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Sheaves of nonlinear generalized function
spaces

Andreas Debrouwere and Eduard A. Nigsch

ABSTRACT. We provide a framework for the construction of diffeomor-
phism invariant sheaves of nonlinear generalized functions spaces. As
applications, global algebras of generalized functions for distributions
on manifolds and diffeomorphism invariant algebras of generalized func-
tions for ultradistributions are constructed.
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1. Introduction

The theory of generalized functions developed by L. Schwartz [24] suffers
from the fact that in general one cannot define nonlinear operations (like
multiplication) on distributions, so the use of this theory for nonlinear prob-
lems is limited. In the 1980s, differential algebras of nonlinear generalized
functions were developed by J. F. Colombeau [4, 5] in order to study nonlin-
ear PDEs with singular data or coefficients. These Colombeau algebras have
found numerous applications for instance in connection with PDEs involving
singular data and/or coefficients, singular differential geometry and general
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relativity. In particular, a diffeomorphism invariant formulation of the the-
ory was developed in [12, 14] and recently extended to the vector-valued
setting in [21].

Spaces of nonlinear generalized ultradistributions were studied in [1, 7, 8,
11, 23]. The most recent variant, developed in [6], is optimal in the sense
that the embedding of ultradistributions of class M), into these spaces pre-
serves the product of all ultradifferentiable functions of class M,; this is an
improvement over the previous variants where only the product of ultrad-
ifferentiable functions of a strictly more regular class had been preserved.
The setting of [6] is that of special Colombeau algebras, which allows for a
simpler development of the theory but makes it impossible to obtain diffeo-
morphism invariance (cf. [13, Chapter 2]). Full Colombeau algebras, on the
other hand, are technically more involved but allow for an embedding of dis-
tributions that is diffeomorphism invariant and in addition commutes with
arbitrary derivatives (cf. [12, 14, 20]). Hence, for applications in a geometric
context it is essential that a formulation of the theory in the full setting is
obtained.

As a continuation of the development of [20, 19] and [6] we work out the
abstract formulation of the construction of sheaves of nonlinear generalized
function spaces. In particular, it turns out that very little structure is needed
on the underlying spaces of generalized functions as the respective arguments
mainly concern the sheaf structure.

Our construction applies at the same time to distributions and to ultradis-
tributions, both of Beurling and Roumieu type, which leads to the following
results.

Theorem 6.1. Let M be a paracompact Hausdorff manifold. There is an
associative commutative algebra Gioc(M) with unit containing D' (M) injec-
tiwely as a linear subspace and C*(M) as a subalgebra. Gioe(M) is a dif-
ferential algebra, where the derivations EX extend the usual Lie derivatives
from D' (M) to Gioc(M), and Gioc is a fine sheaf of algebras over M.

As customary, we write * instead of (M,) or {M,} to treat the Beurling
and Roumieu case simultaneously. For the following theorem, let M, be a
weight sequence satisfying (M.1), (M.2), and (M.3’).

Theorem 7.6. For each open set Q C R? there is an associative com-
mutative algebra with unit Gt (Q) containing D () injectively as a linear
subspace and £*(Q2) as a subalgebra. G () is a differential algebra, where
the partial derivatives 51-, 1 =1,...,d, extend the usual partial derivatives
from D¥(Q) to G .(Q), and G} is a fine sheaf of algebras over Q. More-
over, the construction is invariant under real-analytic coordinate changes,
ie., if w: Q' — Q is a real-analytic diffeomorphism then there is a map
e G () — G () compatible with the canonical embeddings v and o.

The structure of this article is as follows.
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We collect some preliminary notions in Section 2.

e The basic spaces containing the representatives of nonlinear gener-
alized functions are introduced in Section 3.

e The quotient construction, ensuring that the product of smooth or
of ultradifferentiable functions is preserved, is detailed in Section 4.

e Sheaf properties of the quotient space are established in Section 5.

e The construction of diffeomorphism invariant differential algebras

of distributions and ultradistributions is given in Section 6 and Sec-

tion 7, respectively.

2. Preliminaries

Our general references are [24] for distribution theory, [15, 16, 17] for
ultradistributions, [2, 10] for sheaf theory and [4, 5, 22, 13] for Colombeau
algebras.

Weset I = (0,1], Ry =[0,00), and N ={0,1,2,...}. Given aset M, idys
(or simply id if the set is clear from the context) denotes the identity mapping
on M. For an element \ € (R)! we write A(¢) = .. Furthermore, Landau’s
O-notations are always meant for ¢ — 0*. Given two locally convex spaces
E and F, L,(E, F) denotes the space of continuous linear mappings from F
into F' endowed with the topology of bounded convergence. L,(E, F) is this
space endowed with the weak topology instead. We denote by csn(E) the
set of continuous seminorms on E. An algebra always means an associative
commutative algebra over C, and a locally convex algebra is an algebra
endowed with a locally convex topology such that its multiplication is jointly
continuous. C*°(E, F) is the space of smooth functions E — F' in the sense
of convenient calculus [18], with C*°(E) := C*°(E,C); in this context, d¥f
denotes the kth differential of a mapping f € C°(E, F).

Colombeau algebras are usually defined by means of a quotient construc-
tion employing certain asymptotic scales. Most frequently a polynomial
scale is used for this purpose, but we will employ more general scales based
on [9] instead, which increases the flexibility regarding applications.

Definition 2.1. A set A C (R)! is said to be an asymptotic growth scale
if

(i) VA, pe A e A A\ + p. = O(ve),
(ii) VN, p € A v € A: Acpe = O(ve),
(iii) 3IA € A: liminf A, > 0.

e—07t

A set T C (Ry)! is said to be an asymptotic decay scale if

(iv) VAeZ 3u,v e L: p.+ve. = O(X\),
(V) YA€ I 3u,v eI: peve = O(N\,),
(vi) IAX e Z: lim A\, =0.

e—0t
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We call a pair (A, Z) an admissible pair of scales if A is an asymptotic growth
scale, 7 is an asymptotic decay scale, and the following two properties are
satisfied:

(vil) VAe€ZVue AIv eI uv. =O0(N),

(viii) INe A Fp e pe = O0(Ae).

The prototypical scale to keep in mind is given by the polynomial scale
(2.1) A=T={e—c"|keZ},

which is easily verified to give an admissible pair. For a detailed study of
asymptotic scales we refer to [8, 9].

3. The basic space

A main principle behind Colombeau algebras is to represent singular func-
tions by regular ones and thus define classical operations like multiplication
on the former through the latter. Usually the roles of singular and regular
functions are played by D’ and C®°, respectively, but for our considerations
we will replace these spaces by a more general pair of locally convex spaces
E and F'. Such a pair (E, F) is called a test pair if F C E and the topology
on F' is finer than the one induced by E. Throughout this section we fix a
test pair (E, F).

Definition 3.1. We define the basic space as
E(E,F)=C>*(Ly(E,F),F)
and the canonical linear embeddings of F and F into £(FE, F) via
1o E— E(EF), t(u)(P) = P(u),
o: F— EEF), a(p)(P) = .
The main example of a test pair to keep in mind is furnished by F = D’'(Q)
and F' = C*(Q).
There are three common ways of transferring classical operations T on F

and F' to elements R of the basic space £(F, F'). These are, in brief, given
as follows:

(TR)(®) = T(R(®)),
(T.R)(®) = T(R(T" 0 ® o T),
(TR)(®) := —dR(®)(T o ® — ® o T) + T(R(®)).
We will now specify in which situation they are well-defined on the basic
space, and when each variant is employed.
The first one amounts to applying an operation on F' after inserting the
parameter ® € L(E, F'). This defines the vector space structure of £(F, F)

and its algebra structure if F' is a locally convex algebra. Moreover, this
is used for extending directional derivatives and especially the covariant
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derivative in geometry (see [21]). For multilinear mappings it is formulated
as follows:

Lemma 3.2. Let T: F'x --- X F' — F be a jointly continuous multilinear
mapping. Then, the mapping T: E(E,F) x --- x E(E,F) — E(E, F) given
by

(3.1) T(R1,...,Rp)(®) == T(R(P),..., Rn(®))

commutes with the embedding o in the sense that

T(o(p1),- - 0(en)) = o(T(e1,-- -, ¢n))-
Corollary 3.3. Suppose that F is a locally convez algebra. Then, E(E, F')
is an algebra with multiplication given by

(3.2) (R1 . RQ)((I)) = Rl((I)) . RQ((I))
and o is an algebra homomorphism.

The second variant of extending operations to the basic space applies to
isomorphisms on £ which restrict to isomorphisms on F'. This will be used
for isomorphisms on distribution spaces coming from diffeomorphisms of the
respective domains.

Lemma 3.4. Let (E1, F1) and (E2, F3) be two test pairs. Suppose that
f: E1 — FEsy is a linear topological isomorphism such that also the restric-
tion f|p is a linear topological isomorphism Fy — Fy. Then, the mapping
fe: E(B1, F1) — E(Ea, Fa) given by

(3-3) (fR)(@) = f(R(f ' o®o f))

is a vector space isomorphism that makes the following diagrams commuta-
tive:

E1 E2 Fl F2
E(Ey, F)) —L s (B, ) E(EL, Fy) —L s (B, ).

Finally, the third variant of extending operations to the basic space applies
to the extension of derivatives to £(E, F). In the following lemma, the
notation RO stands for “regularization operator”.

