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The v;-periodic region in the cohomology
of the C-motivic Steenrod algebra

Ang Li

ABSTRACT. We establish a vi-periodicity theorem in Ext over the C-
motivic Steenrod algebra. The element hi of Ext, which detects the ho-
motopy class 7 in the motivic Adams spectral sequence, is non-nilpotent
and therefore generates hi-towers. Our result is that, apart from these
hi-towers, vi-periodicity operators give isomorphisms in a range near
the top of the Adams chart. This result generalizes well-known classical

behavior.
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1. Introduction

1.1. Background and Motivation. One of the primary tools for com-
puting stable homotopy groups of spheres is the Adams spectral sequence.
The FEs-page of the Adams spectral sequence is given by Extz:l (Fq, o) =
H**(A), which we denote by Ext., where A% is the classical Steenrod
algebra. For Ext., Adams [Adal] showed that there is a vanishing line of
slope % and intercept %, and J. P. May showed there is a periodicity line of
slope % and intercept %, where the periodicity operation is defined by the
Massey product P,.(—) := (hy41,h3 , —). This result has not been published

by May, but can be found in the thesis of Krause:
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Theorem 1.1. [Kra, Theorem 5.14] For r > 2, the Massey product opera-

tion Po(=) := (hyy1,h3", =) is uniquely defined on Extzif = 057 (AY) when

s>0and f > %s+3—2’", where s is the stem, and f is the Adams filtration.
Furthermore, for f > %s + %, the operation

P: HY (A% S5 Bot? 042 (4
s an isomorphism.

The purpose of this article is to discuss an analog of the theorem above
in the C-motivic context. Motivic homotopy theory, also known as Al-
homotopy theory, is a way to apply the techniques of algebraic topology,
specifically homotopy, to algebraic varieties and, more generally, to schemes.
The theory was formulated by Morel and Voevodsky [MV].

In this paper we analyze the case where the base field F' is the complex
numbers C. Let My denote the bigraded motivic cohomology ring of Spec
C, with Fo = Z/2-coefficients. Voevodsky [Voe] proved that My = Fa[r].
Let A be the mod 2 motivic Steenrod algebra over C. The motivic Adams
spectral sequence is a trigraded spectral sequence with

E;’*’* = EXtZ*’*(MQ, Mz),

where the third grading is the motivic weight. (See Dugger and Isaksen
[DI]). The C-motivic Ea-page, which we denote by Ext, has a vanishing line
computed by Guillou and Isaksen [GI1]. Quigley has a partial result that
Ext®/% has a periodicity line of slope % under the condition s < w in the
case r = 2 [Qui, Corollary 5.4].

The multiplication by 2 map S0 2, 500 i5 detected by hg, and the Hopf
map SH! A, 500 5 detected by h; in Ext. These elements have degrees
(0,1,0) and (1,1,1) respectively. By an infinite hi-tower we will mean a
non-zero sequence of elements of the form h¥z in Ext with k > 0, where = is
not hq divisible. We will write hi-towers for infinite hi-towers, and refer to x
as the base of the hj-tower h¥z (k > 0). A short discussion on the hi-towers
can be found in subsection 1.2. Since all hi-towers are T-torsion, one might
guess that the motivic Ext groups differ from the classical Ext® groups by
only infinite hi-towers. This is not true, but we may expect the hi-torsion
part of Ext to obtain a pattern similar to Ext. Our result pertains solely
to this hi-torsion region.

Remark 1.2. Let A, denote the dual Steenrod algebra. For Ext, we can
work over A, instead of A. i.e.

E;’*’* = EXt;{j*(Mg, Mg)*

Here we view My as the homology of the motivic sphere instead of the co-
homology; this is an A,-comodule.

The goal of this paper is the following theorem:
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Theorem 1.3. For r > 2 the Massey product operation
PT‘(_) = <h7”+17 h(%rﬂ _>

is uniquely defined on Ext®/* = H>F(A) when s > 0 and f > %5+3— 2",
Furthermore, for f > %s + %, the restriction of P, to the hi-torsion

r+1 T r
PT: [HS,wa(-A)]hlftorsion — [Hs+2 S w2 (A)]hlftorsion
s an isomorphism.

We first reduce the problem to establishing the vanishing region of certain
Ext groups. Then we make an explicit computation for these Ext groups over
the dual Steenrod subalgebra A(1), to get a starting vanishing region. We
transport this vanishing region using the Cartan-Eilenberg spectral sequence
along normal extensions of Hopf algebras and obtain the vanishing region of
these groups over A(2),, which is the same as the vanishing region of these
Ext groups over A,.

There are close connections between the classical Adams spectral sequence
and the motivic Adams spectral sequence. For instance, by inverting 7 in
Ext, we obtain Ext®. There are also abundant connections between the C-
motivic Ext groups, the R-motivic Ext groups and the Cs-equivariant Ext
groups. The p-Bockstein spectral sequence [Hil] takes the C-motivic Ext
groups as input and computes the R-motivic Ext groups. The Cs-equivariant
Ext groups can then be obtained [GHIR] by calculating R-motivic Ext
groups for a negative cone. Our periodicity results ought to be relevant
for future computations in R-motivic and Cs-equivariant homotopy theory.

