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Homological properties of quantum
permutation algebras

Julien Bichon, Uwe Franz and Malte Gerhold

ABSTRACT. We show that As(n), the coordinate algebra of Wang’s
quantum permutation group, is Calabi—Yau of dimension 3 when n > 4,
and compute its Hochschild cohomology with trivial coefficients. We also
show that, for a larger class of quantum permutation algebras, includ-
ing those representing quantum symmetry groups of finite graphs, the
second Hochschild cohomology group with trivial coefficients vanishes,
and hence these algebras have the AC property considered in quantum
probability: all cocycles can be completed to a Schiirmann triple.
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1. Introduction

Let n > 1, and let As(n) be the universal quantum permutation al-
gebra: this means that As(n) is the algebra presented by generators w;j,
1 <i,j < n, subject to the relations of permutation matrices

n n
Wiglie = Ojktlij,  Ujithh = Ojetigi, D uij = 1= ;.
=1 =1

It has a natural Hopf algebra structure given by
n
A(UU) = Zulk (024 Uk, 8(’11,1']') = (5@', S(’U,Zj) = Ujj-
k=1

The Hopf algebra As(n) arose in Wang’s work on quantum group actions on
finite-dimensional algebras [40], and represents the quantum permutation
group S;7, the largest compact quantum group acting on a set consisting
of n points [40]. More generally, the Hopf algebra Ag(n) is the universal
cosemisimple Hopf algebra coacting on the algebra C™ [9].

The algebra As(n) is infinite-dimensional if n > 4 [40], so that the quan-
tum permutation group S;' is infinite in that case, although it acts faithfully
on a classical finite set. This intriguing property has brought a lot of at-
tention on Ag(n) among researchers in quantum group theory in the last
twenty years, and a number of important contributions elucidate its struc-
ture: representation theory [2], operator-theoretic approximation properties
[13], operator K-theory [38]. On the homological algebra side, the coho-
mological dimension of As(n) has been computed recently in [11]. In this
paper we go deeper in the homological study, proving the following result
(the cohomology in the statement being Hochschild cohomology with trivial
coefficients).

Theorem 1.1. Assume that n > 4. The algebra Ags(n) is Calabi-Yau of
dimension 3, and we have

HP(Ay(n),C) ~ {C ifp=0,3

0 otherwise.

The Calabi—Yau property, which has been the subject of numerous investi-
gations in recent years, was named in [23], and is the algebraic generalization
of the notion of orientable Poincaré duality group ([12], see [14, VIII.10]).
One of its interests is that it provides a duality between Hochschild homology
and cohomology [37], similar to Poincaré duality in algebraic topology.

In fact we will prove (Theorem 4.4) that the quantum symmetry algebra of
a finite-dimensional semisimple normalizable measured algebra of dimension
> 4 is always twisted Calabi—Yau of dimension 3, see Section 4 for details. To
prove this result, our main tools will be a new result that gives a condition
that ensures that a Hopf subalgebra of a twisted Calabi-Yau algebra of
dimension d still is a twisted Calabi—Yau of dimension d (see Theorem 3.1
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in Section 3), techniques from recent papers of the first author [10, 11], and
crucial results of Mrozinski [29] and of Wang—Yu-Zhang [41].

Notice that Theorem 1.1 states in particular that the second cohomology
group H?(As(n),C) vanishes, and hence in particular Ag(n) has the prop-
erty called AC in [20]. The AC property is of particular interest in quantum
probability and the study of Lévy processes on quantum groups: it means
that all cocycles can be completed to a Schiirmann triple. See [20] for de-
tails, and the recent survey [21] on these questions, where the AC property
was shown for Ag(n). In fact we will show that the vanishing result for the
second cohomology (and hence the AC property) holds for a large class of
quantum permutation algebras (quotients of A4(n)), including those repre-
senting quantum symmetry groups of finite graphs, in the sense of [4]: see
Theorem 5.2.

The paper is organized as follows. Section 2 consists of preliminaries.
In Section 3 we discuss Hopf subalgebras of Hopf algebras that are twisted
Calabi—Yau. In Section 4 we prove our results regarding the Calabi—Yau
property for quantum symmetry algebras and Theorem 1.1. The final Sec-
tion 5 is devoted to prove the vanishing of the second cohomology (with
trivial coefficients) of a large class of quantum permutation algebras.

2. Preliminaries

2.1. Notations and conventions. We work over C (or over any alge-
braically closed field of characteristic zero). We assume that the reader is
familiar with the theory of Hopf algebras and their tensor categories of co-
modules, as, e.g., in [25, 26, 28]. If A is a Hopf algebra, as usual, A, ¢
and S stand respectively for the comultiplication, counit and antipode of A.
As usual, the augmentation ideal Ker(e) is denoted AT. We use Sweedler
notation in the standard way.

The category of right A-comodules is denoted M#, the category of right
A-modules is denoted My, etc... The trivial right A-module is denoted
C., the trivial left A-module is denoted (C, and the trivial A-bimodule (C,
is simply denoted C. The set of A-module morphisms (resp. A-comodule
morphisms) between two A-modules (resp. two A-comodules) V' and W is
denoted Hom 4 (V, W) (resp. Hom?(V,W)). We will mostly consider right
A-modules, and the corresponding Ext-spaces, denoted Ext’(—,—), will
always be considered in the category of right A-modules

We also assume some familiarity with homological algebra [42], but for the
reader’s convenience, we recall the definition of Hochschild (co)homology: if
A is an algebra and M is an A-bimodule, the Hochschild cohomology spaces
H*(A, M) are the cohomology spaces of the complex

0 —Hom(C, M) - Hom(A, M) -2 - .

LN Hom(A®", M) N Hom(A®" L M) IO
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where the differential 6: Hom (A%, M) — Hom(A®"*1 M) is given by
(a1 @ ®ang1) =a1- f(a2® - @ any1)

n
+ Z(_l)if(al KR4+ Q- Q an+1)
i=1

+(=1)""fla1 @ @ an) - any1.

