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Word length statistics and Lyapunov
exponents for Fuchsian groups with cusps
Vaibhav Gadre, Joseph Maher and Giulio Tiozzo
Abstract. Given a Fuchsian group with at least one cusp, Deroin,
Kleptsyn and Navas define a Lyapunov expansion exponent for a point
on the boundary, and ask if it vanishes for almost all points with respect
to Lebesgue measure. We give an affirmative answer to this question, by
considering the behavior of the word metric along typical geodesic rays
and their excursions into cusps. We also consider the behavior of the
word metric along rays chosen according to harmonic measure on the
boundary, arising from random walks with finite first moment. We show
that the excursions have different behavior in the Lebesgue measure
and harmonic measure cases, which implies that these two measures are
mutually singular.
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1. Introduction
Let G be a Fuchsian group, i.e., a discrete subgroup of SL(2, R), and
suppose the quotient G\H2 has finite volume but is not compact (such a
group is also called a nonuniform lattice in SL(2, R)).
For any finitely generated group G of circle diffeomorphisms and any point
p ∈ S 1 , Deroin–Kleptsyn–Navas [3] define the Lyapunov expansion exponent
of G at p as
1
(1)
λexp (p) := lim sup max
log |g 0 (p)|
R→∞ g∈B(R) R
where B(R) is a ball of radius R in G with respect to a word metric for
some finite generating set.
Theorem 1.1. For a nonuniform lattice in SL(2, R), we have
λexp (p) = 0
for almost every p ∈ S 1 with respect to Lebesgue measure.
This answers a question of Deroin–Kleptsyn–Navas [3, Question 3.3] in
the affirmative. The essential idea is that, given p ∈ S 1 , the group elements
realizing the maximum of the derivative in definition (1) are the closest
ones to the geodesic ray from the basepoint to p, and we show that their
derivative grows subexponentially.
We shall consider two different metrics on the group G. As G is finitely
generated, we can endow it with a word metric dG with respect to a finite
set of generators. On the other hand, the group G is hyperbolic relatively
to the parabolic subgroups, in the sense of Farb [4]. Thus, G can be also
equipped with a relative metric drel , in which any distance in a subgroup
fixing a cusp has constant length (see Section 2; note that this metric is
usually not proper).
Given a basepoint x0 ∈ H2 , we may identify the unit tangent space at
x0 with the circle S 1 = ∂H2 at infinity, and the measure induced on the
boundary is absolutely continuous with respect to Lebesgue measure on the
unit circle.
Let γ be a geodesic ray from the basepoint x0 , and γt a point at distance t
from the basepoint along γ. For each time t, let ht be a group element such
that ht x0 is a closest element of the G-orbit of x0 to γt . A way to measure the
penetration into the cusp of the geodesic γt is to consider the ratio dG /drel
between the word and relative metrics, since consecutive powers of parabolic
elements increase the numerator but not the denominator. We thus define
the quantity
dG (1, ht )
,
ρ(γ) := lim
t→∞ drel (1, ht )
which we shall refer to as the word length ratio. In Section 2, we shall show
that the limit is infinite for almost all geodesics in visual measure.
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Theorem 1.2. Let G be a nonuniform lattice in SL2 (R). Then the word
length ratio ρ(γ) = ∞ for almost all geodesics chosen according to Lebesgue
measure on the circle at infinity.
In Section 3, we shall use Theorem 1.2 to prove Theorem 1.1. Finally,
in Section 4, we show an analogous result for random walks. Furstenberg
[5] showed that the image of a random walk on G in H2 under the orbit
map g → gx0 converges almost surely to the boundary, defining a harmonic
measure ν on S 1 . We show that the word length ratio is finite for almost all
rays chosen according to harmonic measure.
Theorem 1.3. Let G be a nonuniform lattice in SL2 (R), and let ν be a harmonic measure on the boundary ∂H2 determined by a probability distribution
µ with finite first moment in the word metric, whose support generates G as
a semigroup. Then there is a constant c > 0 such that the word length ratio
ρ(γ) = c, for ν-almost all geodesic rays.
Comparing Theorems 1.2 and 1.3 shows that geodesics chosen at random
with respect to Lebesgue measure penetrate more deeply into the cusps than
geodesics chosen at random with respect to harmonic measure.
In particular, this shows that Lebesgue measure and hitting measure are
mutually singular. This was previously known for the congruence subgroup
Γ(2) of P SL(2, Z) by Guivarc’h and Le Jan [9, 10], for SL(2, Z) and µ with
finite first moment, by Deroin, Kleptsyn and Navas [3], and for nonuniform
lattices in SL(2, R) and µ with finite support, by Blachère, Haı̈ssinsky and
Mathieu [1]. It is worth remarking that the assumption of finite first moment
is essential, as Furstenberg showed that it is possible to construct random
walks (with infinite first moment in the word metric) whose harmonic measure is in the Lebesgue class [6].
Theorems 1.2 and 1.3 are extended to the case of the mapping class group
acting on Teichmüller space in [7].
1.1. Notation. We will write f (x) . g(x) to mean that the inequality
holds up to additive and multiplicative constants, i.e., there are constants
K and c such that
f (x) 6 Kg(x) + c,
and similarly f (x)  g(x) will mean that there exist constants K, c such
that
1
g(x) − c 6 f (x) 6 Kg(x) + c.
K
Acknowledgements. The authors wish to thank the referee for helpful
comments.

