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Rotationally symmetric conformal Kahler,

Einstein-Maxwell metrics

Zhiming Feng

ABSTRACT. In this paper, we show that there are non-trivial complete
rotationally symmetric conformal Kihler, Einstein metrics on B? and
C?, and there are non-trivial complete rotationally symmetric conformal
Kahler, Einstein-Maxwell metrics on B** and C%*.

CONTENTS

Introduction

Radial conformally Kéhler, Einstein-Maxwell metrics
The geodesics of radial conformally Kahler metrics
Proof of Theorem 1.1

Proof of Theorem 1.2

Proof of Theorem 1.3

References

ISR S o

1. Introduction

334
337
344
350
357
359
360

Let M be a complex m-dimensional Kéhler manifold endowed with a
Kahler metric g with respect to an integrable almost complex structure J.
A Hermitian metric g on (M, J) is called a conformally Kéhler, Einstein-
Maxwell metric (cKEM metric for short) if it satisfies the following three

conditions:

(a) There exists a positive smooth function f on M such that g = 712 g.
(b) The Ricci tensor Ricy of the metric g satisfies Ricg(.J-, J-) = Ricg(-, ).

(c) The scalar curvature s; of g is constant.

The Ricci tensors of g and g are related by (see e.g. [6], 1.161)

. . 2(m —1) 1
Ricg = Ricg + =——D*f — 5(fAef + (2m = Ddf[g)g.
where D denotes the Levi-Civita connection of g, | - |4 is the tensor norm

induced by g, and A, := 0d + dé is the Hodge Laplacian with respect to g.
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Let sy be the Riemann scalar curvature of g, thus the scalar curvature sz of
g is given by
s; = fsg—202m —1)fAyf —2m(2m —1)|df|
2(2m —1)

S)

= fTs4+ ——
Note that Ricg(J+, J-) = Ricz(-, ) if and only if D*f(J-,-) = vV=1(09f)(-, "),
or if and only if

fWH*lAgf*WH’I‘

d(grad"’f) = d(¢" f70;) = 0.

Setting f to be constant yields constant scalar curvature Kéhler metric
(cscK metric for short), so cKEM metrics with nonconstant f are referred
to as non-trivial. For the case of compact, so far, not many examples of
non-trivial cKEM metrics are known. Page in [18] and Chen-LeBrun-Weber
in [7] have shown that the one-point-blow-up and the two-point-blow-up of
CP? admit the conformally Kéhler Einstein metrics, respectively. The con-
formally Kéahler Einstein metrics also constructed by Apostolov-Calderbank-
Gauduchon in [1, 2] on 4-orbifolds and by Bérard Bergery [5] on P!-bundles
over Fano Kéahler-Einstein manifolds. Non-Einstein cKEM examples are
given by LeBrun [16, 17] on CP! x CP! and the one-point-blow-up of CP?,
by Koca-Tegnnesen-Friedman [12] on ruled surfaces of higher genus, and by
Futaki-Ono [9] on CP! x M where M is a compact constant scalar curvature
Kahler manifold of arbitrary dimension. For more research on cKEM met-
rics, please refer to Apostolov-Maschler [3], Apostolov-Maschler-Tonnesen-
Friedman [4], Futaki-Ono [10] and Lahdili [13, 15, 14].

In this paper, we study the existence of cKEM metrics on non-compact
manifolds. Specifically, we study the existence of cKEM metrics on rota-
tionally invariant domains. Let

d
B = {z=(21,...,2a) €CT: |l2z[]* = ) |5 < 1},
Jj=1

B .= B4\ {0}, C% .= ¢\ {0}.

The following Theorem 1.1, Theorem 1.2 and Theorem 1.3 are the main
results of this paper.

Theorem 1.1. Ford > 2 let gp be a Kdahler melric on a domain Q = B? or
C? associated with the Kihler form wp = /—100®p, namely gp(X,Y) =
wp(X,JY) for all X,Y € T,Q and each z € Q, where ®p(z,Z) = F(t) and
t=1In|z|?.

For a given a < 0, set F(—o0) =0, z = F'(t), p(x) = F"(t), f = ax+1 >
0, 5= Jor and

T
[}

Md—1)Td+1)

¥ldu) = O(k+1)F(d+1+k)F(d— —n"

iy
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(i) g is a complete Ricci flat metric on C%, that is Ricg = 0, if and only if

o(x) = 2(1 + az)?b(d, az), = € [0, %).

(ii) For a given A\ < 0, § is a complete Einstein metric on B?, that is
Ricz = Ag, if and only if

1

— 1 2 o 2 1 _ ).
o(x) = z(1 + ax)*y(d, ax) d+1x P(d+ 1,ax), x € |0, a)
In particular, if
a=-—1,
A=—(4d —2),

F(t)=e' = |l2]?

fy=1-e€"=1—|z|?

then § is an Finstein metric on B?.
(iii) The complete rotationally symmetric cKEM metric § on B¢ or C?
must be an Einstein metric.