The Hochschild cohomological dimension of A, which serves as a noncom-
mutative analogue of the dimension of an algebraic variety, is defined by

cd(A) =sup{n: H"(A, M) # 0 for some A-bimodule M} € NU {co}
=min{n: H""(A, M) = 0 for any A-bimodule M}
=pd,m, (A)

where pd, \(,(A) is the projective dimension of A in the category of A-
bimodules.

The Hochschild homology spaces H,.(A, M) are the homology spaces of
the complex

s MR AP S Mot e A s — 0
where the differential b: M @ A®" — M ® A®"~1 is given by
br®a1®@ - ®ap) =01 @ - D ay

n—1

) (e ®- - ® e @ @ ap
=1

+(-D)"ap r®a1 @ ® ap_1.

As said in the introduction, the Calabi—Yau property is a condition that
ensures a Poincaré type duality between Hochschild cohomology and homol-
ogy. We will not give the definition here, since we will consider this property
for Hopf algebras only, and that in this framework there is a simpler and
more useful one (at least to us), to be given in the next subsection.

2.2. Hochschild cohomology, Hopf algebras, and the Calabi—Yau
property. Let us first recall the well-known fact that for a Hopf algebra,
the previous Hochschild (co)homology spaces can described by using suitable
Ext and Tor on the category of left or right modules. Indeed, let A be Hopf
algebra and let M be an A-bimodule. We then have

H.(A, M) ~ Tor(C., M"), H*(A, M)~ Ext%(C., M")

where M’ and M" are M having the respective left A-module and right
A-module structures defined by

a—x=ap - v-S(aq)), =+ a=S(aq)) - ay).

See for example [10, 15], and the references therein.
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Definition 2.1. A Hopf algebra A is said to be twisted Calabi—Yau of
dimension d > 0 if it satisfies the following conditions.

(1) A is homologically smooth, i.e., the trivial A-module C, admits a
finite resolution by finitely generated projective A-modules.

(2) Exty(C., Ag) =0 if i # d, and Ext%(C., A4) is one-dimensional, so
that there exists an algebra map o : A — C such that, as left A-
module, Extff‘((cg, Ay) ~ JC. The algebra is said to be Calabi—Yau
if a =e.

The equivalence of this definition with the usual one for twisted Calabi—
Yau algebras has been discussed in several papers, we refer the reader to
[41]. Notice that if A is twisted Calabi—Yau of dimension d, then d = cd(A).

The induced homological duality is as follows, see, e.g., [15]. For a such
that Ext%(C, A) ~ ,C, consider the algebra anti-morphism 6: A — A de-
fined by 6(a) = S(a(;))a(a)). We then have, for any right A-module M,

Exti‘ (Ce, M) ~ Tor:?fi((ce, oM)

where gM is M having the left A-module structure given by a -z = x - 6(a).
At the level of Hochschild cohomology, letting 0 = S0, we have, for any
A-bimodule M,
H'(A,M) ~ Hy_i(A, ,M)
where ;M has the A-bimodule structure given by a -z -b=o(a) -z - b.
The following easy lemma will be used in Section 4.

Lemma 2.2. Let A be Hopf algebra, and assume that A is twisted Calabi—
Yau of dimension d. If Ext4(C.,C.) # (0), then A is Calabi-Yau.

Proof. Let a: A — C be the algebra map such that Ext%(C., A4) ~ ,C.
By the previous homological duality, we have

0 ifa#e

Ext4 (C., C.) ~ Tor{}(C., ,C) ~ .
C ifa=ec.

Hence the assumption ensures that a = ¢, and A is Calabi-Yau, as claimed.
O

As examples of Hopf algebras that are twisted Calabi—Yau, let us men-
tion, for example, the group algebras of Poincaré duality groups [14], the
coordinate algebras of the ¢g-deformed quantum groups [15], the coordinate
algebras of the free orthogonal quantum groups [17], and more generally the
coordinate algebras of quantum symmetry groups of nondegenerate bilinear
forms [10, 39, 43].

2.3. Exact sequences of Hopf algebras. A sequence of Hopf algebra
maps

C—»BSALL-=C
is said to be exact [1] if the following conditions hold:
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(1) i is injective and p is surjective.
(2) Ker(p) = Ai(B)T =i(B)* A, where i(B)T = i(B) N Ker(e).
(3)

i(B)=Al ={ac A: (idop)Ala) =a®1}
=“lA={acA: (pRid)A(d) =1®a}.

Note that condition (2) implies pi = €1. We do not lose generality in as-
suming that B C A is a Hopf subalgebra and that 4 is the inclusion map.

An exact sequence as above and such that A is faithfully flat as a right
B-module is called strict [34]. If L is cosemisimple, then an exact sequence
is automatically strict, by [35, Theorem 2], since p: A — L is then faithfully
coflat.

The example we are interested in is the following one. Let O(SL4(2))
be the coordinate algebra on quantum SL(2), with its standard generators
a,b,c,d. Let O(PSL4(2)) be the subalgebra generated by the elements zy,
z,y € {a,b,c,d}, and let p: O(SLy(2)) — CZy be the Hopf algebra map
defined by 7(a) = 7(d) = g and w(b) = 7(c) = 0, where g is the generator
of the the cyclic group Zsy. Then it is a direct verification that the sequence

C — O(PSLy(2)) — O(SL,(2)) % CZy — C

is exact. This exact sequence is strict since CZsy is cosemisimple.

3. Hopf subalgebras and the Calabi—Yau property

Let B C A be a Hopf subalgebra. The aim of this section is to provide a
condition that ensures that if A is twisted Calabi—Yau of dimension d, then
so is B. Our result is the following one.

Theorem 3.1. LetC —- B — A — L — C be a strict exact sequence of Hopf
algebras with bijective antipodes, with L finite-dimensional. The following
assertions are equivalent.

