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Crossed products and twisted k-graph
algebras

Nathan Brownlowe, Valentin Deaconu,
Alex Kumjian and David Pask

ABSTRACT. An automorphism f of a k-graph A induces a crossed prod-
uct C*(A)xgZ which is isomorphic to a (k+1)-graph algebra C* (A X gZ).
In this paper we show how this process interacts with k-graph C*-
algebras which have been twisted by an element of their second co-
homology group. This analysis is done using a long exact sequence in
cohomology associated to this data. We conclude with some examples.
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A higher-rank graph (or k-graph) is a countable category A together with
a functor d : A — N satisfying a factorisation property. For k = 1, A is
the path category of a directed graph E\. In general we view a k-graph as
a higher dimensional analog of a directed graph. In [14] it was shown how
to associate a C*-algebra to a k-graph in such a way that for £ = 1 we have
C*(A) = C*(Ep).

The universal property of a k-graph C*-algebra C*(A) implies that an
automorphism /5 of A induces an automorphism S of C*(A) and hence gives
rise to a crossed product C*(A) xg Z. The results of [8] show that there is
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a (k + 1)-graph A xg Z such that C*(A) x5 Z is isomorphic to C*(A x5 Z).
The purpose of this paper is to examine how this situation generalizes in
the setting of twisted k-graph C*-algebras.

Recent attention has been drawn to the homological properties of a k-
graph A which are nontrivial when & > 2. Specifically in [16, 17] two
cohomology theories for a k-graph A are described: cubical and categori-
cal. Twisted versions of k-graph C*-algebras are introduced in both cases
using 2-cocycles. Here we work with the cubical cohomology which is more
tractable. If ¢ is a (cubical) T-valued 2-cocycle on A, the twisted C*-algebra
is denoted by CZ(A).

In [17] it is shown that the cubical and categorical cohomologies for a
k-graph agree for H, H' and H?. An isomorphism between the two twisted
versions of k-graph C*-algebras compatible with the isomorphism in H? was
also proven in [17].

If 8 is an automorphism of a k-graph A, then [16] gives a long exact
sequence for the homology of the (k + 1)-graph A xz Z in the categorical
context. In this paper we describe the analogous cohomology sequence in
the cubical context (see Proposition 1.8) and use it to generalise the result
in [8] in three different ways.

Our main result, Theorem 2.1 shows that if we twist the C*-algebra of
A xp Z by a 2-cocycle ¢ then the resulting C*-algebra C(A x5 Z) is iso-
morphic to the crossed product of a certain twisted C*-algebra of A (with
twisting cocycle obtained by restricting ¢) by an automorphism associated
to S and . Applying this result in different contexts, associated to the
exact sequence outlined in Proposition 1.8 yields Corollary 2.3 which deals
with the case where the class of the restriction of ¢ is trivial; Corollary 2.4
asserts that if ¢ is a 2-cocycle on A whose cohomology class is left invariant
by [, then there is an automorphism of C;Z(A) which is compatible with
B for which the crossed product is isomorphic to a twisted C*-algebra of
A xg Z. The case when f3 is trivial which motivated this work is discussed
in Corollary 2.5.

We conclude with a section of examples of twisted k-graph C*-algebras
arising as crossed products. In each case the twisted k-graph C*-algebra lies
in a classifiable class of C*-algebras. In Example 3.1 we consider quasifree
automorphisms on Cuntz algebras and show how they arise in the setting
of Corollary 2.3. In Example 3.2 we use Theorem 2.1 to compute the coho-
mology of a 2-graph with infinitely many vertices which arises as a crossed
product. In Example 3.3 we use other techniques to compute the cohomol-
ogy of a 3-graph with one vertex which arises as a crossed product. We
also consider a family of 2-cocycles on a 3-graph for which the associated
C*-algebra is isomorphic to Os.
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1. Background

We begin by giving some background on k-graphs, their cubical cohomol-
ogy, and crossed-product graphs induced by automorphisms of k-graphs. We
then prove the existence of a long exact sequence involving the cohomology
groups of a k-graph and a crossed product graph. We finish with recalling
the twisted k-graph C*-algebras introduced in [16].

1.1. Higher-rank graphs. We adopt the conventions of [14, 15, 21] for
k-graphs. Given a nonnegative integer k, a k-graph is a nonempty count-
able small category A equipped with a functor d : A — N satisfying the
factorisation property: for all A € A and m,n € N¥ such that d(\) =m +n
there exist unique p,v € A such that d(u) = m, d(v) = n, and A = pv.
When d(\) = n we say A has degree n. We will typically use d to denote the
degree functor in any k-graph in this paper.

For k > 1, the standard generators of N* are denoted ey, ..., ey, and
for n € N¥ and 1 < i < k we write n; for the i*® coordinate of n. For
n = (ny,...,ng) € N¥let |n| := Zle n;; for A € A we define |A| := |d(N)].
For m,n € N*, we write m V n for the coordinatewise maximum of the two,
and write m < nif m; <n; fori=1,...,k.

For n € N¥ we write A" for d~!(n). The vertices of A are the elements of
A, The factorisation property implies that o — id, is a bijection from the
objects of A to A°. We will frequently and without further comment use this
bijection to identify Obj(A) with A°. The domain and codomain maps in
the category A then become maps s,7 : A — A°. More precisely, for o € A,
the source s(a) is the identity morphism associated with the object dom(«)
and similarly, 7(a) = ideoq(a)- An edge is a morphism f with d(f) = e; for
somei=1,...,k.

Let A\ be an element of a k-graph A and suppose m,n € N¥ satisfy 0 <
m < n < d(\). By the factorisation property there exist unique elements
a, B,v € A such that

A=afy, da)=m, d(f)=n—-—m, and d(vy)=d(\) —n.

