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Horospherical limit points of
finite-volume locally symmetric spaces
Grigori Avramidi and Dave Witte Morris
Abstract. Suppose X/Γ is an arithmetic locally symmetric space of
noncompact type (with the natural metric induced by the Killing form
of the isometry group of X), and let ξ be a point on the visual boundary
of X. T. Hattori showed that if each horoball based at ξ intersects every
Γ-orbit in X, then ξ is not on the boundary of any Q-split flat in X.
We prove the converse. (This was conjectured by W. H. Rehn in some
special cases.) Furthermore, we prove an analogous result when Γ is a
nonarithmetic lattice.
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1. Introduction
Definition 1.1 ([6, Defn. B]). Let X/Γ be a locally symmetric space of
noncompact type (with universal cover X), and let x ∈ X. A point ξ
on the visual boundary of X is a horospherical limit point for Γ if every
horoball based at ξ intersects the orbit x·Γ. (See Lemma 2.3 for an alternate
characterization which makes it clear that this notion is independent of the
choice of the basepoint x.)
Our main theorem characterizes the horospherical limit points for any
finite-volume locally symmetric space X/Γ of noncompact type. The result
is slightly easier to state if we assume that the lattice Γ is arithmetic. (See
Section 5 for the general case.)
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Definition 1.2. Let G be the real points of a connected, semisimple algebraic group over Q, and let X = K\G be the corresponding symmetric
space of noncompact type.
(1) It is well known that if T is any R-split torus in G, then there exists
x ∈ X, such that xT is a flat in X (cf. [8, Prop. 6.1, pp. 245]).
We say the flat xT is Q-split if the torus T is (defined over Q and)
Q-split.
(2) The Killing form on G induces a metric on K\G that gives it the
structure of a symmetric space [7, Prop. 3.6]. We call this the Killingform metric. See Remark 5.4 for a formulation of our results that
applies to the other symmetric metrics on K\G.
The direction (⇒) of the following result has already been proved by
T. Hattori [6, Thm. A or Prop. 4.4], but we provide a proof of both directions
because our methods are quite different.
Theorem 1.3. Let X/Γ be an arithmetic locally symmetric space of noncompact type with the Killing-form metric. A point ξ ∈ ∂X is a horospherical
limit point for Γ if and only if ξ is not on the boundary of any Q-split flat.
Since G(Q) acts transitively on the set of maximal Q-split tori, we have
the following reformulation:
Corollary 1.4. Let
• G be the real points of a connected, semisimple algebraic group over
Q,
• X = K\G be the corresponding symmetric space of noncompact type
with the Killing-form metric, and
• B be the boundary of some maximal Q-split flat in X.
Then
the set of horospherical limit points for GZ is the complement of
S
g∈GQ Bg.
For the special case of Q-split groups, we can state this another way:
Corollary 1.5. Let G be a connected, Q-split, semisimple algebraic group
over Q. A point ξ on the visual boundary of the corresponding symmetric
space X = K\G(R) is not a horospherical limit point for G(Z) if and only
if ξ is fixed by some parabolic Q-subgroup of G.
Remarks 1.6.
S
(1) The set g∈GQ Bg in the statement of Corollary 1.4 is known as the
“rational Tits building” of G [9, p. 324]. Thus, the result states
that the set of horospherical limit points of G(Z) is equal to the
complement of the rational Tits building of G. This was conjectured
by W. H. Rehn [15] (in somewhat less generality), but the inclusion
(⊃) has remained open even for the case where G(Z) = SLn (Z) with
n ≥ 3.
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(2) A geodesic ray γ + is divergent if the function γ + : R+ → X/Γ is a
proper map. Let γ
e+ be any lift of γ + to a geodesic in X. It is easy to
see that if the endpoint of γ
e+ is not a horospherical limit point, then
+
γ must be divergent. The converse is not true, because S. G. Dani
[4] has shown that if rankR X ≥ 2, then there are many geodesic
rays that diverge for “nonobvious” reasons, and Corollary 1.4 shows
that the endpoints of such rays are horospherical limit points.
(3) In Corollary 1.5, the assumption that G is Q-split can be weakened
to the assumption that rankQ G = rankR G. We also note that this
corollary does not assume X has the Killing-form metric — it is valid
for every symmetric metric on K\G(R) (if rankQ G = rankR G).
(4) Given a locally symmetric space X/Γ and a finitely generated Γmodule A, a corresponding set ΣΓ (X; A) of horospherical limit points
has been defined by R. Bieri and R. Geoghegan [1]. It reduces to
Definition 1.1 when A = Z is the trivial Γ-module, but it would be
interesting to extend Theorem 1.3 by calculating ΣΓ (X; A) for other
Γ-modules.
The proof of Theorem 1.3 is short (about a page for each direction),
but relies on definitions and other background material from the theory of
algebraic groups, Lie groups, and unipotent dynamics. These preliminaries
are presented in Section 2. Section 3 proves that the boundary points of
a Q-split flat are not horospherical. The other direction of Theorem 1.3
is proved in Section 4. (See Corollary 4.5 for a summary that provides
several alternative formulations of Theorem 1.3.) The final section presents
a generalization of Theorem 1.3 that allows Γ to be nonarithmetic.
See [11] for a generalization of Theorem 1.3 that allows Γ to be an Sarithmetic group.
Acknowledgments. We thank Ross Geoghegan for explaining the conjecture of Rehn that motivated this line of research, and we thank the Park
City Mathematics Institute for bringing the two of us together and providing
an opportunity to start work on this problem. We also thank Tam Nguyen
Phan and Kevin Wortman for helpful conversations about the structure of
horospheres in symmetric spaces of higher rank. In addition, we thank the
latter for calling [6] to our attention, and pointing out that it proves one
direction of Theorem 1.3.