(1) A is a twisted Calabi-Yau algebra of dimension d.
(2) cd(A) is finite and B is a twisted Calabi-Yau algebra of dimension
d.

The proof will be given at the end of the section. The proof of (1) = (2)
will be a consequence of two results of independent interest (Propositions 3.5
and 3.6), while the proof of (2) = (1) will follow from Proposition 3.6 to-
gether with some considerations on resolutions by finitely generated projec-
tive modules from [14, Chapter VIII].

3.1. Relative integrals. We will use the following notion.

Definition 3.2. Let B C A be a Hopf subalgebra. A right A/B-integral
is an element ¢ € A such that for any a € A, we have ta —e(a)t € BTA. A
right A/B-integral t is said to be nontrivial if ¢t ¢ BT A.
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Examples 3.3.

(1) Let A be a Hopf algebra. A right A/C-integral is a right integral in
A, in the usual sense [28, 31].

(2) Let B C A be a Hopf subalgebra such that Bt A = AB™, so that
L = A/B* A is a quotient Hopf algebra. If 7 € L is a right integral,
an element ¢ € A such that p(t) = 7 (where p: A — L is the canonical
surjection) is a right A/B-integral.

(3) Let G be a discrete group, let H C G be a subgroup of finite index
and g1, ..., gn € G be such that G = U} ; Hg; (disjoint union). Then
t=>"",9 is aright CG/CH-integral.

We will discuss, at the end of the section, an existence result for an A/B-
integral, beyond the basic examples above.
We begin with a lemma, which illustrates the role of such an A/B-integral.

Lemma 3.4. Let B C A be a Hopf subalgebra, and let t € A be a right
A/B-integral. Let M, N be right A-modules, and let f: M — N be a right
B-linear map.

(1) The map f: M — N, defined by f(z) = f(z-S(tay))t(), is A-linear.

(2) If there exists an A-linear map i: N — M such that fi =idn, then

fi = 6(t)idN.
Proof. If M is an A-module, we denote, as usual, by M4 the space of
A-invariants:
MA={zxe M|z a=e(a)z, Yac A}.

It is easy to check that MP -t C M# (this is an equality if £(t) # 0).

Now if M and N are (right) A-modules, recall that Hom(M, N) admits a
right A-module structure defined by

fa(@) = f(z-S(aq)) - a)

and that Hom4 (M, N) = Hom(M, ]\Z)A. Starting with f € Homp(M, N),
the previous remark that shows that f = f-¢t € Homy4 (M, N), as announced.
The last statement is a direct verification. ([

We now will need a certain category of relative Hopf modules, considered
in [35], see [32] as well. Let B C A be a Hopf subalgebra. Then BT A is
co-ideal in A, so that A/B* A is coalgebra and the quotient map

p: A— A/BTA

is a coalgebra map, and a right A-module map. We denote by Mg the cate-
gory whose objects are right C-comodules and right A-modules V satisfying
the following compatibility condition

(1) : a)(o) & (U : a)(l) = V(0) * A(1) ® V1)t a), VE V, a € A.



1678 JULIEN BICHON, UWE FRANZ AND MALTE GERHOLD

The morphisms are the C-colinear and A-linear maps. As examples, A and
C, endowed with the obvious structures, are objects of ./\/lg. Notice that if
V is an object of Mg, then

VCOC = {U eV | V(0) & V1) =0 ®p(1)}
is a sub-B-module of V, since for b € B, we have p(b) = ¢(b)p(1).
Proposition 3.5. Let B C A be a Hopf subalgebra. Assume that A has

bijective antipode, that A is faithfully flat as a left or right B-module, and
that there exists a nontrivial right A/B-integral t € A.

(1) The coalgebra C = A/B*A is finite dimensional and A is finitely
generated and projective as a right and left B-module.

(2) If A is homologically smooth, then so is B, with cd(B) < cd(A).

(3) If moreover £(t) # 0, then cd(A) = cd(B).

Proof. First notice that by [33, Corollary 1.8], A is indeed projective as a
left and right B-module. Let t € A be a nontrivial A/B-integral, and let V'
be the right subcomodule of C' generated by p(t):

V' = Span{p(t(1))¥p(t(2), ¥ € C}.

For a € A, we have

p(ta) = e(a)p(t) = p(ta())
= p(tmyan)) @ plte)a )) ® az) = p(ta)) @p(te) ®@a
= p(tmaw) @p(t)awe) - Slas)) =p(ta) @p(te) - Sa)
= p(tya) @ p(te)) = pto) )®P(t(2) -S(a)).
Hence for ¢ € C*, we have
Yp(t2)p(t) - a = ¥Yp(te)p(twya) = ¥vpte) - S(a)p(t))
and this shows that V is a sub-A-module of C. Hence V is an object of

MG, and by [33, Lemma 1.3], we can use Theorem 3.7 and its proof in [32]
to claim that the natural map

X a(g (t) K a

Vel 9 AV, v@parv-a

is an isomorphism (we could also deduce this from left-right variations on
[35, Theorem 1, Theorem 2]). Since C°°C is one dimensional, generated by
p(1), we thus see that V°°C contains p(1) (since V is nonzero), and hence
V = C. Since V is finite-dimensional, we conclude that C' is.

So let a1, ...,a, € A be elements in A such that p(a1),...,p(ay) linearly
generate C, let W be the (finite-dimensional) right A-subcomodule of A
generated by ai,...,an, and let BW be the left B-submodule generated
by W. It is clear that BW is still a subcomodule, so is an object in the
category of Hopf modules pM“. By [35, Theorem 1] and [30, Remark 1.3],
the functor

pMA — MC M — M/B*M
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is a category equivalence. Since BW and A have the same image by this
functor (the object C), and BW C A, we have BW = A and A is finitely
generated as a left B-module, as well as a right B-module, by bijectivity
of the antipode. This concludes the proof of (1), and (2) follows, since the
restriction of a finitely generated projective A-module to a B-module is still
finitely generated and projective, and then cd(B) < cd(A).