We define A(m,n) := f. In particular & = A(0,m) and v = A(n, d(X)).

For o, 8 € A and E C A, we write aF for {a\: X € E,r(\) = s(a)} and
EBfor {\3: X € E,s(\) =7r(B)}. Soforu,v € A°, we have uE = Enr—!(u),
Ev=FEns!(v) and uFBv = uE N Ew.

Suppose that A is row-finite with no sources, that is, for all v € A and
n € N* we have 0 < [vA”| < co. By [18, Remark A.3], A is cofinal if for all
v,w € A there is N € NF such that for all a € vAY we have wAs(a) # 0.
And by [27, Lemma 3.2 (iv)], A is aperiodic (or satisfies the aperiodicity
condition) if for every v € A and each pair m # n € N, there is A € vA
such that d(A) > m V n and

(1) Am,m~+d(A) — (mVn))#Xn,n+dN\) — (mVn)).
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A k-graph A can be visualized by its 1-skeleton: This is a directed graph
E with vertices A? and edges UleAei which have range and source in E
determined by their range and source in A. Each edge in E with degree
e; is assigned the same colour, so Fj is a coloured graph. It is common to
call edges with degree e; in A blue edges in Ey and draw them with solid
lines; edges with degree e in A are then called red edges and are drawn as
dashed lines. In practice, along with the 1-skeleton we give a collection of
commuting squares or factorisation rules which relate the edges of E\ that
occur in the factorisation of morphisms of degree e; +¢; (i # j) in A. For
more information about 1-skeletons we refer the reader to [25].

A functor g : A — T" between k-graphs is a k-graph morphism if it pre-
serves degree, that is dro 8 =dp. If I' = A and S is invertible then 3 is an
automorphism. The collection Aut A of automorphisms of A forms a group
under composition.

Let T be the category N regarded as a 1-graph with degree functor given
by the identity map.

1.2. Cubical cohomology of k-graphs. For & > 0 define
k
1, := Z €; € NF.
i=1
By convention N° = {0} and 1¢ = 0.
Definition 1.1. Let A be a k-graph. For r > 0 let
Qr(AN)={ e A:dN) <1 |\ =r}

We have Qo(A) = AY, Q1(A) = Ule A% the set of edges in A and Q,(A) =
if r > k. For 0 <r < k the set Q,(A) consists of the morphisms in A which
may be expressed as the composition of a sequence of r edges with distinct
degrees. We regard elements of @,.(A) as unit r-cubes in the sense that each
one gives rise to a commuting diagram of edges in A shaped like an r-cube.
In particular, when r > 1, each element of @Q,(A) has 2r faces in Q,_1(A)
defined as follows.

Definition 1.2. Fix A € @Q,(A) and write d(A\) = e;; + -+ + €;, where
i1 < -+ < ip. For 1 < j < r, define FJO()\) and Fjl()\) to be the unique
elements of Q,_1(A) such that there exist u,v € A“ satisfying

F)(Av =X = uF}()).

In [16] the cubical homology of A is identified with the homology of the com-
plex (ZQ, 0,) where the boundary map 0, : ZQ, — ZQ,_1 is determined
by

O\ = ZZ j+£F£

7j=14=0
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Remark 1.3. If § € Aut(A), then it is straightforward to check that the
induced action of 8 on Z@), commutes with d9.. We first observe that
F}(BX) = BF}(A) and Fj (BX) = BF} (\);

and hence
r 1

S = 3 S 1BE ) = 50,0,

j=1 £=0 j=1 £=0

Notation 1.4. Let A be a k-graph and let A be an abelian group. For
r > 0, we write C"(A, A) for the collection of all functions f : Q,(A) — A.
Identify C"(A, A) with Hom(ZQ,(A), A) in the usual way. Define maps
5" CT(A,A) — C™H(A, A) by

r+1 1

5 (1)) = FOra (V) = 3 S (—1H AL ).

7j=14¢=0

Then (C*(A, A),0%) is a cochain complex.
Definition 1.5. We define the cubical cohomology H*(A, A) of the k-graph
A with coefficients in A to be the cohomology of the complex (C*(A, A), 6*);
that is H"(A, A) := ker(6")/Im(6"~1). For r > 0, we write

Z"(A,A) :=ker(0")
for the group of r-cocycles, and for » > 0, we write

B"(A,A) = Tm(6™ )
for the group of r-coboundaries.
Remark 1.6. For each 0 < r < k we define g* : C"(A,A) — C"(A, A) by
B(f) = fopB. Foreach f € C"(A, A) and A € Q,(A) we have

r+1 1

BN =D D FEFEHBN)) = 8"(£)(BA) = B*6"(£)(N),

j=1¢=0

and so 8% 0" = §" o §*. Hence B* induces a homomorphism
g*:H*(A,A) — H* (A A).

1.3. Crossed product graphs. Recall from [8] that if A is a row-finite
k-graph with no sources and 8 € Aut A, then there is a (k4 1)-graph A xgZ
with morphisms A x N, range and source maps given by (A, n) = (r()),0),
s(A,m) = (B7™(s()N)),0), degree map given by d(A,n) = (d(\),n) and com-
position given by

(A m)(,m) = (AB™ (1), m + ).

Evidently, A x 5Z is also row-finite with no sources and (A x3Z)? = A% x {0}.
Remark 1.7. If 3 = id, note that A xgZ = A x T1.
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Recall from [16, §4] that we may describe the r-cubes of A X Z in terms
of the cubes of A. The 0-cubes are given by Qo(A xgZ) = Qo(A) x {0}. For
each 0 < r <k the (r + 1)-cubes are given by

QT+1(A X3 Z) = {()‘7 1) tAE QT(A)} U {()\,0) tAE Qr-i—l(A)}'
Observe that for A € Q,(A), Ff(A,O) = (Ff()\), 0) and

(Ff(A),1)  ifj <,
(2) F{(\1) =< (),0) ifj=r+1,0=0,
(B71(N),0) ifj=r+1,6=1.

