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Maps preserving absolute continuity and
singularity of positive operators

György Pál Gehér, Zsigmond Tarcsay
and Tamás Titkos

Abstract. In this paper we consider the cone of all positive, bounded
operators acting on an infinite dimensional, complex Hilbert space, and
examine bijective maps that preserve absolute continuity in both di-
rections. It turns out that these maps are exactly those that preserve
singularity in both directions. Moreover, in some weak sense, such maps
are always induced by bounded, invertible, linear- or conjugate linear
operators of the underlying Hilbert space. Our result gives a possible
generalization of a recent theorem of Molnar which characterizes maps
on the positive cone that preserve the Lebesgue decomposition of oper-
ators.
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1. Introduction

Throughout this paper H will denote a complex infinite dimensional
Hilbert space, unless specifically stated otherwise, with the inner product
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(· | ·). The symbols B(H) and B+(H) will stand for the set of all bounded
operators and the cone of all positive operators, respectively. Motivated
by their measure theoretic analogues, Ando introduced the notion of ab-
solute continuity and singularity of positive operators in [1], and proved a
Lebesgue decomposition theorem in the context of B+(H). Since then sim-
ilar results have been proved in more general contexts, we only mention a
few of them: [6, 7, 9, 14–16].

Given a mathematical structure and an important operation/quantity/re-
lation corresponding to it, a natural question to ask is: how can we describe
all maps that respect this operation/quantity/relation? Such and similar
problems belong to the gradually enlarging field of preserver problems, the
interested reader is referred to the survey papers [5, 10, 11] for an intro-
duction. A considerable part of preserver problems is related to operator
structures, for which we refer to the book of Molnár [12] and the reference
therein.

In this paper our goal is to generalize Molnár’s result [13, Theorem 1.1]
about the structure of bijective maps on B+(H) that preserve the Lebesgue
decomposition in both directions. Molnár proved that the cone is quite rigid
in the sense that these maps can be always written in the form

A 7→ SAS∗

with a bounded, invertible, linear- or conjugate linear operator S : H→ H.
A natural question arises: how can we describe the form of those bijections
that preserve absolute continuity (or singularity) of operators in both direc-
tions? Clearly, this is a weaker condition than that of Molnár, hence maps
considered by Molnár obviously preserve this relation. However, it is not
too hard to construct other maps which preserve absolute continuity. For
example, one could use the fact that every positive operator is absolutely
continuous with respect to every invertible element of B+(H), and that in-
vertible elements are the only ones with this property. Therefore, if we leave
all positive and not invertible operators fixed, and consider an arbitrary
bijection on the subset of invertible and positive operators, then this map
preserves absolute continuity in both directions. Despite the existence of
such seemingly unstructured maps, it is still possible to describe all maps
with this weaker preserver property.

2. Technical preliminaries

We say that a bounded linear operator A : H→ H is positive if (Ax |x) ≥
0 holds for all x ∈ H. This notion induces a partial order on B+(H), that
is, A ≤ B if B − A ∈ B+(H). Two positive operators A,B ∈ B+(H) are
said to be singular, A ⊥ B in notation, if the only element C ∈ B+(H)
with C ≤ A and C ≤ B is the zero operator. It turns out that this relation
can be phrased in terms of the ranges of the positive square roots (see [1, p.



MAPS PRESERVING � AND ⊥ OF POSITIVE OPERATORS 131

256]):

A ⊥ B ⇐⇒ ranA1/2 ∩ ranB1/2 = {0}. (2.1)

Next, A is said to be B-dominated if there exists a c ≥ 0 such that
A ≤ cB. If A can be approximated by a monotone increasing sequence of
B-dominated operators in the strong operator topology then, we say that
A is B-absolutely continuous, and we write A � B. Observe that this
definition of absolute continuity combined with the Douglas factorization
theorem [2, Theorem 1] yields

A� B =⇒ ranA ⊆ ranB,

however, the converse implication is not true in general (see e.g. [14, Example
3]). A characterization of absolute continuity by means of operator ranges
reads as follows (see [1, Theorem 5]):

A� B ⇐⇒ {x ∈ H : A1/2x ∈ ranB1/2} is dense in H. (2.2)

If B has closed range, then the range-type characterization of absolute con-
tinuity takes a much simpler form:

A� B ⇐⇒ ranA ⊆ ranB, provided that ranB = ranB. (2.3)

In this paper we are going to investigate singularity and absolute continu-
ity preserving bijections. We say that a bijective map ϕ : B+(H)→ B+(H)
preserves absolute continuity in both directions if

A� B ⇐⇒ ϕ(A)� ϕ(B) for all A,B ∈ B+(H).

