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On numerical invariants for homogeneous
submodules in H?(D?)

Fatemeh Azari Key, Yufeng Lu and Rongwei Yang

ABSTRACT. The Hardy space H?(D?) can be viewed as a module over
the polynomial ring C[z,w] with module action defined by multiplica~
tion of functions. The core operator is a bounded self-adjoint integral
operator defined on submodules of H?(D?), and it gives rise to some in-
teresting numerical invariants for the submodules. These invariants are
difficult to compute or estimate in general. This paper computes these
invariants for homogeneous submodules through Toeplitz determinants.
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0. Introduction

Let D = {z € C: |z|< 1} be the open unit disk with boundary
T={zeC:|z|=1}.

The Hardy space H?(D?) over the bidisk is the closure of all polynomials
in L2(T?,dm), where dm is the normalized Lebesgue measure on T2. The
Hardy space H?(D?) can be viewed as a module over the polynomial ring
Clz, w] with module action defined by multiplication of functions. Thus a
closed subspace M of H2(D?) is a submodule if and only if it is invariant
under multiplication by both coordinate functions z and w.

In the classical Hardy space H?(ID) (which is a module over C|z]), Beurl-
ing’s theorem ([1]) asserts that every submodule is of the form M = 0 H?(D)
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for some inner function #(z). This theorem has no direct generalizations to
H?(D?). As a matter of fact, in [8] Rudin constructed two somewhat “patho-
logical” submodules: one is infinitely generated and the other contains no
bounded functions other than 0. This fact seems to suggest that function-
theoretic approach to characterizing submodules in H?(D?) is nearly impos-
sible. An alternative operator-theoretic approach has proven to be successful
in the past two decades. A key ingredient of this approach is the so-called
core operator CM defined for submodules M in [6]. CM is an invariant
for M in the sense that if M’ is a submodule that is unitarily equivalent
to M then CM' is unitarily equivalent to C™. Thus numerical invariants
of CM such as rank, eigenvalues, trace, or Hilbert-Schmidt norm, are in-
deed invariants for the submodule M. Although the Hilbert—Schmidtness
of CM is proved in [6] for a very large class of submodules, explicitly com-
puting or estimating these invariants remains a challenging task. Among
submodules, those generated by a single homogenous polynomial p has a
relatively simple structure. This type of submodules will be called homoge-
neous submodules and denoted by [p]. In recent years, much progress has
been made in understanding the essential normality of the quotient module
H?(D?) © [p] (cf. [4, 5]). This paper computes the numerical invariants for
this type of submodules. Toeplitz determinant plays an important role in
the computations.

1. Preparation

Let T, and T}, be multiplication operators by z and w on H 2(]]])2) respec-
tively. We denote by R, and R,, the restrictions of T, and T}, to submodule
M. Clearly, (R, Ry) is a pair of commuting isometries acting on M. The
pair (S, Sy) is the compression of Toeplitz operators (7%, T,,) to the quo-
tient space H2(D?) & M. To be precise:

S.f = — Pu)zf,

Suf =~ Pu)wf, feHD*)eM,
where P is the orthogonal projection from H 2(]1))2) onto M. We denote
the reproducing kernel for HQ(ID)Q) by K(),z2), i.e., for A,z € D?,

1
(1= Arz1)(1 = Aoza)

K(\z)=
By KM (), z) we mean the reproducing kernel for the submodule M. The
core operator on H? (D2) is given by

2

CM(f)(z) := /GM()\, 2)f(N)dm()), zeD
'H‘2
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where GM (), 2) is the core function defined as

 KM()z)
FOD=T0y

A submodule M is said to be Hilbert-Schmidt if its core operator CM is
Hilbert-Schmidt, or equivalently its core function GM (), 2) is in L?(T?xT?).

The following relation of core operator CM with operators R, and R,, is
shown in [6]

(1.1) cM=T1-R, R — R,R*,w + R.R,R:R,, on M.

=(1—=Xz1)(1 = Agz) KM (N, 2), A\, zeD?

From (1.1) it is easy to see that C* (or C for short) is a bounded self-adjoint
operator on M. We denote by [R}, R.] and [R}), R,| the self commutators
for operators R, and R,, respectively, and for simplicity let

P,:=[R;,R.] and P, :=[R), Ryl

It is easy to see that P, and P, are orthogonal projections from M onto the
defect spaces M & zM and M & wM, respectively. We have the following
theorem from [14].

Theorem 1.1. If M is a submodule of HQ(DQ) generated by a finite number
of polynomials then:

(a) [S%, S| is Hilbert-Schmidt on H*(D?) & M,
(b) [R%, Ry] is Hilbert-Schmidt on M,
(c) [R%, R:][R:,, Ry] is Hilbert-Schmidt on M.