To prove the converse inequality under the assumption that e(t) # 0, we
can assume that m = cd(B) is finite. Consider a resolution of the trivial
(right) A-module

o> P> P~ > P> P —C;
by projective A-modules. These are in particular projective as B-modules

by (1), so since m = cd(A), a standard argument yields an exact sequence
of A-modules

0—>Ki}>Pm—>Pm,1—>-~-—>P1—>P0—>(C€

together with r: P,, — K, a B-linear map such that ri = idg. Lem-
ma 3.4 yields an A-linear map 7: P, — K such that 7 = e(t)idx. We
thus obtain, since a direct summand of a projective is projective, a length m
resolution of C. by projective A-modules, and we conclude that cd(A4) < m,
as required. O

Proposition 3.6. Let B C A be a Hopf subalgebra. Assume that the an-

tipode of A is bijective, that A is faithfully flat as a left or right B-module,

that BYA = AB™ (so that L = A/B™ A is a quotient Hopf algebra), and that

L is finite-dimensional. Then we have, for any M € My and any N € MK,
Exty (M, N) ~ Extj(Mg, N").

Proof. Since L is a finite-dimensional Hopf algebra, there exists a right
integral 7 € L and a left integral h: L — C on L, such that h(7) = 1 and
hS(T) # 0 (see, e.g., [31, Theorem 10.2.2]).

If f e HomB(M|B,NC°L), we can view f as a B-linear map M — N, so
using an element ¢ € A such that p(t) = 7, Lemma 3.4 gives a linear map

¥: Homp (M, N°") — Homa (M, N)
fr—=Ff, fl@) = fz-Sta))  te).
To construct the inverse, notice that we have a map
Ey: N — N©L

T — h(x(l)):n(o)

which is B-linear since h is. We therefore have a linear map
®: Homy(M,N) — HomB(M|B,NC°L)
g +— Eng.
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For f € HomB(M|B,NC°L) and z € M, we have

Enf(z) = En(f(z- S(t 1)) - te))
=h((flz-S(t)) te)w) (@ Stw))  te)o
=h(f(z- St te) f@-Stay)o te
= h(p(1) - tz) f(z - S(ta))) - tz) (since f(M) C N
= f(z-S(t ))) tyhp(ts))-

The last term on the right belongs to A°F = B ([33, Lemma 1.3], or [35,
Theorem 1]), so the B-linearity of f gives

Enf(z) = f(z-S(tn)) - te)hp(ts)
= f(@)h(p(t)) = f(z)h(T) = f(2).

Hence Exf = f, and ¥ = id. Now let g € Hom (M, N) and x € M. We
have

Eng(z) = Eng(z - S(tm)) - te) = En(g(x) - S(ta))) e
= h(g(z)qy - S(tay))g(®) ) - S(te))t@) = hlg(@)qy - S(t)g(x))-
For a € A, we have p(ta) = e(a)p(t), so

p(a) - S(t) = p(aS(t)) = pS(tS~"(a)) = e(a)pS(t) = e(a)Sp(t).
Hence we have
Eng(z) = hSp(t)g(z) and U® = hSp(t)id

Combined with the already established identity ®¥ = id, this shows that ®
and V¥ are inverse isomorphisms.

The isomorphism W: Homp(M|g, Ne°l) — Hom (M, N) is easily seen to
be functorial in M, so we can finish the proof by using standard arguments.
Let P — M be a projective resolution by A-modules. Since A is projective
as a B-module (by the previous proposition), the resolution Pz — Mg is
by projective B-modules, and the isomorphism ¥ induces isomorphisms of
complexes

H*(Homp(P)p, N°!)) ~ H*(Homu (P, N))

with the term on the left isomorphic to Exty (M5, N°F), and the one on
the right isomorphic to Ext* (M, N). This concludes the proof. O

3.2. Finiteness conditions for projective resolutions. We now discuss
a convenient reformulation of homological smoothness. This is probably
well-known, and is an adaptation of the case of groups [14], but in lack of
suitable reference, we provide some details. The following definition is from
[14, Chapter VIII].

Definition 3.7. Let A be an algebra and let M be an A-module.
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(1) The A-module M is said to be of type F'P,, for n > 0, if there exists
a partial projective resolution

P,b—-P1—--—>P—>F—->M=0

with each P; finitely generated as an A-module.
(2) The A-module M is said to be of type F Py, if it is of type F P,, for
any n > 0.

If A is a Hopf algebra, then A is said to be of type F'P,, for n € NU {oo},
if the trivial A-module C, is of type F'P,.

We have the following useful characterizations for types F'P, and F' Ps.

Proposition 3.8. Let A be an algebra and let M be an A-module.

(1) For n > 0, the A-module M s of type FP, if and only if M is
finitely generated and for every partial projective resolution

Ph—-P,1—- >P P —->M-—=0

with k < n and each P; finitely generated, it holds that the A-module
Ker(Py, — Py_1) 1is finitely generated.

(2) The A-module M is of type F Py, if and only if there exists a projec-
tive resolution

o= Py —>P,—-P1 =P —>Fh—>M-—=0
with each P; finitely generated.

Proof. The first assertion is [14, Proposition 4.3], and the second one is [14,
Proposition 4.5]. O

We arrive at the announced characterization of homological smoothness
for Hopf algebras.

Proposition 3.9. Let A be a Hopf algebra. Then A is homologically smooth
if and only if cd(A) < co and A is of type F Py,.

Proof. The direct implication is obvious, while the proof of the converse
assertion is the same as the one of [14, Proposition 6.1]. Assume that
cd(A) = n < oo and that A is of type F P, consider a projective reso-
lution of C, as in (2) of Proposition 3.8

o= Py —>P—-P1 = =P —>FP—>M=0
and use (1) of Proposition 3.8 to get a resolution
0P —-P,1—-—P—-P—-C.—0

where each term is finitely generated. Since n = cd(A), the module P} is
projective as well, and A is indeed homologically smooth. (]

We conclude the subsection with a last ingredient for the proof of Theo-
rem 3.1.
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Proposition 3.10. Let B C A be a Hopf subalgebra with A projective and
finitely generated as a right B-module. Then A is of type F P, if and only
if B is, for any n € NU {co}.