So for f € C"(A xg Z, A), we have

r+1 1
ZZ j—Mf )70) for)‘EQrJrl(A)
7j=1+¢=0
and
3) " (F)A 1) = (1)L F(X,0) = F(B7(N),0))
T 1
YD (T HE V), D),

j=14=0
for each A € Q,(A).
1.4. The long exact sequence of cohomology. Suppose 3 is an auto-
morphism of a k-graph A. In [16, Theorem 4.13] the authors presented a

long exact sequence relating the homology groups of A and A xg Z. In the
next result we present the corresponding long exact sequence of cohomology.

Proposition 1.8. Suppose 5 is an automorphism of a k-graph A, and A is
an abelian group. There is a long exact sequence

0 — HOA x5 Z, A) - HO(A, A) =55 HO(A, A)
LHl(A x5 2, A) s S5 HT(A, A)
I HH(A % ﬁz A) 5 gria, A) X gry(A, A)
I I HE(A x5 Z, A) S HR(A, A)

0% HE(A,A) S HMYY(A x5 2, A) — 0,
where

()N = f(A,0)
for each f e Z"(A xgZ,A), and

F(HAN0) =0 and j(f)(N1) = f(N)

for each f € Z""Y(A, A).
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Proof. For each 0 < r < k the maps i : ZQ,(A) — ZQ (A xg Z) and
J 1 2Qrs1(A X Z) = ZQ,(A) determined by

i(\) = (), 0) for X € Q,(A)

Jo0 = {i L T EQualdxs2)
induce maps

i*: C"(A x5 Z, A) = C"(A,A) and j*:C"(A,A) = C" (A x5 Z, A)
given by

(/)N = f(A,0) for f € C"(A x5 Z, A)

PO L) = {0 =0 ) FeCT(A,A.

f(A) ife=1

Using the description of the cubes in A X gZ we obtain a short exact sequence
of complexes FF where

(4) By 0= CT YA A) S CT(A x5 2, A) 55 CT(A, A) = 0,

since * and j* commute with the coboundary maps. Indeed,

r+1,1 r+1,1

@A) = Y EHEW) = D FEFX),0)=3d"f(A0)

J=1£=0 j=1,=0
= ("0") f(N)
for f € C"(A xgZ,A), and

(677 f(A 1) = (D)™ 0) = (B (N),0))

r,1
+ (=17 G FFL (M), 1)
j=1,6=0
r,1
= (1 FES(N) =61 F(N) = (556" F(M D)
7=14=0
and
r+1,1
(6"5)f(A,0) = (=17 ) (FF (), 0) = 0= (5*6" ") £(A,0)
j=1,6=0

for f € C™71(A, A).

Using the long exact sequence associated to a short exact sequence of
homology complexes (see [19, Theorem II1.4.1]) applied to a short exact se-
quence of cohomology complexes with the appropriate reindexing, we obtain
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the long exact sequence
sn *
- BHNA) D HTY A x5 72, A)

i 6T'+1

L HTYAA) S HTTYAA) -
Indeed, the boundary map dg (see [19, I1.4]) is defined as follows. Start with
m € Z"(A, A) and take the lift n € C"(A xg Z, A) given by n(\,0) = m(\)
and n(\, 1) = 0. Then §"n(\,0) = 0 for all A, so there is ¢ € Z"(A, A) such
that d"n = j*c, that is §"n(\, 1) = ¢(A\). Then dg takes the class of m into
the class of ¢. Using (2) and (3) we get

(V) = ")\ 1) = 8"n(A 1) = (=1)"" (n(X,0) = (87 (1), 0))

= (=)™ (m—mofH(N).

Hence we see that 6%, = (—=1)""1(1 — (871)*). By using a similar argument

as in [16, Theorem 4.13], the sequence remains exact after replacing g with
1-—p*. O

If 8 = id, then as noted in Remark 1.7 A x3Z may be identified with A x T7
and 1 — 8* = 0. Hence, for all r, we have the short exact sequence

0— H"(A, A) 25 H™(A x Ty, A) S5 HH(A, A) > 0.

Moreover there isamap o : C"(A, A) — C"(AxTy, A) such that o(f)(A,0) =
f(A) for A € Qr(A) and, if r > 1, o(f)(A\,1) = 0 for A € Q,—1(A). It
is straightforward to check that o intertwines boundary maps and that
i*o(f) = f for all f € C"(A, A). Hence, the map

(5) Z:(f,9) € Z"(A,A) D Z" YA, A) — j*(f) + o(g) € Z (A x T1, A)

is an isomorphism which intertwines the boundary maps. We thereby obtain
the following result:

Corollary 1.9. If = id, then H°(A x Ty, A) = HO(A, A) and for r > 0
the map on cohomology induced by = is an isomorphism

Z:H (MA@ H (A A) = H YA x5 Z, A).
1.5. Twisted k-graph C*-algebras.

Definition 1.10. Let A be a row-finite k-graph with no sources and fix
o € Z3(A,T). A CuntzKrieger p-representation of A in a C*-algebra A
is a set {p, : v € A%} C A of mutually orthogonal projections and a set
{sx : A€ Q1(A)} C A satisfying:

(TG1) for all 1 <i <k and A € A%, s}sx = py(n);

(TG2) foralll <i<j<kandpu,u € A% v,/ € A% such that uv = /1,

sys = @(pv)s,s,; and
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(TG3) for all v € AY and all i = 1,...,k such that vA% # (),
Py = Z SASY-
AEvA©i

Definition 1.11. Let A be a row-finite k-graph with no sources and let
¢ € Z*(A,T). We define C(A) to be the universal C*-algebra generated by
a Cuntz—Krieger ¢-representation of A.

