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On second-order linear recurrence
sequences in Mordell-Weil groups
Stefan Barańczuk
Abstract. In this paper we determine second-order linear recurrence
sequences in Mordell-Weil groups of elliptic curves over number fields
without complex multiplication having almost all primes as divisors. We
also consider more general groups of Mordell-Weil type.
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Results
Linear integral recurring sequences of order two are recurrences defined
by the recursion relation
xn+2 = axn+1 + bxn
where the parameters a, b and the initial terms x0 , x1 are integers. We say
that a positive integer d is a divisor of a sequence if it divides some term of
the sequence. L. Somer ([Som]) using a result by A. Schinzel ([Sch2]) determined those linear integral recurring sequences of order two that have almost
all prime numbers as divisors. Essentially, they are multiples of translations
of recurrences with initial terms 0, 1. Note also that M. Ward ([W], Theorem
1.) proved that a linear integral recurring sequence of order two which is
not non-trivially degenerate has an infinite number of distinct prime divisors.
In the present paper we address analogous problem for sequences in
Mordell-Weil groups of elliptic curves. Let K be a number field and E/K an
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elliptic curve without complex multiplication. For P, Q ∈ E(K) and rational
integers a, b we define the following sequence

 S0 = P,
S1 = Q,

Sn+2 = aSn+1 + bSn for n ≥ 0
and ask for its divisors, where in this setting a divisor of a sequence is a
prime v of good reduction such that for some n we have Sn = 0 mod v.
We have the following simple analogue of Ward’s result:
Proposition 1. Suppose that the set of distinct terms of {Sn } is infinite
or one of the terms equals 0. Then {Sn } has an infinite number of distinct
prime divisors.
Proof. Let E be given by a Weierstrass equation with all coefficients in
the ring of integers of K. For every point P ∈ E(K) and every prime v of
good reduction we have P = 0 mod v if and only if the denominator of the
x-coordinate of P is divisible by v. Thus by Siegel’s theorem on S-integral
points, for any finite set of primes there are only finitely many points in
E(K) having no prime divisor outside the set.

The aim of the paper is to prove the following analogue of Somer’s result:
Theorem 2. The following are equivalent:
• For all but finitely many primes v there exists a natural number n
such that
Sn = 0 mod v.
(1)
• There is a point R ∈ E(K) and a natural number N such that for
every n ≥ 0 we have
Sn+N = sn R
where {sn } is a linear integral recurring sequence of order two having all positive integers as divisors. In particular, when the group
E(K)tors is trivial then the whole sequence {Sn } is of the given form.
Remark 1. For a rational integer n let Fn denote the n-th Fibonacci number. Recall that every positive integer divides infinitely many terms of the
sequence {Fn }n≥0 . Fix a natural number N and a prime number p. Let
E/K be an elliptic curve over a number field K such that the group E(K)
has a nontorsion point P and a torsion point T of order pN +1 . Consider the
sequence
Sn = pn (Fn−N P + Fn−N −1 T ) for n ≥ 0.
This sequence is recursive with recursive rule
Sn+2 = pSn+1 + p2 Sn for n ≥ 0.
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We have
Sn = pn Fn−N P for n ≥ N + 1
but
SN = pN (F0 P + F−1 T ) = pN T 6= 0,
SN +1 = pN +1 (F1 P + F0 T ) = pN +1 P
so SN and SN +1 cannot be multiples of the same point in E(K). This
example shows that in general the number N in the formulation of Theorem
2 cannot be uniformly bounded.
Remark 2. Classic linear recurring sequences of order two can be rewritten
as
αn A − β n B
or
αn (A + nB),
however in our setting there is no such equivalence, thus the sequences of
the above forms have to be discussed separately; we have investigated them
in [Bar2].
Remark 3. Let P, Q be points in the Mordell-Weil group of an elliptic curve.
K. Stange ([Sta]) initiated a study of what she called elliptic nets, i.e., twoparameter sequences {nP + mQ}. The sequences we investigate are particular subsequences of Stange’s nets.
In the remainder of this paper we will use the following notation:
ord T
ordv P
lk k n

the order of a torsion point T ∈ E(K)
the order of a point P mod v where v is a prime of good reduction
means that lk exactly divides n, i.e. lk | n and lk+1 - n where l is
a prime number, k a positive integer and n a natural number.