For convenience we let
T:= [R; RZ][R’Z}’ RU)HR:? RZ]? S = [sz Rw”RTuv RZ]'

By the above theorem, for M generated by a finite number of polynomials
T and S are trace class. We set g = tr(T) and £; = tr(S). If {®, : n =
0,1,...,00} is an orthonormal basis for M ©2zM and {¥,,: n=10,1,...,00}
is an orthonormal basis for M © wM, then by [13] we have

e’} [e%¢}
ZO = Z|<¢TM \Ijn>|27 a‘nd El = Z‘(w(bn)z\lln”z
n=0 n=0

Furthermore, it is shown in [12] that for Hilbert—Schmidt submodules
Yo—21 =1
The following lemma is taken from [11].

Lemma 1.2. For every submodule M, C? is unitarily equivalent to the
diagonal block matriz

(1.2) <:g g)

So in particular, we have tr(C?) = 3o + ¥1.



508 FATEMEH AZARI KEY, YUFENG LU AND RONGWEI YANG

2. Orthonormal bases for defect spaces

The subspaces M © zM and M © wM are sometimes called defect spaces
for submodule M. They capture much information about M. Except for a
few submodules, the orthonormal basis for the defect spaces are impossible
to compute. However, homogeneous submodule [p] has a nice orthogonal
decomposition, and that enables us to determine the orthonormal basis.

Let H, = span{z‘w/|i + j = n,i,j > 0} be the space of degree n homo-
geneous polynomials. Clearly, zH,, is a subspace in H,11 with codimension
1. Let

k
p= Z cjz]wk_]
Jj=0

be a homogeneous polynomial of degree k. Then it is easy to see that

M =[p| = EO pH,, and hence zM = O:O pzH,,. Therefore,

n
M&:zM=Cpa El (pHy, © pzH,_y) .
Likewise,
Mo wM=Cpa El (pH,, © pwH,_,).

We first set &g = ¥y = ”%‘.
So to find an orthonormal basis {®,, : n=0,1,...,00} for M © zM is to

n . . .
find a hy, = ) ¢ 27w" ™7 € Hy, such that
=0

(a) phn € pHy, ©pzH,—1 ,n > 1,
(b) llphall= 1.

Since ph,, 1 pzH,_1, we have

0= <phn,pzk+lwn_1_k>
n
— Z an <pzjw”_j,pzk+1wn_k_1>
7=0
n
=) (puF T p e 0<k<n-—1.
7=0

Replacing k + 1 by ¢ we have

(2.1) Z(pwiij,pzi*@c% =0, 1<i<n.
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2.1) is a system of n equations with n 4+ 1 unknowns ¥, cl, ..., c". Write
y n n n
c
Cn

and let A™ be the Gramian matrix ((pzjw"_j,pziw"_i>)(n+1)X(n+1). Then
= w,

by a simple calculation using the fact z=! = z and w™! we have
IplI? (pw,pz) ... (pwn, pz")
(pw, pz) IplI? oo {pwn—lpznl)
o | o0t p2?) (pwipz) L (w2 pen?)
(pw™, pz") (pw" ' p" ) L IplI?

Note that A™ is an (n + 1) x (n + 1) Toeplitz matrix! Further, since A™
is Gramian, it is positive definite. Now remove the first row in A™ and
denote the resulting matrix by A7. Then the system (2.1) can be written as

A:}g = 0, or more explicitly

(2.2)
(pw, pz) |Ip||? oo {pwnT2,pzn=2)  (pwn—l pzn—l) cgl)l
(pw?, p2?) (pw,pz) coo (puwnThpzn ) (pwn? pen=?) | [
: L - : : 30
(pw™,pz")  (pw™ !, pz""1) (pw,pz) |Ip|[? Cn
=0.

Since A™ is invertible, A7 has rank n, and hence (2.2) has a nontrivial
solution and its solution space is 1-dimensional.
Writing A" = (ai,j)?,j:m where a;; = (pw*~7,pz*7), 4,57 =0,1,...,n,

n
and denoting its cofactor matrix by (A?j) o then by cofactor theorem
==
we have
(2.3) ai70A8’0 + ai,lA{il +--tain 87" =0, 2=1,2,...,n.