2. Preliminaries
Notation 2.1. For any Lie group H, we let H ◦ be the identity component
of H.
Notation 2.2. H g = g −1 Hg.
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2.1. Horospherical limit points. We record a few well-known, elementary observations.
Lemma 2.3. ξ is a horospherical limit point for Γ iff there is a compact
subset C of X, such that C · Γ intersects every horoball based at ξ.
Proof. (⇒) Let C = {x}, where x is the basepoint chosen in Definition 1.1.
(⇐) Choose R > 0, such that d(x, c) < R for all c ∈ C. Any horoball B0
based at ξ contains a smaller horoball BR , such that the distance from BR
to the complement of B is greater than R. By assumption, there exist c ∈ C
and γ ∈ Γ, such that cγ ∈ BR . Since d(xγ, cγ) = d(x, c) < R, this implies
xγ ∈ B0 .

Lemma 2.3 implies that the set of horospherical limit points is independent of the choice of the basepoint x ∈ X, and also does not change if we
replace Γ by any finite-index subgroup. Therefore, we have the following
consequence:
Corollary 2.4. The set of horospherical limit points for Γ is invariant under
the action of the commensurator group CommG (Γ) on ∂X. In particular, if
Γ = GZ (and G is defined over Q), then the set of horospherical limit points
for GZ is invariant under the action of GQ on ∂X.
Lemma 2.5. Let
• A be a maximal R-split torus of G,
• x ∈ X = K\G, such that xA is a flat in X,
• {at } be a nontrivial one-parameter subgroup of A,
• ξ ∈ ∂X be the endpoint of the ray {xat }∞
t=0 ,
• A⊥ be the codimension-one subgroup of A that is orthogonal to {at }
(with respect to the Killing form),
• A+ be a Weyl chamber of A that contains the ray {at }∞
t=0 , and
• N be the maximal unipotent subgroup of G, such that at ua−t → e as
t → +∞ for all u ∈ N and all a in the interior of A+ .
Then:
(1) xat A⊥ N is a horosphere based at ξ, for each t ∈ R.
(2) ξ is not a horospherical limit point for Γ iff
lim

sup

inf

t→∞ g∈at A N γ∈Γr{e}
⊥

kgγg −1 − ek = 0,

where e is the identity element of G.

Proof. (1) Let P = CG {at } N . For each g ∈ P , the geodesic ray {xat g}t≥0
is at bounded distance from {xat }t≥0 (because { at ga−t | t ≥ 0 } is a bounded
set). Therefore, P fixes the point ξ, so it acts (continuously) on the set of
horospheres based at ξ. Since these horospheres are parametrized by R, and
every continuous homomorphism P → R is trivial on N , we conclude that
N fixes every horosphere based at ξ. Therefore, xat A⊥ N is contained in the
horosphere through xat . Since the Iwasawa decomposition G = KAN tells
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us that G is the disjoint union of these sets (and every point of X is on a
unique horosphere), the set must be the entire horosphere.
(1), we know that each horoball based at ξ is of the form
S (2) From
t A N (for some t ). Therefore, the equivalence in (2) is a restatexa
0
⊥
t≥t0
ment of Lemma 2.3 (by using [13, Thm. 1.12, p. 22]).