Lemma 3.5. Let T € L(E,FE) with T|p € L(F,F). Then, the mapping
TRO: L(E,F) — L(E,F),
P—-TodP—-doT
is linear and continuous, and the mapping T: E(E,F)— E(E,F) given by
(3.4 (FR)(@) = T(R(®)) - dR(®)(T™®)
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is a well-defined linear mapping that makes the following diagrams commu-
tative:
T

FE FE F F
5(;}, P —T. 5(El,LF) g(;i, P —L. €(Ei,UF).

4. The quotient construction

Colombeau algebras are defined as the quotient of moderate by negligible
functions, which permits the product of regular functions to be preserved.
While originally these properties were determined by inserting translated
and scaled test functions into the representatives of generalized functions,
the functional analytic formulation of the theory makes it possible to give
a very elegant formulation of this testing procedure in more general terms.
Our next goal is to give a proper definition of moderateness and negligibility
of elements of the basic space in our setting. We start by introducing test
objects for a test pair (E, F).

Definition 4.1. Let S = (A,Z) be an admissible pair of scales. We define
TO(E, F,S) as the set consisting of all (®.). € L(E, F)! that satisfy

(TO1) Vp € esn(Ly(E,F))IN e A: p(P.) = O(\e),
(TO2) Vp € csn(Ly(F, F))VA € I : p(Pe|p —idr) = O(A:),
(TO3) ®. — idg in L,(E, E).

Elements of TO(E, F,S) are called test objects (with respect to S). If S is
clear from the context, we shall simply write TO(E, F,S) = TO(E, F).
Similarly, we define TO’(E, F) = TO"(E, F,S) as the set consisting of

all (¥.). € L(E,F)! that satisfy

(TOY) Vp € csn(L,(E, F)) 3N € A: p(¥e) = O(\e),

(TOY) Vp € csn(L,(F, F))VA € Z: p(V.|r) = O(\),

(TOJ) V. —0in L,(E, E).
Elements of TO®(E, F,S) are called 0-test objects (with respect to S).

We shall need the following result later on.

Lemma 4.2.
(i) Let T; € L(E,E),i=0,...,N, N € N, be given such that

N
Tjlp € L(F,F) and Y T =id.
=0

Then, (sz:OT,-o@m) € TO(E, F) for all (®;.). € TO(E,F),
€
i=0,...,N.
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(ii) Let T € L(E, E) be such that T|p € L(F,F'). Then,
(T o®.). € TOY(E,F)

for all (). € TOYE, F).
(i) Let T € L(E,E) with T|p € L(F, F). Then,

(Tod. —®.0T). € TOY(E,F)
for all (®.). € TO(E,F)UTO%E, F).

Having test objects at our disposal, we are now able to define moderate-
ness and negligibility.

Definition 4.3. Let S = (A,7Z) be an admissible pair of scales and let A C
TO(E, F,S), A’ C TO%(E, F,S) be nonempty. An element R € £(E, F) is
called moderate (with respect to A, A°, and S) if

Vp € esn(F) VI € NV(D). € AV( U1 )ey. .., (Tr). € A2 TN € A

PA'R(®)(P1e, ..., i) = O(N:),
and negligible (with respect to A, A%, and S) if
Vp € csn(F) VI € NV(®.): € AV(V1 )., (V). € AOVA€ET:
PA'R(®)(W1e,..., ¥1.)) = O(Ae).

The set of all moderate (negligible, respectively) elements is denoted by
EM(BE,F) = EM(E,F,A,A°,S) (Ex(E,F) = Enx(E,F,A, A", S), respec-
tively).

The following important properties follow immediately from our defini-

tions. In fact, we chose our definitions in such a way precisely for these
properties to hold.

Proposition 4.4.
(i) Em(E,F) is a vector space and Exr(E, F) is a subspace of Epq(E, F).
(iil) ((E) NEN(E, F) = {0}, o(F) N En(E, F) = {0}.
() (1 — 0)(F) C En(E, F)
We now construct the quotient.

Definition 4.5. Let S = (A,Z) be an admissible pair of scales and let
A CTO(E,F,S), A’ C TO(E, F,S) be nonempty. The nonlinear extension
of the test pair (E, F) (with respect to A, A°, and S) is defined as

G(E,F)=G(E,F,A,A°,S) = EM(E,F,\, Ay, S)/En(E, F, A, Ay, S).
The equivalence class of R € Eapq(E, F') is denoted by [R].
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Proposition 4.4 implies that
v: E— G(E, F), t(u) = [v(u)],
o: F—G(E,F), a(p) = [o(p)],

are linear embeddings such that ¢|p = 0. The name “nonlinear extension”
is justified by the following lemma.

Lemma 4.6. Let T: F x --- x F' — F be a jointly continuous multilinear
mapping and consider the multilinear mapping

T:E(E,F)x - x EE,F) — E(E,F)
given by (3.1). Then, T preserves moderateness, i.e.,
T(Em(E,F),....Em(E, F)) C Em(E,F),

and T(Ry, ..., Ry) is negligible if at least one of the R; is negligible. Con-
sequently,

T:G(E,F)x...xG(E,F) = G(E,F)
T([R1],...,[Rn]) = [T(Ry,...,Ry)]

is a well-defined multilinear mapping such that

T(o(p1);---0(n)) = o(T(p1, - @n))-
Proof. This follows from Lemma 3.2 and the continuity of T (]

Corollary 4.7. Suppose that F is a locally convex algebra. Then, Exp(E, F)
is an algebra with multiplication given by (3.2) and Ex(E, F) is an ideal of
EM(E,F). Consequently, G(E, F) is an algebra with multiplication given by

[R1] - [Ro] = [R1 - Ry
and o is an algebra homomorphism.

Lemma 4.8. Let (Ey, Fi) and (E2, F3) be two test pairs. Suppose that
f: E1 — FEs is a linear topological isomorphism such that also the restriction
flr, is a linear topological isomorphism Fy — Fy. Let S = (A,Z) be an
admissible pair of scales and let A; C TO(E;, F;,S), A? C TOY(E;, F;,S) be
nonempty for i = 1,2 such that

(flodeof)€Ar V(P € Ay,

(ffoW.of).e A} V(U.): €AY,
and

(fo(I)Eof_l)E € Ay V(Cbs)s € Ay,

(foWe.of M. eA)  V(0.). €Al



SHEAVES OF NONLINEAR GENERALIZED FUNCTION SPACES 1759

Consider the mapping fi: E(E1, F1) — E(E9, Fy) given by (3.3). Set
EMm(Ei, Fy) = Em(E;, Fy, Mi, A, S),
EN(Ei, Fi) = En(Ei, Fy, Ay, A, S),

fori =1,2. Then, f. preserves moderateness and neglibility. As a conse-
quence, the mapping fi: G(E1, F1) — G(Es, Fy) given by

fo([R]) = [f«(R)]

is an isomorphism that makes the following diagram commutative.

Eq ks

l f i
G(Ey, By) — G(Ey, F3).

Proof. This follows from Lemma 3.4 and the continuity of f. (|
Lemma 4.9. Let T € L(E,E) with T|rp € L(F,F). Consider the mapping

~

T: E(E,F) — E(E,F) given by (3.4). Then, T preserves moderateness and
negligibility. Consequently, the mapping T: G(E,F) — G(E, F) given by

T([R)) = [T(R)]

is a well-defined linear mapping that makes the following diagram commu-

tative:

E T E

G(E,F) —~G(E,F).

Proof. This follows from Lemma 3.5 and continuity of 7. (]

5. Sheaf properties

In this section we study the sheaf theoretic properties of our generalized
function spaces. After introducing the necessary terminology, we first look
in detail at test objects. Satisfying a certain localizability condition, the
spaces of test objects and O-test objects themselves form sheaves. This is
used for showing the existence of global test objects by gluing together local
ones, and for extending and restricting test objects in the proof of the sheaf
property of the Colombeau quotient.

5.1. Locally convex sheaves. Let X be a Hausdorff locally compact para-
compact topological space. For open subsets V,U C X we write V € U to
indicate that V' C U and V is relatively compact in X. We shall only use
this notation for open sets.

A presheaf (of vector spaces) E assigns to each open set U C X a vector
space E(U) and gives, for every inclusion of open sets V' C U, a linear
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mapping py: E(U) — E(V) such that for all W C V C U the identities
pwu = pwy o pvy and pypy = id hold. The elements of E(U) are called
sections of I/ over U and the mappings py,y restriction mappings.

A presheaf F is a sheaf if for all open subsets U C X and all open
coverings (U;); of U the following properties are satisfied:

(S1) If u € E(U) satisfies py, v(u) = 0 for all ¢ then u = 0.
(52) If u; € E(U;) are given such that py,nu; v, (ui) = pu,nu;,u, (uy) for
all 4, j then there exists u € E(U) such that py, i (u) = u; for all 4.

A section u € E(U) is said to vanish on an open set V C U if pyy(u) = 0.
The support of u, denoted by supp u, is defined as the complement in U of
the union of all open sets on which u vanishes. The restriction of the sheaf
E to an open set U C X is denoted by E|y.

A locally convez sheaf E (see, e.g., [3]) is a sheaf E such that E(U) is a
locally convex space for each open set U C X, the restriction mappings are
continuous, and for all open sets U C X and all open coverings (U;); of U
the following property is satisfied:

(S3) the topology on E(U) coincides with the projective topology on
E(U) with respect to the mappings py, v.

Property (S3) and the fact that X is locally compact imply the canonical
isomorphism of locally convex spaces

(5.1) E(U) = lim BE(W),
WeU

where the projective limit is taken with respect to the restriction mappings.
Notice that the algebraic isomorphism in (5.1) holds because of (S1) and
(S2).