1.2. Further Considerations. We study the hi-torsion part of Ext; the
hi-periodic part has been entirely computed in [GI2].

Theorem 1.4. [GI2, Theorem 1.1] The hy-inverted algebra Ext4[h'] is a
polynomial algebra over Fg[h{d] on generators vi and vy, for n > 2, where:

(1) vi is in the 8-stem and has Adams filtration 4 and weight 4.
(2) vy, is in the (2T — 2)-stem and has Adams filtration 1 and weight
2" — 1.

It is straightforward that P, acts injectively on the hi-inverted Ext; that
is, P. sends an hi-tower hfz (k > 0) to another hi-tower hiy (I > 0). But
the base x might not be sent to the base y. As for surjectivity, there are
hi-towers not in the image of P, such as the hi-tower on ¢g; those are not
multiples of v{ in the hj-inverted Ext. Partial results about the bases of
those hi-towers can be found in [Tha]. We expect that the determination
of the bases of the hi-towers will lead to a complete understanding of the
region in which the v;-periodicity operator acts as an isomorphism on FExt.

Analogously to the Massey product Py(—) := (hg, h3, —), there is another
Massey product g(—) := (hy, h}, —). This Massey product g(—) is related to
another periodicity operator called w; in motivic Ext, which does not exist
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classically. For many values of z, P»(z) is detected by Px, where P = hi,
has degree (8,4,4) in the May spectral sequence. Similarly, for many values
of z, g(z) will be detected by h3, - ¥, where h3; has degree (20,4, 12) in the
May spectral sequence. The obstruction to studying w;-periodicity is that g
has a relatively low slope. Thus the method in this paper is not applicable.
In addition, our method relies on a computation involving Ext 4.1),, but g
restricts to zero in that group. Thus a strategy for studying g-periodicity
would need to begin with Ext 42),, which is much more complicated [Isa].

1.3. Organization. We follow the approach of [Kra| primarily. In Section
2, we briefly introduce the stable (co)module category, in which we can
consider the hg or hi-torsion part of Ext by taking sequential colimits. In
Section 3, we establish the existence of a homological self-map 6 and use
this to show that P.(—) is uniquely defined. In Section 4, we explicitly
show where 6 is an isomorphism over A(1),, and obtain a region where it
is an isomorphism over A, by moving along the Cartan-Eilenberg spectral
sequence. In Section 5, we combine the results of the previous two sections
together to get the motivic periodicity theorem 1.3.

1.4. Acknowledgements. The author would like to thank Bertrand Guil-
lou for useful instructions and helpful discussions. The author also benefited
from discussions with J.D. Quigley, Eva Belmont, and Prasit Bhattacharya
and appreciates their assistance. The author thanks the referee for providing
detailed comments that helped to improve the exposition of the article.

2. Working environment: the stable (co)module category
Stab(T)

In order to restrict to working with only the hi-torsion (also hg-torsion)
part, first we would like to choose a suitable working environment: a cate-
gory with some nice properties that will serve our purposes. Usually Ext is
defined in the derived category of A.-comodules, which we denote D(A,).
However, the coefficient ring M is not compact in D(.A,), which means that
My does not interact well with colimits. The stable comodule category will
better serve our purposes. That is a category 4 such that:

(1) If M is a A.-comodule that is free of finite rank over My and N is a
A,-comodule, then Homy (M, N) = Ext 4, (M, N).

(2) If M is a A,-comodule that is free of finite rank over My, then M
is compact in %. That is to say, for any sequential colimit in % of
A,-comodules

colimN; := colim(Ny Jo, Ny — = N; LR ),
K3

we have colim Ext 4, (M, N;) = Homg (M, colimN;)
(2 7
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The correct choice of € is called Stab(A.). The category can be con-
structed in various ways (see [Bel, Sec. 2.1] for details), and has several
useful properties for our case. The following proposition summarizes some
of the discussion in [BHV, Sec. 4]:

Proposition 2.1. The category Stab(A,) satisfies conditions (1) and (2)
above.

Namely, for a Hopf algebra I' and comodule M that is free of finite rank,
we have a diagram

D) <~ Comodr 7. Stab(T")

Hompry (iM,—) grAb omgyap(ry (1M, —)

where i is the canonical functor and j is well-defined only for comodules
that are free of finite rank over Mly. This diagram commutes. Because the
stable comodule category cooperates nicely with taking colimits in the sense
that the condition (2) holds, we can compute the colimit of a sequence of
Extp (M, N).

Here we introduce notation that will be used in future sections.

Notation 2.2. For a motivic spectrum M such that H,.(M) is free of finite
rank over Mo, let M also denote the embedded image of the homology of
the spectrum M in the stable comodule category (i.e., M = j(H.(M))).
We use [M,N]L, | to denote Homgypry (M, N), where M, N € Stab(T').
For example, if M = S, then H,(S) = My, which we also denote by S.
Thus Exti{f " (My, Mg) = [S, S]?}:w When T is the motivic dual Steenrod
algebra, we omit the superscript I'. This notation is consistent with [Kra].
We use the grading (s, f,w), where s is the stem, f is the Adams filtration
and w is the motivic weight. Notice that ¢ = s + f is the internal degree.