Comparing (2.3) with (2.1), and using the fact the solution space of (2.1) is
one-dimensional, we have

0 n
0? 0,0
n
C
n 0,1
. =k . )
0 n
Cn 0,n
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for some scalar k. Therefore we have

n
B, = phy = p3 I
j=0

n
_ n g, n—j
=k g PAG 2w
J=0

where the constant k& € C is to normalize ®,, such that ||®,||= 1. Without
loss of generality, we assume k£ > 0. To determine k, we consider

(2.4) 1= (P, D)

n n
SR OTETES W)
1=0

=0

n
= k2 Z Ag}i<pwj*i,pzj*i)%

i,j=0

At Ago
e | [

Aon)  \Aon

By cofactor theorem

Abo det A"

n A4 B 0

A" p 0

This along with (2.4) gives k:QAg’O det A™ = 1. For simplicity, for the rest of
the paper we shall denote det A~ by D,, n > 1. Since Apyp = det AL
by (2.4) we have

1
k= ——u——.
VDpi1 Dy
Therefore, we conclude that
n . .
2 pAg ;7w
(2.5) B, (2, w) = 1=

V Dn+1 Dn
Now we turn to the orthonormal basis {¥,, : n = 0,1,...,00} for MowM.
The calculation is similar but with a slight difference at (2.7).
Define W,, = ph!,, where hl, = > ¢/} 27w" ™7 satisfies
j=0
(a) ph;, € pHy, & wpHy—1, n>1,



HOMOGENEOUS SUBMODULES IN HZ%(D?) 511

(b) llphy = 1.

Going through similar steps as that for ®,, we get ¢ = KA, 7 =
0,1,2,...,n, where ¥’ > 0, and the equation

Ano Ano
n n
(2.6) i <An Af“l : AT“ > — 1.
Apn Apn
Applying cofactor theorem in (2.6) we get
0 Al o
0 Al
(2.7) k" < s ’j’l > = KDy AT, = 1.
Dn‘H Az,n
Since Ay, ,, = D, we have
K = .
vV DnDn—H ’
and therefore
n . .
Z:O pAZvJ zj wni]
(2.8) v, =2

V DnDn—H
We summarize (2.5) and (2.8) as:
Proposition 2.1. Let [p] be a homogeneous submodule. Then {®, : n > 0}

is an orthonormal basis for M © zM and {V,, : n > 0} is an orthonormal
basis for M © wM , where

n . . n . .
» = pAg ;7w j;o pAy ;2w
(I)o = \110 = T P, = — v, = — n Z 1.
HpH " V Dn+1Dn , " V Dn+1Dn ’

Proposition 2.1 makes it possible to compute the numerical invariants g,
¥1, as well as the eigenvalues of the core operator C.

Corollary 2.2. For homogeneous submodule [p| we have:
An+1
(a) (wdy,,2V,) = _Do;in:;
An
(b) (Pn, Uy) = DL:'
Proof. First notice that Af, = A, = D,. By Proposition 2.1, we then
have

n n
(2.9) (wd,,2V,) = <wk ZpAg,iziw”*i, zk' ZpAZ,jzjw"j>
=0 =0
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AT anJrl 2 A ]+1

1
A Jj+1—i Jj+1—i An
= 5D Z o I AL

§=0
For clarity we write the last summation as
(2.10)
(pw, pz) IplI? (pwn—t,pzr 1)\ (AGo\ [ Ano
(pw?, pz?) (pw,pz) ... (pwn=2,p2""2) || AGa Ao >
(pw"*1,pz" ) (pw”, p2") .. (pw, pz) Aon) \Ann
Ey 0
E, AR

By cofactor theorem, we have
n
Ei = Zai+1’jA3,j = 0, 1= 0’1’2"”’”_ 1.
7=0

To compute E,,, we observe the matrix

An+1
|Ip|[? (pw, pz) . {pwhpzry  (pwnt! pzntl)
(pw, pz) |Ip|[? o (puwThpzTh)  (pwn, pan)
<pw”,pzn>1 (pw™t pznTly L ||p|[? (pw, pz)
(pw™tt pz" ) (pu™,p2t) L. (pw,pz) ||p|[?

and let M be the submatrix by removing the 0-th row and (n+2)-th column
in A"t ie.,

(pw, pz) |pl|? o (pwnT p2n Tl
M= pur,pzy (ot pznly L 1p]|2
(pw™tt, pz" Ty (pw", pz") L. {(pw, pz)

Then expanding det M along its bottom row, we have
det M = (—1)""2(pw™ ™! p2"*1) det M, 0 4+ (—1)" 3 (pw™, pz™) det M, 1
4 4 (=122 (pw, pz) det M,
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where M, ; is the submatrix of M with n-th row and j-th column of M
removed for j = 0,1,...,n. Observe that M, ; coincides with the submatrix
of A" formed by removing 0-th row and j-th column of A™. Hence we have
A i = (=1)7 T2 det M,, ; for each j. Therefore
(2.11) By = (pu™ T p2" T AG g + (pu”, p2") ARy + -+ (pw, p2) A7,

= (=)} (pw"™ ™, pz" 1) det My, o + (—1)3 (pw™, pz™) det M, 1

+ oo 4 (=12 (pw, pz) det My, ,, = (—1)" det M.