Let F1 and Es be (locally convex) sheaves. A sheaf morphism p: Ey — Eo
consists of (continuous) linear mappings uy: E1(U) — E5(U) for each open
set U C X such that, for every inclusion of open sets V' C U, the identity
pv.u o pu = py o pyu holds. The set of all sheaf morphisms from E; into
Es is denoted by Hom(E;, F2). The assignment U — Hom(E1|y, E2|v)
together with the canonical restriction mappings is a sheaf. By abuse of
notation we shall also denote this sheaf by Hom(F1, E2). More generally,
let Ey,...,E,, E be (locally convex) sheaves on X. A multilinear sheaf
morphism 7T": Ey X - -+ x E,, — E consists of (jointly continuous) multilinear
mappings Ty : E1(U) x --- x E,(U) — E(U) for each open set U C X such
that, for every inclusion of open sets V' C U, we have

pviu(Tu(ui, ... un)) =Ty (pvu(w), ..., pvo(un))

if u; € Ez(U) fori=1,...,n.

A (locally convex) sheaf E is called a (locally convex) sheaf of algebras if
for each open set U C X the space E(U) is a (locally convex) algebra and
the multiplication is a bilinear sheaf morphism.
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A (locally convex) sheaf F is called fine if for all closed subsets A, B of X
with AN B = () there is u € Hom(E, E) and open neighbourhoods U and V'
of A and B, respectively, such that u; = id and puy = 0. Or, equivalently, if
for every open covering (U;); of X there is a family (n‘); C Hom(E, E) such
that the family of supports of the 7 is locally finite, suppn® C U; for all i,
and Y, 7" = id. The family (n°); is called a partition of unity subordinate to
the covering (U;);. We shall often use the following extension principle for
(locally convex) fine sheaves E: Let U, V, W be open subsets of X such that
W CV CU. Then, there is a (continuous) linear mapping 7: E(V) — E(U)
such that pwyv = pwy o 7. In fact, choose p € Hom(E, E) such that p =id
on a neighborhood of W and p = 0 on a neighborhood of the complement
of V; then for any f € E(V), the extension of uy f by zero to U gives the
desired extension 7 f.

5.2. Localizing regularization operators. Let X be a Hausdorff locally
compact paracompact topological space and F and F' locally convex sheaves.
We call (E,F) a test pair of sheaves if the following three properties are
satisfied:

(i) F is a subsheaf of E.

(ii) (E(U),F(U)) is a test pair for each open set U C X.
Given a sheaf morphism p € Hom(FE, E) we write u|p for its restriction
to F. Hence p|r € Hom(F, F') means that uy|p) is a continuous linear
operator from F(U) into itself for each open set U C X. The third property
can then be formulated as follows:

(iii) For all open sets U C X and all closed subsets A, B of U with
AN B =0 there is u € Hom(E|y, E|y) with u|p € Hom(F|y, F|y)
such that py = id and py = 0 for some open neighbourhoods V'
and W (in U) of A and B, respectively. Or, equivalently, to the
fact that for any open set U of X and any open covering (U;); of U
there is a partition of unity (n%); C Hom(E|y, E|y) subordinate to
(Ui)i such that n'| g, € Hom(F|y, F|y) for all .

In particular, property (iii) implies that F|y and F'|y are fine sheaves for all
open sets U C X. Moreover, it implies that for all open subsets U, V, W of
X with W C V C U there is 7 € L(E(V), E(U)) such that pw,y = pwyoT
and T‘F(V) S ﬁ(F(V), F(U)) .

Since F' is a subsheaf of F, there is no need to make a distinction between
the restriction mappings on F and F', respectively. These mappings will
be denoted by pyy. Furthermore, we introduce the shorthand notation
RO(U) = L(E(U), F(U)), where RO stands for “regularization operator”.

Definition 5.1. Let U C X be open. An element (®.). € RO(U)! is called
localizing if

YW, Vo CX:VeVyelU) Beel) (Ve < e) (Vue EU))
(Pvo,u(u) = 0= pyu(Pe(u)) = 0).
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We write ROjoc(U) for the set of all localizing elements in RO(U)!. Fur-
thermore, we define
TOloc(U) = TO1c(U, S) := TO(E(U), F(U),S) N RO (U),
TOle(U) = TOe(U, 8) = TONE(U), F(U),8) N ROwc(U),
where § is an admissible pair of scales.

Remark 5.2. Throughout this subsection we shall always assume that the
space TOjoe(U) is nonempty.

Definition 5.3. Let U C X be open. We define NO(U) as the vector
space consisting of all (®.). € RO(U)! such that for all V € U we have
pv,u © ®. = 0 for € small enough. Define

ROuoc(U) = RO0e(U)/NO(U),  TOp(U) := TOL,(U)/ NO(U).

loc

For (®.)e, (®.). € RO(U)! we write (®.). ~ (®L). if (®. — ®L). € NO(U).
Set
TOlOC(U) = TOlOC(U)/N.

The main goal of this subsection is to show that one can define a natural
sheaf structure on U — ROjoc(U). We start with defining the restriction
mappings.

Lemma 5.4. Let U,V be open subsets of X with V. C U. There is a
linear mapping p%%: RO(U) — RO(V) which is continuous for the strong
topologies on RO(U) and RO(V') and such that for all (®.). € ROy (U) the
following properties hold:

(i) We have that
VW Wo CX W eWy, V) (3ep € 1) (Ve < eg) (Vue E(U)) (Yve E(V))
(pwo.u (W) = pwo,v (v) = pwv (BF (D) (v) = pwv (P=(w))).

(ii) For all W €V and all 7 € LIE(V),E(U)) with pwy,u 0T = pw,,v
for some W € Wy € V we have that

pw,u 0 P 0T = pwy o py(Pe)

for € small enough.
(iii) For all W € V we have that

pw,v © Py (Pe) 0 vy = pw o e

for e small enough.
(iv) For all W €V and ®1, P9 € RO(U) that satisfy

pw,u © P1 = pw,u o P2

we have that

pw,v © Py (P1) = pwy 0 Py (P2).
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PIjoof. Let (V;); be an open covering of V such that V; € V for all i. Let
(n")i € Hom(F|y, F|y) be a partition of unity subordinate to (V;); and
choose 7; € L(E(V), E(U)) such that py, v = py, v o 7; for all i. We define

p‘%’%(@) = Zn%/ opyuyo®Por;.

]

For all W € V it holds that suppn’ N W = ) except for i belonging to some
finite index set J. Hence

(5.2) pwv o v (®) =D 1y o pwy o o,
ieJ
By (5.1) we then have that p{”}%(@) € RO(V). The linearity and continuity

of pﬁ% and also (iv) are clear from this expression. We now show (i). Let
W eV and W € Wy € V be arbitrary. Suppose that the representation
(5.2) holds for some finite index set .J. Choose V/ € V; with suppn® C V/.
Since (®.)c is localizing, there is g9 € I such that for all i € J, ¢ < g9, and

u € E(U) it holds that
(5.3) pwonvi,u(w) =0 = pways v (Pe(u)) = 0.
Assume that u € E(U) and v € E(V) are given such that

pwo.U (1) = pwo,v (v)-
Since '
PW,U © ¢, = Zn%/[/ S pw,U © o,
ieJ
and suppn® C V/ it suffices to show that
pwavy u(Pe(u —7i(v))) =0
for all 4 € J. This follows from (5.3) and our choice of ;. Properties (ii)
and (iii) are special cases of (i). O
Lemma 5.5. Let U,V be open subsets of X with V. C U. Then, for all
(P2)e € ROy (U) it holds that
(1) (PP (®e))e € ROwe(V),

(i) of (®c)e ~ 0, then (p‘f}%(fbs))s ~ 0,

(iii) for W €V C U it holds that ((p1iy, © oY) (Pe))e ~ (i (Pe))e-
Proof. (i) Let W € V and W € Wy € V be arbitrary. Since (®.). is
localizing there is £1 € I such that such that for all € < £; and all u € E(U)
it holds that
(5.4) pwo,u () = 0= pw,u(Pe(u)) = 0.

Choose 7 € L(E(V), E(U)) such that pw,u o7 = pw,,v. By Lemma 5.4(ii)
there is €9 € I such that

pW,v © ,Oxf},%(@s) =pwyoPcoT
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for alle < 9. Set ¢g = min(e1,e2). Let v € E(V) be such that py, v (v) = 0.
Hence

Py (P80 (@2)(0) = pwu (= (7(v))) = 0
for all € < gg.
(ii) Let W € V be arbitrary. Choose 7 € L(E(V),E(U)) such that
PWo,U © T = pwy,v- By Lemma 5.4(ii) we have that
pwv o pv () = pwy o .07 =0

for e small enough because (®.). ~ 0.
(iii) Let Wy € W be arbitrary. Fix an open set W{ such that

Wy € Wy € W.

Choose 7 € L(E(V), E(U)) such that py; y o 7 = pyy; v and choose 7’ €
L(E(W), E(V)) such that pyy o1’ = pyr . Hence Tor’ € L(E(W), E(U))
and

PwU ©TO T = PW§W -
By Lemma 5.4(ii) we have that
pwow © PRy (DB () = pwo,v 0 pU0 (Re) o 7 = pwpu 0 @0 T/ o7
= pwow © pivy ()
for £ small enough. O

Lemma 5.5 implies that the mappings
p\%,%([(q)a)a]) = [(pl}},%(q)a))a]

define a presheaf structure on U — f{\éloc(U ). We now show that it is in
fact a sheaf.

Proposition 5.6. ﬁéloc s a sheaf of vector spaces.