Given a self-map #: Xs0-/owopf % M in Stab(Ay), we have a cofiber se-
quence Y.50-fowo \f 5 M- M/ in Stab(Ay). The associated long exact
sequence will be indexed as follows:

= [M, N}s+50+1,f+fo—1,w+wo - [M/6, N]s.,f,w - [M, N]s.,f,w - [M, N}s+80.,f+fo,w+m -

Sometimes we omit indices when there is no risk of confusion.

3. Self-maps and Massey products

In this section, we show that the cofiber S/ h’g admits a self-map and
identify it with the Massey product in Theorem 1.3. Self-maps are maps
of suspensions of an object to itself. For a dualizable object Y, self maps
¥"Y — Y can also be described as elements of 7, (Y ® DY), with DY the
®-dual of Y. In this paper we mainly deal with homological self-maps in

Stab(Ay).
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When considering the vanishing region and the periodicity region, we
only work with the ho-torsion part. (Of course, this is not much of a loss: as
classically, the only hp-local elements are in the 0-stem.) We next investigate
the hi-torsion part inside the hg-torsion. For this purpose, we introduce the
following notion.

Definition 3.1. Let F, be the fiber of S — S[hy'], where S[hy'] =

colim(S ho, g Lo, --+) in Stab(As). Similarly, let Fo; be the fiber of
Fy — Fy[h'] with Fy[hy'] defined as an analogous colimit.

The group [S, Fp1] contains the subset of [S, S| consisting of elements that
are both hg- and hi-torsion, as well as the negative parts of those hg and
hi-towers in Fy[hy']. The regions we are considering are unaffected. We
display the corresponding Ext groups in Figure 1 and 2.

Al

l 5 10 s l 5 10 s

FIGURE 1. [S, FylZ, , FIGURE 2. [S, FoilZ,s ,

The periodicity operator P corresponds to multiplying by the element h%o
of the May spectral sequence, meaning that for many values of x, h3,z €
(h3, h$, ). However, hj, does not survive to Ext. As a result, multiplying
by P is not a map from [S, S] to [S,S]. Luckily, [GI1, Figure 2| shows that
P survives in [S/hg, S]. Similarly, we have the following proposition:

Proposition 3.2 ([Ada2]). The element h3, survives the May spectral se-

quence to [S/hE, S| for k < 27, and thus gives a corresponding element p?
in [S/hE, S/hE], i.e. a self-map of S/hk.

If N is an A.-comodule in Stab(A.), then [S/h%, S/hE] acts on [S/hE, N].
The corresponding element P (or some power of P) inside [S/h&, S/h§] in-
duces a map from [S/hE, N] to itself. We would like to show that for any
k < 2" and r > 2, multiplying by P27 on [S/hk.S] coincides with the
Massey product P.(—) := (h,11,h2", —) in a certain region. In other words,
we must show that there is zero indeterminacy.
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The Massey product is defined on the kernel of h%r on [S,S], which we
will denote ker(hZ'). It lands in the cokernel of multiplication by h;41:

P(=) - ker(h§ ) =[S, 5]/hrs1.
Remark 3.3. Originally one would like to consider the following square
and see that it commutes in a certain region

1S/m, 8] =F > [5/mE, 5]

| |

ker(hg') ﬁ [, S]/hst1.
The vertical maps are induced by S — S/ h'g. However, since we lost the
advantage of a vanishing region of f > %s + % that we need in the clas-
sical setting, the region where the vertical maps are isomorphisms is not
satisfactory. We solve this problem by restricting attention to the hg and

h1-torsion.
To better fit our purposes, consider the Massey product defined on [\S, Fo;]
PT’(_) : kerF(n (hOT) - [S’ FOl]/hr—i-l.

This gives the following squares, over which we have more control:

or—2

[S/hE, For) == [S/hf, Fo] (1)

| l

keTFm (h%r) ﬁ [57 FOl]/hT‘-‘rl
27‘
kers(hg ) gyag [S,S]/hr41
The canonical map Fy; — S induces a map [S, Fp1] — [S, S] given by
inclusion on the hg- and hi-torsion elements and which sends negative towers
to zero. The bottom square commutes for s > 0 and f > 0 modulo potential
indeterminacy. We would like to show that the indeterminacy vanishes under

some conditions.
Let C(n) denote the cofiber of the first Hopf map

st 2§00,
Writing C,, for the cohomology H**(C(n)), we have the following result:

Theorem 3.4. [GI1, Theorem 1.1 The group Extiif’w(Mg,Cn) vanishes
when s >0 and f > %S—l—%.
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Theorem 3.4 gives us that [S, Cy]s 7., vanishes when s > 0 and f > $s+3.
In other words, there are only hi-towers when s > 0 and f > %3 + % in

(S, S]s,fw- Moreover, we have the following fact:

Proposition 3.5 (Corollary of [GI2, Theorem 1.1]). For r > 1, h,11 does
not support an hi-tower.

Therefore the indeterminacy (hy41[S, S])s, 1,0 must vanish when f > s+
3 — 27, under the following two conditions: that h,,1 has s = 2"t! — 1, and
that there are only hi-towers in [S, S]s ., when s > 0 and f > %34— %, which
are h,;1-torsion groups.

Remark 3.6. It is easy to see that the indeterminacy (h,41[S, Fo1])s,fw
also vanishes when f > %8 +3-2".