Similarly, we say that a bijection ϕ : B+(H)→ B+(H) preserves singularity
in both directions if

A ⊥ B ⇐⇒ ϕ(A) ⊥ ϕ(B) for all A,B ∈ B+(H).

To formulate our results, we need some further notation. With calli-
graphic letters we always denote linear (not necessarily closed) subspaces
of H and we use the symbol Lat(H) for the set of all subspaces. A special
subset of Lat(H) formed by operator ranges is denoted by

Latop(H) := {M ⊆ H : ∃ S ∈ B(H), ranS = M}
= {ranA1/2 : A ∈ B+(H)},

where the second identity is due to the range equality

ranS = ran(SS∗)1/2 for all S ∈ B(H). (2.4)

It is known that Latop(H) forms a lattice and that Latop(H) $ Lat(H), for
more information see [4].
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For every positive integer n we set Latn(H) and Lat−n(H) to be the set
of all n-dimensional and n-codimensional operator ranges, respectively:

Latn(H) :=
{
M ∈ Latop(H) : dimM = n

}
=

{
M ∈ Lat(H) : dimM = n

}
,

Lat−n(H) :=
{
M ∈ Latop(H) : codimM = n

}
.

Observe also that Lat−n(H) consists of all n codimensional closed subspaces
of H. We use the symbol Bn

+(H) to denote the set of all bounded positive
operators with n dimensional range. We also introduce the following subset
of B+(H) which is associated with an operator range M ∈ Latop(H):

R1/2(M) :=
{
C ∈ B+(H) : ranC1/2 = M

}
.

Note that R1/2(M) is never empty according to (2.4).

3. Main theorem

In this section we state and prove our main result. We give a complete
description of bijections that preserve absolute continuity in both directions,
and of those that preserve singularity in both directions. It turns out that
these maps have the same structure.

Theorem A. Let H be an infinite dimensional complex Hilbert space and
assume that ϕ : B+(H) → B+(H) is a bijective map. Then the following
four statements are equivalent:

(i) ϕ preserves absolutely continuity in both directions,
(ii) ϕ preserves singularity in both directions,
(iii) there exists a bounded, invertible, linear- or conjugate linear operator

T : H→ H such that

ranϕ(A)1/2 = ranTA1/2 for all A ∈ B+(H), (3.1)

(iv) there exists a bounded, invertible, linear- or conjugate linear operator
T : H → H and a family {ZA : A ∈ B+(H)} of invertible positive
operators such that

ϕ(A) = (TAT ∗)1/2ZA(TAT ∗)1/2 for all A ∈ B+(H). (3.2)

Proof. (i)=⇒(ii): Notice that (i) implies ϕ(0) = 0, since 0 is the only
element in B+(H) which is B-absolutely continuous for all positive operator
B. Moreover, it is easy to see that we have A ∈ B1

+(H) if and only if

{C ∈ B+(H) : C � A,A 6� C} = {0},
hence ϕ(B1

+(H)) = B1
+(H). Assume that ϕ satisfies (i) but not (ii), hence

there exist A,B ∈ B+(H) such that A ⊥ B but ϕ(A) 6⊥ ϕ(B). In particular,
this means that there exists a non-zero vector f ∈ H such that f⊗f ≤ ϕ(A)
and f ⊗ f ≤ ϕ(B), and hence

f ⊗ f � ϕ(A) and f ⊗ f � ϕ(B).
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Since f ⊗ f = ϕ(e⊗ e) holds with some non-zero vector e ∈ H, we obtain

e⊗ e� A and e⊗ e� B.

But this implies e ∈ ranA1/2 ∩ ranB1/2, hence A 6⊥ B, which is a contradic-
tion.

(ii)=⇒(iii): The first step is to reformulate the singularity preserving
property in terms of operator ranges. For any positive operator A we define
the set

A⊥ := {C ∈ B+(H) : C ⊥ A}.
From (2.1) it follows easily that

A⊥ = B⊥ ⇐⇒ ranA1/2 = ranB1/2 for all A,B ∈ B+(H).