Proof. Let U C X be open and let (U;); be an open covering of U.
(S1) Suppose that [(®c):] € ROjc(U) such that
p(F}SU([(q)s)s]) =0

for all i. We need to show that (®.). ~ 0. Let W & U be arbitrary. We may
assume without loss of generality that W € U; for some i. By Lemma 5.4(iii)
and our assumption we have that

pw,u 0 P = pwu; 0 proy(®e) 0 pu,u =0

for € small enough.
(S2) Since X is locally compact we may assume without loss of generality

that U; € U for all i. Suppose that [(®;.).] € %loc(Ui) are given such that

P, v, ([(Pie)e]) = pUiw, v, ([(Pi)e])
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for all 4, j. Let (n*); C Hom(F |y, F|y) be a partition of unity subordinate to
the covering (U;);. Choose 7; € L(F(U;), F(U)) such that py, 7 o1 = pv, v,
for some V; € U; with suppn® C V;. We define

@, = ZHZU 070 Qi 0 py,u
i

for all € € I. Notice that ®. € RO(U) because of (5.1) and the fact that
the family of supports of the 1" is locally finite. We now show that (®.).
is localizing. Let W @ U and W € W, € U be arbitrary and suppose that
suppn* N W = () except for i belonging to some finite index set J. Choose
V! € U; such that V; € V/. Since the (®;.). are localizing there is g9 € I
such that for all i € J, € < g9, and v € E(U;) it holds that
(5.5) pworvy u; (W) = 0= pwav,u, (Pie(u)) = 0.
Now suppose that v € E(U) satisfies pw, v(u) = 0. Since
pwu(®e(u) =D niy (owv (7:(Pi(pv, v (1))
i€
and suppn’ C V; it suffices to show that
pwvi,U (Ti(®ie(pu,u (w))) = pwav, v, (Pie(pu,u(w)) =0
for all 7 € J. This follows from (5.5). Finally, we show that

PPU{SU([((I)a)a]) = [(‘I)LE)E]

for all i. Let W & U; be arbitrary and suppose that supp 7’ N W = () except
for j belonging to some finite index set J. Let 7 € L(E(U;), E(U)) be such
that pyw,.u o™ = pw,,u; where Wy is some open set such that W € Wy € U;.
Lemma 5.4(ii) yields that
pw,u, © PO (®e) — pwiu, © i
= pwyu o P07 — pwu, 0 Pie
= an/[/ o] (PW,U O0Tj0 (I)jﬁ o ,OU]-,U oOT — PW,U; © (I)i,z-:)-
Jj€J
Since supp 7’ C Vj; it suffices to show that
pwnv; U °T; 0P 0py;u 0T — pwnv,u; © Pie =0
for all j € J and € small enough. Our choice of 7; and Lemma 5.4(ii) and
(iii) imply that
pwnv;,u ©Tj 0 Pj-0py; v 0T — pwnv;u; © Pie
= pwnv;,u; © @je 0 pusu 0T — pwavyu; © Pie
= pwnv;,U;nU; © P&%Uj,yj (@je) © pusnv;,U 0T — pwrv;,u; © Pie
= pwnv;,UinU; © P%%Uj,Ui(‘I’m) ° pu;nu; U © T — pwnv;U; © Pie
= pwnv;,U; © Pie 0 pu,u 0T — pwnvyu; © Pie
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which equals zero for € small enough because (®; ), is localizing. O

Lemma 5.7. Every sheaf morphism p € Hom(F, F') induces a sheaf mor-
phism p € Hom(ROjoc, ROyoc) via

(5.6) o ([(®e)e]) = (kv o Pe)el,
with U an open subset of X.

Proof. Clearly, pu: ﬁéloc(U ) — /Rvoloc(U) is a well-defined linear mapping
for each U C X open. We now show that p is a sheaf morphism. Let V, U be
open subsets of X such that V' C U. It suffices to show that for all W € V'
and all (®.). € ROjoc(U) it holds that

pwy © PR (v 0 @) = pwy o pv 0 P (P:)
for e small enough. Let 7 € L(E(V), E(U)) be such that pw, o7 = pw,,v
for some open set Wy such that W € Wy € V. By Lemma 5.4(ii) we have
PW,V © P\P},([)J(NU 0od.) =pwyropuyoP.or
=pwopwyoPeoT
= pw © pw,y © Py (Pe)
= pw,v o pv © pygr(De)
for € small enough. O
We now turn our attention to spaces of test objects.
Lemma 5.8. Let U C X be open and let (U;); be an open covering of U.
Let (®.)e € ROwc(U). Then, () € TOWe(U) ((®:)e € TOY . (U), respec-
tively) if and only if (p{P}SU(CI)g))E € TOyc(Uh) ((p%SU(Qg))g € TOY (Uy),
respectively) for all i.

Proof. We only show the statement for TOjqc, the proof for TOJ. _ is similar.
Let (®.)e € ROjoc(U). We first assume that (®.). satisfies (TO;)—(TO3),
and prove that (pr{SU(@E))E does so as well.

(TOq): It suffices to show that for all u € E(U;) and all p € csn(F(W)),
with W & U; arbitrary, there is A € A such that

plpw,u (pou (=) () = O(Ae).
Let 7 € L(E(U;), E(U)) such that pw, o7 = pw,u, where Wy is an open
set such that W € W, € U;. By Lemma 5.4(ii) we have that
P (PD (82) (W) = pw,u (Pe(7(w)))
for € small enough. The result now follows from our assumption and the
fact that pw € L(F(U), F(V)).

(TO2): It suffices to show that for all ¢ € F(U;), all p € csn(F(W)), with
W € U; arbitrary, and all A € Z it holds that

Plow,u, (pEw (R) (@) — @) = O(Ae).
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Let 7 € L(F(U;), F(U)) such that pw, v o T = pw,,u, where Wy is an open
set such that W € Wy € U;. By Lemma 5.4(ii) we have that
pwus (PO (B2)(9) — ) = pwu (Re((9)) — 7(¢))
for € small enough. The result now follows from our assumption and the
fact that pw € L(F(U), F(W)).
(TOs3): It suffices to show that for all u € E(U;) and all p € csn(E(W)),
with W € U; arbitrary, it holds that
plowv, (pT0 (@2) (1) = u)) = 0.
Let 7 € L(E(U;), E(U)) such that pw,.r o T = pw,,u, where Wy is an open
set such that W € W, € U;. By Lemma 5.4(ii) we have that
w0 (pD (®e) (1) —u) = pwu(Pe(7(u) — 7(u))
for € small enough. The result now follows from our assumption and the
fact that pw € L(EU), E(V)).
Conversely, assume that (pESU(QS))g satisfies (TO1)—(TOg3) for each 1.

We will prove that (®.). does so as well.
(TOq): It suffices to show that for all u € E(U) and all p € csn(F(W)),

with W € U; (for some i) arbitrary, there is A € A such that

plpw.u ((®=(u)))) = O(Xc).
By Lemma 5.4(iii) we have that

pwu(®e)(w) = pw, (P00 (<) (v (w)))

for € small enough and the result follows from our assumption and the fact
that PW,U; € ﬁ(F(UZ), F(W))

(TO2): It suffices to show that for all ¢ € F(U) and all p € csn(F(W)),
with W & U; (for some i) arbitrary, and all A € Z it holds that

Plow,u ((2<)(9) — ¢)) = O(Xe).
By Lemma 5.4(iii) we have that

pwu((®)(9) — ©) = pw,u, (o0 (@) (pu, v (9)) — pu,u(e))

for € small enough and the result follows from our assumption and the fact
that pwo, € L(F(U;), F(W)).

(TOs3): It suffices to show that for all u € E(U) and all p € csn(E(W)),
with W € U arbitrary, it holds that

plpw.u ((®e)(u) —u)) = 0.
By Lemma 5.4(iii) we have that
pwu((8:)(w) = u) = pwu, (0 v (2) (oo, v (w)) = pu,v(u))

for € small enough and the result follows from our assumption and the fact
that pPW,U; € [,(E(UZ),E(W)) U
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The following result is an immediate consequence of Lemma 4.2 and
Lemma 5.7.

Lemma 5.9.
(i) Let ' € Hom(E,E), i=0,...,N, N € N, be such that

N
p'|F € Hom(F, F) and Z,ui =id.
i=0

Th€n7 (fo\io /L%] Oq)i,s) € TOIOC(U) fOT all (q>i,s)s € TOloc(U):
i=0,...,N. :
(ii) Let p € Hom(E, E), be such that p|p € Hom(F, F). Then,
(uy o Pe)e € TOY (U)

loc
for all (®.). € TOY (U).

loc

(iii) Let p € Hom(E, E) be such that u|p € Hom(F, F'). Then,
(v 0 e — @ 0 py)e € TOR()
for all (®.). € TO.(U)UTOY (U).

loc
We conclude this subsection with a lemma that will be very useful later
on.

Lemma 5.10. Let W,V U be open sets in X such that W € V C U. For
every (®2). € ROyoe(V) ((®2): € TOWe(V),(®.). € TOY (V), respectively)

loc

there is (®PL). € ROjoc(U) ((PL)e € TOyc(U),(PL): € TO?OC(U), respec-
tively) such that

pw,y 0 ®c 0 pyy = pwu o Pr
for € small enough.

Proof. We only show the statement for (®.). € TOoc(V), the other cases
can be treated similarly. Choose open sets Wy, W such that

WeWogeW, eV

and let © € Hom(FE, E) be such that pu|p € Hom(F,F), pw, = id, and
tnw; = 0. Furthermore, pick an arbitrary element (®7). € TOyc(U). By
Lemma 5.8 we have that

pg(\)ﬁl’(]([(@g)f]) € T\O/IOC(U\Wl)7
and by Lemma 5.9 it holds that
v ([(22):]) + (id =)y (pFF ([(22):])) € TOroe(V).