The first row of the top square in (1) is multiplication by some power of
the element P. We next determine when the vertical maps are isomorphisms.

Lemma 3.7 (Motivic version of [Kra, Lemma 5.2]). Let M, N € Stab(A.).
Assume that [M, N| vanishes when f > as+ bw + ¢ for some a,b,c € R, let
g : Sso:Jowo N[ — M be a map with fo > asg+ bwo, and let M/0 denote the

cofiber of X50:Jo-wo \p b M. Then
[M/0,N] — [M, NJ

is an isomorphism above a vanishing plane parallel with the one in [M, N]
but with f-intercept given by ¢ — (fo — aso — bwy).

Proof. The result follows from the long exact sequence associated to the
cofiber sequence %50-fo:wo \f 5 M- M/o:

e [M, N}s+50+1,f+fo—l,w+wo - [M/Ha N}S,f,w - [M, N]S,f.,w - [M> N}s+50,f+fo,w+wo e
O

Remark 3.8. This approach could also apply to a vanishing region above
several planes or even a surface. The vanishing condition of Lemma 3.7
could be rephrased as the following:

Assume that [M, N, .. vanishes when f > ¢(s,w) where ¢ : R? — R is
a smooth function. Then the gradient v(—, —) = (g—f(—), g—f}(—)) is a vector

field. Let d = (max |v(s0,wo)|, and assume both % and 1{]—% are greater than
$0,Wo

d. The remaining proof would follow similarly, with the f-intercept given
by maz{c — (fo — dso),c — (fo — dwo)}.

We have this as a corollary:

Corollary 3.9 (Motivic version of [Kra, Lemma 5.9]). Let k > 1. For f >
%s—i—%—k, the natural map [S/hE, Fo1ls,f.w = [Ss Fotls,fw s an isomorphism.
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Proof. To determine this, we need to confirm that [S, F01]s,f7w admits a
vanishing region of f > %s + % The fiber sequence Fy; — Fy < Folhy!]
gives us an exact sequence:
Bt

=[S, Foils =[S, Fols o =[S, Folhy o, g =[S, 250 Fon o = -+
Since [S, Fp] differs from [S, S] only in the O-stem, there are only hi-towers
when f > %s + % And by Theorem 3.4 again, [S,Cyls ¢ vanishes when
s > 0 and f > %s + % In other words, above the plane f = %S + %,
multiplying by hq, which detects 7, is an isomorphism from [S, Fos f., to

[S7 F0]8+1,f+1,w+1-
As a result, inverting h; would be an isomorphism from [S, Fols fw to

S, Folhy Hls.fw When f > 35+ 3. Therefore, [S, Finls, . vanishes when
f> %s + % Applying Lemma 3.7 gives the corollary. O

The results in 3.2 and 3.6 locate the region where both squares commute,
thus obtaining the first part of Theorem 1.3.

Theorem 3.10 (Motivic version of [Kra, Proposition 5.12]). For k < 27
and r > 2, the cofiber S/hf admits a self-map pr? of degree (271,27, 27).
Thus, for any N € Stab(A,), composition with P2"" defines a self-map on
[S/hk, N].

When f > %s + 3 — k, in the case N = Fyq, the induced map coincides
with the Massey product P.(—) := (hy41,h3 , —) with zero indeterminacy.

4. Colimits and the Cartan-Eilenberg spectral sequence

We will obtain a vanishing region for [S/(hg, P), Fo1]« in this section.
Consider the colimit

Fo/hS® = colim(3 111 Ry /by My o 2y simimi i Py

in Stab(A.). As we show in the following result, it differs from Fp; by a
suspension in the region we are considering.
Proposition 4.1. When f > %5 + %,

(S, 27O R /s pw =[S, Forls fw

Proof. To see this, note that the colimit Fy/h$° is a union of all the hi-
torsion in Fp, while the fiber Fy; detects the hi-torsion together with those
negative hi-towers. U

Note that Fy coincides with

210G/ = N 0colim (0105 /by 20y . L0y 51000g i Roy Ly
K3

if we ignore the negative ho-tower. That is, we have [S, S~ 110S /], 1)) &
[S, FO]s,f,w when f > 0.



1364 ANG LI

Remark 4.2. We have shown that the map
[S/hkv FO/h(lm]s,f,w =[S, FO/h(fo]S,ﬁw

is an isomorphism when f > %3 + 3 — k. We consider this colimit because
it is better for computational purposes (the fiber Fy; is harder to deal with
than the colimit Fy/h®).

Let 6 be a self-map of S/ h’g, and consider the cofiber sequence S/ h’g 5,
S/hk — S/(hE,6). The vanishing region for [S/(hE,0), Fo/h s is the

region where

o0 0 o0
[S/hlg’ FO/hl ]S,f,w - [S/hlgv FO/hl ]s+80,f+fo,w+wo

is an isomorphism. The goal of this section is to obtain a vanishing region
for [S/(hE,0), Fo/h$]« «« in the case k =1 and § = P.

The dual Steenrod algebra is too large to work with, so we would like to
start with a smaller one, namely A(1). & Ma[r, 71,&]/(78 = &1, 78, 62).
Then for A,-comodules M and N (thus also A(1).-comodules), we can re-
cover [M, N|** from [M, N]AM~ via infinitely many Cartan-Eilenberg spec-
tral sequences along normal extensions of Hopf algebras, as we will explain
later.