Since Ag;frl = (—1)""3 det M, we have
(2.12) Ep = (=1)"det M = (—1)*""3ApTL = AT,
Now it follows from (2.9) and (2.10) that

0 Al o
1 0 Anq
b, 2V,) = ———— ’
<w ny 2 n) DnDn—H < . s
E, Aﬁ,n
-1

= ASH 14n
n,n:
DnDn—H ot

Since Aj, = Ay, = Dn > 0, we have that

An+1

(2.13) (W, 2T,) = ——2nFL
Dn+1

Next we compute (®,, V,,) and the steps are similar. Check that

(2.14) (D, V) = <k: ZpAai PR k’ZpAZJ- zjw”_j>
i=0

J=0

1 n L
= — An wj_7’7 Z]_l An .
DnDn+1 ijzo 0,7,<p p > n,j
At Ano
_ 1 An Ay Al
DnDn—H ’ .
Ag,n Az,n
Again, using cofactor theorem, we have
det A" AZ,O
1 0 Ay
2.15 &, V) = —— ’
0 Al

n,n
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___ Aar
det A"AT g = "

- DnDn—H Dn
Therefore, for n > 0 we have:
An+1
(a) (wdy,2V,) = — DO;:fll’
ATL
(b) <<I)n>\1’n> = DL:’
which completes the proof. O
Clearly, it follows from Corollary 2.2 that
| n+1
0O,n+1
(2.16) [(w®p, 28,) = (D1, Unp)|= —.
Dn+1

Corollary 2.3. For homogeneous submodule [p], we have

[e%} n 2
0,n
ZO — § D
D
n=0 n

It is interesting to observe that it follows directly from (2.16) that
Yo—21 =1
This in fact holds for all Hilbert—Schmidt submodules ([12]).

3. Eigenvalues of C

In general, eigenvalue problem for core operators associated with arbi-
trary submodules of H 2(ID)Q) is difficult to study. In this section, using the
orthonormal basis in Proposition 2.1, we will compute the eigenvalues of
the core operator for homogeneous submodules [p]. The eigenvalue formula
shall depend solely on the coefficients of p. By (1.2) and results in [9], if A
is an eigenvalue of C' then \? is an eigenvalue of T. Moreover, if A € (—1,1)
is an eigenvalue of C then so is —A. So we shall focus our attention to the
eigenvalues of T

Some preparation is needed. For an eigenvalue A\ of an operator A | let
E)\(A) denote the corresponding eigenspace. It is shown in [6] that:

(3.1) Ei(C)=Mo (zM+wM)and E_1(C) = (zM NwM) & zwM.
The following proposition is from [15].

Proposition 3.1. If M is a submodule such that [R}, R, is compact on
M, then (R, Ry) is Fredholm and dim(Ker(S,) N Ker(Sy)) < oo and

ind(R., Ry) = dim(Ker(S,) N Ker(S,)) — dim(Ker(R%) N Ker(R;)).
Since

Ker(S,) N Ker(Sy) = M NwM) © zwM,

Ker(R;) N Ker(R;,)) =M & (zM +wM),



HOMOGENEOUS SUBMODULES IN HZ%(D?) 515

(3.1) and Proposition 3.1 give:
ind(R,, Ry) = dim(E_1(C)) — dim(E1(C)).

Definition 3.2. For a submodule M of H?(D?) the fringe operator F' on
M & zM is defined as F'f = P,wf where P, := [R}, R;] is as in Section 1.

For further studies and insights on fringe operators see [13]. Here we quote
a result to be used later.

Lemma 3.3. Let M be a submodule. Then on M & zM we have:
(a) I — F*F = [R}, R.] [R}, Ry,
(b) I—FF* = [RZ7RZ] [R:(wa]
The following two facts are from [12].

Lemma 3.4. If M is a submodule, then rank(M) > dim(M & (zM +wM)).
In particular, if M is singly generated then dim(M & (zM + wM)) = 1.

Lemma 3.5. If M is a Hilbert—-Schmidt submodule then ind(Ry, Re) = —1.
The next lemma is from [9].

Lemma 3.6. Let M be any submodule. If A € (—1,1) is an eigenvalue of
core operator C then —\ is also an eigenvalue of C.