Lemma 2.6. Suppose:
(1) v, v1 , . . . , vn ∈ Rk , with v 6= 0.
(2) v is in the span of {v1 , . . . , vn }.
(3) hv | vi i ≥ 0 for all i.
(4) hvi | vj i ≤ 0 for i 6= j.
(5) T ∈ R+ .
Then, for all sufficiently large t ∈ R+ and all w ⊥ v, there is some i, such
that htv + w|vi i > T .
Proof. This is a standard argument.
P
From (2), we may write v = i ci vi with ci ∈ R. Also, by passing to a
subset, we may assume {v1 , . . . , vn } is linearly independent, and that ci 6= 0
for every i. Then, by replacing Rk with the span of {v1 , . . . , vn }, we may
assume that {v1 , . . . , vn } is a basis.
Permute the elements of {v1 , . . . , vn } so that the negative values of ci
come first. That
P is, there is some k with ci < 0 for i ≤ k and ci > 0 for
i > k. Let z = i≤k ci vi . Then
X
X


hz | vi =
ci hvi | vi =
<0 ≥0 ≤0
i≤k

i≤k

and
D
E
X
X
hz | vi = z z +
cj vj = hz | zi +
ci cj hvi | vj i
j>k

i≤k<j



= ≥0 +

X




< 0 > 0 ≤ 0 ≥ 0.

i≤k<j

So we must have equality throughout, which implies hz | zi = 0. Therefore
z = 0, so we must have k = 0 (since {vi }ni=1 is linearly independent). This
means ci > 0 for all i.
We claim there is some  > 0, such that, for every w ⊥ v, there exists i,
such that hw | vi i ≥ kwk. Suppose not. Then there must be some nonzero
w ⊥ v, such that hw | vi i ≤ 0 for all i. So
X
X


0 = hv | wi =
ci hvi | wi =
> 0 ≤ 0 ≤ 0.
i

i

Hence, we must have hvi | wi = 0 for all i. Since {vi }ni=1 is a basis, this
implies w = 0, which is a contradiction.
Since {vi } is a basis (and v is nonzero), we must have hv | vj i 6= 0 for
some j. Then htv | vj i is large whenever t is large. Thus, if the conclusion of
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the lemma fails to hold, then hw | vj i must be large (and negative), so kwk
must be large. By making it so large that kwk ≥ T , and applying the claim
of the preceding paragraph, we have htv + w|vi i ≥ 0 + T = T , as desired. 
2.2. Parabolic subgroups.
Proposition 2.7 (“real Langlands decomposition” [17, p. 81]). If P is a
parabolic subgroup of a connected, semisimple Lie group G with finite center,
then we may write P = M T U , where:
• T is an R-split torus.
• M is a connected, reductive subgroup that centralizes T and has compact center.
• U is the unipotent radical of P .
Lemma 2.8. Let Q be a field of characteristic 0. If H is a reductive Qsubgroup of an algebraic Q-group G, and H has no nontrivial Q-characters,
then H is orthogonal to every Q-split torus T that centralizes it.
Proof. Let g, h, and t be the Lie algebra of G, H, and T , respectively.
Consider any minimal (AdG H)-invariant Q-subspace V of g.
 Since H has
no Q-characters, it must act on V via SL(V ), so tr (ad h)|V = 0 for every
h ∈ h. On the other hand, since T centralizes H (and is Q-split), Schur’s
Lemma tells us that any t ∈ t acts by a scalar λ on V . Therefore


tr (ad h)(ad t)|V = λ · tr (ad h)|V = λ · 0 = 0.
Since H is reductive, we know that g is the direct sum of such submodules V ,
so the trace of (ad h)(ad t) is 0. This means h ⊥ t (with respect to the Killing
form).

Corollary 2.9. If P = M T U is a parabolic subgroup of G, then T is orthogonal to M .
Lemma 2.10. Let G = KAN be an Iwasawa decomposition of G. If P is
a parabolic subgroup of G, and N ⊂ P , then A ⊂ P .
Proof. Let Q = NG (N ) be the normalizer of N , so Q is a (minimal) parabolic subgroup of G, such that A ⊂ Q and unip Q = N . Since N ⊂ P and
unip P is normal in P , we know that N · unip P is a unipotent subgroup.
Since N is a maximal unipotent subgroup of G, this implies unip P ⊆ N . In
other words, unip P ⊆ unip Q. Since P and Q are parabolic subgroups, this
implies Q ⊆ P (cf. [16, Prop. 5.3]). So A ⊂ Q ⊆ P .