2. The word length ratio for Lebesgue measure
Let G be a nonuniform lattice in SL(2, R), and X = H2 /G the corresponding hyperbolic surface with cusps. Given  > 0, the thick part of X is the set
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of points x ∈ X with injectivity radius larger than  (i.e., such that the ball
of radius /2 in X centered at x has fundamental group with finite image in
the (orbifold) fundamental group of X, which we may identify with G). We
shall denote the thick part, which is compact, by N , and its complement is
called the thin part. If  is sufficiently small, then the thin part is the union
of disjoint neighborhoods c1 , · · · , cp of the cusps of X. The universal cover
of X is the hyperbolic plane H2 , and the lift of the union c1 ∪ · · · ∪ cp of the
cusp neighborhoods in the universal cover is the union of countably many
disjoint horoballs, which we shall denote by H.
The group G is finitely generated, and a finite choice of generators A
for G defines a proper word metric on G. Different choices of generators
produce quasi-isometric metrics. For each cusp neighborhood ci in X, let us
choose a lift c̃i in the universal cover, and denote by Gi the stabiliser of c̃i .
The group Gi is infinite cyclic and is a maximal parabolic subgroup; let gi
be a generator of Gi . We may also define a relative metric on G by taking
the word metric with respect to the larger (infinite) generating set
A0 := A ∪ G1 ∪ · · · ∪ Gp ;
that is, along with the generators of G, the set A0 includes all powers of all
the parabolic generators gi . The metric space (G, drel ) is not proper, but it
is Gromov hyperbolic. In fact, as proven by Farb, G is strongly hyperbolic
relatively to the parabolic subgroups Gi [4, Theorem 4.11].
The unit tangent bundle T 1 H2 carries a natural SL(2, R)-invariant measure, which in the upper half-plane model is given by d` = dx ydy2 dθ . This
measure descends to a measure on the unit tangent bundle to X = G\H2
which is invariant for the geodesic flow, and is called Liouville measure.
Moreover, it is a classical result due to Hopf [11] that this flow is ergodic,
and indeed mixing. The Haar measure on the unit circle in the tangent space
at any point is the pullback via the visual map of the standard Lebesgue
measure on ∂H2 = S 1 .
By studying the collection H of horoballs, Sullivan [15] showed that a
generic geodesic ray with respect to Lebesgue measure is recurrent to the
thick part of X, and ventures into the cusps infinitely often with maximum
depth in the cusps of about log t, where t is the time along the geodesic ray.
Given a horoball H and a geodesic γ that enters and leaves H, we define
the excursion E(γ, H) to be the distance in the path metric on ∂H between
the entry and exit points (see Section 2.2). Sullivan’s theorem implies that
a lift in H2 of a Lebesgue-typical geodesic ray enters and leaves infinitely
many horoballs in the packing. We use this setup to estimate from below
the word length along a Lebesgue-typical geodesic in terms of the sum of
the excursions in these horoballs.
We say a basepoint x0 ∈ H2 is generic if the stabilizer of x0 in G is trivial.
The G-orbit of the basepoint x0 is called a lattice, and if x0 is a generic
basepoint, then each lattice point corresponds to a unique group element.
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We shall assume that we have chosen a generic basepoint, and then each
point γt along the geodesic has at least one closest lattice point ht x0 , and
in fact this closest point and the group element ht are unique for almost all
points along the geodesic.
2.1. Projected paths are quasigeodesic. Let us now fix some thick part
e be its preimage in the universal cover. The space N
e is
N of X, and let N
a geodesic metric space with the following path metric. Every two points
e are connected by some arc, and the path metric between x and y
x, y in N
is defined as the infimum of the (hyperbolic) lengths of all rectifiable arcs
connecting x and y. We shall denote this distance as dNe (x, y). Since the
e = N is compact, then by the Švarc–Milnor lemma the space
quotient G\N
e with the path metric is quasi-isometric to the group G endowed with the
N
word metric. A geodesic for the metric dNe will be called a thick geodesic.
In order to have a better control on the geometry of the thick part, we
shall now define a canonical way to connect two points in the thick part,
and prove that these canonical paths (which we call projected paths) are
e.
quasigeodesic for the path metric on N
2
e , hence we
Each point of H has a unique closest point in the thick part N
2
e
can define the closest point projection map πNe : H → N . Any two points
e are connected by a hyperbolic geodesic segment γ
x, y in the thick part N
2
in H , which may pass through a number of horoballs in H. The projected
path p(x, y) between x and y is the closest point projection of the geodesic
segment between x and y to the thick part:
p(x, y) := πNe (γ).
More explicitly, the geodesic γ intersects a finite number r (possibly zero)
of horoballs of the collection H, which we denote as H1 , . . . , Hr , and the
e is the union of r + 1 geodesic segments
intersection of γ with N
[x, x1 ] ∪ [x2 , x3 ] ∪ · · · ∪ [x2r , y].
The projected path p(x, y) follows the geodesic segment [x, x1 ] in the thick
part, then follows the boundary of the horoball H1 from x1 to x2 , then again
the geodesic segment [x2 , x3 ] and so on, alternating paths on the boundary
of the horoballs Hi with hyperbolic geodesic segments in the thick part until
e , we shall denote as L(x, y) the length of
it reaches y. Given x and y in N
the projected path p(x, y) joining x and y.
The usefulness of projected paths arises from the fact that they are quasigeodesic, as proven in the following lemma.
Lemma 2.1. There are positive constants L, K and c, such that if the distance between the horoballs is at least L, then the projected path p is a (K, c)e.
quasigeodesic in the thick part N
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Proof. Let γ be a geodesic ray in H2 , both of whose endpoints lie in the
e . Let p be the projected path, and let q be the thick geodesic
thick part N
e connecting the endpoints of γ. As q is a thick geodesic, the length of q
in N
is at most the length of the projected path p. We now show that the length
of the thick geodesic q is at least the length of the projected path p, minus
2n, where n is the number of horoballs the geodesic γ intersects. As long
as the distance between the horoballs is at least 4, this implies that p is a
(2, 2)-quasigeodesic.
Label the intersecting horoballs Hi , in the order in which they appear
along γ. The hyperbolic geodesic γ intersects the boundary of each horoball
twice, and we shall label these intersections γt2i−1 and γt2i , as illustrated
below in Figure 1.
Hi+1