Proposition 2.1 enables us to compute all the eigenvalues of C'. First of
all 0 is clearly an eigenvalue of C. By Lemma 1.2 the eigenvalues of operator
T := [R:, R,][R,, Ry|[R:, R.] are also eigenvalues of C2. We now check that
if \ is an eignevalue of C such that 0 < |A\|< 1 then A\? is an eigenvalue of
T. In fact, Lemma 1.2 implies that A? is an eigenvalue of either T or S.
So it is sufficent to check that if A2 is an eigenvalue of S then it is also an
eigenvalue of T'. Let = be a corresponding eigenvector, then we have

(R}, Ry|[R;,, R:]x = Sz = \a,
which implies
Ry, RAAIRE, Rul[Ryy, Relw = MRy, R]o
Since A # 0, this, combined with Lemma 3.3(a), shows that y := [R}, R.|x
is an eigenvector of I — F*F. By an argument similar to the ones leading

to (4.4) we see that Fy is an eigenvector of I — FF* with corresponding
eigenvalue \?. Since Fy € M © zM, we conclude that

T(Fy) = [R%, B[R}, Ru][R:, R.]Fy
— [R%, R[R,, RulFy = (I — FF*)Fy = \Fy,.

So now it is sufficient to compute the eigenvalues of T'. Consider homoge-
neous submodule M = [p] and use the orthonormal basis {®,,} for M ©zM.
Assume deg(p) = k. Then by Proposition 2.1, ®,, is homogeneous of degree
k+n,n=0,1,.... Therefore,

(3.2) F®, = Pye.ywd,
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= <w(pn7 q)n+1>q)n+1, n > 0.
Hence F' is a weighted shift. Further,

F*®y = Prosnridy = PM@ZM@H%H -0,

and
(3.3)  F*®, = Pyo.yid,
= (WP, Pp—1)Pp—1 = (P, wP,_1)Pp—1, n>1.
From (3.2) and (3.3), we compute that T®y = ®¢, and
T®, = (I — FF*)®,
= (1 — wP,_1,P,)]*) P, n>1.
Thus T is a diagonal operator with eigenvalues 1,1 — |[(w®,_1, ®,)|?, n =
1,2,.... From (3.1), Lemma 3.4 and Lemma 3.5. We know —1 is not an

eigenvalues of C' in this case. Thus by Lemma 1.2 and Lemma 3.6, the core
operator C' has eigenvalues

0,1, £/1 — [(w®,_1,®,)[2, n>1.
We set Dg = 1. By Proposition 2.1, we see that for n > 1,
(Z] opAn Plwn Y 0 PAG 2 W)
Dy /Dy—1Dpi1
Yito Yo Avy pw' ™ p2 AT,
- DVl 1Dt

One verifies that the numerator in (3.4) can be written as
(3.5)

(3.4) (WP _1, Py) =

IplI? (pwpz) o unhpE DY
< (pw, p2) IplI? Rl I I >
. . . . 0,1 0,1
(pw™1, pz" ) 5 : Ip]1? At ) \Az,
(pw",pz")  (pw" L pz"Tly L (pw, pz) ’
Ey Ao
Eq AG
= I . :
FE, Ag’n

Observe that the the matrix in (3.5) is (n 4+ 1) x n, and the first n rows
of which is precisely A"~!. Denoting A"~! by (as,;) and using the cofactor
theorem, we have £y = D,, and

E; = Za”A’“_, i=1,2,...,n—1.
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Moreover, in this case

Ey, = (pw™,pz")Aj" + (pw" 1 p2" AR + -+ (pw, p2) AL

Comparing this summation with (2.11) and (2.12), we get E, = —Ap,.
Thus by (3.5) we conclude that

| D45,
<w<I)n,1, q)n> = .
Dn V ananJrl

We therefore have the following theorem.

Theorem 3.7. For homogeneous submodule [p], the core operator has eigen-

values )
1/2
(IDn]? =143 ,[*)?
0,1, £11— d > 1.
’ ( anlD%DnJrl ) n =

The eigenvalue formula in Theorem 3.7 is rather complicated. For some
simple submodules, the inner product (w®,,_1, ®,) can be evaluated more
explicitly.

Example 3.8. We consider p = z—Aw, where 0 < A < 1. Since ¥g—3%1 =1,
the Hilbert—Schmidt norm

|C|36= X0 + £1 = 250 — 1.
We now compute the eigenvalues of C' and . It is easy to check that

Ip|P=1+X* and (pw,pz) = —A,

and
1422 =)\ 0 .. 0 0
N IR N 0
0 “A 14X .0 :
A" =
0 0
: : : . . -
0 0 0 —X 1+X2

(n+1)x(n+1)
g’n — (_1)2n+2)\n — A\
Recall that Dy = 1 and D,, = detA"~', n > 1. In this case, D; = 1 + A2

By cofactor expansion of D, 11 along the first column, we have the recursion
relation

(3.6) Dpi1=(1+X)D, —ND,,_1, n>1.
Then we have

Dn - anl - )\2(an1 - Dn72) — ()\2)2(an2 - Dn73)
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= (\)""Y(D1 — Do)
= (AHINZ =\ >,
and therefore
D,=D,—Dy, 1+ D, 1+---+ D1 — Dgy+ Dy
=AD" W) XL
Hence
[ACnl A" _ AT
(ARl P+ (W) 4+ N1 Dy
and therefore by Corollary 2.3 we have