Remark 1.12. If ¢ € Z%(A, T) is the trivial cocycle, then ¢ € B?(A, T) and
so by [17, Proposition 5.3] and [17, Proposition 5.6] we have C(A) = C*(A).

Remark 1.13. In the context of twisted k-graph C*-algebras, we shall be
particularly interested in the following part of the exact sequence for A =T

s HYAT) S YA T) LS B2 (A x5 2,T)
AT S HAAT) -

2. Main results

In this section we present our C*-algebraic results. In our main result we
generalise the isomorphism C*(A xgZ) = C*(A) x5 Z from [8, Theorem 3.4]
(in the case | = 1) to the twisted setting. Note that for A = T we use
multiplicative notation; inverses are given by conjugation, and the identity
element is 1 € T.

Theorem 2.1. Let A be a row-finite k-graph with no sources, let 5 € Aut(A)
and let ¢ € Z*(A x3 Z,T). Then

(i) There is an automorphism By, of CZ‘*(@)(A) such that

(6) Be(po) = pgo and  Biy(se) = ¢(Be, 1)spe,

for allv € Qo(A) and e € Q1(A).

(i) Let (Fp)nen be an increasing family of finite subsets of AY such that
UpenF, = A°. The sequence (X wer, S(v,1))neN converges strictly to
a unitary U € MCL(A x5 Z) satisfying

(7) Upwo)U" =pipoo and  Useo)U" = p(Be, 1)s(5e,0),

for all v € Qo(A) and e € Q1(A).

(iii) There is a homomorphism T : Cliio) (A) = CL(A xg Z) which forms
a covariant pair (w,U) whose integrated form

XU Cl)(A) xp, Z — Co(A x5 Z)

is an isomorphism.

Remark 2.2. In the proof of this theorem we need to calculate the faces
of a cube (B, 1) € Q3(A x5 Z), where A € Q2(A). Suppose A =ef = f'¢,
where e, e’ € A% and f, f’ € A% such that 1 <i < j < k. We can factorise
(BA, 1) according to the following diagram, and then calculate its faces.
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» L ./T
RS FI(BAT) = (371
o eea o FL(BA1) = (B1,1)
| (.0, | {(:0) FY(BA, 1) = (Be, 1)
(;gfqo)i v E(S,f.O) ' F}(BM1) = (B, 1)
e F(BX.1) = (8X.0)
E //,/(5TU”%1) E ///’(ﬁr(ﬂvl) IQ%O3A,1) (A,O)
;. )3

A
D,

(Be, 0)
Proof of Theorem 2.1. Let A € Q2(A). Write A = ef = f’¢/, where
e, € A% and f, f’ € A% such that 1 < i < j < k. Using (3) and the
identities in Remark 2.2 we get
(8) 1=23%(9)(BA1) = (BN, 0)¢(X 0)p(BF, 1)¢p(Be, (B, 1) (Bf, 1).
For each v € Qo(A) let P, := pg, and for each e € Q1(A) let
Se := p(Be, 1)sg..
We claim that {P, S} defines a i*(¢p)-representation of A in C¥, (©)
check condition (TG2) using (8):
SpSer = @(Bf', 1)p(Be’, 1)sgpr5er

:w(ﬂf,l) (Be',1)i"(¢)(BeBf)spesss

= o(Bf", 1)e(Be’, 1)p(B(ef), 0)sgessy

= (B, (B, 1)(B(ef), 0)p(Be, 1)p(Bf, 1)SeSy

= @(ef,0)5:5; = i* () (ef)SeSy-
Conditions (TG1) and (TG3) follow easily. By the universal property of

Ci (o) (A) we obtain a homomorphism 3, satisfying

Be(po) =ppv and  By(se) = p(Be, 1)sge.

Similar calculations show that the collection {pg-1,, (e, 1)sg-1.} is also an
i*(p)-representation of A in C’ZT‘;(@) (A), and the corresponding homomor-

(A). We

phism coming from the universal property of Ci**(sp) (A) is the inverse of .

So B, is an automorphism, and (i) holds.
For any finite subset F' C A we denote by

P(F):= ppo) € C*(A x5 Z).
vEF

To see that (ii) holds, first let (F),)n,en be an increasing sequence of finite
subsets of AY such that U,enF),, = AY. Then a standard argument shows
that P(F,) — 1 strictly in MCZL(A xgZ). Forn > 1let Uy := 3 cp S(u,1)-
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Since the elements in the sum defining U,, have the same degree, by (TG1)
we have

(9) U;Un = Z SZ(UJ)S(w,l) = Z (v,1)5( Z P(g-1v,0)

v,weFy, veEF, veEF,
= P(B_l(Fn)),
and by (TG3) we have

(10) UU; = Z S$(w,1)S(w,1) = Z S$(,1)5(p,1) = Z P(w,0) = P(Fn).

v,weFy, vEF, vEFy

Hence U, is a partial isometry, with initial projection P(37!(F},)) and final
projection P(F},).
For (w,0) € (A x5 7Z)? and (e,0) € (A xgZ)%, 1 < j < k we have
(11) UnP(w,0) = $(8w,1) if Bw € Fy, and zero otherwise, and
UnS(e,0) = 8(8r(e),1)5(e,0) if Br(e) € Fy,, and zero otherwise;

and

(12) Pw,0)Un = S(w,1) if w € F, and zero otherwise, and

5(e,00Un = 8(¢,0)5(s(e),1) 1f 8(€) € F, and zero otherwise.
Hence U, multiplied on the left or right of any product of generators of
Ci(A xg Z) is eventually constant as n — oco. A standard argument shows
that U, converges strictly to an element U € MC*(A xg Z). Moreover,