Theorem 1.2. Ford > 2 let gr be a Kihler metric on a domain @ = B or
C% associated with the Kihler form wp = /—100®F, namely gr(X,Y) =
wp(X,JY) for VXY € T.Q and each z € ), where ®p(z,Z) = F(t) and
t =In|z|?.

ForHa”given a <0, set x =F(t), o(x) = F'(t), f =ax+1>0 and
g= %QF-

For a constant B < 0 and any xy € (0, —%), let

ax 2d—1 T ud72 _ au2_ wu
- B o E ),

for x € (xp, —%)

(i) If 8 = 0 and ¢(x) is defined on (vo,—1) by (1), then g is a complete
cKEM metric on C* with zero scalar curvature.

(ii) If B < 0 and ¢(z) is defined (xg,—1) by (1), then g is a complete
cKEM metric on B™ with negative scalar curvature 23.

Theorem 1.3. For d > 2 let gr be a Kdhler metric on a rotationally in-
variant domain Q C C? associated with the Kdhler form wp = /—100®p,
namely gr(X,Y) = wp(X,JY) for VX, Y € T.Q and each z € ), where
®p(z,Z) = F(t) and t = In|z|%.

Let x = F'(t), p(x) = F"(t), f =x and g = f%gp.
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For a constant 8 < 0 and any xg > 0, let

@ d(d —1)u —
o) = o[-t 2)
_ _ s B—d’xy 4 (& =1z —f d+1
- d(d+1)+ dxd v (d+1)zdt? SRS

(i) If B = 0 and p(x) is defined on (0,x0) by (3), then g is a complete
cKEM metric on C™ with zero scalar curvature.
(ii) If B < 0 and p(x) is defined on (0,x9) by (3), then g is a complete
cKEM metric on
Qi={zeC’: |z)*>1}

with negative scalar curvature 2.

Remark 1.4. The complete cKEM metrics in Theorems 1.2 and 1.3 are not
Einstein metrics.

Remark 1.5. The complete cKEM metric g with zero scalar curvature
defined in Theorem 1.3 is not proportional to the complete cKEM metric g
with zero scalar curvature defined in Theorem 1.2.

The paper is organized as follows. In Section 2, by the momentum pro-
files p(z) (refer to Hwang-Singer [11]) of rotationally symmetric Kéhler met-
rics gr, we derive ordinary differential equations for rotationally symmetric
cKEM metrics. In Section 3, in order to discuss the completeness of met-
rics, we give the geodesics of radial conformally Kéhler metrics. In Section
4, Section 5 and Section 6, by using the conclusions of Section 2 and Sec-
tion 3, we obtain proofs for Theorem 1.1, Theorem 1.2 and Theorem 1.3,
respectively.

2. Radial conformally Kahler, Einstein-Maxwell metrics
For convenience, we need Lemma 2.1 and Remark 2.2 of [8], namely:

Lemma 2.1. Let )
0°®p
T=(T:)= 2L
(T:7) 02107’
where ®p(2z,%Z) = F(t),t =Inr? r = ||z||, 2 € CL. Then

E/ A »

T=—li+ a2 (4)
F/ dle//
detT = ( >r2d , (5)
and )
_ r 1 _
T 1_ﬁfd+(ﬁ—ﬁ) ‘2, (6)

where z = (21,...,2q4), 2= (Z1,...,%4), and 2* denotes transpose of z.
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Remark 2.2. From (4), we obtain that ®x(z,z) = F(t) with ¢t = In||z||?
is a Kéhler potential on the domain Q \ {0} if and only if F'(t) > 0 and
F"(t) >0 ford > 1, or F"(t) > 0 for d = 1.

Lemma 2.3. Under the situation of Lemma 2.1, if a Hermitian matriz T
is positive definite, f is a function in t and

(0 1) _
(2 =0

then there exist constants a,b such that f = aF’'(t) + b.
Proof. Let x = F'(t) and p(z) = F"(t). By Lemma 2.1, we have

af _df ()ﬁ
8§_dx¢$r2’

and o/ af
=771t = "2
0z dz”
Thus
(0 1) _5(df
I — ) =
a(az ) 6<dx>z 0,
that is
= [d
5 <f> 0
x
Since )
= (df\ _d7f
and () > 0, so
&f
dz?
Then there exist constants a, b such that f = ax + b. O

By Lemma 2.3, if gp is the Kéhler metric associated with the Kéhler
form wp = /—190F (t) with t = log ||| on a rotationally invariant domain
QcC? andg= % gr is a rotationally symmetric cKEM metric on €2, then

f must be forms f = aF’(t) +b.