- 2 = AE,°
So =3 (@, 1) =Y T
n=0 n=0'""Tu"1

By Theorem 3.7, C has eigenvalues
1/2
(D2 _ )\2n)2 )
1, £(1—- =—"——"— , n>1
< anqu%DnJrl
It is interesting to look at two particular cases.
1. When n = 1, we have

(D2 — \2)? 1/2 B (14 A2)2 — \2)2 1/2
(1 B D:)D%Dg ) - <1 A2+ A2+ )\4)>

1422 a4\ /2
()

A
L+ A2
Hence £ (1 + A\%)~1 are eigenvalues of C.

2. When p =z — w, we have A, =1, A} , = D;, = n + 1. Therefore

O T S S S SR (GRS Vet VU
Dy_1D2Dp 11 n(n+1)%2(n +2) n+1
1

Hence C’s eigenvalues are 1, £+ n > 1. Furthermore,

n+1?

[ee) 2 [ele}
g 1 2
E = 2 = —_— =
’ ;)\Aw nzo<n+1>2 6

These facts were shown in [13].
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4. The second largest eigenvalue of C

It is known that for every submodule, the core operator C is a contrac-
tion and 1 is always an eigenvalue of C'. The second largest eigenvalue of
C (s.l.e(C)) is particulalry interesting to us, as it usually reveals subtler in-
formation about the submodule. This section takes a closer look at s.l.e(C)
for homogeneous submodule [p].

Proposition 4.1. If M is a singly generated Hilbert—Schmidt submodule,
then
s.l.e(C) = [y, R:]|[.

Proof. For any function h € H 2(]DQ) the submodule generated by h is
denoted by [h] and it is the closure of hC[z,w] in H2(D?). If [h] is Hilbert
Schmidt, then by Proposition 3.1 and Lemma 3.5 the pair (R, R,,) is Fred-
holm and

(4.1) ind(R;, Ry) = dim(E_1(C)) — dim(E1(C)).
Also since M = [h] is singly generated, Lemma 3.4 gives
(4.2) dim £y (C) = dim(M & (M + wM)) = 1.

From (4.1) and (4.2) we get dim E_;(C') = 0. In other words —1 is not an
eigenvalue for C'. Since 1 is always an eigenvalue for 7', by Lemma 1.2, 1 is
not an eigenvalue for S. Since S is a positive compact contraction, ||S||< 1
and ||S||= ||[R:, R.]||? is an eigenvalue of S. By Lemma 1.2, ||[R}, R.]|?
is an eigenvalue of C2. This implies that ||[R},, R.]|| is an eigenvalue of C.
These observations conclude that

1> s.Le(C) > ||[RY, Bl

To prove the other direction, we make a use of Lemma 3.3. First, observe
that

(4.3) I - FF* =[R;,R.] [R;,, Ry [R;,R.] =T.

But be aware that [ — F*F = [R}, R,][R}, Ry|, which is not S!
By Lemma 1.2, s.l.e(C)? is an eigenvalue for S or T. If s.l.e(C)? is an
eigenvalue for S then clearly

s.le(C) = |[[R%, R.|l.

and we complete the proof.
Now suppose A = s.l.e(C) and \? is an eigenvalue for 7" with correspond-
ing eigenfunction . Then

(4.4) (I = FF* )z =)o o F*(I — FF*)z = \*F*x
& (F* — F*FF* )z = N2 F*z
& (I — F*F)F*z = \>F*z.

If F*z = 0, then by (4.3) we see that x is an eigenfunction for 7' with
corresponding eigenvalue 1, which contradicts with the assumption that z
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is an eigenfunction of X\. Therefore, A2 is an eigenvalue of I — F*F with
corresponding eigenfunction F*z. Thus we have

N <= F*F||=[I[R:, R,

and hence A < ||[RiRy]||= ||[R},R.]||. This completes the proof. O
Theorem 4.2. For a homogenous submodule [p],
A6 0
s.l.e(C) = max D,

Proof. We first check that [R}, R, = PyzZwf on M & zM, and its range
lies inside M & wM. To see this, since [R}, Ry|f = (RERy — R, R:)f =0
for every f € zM it is enough to look at [R}, R, on M & zM. For f € MS
zM , we have R} f = 0, hence

(R, Rulf = (RZRw — RuRL)f = RERw f.
For every g € wM, one verifies that

(9 Puzwf) = (Pug, Zwf) = (zg9,wf) =0,
i.e., wM is perpendicular to Py;zwf. This shows Pyzw € M SwM. There-
fore,
(4.5)
I[RZ, Rl
= sup{[{[RL, Rulf, 9)|: f e M ©2zM, g€ M owM, ||f[|=|lgll=1}
= sup{[(Puzwf,g)|: f € M©zM, g€ M owM, ||f[|=|lgll=1}
=sup{[(wf,zg)|: f€ M ©2M, g€ MewM, ||f||=gll=1}

> sup|<w¢>n, Z\Iln>|
n>0

Since [p] is Hilbert—Schmidst,
Z](w@n,z\lanQ: Y1 < o0,

n>0
which implies that (w®,,, 2¥,) — 0 as n — co. So the sup in (4.5) is in fact
the max.