Let N = Fy/h$°. We will compute [S/hg, Fy/h°]AM* as an intermediate
step before reaching our goal of [S/(hg, P), Fo/h$]A M=, As a starting point,

we can compute [S/hg, Fy] over A(1),, via the cofiber sequence S hoy 5
S/ho.

FIGURE 3. [S/hg, Fo]A(M)-

This is periodic,where the periodicity shifts degree by (8,4,4). Since
[S/ho, Fo/h$e]AM+ is a colimit, it is essential to know the maps over which



v1-PERIODIC REGION IN C-MOTIVIC EXT 1365

we are taking the colimit. First let us take a look at the maps induced by
multiplying by h; (we abbreviate X~"7"7" to 37" in this diagram):

N [S/ho, X Fy) — [S/ho, 2" Fy /] —= £201[S/hg, BT F] M

s | |
h2 h2

— L [S/ho, 52 Fy] —= [S/ho, X2 Fy /1] —= S312[S/hy, D2 Fy] — >

= | |

All rows are exact. From this we yield a more illuminating diagram:

(2)

0 — coker(hy) — [S/ho, X~ Fy/h1] — ker(hq)

o | | l

— .0
0 — coker(h}) — [S/ho, 2 Fy/h3] — ker(h3) —=0

=

The maps ¢ on the right column are canonical inclusions, and passing to
colimits gives

co}cim(coker(hlf)) — [S/ho, Fo/hS°] — co}cim(ker(hlf)).

Working over the dual subalgebra A(1), we calculate [S/ho, E_l’l’oFo/h‘fo]ﬁgi*
directly. Furthermore we have:

Proposition 4.3. For anyk € Z, k > 1, the maps [S/ho, 5% Fy/hFAD~ —
[S/ho, ©F 1 Fy /hE 1AM are injective.

The result of the calculation is shown in Figure 4. The shift in the figure
appears as result of Proposition 4.1.

This is periodic, with a periodicity degree shift of (8,4,4), just as with
[S/hg, Fo]* (M=, Note that [S/ho,E*Ll’OFg/h‘l’o}ﬁg,z* differs from the clas-

sical [S/ ho,S}ﬁf(l)* with two extra negative hi-towers associated to each
"lighting flash”. The element in degree (—1,0,—1) in the first pattern is
generated by 7 with a shift.

Recall the self-map P on S/hg acts injectively as can be seen in Figure 4.
Combining this with the long exact sequence:

o .A 1 * 0 A 1 * P
s [8/(ho, P), Fo /W] - [S/ o, Fo /15T
P 0o A(L)« oo AlL)-
— [S/ho, Fo /3 ]s+(8?f+4,w+4 — [5/(ho, P), Fo/h3 ]s—(l?fﬂ,w T
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./

7]

FIGURE 4. [S/hg, S~ 110 Fy /hse] )

gives [S/(ho, P), E’l’l’OFo/hcfo]filz* as in Figure 5.

Ty

Remark 4.4. Analogously to Proposition 4.3, for any k € Z, k > 1, the
following maps are also injective:

1S/ (ho, P), % Fy /hEAD= 5 [8/(hg, P), S~F=1Fy /hAH1AD-,

FIGURE 5. [S/(ho,P),E’l’l’OFo/h(fo]ﬁgﬂz*

Next we will use the Cartan-Eilenberg spectral sequence to bootstrap our
result from A(1).-homology to A,-homology. A brief introduction to the
Cartan-Eilenberg spectral sequence (see [CE, Ch.XV] for details) is relevant
at this point. Given an extension of Hopf algebras over My

FE—-T—-C
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(so in particular £ = T'cMsy), the Cartan-Eilenberg spectral sequence
computes Cotorp(M, N) for a I'-comodule M and an E-comodule N. The
spectral sequence arises from the double complex (I'-resolution of M )T (E-
resolution of N), and we have Cotorr(M, N) = Extp(M, N) when M and
N are T-free.

The Cartan-Eilenberg spectral sequence has the form

Eit,*,* _ COtOTtd*(M, E% ® N) = C’OtOTlsj_t’*(M’ N).

If F has trivial C-coaction, then we have E}"™* = Cotorg (M, N) @ E®5.
Taking the cohomology we obtain the Es-page:
EyY™* = Cotorsy(Ma, Cotorly’ (M, N)) = Ext" (Ma, Ma) @ Ext3 (M, N).

The Cartan-Eilenberg spectral sequence converges when the input is a
bounded-below A,-comodule. We will obtain a vanishing region for each
finite stage [S/(ho, P), 2% Fy/h¥]4* and then deduce the vanishing region
for [S/(hg, P), Fy/h$°]™* by passing to the colimit.

[S/(ho, P), £ Fy [y AW —[S/(h, P), 82 Fy [3JAY — . — [S/(hg, P), Fy /1§ AD-
CESS

8/{ho,P) 5" Fo e —— [8/{h,P), BRI s ], ), Fo A

b

We first calculate [S/(hg, P), Fy/h$°]A2)* | where
A(2)e = Ma[ro, 71,72, €1, €]/ (76 = 781,71 = 760,75, &1, €3).