U is independent of the choice of F,,, and from (10) and (9) we see that
UU* =1=UU*. Finally from (11) and (12) it follows that for w, fw € F,

we have Upnp(u,0) = P(8w,0)Un, and for pr(e), Bs(e) € F,, we have
UnS(e,0) = 8(e,0)5(8r(e),1) = LB, 1)5(8,0)5(8s(e),1) = P(Be,1)5(8e,0)Un

We see that the identities (7) hold by taking n — oco. This completes the
proof of (ii).

For (iii) we first claim that {p(, ), 5(c,0)} is an i*(¢p)-representation of A
in C%(A xg Z). We check (TG2): for e,e’ € A% and f, f' € A% such that
ef = f'e’, where 1 <i < j < k, we have

5(1,0)5(er,0) = P(ef,0)8(c,0)5(£,0)-

Checking conditions (TG1) and (TG3) is straightforward. The universal
property of C*, o) (A) now gives a homomorphism

satisfying m(py) = p(v,0) and W(Se) = 5(c,0)-
The homomorphism 7 and the unitary U from (ii) satisfy

Un(se)U* = Us(e,())U>k = ¢(Be, 1)S,ﬁe = 71'(4,0(56, 1)5[3@) = W(B@(Se))a
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for each e € Q1(A). It follows that (m,U) is a covariant representation
of (C7; ( ), B,), and hence by the universal property of the full crossed

product C (o )(A) X, Z we get a homomorphism
TxU: C:*(AD)(A) Nﬂw 7 — C:;(A X8 Z).

If we denote the universal covariant pair by (ia,iz(1)), then we know that
(m xU)oipn =7 and m x U(iz(1)) = U, where m x U is the extension of
7 x U to the multiplier algebra MCZ(A x5 Z).

We claim that 7 x U is an isomorphism. To find the inverse we construct
a p-representation of A xg Z in Ci (o) (A) xp, Z. For each

(v,0) € Qo(A x5 Z)

let Py 0) := ia(py), for each (e,0) € Q1(A xp Z) let S ) := in(se), and for
each (v,1) € Q1(A xg Z) let S(y1) = ia(py)iz(1). We claim that {P, S} is
a CuntzKrieger ¢-representation of A x5 Z in C7 )(A) X, Z. To check

(TG2) we have two cases to consider. For

(Be, 1) = (Br(e), 1)(e,0) = (Be,0)(Bs(e), 1) € (A x5 Z)“ e+
we have
S(ar(e),1)S(e.0) = ia(Ppr(e))iz(1)ia(se)
(Pr(e))in(By(se))iz(1)
Be, 1)in(Par(e))in(sge))iz(1)
Be, 1)in(spe)in(Pas(e))iz(1)
Be; 1)S(5e,0)S(8s(e),1)-
The other case is when ef = f’¢/, where
e, € (AxgZ)® and f,f € (AxgZ)9
and 1 <¢ < j <k. Then
(£,0) = (&,0)(£,0) = (/,0)(¢/,0) = (/'¢',0) € A x5 Z,

= o(
= o(
= o(

and

S(f’,O)S(e’,O) = iA(Sf/Se/) = i*(QO)(Gf)Z'A(SeSf) (ef, )S(eO (£,0)-
Properties (TG1) and (TG3) follow more easily. The universal property of
Cy (A x5Z) now gives a homomorphism pp s : C5(AxgZ) — C**(@)(A) X g, L
such that pps(p(,0) = Plo,0): PP,5(5(c,0) = S(e,0), and pps(S@w,1)) = S(v,1)-
One checks on generators that pp g is the inverse of m x U. ([

Corollary 2.3. Let A be a row-finite k-graph with no sources, let 5 €
Aut(A) and let c € ZY(A,T). There is an automorphism 3¢ of C*(\) satis-
fying

(13) B(po) =ppo  and  B(se) = c(Be)spe,
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for all v € Qo(A) and e € Q1(A), and an isomorphism
C*(A) X ge 7 = C]**(c)(A X Z).

Proof. We apply Theorem 2.1 with ¢ := j*(c) € Z*(A x5 Z,T). Then
B¢ is just Bj«(), and (13) follows because p(e,1) = j*(c)(e,1) = c(e) for
all e € Q1(A). The isomorphism C*(A) xge Z = C]’.‘*(C)(A x g Z) follows by
Theorem 2.1 and realising that i*(p) = *(5%(¢)) = 1. O

Corollary 2.4. Let A be a row-finite k-graph with no sorces and let B €
Aut(A). Suppose that 1 € Z%(A,T) such that [1)] € ker(1 — 3*). Then there
is p € Z*(A x5 Z,T) such that ¢ = i*(p) and so Theorem 2.1 applies. In
particular there is an automorphism B, of C’;Z(A) such that

Proof. Since [¢] € ker(1 — %), [¢] = [8*] and so there is a map b :
Q1(A) — T such that (8*1)y = §1(b). So for A = ef = f'¢’ where e, e’ € A%
and f, f’ € A% such that 1 << j <k, we get

P(BA)YA) = b(e)b(F)b(f')b(e").
We define ¢ € Z%(A x5 Z,T) by

Y(N) if A€ @2(A),L=0,

P00 = {b(ﬁ‘l/\) if AeQi(A),£=1.