e
N
γt2i

γt2i+1

γt2i+2

γ

p

Hi
P2i

P2i+1

P2i+2

Figure 1. Perpendicular geodesics through intersections of
γ and ∂Hi .
For each point of intersection γti , let Pi be the perpendicular geodesic to
γ through γti . Each perpendicular geodesic Pi separates the endpoints of γ,
so any path connecting the endpoints must pass through each perpendicular
plane. Furthermore, the perpendicular geodesics are all disjoint, so they
divide the hyperbolic plane into regions, each of which contains a subsegment
e , or else is entirely
of γ which is either entirely contained in the thick part N
contained in a single horoball. As the regions are disjoint, the length of any
path is the sum of the lengths of its intersections with each region. We now
show that the length of the thick geodesic q in each region is bounded below
by the length of the projected path in that region, up to a bounded additive
error.
First consider a region between an adjacent pair P2i and P2i+1 of perpene.
dicular geodesics containing a segment of γ of length d2i in the thick part N
The length of the projected path p inside this region has length exactly d2i .
As nearest point projection onto the geodesic is distance decreasing in H2 ,
any path from P2i to P2i+1 has length at least d2i in the hyperbolic metric,
and hence also in the thick metric. Therefore the intersection of the thick
geodesic q with this region has length at least d2i , i.e., at least the length of
the projected path.
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Now consider a region between an adjacent pair P2i+1 and P2i+2 of perpendicular geodesics containing a segment of γ of length d2i+1 in the boundary
of a horoball Hi+1 . The length of the projected path p in this region has
length exactly d2i+1 . The image of the part of the perpendicular geodesic
e projected onto the horoball Hi+1 has diameter
P2i+1 in the thick part N
at most 1. Similarly, image of the part of the perpendicular geodesic P2i+2
e projected onto the horoball Hi+1 also has diameter at
in the thick part N
most 1. Therefore, as the nearest point projection from H2 \ Hi+1 onto the
boundary of the horoball Hi+1 is distance decreasing, the length of any path
e between P2i+1 and P2i+2 has length at least d2i+1 − 2.
in N
This implies that the length of the thick geodesic q is at least the length
of the projected path, minus 2n, where n is the number of horoballs the
geodesic γ passes through. If we assume that the horoballs are distance at
least L > 4 apart, then the length of the thick geodesic is at least half the
length of the projected path, up to an additive error of at most 2.

2.2. The word metric for Fuchsian groups. We now show that word
length is coarsely monotonic along geodesics. Recall that we write ht to
denote the closest lattice point to γt .
Proposition 2.2. There are constants c1 > 0 and c2 such that for any
geodesic γ and for any 0 6 s 6 t
dG (1, hs ) 6 c1 dG (1, ht ) + c2 .
Proof. Let pt := πNe (γt ) be the point on the projected path that is closest
to γt . Recall that L(x, y) is the length of the projected path joining x and
y. The function t 7→ L(x0 , pt ) is continuous and for any 0 6 s 6 t it satisfies
L(x0 , ps ) 6 L(x0 , pt ). The proposition then follows as the projected path is
e , and the thick part with its path
a (K, c)-quasi geodesic in the thick part N
metric is quasi-isometric to G with the word metric.

We shall define the excursion of γt with respect to the horoball H to be
e ) of the intersection of the projected path p(0, t) from p0 to
the length (in N
pt with the horoball H, i.e.,
E(γt , H) := LNe (p(0, t) ∩ H),
e -metric. Similarly, we
where LNe denotes the length of the path in the N
shall denote the excursion of the geodesic γ into H as
E(γ, H) := lim E(γt , H),
t→∞

and this limit is finite for each horoball for almost all geodesic rays.
We now show that the sum of the excursions along the geodesic gives a
lower bound on the word length, using the cutoff function bxcA , defined by
(
x if x > A,
(2)
bxcA =
0 otherwise.
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Proposition 2.3. There are constants A > 0, c > 0 and d such that
X
(3)
dG (1, ht ) >
cbE(γt , H)cA − d.
H∈H

Proof. The excursion E(γt , H) is the length of the horocyclic segment of
the projected path in ∂H, and so the sums of the lengths of the excursions
is a lower bound on the length of the projected path. The projected path p
e , and N
e is quasi-isometric to the word metric, and so
is quasi-geodesic in N
the result follows.