Lemma 2.11. Let A be a maximal R-split torus of G, ξ be a point on the
visual boundary of K\G, and x ∈ K\G. If A fixes ξ, and xA is a (maximal )
flat in K\G, then ξ is on the boundary of xA.
Proof. Let P = { g ∈ G | ξ g = ξ }, and choose a maximal flat x1 A1 , such
that ξ is on the boundary of x1 A1 . Since A1 is abelian, it is clear that A1
fixes ξ, so A1 ⊆ P . Also, since P is a parabolic subgroup (cf. the start of
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the proof of Lemma 2.5(1)), it is Zariski closed, so any two maximal R-split
tori in P are conjugate. Hence, there is some g ∈ P , such that Ag1 = A.
Then ξ = ξg is on the boundary of the flat x1 A1 g = x1 gAg1 = x1 gA. The
uniqueness of the flat fixed by A implies this flat is xA.

2.3. Unipotent dynamics.
Theorem 2.12 (Dani [5, Thm. A and Prop. 1.1(ii)]). If
• N is a maximal unipotent subgroup of a connected, semisimple Lie
group G, and
• Γ is a lattice in G,
then there is a closed, connected subgroup H of G, such that
(1) N Γ = HΓ,
(2) H ∩ Γ is a lattice in H,
(3) N ⊆ H, and
(4) N acts ergodically on HΓ, with respect to the H-invariant probability
measure.
We can describe the subgroup H quite explicitly if the lattice Γ is arithmetic:
Corollary 2.13 (cf. [3, Prop 6.1]). Suppose
• G = G◦R , where G is a connected, semisimple algebraic group over Q,
• Γ is a subgroup of finite index in GZ , and
• N is a maximal unipotent subgroup of G.
Then there is a parabolic Q-subgroup P of G, with real Langlands decomposition P = M T U , and a connected, closed, normal subgroup M ∗ of M , such
that
• N Γ = M ∗ U Γ, and
• N ⊆ M ∗U .
Remark 2.14. Since M ∗ U contains the maximal unipotent subgroup N ,
we know that M ∗ contains all of the noncompact, simple factors of M .
However, it may be missing some of the compact factors.
Remark 2.15. Theorem 2.12 has been vastly generalized by M. Ratner [14,
Thm. A and Cor. A].

3. Boundary points of a Q-split flat are not horospherical
Proposition 3.1 (Hattori [6, Thm. A or Prop. 4.4]). Let
• G = G(R)◦ , where G is a connected, semisimple Q-group,
• X = K\G be the corresponding symmetric space of noncompact type,
with the Killing-form metric,
• S = S(R)◦ , where S is a maximal Q-split torus of G,
• x ∈ X, such that xS is a (Q-split) flat in X, and
• {at } be a one-parameter subgroup of S.
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Then the endpoint of the geodesic ray {xat }∞
t=0 is not a horospherical limit
point for G(Z).
Proof. Let
•
•
•

Φ be the system of roots of G with respect to S,
∆ be a base of Φ, such that α(at ) ≥ 0 for all α ∈ ∆ and all t > 0,
b be a Q-torus in G that contains some maximal R-split torus A,
A
and also contains S (such a torus can be constructed by applying
[12, Cor. 3 of §7.1, p. 405] to CG (S)), and
• A⊥ be the orthogonal complement of {at } in A.