Theorem 2.4. Let gr be a Kdhler metric on a rotationally invariant do-
main Q C C% associated with the Kdhler form wp = /—100®p, namely
gr(X,Y) = wp(X,JY), where ®p(2,2) = F(t), t = Inr?,r? = ||z||%.
Set x = F'(t), p(x) = F"(t), f=ax+b=aF'(t)+b>0 and g = %gp.
(i) The scalar curvature sg is constant for g if and only if

EAY 1 fdd—-1) kg
(i) @ = g (Y5 - 709) "
where kg = %35 18 a constant.
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ii) g is an Einstein metric, that is Ricz = Ag, if and only 1
g

ford=1 and

(@) + <d—1 o a (2d—1)a> o(2)

T ar — b ar +b

(as dabd — X A
2a(ax —b) 2a(azx +b)

for d > 1, where X is a constant.

Proof. Let k; = 3s; and kg, = 35,,. Then

kg = fhop +2(2d = 1) f D, f — d(2d — 1)|df3,

2(2d — 1) )
— ka;gF . ﬁfd+1AgFf d+17

where

182 ~18%logdet T
Bg —Tr<T 1aztaz)ak9F:_Tr<T R =rs )’

for the expression of T', see Lemma 2.1.
(i) Since

oft— _qdfdz ot 4, zl
0z —(1—d)f @E%_ ( )f

and

92 fl-d d Z]zZ déz]r 2%
T = all— o (o Ly S,
by (6), it follows that

1 62f1—d>

1-d —
Borf " =T <T 92107

2

—a- 5T T2 (5 () - 1
—a(l— d)f;;l“’T {721 + (‘g - C;fl - i) ztz}

339

=0. (9)
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Using (2.11) of [8], we obtain

2(2d — 1 _
(d_ - )fd—l-lAgFf d+1

= o220 {4 (-2 )

+2a(2d—1)f{g0/+ <d;1 — iﬁi) 90}»

k§ = f2ng -

that is,

o (2(d ~1)  2a(2d— 1)> "

+{(d‘xli§d_2> an(Qchfl) (d;l _a;i)}gp_i_k'gv: d(d—1)

<:cd1 (p)” _ ad! (d(d— ) k:g)
f2d—1 f2d—1 T f2 '

2(d — 1)
f

or

(ii) Using

D2f — L (C2f Ay f + (24— DIAS2, )gp.

Ricz = Ricyp + 72

we get
2(d —1)
f

D2f = (A= 2f Ay, [+ (2d— DIASE, g

Ric, .. +
9gF f2

namely,

2(d — 1)

7 V—100f

1
T

(A =2fDg, f+ (2d — D)|df|2)V=100®F + V—100log det T
or

2d-1) 9*°f 1
f otz 2

()‘ - QngFf

0?®p  0%logdetT

+ (2d — 1)|df|g2;F)8zta§ + 02107

. (10)
Let
h(t) :=logdet T'(t) = (d — 1) log F'(t) + log F" (t) — dt.
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Note that
oo
02t0z  rt’
o1,
o-t0z 24
F// t F/I/ t SO T
W0 = - - a= - 0P ) -
and
/
vy ={@-1 (22 + ' f oto)
S
0%logdetT B h'—n_
ooz = gt a7
of zt
gt~ e
af z
% = f/(pﬁ7
0% f B , o 2z , Iy Zz
05 (f@)@ﬂ+f@<r2r4>
flo o ((flo) = fe_
= ?I + o Ztz
/
_ %Id‘}' a(SO r4 )@Etz,
1 0f Of
2 _ 105 0F
df2, = 2Tr (T s az>
/. \2 7.2 1 1 7 _
= 2(frf) Tr { <F’Id (ﬁ - F/)ztz) z z}
= 2(f")’p =2d%p
and

&% f
_ -1
Ngpf = Tr <T oo 6z>

341
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From (10), we get

%Id + gftz =0, (1)
where
- _ 2
A= o QngFfJ;g(Qd 1)|df|gF+h’—2a(d_1)9Jf
A 20+ (d-1)F)  2(2d-1)a?
—x<fQ+ ( ; )+( fz)ag0>
+(d—1)§+<p'—d—2a(d—1)§
= (- Qaf)so’ - <d —1_da(d—1) 2(2d }21)a233> .
+7
— 1 2a) , d—1 4da(d—1) 2(2d—1)a?
o (R L
A d
+f2_fﬂ}’ (12)
and
A= 2f g, f+ (2d—1)|df)?
B=(p—2x) Flgrf f2( NAf15,
+h”—h'—2a(d_1)(9@/}1)90' (13)
Then,
A+ B — QngFf—i-(?d—l)‘df‘gF e (d_l)w}w
S —2a (¢ + ~1)2) . 2(2d - 1)a2p
QO/
+(d — ( ) —I-QD — 2a(d 1)f}
2ad ,
- ofer+ (2 )
2(2 —1a2 ad—1) d-1 A
Using
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we have that (11) is equivalent to A+ B=0ford=1and A =0, A+B =0
for d > 1.
Note that if

