nPi+1 - - - Pn—2Pn—1
MO

~  BpPn-1Pn—2---PiSnSn—1--- Si428i418i42 - - Spn—15nPi - - Pn—2Pn—1

M1

~ PiePn—2Pn—1BPn—1Pn—2 .- PiSnSn—1---8i{25i415i42 - Sn—15n.
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Since p; ... pn—2pn—10Pn-1pn—2-..pi € VT,, by (6.1) and move M1, we
get

(6.1) M1
BSnSn—1 -+ Sit+18iSi+1 -+ Sn—15n ~ Pi--- Pn—20n—1BPn-1Pn-2---pi ~ PB.

This proves assertion (1).
For assertion (2), note that the case i = n follows from moves M1 and
M4. Let us suppose that for any g1 € V1;41 and 82 € VT, we have

SpSn—1---5i425i+1PB15i415i42 - - - Sn 52
~ PnPn—1 - Pi+2Pi+1P1Pi+1Pi+2 - - - pnP2.  (6.2)

We claim that

SnSn—1---8i+15i318iSi41 - - - Sn—15n/52

~ PrpPn—1 - - Pi+1PiB1PiPi+1 - - - Pn—1Pn2

for 81 € VT; and 8o € VT,,. For 1 <i<mn — 1, we have

SnSn—1---Si+18i18iSi+1 - - Sn—15nS2
M1

~  B28nSn—1---5i+18i18iSi+1 - - Sn—15n

M4

~  B2PnSn—1---8i+18i18iSi+1 - - Sn—1Pn

M1

~ PnSn—15n-2 - - - Si+15i318iSi41 - - - Sn—28n—1Pnf2

MO

~ PnSn—1Pn - - Sit18i15iSit1 - - PrnSn—1Pn2

MO

~ Pn—15nPn—1-- - Sit18iB18iSit1 - - Pn—15nPn—152

MO

~ Pn—15nPn—15n—2Pn—1 - Sif15i - - Pn—15n—2Pn—15nPn—12
MO

~ Pn—15nPn—25n—1Pn—2 - - Sif15i - - - Pn—25n—1Pn—25nPn—152
MO

~ Pn—1Pn—25nSn—1Pn—2 - - - SiB1Si - - - Pn—28n—18nPn—20Pn—1052-

Repeating the preceding process yields

SnSn—1-.-8i+15318iSi41 - - Sn—15n02

~ Pp1Pn—2 .- PiSnSn—1- - Sit1PiB1PiSit1 - - - Sn—15nPi - - - Pn—2Pn—1/2-
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Notice that p;81p; € VTiy1 and p;...pp—2pn-182Pn—1pn—2-.-pi € VT,.
By (6.2) and M1, we get

SpnSp—1--- 51’+15i/815i51'+1 . Sp—15n52

~  Pp—1Pn—2---PiSnSn—1 - Sit1PiP1PiSi+1 - - Sn—15nPi - - - Pn—2Pn—12

~ (8pSn—t1.--85i41)(PiB1pi) (Six1 -+ Sn—150)(Pi -+ Pn—2Pn—1B2Pn—1Pn—2 - .. Pi)
(6.2)

~ (pnpn—1 - Pit1)(PiB1P) (Pit1 - - Pr—1Pn)(Pi - - - Pn—2Pn—1B2Pn—1Pn—2 - - - Pi)
M1

~  Pn—1Pn-2---PiPnPn-1-- P 1PiBLPIPi1 - Pn—1PnpPi - - - Pn—2Pn—102

MO

~ Pn—1Pn—2 - Pit1PnPr—1 - - - PiPit1PiP1PiPiA1Pi - - - Pr—1PnPi+1 - - - Prn—2Pn—12
MO

~ Pp—1Pn=2 - Pit1PnPr—1 - - - Pit1PiPi+1P1Pi+1PiPit1 - - - Pr—1PnPit1 - - - Pn—152
Pr—1 - Pit1PnPr—1 - Pit1PiP1PiPi+1 - - - Pn—1PnPi+1 - - - Pn—1D2,
(pix1’s gets canceled as 51 € VT;).

Repeating the above steps finally gives

SpSp—1--.8i+15i315iSi+1 - - - Sn—15n52 ~ PnPn—1-- - Pi+1PiL1PiPi+1 - - - Prn—1Pn2,

which proves assertion (2).

Repeatedly applying (2) on the expression 7, Tp—1 - . . T 1T B1TiTit1 - - - Tn—1Tn 32
yields assertion (3). For example,

SnPn—15n—2Pn—3531Pn—35n—2Pn—15032
~ pnpn—l3n—2pn—361,0n—33n—2,0n—1,0n62
~ Snsnfl5n72pn73/81pn735n725n715n,82

~ pnpn—1Pn—2pn—3/81pn—3pn—2pn—lpn,ﬁQ-

For assertion (4), if we put 81 = 7;_1 and 2 = [ in assertion (3), then
we get

TnTn—1 - Tit1TiTi—1TiTit1 - - - Tn—1Tn B

M1
~  BTpTn—1--  Titl1TiTim1TiTit1 - - - Tn—1Tn

~  BPnPn—1- - Pi+1PiTi=1PiPi+1 - - - Pn—1Pn

by taking 81 = 7,1 and B2 = 8 in (3).
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If 7 = p, then