Consequently, ϕ satisfies

ranA1/2 = ranB1/2 ⇐⇒ ranϕ(A)1/2 = ranϕ(B)1/2 (3.3)

for all A,B ∈ B+(H). We introduce the following map:

Φ : Latop(H)→ Latop(H), Φ(ranA1/2) := ranϕ(A)1/2,

which is obviously well-defined and bijective. From (2.1) and (3.3) it is
immediate that Φ preserves “zero intersection” in both directions, i.e.,

M ∩N = {0} ⇐⇒ Φ(M) ∩ Φ(N) = {0}.

Next, our task is to understand Φ. We can easily see that M ⊆ N if and
only if

{K ∈ Latop(H) : K ∩N = {0}} ⊆ {K ∈ Latop(H) : K ∩M = {0}} ,

and thus Φ preserves inclusion in both directions:

M ⊆ N ⇐⇒ Φ(M) ⊆ Φ(N). (3.4)

In particular this implies that Φ({0}) = {0} and Φ(H) = H. Notice that
we have

dimM = 1 ⇐⇒ {N ∈ Latop(H) : N ⊆M} = {{0},M} ,

hence the restriction Φ|Lat1(H) is a bijection of Lat1(H) onto itself. Similarly,
we have

dimM = 2 ⇐⇒
{
N : N $ M

}
⊆ Lat1(H) ∪

{
{0}
}
,

therefore Φ|Lat2(H) : Lat2(H) → Lat2(H) is also a bijection. Combining
these observations, we conclude that Φ|Lat1(H) is a projectivity, that is, Φ
maps any three coplanar elements to coplanar elements. Therefore the fun-
damental theorem of projective geometry (see e.g. [3]) can be applied: there
exists a semilinear bijection T : H→ H such that

Φ(M) = T (M), for all M ∈ Lat1(H).
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Now, we examine how Φ acts on a general M ∈ Latop(H) \ {0}. By the
above properties, for all N ∈ Lat1(H) and M ∈ Latop(H) we have

N ⊆M ⇐⇒ T (N) ⊆ Φ(M)

and

M ∩N = {0} ⇐⇒ T (N) ∩ Φ(M) = {0}.
Therefore, for all M ∈ Latop(H) \ {0} we have

Φ(M) =
⋃

T (N)⊆Φ(M),
T (N)∈Lat1(H)

T (N) =
⋃

N⊆M,
N∈Lat1(H)

T (N) = T

 ⋃
N⊆M,

N∈Lat1(H)

N

 = T (M),

hence, by the definition of Φ and T we obtain that

ϕ[R1/2(M)] = R1/2(T (M)) for all M ∈ Latop(H).

All that remains is to prove that the semilinear map T is either linear- or
conjugate linear, and bounded. It is immediate that T and T−1 map one-
codimensional linear manifolds into one-codimensional ones. Furthermore,
a finite codimensional subspace of H is an operator range if and only if it is
closed, so we infer that T maps Lat−1(H) onto Lat−1(H). Since H is infinite
dimensional, we can use [8, Lemma 2 and its Corollary] to conclude that T
is either linear- or conjugate linear. Finally, to show that T is bounded it
suffices to prove that y∗ ◦ T is bounded for every bounded linear functional
y∗ ∈ H∗. Suppose first that T is linear. Since T maps Lat−1(H) onto
Lat−1(H), there is x∗ ∈ H∗ such that ker y∗ = T (kerx∗). Consequently,
kerx∗ = ker(y∗ ◦T ), which implies y∗ ◦T = λx∗ for some λ, and hence y∗ ◦T
is bounded. A very similar approach applies when T is conjugate linear.

(iii)=⇒(iv): First, assume that T is linear. Then by (2.4) we obtain

ranϕ(A)1/2 = ranTA1/2 = ran(TAT ∗)1/2 for all A ∈ B+(H). (3.5)

Hence by [4, Corollary 1 on p.259] we have ϕ(A)1/2 = (TAT ∗)1/2XA with
some invertible operator XA ∈ B(H). Therefore (3.2) clearly holds with
ZA = XAX

∗
A.

Assume now that T is conjugate linear. Consider an arbitrary antiunitary
operator U : H→ H. Then

ranϕ(A)1/2 = ranTA1/2 = ranTA1/2U = ran(TAT ∗)1/2

for all A ∈ B+(H), where in the last step we used (2.4) for the linear

bounded operator TA1/2U . From here we finish the proof as in the linear
case.