1 2a\ , [(d—1 4a(d—-1) 2(2d—1)a? Aod o
(x_f)¢+(w2_ o TP )“”f?‘xo“‘”
and
” d—1 2ad\ ,
<P(1’)+< - —f><P
2(2d —1)a® 2a(d—1) d-1 A
+<( = )a* a(xf ) - )90+f220’ (15)

then (14) x (d — 1) 4 (15) gives

— — e —1)a? a(d — _
gD,/(w)H(d 1 (de 1) >¢,+ <2d(2df2 Da®>  2a(d i)ngd 1)
+<d_1:)cgd_2>)¢+;§—d(dx_l) Y

In fact, this is equation (7), where kj = dA.
Now we prove that if equation (14) holds, then equation (15) must be
true. Let

a(d— —1)a?
0 — G R g1 o (2d-1)a
T %—27“ o ax —b ar +b ’
0y — Fof_ . dabd—A
2T %—27‘1_ 2a(ax —b)  2a(ax +b)’
and
d—1 2ad 2(2d — 1)a®> 2a(d—1) d—1 A
1 - f7 2 f2 CCf 22 3 f27
and
Ci=¢'+ Qo+ Q2 D:=¢"+ Py + Pop+ Ps.
Then,
ac_ " / an 8Q2
where
oQ1 (2d—1)a2+ > d-1
or (az+b)?  (ax —b)? x2 7
0Q2 _ dabd — X A

or 2ar—0)? @ 2(ar+0)?
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Thus,
aC W _p % p
where
2ab % - P % — P
Q—P=—-———%55—3, =Q1, 57— =Q2
atzs—b" 1 — P 1 — P
This shows that 50
D=—-— - P)C.
o (@1 —P)C
Therefore, if C' =0, then D = 0.
Finally, by (15) we have (8), and by (14) we get (9). O

3. The geodesics of radial conformally Kahler metrics

In this section, we give the geodesics of radial conformally Kahler metrics.
To this end, we first give the following Lemma 3.1.

Lemma 3.1. Let D be the Chern connection for the m-dimensional Kahler

manifold (M, g), f be a positive real smooth function on M, and D be the
Levi-Civita connection for a Riemannian metric g = fl—Qg on M. For locally

holomorphic coordinates z = (21, ..., 2m) of M, let g;; = g(a%i, %) and

0 9 ~ [0 ~ 9
o) -0ce(8). 2(5)-0o(%)
ozt ozt azt ozt

+1 0T dz* (ﬂ g) o T !
Ff\T 0 dzt 9z 0z 71 0 )

where Is,y, s the identity matriz of order 2m.

where .
. INACK 0

T'=(a5) QC‘( o @DT
Then

@ T)T! o
_ T~ 0 df 1 [ 2 _

= o - — dz d
e ( 0 <6T>T1> plm=g |, (& 4)
8Et

Proof. Let

Zi:$i+\/jlyi7€i€{8 0.0 . 0 }7

e; € {dxy,...,dzm,dy1,. .., dym},

_ 1 g _ . o
9ij = g(eiaej)agij = PQ@»QR = (gij)> (9”) = (Qij) 17 @ﬂj) = (gij) !
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and

1 ~ ~ ~ ~ ~
T}, = 59“(%9]'1 +ejgi — egij), T} = §9kl(€zgﬂ + €59 — e19ij),
where I‘fj and f‘fj are the Christoffel symbols of the Riemann metrics g and

g, respectively. Then

Il =Tk - Figk _ figh ﬁgklgij7

F
where
: 1, i=j
i — €iJ, 6J = ’ ’
fized, o {0, i # .
This implies that
o) 9
~ oxt . oxt
D - QR ® )
9 9
oyt Oyt
where
of
~ df 1 ozt
Qr = Qp— Iy, — = dx d
R R 7 2 AN ( y)
oyt
1 daxt ( o of )
+Z9R 9z oy ) IR
f dyt
Or = (), & =T)ef, dz = (day,...,dzy), dat = (dz)’
and
of _(of  of\ of _(of\'
or  \Oxy  ~oxm)’ oxt \ox)
Since
o] o]
oxt 0zt
=P , (daz dy):(dz dE)P’l,
o] 9
ayt ozt
where
I, I,
P:
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It follows that
of
QR:QR_ﬂI%n—lP = ) (dz dE)P_1
f f
1
f

_ dzt _
+ —gr(P) ™ ( &t > (gL 9L )Pyt

By
QR:<_AB i),T:;(A+\/le),
and o
=0 ) (% ) )
_ (;m-omB) %<A+OHB>>
- (+7)
we get

Qc = P_lﬁRP

- d 1 _
= Plﬂ]RPfIsz( o (dz dz)
9zt
4+ 1p—lgp(Pt)! dz’ (g g)Pt -1p
f g dzt 0z 0z IR
of
ozt
= Qc-Yn, -1 de dz
CTps2m =7 an)( )
ozt