To do this, we will use a sequence of normal maps of Hopf algebras:

A2)x = A2): /6] = A(2):/ (&7, &) = A2)+/(€7, &2, 72) = A(1)s.

First we consider the Cartan-Eilenberg spectral sequence corresponding
to the extension
B(m2) = A(2)+/(€7, &) — A1)
The element 75, which has degree (6, 1,3), corresponds to hsg in the May
spectral sequence. The A(1).-coaction on E(73) is trivial for degree reasons.
So we start with the F; = Fs-page, and deduce a vanishing region on
5/ (ho, P), Fo /B3] AR)-/(E182),

[S/(ho, P), S" Fo/ A+ @ Mia[hao] — - -+ — [S/(ho, P), Fo/h3*]AV* @ Mia|hs]

H

1S/ (ho, P), E*IFo/hl]A@)*/({f@) [S/(ho,P),Fo/hﬂ““@)*/(f%f?)

For the normal extension E(8) — I' — C of Hopf algebras we state a
motivic version of [Kra, Lemma 4.10], which gives a relationship between
the vanishing region for [M, N]' and the vanishing condition of [M, N]¢
together with the two ”slopes” associated to 5. Note that if 5 has degree
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(so, fo,wo), then f—g and I{}—% are the slopes of the projections of (sg, fo,wo)

onto the plane w = 0 and the plane s = 0.

Theorem 4.5. Let E(a) — T 4y C be a normal extension of Hopf alge-
bras and M,N € Stab(T'). Suppose B is an element in [S,S|E of degree
(50, fo,wo) with sg, fo,wo all positive. Its image in [S, SV (which we also
call 3) acts on [M,N]'. Suppose for some a,b,c,m,co € R with a,b > 0
and m > f:—g > 0, the group [q«(M), ¢.(N)]¢ vanishes when f > as + bw + ¢
and also vanishes when f > ms + cg. Then

(1) if fo < asg + bwo, or B acts nilpotently on [M, N|*, then [M, N]"
has a parallel vanishing region. In other words, it vanishes when
f > as+bw+c for some constant ¢ and also vanishes when f >
ms + ¢g.

(2) otherwise, [M, N|' vanishes when f > nzlzulg(fsg ‘zg’zc)b)s%- bw%ffgoT:ff W+t

c and vanishes when f > ms + cp.

Remark 4.6. The additional vanishing plane f > ms + ¢y generalizes the
bounded below condition. In the classical setting, we have that [M, N]'
vanishes when s < ¢y, but due to the negative h;-towers we do not have a
vertical vanishing plane. So we adjust the ” co-slope” plane to be f = ms—+cq
to fulfill our purpose. This bound does not affect the periodicity region we
study here, so we omit it henceforth.

Proof of Theorem 4.5. If 5 has fy < asg+bwy, then 8 multiples of classes
in [M, N]¢ will lie under the existing vanishing planes.

If fo > asg + bwg, then every infinite 5 tower will contain classes lying
outside of the rigion f > as + bw + ¢. If 8 acts nilpotently, there exists
an integer k such that B¥z is zero for all € [M,N]'. Then there is a
maximum length for all S-towers, and so we can still get a parallel vanishing
plane f > as + bw + ¢ on [M, N]' by adjusting the f-intercept.

Now we turn to case (2). If fo > aso+bwg and § acts non-nilpotently, then
there must exist an element z € [M, N]' for which the classes f¥z are not
zero on the E,, page of the Cartan-Eilenberg spectral sequence for every k.
Thus no matter how we move up the existing vanishing plane f > as+bw+c,
some [ multiples of xz will lie above the plane. Instead, we will find a new
vanishing plane f > a's+ 0w+ for a’,b’', ¢ € R. The new vanishing region
f > da's + bw + ¢ must satisfy the condition fo < a’sg + b'wg + /. This

plane is spanned by the direction of 8 and the intersecting line of the two
mbwo— fo(m—a)
bwo—so(m—a)

and b = ;blo—mbso O

bwo—so(m—a) "

existing vanishing planes. Hence we can solve to obtain a’ =

Remark 4.7. In the relevant cases, the starting vanishing regions will have
b = 0. In this case, the 3-dimensional conditions in Theorem 4.5 simplify to
the following 2-dimensional conditions.
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Suppose for some a,c,m,cg € R with a > 0 and m > f—g > 0, the
group [q«(M), q«(N)]¢ vanishes when f > as 4 ¢ and also vanishes when
f > ms+ cg. Then:

(1) if fo < aso, or B acts nilpotently on [M, N]', then [M, N]' has a
parallel vanishing region. That is to say, it vanishes when f > as+c
for some constant ¢/, and also vanishes when f > ms + cg,

(2) if otherwise, then [M, N]'' vanishes when f > g—gs + ¢ for some

constant ¢/, and vanishes when f > ms + cp.

Remark 4.8. Similarly, we could generalize to the statement that the group
[g+(M), q+(N)]¢ vanishes when f > ¢(s,w) where ¢ : R — R is a smooth
function. Then the gradient v(—,—) = (g—‘g(—),g—ﬁ(—)) is a vector field.