Before we present the proof of Theorem 2 we encapsulate the used properties of Mordell-Weil groups and of recurrence sequences in the following
three Propositions.
Proposition 3.
(a) For all but finitely many primes v the induced reduction map is injective when restricted to the torsion part of the Mordell-Weil group.
(b) Let l be a prime number and (k1 , . . . , km ) a sequence of nonnegative
integers. If P1 , . . . , Pm ∈ E(K) are points linearly independent over
EndK̄ (E) then there is an infinite family of primes v such that lki k
ordv Pi if ki > 0 and l - ordv Pi if ki = 0.
(c) For every nontorsion point P ∈ E(K) there exists a natural number
M such that for every m > M there is a prime v such that ordv P =
m.
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Proof.
(a) Well known (see [SilAEC], Proposition 3.1).
(b) See [Bar1], Theorem 5.1.
(c) See [Sil], Proposition 10 for elliptic curves over Q and [CH] for elliptic
curves over arbitrary number fields.

Proposition 4. Let the sequence {xn } be defined as follows:

 x0 = 0,
x1 = 1,

xn+2 = axn+1 + bxn for n ≥ 0
with a, b being nonzero integers. One of the following holds:
• There exists a prime number p such that either the sequence
{xn+1 + bxn }n≥0
or the sequence
{xn+1 − bxn }n≥0
has the property that none of its terms is divisible by p.
• No term of {xn }n>0 is exactly divisible by 22 and no two consecutive
terms are both even.
Proof. If there is a prime number p dividing a + b − 1 then for every n ≥ 0
xn+2 + bxn+1 = xn+1 + bxn mod p
thus by induction every term of the sequence {xn+1 + bxn }n≥0 is congruent
to 1 modulo p.
If there is a prime number p dividing a − b + 1 then for every n ≥ 0
xn+2 − bxn+1 = −(xn+1 − bxn ) mod p
thus by induction every term of the sequence {xn+1 − bxn }n≥0 is congruent
to ±1 modulo p.
If (a, b) ∈ {(1, 1), (−1, 1)} then the sequence {xn mod 8}n≥0 equals
0, 1, ±1, 2, ±3, 5, 0, 5, ±5, 2, ±7, 1, 0, 1 . . .
so no term is exactly divisible by 22 and no two consecutive terms are both
even.

Proposition 5. Let {xn }n≥0 be a linear integral recurring sequence of order
two with nonzero parameters a, b.
(a) Let p be a prime number dividing b and e a positive integer such that
pe | xn for infinitely many indices n. Then there exists a natural
number N such that pe | xn for every n ≥ N .
(b) If gcd(x0 , x1 ) = 1 then for every n ≥ 0 the number gcd(xn , xn+1 )
has no prime divisors other than those dividing b.
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Proof.
(a) There is n1 > 0 such that p | xn1 hence by induction on n we have p | xn
for every n ≥ n1 . Now we proceed by induction on the exponent. Suppose
that for a positive integer i < e there is ni such that pi | xn for every n ≥ ni .
Let ni+1 > ni be such that pi+1 | xni+1 . Then by induction on n we have
pi+1 | xn for every n ≥ ni+1 .
(b) For n ≥ 0 we have
gcd(xn+1 , xn+2 ) = gcd(xn+1 , axn+1 + bxn ) = gcd(xn+1 , bxn )
so we are done by induction.



Proof of Theorem 2. (⇒) For n ≥ 0 we have
Sn+2 = xn+2 Q + bxn+1 P

(2)

where the sequence {xn } is defined as follows:

 x0 = 0,
x1 = 1,

xn+2 = axn+1 + bxn for n ≥ 0.
If some term of {Sn } equals 0 we are done. So assume that this is not
the case. In particular, this means that no Sn is divisible by infinitely many
primes.
First we suppose that P, Q are nontorsion and a, b are nonzero. We will
show that P, Q are linearly dependent. By Proposition 4 there are two cases
to be considered.
Let us consider the case when there exists a prime number p such that
no term of {xn+1 + bxn }n≥0 (resp. of {xn+1 − bxn }n≥0 ) is divisible by p.
Rewrite (2) as
Sn+2 = (xn+2 + bxn+1 )Q + xn+1 (bP − bQ)
(3)
(resp. Sn+2 = (xn+2 − bxn+1 )Q + xn+1 (bP + bQ)).
Suppose that P, Q are linearly independent. Then bP − bQ, Q (resp. bP +
bQ, Q) are also linearly independent and by Proposition 3 (b) there is an
infinite family of primes v such that p - ordv (bP − bQ) (resp. p - ordv (bP +
bQ)) and p | ordv Q. By (1) and (3) we have that for some n
(xn+2 + bxn+1 )Q + xn+1 (bP − bQ) = 0 mod v
(resp. (xn+2 − bxn+1 )Q + xn+1 (bP + bQ) = 0 mod v)
and by the choice of the orders of bP − bQ, Q (resp. of bP + bQ, Q) the
coefficient (xn+2 + bxn+1 ) (resp. (xn+2 − bxn+1 )) has to be divisible by p.
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By the contradiction P, Q are linearly dependent.
Now we consider the case when no term of the sequence {xn } is exactly
divisible by 22 and no two consecutive terms are both even. Suppose that
P, Q are linearly independent. By Proposition 3 (b) there is an infinite
family of primes v such that 23 k ordv Q and 2 k ordv bP .
If 2 - xn+2 then 23 | ordv (xn+2 Q) but 23 - ordv (bxn+1 P ).
If 2 k xn+2 then 22 | ordv (xn+2 Q) but 22 - ordv (bxn+1 P ) .
If 23 | xn+2 then 2 - ordv (xn+2 Q) but 2 | ordv (bxn+1 P ) since no two
consecutive terms of {xn } are both even.
All imply by (2) that no term of {Sn } equals 0 modulo v. Hence P, Q
must be linearly dependent.
Linear dependence of P, Q means that there exist nonzero integers t, u,
a nontorsion point R ∈ E(K) and torsion points T0 , T1 ∈ E(K) such that
P = tR + T0 and Q = uR + T1 . If gcd(t, u) > 1 we replace t, u, R by
t/ gcd(t, u), u/ gcd(t, u), gcd(t, u)R resp., so we can assume that gcd(t, u) =
1. Now (2) takes the form
Sn+2 = (uxn+2 + tbxn+1 )R + xn+2 T1 + xn+1 bT0 .

(4)

Define the sequence {yn } as follows:

 y0 = t,
y1 = u,

yn+2 = uxn+2 + tbxn+1 for n ≥ 0.
and rewrite (4) as
Sn+2 = yn+2 R + xn+2 T1 + xn+1 bT0 .

(5)

Notice that the sequence {yn } has the parameters a and b.
If E(K)tors is trivial we are done by Proposition 3 (c). So suppose that
E(K)tors is nontrivial. By Proposition 3 (c) for all but finitely many natural
numbers m there is a prime v such that the product of m and the order of
E(K)tors divides ordv R. Thus by (1) and (5) for every large enough natural number m some term of the sequence {yn } is divisible by m hence the
sequence is divisible by all positive integers.
By Proposition 3 (c) the set of primes v such that ordv R is coprime to the
order of E(K)tors is infinite thus by (1), (5) and Proposition 3 (a) there is
n0 such that Sn0 is a multiple of R. The terms preceding Sn0 are divisible by
finitely many primes only hence we can ignore them. So we assume without
the loss of generality that T0 = 0 and rewrite (5) as
Sn+2 = yn+2 R + xn+2 T1 .

(6)
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If T1 = 0 we are done. So suppose that this is not the case. Denote
π = ord T1 . Consider a finite field extension K 0 /K for which there exists a
torsion point T2 ∈ E(K 0 ) such that the subgroup generated by T1 and T2 is
isomorphic to (Z/πZ)2 . By Proposition 3 (c) for almost every m coprime
to π there exists a prime v 0 in K 0 such that ordv0 (R − T2 ) = m. Let v be
a prime in K below v 0 . If Sn+2 = 0 mod v then Sn+2 = 0 mod v 0 so by
(6) the corresponding xn+2 , yn+2 are both divisible by π provided v is not
exceptional in view of Proposition 3 (a). Hence for infinitely many indices
n the terms xn , yn are both divisible by π.
Factorize π = π1 π2 where π1 is a natural number having no prime divisors
other then prime divisors of b and π2 is a natural number coprime to b.
Applying Proposition 5 (a) to every prime divisor of π1 we get that π1 | xn
and π1 | yn for every sufficiently large n.
Thus there is N such that π1 divides both xn , yn for every n ≥ N and
π divides both xN , yN . By Proposition 5 (b) both xN +1 , yN +1 are coprime
to π2 thus there is an integer α such that αyN +1 = xN +1 mod π2 . Since
yN = xN = 0 mod π2 we have αyN = xN mod π2 so we get by induction
that αyn = xn mod π2 for every n ≥ N . We also have αyn = xn mod π1 for
every n ≥ N . Thus
αyn = xn mod π
(7)
for every n ≥ N since π1 , π2 are coprime. Define the point R̃ = π1 R +απ1 T1
and the sequence {ỹn }n=∞
n=N by ỹn = yn /π1 for every n ≥ N .
The proof is complete since for every n ≥ N we have by (7) that
ỹn R̃ = yn R + xn T1 .