BPnpn—1---PiPi-1pPi - - Pn—1Pn
~  BpnPn—1---Pi-1PiPi+2Pi+1Pi+2PiPi~1 - - - Pn—1Pn
(by repeated application of MO0)
~  BPi-1pPi-- - Pn—1PnPn—1-- - PiPi-1
(by repeated application of the preceding step)

~ Pn—1---PiPi-1BPi-1Pi -+ - Pn—1Pn
M2

~ Pl PiPi—1BPi—1Pi - - Pn—1
M1

s,

Finally if 7 = s, then we get
BPnpn—1---PiSi—1Pi - - - Pn—1Pn

—~
N
~

~  BSpSpn_1-..8;8_18;...Sn_1Sn
1
~ B,
which completes the proof. [l

Recall that for 8 € V'T,,, m®8 € V1,1, denotes the virtual twin obtained
by putting trivial m strands on the left of 3.

Lemma 6.2. Letn > 2 and 1 < ¢ < n. Under the assumption of moves
MO — M5, the following hold:
(1) (1®pP)s182...8-18iSi—1-..5281 ~ [, where § € VT,.
(2) S5182... Si_lsi(i ® 51)&‘82’_1 e 5251(1 ® BQ) ~
p1p2 - - Pi—1pi (1R B1)pipi-1 - - - p2p1(1® P2), where By € VTyq1-; and
Bo € VT,.
(3) TTY ... Ti_lTZ’(i X 51)7'2'7'2'_1 ... 7'27'1(1 &® ,82) ~
p1p2 - - - Pi—1pi(1 @ B1)pipi-1 ... p2p1(1 ® B2), where 1 € V11—,
B2 € VI, and 7; = s or p; for each j.
(4) (1 ®,8)7’17’2 T ATiTie1 ...ToT1 ~ 3, where B € VT, and T; = 85 Or
p; for each j.

Proof. The proof is similar to that of Lemma 6.1. U

Recall that for a virtual doodle diagram K on the plane, W(K) denotes
the closure of the complement of union of closed disk neighbourhoods of
real crossings of K. The proofs of the following two lemmas are similar to
[16, Lemma 5 and Lemma 6]. We give proofs in our setting for the sake of
completeness.

Lemma 6.3. Let K and K' be two closed virtual twin diagrams such that
K’ is obtained from K by replacing K N W(K) by K' " W(K'). Then K
and K' are related by a finite sequence of MO and M2 moves.
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Proof. We use notation from sections 4 and 5. Let 7 be the radial pro-
jection. Let Ny, N, ..., N, be closed 2-disks enclosing real crossings of K
and hence of K’ such that 7w(N;) N w(N;) = ¢ for all ¢ # j, that is, real
crossings lie at separate levels. Let aj, ag, ..., as be arcs/loops in K NW (K)
and a},d), ..., a, be the corresponding arcs/loops in K’ N W (K"). Consider
a point p € S' such that 7=!(p) does not intersect either of the crossing sets
V(K) and V(K’). If there exists some arc/loop a; and its corresponding
arc/loop a} such that |a; N7 ~1(p)| # |a; N 7~1(p)|, then we bring a segment
of a; or a} closer to the origin by repeated use of p? = 1 and some M2 moves
of virtual type such that |a; N7~ (p)| = |a. N7~ 1(p)|. Thus, we can assume
that |a; N7~ 1(p)| = |a} N7~ L(p)] for all 4.

Let k and k' be the underlying immersions LI S — R? \ D° of K and
K’, respectively, such that they are identical in preimage of each N;. Let
I, I, ..., I be intervals/circles in LI S' such that k(I;) = a; and k/(I;) = .
We note that mok|;, and wok'|;, are orientation preserving immersions with
moklas, = mok'|ar,. Since |a; NmL(p)| = |aNw~(p)| for any i, there exists
a homotopy k! : I; — R?\ D° relative to boundary dI; such that &k = k|,
and k} = k'|;, and 7o k! is an orientation preserving immersion. If we take
the homotopy generically with respect to K N W(K), K' N W (K') and the
2-disks NNj, we see that a} can be transformed to a; by a sequence of V Ry,
VR and M moves in R? \ D°. Consequently, K and K’ are related by a
finite sequence of M0 and M2 moves. O

Lemma 6.4. Let K and K’ be closed virtual twin diagrams having the same
Gauss data. Then K and K' are related by a finite sequence of MO and M2
moves.

Proof. Let Ny, No,..., N, be closed 2-disks enclosing real crossings of K
and Ny, Nj, ..., N} be the corresponding closed 2-disks enclosing real cross-
ings of K’'. We consider two cases depending on the position of N; and N. J’
with respect to the map .

Case L. Suppose that m(Ny),m(Na),...,m(Ny,) and 7(N7y), 7(N5), ..., 7(N})
appear in the same cyclic order on boundary S'. Then we deform K by
isotopies of the plane such that N; = N/ for all i and diagrams of K and K’
are identical in IV; for all . Thus, K’ can be obtained from K by replacing
KNW(K) by K'N"W(K'), and we are done by Lemma 6.3.