Now we would like to consider g = (M in |v(sp,wp)| and compare g with f—g
$0,W0

and 1{)—% The conditions can be rewritten as follows:
(1) if f:—g <gor j;—% < g, or A acts nilpotently, then [M, N]' has the same
vanishing region translated vertically.
(2) if both £—° and Lo > g, and (B acts non-nilpotently, then we must
0 wo

modify the vanishing region of [M,N]'. However, it takes some
work to write down a precise modification, so we omit it here.

hk
Remark 4.9. From the cofiber sequence S — S — S/h§ we can take tensor
duals to derive the fiber sequence D(S/hk) — S — S. Since D(S/hk) ~
N-LI=k0G/hE we have

[S/hkv S]S,f,w =[S, D(S/hlg)]&f,w =[S, S/hg]s+1,f+k71,w.

Because S/h% is compact in Stab(A), smashing with some N € Stab(A.),
we get

[S/hlg7N]s7f,w = [‘S’a D(S/h’]g) A N]s,f,w = [Sa S/hg A N]s+1,f+k—1,w.

As a result 8 €[S, S]' acts on [M, N]' for compact M € Stab(A.), since 3
acts on [S, DM A NJF.

The group [S/(ho, P), E_l’l’oFo/h‘fo]ﬁg* has a single ”lighting flash” pat-
tern along with two negative hi-towers (see Figure 5), so the vanishing re-
gion to start off with is f > ¢ (We obtain the same vanishing region of
[S/(ho, P), 2_171’0(2_'“F0/h’f)]ﬁg2* for each k, since the maps we are tak-
ing colimit over are injections by Remark 4.4.) In our case, [M,N]l' =
[S/(ho,P),Z_l’l’OFo/hi’O]ﬁg*, and we will apply Theorem 4.5 in the fol-
lowing three cases: (i) § is 7o of degree (6,1, 3); (ii) 5 is & of degree (5, 1, 3);
(iii) B is &2 of degree (3,1, 2).

Recall that we are working with the Cartan-Eilenberg spectral sequence

[S/(ho, P), S~ 1S Fy /h)AD- @ My [hgo] = [S/ (o, P), B~ 110(F Fy /)| A@-/(E162)
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There cannot be any differentials for degree reasons. By Theorem 4.5 the
element h3g will bring us a vanishing region f > %s + ¢ for each k, where
c1 is some constant (we obtain the same constant for all k). Passing to the
colimit, we conclude that [S/(ho, P), 5110 F, /heJAR)+/(€1:42) shares the
same vanishing region f > %s + 1.

The second step is to consider the normal extension in which we add &o,
corresponding to the class hoi:

E(&) = A(2)./6 — A(2):/ (&, &).

The A(2)./(£2,&2)-coaction on E(£) is trivial. We have Ep-pages as the
first row:

18/(ho, P), 2~ Fo/ha}A®1/ ) @ Myflhys] — -+ — [S(hy, P), Fo /b AR/ €142) @ My [hy]

|

[/ (ho, P), 5" Fy b A2 /¢ [S/(ho, P), Fy /15| AQ)- 161

The spectral sequence collapses at the Es-page. This is because in the
May spectral sequence over A(2) or A, there is a differential dl(h30) =
h1ha1+hahso, but in the group [S/(ho, P), S~ 110(SF Fy /1) AP/ (€162 g
and ho are zero. As a result, hsp is also non-nilpotent. For some constant ca,
the vanishing region of [S/(ho, P), 5~ b10(S—F Fy /hk)AR-/E is f > ts+c
for each k according to Theorem 4.5, and the same is true for the cohmlt
1S/ (ho, P), £~ 110 Ry /R AC) /€3

Next we consider the Cartan-Eilenberg spectral sequence corresponding
to the extension:

E(&) = A2). = A(2)./€1
Here the class {% corresponds to the class hg in the May spectral sequence.
The A(2)./2-coaction on E(£2) is trivial as well. We have Fa-pages as in
the first row:

[S/(ho, P), 5 Fy [ha]A®/4E @ My[hg] — - — [S(ho, P), Fo/hF1A® /¢ @ M| ho]

ﬂ

[S/(ho, P), 57" Fo /by JA® = [S/(ho, P), Fo/h§eJA®

We do have some non-zero differentials appear. In the previous steps,

by introducing [r2] = (6,1,3) and [§2] = (5,1,3), which give rise to non-

nilpotent elements in Ext, we arrived a vanishing region of f > és + c3,

where c3 is a constant. However [¢2] = (3,1,2) is nilpotent since h3 = 0 in
Ext 4(2), and Ext.

Moving from A(2), to A, we have many more elements to introduce.
However those elements won'’t satisfy % > % By Theorem 4.5 (or Re-
mark 4.7), for each k, [S/(ho, P), S~ 11O(S=FFy /h})]A vanishes if f = Ls+

c3. Since the vanishing plane passes through the point (—6,0,—1) + 3 -
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(3,1,2) = (3,3,5), the constant c3 is %2 and the region f > %3 + % would
be carried through to A,. We conclude that

Proposition 4.10. The group [S/(ho, P), X Y10 F, /h$°)s 0 has a vanish-
ing region of f > %8 + %

Note that it is possible for many reasons that the vanishing region we have
found is not optimal. First, we could consider the ”slope” of the motivic
weight side % instead of % under certain bounded below conditions. Second,
if other elements were included, more differentials would occur, allowing for
a larger vanishing region. More calculation is required to clarify these cases.