Then by a computation as in Equation (8) we have §2(¢)(8A, 1) = 1 for all
A € Q2(A); moreover, for A € Q3(A), we have §2(¢)(),0) = (§2(¥)(N),0) =1
since ¥ € Z%(A,T) . Hence, ¢ € Z?(A x5 Z,T). By construction ¢ = i*(;p)
and so Theorem 2.1 gives the result. ([

Recall that if 3 is the identity automorphism of A then A xgZ = A x T3 by
Remark 1.7 and = : Z1(A, T) ® Z?(A,T) = Z?(A x Ty, T) by Equation (5).
In this case Theorem 2.1 reduces to the following result:

Corollary 2.5. Let A be a row-finite k-graph with no sources and let ¢ €
Z2(A x T, T). Then ¢ = Z(p1,p2) where (01,p2) € ZH(A, T) @ Z2(A,T).
Moreover,
(i) We have ¢(e,1) = p1(e) for all e € Q1(A) and p(A,0) = a(N) for
all X € Qa(A).
(ii) There is an automorphism a = oy, of C7,(A) such that

a(py) = py and a(se) = p1(e)se for allv € Qo(A) and e € Q1(A).
(iii) There is an isomorphism Cg,(A) Xo Z — CL(A x T1).
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3. Examples

We consider some examples of automorphisms and the associated crossed
products. In Example 3.1 we consider quasifree automorphisms on Cuntz
algebras. In Examples 3.2 and 3.3 we compute cohomology of the crossed
product; in Example 3.3 we adduce conditions under which the twisted
crossed product C*-algebra is simple and purely infinite and use classifica-
tion results to show that it is isomorphic to Os.

Example 3.1. For n > 1 let B,, denote the 1-graph which is the path cat-
egory of the directed graph with a single vertex v and edges fi,..., fx.
It is well-known that C*(B,) = O,. It is straightforward to see that
ZY(B,,T) = T, since we may label each edge f; with an independent
element of T. It is also straightforward to see that Aut B,, is isomorphic to
Sh, the symmetric group of order n, which acts by permuting the edges f;.
Following [7], an automorphism « of O, is said to be quasifree if it is
determined by a unitary matrix u € U(n) in the following sense

n
a(sy,) = Zui,js]cj fori=1,...,n.
j=1

We write a = . Given u, v € U(n), we have qu = oy, 0 apr. Moreover,
if u,u’ € U(n) are conjugate, the corresponding automorphisms «,,, o, are
conjugate.

Evans notes on [7, Page 917] (citing an argument of Archbold from [1])
that «,, is outer if and only if u # 1. Hence by [13, Lemma 10] the crossed
product O, X, Z is simple and purely infinite if and only if v # 1 for
all m # 0. By the Pimsner—Voiculescu six-term exact sequence we have
Ki(Op Xa, Z) = Z/(n — 1)Z for i = 0,1. Hence if u™ # 1 for all m # 0,
the Kirchberg—Phillips Theorem [11, 24] yields that the isomorphism class
of O, X, Z is independent of wu.

We consider the situation covered in Corollary 2.3 in the case A = B,.
If the action § on B, is induced by the identity permutation and ¢ =
(c1,...,¢n) € ZY(By,T), then the automorphism 3¢ of Corollary 2.3 is the
quasifree automorphism «,, of O,, arising from the n x n diagonal matrix u
with entries determined by ¢ (see [10, 7, 12]). By Remark 1.7 we have that
B, xgZ = B,, x T1 and so by Corollary 2.3 we have

On X ge 7 = C;*(C)(Bn X Tl)

Moreover, 4™ # 1 for all m # 0 if and only if ¢; is not a root of unity for
some 1 < ¢ < n, and hence in this case by the above paragraph we have
C;*(c)(Bn x T1) simple and purely infinite with

Ki(Cluoy(Ba x V) = 2/ (n — 1)Z

for i =0, 1.
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Now let a be a quasifree automorphism of O,; then a = «, for some
unitary matrix u € U(n). Then since every unitary is conjugate to a diagonal
unitary, « is conjugate to 3¢ for some ¢ € Z'(B,,, T) (where 3 is the identity
permutation). Hence,

Op Mo Z = Oy Xge L = C;‘*(C)(Bn x T1).

Let v be an arbitrary permutation of the edges of B,,. Then the induced
automorphism ~ of O, is the quasifree automorphism associated to the
unitary corresponding to the permutation. So if ¢ € Z'(B,,T), then 7¢ =
(B¢ o~ is also a quasifree automorphism.

Example 3.2. Consider the infinite 1-graph A with vertices v, for n > 1
and edges en;, n > 1,5 =1,...,n, where s(ep;) = vp41 and 7(ey;) = vy, for
j=1,...,n. Then C*(A) is strongly Morita equivalent to the UHF-algebra
with Ky-group isomorphic to Q. Let 8 be the automorphism of A which
fixes the vertices and cyclically permutes the edges between two successive
vertices, i.e.

ﬁ(enj) = en,j+17j = ]-7 ceey = 17ﬂ(enn) = €nl-
The crossed product graph A x Z has degree (1,0) edges e;,; = (e;,0) for
n>1,7=1,...,n and it has a degree (0, 1) loop f,, = (v,, 1) at each vertex
vp, (we identify (vy,,0) with v,), with commuting squares
(14) G;Ljfn"l‘l :fTLe;L,jJrl) fOI‘j = 1,...,%- 17 e;m,fn-‘rl = fnegml'

It is a rank-2 Bratteli diagram (see [22, Definition 4.1]) with 1-skeleton
shown below

bil f2 f3 , fa
AR AR / (77 €31 A
\ /’ , \ /’ €21 \ /’ 7 \ /’
3y ‘11 X €32 .