Lemma 3.2. Let gr be a Kdahler metric on a rotationally invariant do-
main Q C C% associated with the Kdhler form wp = /—100®r, namely
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gr(X,Y) = wp(X,JY), where ®p(2,Z) = F(t), t = Inr? r? = ||z||%>. Let
f=aF'(t)+b>0,g= f—ggp, and
(1) =720, [20]* = 1.
Then ~y is a geodesic of (2,7).
Proof. Let D be the Chern connection for the Kéhler manifold (,g), D

be the Levi-Civita connection for the Riemannian manifold (€2, g).
Set

9 d 0 9
ozt Ozt ~ ozt ~ Ozt
D = Q(C X R D = Q(C X ,
9 d e _0_
ozt ozt ozt ozt
where
(OT)T1 0 _0
O~ = o — __
c < 0 @mrT ) 9T dgn 9= dEgg

and

(16)

QR
=)

2]
_dffzd_;(w)(dz dz )

1 0 T dz! af of 0 T-1
+f<T o><dzt>(az )1 o )

for the definition of T, refer to Lemma 2.1.
For convenience, let

of
~ df ~ 1 0zt _
Oy = =1y, Q== ( dz dz )
! f %
and 1/0 T dzt T-1
~ P -
b (3 3)(8) ¥ (0 )
Then
Q(C:Q(C_ﬁl—ﬁz-l-ﬁg.
Using
¥ (7) — 2t T
0zt ozt’
we have
' 2 o __ 0 o __ 0
WO = (00 + s 2o + )
2 2 2F"(t
_ onTzT)t "7 Tt - 72f2((t)).
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Let
5 o= ~(7) _ Tf(t) ( K a)
‘) WOlG ~ VeRm \las T e
0
_ T N 2
o 2F (1) ( 20 20 ) %
Then
D _ ) (4 T e
D,y/e z=Tzo - 2F”(t) (dTlog( 2F”(t))( 0 ZO)
2
+ (20 7)) z=m> N
Y\ o

where ¢ = log || z[|?| , = 2log7, and the symbol (-,-) indicates the dual

Z=TZ
pairing between differential forms and tangent vectors.

By t = 2log T, we get

ilog(L(t)) _ 1 14 2f/(t) B F///(t)
dr 2F"(t)" T fty  F"t) )
Since
1 1 1
7! = 72 I _ —t
erea =T <F'<t> S OROl ZO)
and
s 2l TN 0
oT — (F () = F'(t) 5, _ 2F"(0) — F'(9) d) o,
r r
F'"(t) — F'(t F(t F'(t
+M§tdz + ( § )at - i)dzzt) I,
T T T
F"(t) —3F"(t) + 2F'(t F"(t) — F'(t
= ®) 6( ) +2F( >dz§t§tz + ()—4(>§tdz
r T
F"(t) — F'(t
+()r4()d2’2’t]d7
it follows that
"N " /
<7/’8T>’Z=TZO = P = 3F 6(t)+2F (t)zoﬁtWtho
T
F' () — F'(¢ F'(t) — F'(¢
+M7—720tz0 + M,Zo%t]d
T T
F// _ Fl F/// _ 2F1/ Fl t
_ P =P, | PO =20 PO

T3 7'3
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and
F"(t) — F'(t F"(t) —2F"(t F'(t
<7/’ (aT)T—1>|z=Tz0 — ( ( )7_ ( )Id+ ( ) 7_( )+ ( )ZOtZO>
1 1 1
(et i ~ m )
_L (P -F),  FOF0 - FOFE
T F'(t) d FI(t)F"(t) 00 )

Similarly,

; mee =1 _ l F'(t) — F'(t) F'()F"(t) — F"(t)F"(t) i
<’7 ) (8 T) T >‘z:7—z0 - r ( F,(t) d F/(t)F”(t) Zoz()
So

_ _ A 0
(20 )\ 2%),_., = (2 %) < 0 B )
F”/(t) _ F”(t) o
TF"(t) ( 20 %0 )’
where
1 Fl/ _ F/ FIF/// _ FIIF// -
4= 7 ( o Dt W(t)ZOtZ(J) |
1 F// _ F/ F/F/// _ F//F// o
B = T< i (t)Id+—F’F” (t)zf)z()).

By direct calculation, we obtain

<,df> CLdf| 27
LV IO Xl S T
(0 m) 0], = FE (a0 @),

and

( Z0 20 ) <7/7§2>

Z=TZz0 f(t) P O
_ e, (L
= T (o °)<z6)(° ")
— 2f/(t)(20 %)

Tf(t)
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and
(20 %) (/. )
2=T20
N 1 __ 0 T Z(t) of Of 0 F
_m(zo ZO)<TO)(zot>(BZ L) 71 e
2/ ()F"(t) ( ) 0 T-1
TP N o )
_2f'(t) -
= i @)
Thus,
(20 %) {(/,0) = (20 %), — Q1 — Q2+ Q)
Z=TzQ 2=T2z0
L (F"(t) - F"(t)  2f'(t) _
- (T ) (e m)
Finally, we have
d Tf(t) — — o
el A 0O —
I Og( 2F”(t)) ZTZO( 20 2o )—l—( 20 20 ) <’y, (c> - 0,
namely,
~ fy/
D.y—— =0,
"l e

which implies that v is a geodesic of (£2,9).