5. The motivic periodicity theorem
Let Fy and Fy; still be the same as in Definition 3.1, so that

1S, 5O R /5 g 2 1S, Fola g

when f > %s + 3. Given a self-map 6 on S/h§ let us recall the diagram

where the first row is exact:

[S/(hE, 8), £~ Oy 15°] — [S/hb, B~ Oy 1] L [S/hE, B0y 1) —— S50[S/ (hf, 6), B YO Ry /b

15,5110y /hse] — L (g mLL0 Ry phee]

The vertical maps are isomorphisms whenever f > %8 + % — k due to
Corollary 3.9. We would like to further restrict the condition to f > %s =+
3 — k in order to eliminate the indeterminacy. The vanishing condition on
[S/(hE,0), 2~ 11O0F, /h$°], which is the same as the vanishing condition on
[S/(R§,0), Foils, f.w, tells us whether 6 is an isomorphism.

In the previous section, we established the case when k£ = 1, given in
Proposition 4.10. We show in Figure 6 the (2"+!, 27 2")-periodic pattern
for [S/hf, 2110, /hs]AMx where k < 27. By an analogous computa-
tion, one can see that for a general positive integer k& < 2", the groups
[S/(h’g,Py_Q),Fm]s,ﬁw admit a parallel vanishing region as in the k = 1
case.

We have the following lemma for the f-intercept:

Lemma 5.1 (Corollary of [Kra, Lemma 5.4]). Let M, N € Stable(A,) with
M compact. Let My = M /0y be the cofiber of the self-map X50/1w1 M b, M,
and let My = M/(01,02) be the cofiber of the self-map ZSQ’fQ’“’QM/Hl b,
/ / / 6/
M/0y. Define M| and M} with respect to the self-maps L0/0¥1 M -1 M
! ! / 9/
and Y5222 M /0, =25 M/} in the same way. Suppose 0; and 0} are parallel,

i.e. (8, fi,wi) = Ni(s}, fl,wl) where \; are non-zero real numbers and i =
1,2
,2.
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(2rtt 432" +k+1,2"+2-1)

Q

(3,k+1,1)

/

(_1707_1) 5

FIGURE 6. [S/hE, E‘LLOFo/thO]éS*Z*

Further let a,b € R and suppose f; > as; + bw; and f! > as, + bw, for
1 = 1,2. We make the convention that the f-intercept is oo if there is no
such vanishing plane. Then the minimal f-intercepts of the vanishing planes
parallel to f = as+ bw on [Ma, N| and [M}, N] agree.

Proof of Lemma 5.1. We construct the iterated cofiber L1 = M/(61,6})
and Ly = M/(01,02,0,,0,). Since f; > as; + bw; and f! > as} + bw} for i =
1,2, the minimal f-intercepts for the vanishing planes parellel to f = as+bw
agree on [M;, N|, [M/, N] and [L;, N] by inductively applying Lemma 3.7.
Note that the notation for L; and Lo is ambiguous. The notation does
not indicate that M /6, should admit a 0} self-map or vice versa. Because of
the uniqueness of (homological) self-maps that Krause has shown in [Kra,
Sec. 4], there is a self-map 0] compatible with both #; and 67, which acts
on M by a power of 61, and by a power of §]. We will take L; to be the
cofiber of the self-map 67. Similarly, there exists a self-map 65 on L; that
acts on M; by a power of 0, and on M] by a power of 6. So we can set Lo
as the cofiber of the self-map 6. O

Remark 5.2. Krause’s proof of the uniqueness of self-maps is in the classical
setting, yet for the C-motivic case the proof is analogous.

Remark 5.3. The cofiber sequences arising from the Verdier’s axiom and
the 3 x 3 lemma offer an alternative way to view the vanishing condition
of [S/(hk,Py_Z),Fm]s,ﬁw. Let m,n,l,I’ € N be positive with m < 4l and
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m+n < 4(l+1"). We have the following cofiber sequences:
S/hg — S/hYT" — S/h
S/(hg', PH) = S/ (hg ", PHY) — S/ (g, P
S/(hg', P') = S/(hit, P*Y) = 5/ (hif', P).
Passing to the induced long exact sequences in homology, we conclude that

for k < 27, the groups [S/(hk,PQPQ),FOl]S,f’w admit the same vanishing
condition as [S/(ho, P), Fo1ls, fw-

It follows that for any k < 2" and any self-map 6 = P27 of S/nk,
the corresponding groups [S/(h§,0), Fp1] have a vanishing region of f >
%s + % Combining with Theorem 3.10, we arrive at the motivic version of
Theorem 1.1:

Theorem 5.4 (Another way of stating Theorem 1.3). Forr > 2, the Massey
product operation Pp(—=) := (hyy1,hd , =) is uniquely defined on Ext*/% =
H5w(A) when s >0 and f > 3s+3—2".

Furthermore, for f > %3 + %,

Pr(-)
P’I‘: [S, FOl]s,f,w % [S, F01]8+2r+17f+27‘7w+2'r.

is an isomorphism when restricted to the subgroup consisting of elements
that are torsion with respect to both hg and h;.
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