For the other direction, we assume f = »"° a;®; is an arbitrary element
in Me&zM and g = Y2, 5;¥; is an arbitrary element in M ©wM such that
lfII=llgll= 1. Then using Cauchy—Schwarz inequality and the orthogonality
of w®; and 2V, for i # j (because they are homogeneous of different degree),
one checks that

o
(wf,zg)|= | Y aifj{wdi, 20;)

2,j=0

[([RZ, Rulf, 9)|

o0
Z a; Bi(w®;, 2¥;)
=0
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00
< ma(l (w200} 3l
7=
< max|(w®y, W) ||| f[lg]]< max|(wn, 2Wp)].
n>0 n>0

This implies
IR, Rulll< max|(w®y, 2W,)|.
n>0

The theorem then follows from Corollary 2.2, Proposition 4.1 and the simple

fact that [R}, Ry = [R},, R.]*. O
Now we assume
k
e
(4.6) p(z,w) = chzjw J.
§=0
Since &g = ¥y = H%”, and
k k
(pw,pz) = (w Z w2 Z cjzjwk_]
i=0 j=0
k k
_ Z cizzwarlfz’ Z Cj2]+1wk7]
i=0 3=0
k— k—1
i+1, k—j i+1, k—j -
=Y {(cjr 2T c;2Z? Ty =Y e eji.
Jj=0 Jj=0

Corollary 2.2 and Theorem 4.2 give rise to the following simple estimate.

k . .
Corollary 4.3. For a homogenous polynomial p = 3 cjzjwk_J, then on
§=0
[p] we have

k—1
Cj Cj+1
=0

J

(4.7) sl.e(C) =2 =
j;o ;[

Example 4.4. We consider two simple cases.
(a) For p =2z — Aw, 0 <|A< 1, we have ¢p = —A,c; =1 and
Al
de(C) > .
LelO) 2 T3 e
In particular, for p = z — w we observe that s.l.e(C) is in fact equal
to % This indicates that the estimate in Corollary 4.3 is sharp.
(b) Forp= 2242wz +w? cg=1,¢1 =2,co = 1 and s.l.e(C) > %.
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The proof of Theorem 4.2 shows that s.l.e(C) = max,>o[(w®y, 2¥,)|. So
by (2.16) we have:

Corollary 4.5. For homogeneous submodule [p],
s.l.e(C) = mgic\(@n, Ul

5. Matrix A™ and Toeplitz determinant

The quantities D,, and Af,, have shown up in Corollary 2.2, Theorem 3.7
and Theorem 4.2. As we have remarked before, both quantities are in fact
Toeplitz determinants. This section uses some known tools to make a study
on the two quantities.

Given a sequence of complex numbers t;, k € 7Z, the associated n x n
Toeplitz matrix is of the form

to t1 to l_(n-1
41 to  t-1 l_(n—2
T,=| t t1 to t(n-3) |,
th—1 th-2 tph—3 ... to
and the associated trignometric polynomial is
n—1
(5.1) )= D ™ xefo,2q].
k=—(n—1)

The associated Fourier series is defined formally as

o0
(5.2) f) =Y te™ xelo,2q]
k=—o00
Computation of the determinant of 7;, in general is rather complicated
(cf. [7]). The following first Szegd limit theorem tells about the asymptotic
behavior of det T, as n — oo. For details, we refer readers to [2].

Theorem 5.1. If f is in L'(T, %) and s positive a.e., on T, then

An equivalent formulation is

27
(5.3) im0t o (L / log( f(A\))dA

n—oo det Tj,—1 27
0
We assume

k—1 k

p(z,w) = o + 1P w + -+ ez + et
For T,, = A"~ !, by (5.1) we have
fa(A) = (pwn—1 pz"*1>e_i(”_1))‘+---—|- (pw,pz)e”

+ [l P+ (pw, pz)e™ + -+ (T per e 7T,
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For A, the associated trigonometric polynomial is

gn()\) = Wei(n—l)A 4+ 4+ We—ﬂ)\ + Hp||26_i)\

+ (pw, pz) + (pw?, p2?)e + -+ + (puw", pz")el "IN,

It is easy to see that
Fa\) + (pu”, pz")e™ = e g, (N) + (pwn=T, pzr=T)e A,
But we have (pw™, pz") = 0 for all n > deg(p) = k. Therefore
Fa(X) = €?gn(N)
when n > k.