2.3. The geodesic flow. Let Hn be the subset of the horoballs H consisting of those points which are at least distance log n from the boundary of
the horoballs in the hyperbolic metric, i.e.,
Hn := {x ∈ H2 : d(x, ∂H) > log n}.
Let us denote as Xn the quotient of Hn under the action of G, so Xn ⊂ X.
We will write T 1 X for the unit tangent bundle to X, and T 1 Y for the
restriction of the unit tangent bundle to any subset Y ⊂ X. Given a geodesic
ray γ, we will denote as vt the unit tangent vector to γ at the point γt . Let
` denote the Liouville measure on T 1 X. Since the geodesic flow on T 1 X is
ergodic, for any function ψ ∈ L1 (T 1 X, `), and for almost every geodesic ray
γ, we have the equality
Z
Z
1 T
ψ(vt )dt =
ψ(v)d`.
lim
T →∞ T 0
X
In particular, the proportion of time that a geodesic ray spends in Xn is
asymptotically the same as the volume of T 1 Xn , and an elementary calculation in hyperbolic space shows that this volume is 1/n, up to a multiplicative
constant depending on the choice of cusp horoballs. Let χn be the characteristic function of T 1 X2n , and let ψ : T 1 X → R be
∞
X
ψ(v) :=
2n χn (v).
n=1

L1 (T 1 X, `),

This function is not in
but it is well defined, since each v lies in
finitely many Xn . We now show that, as a consequence of the 1/n decay of
volumes, the ergodic average of ψ is infinite.
Proposition 2.4. For almost every tangent vector v ∈ T 1 X with respect to
Liouville measure, we have
Z
1 T
ψ(vt )dt = ∞.
(4)
lim
T →∞ T 0
Proof. Let ψN : T 1 X → R be the truncation
ψN (v) =

N
X
n=1

2n χn (v),
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which does lie in L1 (T 1 X, `), and is a lower bound for ψ. Up to a uniform
multiplicative constant,
Z
ψN d`  N.
T 1X

By ergodicity, along `-almost every geodesic ray γ we have
Z
Z
1 T
ψN d`  N
lim
ψN (vt )dt =
T →∞ T 0
T 1X
where vt is the unit tangent vector to γ at the point γt . As a consequence,
along `-almost every geodesic ray γ the inequality
Z
Z
1 T
1 T
lim inf
ψ(vt )dt > lim
ψN (vt )dt  N
T →∞ T 0
T →∞ T 0
holds for all N , which yields the claim.



Proposition 2.5. Let H be a horoball in H, and let t1 < t2 be the entry
and exit times in H for a geodesic ray γ, and let A > 0 be a constant. Then
up to uniform additive and multiplicative constants, which depend on A,
Z t2
ψ(vt ) dt  bE(γ, H)cA ,
t1

where bxcA is the cutoff function defined in (2).
Proof. Let N be the smallest number such that ψ(vt ) = ψN (vt ) for every t ∈
[t1 , t2 ], so that up to a uniform additive constant 2N 6 E(γ, H) 6 2N +1 . We
shall write Hn for the intersection of the horoball H with Hn , so Hn consists
of all points of H that are distance at least log n from ∂H. In the upper
half-plane model for hyperbolic space, we may assume that the boundaries
of the Hn are given by horizontal lines, and the geodesic γ is part of a circle
perpendicular to the real line. The hyperbolic distance between H2k and
H2k+1 is independent of k, and the shortest geodesic running between them
is a vertical line, and the longest geodesic segment is given by a semicircle
tangent to the upper horizontal line. This implies that for k 6 N − 1, there
are uniform lower and upper bounds independent of k and N for the amount
of time sk that the geodesic ray γ can spend in H2k \ H2k+1 . There is also a
uniform upper bound independent of N for the amount of time sN that the
ray γ can spend in H2N \ H2N +1 . These bounds imply


Z t2
N
k
X
X
ψN (vt ) dt 
sk 
2j   2N  E(γ, H).
t1

k=1

j=1

Finally, we observe that the function x is equivalent to bxcA , up to a suitably
chosen additive constant, and so the result follows.

Combining Propositions 2.3, 2.5 and Equation (4) we obtain:
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Proposition 2.6. For Lebesgue-almost every γ we have
dG (1, hT )
= ∞.
T →∞
T
lim

On the other hand, the relative length of hT is up to a uniform multiplicative constant bounded above by T . In fact, by ergodicity, the ray γ spends
a definite proportion of its time in the thick part of X. This implies that
the relative length of hT grows linearly in T . Combining this observation
with the limit above completes the proof Theorem 1.2.