(iv)=⇒(i): By (2.4) we have

ranϕ(A)1/2 = ran(TAT ∗)1/2Z
1/2
A = ran(TAT ∗)1/2

= ranTA1/2 = ranTA1/2T ∗
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for all A ∈ B+(H). Thus by [4, Corollary 1 on p.259], there exists an
invertible operator YA ∈ B(H) such that

ϕ(A)1/2 = TA1/2T ∗YA.

If we introduce the notation DA,B := {x ∈ H : A1/2x ∈ ranB1/2} for every
pair A,B ∈ B+(H), then an immediate calculation shows that

Dϕ(A),ϕ(B) = (T ∗YA)−1(DA,B)

from which it follows that DA,B is dense if and only if Dϕ(A),ϕ(B) is dense.
By (2.2) this implies (i). �

4. The finite dimensional case

If dimH <∞, then Lat(H) = Latop(H), every operator has closed range,

and ranA = ranA1/2 holds for all A ∈ B+(H). Therefore the notions
of absolute continuity and singularity simplify considerably. In particular,
the characterization (2.3) of absolute continuity is valid for every pair A,B
of positive operators. Similarly, the range characterization of singularity
reduces to

A ⊥ B ⇐⇒ ranA ∩ ranB = {0}.
Furthermore, we have R1/2(M) = {C ∈ B+(H) : ranC = M} for all
M ∈ Lat(H). Therefore the finite dimensional version of Theorem A can
be proved much more easily using the fundamental theorem of projective
geometry provided that dimH > 2. However, we point out that the result
we get is slightly different, as T is not necessarily linear- or conjugate linear
anymore. We omit the proof.

Theorem A. Let H be a complex Hilbert space such that 3 ≤ dimH < +∞
and let ϕ : B+(H) → B+(H) be a bijective map. Then the following three
statements are equivalent:

(i) ϕ preserves absolutely continuity in both directions,
(ii) ϕ preserves singularity in both directions,
(iii) there is a semilinear bijection T : H→ H such that

ranϕ(A) = ranTA for all A ∈ B+(H).

Finally, in case when dimH = 2, the fundamental theorem of projective
geometry cannot be applied. However, one can prove easily that points (i)
and (ii) are both equivalent with the following condition:

(iii’) ϕ(0) = 0, ϕ maps the set of all invertible positive operators bijec-
tively onto itself, and there is a bijection Ψ: Lat1(H) → Lat1(H)
such that

ranϕ(A) = Ψ(ranA) for all A ∈ B1
+(H).
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niques on linear preserver problems. Linear Algebra Appl. 315 (2000), no. 1–3,
61–81. MR1774960, Zbl 0964.15004, doi: 10.1016/S0024-3795(00)00119-1. 130

[6] Hassi, Seppo; Sebestyén, Zoltán; de Snoo, Henk. Lebesgue type decom-
positions for nonnegative forms. J. Funct. Anal. 257 (2009), no. 12, 3858–3894.
MR2557727, Zbl 1185.47002, doi: 10.1016/j.jfa.2009.09.014. 130

[7] Jury, Michael T.; Martin, Robert T.W. Lebesgue decomposition of non-
commutative measures. Preprint, 2019. arXiv:1910.09965 130

[8] Kakutani, Shizuo; Mackey, George W. Ring and lattice characterization of
complex Hilbert space. Bull. Amer. Math. Soc. 52 (1946), 727–733. MR0016534,
Zbl 0060.26305, doi: 10.1090/S0002-9904-1946-08644-9. 134

[9] Kosaki, Hideki. Lebesgue decomposition of states on a von Neumann alge-
bra. Amer. J. Math. 107 (1985), no. 3, 697–735. MR0789660, Zbl 0582.46060,
doi: 10.2307/2374374. 130

[10] Li, Chi-Kwong; Tsing, Nam-Kiu. Linear preserver problems: a brief introduc-
tion and some special techniques. Directions in matrix theory (Auburn, AL, 1990).
Linear Algebra Appl. 162/164 (1992), 217–235. MR1148401, Zbl 0762.15016,
doi: 10.1016/0024-3795(92)90377-M. 130

[11] Li, Chi-Kwong; Pierce, Stephen. Linear preserver problems. Amer.
Math. Monthly 108 (2001), no. 7, 591–605. MR1862098, Zbl 0991.15001,
doi: 10.2307/2695268. 130

[12] Molnár, Lajos. Selected preserver problems on algebraic structures of lin-
ear operators and on function spaces. Lecture Notes in Mathematics, 1895.
Springer-Verlag, Berlin, 2007. xiv+232 pp. ISBN: 978-3-540-39944-5; 3-540-39944-
5. MR2267033, Zbl 1119.47001, doi: 10.1007/3-540-39944-5. 130