Since
pg?mmV’U\Wl(plg(\)WhU([(Qg)é‘]))
= oy (v ([(@e)e]) + (d =)y (o8 ([(22)e]))),
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Proposition 5.6 and Lemma 5.8 imply there is an element (®.). € TOoc(U)
such that

P o ((@L)]) = pitoy (uv ([(Po)e]) + (id —p)v (P52 ([(92):])))
= pl‘}/co),\/([(q)&)a])'

The result now follows from Lemma 5.4(iii). O

5.3. Sheaves of nonlinear extensions. For a test pair (F, F) of sheaves,
write E(U) = E(E(U), F(U)).

Definition 5.11. R € £(U) is called local if for all V' C U and all &1, P, €
RO(U) the implication

(pvip 0 @1 = pyy o P2) = (pvu(R(P1)) = pvu(R(P2)))
holds. The set of all local elements of £(U) is denoted by e (U).
Remark 5.12. If R € £(U) is local then the identities

pv,u o 1 = pyu o ®o, pvuoVi1 = pyuo Vo,
with @1, ®g, Uy ;, Uy; € RO(U) for i =1,...,1 imply that
pvuo (A R(®1)(P1, .., 011)) = pru (' R)(P2) (W2, .., ¥i2)).
Next, we define a restriction mapping on .

Lemma 5.13. Let U,V be open subsets of X with V- C U. There is a unique
linear mapping pf/-’U: Eloc(U) = &ioc(V) such that

(i) for alW €V, ® € RO(V), and ® € RO(U) which satisfy
pw,v o ®opyu = pwu o P,
we have
pw,v (050 (R)(®)) = pwu (R(P')).

Moreover, the following properties are satisfied:

(ii) For alll € N and all W € V it holds that if ® € RO(V), @’
RO(U) and ¥; e RO(V), ¥, € RO(U), i =0,...,1, satisfy

pw,v o ® o pyu = pwu o P, pw,v o ¥ o pyu = pwu o ¥j
foralli=1,...,1, then
pwv (d' (o5, (R))(@)(P1, ..., 1)) = pwo (d'R)(P) (W], ¥])).
(iii) For W CV CU it holds that pfyy o p§,1; = plyyr-

Proof. Let (V;); be an open covering of V such that V; € V for all i and let
(n'); € Hom(F|y, F|y) be a partition of unity subordinate to (V;);. Choose
7, € L(F(V),F(U)) such that py, y o ; = py, . For each i we define the
mapping f; € L(RO(V),RO(U)) via

fi(®) =Ti0oPopyy.
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Note that

(5.7) pviu © fi(®) = py,v o P opyy.
We set
Py (R) =Y 1y opvuoRo f;.

)

We start by showing that p“g/jU(R) is smooth. By [18, Lemma 3.8] it suffices

to show that pwy o p‘g,,U(R): RO(V) — F(W) is smooth for all W € V.
Since

(5.8) pw o piu(R) = niy o pwuw o Ro f;
i

for some finite index set J, this follows from the fact that 77%,[/, pw,u, and
fi are continuous linear mappings. Next, we show that p‘g/’U(R) is local. It
suffices to show that for all W € V,

pw,v © @1 = pw,y o Do, @1, ®2 € RO(V),
implies
pwv (050 (R)(@1)) = pwv (o717 (R)(D2)).

The mapping pw,v op$ ;(R) can be represented as (5.8) for some finite index
set J. Since suppn® C V; it suffices to show that

pwav,u(R(fi(®1))) = pwrv, v (R(fi(®2)))

for all ¢ € J. By locality of R this follows from (5.7) and our assumption.
The linearity of the mapping p“g/,U is clear. We now show (i). Given W € V,

the mapping pw.yv 0 pf,;(R) can be represented as (5.8) for some finite index
set J. Since

pwu(R(®)) =Y niy(pwu (R(')))
ie]

and suppn’ C Vj it is enough to show that

pwov,u(R(fi(®))) = pwav,.u (R(2))

for all i« € J. Again, by locality of R this follows from (5.7) and our as-
sumption. The mapping p‘g,vU is unique because for any W € V and any
® € RO(V) one can find ® € RO(U) such that py,y o ® o pyy = pwu o @';
this follows from the fact that F is fine. We continue with showing (ii). We
use induction on [. The case [ = 0 has been treated in (i). Now suppose
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that the statement holds for I — 1 and let us show it for I.
pwv (A (o5 (R))) (@) (L1, ..., 7))

= (| @G RN@+ )
= | o (@ )@ ) )
= | o (@ G (D@ )
= (| @)@ )50

= pwv (' (pF,0 (R))) (@) (TY, ..., 1)),

Finally, we prove (iii). Let R € &o.(U) be arbitrary. It suffices to show that
for all ® € RO(W) and all Wy € W it holds that

Pwo.w (p WV(PVU(R))(‘I’)) = PWO,W(PWU(R)((I)))-
Choose @ € RO(V') such that
pwo,w © P o pwy = pw,v 0 P
and ®” € RO(U) such that
pwo,v © @' o pv = pw,u o @
Hence also
pwo,w © ® o pwu = pw,u o .
Therefore (i) implies that
pwo.w (P (07,0 (R) () = pwov (0T (R)(P))
= pwo,u(R(®"))
= PWo,W (p(la/,U(

)(D)). O

We now discuss the extension of sheaf morphisms to £.

Lemma 5.14. Let T: F x --- X F' — F be a multilinear sheaf morphism.
For each open subset U C X consider the mapping

Ty: EU) x -+ x EU) = E(U)
given by TU = T; as in (3.1). Then, T preserves locality, i.e.,
j\:'U(gloc(U')-; cee 7gloc(U)) g gloc(U)

and

o (T (R, Ba)) = Ty (pfp(R). - o0 (Ba))
for all open subsets U,V of X with V C U.
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Proof. The mappings fU are well-defined by Lemma 3.2. Moreover, the
fact that the Ty preserve locality is clear from their definition. In order to
show the last property it suffices to show that

pwv (050 (Tu(Ra, . Ro)) (@) = pwiv (Tv (050 (Ba); - -, 50 (Bn)) (@)
for all ® € RO(V) and all W € V. Choose ®' € RO(U) such that
pw,v o ®opyy = pwy o P
Lemma 5.13(i) implies that
pwv (050 (Tu(Ry, - Ba))(@) = pwo(Tu(Ry, - ., Rn)(@))
= pwu (Ty(Ri(D'),..., Ry(D')))
= Tw (pwu (R (®)), .., pwu (Rn(®)))
= TW(PWV(P‘\S/,U(Rl)(‘I))% e apW,V(ng/,U(Rn)<(I))))
= pwy (Tv (P (R1)(®), - o7 (Ra) (D))
= pwv (Tv (050 (R1), - - 50 (Ra))(@)). u

Lemma 5.15. Let (E1, F1), (Ea, Fy) be test pairs of sheaves. Suppose we
are given a sheaf isomorphism p: E1 — Es such that its restriction to Fy is
a sheaf isomorphism p: Fy — Fs. For each open subset U C X consider the
mapping
(n)u = E(EL(U), F1(U)) — E(E(U), F3(U))
given by (ue)u := (up )« as in (3.3). Then, p. preserves locality and
pru (v R) = (v (07, (R))-

Proof. Suppose we are given open subsets V,U C X with V C U, R €
gloc(El(U),Fl(U)) and (1)1, <I>2 c RO(U) with PV,UO(I)l = IOV’UO@Q. We first
need to show that

pvu((1)u R)(®1)) = pvu (1) R) (D2)).
For this we notice that
pviu (o (R(pg' o @10 pur))) = v (pvu (R(pg' o @10 prr)))
= v (pvu (R(ug' o @20 pp)))
= pvu(pu(R(pg' o @20 u)))
because R is local and
pvu o iy’ o @10 py = pyt o py o @1 oy
= py" 0 pyy o Py 0
= pvu o py' o g0y
For the second statement it suffices to show that
o (00 ()0 BY(®)) = pwsy (v (0 (R)) (@)
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for all W € V and all ® € RO(V). Choose ® € RO(U) such that
pw,v o ® o pyy = pwo®.
Then,
pwv (070 ((1e)o R) (@) = pw,u () R) (D))

= pwu (o (R(pg' 0 ® o py)))
= pw (pw,u (R(pg' 0 @ o py)))
= pw (pwy ((p5 o R) (1 © @ 0 )
= pw,v ((p )V(PVU( )(®))

where we used that

pwy o (' o ® o puy) o pyu = pwu o (ug' o ® o ). O

Lemma 5.16. Let T: E — E be a sheaf morphism such that T|p: F — F
is a sheaf morphism. For any open subset U C X consider the mapping

Ty: E(U) — EU)
given by Ty == Ty as in (3.4). Then, T preserves locality and p‘&U(T\U(R)) =
TV(P‘\gf,U(R))~

Proof. Suppose we are given open sets U,V with V C U, R € &,.(U) and
P, Py € RO(U) with pV,U © o, = pPV,U © ®5. We see that

pvu(TyR)(®1)) = pvu(Ty(R(®1)) — AR(®1)(Ty 0 @1 — @1 0 Tyy))
=Ty (pvu(R(®1))) — pvu(dR(®1)(Ty 0 &1 — &1 0 Ty))
=Tv(pvu(R(P2))) — pvu(dR(P2) (T 0 Py — P2 0 Tyy))
= pvu (TUR)(®2))
because
pvuo(ITyo® —P1oTy)=Tyopyyo® —pyuyo®ioly
=Tyopypyo®Py—pyuyoProTly
= pyu o (Ty o Py — &y 0 Ty).