For each α ∈ ∆, let
• αA ∈ S, such that ha | αA i = α(a) for all a ∈ S, and
• Pα = Sα Mα Nα be the parabolic Q-subgroup of G corresponding
to α, where
◦ Sα is the one-dimensional subtorus of S on which all roots in
∆ r {α} are trivial,
◦ Mα is reductive with Q-anisotropic center, and
◦ the unipotent radical Nα is generated by the roots in Φ+ that
are not trivial on Sα .
Let N be a maximal unipotent subgroup of G that
Tis normalized by A and is
contained in the minimal parabolic Q-subgroup α∈∆ Pα . (In other words,
let N be the unipotent radical of
Ta minimal parabolic R-subgroup of G that
contains A and is contained in α∈∆ Pα .)
Note that:
• Since ∆ is a basis for the dual of S (viewed as a vector space), we
know that {αA }α∈∆ spans S. Hence, {at } is contained in the span
of {αA }α∈∆ .
• For α ∈ ∆ and t ∈ R+ , we have hat | αA i = α(at ) ≥ 0.
• For α, β ∈ ∆ with α 6= β, it is a basic property of root systems that
hα | βi ≤ 0. Therefore hαA | β A i ≤ 0.
So Lemma 2.6 tells us that if t ∈ R+ is sufficiently large, then, for all b ∈ A⊥ ,
there exists α ∈ ∆, such that hat b | αA i is large.
b Namely, α
Note that α extends uniquely to a Q-character α
b of A.
b must
b
be trivial on the Q-anisotropic part of A, which is complementary to S.
Then, since Lemma 2.8 tells us that the anisotropic part is orthogonal to S,
b (not only for a ∈ S). Hence, the
we have ha | αA i = α
b(a) for all a ∈ A
conclusion of the preceding paragraph tells us that α
b(at b) is large.
t
Since conjugation by the inverse of a b contracts the Haar measure on Nα
by a factor of α(at b)k for some k ∈ Z+ , and the action of N on Nα is volumepreserving, this implies that, for any g ∈ at bN , conjugation by the inverse
of g contracts the Haar measure on Nα by a large factor. Since (Nα )Z is a
cocompact lattice in Nα [13, Thm. 2.12], this implies there is some nontrivial
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h ∈ (Nα )Z , such that kghg −1 − ek is small. Therefore, Lemma 2.5(2) implies
that ξ is not a horospherical limit point for G(Z).


4. Nonhorospherical limit points are on the boundary of a
Q-split flat
Definition 4.1. Suppose X/Γ is a locally symmetric space of noncompact
type, and ξ is a point on the visual boundary of X. We say the horospheres
based at ξ are uniformly coarsely dense in X/Γ if there exists C > 0, such
that, for every horosphere Ht based at ξ, every point of X/Γ is at distance
< C from some point in π(Ht ), where π : X → X/Γ is the natural covering
map.
Remark 4.2. Suppose Γ1 ⊂ Γ2 . It is obvious that if the horospheres based
at ξ are uniformly coarsely dense in X/Γ1 , then they are uniformly coarsely
dense in X/Γ2 . Corollary 4.5 implies that the converse is true if X/Γ1 has
finite volume.
Theorem 4.3. Let
• G = G(R)◦ , where G is a connected, semisimple Q-group,
• K\G be the corresponding symmetric space of noncompact type with
the Killing-form metric,
• Γ be a subgroup of finite index in GZ , and
• ξ be a point on the visual boundary of K\G.
If the horospheres based at ξ are not uniformly coarsely dense in K\G/Γ,
then there is a parabolic Q-subgroup P of G, such that
(1) P(R) fixes ξ, and
(2) P(Z) fixes some (or, equivalently, every) horosphere based at ξ.
Proof. Fix any x ∈ K\G. Choose
• a maximal (connected) R-split torus A of G, and
• a one-parameter subgroup {at } of A,
such that
• xA is a (maximal) flat in K\G, and
• ξ is the endpoint of the geodesic ray {xat }∞
t=0 .
Let
t ∞ , and
• A+ be
 a Weyl chamber of A that contains {a+ }t=0