3. Lyapunov expansion exponent
We now use Theorem 1.2 to prove Theorem 1.1, that if G is a nonuniform
lattice in SL(2, R), then for Lebesgue-almost every p ∈ S 1 the Lyapunov
expansion exponent is zero,
λexp (p) = 0.
Here is the rough idea of the proof of Theorem 1.1. Suppose p is a point
in S 1 and let γ be the hyperbolic geodesic ray that connects the origin x0
in D to p. Let hT be the approximating group element for γT . We will
show that for every group element in a ball of radius R = dG (1, hT )/2K 2
where K is some uniform constant, the derivative at p has a coarse upper
bound of e2T . As T increases, the word length of the approximating group
elements is monotonically increasing with bounded jump size. Finally, for
Lebesgue-almost every p, Proposition 2.6 says that the ratio T /R goes to
zero, which proves Theorem 1.1.
3.1. Derivatives of isometries. We shall use the unit disc model D of
hyperbolic plane. An isometry of D is of the form
z−a
f (z) = eiθ
1 − az
where a ∈ D. Write a as a = Aeiφ and suppose f (eit ) = eig(t) . Differentiation
with respect to t, and an elementary calculation, shows that
(5)

|g 0 (t)| =

1 − A2
.
1 + A2 − 2A Re(eiφ e−it )

It follows that |g 0 (t)| is maximum with value (1 + A)/(1 − A) when t = φ.
Denoting the origin in D as x0 , note that (1 + A)/(1 − A) = edH2 (x0 ,f (x0 ))
and so in particular, the calculation shows that the maximum value of the
logarithm of the derivative on S 1 is equal to the hyperbolic distance that f
moves the origin x0 . To summarize, we get:
Lemma 3.1. If g is an isometry of D such that dH2 (x0 , gx0 ) 6 T then for
any p ∈ S 1 ,
|g 0 (p)| 6 eT .
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Remark. Note that the expression (5) for |g 0 (t)| equals the Poisson kernel
PA (φ − t). In fact, if u : D → R is a harmonic function, then u ◦ f −1 is
also harmonic, hence we have from the mean value property and a change
of variables
Z π
Z π
1
1
−1
−1 it
u(a) = u(f (0)) =
u(f (e )) dt =
u(eis )|g 0 (s)| ds
2π −π
2π −π
which is precisely Poisson’s representation formula if one sets
|g 0 (s)| = PA (φ − s).
3.2. Bounding the derivative over a ball in the word metric. Let
p ∈ S 1 , and γ be the geodesic ray from the origin x0 to p. Let pT =
πNe (γT ) denote the point in the thick part closest to γT and let hT be the
approximating group element. Let
S(x0 , γ2T ) := {x ∈ D : dH2 (x0 , x) > dH2 (γ2T , x)}.
Thus, S(x0 , γ2T ) is the half-space with ∂S(x0 , γ2T ) orthogonal to γ at the
point γT .
Proposition 3.2. There exists constants K, K 0 such that, if gx0 lies in
S(x0 , γ2T ), then
1
dG (1, g) > dG (1, hT ) − K 0 .
K
Before proving Proposition 3.2, we state a basic lemma in hyperbolic
geometry. If H is a horoball, we shall denote as πH the closest point projection map onto the boundary of H; moreover, if x, y lie on ∂H, we denote as
d∂H (x, y) the length of the path along the boundary of H between x and y.
Note that the hyperbolic distance between x and y is equal to log d∂H (x, y),
up to a multiplicative error independent of x and y. We then have the
following fact, whose proof we omit.
Lemma 3.3. Fix a point y ∈ D and let H be a horoball that does not contain
y. Let γ0 be the hyperbolic geodesic that goes from y to the point at infinity of
H. Let πH (y) denote the point of entry of γ0 into H. Let γ be any geodesic
ray from y that enters H, and let γu be its point of entry. Then
d∂H (γu , πH (y)) 6 1.
Proof of Proposition 3.2. Let x = gx0 and let δ be the hyperbolicity
constant for the hyperbolic metric dH2 .
Case 1. Suppose γT is in the thick part. The hyperbolic geodesic from x0
to x must pass through a 3δ neighborhood of γT (see Proposition 3.2 of
[13]). This means that there is a point x0 on the hyperbolic geodesic from
x0 to x that also lies in the thick part. So the projected path from x0 to
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x necessarily passes through x0 . Recall L(y, y 0 ) is the distance along the
projected path between the points y, y 0 . It follows that
L(x0 , x) = L(x0 , x0 ) + L(x0 , x) > L(x0 , x0 )
hence passing to the word metric we get
dG (1, g)  L(x0 , x) > L(x0 , x0 )  dG (1, hT ).
Case 2. Suppose γT is in some horoball H and let γu and γv be the points
where γ enters and leaves H. We may assume that a ball of hyperbolic
radius 3δ about γT is contained in H. Then the hyperbolic geodesic γ 0 from
x0 to x must enter and leave H. Denote its entry and exit points by γr0 and
γs0 . Moreover, let pT = πNe (γT ) be the projection of γT to the boundary of
the horoball, and denote by E := dNe (γu , γv ) the excursion of γ in H, and
D := dNe (γu , pT ).
There are two sub-cases to consider.
Case 2a. If D > E/2, then we are in the situation of Figure 2 and x must
lie in the shaded region.
γ0

γT
H
γu

pT γv

x0
γ
Figure 2. Perpendicular geodesics through intersections of
γ and ∂H.
In this case, let πH (x) be the closest points projection of x onto the
boundary of H; then by Lemma 3.3, the entry point γr0 is within distance 1
of γu and the exit point γs0 is within distance 1 of πH (x). So we get
d∂H (γr0 , γs0 ) > d∂H (γu , πH (x)) − 2 >