For the second statement, let W € V and ® € RO(V'). Choose ®' € RO(U)
such that pwy o ® o pyy = pwy o . Then,

PWV(PVU(TU( )(@))

= pwu(Tu(R)(®))

= pwu (T (R(®')) — dR(®")(Ty 0 @' — @' 0 Tyy))

= Tw (pwu (R(®"))) — pw,v (d(pf; R)(®)(Ty 0 ® — ® o Ty))

= pwy (Tv (05,0 R) (@) — d(pf,p R)(®)(Ty 0 @ — B o Ty))

= pwv (Tv (o7 R)(®)). O
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We now turn to the quotient construction (see Definition 4.5).

Definition 5.17. Let S be an admissible pair of scales. For any open subset
U C X we define the space of moderate elements of E.(U) (with respect
to S) as
SM,IOC(U) = gM,lOC(U7 S)
i=EM(E(U), F(U), TO10(U), TOY . (U), S) N Eloc (U),

and the space of negligible elements (with respect to S) as
gN,loc(U) = gN,lOC(Uv S)
=En(E(U), F(U), TO(U), TON(U),S) N Eoe(U).

loc
We set gloc(U) = glOC(U7 S) = gM,loc(U)/gN,loc(U)~

Lemma 5.18. Let U C X be open and let (U;); be an open covering. Let
R € &oc(U). Then, R is moderate (negligible, respectively) if and only if
pgi’U(R) is moderate (negligible, respectively) for all i.

Proof. Let R € &,.(U) be moderate or negligible. The moderateness or
negligibility of pghU(R) is determined by

plow.u, ((d' (o5, v (R () (Wi, ..., W)
for ¢ small enough, where I € N, &, € TOj(U;), V. € TOY (U;) for

loc

j=1...,1, W € U, and p € csn(F(W)) are arbitrary. By Lemma 5.10
there are () € TOjc(U) and ¥/, _ € TOY (U) such that

loc
pwu, © Pe o puu = pwu o ®L, pwy, 0 Ve o puu = pwu o Vi,
for all j =1,...,l and € small enough. Hence Lemma 5.13(ii) implies that
pw,u, (A (pF, i (R) (@) (1, ..., Uy )
= pW,U((dl(R))(¢;)( /1,57 SER) 275))

for € small enough. The moderateness or negligibility of P&,U(R) therefore
follows from the corresponding property of R and the continuity of pyy .
Conversely, suppose that pa_ y(R) is moderate or negligible for all i. The
moderateness of R is determined by

plowu (d'R)(®e) (Y1, .., Vi)
for & small enough, where | € N, ®&. € TO..(U), ¥;. € TO) (U) for

loc

j=1,...,1, W € U; (for some i), and p € csn(F(WW)) are arbitrary. Lem-
ma 5.4(iii) and Lemma 5.13(ii) imply that

pW,U((le)((I)e)(\Ill,aa ceey \Pl,s))

= pww, (A" (05, o (R (P (@) (P (P1e)s - - prp (Vi)
for € small enough. The moderateness or negligibility of R therefore follows
from the corresponding property of p5i7U(R) and the continuity of pyw,. U
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Lemma 5.13 and Lemma 5.18 imply that the mappings

i ([R]) = [o§u(R)]

define a presheaf structure on U — Gioc(U). We now show that it is in fact
a sheaf.

Proposition 5.19. G, is a sheaf of vector spaces.

Proof. (S1) Immediate consequence of Lemma 5.18.

(S2) Let U C X be open and let (U;); be an open covering of U. Since
X is locally compact we may assume without loss of generality that U; € U
for all 4. Suppose that [R;] € Gioc(U;) are given such that

PgimUj,Ui([Ri]) = PgimUj,Uj([Rj])

for all 4,j. Let (n'); C Hom(F|y, F|y) be a partition of unity subordinate
to (U;);. Choose 1; € L(F(U;), F(U)) such that py, iy o 73 = py,y, for some
V; € U; with suppn’ C V;. We define

R::Zn@onoRiop&?U.
%

We start with showing that R € C*°(RO(U), F(U)). By [18, Lemma 3.8] it
suffices to show that pyw o R: RO(U) — F(W) is smooth for all W € U.
Since

(5.9) pwyu °o R = Z My © pwu o 7i o Ri o piy
icJ
for some finite index set J, this follows from the fact that the linear mappings

My PW,U, Ti, and pEZ,OU are continuous (see Lemma 5.4). Next, we show that
R is local. We need to show that for all W € U the equality

pw,u © ®1 = pw,u o P, ¢,y € RO(U),
implies
pw,u(R(®1)) = pwu(R(P2)).

The mapping pw,y © R can be represented as (5.9) for some finite index set
J. Since suppn’ C V; and py, y o T; = pv;u;, it suffices to show that

pwovi,u: (Ri(pp 0 (1)) = pwevi,u, (Ri(pp oy (22)))

for all 7 € J. By locality of R; this follows from Lemma 5.4(iv) and our as-
sumption. We continue with showing that R is moderate. The moderateness
of R is determined by

p(pW,U((le)(q)é)(\IjLE? EER! qjlﬁ)))



1776 ANDREAS DEBROUWERE AND EDUARD A. NIGSCH

for ¢ small enough, where | € N, ®&. € TO..(U), ¥;. € TOY (U) for
j=1,...,1, W €U, and p € csn(F(W)) are arbitrary. Since
pVV,U((dZR)((I)E)(\PLEa CER) \Ijl,s))
= (dl(pW,U o R))((I)a)(qjl,a, ceey \Ijl,a)

= (dl (Z My © pw,y © i © Ri o plsSU)) (@) (W1e,..., ye)
i€J
=Y iy © pww 0 7) (' Ri) (05 (D)) (0For (V1) - - s porr (Wie)))
i€J
for some finite index set J, the moderateness of R follows from the continuity
of the mapping 7y, o pw,r © 7; and the moderateness of the R;. Finally, we
show that pgi v ([R]) = [R;] for all i. We need to show that p‘gi’U(R) —R;is
negligible. The negligibility is determined by
plow,u, (4 (pf, v (R) = R)) (@) (Wie, .-, Uie)))

for € small enough, where I € N, &, € TOy(U;), V. € TOY (U;) for

loc

j=1...,1, W € U, and p € csn(F(W)) are arbitrary. By Lemma 5.10
there are ®, € TOc(U), V), € TOY . (U) for j =1,...,1 such that
PwWU; © ®. o PU;U = PW,U © (I)év pPW,U; © \I’]}E © pU;,U = PW,U © \P;',E

for all j =1,...,1l and € small enough. Hence Lemma 5.4(ii) yields that

pw,u (A (7, 0 (R)) (@) (Wi, -, Wie))
= pW,U((le)((I);)( ,1757 R \I/;,s))
= (d'(pw,v o R))(PL)(Vycr- -, W7,)

=|(d ZU%/OPW,UOT]' ORj OpgjO,U ((I);)( ,1,57“"\112,5)
jeJ
= >y (owu (5 (A" Ry) (pF 0 (PD) (0 (W10 - - pBw (P1.))))
Jje€J
for € small enough. On the other hand, Lemma 5.4(ii) and the fact that
(®. ) is localizing imply that
pw.u; © Pe = pwu, © pLor (B, pwu, 0 Wie = pwu, 0 poou ()
forall j =1,...,1 and € small enough. By Remark 5.12 we obtain that
pwu (d'Ri) (@) (Y1e,.. ., Vi)
= PW,U; ((lei)(pf(}iO,U(cI)ls))(pll}io,U(\Iﬂl,s)7 e 7PPI}SU(\II;,5)))

= > iy (owo, (A Ra) (pF0 (20)) (0B (Wh.2)s - PEw (W1.0))))
JjeJ
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for £ small enough. Since supp7n’ C V; and pV;,U © Tj = pv;u;, it suffices to
estimate

pWﬂVj,UJ‘((lej)(plf}gU(q)/a»(pgoU( ,15) '-apIP}OU( )))
— pwrv, v (' Ra) (0500 (BL)) (ppr o (W4 L), ---apUZ,U(\I’; )
for all j € J. By Lemma 5.13(ii) we have that
PWan,Uj((lej)(PU U(‘I’/))(PEOU(‘I’/ <) --wplI}OU(\I/; )
= pwew;vanv; (' (.m0, 0, (B))) (08w, 0 (B1))

' (pfl}ioﬂUj,U(‘;[j,LE)7 e apft}%Uj,U(‘I’f,g)))
and
pwew;,v: (A" Ra) (o0 u (D) (08 (W), - o (W)
= PWnV;,U;NU; (( (PU nU;,U; (R )))(PU nU; U((I)I))
(00,0 (W) - b, o (V12))-
The negligibility now follows from the assumption. ([

Next, we discuss the embedding of F into Gi.. For U C X open consider
the canonical embeddings (see Definition 3.1)

w: E(U) — EW), oy: F(U)— EU).
Clearly, (y(E(U)) C &oc(U) and oy (F(U)) C Ee(U). Hence Proposi-
tion 4.4 implies that the mappings
w: EU) = Gioc(U), t(u) = [e(u)]
o: F(U) = Gioe(U), o(p) = [o(¥)]
are linear embeddings such that (7 p@y = ou.

Proposition 5.20. The embeddings v: E — Gioc and 0: F — Goc are sheaf
morphisms, and t|p = o.