Case II. Suppose that 7(Ny), 7(N2), ..., 7(Ny) and w(N7y), 7(N5), ..., 7(N})
do not appear in the same cyclic order on S'. Without loss of generality,
we may assume that the two sequences of sets appear in the same order
except (V1) and 7(N3). Notice that the diagram K looks as shown in the
leftmost part in Figure 17, where 5y is a virtual twin diagram with no real
crossing and [y a virtual twin diagram. As shown in Figure 17, we can make
7(N1), m(Na), ..., m(Ny) and 7(N7), 7(N5), ..., 7(N},) to appear in the same
cyclic order on S' using M0 and M2 moves. Thus, we get back to Case I
and we are done. (]
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MO
-—

FIGURE 17.

Corollary 6.5. A closed virtual twin diagram for any oriented virtual doodle
is uniquely determined upto MO and M2 mowves.

Proof. It follows from the fact that any two closed virtual twin diagrams
for a virtual doodle have the same Gauss data (as in the proof of Theorem
5.2). The result then follows from Lemma 6.4. O

We now state and prove Markov Theorem for virtual doodles.

Theorem 6.6. Two virtual twin diagrams on the plane (possibly on different
number of strands) have equivalent closures if and only if they are related by
a finite sequence of moves MO — M5.

Proof. The proof of the converse implication is immediate. For the forward
implication, let K and K’ be two closed virtual twin diagrams which are
equivalent as virtual doodles. That is, there is a finite sequence of virtual
doodle diagrams, say, K = Ky, K1,...,K, = K’ such that K; is obtained
from K;_; by one of the moves as shown in Figure 8. Note that the virtual
doodle diagrams obtained in the intermediate steps may not be closed virtual
twin diagrams. Let K; be a closed virtual twin diagram for K; obtained
by the braiding process as in the proof of Theorem 5.2. Without loss of
generality, we can assume that Ko = Ko and K,, = K. By Corollary 6.5,
we know that each K is uniquely determined up to M0 and M2 moves.
Thus, it suffices to prove that fQ,l and INQ are related by M0 — M5 moves.
We proceed by considering each move in Figure 8.

Case 1. Let K; be obtained from K;_; by applying any one of the VR,
V Ry, VR3 or M moves. Then K, and K;_; have the same Gauss data,
which means that I~Q and I?i_l also have the same Gauss data. Then, by
Lemma 6.4, I?Z-_l and I?Z are related by M0 and M2 moves.
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Case II. If K; is obtained from K;_1 by an Ro move, then IN(i_l and I~(z are
related by a M0 move and we are done.

For the remaining moves, let D be the closed 2-disk in the plane where
one of the remaining moves is applied so that K;_1N(R?\D) = K;N(R?\D).
We apply the braiding process to K;—1 N (R?\ D) = K; N (R? \ D) to get
diagrams K] ; and K| such that K, ,ND =K, 1ND, K.ND = K;ND
and K/_, N (R2\ D) = K/N (R?\ D).

Case III. If K; is obtained from K1 by an Ry, or Ry, move, then after the
braiding process, the diagrams K ; and K] looks like as in Figure 18. Note
that up to conjugation, virtual twins obtained from K ; and K] are either
of the following forms

B and BTpTn_1...TiTi—1Ti -+ - Tn-1Tn
or
£ and (1 & B)TlTQ e Ti—1TiTi—1 - - - T2T1,

where 8 € VT, 7j = s; or pj and 1 <7 < n. In each case, both the virtual

twins are equivalent to each other by Lemma 6.1 or Lemma 6.2. Thus, I?i_l
and K; are related by M0 — M5 moves.

[N | W sl

) L

FIGURE 18. I~(£71 and IN(Z’ corresponding to R, or R move

Case IV. If K is obtaingd from K, i1 by an MV R move, then after braiding
process, the diagrams K/ ; and K looks as in Figure 19. The virtual twins

obtained from I?Ll and IN(Z’ are of the form

TnTn—1 -« Tit18iB18iTit1 - - - Tn—1Tn B2
and

TnTn—1 - - Tit1PiB1PiTi+1 - - Tn—1Tn P2,
respectively. By Lemma 6.1, both these virtual twins are equivalent, and
hence K; 1 and K; are related by M0 — M5 moves.

Case V. If the move applied is MV Ry, then after the braiding process, the
diagrams K/ ; and K] looks as in Figure 20. The virtual twins obtained
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B2

L

B

FiGure 19. I?{fl and I?l’ corresponding to MV R; move

L

e

fa

[ |

e

Ba

|

FIGURE 20. k{—1 and I?Z’ corresponding to MV Ry move

from IN(ZLl and IN({ are of the form

TIT2 ... Ti—15(1 ® P1)8iTi—1 ... 271 (1 ® B2)

and

TIT2 ... Tiflpi(i X Bl)piTifl .. .TQTl(l X /82),

respectively. By Lemma 6.2, both of these virtual twins are equivalent, and

hence K; 1 and K; are related by M0 — M5 moves.
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