V1 V2 7 v3 V4

e
22 /
€33

By [22, Corollary 3.12, Theorem 4.3 and Lemma 4.8] the C*-algebra
C*(AxgZ)
is strongly Morita equivalent to an AT-algebra, the inductive limit of
C(T) - C(T) @ My — C(T) @ Mgy — - - -

with K-theory groups isomorphic to Q. Fix m < n. Then for all a €
vn(A x5 Z)™9) we have vy, (A xp Z)s(a) # 0 and so A xg Z is cofinal.
Fix a € v,(A x5 Z)N0) | then by repeated use of (14) it follows that o(a) =
n(n+1)--- (n+N) where o(«) is the order of v (see [22, §5]). It is then easy
to see that A xg Z has large-permutation factorisations (see [22, Definition
5.6]) and so C*(A xg Z) is simple and has real-rank zero by [22, Theorem
5.7].
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We now turn our attention to computing H*(A x5 Z, A) for A an abelian
group; first we compute H'(A, A). Observe that

3°(F)N) = F(s(N) = f(r(N))
where f € CO°(A, A), A € A and &' : C1(A, A) — C?(A, A) is the zero map.
Hence H'(A, A) = CY(A,A)/imé° and, identifying elements of C1(A, A)
with “double sequences” a = (a})n>1,1<j<n With a} € A, then HY(A, A)
may be identified with the set of equivalence classes of such elements where
a ~ b if there are ¢, € A with b =ai +cpn>17=1...,n It follows

that Hl(AvA) = (HnZl An)/N
To compute the cohomology H'(A xg Z, A), observe that
51(80)(6;Ljfn+1 fne, ,J+1) o(fn+1) + @(B;Lj) - 90(6;1,j+1) —(fn),

so for ¢ € Z1(A x5 Z, A) we have
plen 1) — (en;) = e(fnt1) = o(fn) = @len1) — (€nn);

forn>1,j=1,...,n—1. Summing over j we obtain n(¢(fr+1)—¢(fn)) =0
for n > 1. If A is torsion free, then ¢(fy) is constant and therefore (e’ )

is constant. In this case, H'(A x5 Z, A) = A. If A has torsion, then
HY A xgZ,A) =2 A x To(A) x T5(A) x -+,

/
nj

where T,,(A) denotes the n-torsion subgroup of A for n > 2.
The last part of the long exact sequence

o HY(A,A) =5 HY(A,A) L H2(A x5 Z, A) — 0,

implies that
H?*(A x5 Z, A) = coker(1 — *).
Since f cyclically permutes the edges at each stage, the map
B*: CHA,A) = CHA, A)

is [[8n: [1,51 A" = [1,>1 A", where

Bn: A" — A" Bp(a1, ... an) = (ap,a1,...,apn—1),
an automorphism of order n. Therefore, the map

1—p*:C' (A A) = CY (A A)
is determined by
(1=05p)(at,...,an) = (a1 — an,a2 — a1y ..., ap — Ap_1).
Since HY(A, A) = C*(A, A)/im §°, we conclude that
coker(1l — ) = (HA”) im(1 — B*) + im §°).

n>1
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First observe that

[[4") /m(a-p)=]]A4

n>1 n>1
by the map (a}) — (3 7_; a}). Since (@) € im 80 iff there are ¢, € A with
aj =cy forall j =1,...,n, we conclude that im 6% in [[>14is [[,> nA
It follows that

H2(A x5 7, A) = (H A) /ims' = [T A/nA.

n>1 n>1

If A is divisible, in particular if A = T, then H?(A xg Z,T) = 0.
Given ¢ € Z%*(A x5 Z,T), both [¢] and [i*(¢)] are trivial since both
H%*(A x5 Z,T) and H?(A, T) are trivial. It follows by Theorem 2.1 that

C*(A) x5, 7.2 C5(A x5 Z) = C*(A x5 7).

Example 3.3. For n > 1 let n = {0,...,n — 1}. Define a bijection 6 :
2x3 — 2x3 by 0(i,j) = (i+1 (mod 2), j+1 (mod 3)). Consider the 2-graph
IF;}r defined in [2]: F; is the unital semigroup generated by fo, f1, 90, 91, g2
subject to the relations f;g; = g; fir where 0(4,7) = (¢/, j/); that is,

(15) fogo = 91f1,  figo = g1fo, fog1 = g2f1,
figr = g2f0,  fog2 = gof1,  fig2 = gofo,

where the degree of fy, f1 is e; and the degree of gg, g1, g2 is eo.

If 1 = (01) € Sy and 2 = (012) € Ss, then it is easy to check that
0o (B1 x PB2) = (P1 xP2)00 and so B = B1 x B2 induces an automorphism
of F;.

Since F has only one vertex v, it follows that vF; s(a) # @ for all a € Ff
and so Fjf is cofinal. Furthermore F} is aperiodic by [3, Corollary 3.2] since
log 3 and log 2 are rationally independent. Hence C* (F;) is simple by [27,
Theorem 3.1]. Moreover, the loop fp has an entrance figp and since there
is only one vertex, it follows by [28, Proposition 8.8] that C*(F,) is purely
infinite. By [6, Proposition 3.16] it follows that

Ko(C*(Fy)) = K1(C*(Fg)) =0

12

since M = [2] and M = [3]. Since C*(Fy) is a Kirchberg algebra, C*(F,)
O3 by the Kirchberg—Phillips Theorem [11, 24].