4. Proof of Theorem 1.1
4.1. Proof of part (i) and part (ii) of Theorem 1.1.

Proof of part (i) and part (ii) of Theorem 1.1 . Since F'(t) > 0 and
F"(t) > 0 for t > —o0, using F(—oo) = 0 it follows that

lim z(t) =

t——o0

. / -
til{rlooF (t) =0.

Because the metric gp is smooth at z = 0, so ¢(0) = 0 and ¢’(0) = 1. By

(9), we get

(

— a 2d—1)a
¢(@) + (4 - i - ) (o)
4ad—\ A _ 17
+ (d + 2a(az—1) 2a(ax+1)> =0, ( )

©(0) = 0.
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(i) For A = 0, let o(z) = z(azx + 1)%y(d, u) with u = ax, then 1(d,0) = 1.

According to (17), we get
{(d—2)u* —2(d - 2)u+d}¥(d,u) —d

+u(l —u?) 3 (d,u) =0

¥(d,0) =

which implies

d d
—_— d,1)=—.
4d _ 67 ¢( Y ) 2

Solving the equation (18), we have

d}(dv 71) =

d—
B I'(d—1I'(d+1)
Y(d,u) = ¥k+1 NCESESAI (d_l—k)Uk
d(1 —

_ )(1 + u)2d 3 Ud—l
- ud /0 T )

B d(1+u)(1— u)2d_3 u pd—1
1/1(‘17 _u) - /0 (1 T ’U) dv.

Thus,

ud 2(1 — v)2d—2
Hence,
1
o(x) =z(1+ aa:)Zw(d, azx) >0, z € (0, —E).

For a given x¢ € (0, —é), let
x(t) z(t)
t—/ dv,F(t)—/ vdv.
w  P) o #()

lim t = —0c0o, lim ¢t= 400,
z—0t x%(_%)f

Then

which implies that the gp is defined on C.
For any zp € C? with ||z]|? = 1, from Lemma 3.2, ray

C:2z(r) =Tz, T € [0,400)

is a geodesic with respect to the metric g. Using

0 0
Z/(T) = (Zoa 7 +Zoa )‘z =720

(19)

(20)

(21)

(22)
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and (4), the square norm of the tangent vector of C at 7z, with respect to
the metric ¢ is

|#'[3()

|
N
N
()
@
_|_
N
o
S
\.1\2
(e}
S
+
S
o
8| @
N———
l§

Z2=Tzo
2 F'(t F"(t) — F'(¢
= A5 af (D)2 X 20 ( (2 )Id + ( )r4 ( )7'20th0> o
2 (PO FO-F)
(L +aF' ()2 \ r2 ré ’
_ 2F"(t) _ 2eTF"(t)
(1+aF'(t))272 (1 +aF'(t)?
where 12 = ||729]|?> = 72 = €'. So the length of C is
+oo +o00 F' (¢t
- S L
0 ]."_ aF,

Vi _
2/0 (1+aa:) o) =t

This shows that the metric § is complete on CZ.
(i) For A < 0, let o(z) = 2 + u(N)z?h(u) with v = az and

(4d —2)a — A
N = e sam A
p) 11
If A = (4d — 2)a, then ¢(x) = x is a solution of the equation (17).
If X\ # (4d — 2)a, from (17), we get

u(l—u?)W (u) + {(d—1)u* —2(d — Du+d + 1} h(u)
—(d+1) =0, (23)

h(0) = 1.
Comparing (23) with (18), we obtain h(u) = ¥(d + 1,u), so

plx) = o+ p0)z’h(u) ~

d+1
= z(1+4 az)*Y(d, azx) — ——a?

for z € (0,—2].
Let
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Then

lim t = —o0, lim ¢t=0,

z—0t z*)(fl -
a

which implies that the gp is defined on B.
For any zp € C? with ||20]|? = 1, let

C:z2(t) =7z, T€[0,1).
Then the length of the geodesic C:

/F//
I = /|z TdT—\[ dt

1—|—aF’

= £ _E xr = 0
a 2/0 (1—1—@90) @(m)d - e

This proves that the metric g is complete.
Finally, if a = —1 and A\ = (4d — 2)a = —(4d — 2), then p(x) = z, thus

Fit)y=¢ =|z|?and f(t) =14+ aF'(t) =1 —¢e' =1— ||z||>.