Proof. The restriction of a finitely generated and projective A-module to
B is again finitely generated and projective, so it is clear that if A is of
type F'P,, so is B. The proof of the converse assertion is the same as the
one in [14, Proposition 5.1]. Assume that B is of type F'P,, and consider a
projective A-module partial resolution

Po—-P,q1—- =P =P —-C.—=0

with & < n and each P; finitely generated as an A-module. Then each P; is
finitely generated and projective as a B-module, and Proposition 3.8 ensures
that Ker(P, — P;_1) is finitely generated as a B-module, and hence as an
A-module. Proposition 3.8 thus ensures that A is of type FP,. (I

3.3. Proof of Theorem 3.1. We have now all the ingredients to prove
Theorem 3.1:

Let C = B - A — L — C be a strict exact sequence of Hopf algebras
with bijective antipodes, with L finite-dimensional. Then, by Example 3.3
and Proposition 3.5, A is projective and finitely generated as a left and right
B-module.

Assume that A is twisted Calabi-Yau of dimension d. Then cd(A) = d is
finite, and B is homologically smooth by Proposition 3.5, with

cd(B) < cd(4) =d.
Moreover, Proposition 3.6, applied to M = C. and N = A, yields
Ext%(C., Ay) ~ Ext’(C,, A°F) = Ext}(C., Bp)

so we see simultaneously that cd(B) = d and that B is twisted Calabi—Yau
of dimension d.

Assume now that cd(A) is finite and that B is twisted Calabi-Yau of
dimension d. Then B is of type F Py, and by Proposition 3.10, so is A, and
A is homologically smooth by Proposition 3.9. Then, similarly as above, we
conclude from Proposition 3.6 that A is twisted Calabi—Yau of dimension
d. O

Theorem 3.1, together with the known fact that O(SL4(2)) is twisted
Calabi—Yau of dimension 3 (see [15]) and the discussion at the end of the
previous section, yield the following result.

Corollary 3.11. The algebra O(PSLy(2)) is twisted Calabi-Yau of dimen-
sion 3.
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3.4. On the existence of relative integrals. We finish the section with
a discussion on the existence of an A/B-integral (these results will not be
used in the latter sections). Let B C A be a Hopf subalgebra. We have
seen in Proposition 3.5 that, under some mild conditions, the existence of
a nontrivial right A/B-integral implies that A is finitely generated as a B-
module. The converse is not true, as shown by the following example.

Example 3.12. Let
A=Clz,g,97" g9 ' =1=g'g, 2° =0, zg = —ga)
with the Hopf algebra structure defined by
Alg)=g®g, Alz) =1@z+z0yg, £(9) =1, e(z) =0,
S(9)=g7", S(x) = —xg™"
and let B = C[g,g~ '] ~ CZ. Then A is finitely generated as a B-module,
the vector space A/B™ A has dimension 2 (with {p(1),p(z)} as a linear basis,
where p : A — A/BTA is, as before, the canonical surjection), but there
does not exist a nontrivial right A/B-integral.

Proof. Let t € A be a right A/B-integral, with
t= Z gt + Z,ujgja:.
=/ JEZ

Since p(g') = p(1) and p(g’z) = p(z), for any i, j, we have
p(t) = Ai |p(1) + 115 |p(z).
(ot ()

Since t is a right A/B-integral, we have tg —t € BT A and tx € BT A, hence
p(tg) = p(t) and p(tx) = 0. We then have

p(tz) = p(zi: )\Z-gix> = <Z Ai) p(x), hence Z i =0,
and

pltg) = p<z Mgt = ujgj+lx> = <Z Az')p(l) - (Z Mj)p(x)
=- (Z M)p(x)-

Hence >, pj = 0, and p(t) = 0: our integral is trivial. O

On the positive side, we have the following result, inspired by considera-
tions in [16, Section 3.

Proposition 3.13. Let B C A be a Hopf subalgebra, with A finitely gener-
ated as a left B-module. Assume that one of the following conditions holds.
(1) A is of Kac type, i.e., the square of the antipode is the identity.
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(2) A is a compact Hopf algebra, i.e., A is the canonical dense Hopf
x-algebra associated to a compact quantum group.

Then there exists an A/B-integral t with e(t) # 0.

Proof. First notice that S? induces an endomorphism of C = A/B* A, that
we denote S%. Since A is finitely generated as a left B-module, the coalgebra
C'is finite-dimensional. Let x;, i € I, be a (finite) basis of C, with dual basis
x;. A natural candidate to provide a nontrivial A/B-integral is then

=Y a} (SZ(zin)) Tiz) € C.
i€l
Indeed, one checks, very similarly to the Hopf algebra case (see [36, Propo-
sition 1.1]), that 7-a = e(a)7 for any a € A (recall that the right A-module
structure on C is given by p(a) - @’ = p(aa’)). Hence choosing ¢t € A such
that p(t) = 7 provides an A/B-integral. We then have

e(t) = () = Tr(S%).

If S? = id, then S% = id, and Tr(S%) = dim(C) # 0 (since C # 0), so
we have the announced result. In the compact case, recall, see, e.g., [26,
Chapter 11], that S?: A — A preserves every subcoalgebra of A, and its re-
striction to such a coalgebra is a diagonalizable endomorphism with positive
eigenvalues. Since a finite-dimensional subspace of a coalgebra is contained
in a finite-dimensional subcoalgebra, there exists a finite-dimensional sub-
coalgebra D C A such that pp: D — C is surjective. From the above
properties of S2, we see that Tr(SZ) > 0, which concludes the proof. O

Corollary 3.14. Let B C A be a Hopf subalgebra, with A finitely generated
as a left B-module. Assume that one of the following conditions holds.