E
− 2.
2

On the other hand, d∂H (γu , pT ) 6 E, so we have
1
d∂H (γr0 , γs0 ) > d∂H (γu , pT ) − 2.
2
Moreover, by Lemma 3.3 and Lemma 2.1,
L(x0 , γr0 )  dNe (x0 , γr0 ) > dNe (x0 , γu ) − 1  L(x0 , γu ).
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Consequently, the distances along respective projected paths satisfy
L(x0 , x) > L(x0 , γr0 ) + d∂H (γr0 , γs0 )
& L(x0 , γu ) + d∂H (γu , pT )
= L(x0 , pT ).
Thus, passing to the word metric we get
dG (1, g)  L(x0 , x) & L(x0 , pT )  dG (1, hT ).
Case 2b. If D 6 E/2, then we are in the situation of Figure 3 and x must
lie in the shaded regions.
γ0

γT
γu
p0T

p0

H
pT

x0

γ

Figure 3. Perpendicular geodesics through intersections of
γ and ∂H.
If x is in the shaded region on the right, then note that
d∂H (γu , πH (x)) > d∂H (γu , pT ),
which by Lemma 3.3 implies
d∂H (γr0 , γs0 ) > d∂H (γu , pT ) − 2,
and the required estimate for dG (1, g) then follows by estimates on distances
along respective projected paths similar to Case 2a. If x is in the shaded
region on the left, let p0T be the point on ∂H such that pT and p0T are
symmetric about γ0 , the geodesic ray from x0 to the point at infinity for
H, and denote p0 = πH (x0 ). Observe that d∂H (p0 , πH (x)) > d∂H (p0 , p0T ).
Hence, by Lemma 3.3,
d∂H (γr0 , γs0 ) > d∂H (p0 , πH (x)) − 2
> d∂H (p0 , p0T ) − 2
= d∂H (p0 , pT ) − 2
> d∂H (γu , pT ) − 3,
and the required estimate for dG (1, g) then follows by estimates on distances
along respective projected paths similar to Case 2a.
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Let K, K 0 be the constants in Proposition 3.2, and for each T let
RT := dG (1, hT )/K − K 0 .
Consider the ball B(RT ) of radius RT in G in the word metric; our goal is
to prove an upper bound on the derivatives of the elements in the ball. Let
us first establish another elementary lemma in hyperbolic geometry.
Lemma 3.4. Let L > T , and y be a point on ∂S(x0 , γ2T ) such that
dH2 (y, γT ) = L − T.
Let θ be the angle between γ and the ray γ 0 from x0 to y. Then there exists a
constant C > 0 such that, if T is sufficiently large (say when tanh T > 1/2)
and L > 2T , then
θ > Ce−T .
Proof. It follows by hyperbolic trigonometry, applied to the right triangle
∆(x0 , γT , y).

Proposition 3.5. Any g ∈ B(RT ) satisfies
|g 0 (p)| . e2T
for each p ∈ S 1 .
Proof. Fix p ∈ S 1 , and let γ be the geodesic ray from the origin x0 of the
unit disc to p. Fix T > 0 and g ∈ B(RT ), and let L := dH2 (x0 , gx0 ). By
Lemma 3.1, if L 6 2T , then |g 0 (p)| 6 e2T which implies the proposition.
Hence, we may assume L > 2T . Let y1 and y2 be points on ∂S(x0 , γ2T ), on
opposite sides of γT , such that dH2 (yi , γT ) = L − T for i = 1, 2, and let U
be the sector subtended at x0 by rays from x0 passing through y1 and y2 .
We claim that the point gx0 cannot be in U . Indeed:
• The point gx0 cannot lie in S(x0 , γ2T ), because otherwise (by Proposition 3.2 and the definition of RT ) the word length of g satisfies
dG (1, g) > RT , contradicting the fact that g is in B(RT ).
• gx0 cannot lie in U \ S(x0 , γ2T ), because otherwise it belongs to the
geodesic triangle ∆(x0 , y1 , y2 ), hence dH2 (x0 , gx0 ) < (L−T )+T = L.
Now, by the derivative calculations (Equation (5))
1 − A2
1 + A2 − 2A cos φ
where φ is the angle between γ and the geodesic ray joining x0 with gx0 ,
and A = (eL − 1)/(eL + 1). Hence,
|g 0 (p)| =

|g 0 (p)| =

4eL
e−L
6
.
2e2L (1 − cos φ) + 2(1 + cos φ)
sin2 (φ/2)

Now, by Lemma 3.4, the angle φ satisfies φ > Ce−T , so
|g 0 (p)| . e2T −L . 1,
which completes the proof of the case L > 2T .
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3.3. Proof of Theorem 1.1. Before proving the theorem, we still need
to show that the function T → dG (1, hT ) has bounded jump size, in the
following sense.
Lemma 3.6. For γ a hyperbolic geodesic ray, let us define the set
R(γ) := {r ∈ Z>0 : r = dG (1, hT ) for some T }.
If γ is recurrent to the thick part, then the set R(γ) is infinite, and we can
index its elements in increasing order r1 < r2 < · · · . Then there exists a
constant k > 0 such that for any recurrent geodesic ray γ and any i, we have
ri+1 − ri < k.
Proof of Lemma 3.6. For a geodesic ray γ, recall that pT = πNe (γT ) is
the point on the projected path of γ that is the closest to γT . By Lemma 2.1, the image of the function T 7→ pT is a continuous path which is
e . Let us choose times Tn along the geodesic such
(K, c)-quasigeodesic in N
e is quasi-isometric to the group
that L(x0 , pTn ) = n. Since the thick part N
G, then, up to multiplicative constants which depend only on the quasiisometry constants, we have
|dG (1, hTn+1 ) − dG (1, hTn )| . dNe (pTn , pTn+1 ) . 1.