Proof. We already noticed that vy ) = op for all U C X open. Since F
is a subsheaf of F it therefore suffices to show that ¢ is a sheaf morphism.
Let U,V be open subsets of X such that V' C U. We need to show that for
all w € E(U) it holds that
P (o (w) = w(pvu (w)

is negligible. It suffices to show that for all W € V and all (®.). € RO (V)
it holds that

pw,v (050 (1o (1))(R2)) = pwv (v (pvu (w))(De))
for € small enough. By Lemma 5.10 there is (®.). € ROjo(U) such that

/
pw,v © @0 pyy = pwu o P..
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Hence Lemma 5.13(i) yields that
pwy (07, (1w (w))(P2)) = pwu (v (u) (L))
= pwu (PL(w)) = pw,v (P(pvu(w)))
= pw,v (v (pvu (u))(®e))
for £ small enough. O

We end this section by showing how one can extend sheaf morphisms to

gloc .

Lemma 5.21. Let T: F x --- X F' = F be a multilinear sheaf morphism.
The mappings Tt : Gioc(U) X - X Gioc(U) = Gioc(U) given by
Tu([Ri), ... [Rn]) = [Tu(Ry,..., Ry)]
are well-defined and multilinear such that
Ty (ou(e1),- - 0u(pn)) = ou(Tu (o1, -, ¢n))-
Moreover, T is a multilinear sheaf morphism.
Lemma 5.22. Let (E1, F1), (E2, F») be test pairs of sheaves. Suppose we

are given a sheaf isomorphism p: E1 — Es such that its restriction to Fy is
a sheaf isomorphism Fy — Fy. The mappings

(M*)U: gloc(El(U>a FI(U)) — gloc(E2(U)7 FZ(U))

given by (u.)u[R] = [(pu«)uR] are well-defined such that () oLy = ty o uy
and (ps)y 0 oy = oy o py.

Lemma 5.23. Let T: E — E be a sheaf morphism such that T|p: F — F
is a sheaf morphism. Then, the mappings Ttr: Gioc(U) — Gioe(U) given by
Tu[R] == [Ty R] are well-defined such that
fUOLU :LUOj—\'U and j—\'UOO‘U :O‘UOfU.
We obtain the following two important corollaries.

Corollary 5.24. For every open set U in X the sheaf Gioc|u is fine.

Proof. Let A and B be closed sets in U such that AN B = (. Let
7 € Hom(F|y, Fly) be such that 7y = id and 7y = 0 for some open
neighbourhoods V' and W (in U) of A and B, respectively. Consider the
associated sheaf morphism 7 € Hom(Gioc|v7, Gioc|v7)- Then,

v ([R]) = [rv(R)] = [rv o R] = [R]
for all [R] € Gioc(V'). Similarly, one can show that my = 0. O

Corollary 5.25. Suppose that F' is a locally convex sheaf of algebras. Then,
Gloc s a sheaf of algebras and the o-embedding is a sheaf homomorphism of
algebras.
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6. Diffeomorphism invariant algebras of distributions

The space of distributions on a paracompact Hausdorfl manifold M is

defined as

D' (M) := (Te(M,Vol(M)))'
where T'.(M, Vol(M)) denotes the space of compactly supported sections of
the volume bundle Vol(M ), endowed with its natural (LF)-topology (see [13,
Section 3.1]). It is well known that D’ and C*° are locally convex sheaves
on M, so (D',C®) is a test pair of sheaves.

Given any open subset U C M, the space TOj,(U) is nonempty —
we refer to [21] for the concrete construction of localizing test objects for
(D', C*°), which is done by convolution with smooth mollifiers in local charts.

Fix the asymptotic scale to be the polynomial scale (2.1). By the previous
section we obtain a fine sheaf G, of algebras such that o: C° — G is
a sheaf homomorphism of algebras and ¢: D' — G, is an injective sheaf
homomorphism of vector spaces. Given any vector field X on M, the Lie
derivative Lx of distributions and smooth functions satisfies the assumptions
of Lemma 3.5, so it defines a mapping

Exi QlOC(M) — gloc(M)

which commutes with .

Moreover, given any diffeomorphism p: M — N (which can be inter-
preted as a functor between the categories of open sets on M and N, re-
spectively) we apply Lemma 5.22 to the functors £y = D', Ey = D' o p,
) = (C%, F5 = C* o pu, which gives an induced action

Mot gloc(M) - glOC(N)

which commutes with ¢.
Hence, we have easily obtained the following result of [14]:

Theorem 6.1. Let M be a paracompact Hausdorff manifold. There is an
associative commutative algebra Gioc(M) with unit containing D'(M) injec-
tiely as a linear subspace and C>°(M) as a subalgebra. Gioc(M) is a dif-

ferential algebra, where the derivations Lx extend the usual Lie derivatives
from D' (M) to Gioe(M), and Gioe is a fine sheaf of algebras over M.

7. Diffeomorphism invariant algebras of ultradistributions

7.1. Spaces of ultradifferentiable functions and their duals. Let
(Mp)pen be a sequence of positive reals (with My = 1). We will make
use of the following conditions:

(M.1) Mg <My 1My, p € Zy,

(M.2) Myyq < AHPTIM,M,, p,q € N, for some A, H > 1,

o0
M,_
(M.3) Y =2 < 0.
M,
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We refer to [15] for the meaning of these conditions. For o € N¢ we write
My = My|. As usual, the relation M, C N, between two weight sequences
means that there are C, h > 0 such that M, < ChPN,, p € N. The stronger
relation M, < N, means that the latter inequality remains valid for every
h > 0 and a suitable C' = C} > 0. The associated function of M), is defined

as
M(t) log 0
t) .= suplog —, t >0,
peN MP
and M (0) := 0. We define M on R? as the radial function M (x) = M(|z|),
x € R Under (M.1), the assumption (M.2) holds [15, Prop 3.6] if and only
if
2M(t) < M(Ht) +log A, t > 0.

Unless otherwise explicitly stated, M, will always stand for a weight se-
quence satisfying (M.1), (M.2), (M.3').

For a regular compact set K in R? and h > 0 we write EM»(K) for the
Banach space consisting of all ¢ € C°°(K) such that

(@) (g
(7.1) ll¢llkxpn = sup sup [ ()]

RV < o0
aENdJUEKh M|a\

The space D?{/[” M consists of all @ € C*®(R?) with support in K that satisfy
(7.1). Let Q C R? be open. We define

M(Q) = lim lim eMM(K),  EPMHQ) = lim lim EMM(K),
KeQ h—0t KeQ h—oo

and

D(Mp)(Q) = hﬂ lgl D%p:h’ D{Mp}(Q) _ hg llﬂ D%p’h_
KeQ2h—0t KeQ h—oo

Elements of EM»)(Q) and £IMr}(Q) are called ultradifferentiable functions
of class (M,) of Beurling type on 2 and ultradifferentiable functions of class
{M,} of Roumieu type on €, respectively. These spaces are complete Mon-
tel locally convex algebras (under pointwise multiplication) [15, Th. 2.6,
Th. 5.12, Th. 2.8]. Elements of the dual spaces D'™»)(Q) and D'{Mr}(Q)
are called ultradistributions of class (M,) of Beurling type on  and ultra-
distributions of class {M,} of Roumieu type on S, respectively. We en-
dow these spaces with the strong topology. D'M»)(Q) and D'{Mr}(Q) are
complete Montel locally convex spaces [15, Th. 2.6] and ' — D'Mp)(Q)),
Q' — D'Mp}(Q) are locally convex sheaves on Q [15, Th. 5.6].

We write R for the family of positive real sequences (1) en (With ro = 1)
which increase to infinity. This set is partially ordered and directed by the
relation r; =< sj, which means that there is a jo € N such that r; < s; for
all j > jo. By [17, Prop. 3.5] a function ¢ € C*®(Q) belongs to E{Mr}(Q) if
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and only if

(o)
”(PHK,T]‘ ‘= sup sup |90 (fL‘)|

Tl < 00,
aeNd ek Mo [[;20 75

for all K € €2 and r; € R. Moreover, the topology of E{MP}(Q) is generated
by the system of seminorms {|| ||, : K € Q,7; € R}.

In the sequel we shall write * instead of (M),) or {M),} if we want to treat
both cases simultaneously. In addition, we shall often first state assertions
for the Beurling case followed in parenthesis by the corresponding statements
for the Roumieu case.

7.2. Nonlinear extensions of spaces of ultradistributions. We ap-
ply the general theory developed in Section 3 and Section 5 to construct
algebras containing spaces of ultradistributions which are invariant under
real-analytic diffeomorphisms. Let us remark that this construction is a
novelty, as the previous construction in [6] was given in the context of spe-
cial Colombeau algebras and therefore cannot be diffeomorphism invariant.

In order to not having to develop the theory of ultradistributions on
manifolds here, we restrict the considerations to the local case, i.e., to open
subsets of R?, where diffeomorphism invariance can be stated easily.

By the remarks in Section 7.1 and the existence of partitions of unity of
ultradifferentiable functions of class * [15, Prop. 5.2] it is clear that the pair
(D'*,£*) is a test pair of sheaves on RY, giving rise to the corresponding
presheaf &, of basic spaces (Definition 5.11).

We now choose appropriate asymptotic scales. Given r; € R we write
M, for the associated function of the weight sequence M, H?:o Tj.