(1) A is of Kac type, and faithfully flat as a left or right B-module.
(2) A is cosemisimple of Kac type.
(3) A is a compact Hopf algebra.

Then cd(A) = cd(B).

Proof. The proof follows by combining Propositions 3.5 and 3.13, together
with the fact that a cosemisimple Hopf algebra is faithfully flat over its Hopf
subalgebras [16, Theorem 2.1]. O

We believe that the conclusion of Corollary 3.14 holds whenever A is
cosemisimple, but we have no proof of this.

4. Quantum symmetry algebras

We now will apply Corollary 3.11, combined with crucial results from [29]
and [41], to show that As(n) is Calabi-Yau of dimension 3 when n > 4. In
fact our result concerns a more general family of algebras, that we recall
now.
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Let (R, ) be a finite-dimensional measured algebra, i.e., R is a finite-
dimensional algebra and ¢: R — C is a linear map (a measure on R) such
that the associated bilinear map R x R — C, (x,y) — ¢(xy) is nondegen-
erate. Thus a finite-dimensional measured algebra is a Frobenius algebra
together with a fixed measure. A coaction of a Hopf algebra A on a finite-
dimensional measured algebra (R, ) is an A-comodule algebra structure on
R such that ¢: R — C is A-colinear.

Definition 4.1. The universal Hopf algebra coacting on a finite-dimensional
measured algebra (R, ) is denoted Auu(R, ), and is called the quantum
symmetry algebra of (R, ).

The existence of At (R, ) (see [40] in the compact case with R semisim-
ple and [7] in general) follows from standard Tannaka—Krein duality argu-
ments. The following particular cases are of special interest.

(1) For R = C"™ and ¢ = ¢, the canonical integration map (with
en(e;) =1 for ey, ..., e, the canonical basis of C™), we have

Aaut((cna @n) = AS(TL),

the coordinate algebra of the quantum permutation group [40], dis-
cussed in the introduction.

(2) For R = M>(C) and ¢ € C*, let try: M(C) — C be the g-trace,
ie., for g = (gij) € Ma(C), try(9) = qg11 + ¢ 'g22 . Then we have
Agut(M2(C), try) >~ O(PSLy(2)), the isomorphism being constructed
using the universal property of A,u(M2(C),try) (and the verification
that it is indeed an isomorphism being a long and tedious computa-
tion, as in [19]).

Let (R, ) be a finite-dimensional measured algebra. Since ¢ o m is non-
degenerate, where m is the multiplication of R, there exists a linear map
d: C — R® R such that (R, om,d) is a left dual for R, i.e.,

((pom)®idg) o (idg ® §) =idg = (idr ® (9 0om)) o (0 @ idR).
Following [29], we put
p=pomo(m®idr)o (idp®d): R — C.

Using the definition of Frobenius algebra in terms of coalgebras, the coprod-
uct of Ris A = (m®idg) o (idgp ® ) = (idr ® m) o (§ ® idg), and we have
p=pomoA.

Definition 4.2. We say that (R, ¢) (or ¢) is normalizable if ¢(1) # 0 and
if there exists A € C* such that ¢ = Aep.

The condition that ¢ is normalizable is equivalent to require, in the lan-
guage of [24, Definition 3.1], that R/C is a strongly separable extension with
Frobenius system (¢, z;,y;), where §(1) = >, z; ® y;. Hence it follows that
if ¢ is normalizable, then R is necessarily a separable (semisimple) algebra.
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Conversely, if R is semisimple, writing R as a direct product of matrix alge-
bras, one easily sees the conditions that ensure that ¢ is normalizable, see
[29].

The following result is [29, Corollary 4.9], generalizing earlier results from
[2, 3, 18]:

Theorem 4.3. Let (R, ) is a finite-dimensional semisimple measured alge-
bra with dim(R) > 4 and ¢ normalizable. Then there exists an equivalence
of C-linear tensor categories

MAaut (R,p) ~® MO(PSLq (2))

for some q € C* with ¢+ ¢~ # 0.

The above parameter ¢ is determined as follows. First consider A € C*
such that @ = A¢ and choose p € C* such that u? = Ap(1). Then ¢ is any
solution of the equation g+¢~! = p (recall that O(PSL,(2)) = O(PSL_4(2)),
so the choice of p does not play any role).

As an example, for (C", ¢,,) as above (and n > 4), it is immediate that ¢,
is normalizable with the corresponding A equal to 1, and ¢ is any solution
of the equation ¢ + ¢~ = /n.

It was shown in [11] (Theorem 6.5 and the comments after) that if (R, ¢)
is a finite-dimensional semisimple measured algebra with dim(R) > 4 and ¢
normalizable and such that A, (R, )) is cosemisimple, then

Cd(Aaut(Ra 90)) < 37
with equality if ¢ is a trace. We generalize this result here, as follows.

Theorem 4.4. Let (R, ) be a finite-dimensional semisimple measured al-
gebra with dim(R) > 4 and ¢ normalizable. Then Aau(R, ) is a twisted
Calabi-Yau algebra of dimension 3, and is Calabi—Yau if ¢ is a trace.

Proof. We have already pointed out that, by [29, Corollary 4.9], there exists
q € C*, with ¢ + ¢! # 0, such that
MAaue(Rop) ~© £ (O(PSLg(2))

Put, for notational simplicity, A = A,ut(R, ). By the proof of Theorem 6.4
in [11] and the comments after [11, Theorem 6.5], the trivial Yetter—Drinfeld
module over A has a finite resolution by finitely generated relative projective
Yetter-Drinfeld modules over A, so since O(PSL,(2)) is twisted Calabi-Yau
of dimension 3 by Corollary 3.11, it follows from [41, Theorem 4] that A is
twisted Calabi-Yau of dimension 3.