To compute the cohomology of A = F; and of A xg Z, we first compute
the homology H,(A). Next we determine the maps S : Hy,(A) — Hp(A)
induced by the automorphism /3 and then use the exact sequence (see [16,
Theorem 4.13]) to compute Hy, (A xgZ). Thereafter, we apply the Universal
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Coefficient Theorem (see [16, Theorem 7.3])
0 — Ext(Hp—1(A xgZ),A) — H"(A xg Z, A)
— Hom(H,,(A x3Z),A) =0
to compute H"(A xg Z, A). We have
Qo(A) = {v},
Q1(A) = {fo, f1. 90,91, 92},
Q2(A) = {fogo, fogr, fogz, figo. frgr, fig2},

from (15). Moreover, we have 0y = 01 = 0 and

D2(fogo) = fo+g90— 91— f1,  02(f190) = f1 + g0 — 91 — fo,
02(fog1) = fo+ g1 —g2 — f1,  Oa(f191) = f1 + 91 — 92 — Jo,
02(fog2) = fo+g92 — g0 — f1,  O2(f192) = f1 + 92 — 90 — Jo.
Using the Smith normal form of J5 we see that ker Jo has generators
b1 = fogo + f190 + 2f191 + 2f0g2,
be = —2fog0 + fog1 — 3f191 — 2f0g2,
bs = 2fogo + 2f191 + fog2 + f192
and im 0y has generators
fo—fi+tgo—9g1, go—g2, 91— g
It follows that
Ho(A) =7, Hy(A)=7°/im 0y 2 72 Ho(A) = ker 0y = 73,

Since B(fo) = f1,B8(f1) = fo.8(90) = 91.8(g1) = g2.8(g2) = go and
Hi(A) is generated by [fo],[g0], we see that 5. : Hi(A) — Hi(A) is the
identity map.

Since B(b1) = 2by + bo, B(b2) = —2by + b3, B(bs) = by, it follows that
B« : Ha(A) — Ha(A) has matrix

210
-2 01
1 00

and ker(1 — 3,) = Z,im(1 — 3,) = Z2.
Then by the long exact sequence of homology (see [16, Theorem 4.13]) we
obtain

Hi(AxgZ) =7 Hy(AxpZ)=Z% H3(AxgZ)2Z.
It follows that
HOA A= A, HYAA) = A%, H?(A A) = A3
and

HY (A x5Z,A)= A3, H*(AxzZ,A)= A%, H3(Ax5Z,A)= A
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We construct a representation of C*(F, ) on the Hilbert space H = (2(N) @
C?® 52(N) with basis {ei,j,k}i,kZI,j:O,l by taking
Sto(€i0,k) = €2i-1,0k, Sto(€i1,k) = €2i1ks
St (€i0,k) = €2i,0,ks St (€i1,6) = €2i-1,1,k

and

Tyo(€ijn) = €in—jsk—2. Tg(eijr) = €in—jsu—1, Tg,(€ijr) = €i1—j3k-
Then Sy,, Sy, Ty, Ty, , Ty, are isometries and
S0 S, + Sp ST = Ty T + Ty To + Ty, T, = 1.

The commutation relations (15) are also satisfied, for example

(StoTyo)(€i0,k) = Spo(€i1,3k) = €2i1,3k
and
(StoTyy)(€i1 k) = Spo(€i0,3k) = €2i-1,0,3k-
Fix z,w € T and let ¢ = ¢(z,w) € Z'(F, T) be such that
c(fo) =c(f1) =2 c(g:) = w,

for ¢ = 0,1,2. Suppose that 2™, w™ # 1 for all n. As in Corollary 2.3 let
K = 3¢ be the automorphism of C*(F,) such that

K(Sy,) = 28, ) for i=0,1 and  k(Ty,) =wly, . fori=0,1,2.

We claim that ™ is outer for all n. To prove this we follow the technique
of [1, 5, 4].

Fix n. For contradiction assume there is a unitary V € C*(F}) such that
k" = AdV. We have Sy,e101 = e1,0,1 and

K (So)Veron = VSV Veron = Veron = Y cijreip 7 0-
On the other hand if n is odd then
K" (Spo)Veron = 2"Sp Y Cijk€ijin

(o @] o0
=" Z Ci,0,k€2i,0,k + 2" Z Ci1,k€2i—1,1,k-
1,k=1 i,k=1
Identifying coefficients, we get co;—10x = c2;,16 = 0, 250k = 2"Ciox and
C2i—1,1,k = 2C; 1 k; since 2" # 1 for all n it follows by induction that ¢; ;5 = 0
for all 4, j, k. If n is even a similar argument applies.
Similarly, consider x = %(61,071 +e11,1). Then Tz = x and

o0
KTy )V = VT, V*Ve =V = Z i jkeijk 7 0
ik=1
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On the other hand if n is congruent to 1 mod 3 then we have

o0
B(Ty)Vr =w"Ty, Z Tij,k€i,5,k

ik=1
oo o0
I n n
=w E Zi,0,k€i,1,3k—1 + W E Ti1,k€:,0,3k—1-
ik=1 ik=1

Identifying coefficients,
Ti03k = Ti03k—2 = Ti13k = Ti13k—2 = 0,

Ti03k—1 = W'T; 1k, Ti13k—1 = W'Ti0k and 2502 = w"x;11 = 0. Similarly
xi12 = w'rip1 = 0; since w" # 1 for all n it follows by induction that
¢k = 0 forall ¢, j, k. Other cases for n follow in a similar manner. Together
they give a contradiction, so k" is outer for all n. Hence by [13, Lemma 10]
and Corollary 2.3 it follows that C*(Fy) xge Z = Cjs(o(Fy x 3 Z) is simple
and purely infinite for all ¢ = ¢(z,w) € Z'(F,,T) such that 2", w" # 1
for all n. For such ¢ the Pimsner—Voiculescu six-term exact sequence and
classification results show that C*(Fj) xge Z = Os.
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