For convenience, we set ¢, = 0 for all n > k. Then by direct calculation,
we have

k k k k
> |C]’2 > CicCjt1 > CjCit2 > CjCitn
§=0 =0 =0 =0
k k 9 k B k B
> CiCiy1 ] > CiCjt1 > CiCit(n-1)
=0 =0 J=0 J=0
k koo k ) ko
A" =] Y ¢iCjta > CiCit1 > lejl > §Ci+(n—2)
§=0 =0 =0 =0
k k k k )
> CjCjtn > CjCi4(n—1) Z CiCijt(n—2) --- > |Cj|
7=0 7=0 j=0 j=0

Note that by the assumption that ¢, = 0 for all n > deg(p) = k, many terms
in the summations in A™ are in fact 0! Now if we let

C(n)
cp €1 C2 ... Ck 0 0 0 0 0
0 ¢ 1 ... Cc_1 Ck 0 0 0 0
0 0 ¢ ... Co_o Cr_1 c O 0 0
Co C1 ... ... Ckp—1 Ck (n1)x (nk+1)

and
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Co(n)
cp Cc ... Ck 0 0 O 0 0 0
chp €1 ... Cp—1 Cf 0 0 0 0 0
0 ¢ ... C—o Cr_1 cp 0 ... 0 0 O
= . 0
0
Co C1 Ch—1 ¢ O

(n+1)x (n+k+1)
Let CH(n) and C(n) denote the conjugate transpose of C(n) and C,(n)
respectively, then one verifies that

A" = C(n)CH(n), M =C(n)CH(n),

where M is the submatrix of A"*! with 0-th row and (n+2)-th column of
A"t lremoved as in Section 2. Replacing (pw’,pz?) by the corresponding
entries in A™ above, we check that for each n > 0

(5.4) farr(X)

= (coe™™ + 1™V L 4 e))(Toe M + e (TIN 44 B,
where A € [0, 27]. Since ¢, = 0 when n > k, we see that
(5.5) far1(N) = [p(e® D, Yn >k,

For convenience, we let p.(z) = p(z,1).
For a complex polynomial q(2) = ag2™ + a12" 1 + - + an, we let Z(q)
be the set of its zeros. ¢’s Mahler measure is defined as

M(q) = laol ] Izl
2€Z(q),|2|>1

It follows from Jensen’s formula that
1 27 )
Mia) = e (5 [ osla(cas).
™ Jo

For more information about Mahler measure we refer readers to [3]. By
(5.3) and (5.5), we have the following:

Proposition 5.2. For a homogeneous polynomial p,

. Dn+1 2
= = = M),

Now we turn to Ag}‘;il, and we shall use Cauchy—Binet formula to give
an estimate of it by D,,. Fix two natural numbers n > k. Let J be the set
of tuples J = (ji1, 52, -,Jjk) of natural numbers such that 1 < j; < jo <

- < jr < n. Clearly |J|= ﬁlk)l For any n x k matrix A, A(J) will
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denote the k x k matrix formed using rows J (in that order), and A (.J)
means (A(J)). For two n x k matrices A and B, by Cauchy-Binet formula

det(B¥A) = det B () det A(J).

JeJg
Then by Cauchy—Schwarz inequality we have
(5.6) det(BY A)|< y/det(BH B),/det (A 4).

Since M = C(n)CH(n) and Ag;fbil = (=1)"*"3 det M, we have
| AG 5| = |det M= [det C(n)C,! (n)]

< \Jdet(C(m)CH (n))/det(Co(n)CH (n))
= \/ D1\ det(Co(n)CH (n)).

Now we take a closer look at det(C,(n)CH (n)). By Cauchy-Binet formula,
we have

(5.7)
det(Co(n)Cyl (n)) = Y det(Co(J)C ()
JeJ

= > det(C()CH ()

JeT 122
=Y det(C(N)CH(T) = > det(Co(J)C ()
JeJg JeJ,j1=1
=det(C(n)CT(n)) = Y det(Co(J)CH(]))
JeJ,j1=1

=Dpi1— Y det(Co(J)CH(T)).
JeJ,j1=1

For the second term in (5.7) we observe from the matrix C(n) that
Z det(Co(J)CH () = |co|*det(C(n — 1)CH (n — 1)).
JeJ, =1

Therefore we have the following inequality to conclude this paper.

Corollary 5.3. \Ag;iﬁﬁ VDni1v/ D1 — |co? Dy
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