If ¢ is a trace, it follows from the normalizability and from the analysis
in Section 2 of [29] that u as above is a real number such that u? > 4,
so ¢ as above is such that O(PSL,(2)) is cosemisimple, and hence A is
cosemisimple. Thus by [11, Theorem 6.5] we have HJ(A) ~ C, where
H denotes bialgebra cohomology [22], so by [11, Proposition 5.9] we have
H3(A,C) ~ Ext%(C.,C.) # (0). We conclude that A is Calabi-Yau by
Lemma 2.2. (]
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Proof of Theorem 1.1. We already know from the previous result that
As(n) is Calabi-Yau of dimension 3 for n > 4, and it remains to com-
pute the cohomology spaces with trivial coefficients. We have, as usual,
H°(A4(n),C) ~ C, so the homological duality gives H3(As(n),C) ~ C. Tt
is easy to check, using the fact that As(n) is generated by projections, that
H'(A4(n),C) = (0). We also have

H2(A4(n),C) ~ Hy(As(n),C) ~ Tori*™(C., £)

where the latter space is the quotient of A4(n) by the subspace generated
by the elements ab — e(a)b — e(b)a, a,b € As(n), and is easily seen to be
Z€rO. ([

5. Second cohomology of a quantum permutation algebra

In this section we show that the vanishing of the second cohomology with
trivial coefficients of As(n) holds for a much more general class of quantum
permutation algebras.

Given a matrix d = (d;j) € My (C), we denote by As(n,d) the quotient of
As(n) by the relations

n n
> digugy =Y tipdyj.
k=1 k=1

The algebras Ag(n,d) are Hopf algebras, with structure maps induced by
those of A4(n). When d is the adjacency matrix of a finite graph X, the
Hopf algebra Ag(n,d) represents the quantum automorphism group of the
graph X, in the sense of [4].

Example 5.1. As interesting examples of Hopf algebras of the type As(n, d),
let us mention the coordinate algebras of the so-called quantum reflection
groups (8, 6]. Let p > 1 and let A} (n) be the algebra presented by generators
u;j, 1 <4,7 < n, subject to the relations

n n
uijuik =0= ujiukl-, k 75 j, ZU‘Z =1= Zu§1
j=1 j=1
This is a Hopf algebra again [8], with S(u;;) = ui_ ! and we have
AP (n) ~ As(np, d),
where d is the adjacency matrix of the graph formed by n disjoint copies of
an oriented p-cycle [5, Corollary 7.6].

Theorem 5.2. We have H?(Ag(n,d),C) = (0) for any matriz d € M, (C).
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Remarks 5.3.

(1) It is an immediate verification that H'(A4(n,d),C) = (0). On the
other hand, it is not possible to extend the vanishing result of The-
orem 5.2 to degree 3, since H3(Ag(n),C) # (0) for n > 4, by Theo-
rem 1.1.

(2) It follows from Theorem 5.2 and Proposition 5.9 in [11] that

Hy(As(n, d)) = (0)

as well, where H; denotes the bialgebra cohomology of Gerstenha-
ber—Schack [22].

(3) The recent L?-Betti numbers computations in [27] show that the al-
gebra A (n) is not Calabi-Yau for p > 2, hence Theorem 1.1 cannot
be generalized to the class of Hopf algebras As(n,d).

5.1. A general lemma. In this subsection we present a general lemma,
useful to show when a 2-cocycle of an augmented algebra is a coboundary.

We fix an augmented algebra (A, ¢), and put as usual AT = Ker(e). We
denote by T3(A) the subspace of endomorphisms of C @ A1 @ C represented
by matrices

= o=

AS
0 a
0 0
,a €A

where A\, u,v € C, f € (AT)* , b€ A", and such a matrix acts on

(a,c,8) e Cp AT & C by

A f op\ (o Aa+ f(e) + up
0 a b c| = ac + Bb
00~/ \B B

It is straightforward to check that the composition of two such operators
is again of the same type, with the composition corresponding to the naive
matrix multiplication

Ao\ (N AN+ fla' =) A"+ ) +
0 a b 0 d V]=10 aa’ ab + by
0 0 v 0 0 «+ 0 0 el

and thus T3(A) is a subalgebra of End(C @ A* @ C).

Now let ¢p: A — C and ¢: A® A — C be normalized linear functionals,
which means that ¥(1) = 0 and ¢(1 ® 1) = 0. Recall (see Section 2) that
¢ is a Hochschild 2-cocycle for the trivial bimodule C if and only if for any
a,b € A, we have

(%) gla)e(b® —) —clab® —) + cla®@ b—) —c(a® b)e(—) = 0.

It is easy to see that a normalized 2-cocycle satisfies c(a®1) =0 =¢(1 ®a)
for any a € A.



QUANTUM PERMUTATION ALGEBRAS 1689

Lemma 5.4. Let ¢v: A — C be a normalized linear functional, and let
c € Z?(A,C) be a normalized 2-cocycle. The map

p: A — T3(A)
e(a) cla®—)  ¢Pla)
ar— [ 0 a a—ce(a)
0 0 e(a)

is an algebra map if and only if ¢ = 6(—)

Proof. We have p(1) = 1 since ¢ and ¢ are normalized. For a,b € A, the
2-cocycle condition gives

(b @ =) 4+ = (£(@)e(b® —) + ea © b—) 4+
It thus follows that p(ab) = p(a)p(b) if and only if
cla® (b—e(b))) = cla®@b) = —e(a)p(b) +(ab) — ¢(a)e(b) = 6(—1)(a ® b)

and this gives the announced result. U

5.2. Proof of Theorem 5.2. We now let A = A,(n,d) as in the beginning
of the section. The following lemma provides the main properties of 2-
cocycles on A.

Lemma 5.5. Let c € Z%(A,C) be a normalized 2-cocycle.
(1) For j # k, we have
dije(uik ® —) + c(ui; @ uip—) — c(uij @ uik)e(—) = 0.
(2) For j # k, we have
dije(ur @ =) + c(uj; @ ugi—) — c(uj @ ug)e(—) = 0.