Now it remains to discuss the cases when one of the points P, Q is torsion
or one of the numbers a, b is 0.
If one of the points is torsion and nonzero and the other is nontorsion and
both a, b do not equal 0 then we eventually arrive at the solved case.
If both P, Q are torsion then the assertion of Theorem 2 follows immediately from Proposition 3 (a).
If both a, b equal 0 then S2 = 0.
If exactly one of the numbers a, b equals 0 then we have either of the
sequences
P, Q, bP, bQ, b2 P, b2 Q, . . .
.
P, Q, aQ, a2 Q, a3 Q, . . .
By Proposition 3 (b) and Proposition 3 (a) there is an infinite set of primes
that are not divisors of either of them unless there is a zero term, i.e. P or
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Q is torsion with the order dividing a power of b when a = 0 or Q is torsion
with the order dividing a power of a when b = 0.
(⇐) If {sn } is a linear integral recurring sequence of order two having all
positive integers as divisors then for any prime v of good reduction we can
find a term sn divisible by ordv R.

Remark 4. Consider the following groups:
×
(1) RF,S
, S-units groups, where F is a number field and S is a finite set
of ideals in the ring of integers RF ,
(2) A(F ), Mordell-Weil groups of abelian varieties over number fields F
with EndF̄ (A) = Z,
(3) K2n+1 (F ), n > 0, odd algebraic K-theory groups.
Like Mordell-Weil groups of elliptic curves they are equipped with reduction
maps modulo prime ideals so we can ask the question of the paper in their
context too (cf. Remark 3 of [Bar2]).
In the S-units groups case we obtain the same result as in Theorem 2
(notice that we have to change the additive notation to multiplicative) since
they share appropriate properties of Mordell-Weil groups; in particular, the
analogue of Proposition 3 (c) is the main result of [Sch1].
In the remaining groups cases we lack analogues of Proposition 3 (c) so
we obtain slightly weaker results. Let G be an arbitrary group as above.
The direct analogue of Theorem 2 holds for G provided that the torsion part
of G is trivial. Indeed, if a or b equals 0 then proof is again immediate. So
suppose that a and b are nonzero. Repeating the first lines of the proof of
Theorem 2 we get that P and Q are dependent. This means that there is a
point R ∈ G such that for every n ≥ 0 we have
Sn = sn R
where {sn } is a linear integral recurring sequence of order two that by Theorem 5.1 in [Bar1] is divisible by every power of every prime number. If some
sn equals 0 we are done. So suppose that this is not the case. By Theorems
1 and 3 of [Som] we get that {sn } is either a multiple of a translation of
a sequence with zero term or a sequence of the form ghn−1 (i + jn) with
coprime i, j.
Let {sn } be a multiple of a translation of a linear integral recurring sequence of order two {tn } with t0 = 0. For such sequences we have that if
m1 | tn1 and m2 | tn2 with n1 , n2 ≥ 1 then m1 and m2 both divide tn for
every n divisible by n1 n2 . Thus for every natural number N the sequence
{tn }n≥N is divisible by all positive integers and so is {sn }.
Now let sn = ghn−1 (i + jn) with coprime i, j. If j = 0 then {sn } cannot
be divisible by every power of every prime number unless its terms are all
0. So j 6= 0. Suppose there is a prime number p such that p | j and p - h.
Then there is a power of p not dividing {sn }. So all primes dividing j divide
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h. Let m be an arbitrary positive integer. Factorize m = m1 m2 where m1
is a natural number having no prime divisors other then prime divisors of j
and m2 is a natural number coprime to j. Since m2 is coprime to j there
are infinitely many n such that m2 | (i + jn). In particular, if those n’s are
large enough we have m1 | hn−1 thus m | sn .
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