Let us now turn to the proof of Theorem 1.1. Recall that the Lyapunov
expansion exponent is defined as
1
log |g 0 (p)|.
λexp (p) = lim sup max
R→∞ g∈B(R) R
Lemma 3.6 implies that along geodesic rays recurrent to the thick part the
corresponding values of R given by RT = dG (1, hT )/K − K 0 are infinite
and have a bounded jump size. So the lim sup in the above definition can
be replaced by a lim sup over values given by RT . By Proposition 3.5, for
almost every p ∈ S 1 ,
1
2T
2T
1
max
log |g 0 (p)| 6
log(e2T ) =

.
R
R
R
d
(1,
hT )
g∈B(RT ) T
T
T
G
Hence, by Proposition 2.6 for Lebesgue-almost every p
λexp (p) = 0
proving Theorem 1.1.

4. Random walks
In this section we prove Theorem 1.3. Recall that a subgroup G of
SL(2, R) is called nonelementary if it contains a pair of hyperbolic isometries
with disjoint fixed point sets. Let µ be a probability measure with finite first
moment on G, i.e., such that
Z
dG (1, g) dµ(g) < ∞
G
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where dG is a choice of word metric on G. Assume moreover that the support
of µ generates a nonelementary subgroup of SL(2, R) as a semigroup, and
consider the random walk generated by µ. That is, the space GN of sequences
(g1 , g2 , . . .) is endowed with the product measure µN , and we define the
random walk as the process (wn )n∈N with w0 = id and
wn+1 = wn gn+1 .
Given a basepoint x0 ∈ H2 , one can consider the orbit map G → H2 which
sends g 7→ g(x0 ), so each sample path in G projects to a sample path in
H2 . Furstenberg [5] showed that for almost all sequences the random walk
converges to a point in the boundary S 1 = ∂H2 , giving a boundary map
GN → ∂H2 defined for almost all sample paths. The harmonic measure ν on
the boundary records the probability that the random walk hits a particular
part of ∂H2 , i.e.,


ν(A) = Prob lim wn (x0 ) ∈ A .
n→∞

We start by verifying the linear progress properties that we require. Since
G is nonamenable, a random walk makes linear progress in the word metric
as shown by Kesten [12], Day [2] and Guivarc’h [8]. Moreover, the random
walk makes linear progress in the relative metric, too:
Proposition 4.1 (Maher-Tiozzo [14]). Let µ be a probability distribution
on a countable group G, which acts by isometries on a separable Gromov
hyperbolic
space (X, d). Assume moreover that µ has finite first moment,
P
i.e.,
µ(g)d(x0 , gx0 ) < ∞, and the semigroup generated by its support is a
nonelementary subgroup of G. Then there is a constant c > 0 such that
d(1, wn )
= c.
n→∞
n
This applies to our situation, in which G is a nonuniform lattice acting on
the group G, with the relative metric drel ; it is well known that the relative
metric is a (nonproper) hyperbolic metric on G. If µ has finite first moment
with respect to the word length in G, then it also has finite first moment
with respect to the relative metric. An earlier result, under the additional
hypothesis of convergence to the boundary and finite support, is proven in
[13].
We shall now prove Theorem 1.3. As the random walk makes linear
progress in both the word metric and the relative metric, by taking the
quotient, the limit
dG (1, wn )
lim
n→∞ drel (1, wn )
exists and is finite along almost every sample path w = (w1 , w2 , . . . ). We
know that almost every sample path w converges to some boundary point
F + (w) := limn→∞ wn x0 ∈ ∂H2 . We will denote by ρw the geodesic ray
which joins the basepoint x0 to the boundary point F + (w). We wish to
lim
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obtain a limit for points along the geodesic ρw , and so we need to relate
the sample path locations wn x0 to the geodesic ρw , which we will do using
a sublinear tracking argument. The fundamental argument for sublinear
tracking in [16] is the following lemma.
Lemma 4.2 (Tiozzo [16]). Let T : Ω → Ω a measure-preserving, ergodic
transformation of the probability measure space (Ω, λ), and let f : Ω → R>0
any measurable, nonnegative function. If the function
g(ω) := f (T ω) − f (ω)
belongs to L1 (Ω, λ), then for λ-almost every ω ∈ Ω one has
f (T n ω)
= 0.
n→∞
n
lim

For a point x ∈ H2 , let proj(x) be the set of closest lattice points to x.
Proposition 4.3. For almost every sample path (wn )n∈N , with corresponding geodesic ray ρw , there exists a sequence of times tn → ∞ such that
lim

n→∞

dG (wn , hn )
=0
n

for any hn ∈ proj(ρw (tn )).
Proof. In the proof, we consider the set (GZ , µZ ) of bi-infinite sequences of
group elements. For each sequence w = (gn )n∈Z , we construct the forward
random walk wn := g1 . . . gn and the backward random walk
−1
−1
. . . g−n
.
w−n := g0−1 g−1