(3) Fori#j, k#1, k# j, we have c(u;; @ uir) = 0 = c(uj; @ uk;).
(4) We have c(ui; @ ui) = c(uy @ uiy) = c(uy @ ujj) = c(ujj @ ugj).
(5) We have

Sijc(uij © =) = c(uig @ =) + c(uij ® uij—) — e(=)c(ui; ® uig) = 0.
(6) cluii @ ui) = 5 205 clug; @ uij) = 5 3, cuji @ uji).

(7) We have for i # j, c(uj @ uji) = —c(ui; @ ujj).
(8) Put Xij = Zk dikukj = Zk ulkdk] Then

c(uii @ Xij) = o(Xij @ wii) = (X © ujz) = e(ujj @ Xij).
Proof. (1) (resp. (2)) follows from the cocycle identity (x) applied to
a=wu;; and b=wuy

(resp. to a = uj; and b = ug;). The first (resp. second) identity in (3)
follows from (1) (resp. (2)) applied to w;;.
In (1), for i = j # k, we get

c(ug ® =) + c(ui @ up—) — c(uy @ ug)e(—) =0,
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which gives, applied to u;; and to ugg,
c(ui; @ uik) = c(ug @ ui),  c(uip @ ugk) = c(ug @ ug).

We get the remaining relation in (4) using (2) at i = j. (5) follows from the
cocycle identity (x) applied to a = u;; = b, and to get (6), we sum (5) over
7 to get

cluy; ® —) + Z (U5 Q Uij—) — ZC(UU ® uij)e(—) =0,
J
which gives in partlcular
c(uii X uu) + c(uii X UZZZ) = 2 Uu X U“ Z C U” X UZ]
j
The proof that
1
c(uii (= u”) = 5 Z C(Uji X uj,-)
j
is similar. (7) follows from (1) at ¢ = j # k, applied at w;;. To prove (8),
first notice that
i Xij = digug = Xijug,  ujjXey = dijujj = Xijug;.
The cocycle identity (%), applied to a = u;;, b = Xj;, gives
C(Xij ®—)— C(UiiXij ® =)+ cluy ® Xij—) —c(uy ® Xz‘j)E(—) =0
and hence
C(Xl'j & ujj) — C(’LLZ'@'Xij & Ujj) + c(uy ® Xl-jujj) —c(uy ® Xij) =0
which gives ¢(X;; ® uj;) = c(ui ® Xi5). Using (4), we also have
o(Xij @ ugs) = Y dikclug; @ugs) = Y dirc(ugy @ ugs) = c(ug; ® Xij)
k k
and similarly
C(Xij ® ui) = c(uy @ le)

This concludes the proof of the lemma. [l
Lemma 5.6. Let ¢ € Z%(A,C) be a normalized 2-cocycle. Put, for any i, 7,
Xij = —c(ui; @ uij). Then there exists an algebra map p.: A — T3(A) such
that

Oij cluij @ =) Ay

pe(uij) = | 0 Ui uij — 0ij

0 0 dij

Proof. Let t;; be the element of T3(A) corresponding to the above matrix.

We have to check that the elements ¢;; satisfy the defining relations of A.
Using the fact that ¢ is normalized, we easily see that Z?:l ti; = 1, and
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similarly, using Relations (4) in Lemma 5.5, we see that >0, t;; = 1. We
have

Lijtik
3ij0it Opjc(uin @ —) + c(uiy @ uk—)  dijAir + c(uij @ (Wi — Oik)) + Nijoik
=1 0 Ui Uik Wij Wik — Oitis + Oitij — 03j0ik
0 0 030k
0ij0it. Opjc(uip ® =) 4 c(uij @ ug—)  dijhik + c(uij @ wik) + Nijdi
=1 0 Ui Uk iUk, — OijOik
0 0 5U51k

Hence for j # k we have

0 dije(uip @ =) + c(uij @ uig—)
titie = |0 0 0
0 0 0

where © = —d;¢c(ui @ wik) + c(uij ® wik) — c(ui; @ ui5)d,. By (1) in Lem-
ma 5.5, we have (J;j¢(uir ® —) + c(uij ® ujp—))|a+ = 0. Moreover by (3) and
(4) in Lemma 5.5 we have

—0iic(ui ® wik) + c(uij @ wig) — c(uiy ® uij)oi = 0.
Hence t;;t;, = 0 for j # k. We have also
Oi i 5ijc(u¢j & —) + c(uij & uij—) 25ij)\ij + c(uij ® uij)
t?j = 0 Usj Us5 — 5ij
0 0 0ij
We have
((5ijC(uz‘j ®—)+ c(uij ® uij_))|A+ = c(uij ® _)\A+
by (5) in Lemma 5.5, and —26;;¢(ui; @ ) + c(uij @ uij) = —c(uiy @ uiz) by
(7) and (4) in Lemma 5.5, hence tfj = ti;.
The proof that for tjity; = 0 for j # k is similar, using (2), (3) and

(4). Finally that >, dixty; = Y ) tikdy; follows from (4) and (8) in Lem-
ma 5.5. U

We are now ready to prove Theorem 5.2. Let ¢ € Z2(A, C) be a Hochschild
2-cocycle, that we can assume to be normalized without changing its coho-
mology class.

A representation p: A — T3(A) is necessarily of the form

)
ei(a) Cla) o(a)
a— | 0  f(a) gla)
0 0 52((1)
for algebra maps
81,62:A—>C, f:A—>A
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and linear maps

C:A— (AN, g:A— AT, ¢: A= C.

Using the definition of the representation p. of Lemma 5.6, we see that for

any

a € A we have

pe(a) =

with moreover, for any a, b,

C(ab) = (a)C(b) + C(a)(b—).

Since C'(u;j) = ¢(uj; ® —), an easy induction shows that C(a) = c(a ® —)
for any a. We conclude from Lemma 5.4 that ¢ is a coboundary, as needed.
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