[13] Molnár, Lajos. Maps on positive operators preserving Lebesgue decompositions.
Electron. J. Linear Algebra 18 (2009), 222–232. MR2505132, Zbl 1181.47040. 130

[14] Tarcsay, Zsigmond. Lebesgue-type decomposition of positive operators. Positiv-
ity 17 (2013), no. 3, 803–817. MR3090694, Zbl 1291.47034, doi: 10.1007/s11117-
012-0206-4. 130, 131

[15] Titkos, Tamás. Arlinskii’s iteration and its applications. Proc. Edinb.
Math. Soc. (2) 62 (2019), no. 1, 125–133. MR3938822, Zbl 07091666,
doi: 10.1017/S0013091518000287. 130

[16] Voiculescu, Dan-Virgil. Lebesgue decomposition of functionals and unique pre-
duals for commutants modulo normed ideals. Houston J. Math. 43 (2017), no. 4,
1251–1262. MR3766367, Zbl 06872681. 130

http://www.ams.org/mathscinet-getitem?mr=458221
http://www.emis.de/cgi-bin/MATH-item?0337.47011
http://www.ams.org/mathscinet-getitem?mr=0203464
http://www.emis.de/cgi-bin/MATH-item?0146.12503
http://dx.doi.org/10.2307/2035178
http://www.ams.org/mathscinet-getitem?mr=1898158
http://www.emis.de/cgi-bin/MATH-item?0996.51001
http://dx.doi.org/10.1023/A:1014933313332
http://www.ams.org/mathscinet-getitem?mr=0293441
http://www.emis.de/cgi-bin/MATH-item?0224.47009
http://dx.doi.org/10.1016/S0001-8708(71)80006-3
http://dx.doi.org/10.1016/S0001-8708(71)80006-3
http://www.ams.org/mathscinet-getitem?mr=1774960
http://www.emis.de/cgi-bin/MATH-item?0964.15004
http://dx.doi.org/10.1016/S0024-3795(00)00119-1
http://www.ams.org/mathscinet-getitem?mr=2557727
http://www.emis.de/cgi-bin/MATH-item?1185.47002
http://dx.doi.org/10.1016/j.jfa.2009.09.014
http://arXiv.org/abs/1910.09965
http://www.ams.org/mathscinet-getitem?mr=0016534
http://www.emis.de/cgi-bin/MATH-item?0060.26305
http://dx.doi.org/10.1090/S0002-9904-1946-08644-9
http://www.ams.org/mathscinet-getitem?mr=0789660
http://www.emis.de/cgi-bin/MATH-item?0582.46060
http://dx.doi.org/10.2307/2374374
http://www.ams.org/mathscinet-getitem?mr=1148401
http://www.emis.de/cgi-bin/MATH-item?0762.15016
http://dx.doi.org/10.1016/0024-3795(92)90377-M
http://www.ams.org/mathscinet-getitem?mr=1862098
http://www.emis.de/cgi-bin/MATH-item?0991.15001
http://dx.doi.org/10.2307/2695268
http://www.ams.org/mathscinet-getitem?mr=2267033
http://www.emis.de/cgi-bin/MATH-item?1119.47001
http://dx.doi.org/10.1007/3-540-39944-5
http://www.ams.org/mathscinet-getitem?mr=2505132
http://www.emis.de/cgi-bin/MATH-item?1181.47040
http://www.ams.org/mathscinet-getitem?mr=3090694
http://www.emis.de/cgi-bin/MATH-item?1291.47034
http://dx.doi.org/10.1007/s11117-012-0206-4
http://dx.doi.org/10.1007/s11117-012-0206-4
http://www.ams.org/mathscinet-getitem?mr=3938822
http://www.emis.de/cgi-bin/MATH-item?07091666
http://dx.doi.org/10.1017/S0013091518000287
http://www.ams.org/mathscinet-getitem?mr=3766367
http://www.emis.de/cgi-bin/MATH-item?06872681


MAPS PRESERVING � AND ⊥ OF POSITIVE OPERATORS 137

(György Pál Gehér) Department of Mathematics and Statistics, University of
Reading, Whiteknights, P.O. Box 220, Reading RG6 6AX, United Kingdom
G.P.Geher@reading.ac.uk

gehergyuri@gmail.com

(Zsigmond Tarcsay) Department of Applied Analysis and Computational Math-
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