Since both random walks converge almost surely, the maps
F + (w) := lim wn x0 ∈ ∂H2
n→∞

−

F (w) := lim w−n x0 ∈ ∂H2
n→∞

are defined for almost every w ∈ GZ , and F − (w) 6= F + (w) almost surely
since the hitting measures are nonatomic. Hence, this defines for almost
every w ∈ GZ a bi-infinite geodesic in H2 whose endpoints are F + (w) and
F − (w), which we denote by γw .
Let now P (w) be the union of all closest points over all points in the
geodesic γw , i.e.,
[
P (w) =
proj(x).
x∈γw

Note that P is equivariant, in the sense that
P (σ n w) = wn−1 P (w).
Let us now define the function ϕ : GZ → R on the space of bi-infinite sample
paths as
ϕ(w) := dG (1, P (w)),
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i.e., the minimal word-metric distance between the base point x0 and the
set of closest lattice points to γw . The shift map σ : GZ → GZ acts on the
space of sequences, ergodically with respect to the product measure µZ . By
the equivariance of P , we have for each n the equality
ϕ(σ n w) = dG (wn , P (w)).

(6)

We shall now apply Lemma 4.2, setting (Ω, λ) = (GZ , µZ ), T = σ, and
f = ϕ. The only condition to be checked is the L1 -condition on the function
g(ω) = f (T ω) − f (ω), which in this case becomes
g(ω) = ϕ(σw) − ϕ(w) = dG (1, P (σw)) − dG (1, P (w)).
Now, using (6) we have
|dG (1, P (σw)) − dG (1, P (w))| = |dG (w1 , P (w)) − dG (1, P (w))| ≤ dG (1, w1 )
which has finite integral precisely by the finite first moment assumption.
Thus, it follows from Lemma 4.2 that for almost all bi-infinite paths w one
gets
dG (wn , P (w))
= 0.
lim
n→∞
n
By definition of P (w), there exists a sequence of times tn , and group elements
pn ∈ G, such that pn ∈ proj(γw (tn )), and furthermore
(7)

dG (wn , pn )
= 0.
n→∞
n
lim

The geodesic ray ρw starting at x0 with the same endpoint as γw is asymptotic to γw , and we may parameterize ρw so that d(ρw (t), γw (t)) → 0. In
fact, a calculation using the hyperbolic metric shows that for any two asymptotic rays with this parameterization, there is a number K, depending
on the rays, such that d(ρw (t), γw (t)) ≤ Ke−t . Furthermore, if two points
distance at most d inside a cusp are at most distance  apart, then the
distance between their nearest point projections to the projected path are
distance at most Ked apart, for some number K depending on . As the
geodesic ray ρ starts outside a cusp, the distance of ρw (t) inside a cusp is
at most t, so this implies that there is a constant K, depending on w, such
that if hn is a point in proj(ρw (tn )) then dG (pn , hn ) ≤ K for all n sufficiently
large. Therefore,
(8)
as required.

lim

n→∞

dG (wn , hn )
=0
n


We now extend the result from the sequence (tn ) along the geodesic to
all points t along the geodesic.

WORD LENGTH STATISTICS AND LYAPUNOV EXPONENTS

wn

529

wn+1

wn+2
wn−1
hn+1

hT

hn
ρw (tn )

ρw (T )

γ

ρw (tn+1 )

Figure 4. Intermediate times.
Proof of Theorem 1.3. Given a sample path w, let ρw be the geodesic
ray joining the base point x0 to the boundary point F + (w), and let (tn )
be the sequence of times given by Proposition 4.3, and hn ∈ proj(ρw (tn )) a
corresponding sequence of group elements. Let us now pick a time T > 0,
and let hT X0 be a projection of ρw (T ) to the lattice. Since tn → ∞, there
exists an index n = n(T ) such that tn 6 T 6 tn+1 . By Proposition 2.2,
there exist constants C1 > 0, C2 such that
dG (hn , hT ) 6 C1 dG (hn , hn+1 ) + C2 .
Moreover, by Proposition 4.3 and the triangle inequality,
dG (hn , wn ) + dG (wn , wn+1 ) + dG (wn+1 , hn+1 )
dG (hn , hn+1 )
6 lim
lim
n→∞
n→∞
n
n
= 0.
Here we used the finite first moment condition to ensure
dG (wn , wn+1 )/n → 0.
Thus, we also have
lim

n→∞

dG (hn , hT )
=0
n

and again by Proposition 4.3,
dG (wn , hT )
dG (wn , hn ) + dG (hn , hT )
lim
6 lim
= 0.
n→∞
n→∞
n
n
Similarly, since the relative metric is bounded above by the word metric,
drel (wn , hT )
lim
= 0.
n→∞
n
Finally, by computing the ratio between the word and relative metric,
dG (1, hT )
= lim
T →∞ drel (1, hT )
T →∞
lim

dG (1,hT )
n(T )
drel (1,hT )
n(T )

dG (1,wn )
n
n→∞ drel (1,wn )
n

= lim

This completes the proof of Theorem 1.3.

=

c1
> 0.
c2
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