for all a in the interior of A ,
• N = u∈G
.
we have ak ua−k → e as k → +∞
Note that G = KAN is an Iwasawa decomposition of G.
Let P = M T U and M ∗ be as in Corollary 2.13. Denote by A⊥ the
orthogonal complement of {at } in A (with respect to the Killing form), so
A⊥ is a (codimension-one) connected subgroup of A. Since N ⊆ P (and
P is parabolic), we have A ⊂ P (see Lemma 2.10). Therefore, since all
maximal R-split tori of P are conjugate [2, Thm. 20.9(ii), p. 228], and M ∗ T
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contains a maximal R-split torus, there is no harm in assuming A ⊆ M ∗ T ,
by replacing M ∗ T with a conjugate.
Lemma 2.5(1) tells us that the horosphere based at ξ through the point
xat is
Ht = xat A⊥ N.
(Note that N preserves the horosphere and thus also the point ξ, so the
proof of (1) will be complete when we show that the Levi subgroup M T also
preserves ξ.) We have
at A⊥ N Γ ⊇ at A⊥ · N Γ = at A⊥ · M ∗ U Γ.
By assumption, the horospheres based at ξ are not uniformly coarsely dense.
This implies there is some t, such that π(Ht ) is not dense in X/Γ. (The proof
of (1) needs only this weaker fact, not the full strength of the assumption
that the horospheres are not uniformly coarsely dense.) Assuming, as we
may, that K is the stabilizer of x, this implies K · at A⊥ · M ∗ U 6= G. Since
M ∗ T U ⊇ AN and KAN = G, we conclude that T 6⊆ A⊥ M ∗ . (Note that
this implies P 6= G.)
Let AM = A ∩ M = A ∩ M ∗ , so A = AM T . Then, since T 6⊆ A⊥ M ∗ , we
must have A⊥ AM 6= A. Since A⊥ has codimension one in A, this implies
AM ⊆ A⊥ , which means AM ⊥ {at }. On the other hand, Lemma 2.8 tells
us M ⊥ T , which implies that T is the orthogonal
complement of AM in A.

Therefore {at } ⊆ T , so CG (T ) ⊆ CG {at } . Hence

P = M T U = CG (T ) U ⊆ CG {at } N.

Since CG {at } and N each preserve the point ξ at infinity, we conclude that
the parabolic Q-subgroup P preserves the point ξ at infinity. This completes
the proof of (1).
Now, we turn to the proof of (2). Fixing a basepoint in K\G yields
a natural parametrization Ht of the horospheres based at ξ. If g is any
isometry of K\G that fixes ξ, then there is some ` = `(g), such that Ht g =
Ht+` for all t. Thus, an isometry that fixes one of these horospheres must
fix all of them.
Suppose there is some element γ of P(Z) with `(γ) 6= 0. (This will lead
to a contradiction.) By replacing γ with a power of itself, we may assume
γ ∈ Γ (since `(γ n ) = n · `(γ) 6= 0 for all n ∈ Z+ ). Then, for any t ∈ R, we
have
[
Ht · Γ ⊃ Ht · hγi =
Ht+n `(γ) .
n∈Z

Since every point in K\G is on some horosphere, this implies that every
point is at distance less than `(γ) from Ht · Γ. Therefore, the horospheres
based at ξ are uniformly coarsely dense in K\G/Γ (since `(γ) is a constant,
independent of t). This is a contradiction.

Proposition 4.4. Assume the notation of Theorem 4.3. If there is a parabolic Q-subgroup P of G, such that
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• P(R) fixes ξ, and
• P(Z) fixes every horosphere based at ξ,
then ξ is on the boundary of a Q-split flat.
Proof. Let P = P(R). There exists a Q-torus T of P , such that T contains
a maximal R-split torus A [12, Cor. 3 of §7.1, p. 405]. Choose x ∈ K\G,
such that xA is a (maximal) flat. Since A ⊂ P fixes ξ, Lemma 2.11 provides
a geodesic γ = {γt } in xA, such that limt→∞ γt = ξ (and γ0 = x).
Write T = SE, where S is Q-split and E is Q-anisotropic. Then EZ is a
cocompact lattice in E [12, Thm. 4.11, p. 208] and, by assumption, EZ fixes
the horosphere through x. This implies that all of E fixes this horosphere,
so the flat xE is contained in the horosphere, and is therefore perpendicular
to the geodesic γ. Since Lemma 2.8 tells us that the orthogonal complement
of xE is xS, we conclude that γ ⊆ xS. So ξ is on the boundary of the
Q-split flat xS.

Corollary 4.5. Let X/Γ be an arithmetic locally symmetric space of noncompact type with the Killing-form metric, and let ξ be a point on the visual
boundary of X. Then the following are equivalent:
(1) ξ is a horospherical limit point for Γ.
(2) ξ is not on the boundary of any Q-split flat.
(3) There does not exist a parabolic Q-subgroup P of G, such that P(R)
fixes ξ, and P(Z) fixes some (or, equivalently, every) horosphere
based at ξ.
(4) The horospheres based at ξ are uniformly coarsely dense in X/Γ.
(5) The horoballs based at ξ are uniformly coarsely dense in X/Γ.
(6) π(B) = X/Γ for every horoball B based at ξ, where π : X → X/Γ is
the natural covering map.
Proof. (1 ⇒ 2) is the contrapositive of Proposition 3.1. (2 ⇒ 3) is the contrapositive of Proposition 4.4. (3 ⇒ 4) is the contrapositive of Theorem 4.3.
(4 ⇒ 5) is obvious, because horoballs are bigger than horospheres. (5 ⇒ 1)
is Lemma 2.3(⇐). (1 ⇔ 6) is a restatement of Definition 1.1.