]
The proof of (20) is given below.
Proof of (20). For o > 0, let
w(l —u?) 2 (u) + {(a — 2)u? — 2(a — 2)u +a} Y(u) — a =0,
(24)
¥(0) = 1.
and
+oo
Y(u) = Z cru®
k=0
Then
(u—ug)d—w =cju+ 2c u2+§:o(kc — (k= 2)cp_o) u”
du 2 k —2 )
k=3
and

{(a— 20 —2(0— Du+ a} (u)

= acy + {ac; — 2(a— 2)co} u+ {(a — 2)co — 2(a — 2)ey + acy} u?
+oo

+ Z {(a = 2)cp—2 — 2(ax — 2)cp—1 + ek} uF,
k=3
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and
o0
D {la+k)er —2(a = 2)cp—1 + (a — k)eg_a} uF + afco — 1)

k=3
+{(a+ 1)1 —2(a—2)cp} u

+{(a—=2)co — 2(a = 2)c1 + (a + 2)02}u2 =0.
Thus,
alcg—1) =0,
(@ +1)er —2(a —2)co =0,

(v +2)cg —2(a — 2)e1 + (e — 2)ep = 0,

(a+k)ep —2(a — 2)cg—1 + (@ — k)cg—2 =0, k> 3.
Solving (25), we have

C():]_,

a—2

1 = 2a+17

2
(a—2)(a—3) ( 6)

2= 37(04—&—1)(0{4—2)’

a—2)--(a—k—1

that is,

= I(a—1)(a+1) N

Plu) = kz_()(k+1)F(a+1+k)F(a— 11—k (27)

Remark 4.1. From (24), we have
W) = (a —2)u? — 2(a—2)u+aw(u) o«

ud —u
2(a—2)
a+1

ud —u’

)
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and
a—2)u? —2(a—2)u+a
R e L
a a—2)u? —2(a—2)u+a
2 () et ey
~ (a=2)(a—-3)u? - 3(a—2)(a - 3)u*+ (3a® — 9a)u — (v + 1)
- - D(u+ 17 v
(—a? +5a)u+ a(a+1)
u?(u—1)(u+1)2
Thus,
WI(U) - 2((0;(_1::)_1;)_ O‘)wl(u) —
(a—2)(a—3)u? —2a(a—2)u+a? -« a—a?
- (1 + u)? Y
Therefore, the equation (24) is equivalent to
w?(1+ )28 (w) — 2u(1 +u) {(a — 3)u — a} T (u)
+{(a—=2)(a = 3)u?* — 20 — 2)u + &® — a} Y(u)
(28)

+(a —a?) =0,

$(0) =1, w(0) = 222,
4.2. Proof of part (iii) of Theorem 1.1.

Proof of part (iii) of Theorem 1.1. Let the scalar curvature for g be
equal to 20.

From the metric gp is smooth at z = 0, we get »(0) = 0 and ¢'(0) = 1.
By (7), we have

ax 2d—1 T
o) = 80— [T —upwau, (29)
0

where
ul=? (d(d — 1)(1 + au)? — Bu)

x(u) == T qu) . (30)

From (29) it follows that ¢ is a polynomial in z, ¢(x) > 0 for 2 € (0, —1),

& d
lim L(gj) = lim 7f0 X(u)du =
=0+ T z—0+ dxdl
and
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(iii — 1) If B =0, then

- (1Q-OF(:2L“)2 = (o™ it fi(i ;;;)_%g_);u
= (—a)™! x_}(iin%)_ “d ?)f;)zz(l(?iz)_g(d—l)
= (—a)dfl xﬁl(iiné)_ 2(d — 1)(2d — ;)Efz)(l + ax)—(2d-1)
_ _WEG)G > 0.

It follows that p(z) = (1 + az)?h(z) with h(z) > 0 for z € [0, —1]. Let
u = ax and p(u) = h(z). By (7),

u?(u+1)2p" (u) — 2u(u + 1) {(d — 3)u — d} p'(u)
{ +{(d—2)(d—3)u?*—2d(d — 2)u+d? —d} p(u) +d — d* =0,
which implies that p(0) = 1 and
w(u+1)%p"(u) = 2(u+ 1) {(d = 3)u — d} p'(u )
+{(d - 2)(d — 3)u* — 2d(d — 2)u + d* — d} (0)
+(d—2)(d—3)u—2d(d—2) =0,
so p'(0) = 2(dd;12).

Solving (31) with p(0) = 1 and p/(0) = 227;12), and using (28), (24) and
(27), we have

(31)

I'(d— 1)I(d+1)
(k+1) d+1+k)1“(d—1—k)uk' (32)

For any x € (0, —é , let
a(t) a(t)
t _/ ﬂj F(t) _/ @
w P (D)

lim t=—o00, lim t=-+o0,
Cl?‘)O+ z—>(—%)*

We obtain

and

Q=

/_ dz
= —l—oo
v (14 ax)y/o(z)
This means that the metric § is complete on C¢.
(iii — 2) If B < 0, then ¢(x) = zh(x) with h(z) > 0 for z € [0,—1]. If
B =2d(2d — 1)a, then ¢(z) = z is a solution of (7).
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If 8 # 2d(2d — 1)a, let u = ax and