Definition 7.1. We define
AMp) = MO ) > 0}, ITWMp) = {e=MOVE) .\ > 0},
AtMp} — {eM“”j(l/e) : rj € R}, T{Mp} . {efM’“j(l/E) : rj € R}

Condition (M.2) ensures that sc* :== (A*, Z*) are admissible pair of scales.®
For 2 C R¢ open we set

TOL(Q) = TOo(Q, D*, £, 5¢*), TOY*(Q) := TOY (2, D™*, £, s¢*).

loc loc

Remark 7.2. By [6, Prop. 4.4] an element (®.). € £L(D{Mr}(Q), EIMp} ()]
satisfies (TO;) and (TO3) (with respect to the scale sctM#}) if and only if
(i) Yu € D'MH(Q)VK € QYA > 03h > 0:
1@c(u) ]|k = O(MA),
(ii) Yo € EMHQ)VK € Q3N > 03h > 0:
12 () — llx,n = O(e™ M),

1We do not use the notation S* for the pair of scales (A*,Z*) since this is the standard
notation for Gelfand—Shilov type spaces.
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In order to be able to apply the results from Section 5 we must show that
TO;,.() is nonempty for every open set Q C RY. For this we shall need the
following lemma.

Lemma 7.3. Let M, and N, be two weight sequences satisfying (M.1) such
that N, < M,, and let M and N be the associated functions of M, and N,
respectively. Then, there is an increasing net (re)e of positive reals with

lim+ re = 0 such that for every A > 0 there is eg > 0 such that for all e < gg
e—0

it holds that
M(t) < N(rgt) + M(N\/e), t>0.

Proof. By [15, Lemma 3.10] there is a continuous function p: (0,00) —
(0, 00) which is increasing and such that

t
lim & =0
t—oo
and M (t) = N(p(t)) for all ¢ > 0. One can readily verify that
t
Te == sup p(t)
>1/y5 1
satisfies all requirements. O

By [15, Lemma 4.3] there is a weight sequence N,, satisfying (M.1) and
(M.3') such that N, < M,. Pick ¢ € DM)(R?) even with 0 < ¢ <
1, suppyy C B(0,2), and ¢» = 1 on B(0,1), and x € DW»)(R?) even
with suppx C B(0,2) and x = 1 on B(0,1). Choose (7). according to
Lemma 7.3. We define

() = L F W) afex(afr), @R

where we fix the constants in the Fourier transform as follows
Fe)©) = 216) = [ ela)e ™ da,

Next, let (Kp)neny be an exhaustion by compacts of  and choose k, €
D(MP)(Q) such that k, =1 on K,,. For ¢ € I we set k. = K, if n < 7! <
n + 1. Finally, we define

D (u) = (keu) * 0 = (u(z), ke(2)0:-(- — 7)), u € D*(Q).

Lemma 7.4. (®.). € TO;, ().

The proof of Lemma 7.4 is based on the following growth estimates of the
Fourier transforms of the 6..
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Lemma 7.5.

(i) For all € € I it holds that

. 1
9 < —— % ,
;@h@ﬂ_@@ﬂwa)

(ii) for all h, A > 0 there is g > 0 such that

sup sup |§a(§)’€M(£/h)fM(>\/s)<oo'
€<€o [§|>4/e

(iii) for all X > 0 there is g > 0 such that

sup sup |1 — 6.(¢)]eMMe) < 0.
£<o [¢]<2/e

Proof. Property (i) is clear. We now show (ii). Let € € I be arbitrary. We
have that

rz
9= = Zrya

| wtensire(e —n)an

IS

r

< Gougi ], e = wan

1
= —— x(t)|dt.
57 o O

By [15, Lemma 3.3] there is C' > 0 such that

Furthermore, notice that for &,t € R? it holds that

Sg%mz%m.
5 2

€

!ﬂijdk—:

Hence we obtain that
~ B 4
fue)] < eV, g L

where

C' = (1246);/ e N/ qt < 0.
™ R4
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The result now follows from Lemma 7.3. Finally, we show (iii). Let e € I
be arbitrary. We have that

d
Te

(27[-)d /I‘W ¢(577)>?(7“e(5 - 77))(17]‘

1=l - |

1—
d

(2m)d /Rd(l — ¥(en))X(re(§ — n))dn‘

By [15, Lemma 3.3] there is C' > 0 such that
IX(t)| < CefN(QHQ/\t) < A0672N(2HAt)7 t € RY.
Furthermore, notice that for &,t € R? it holds that

1 ¢
Iﬂéwdk—
2e T

£

1 Te
> - =t > —.
€ 2¢e

Hence we obtain that
—~ B 1
|1 - 9€(£)| S Cle N(HATE/E)v |€| S 278’

where

O = (1246);/ e NCHM) gt « 0.
i R4

By Lemma 7.3 there is £g > 0 such that
M(t) < N(ret) + M(Ne), t>0,
for all € < g9. By setting t = H\/e we obtain that
N(HMre/e) > M(HMN/e) — M(Ne) > M(A\/e) —log A,
for all € < g9 and the result follows. O

Proof of Lemma 7.4. For ¢ € I fixed we have that ®. € L(D"™*(Q),£*(Q))
by [15, Prop. 6.10]. The fact that (®.). is localizing follows easily from
lim r. = 0. We now show that (®.). satisfies (TO;)-(TO3). In the

e—0t
Roumieu case we use Remark 7.2.

(TO1): We need to show that
vu € D'M)(Q)VK € QYR > 03X > 0 : ||®.(u)||g.n = O(eM9),
(Vu € DM Q)VK € QYA > 03h > 0 : || @, (u)|| . = O(M V).
There is N € N such that
suppb.(x — ) C Ky, x €K,
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for € small enough. Hence
D, (u)(z) = (ku*0:)(z), z€K,

where k = Ky, for € small enough. By [15, Lemma 3.3] it suffices to show
that for all A > 0 there is A > 0 (for all A > 0 there is h > 0) such that

|Ru(€)]]0-(6)|eME/Mdg = O(eMNV)),
Rd

There are p > 0 and C > 0 (for every pu > 0 there is C' > 0) such that
Fu(€)] < ceMwd) e R

Lemma 7.5(ii) implies that for all A,A > 0 (both in the Beurling and
Roumieu case)

[, F@I @M emag = o0
le[>2
On the other hand, by Lemma 7.5(i), we have that

/ RE)16-(6) M EM e
lgl<4

ACXIl 1 ey
- (2
S CleM()\o/E)

/ MR+ M(HE /W)= M(E/h) g ¢
lel<2

where \g = 4H max(u, H/h) and

AC|IXN L1 (ray
r_ —M(£/R)
C' = (2 /Rde d¢ < oc.

The Beurling case follows at once while the Roumieu case follows by noticing
that A\g can be made as small as desired by choosing p small enough and h
big enough.

(TO2): By [6, Prop. 4.2] it suffices to show that

Y € EM(Q)VEK € QYA > 0: sup |B(p)(2) — p(a)| = O(e M),
zeEK

(Vo € EMHOQ)VE € Q3N > 0 sup [ () (z) — p(x)] = O(e”MWVe)Y),
zeK

There is N € N such that
suppb.(z —-) C Ky, z€K,
for € small enough. Hence

Do (p)(x) — p(x) = (ke x0)(x) — w(z)p(x), €K,
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where kK = Ky, and, thus,

igfg@s(w)(w)— ()| —Sup!( px0:)(x) — K(z)p(2)]

a7 L, ROl - (e ae

for € small enough. Therefore it suffices to show that for all A > 0 (for some
A > 0) it holds that

[ @) - 8@l = ofe 109

R4

For every p > 0 there is C' > 0 (there are p, C' > 0) such that
FP(E)] < Ce MU < ACe™2MIO ¢ e RY.

Lemma 7.5(iii) implies that for all A > 0 (both in the Beurling and Roumieu
case)

/§|<1 FRE)I1 = 0=(&)]dg = O(e M),

On the other hand, by Lemma 7.5(i), we have that
/ RB(E)|]1 — 0(€)|de < e M/ (22))
€1> 2

where

o <1+ Xl L1 ma )AC M) ge < oo,
(2m)d Rd

(TO3): Since the space D*(Q) is Montel it suffices to show that for all
u € D™*(Q) it holds that

lim O (u)(z)p(x)dr = (u, ¢), p € D*(Q).

e—0T Rd
There is N € N such that
supp Ha(x - ) C Ky, T € supp ¢,

for & small enough. Hence, for kK = Kk, we have that

/ B (u) (@) p(x)da = / (u(y), ()b (z — 9))p(z)dz
R

Rd
— (u(y), 5(y) / 6. (x — y)p(z)dz)
Rd
= (u(y), k(y) P () (y))

for & small enough. The result now follows from (TO3) and the continuity
of u. O
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As in Section 6 we now obtain a fine sheaf G of algebras such that
o: & — Gp  is a sheaf homomorphism of algebras and ¢: DY — Gr. is a
sheaf homomorphism of vector spaces.

The partial derivative 9; (for i = 1,...,d) satisfies the assumptions of
Lemma 3.5, so it defines a mapping

0% Gioo(©) = Gioe()

which commutes with ¢.

Moreover, as seen in [16, p. 626] real analytic coordinate transformations
induce continuous mappings on the spaces D* and £*, so by Lemma 4.8 we
obtain corresponding actions on the quotient spaces Gy .

Theorem 7.6. For each open set Q@ C R? there is an associative com-
mutative algebra with unit G () containing D (Q) injectively as a linear
subspace and £¥(2) as a subalgebra. Gy () is a differential algebra, where

the partial derivatives 9;, 1 = 1,...,d, extend the usual partial derivatives
from D¥(Q) to G (), and G is a fine sheaf of algebras over Q2. More-
over, the construction is invariant under real-analytic coordinate changes,
ie., if w: Q' — Q is a real-analytic diffeomorphism then there is a map
e G () = G (Q) compatible with the canonical embeddings v and o.
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