Remark 4.6. Suppose G is Q-split (or, more generally, suppose rankQ G =
rankR G). Under this assumption, it is easy to show that if ξ is not on
the boundary of a Q-split flat, then every horosphere based at ξ is dense
in K\G/Γ, not just coarsely dense. To see this, we prove the contrapositive. Note that the proof of Theorem 4.3(1) only assumes there is a
horosphere that is not dense. Now, if we let S be any maximal Q-split
torus of P , then S is also a maximal R-split torus (by our assumption that
rankQ G = rankR G), so Lemma 2.11 tells us that ξ is on the boundary of
the corresponding (Q-split) maximal flat xS (since S ⊂ P fixes ξ).
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5. Nonarithmetic locally symmetric spaces
To state a generalization of Theorem 1.3 that does not require X/Γ to be
arithmetic, we need an appropriate generalization of the notion of a Q-split
flat.
Definition 5.1. Let X/Γ = K\G/Γ be a finite-volume locally symmetric
space of noncompact type.
• A parabolic subgroup P of G is Γ-rational if Γ contains a lattice
subgroup of unip P .
• Assume rankR G = 1. A torus S in G is Γ-split if S is R-split and
S is contained in the intersection of two different Γ-rational, proper,
parabolic subgroups of G.
• From the Margulis Arithmeticity Theorem [10, Thm. 1, p. 2], we
know that, after passing to a finite cover of X/Γ (in other words,
after passing to a finite-index subgroup of Γ), we can write
X/Γ = (Xa /Γa ) × (Xc /Γc ) × (X1 /Γ1 ) × · · · × (Xn /Γn ),
where Xa /Γa is arithmetic, Xc /Γc is compact with all factors of real
rank one, and each Xk /Γk is noncompact with real rank one. A
torus in G is Γ-split if it is contained in some torus of the form
Sa × {e} × S1 × · · · × Sn , where Sa is Q-split, and each Sk is Γk -split.
• A flat xT in X is Γ-split if the torus T is Γ-split.
Remark 5.2. Suppose G is defined over Q. It can be shown that:
(1) A parabolic subgroup of G is GZ -rational if and only if it is defined
over Q.
(2) A torus in G is GZ -split if and if it is Q-split.
A slight modification of the above arguments establishes the following
generalization of Corollary 4.5.
Proposition 5.3. Let X/Γ be a finite-volume locally symmetric space of
noncompact type with the Killing-form metric, and let ξ be a point on the
visual boundary of X. Then the following are equivalent:
(1) ξ is a horospherical limit point for Γ.
(2) ξ is not on the boundary of any Γ-split flat.
(3) There does not exist a Γ-rational parabolic subgroup P of G, such that
P fixes ξ, and P ∩ Γ fixes some (or, equivalently, every) horosphere
based at ξ.
(4) The horospheres based at ξ are uniformly coarsely dense in X/Γ.
(5) The horoballs based at ξ are uniformly coarsely dense in X/Γ.
(6) π(B) = X/Γ for every horoball B based at ξ, where π : X → X/Γ is
the natural covering map.
Remark 5.4. The above results apply only to the Killing-form metric on
K\G, but it is well known that any other symmetric metric g differs only
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by a scalar multiple on each irreducible factor of K\G [8, p. 378]. If the
endpoint of a particular geodesic ray {xat }∞
t=0 is a horospherical limit point
in the Killing-form metric, and we let
t/λ1

bt = (a1

n
, . . . , at/λ
),
n

where λi is the scaling factor of g on the irreducible factor Ki \Gi , then
the endpoint of {xbt }∞
t=0 is a horospherical limit point with respect to the
metric g. In fact, it is easy to see that the two different geodesic rays (in
the two different metrics) have exactly the same horospheres in K\G.
This means that the above proofs apply in general if we replace the phrase
“Q-split” with “Q-good,” where a torus S is Q-good if S is contained in a
maximal Q-torus T of G, such that T contains a maximal Q-split torus of G,
and S is orthogonal to the maximal Q-anisotropic torus of T (cf. Lemma 2.8).
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