2d(2d — 1)a— 8
JdT D) 2?q(u),

by (7), then the polynomial ¢(u) satisfies the following equation
u?(u+ 1)%¢"(u) — 2u(u + 1) {(d — 2)u — d — 1} ¢'(u)

p(r) =2+

(33)
+{(d = 1)(d — 2)u? 2 — D+ & + d} glu) — d — & 0,

which implies that
2(d—1)
=1, ¢(0) = ——2,
90)=1,¢(0) ===

Solving (33) with ¢(0) = 1 and ¢'(0) = %, and applying (28), (24)
and (27), we have

d—1
L(d)I'(d+ 2) i
= k+1 . 34
a(w) Z;<+)rw+2+mru—kﬂ (34)
Let
x(t) (t)
t:/ dﬁF@:/ udu
—1 o(u) o p(u)
We obtain
lim t=—o00, lim ¢=0,
z—0t z—>(—%)*
and

Q=

/ dz = +00.
0 (14 ax)\/¢(x)

This shows that the metric § defined on B? is complete.

Combining the above results with parts (i) and (ii) of Theorem 1.1, we
conclude that the complete rotationally symmetric cKEM metrics g on B¢
or C% must be an Einstein metric. O

5. Proof of Theorem 1.2

Proof of Theorem 1.2 . Let

w2 (d(d — 1)(1 + au)? — Bu
x(u) = ( ((1 —|—)a(u)2d+1) )

Then

ar 2d—1 T
o) = T8 [ —upwau, (35)

x 20
and o(z) satisfies (7) with ¢(x¢) = 0 and ¢'(z¢) = 0. This shows that the
metric g is a cKEM metric with scalar curvature 24.
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It easy to see that ¢(x) > 0 for x € (x, —%),

1 2d-1 ¥ (u)du
x%mg (37 - (E()) CEO_ :L'*)ma» 2(33 — :L’())
(1 + am0)2d4
= TX(%)
0

d(d - 1)(1 + (Iﬂ?o) - ﬁﬂfo -0
2z (1 + axp)?

Y

and
1 f;o (x —u)x(u)du
z—(—1)- s—(-1)= (1 + ax)~d-1)

* x(u)du
= (-a)™" lim Ja X() —
e—(—1)- —(2d — 1)a(1 + ax) 2

(=a) xa(lfn%)* 2d(2d — 1)a?(1 + ax)—2d-1
—B
2d(2d — 1ja2 ="

(i) If B = 0, then p(x) = (x — 20)%(1 + az)h(x) with h(z) > 0 for
z € (2, —1). For any z1 € (zg, —2), let

{l‘(t) {l‘(t)
t :/ ﬂ7 F(t) :/ Ldu
X1 SO(U) X1 QD(U)

lim t = —o00, lim t= 400,
x—)xsr x—>(—i)*

We obtain

and
1

/m dz -~ oo, /_a dx e
zo (14 az)\/p(z) o (14 az)y/o(z)

This indicates that the metric g is complete on C%*.
(i) If B < 0, then ¢(z) = (z — z9)*h(z) with h(z) > 0 for € [zg, —1].

Let © .

x(t x(t

f— / ey = / udu

~1 p(u) ~1 p(u)

We obtain
x—)onr x—>(—%)*
and
2@0=3) dx —a dx
/ = +OO) = 4-00.
w o (L+a2) V(@) sao-2) (14 a2) /o (@)
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This shows that the metric § is complete on B®*. ([

6. Proof of Theorem 1.3
Proof of Theorem 1.3 . Using (2) and (3), we get

xz d(d—1)u—
. gp(x) d 1: f:vo ( ule22 Bdu
lim ———— = zj lim
Ty (37 - 550) Ty 2(37 - 550)
_xid(d—1)xo— B
- 5 _dr2
2 .%'0+2
dld—1 —
_ A )2330 B oo
2x§
and
lim ¢(x) = P > 0.
z—0t d(d + 1) B

By (2), it easy to see that p(x) > 0 for z € (0,z0), and ¢(x) satisfies
(7) with ¢(xg) = 0 and ¢'(x¢) = 0, this shows that the metric g is a cKEM
metric with scalar curvature 2.

(i) If B = 0, by (3), then p(z) = x(x — x9)%h(x) with h(x) > 0 for
x € [0, zp]. For any x; € (0, x0), let

z(t) z(t)
t:/ dﬁF@:/ udu
X1 SO(U) X1 QD(U)

lim t = —o00, lim t= +o0,
z—0F Tz

We obtain

and
/I1 dx /IO dz
———— = +o0, ——— = +00.
o zy¢(x) o 2/ (@)
This indicates that the metric g is complete on C%*.
(ii) If 8 < 0, then ¢(x) = (x — x¢)?h(z) with h(x) > 0 for z € [0, z0]. Let

z(t)  qu =) du
= s ro= [

lim ¢t =0, lim ¢t = 400,
x—0t =Ty

We obtain

and .
/20 dx n /mo dx n
—— =+, — = +00.
0o /() 20 x\/p(z)
This shows that the metric § is complete on Q = {z € C?: ||z|| > 1}. O
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