New York Journal of Mathematics

New York J. Math. 15 (2009) 451–483.

Rigidity of smooth one-sided Bernoulli endomorphisms

Henk Bruin and Jane Hawkins

Dedicated to the memory of Bill Parry.

Abstract. A measure-preserving endomorphism is one-sided Bernoulli if it is isomorphic to a noninvertible Bernoulli shift. We show that in piecewise smooth settings this property is very strong and far more subtle than the weak Bernoulli property, by extending of results of W. Parry and P. Walters and proving new results based on continuity of the Radon–Nikodym derivative. In particular, we provide tests which work for noninvariant measures if an invariant measure equivalent to a natural measure exists but its density function is not known. Examples of families of interval maps and complex maps on the Riemann sphere illustrate the results.

Contents

1. Introduction 452 2. Noninvertible Bernoulli maps and the Parry–Walters invariants 453 2.1. Nonsingular endomorphisms 453 2.2. Decomposition of a measure with respect to a noninvertible endomorphism 454 2.3. Rohlin partitions and factors 456 2.4. The Parry Jacobian and Radon–Nikodym derivatives 458 2.5. The weak Bernoulli property 462 2.6. Parry–Walters invariant and commuting automorphisms 463 3. Rigidity of piecewise smooth noninvertible Bernoulli interval maps465 3.1. Radon–Nikodym derivatives of interval maps 465

Received June 5, 2009.

Mathematics Subject Classification. 37A05, 37A10, 37C40, 37E05. Key words and phrases. Bernoulli shifts, one-sided Bernoulli, noninvertible maps, interval maps, rational maps.

This work was partly funded by the LMS (Scheme 2 grant 2603) and by EPSRC (grant GR/S91147/01) .

ISSN 1076-9803/09 451

452 Henk Bruin and Jane Hawkins

3.2. Rigidity of smooth Bernoulli maps 467 4. Examples of non-Bernoulli n-to-one maps 471 4.1. Maps in one real dimension 471 4.2. Examples on the Riemann sphere 476 References 481

1. Introduction

In this paper we give necessary criteria for various smooth and piecewise smooth n-to-one maps to be one-sided Bernoulli, that is, isomorphic to onesided {p_1, p_2, . . . , p_n} Bernoulli shifts. Many results exist giving sufficient criteria for the one-sided Bernoulli property, see for example [2, 18, 15, 17, 30, 41], and these apply to a variety of finite measure-preserving n-to-one endomorphisms. A one-sided Bernoulli map is a deterministic dynamical system which is as stochastic as possible, and therefore of interest in many settings.

The characterization for uniformly n-to-one one-sided Bernoulli maps given in [15] was used to show that with respect to the unique measure of maximal entropy, a rational map of degree ≥ 2 is one-sided Bernoulli [14]. Special cases of this result were proved using different methods [20], but the result of [14] settled an earlier conjecture of Lyubich [23] and (independently) Mañé [25].

There are many natural examples of smooth noninvertible maps such as interval and toral endomorphisms with Lebesgue measure, and rational maps with conformal measure, that are not measure-preserving. It is of interest to study their Bernoulli properties with respect to some invariant measures known to be equivalent to the given ones, but with unknown density functions. There are many results (see e.g., [1, 21, 22]) showing that such systems can still have a Bernoulli natural extension, see Definition 2.18. In this paper, we show that most of these systems are not one-sided Bernoulli.

The difficulty with proving non-Bernoulli results is that there is little a priori knowledge on the candidate Bernoulli shift (entropy is not a complete invariant for one-sided Bernoulli shifts) or the Bernoulli partition. Our criteria are based on two approaches:

• One approach builds on early papers of Walters [41] and Parry and Walters [30], establishing necessary criteria based on symmetries of the system. We give examples of smooth or piecewise smooth noninvertible maps which are not one-sided Bernoulli. We extend their results to cases where the given measure is not preserved.

• The other approach applies primarily to a one-(real)-dimensional map T preserving a measure μ equivalent to Lebesgue. We exploit a rigidity result that says certain cohomological equations with measurable solutions must have continuous solutions, often referred to as Livs̆ic

One-sided Bernoulli shifts 453

regularity. We show that the one-sided Bernoulli property implies that T is C^1 conjugate to a piecewise affine map, see Theorem 3.5 and cohomological equation (3.2) below.

Combining both approaches, we show that many rational maps for which the Hoffman–Heicklen–Rudolph result [14, 15] applies using the measure of maximal entropy, cannot be one-sided Bernoulli with respect to conformal measure (supported on the Julia set).

The paper is organized as follows. In Section 2 we give the basic definitions and assumptions about noninvertible maps; Section 2.4 is an updated review of results from [30] and [41]. We point out the distinctions between one-sided Bernoulli and weak Bernoulli maps because, while in the invertible case they are equivalent, in the noninvertible case they are not.

The main results of this paper are contained in Sections 2.6 and 3. First we extend a classical result about commuting automorphisms of measurepreserving shifts to the case where only an equivalent measure is preserved. This allows us to obtain a more easily checkable condition in smooth settings. In Section 3 we prove some rigidity theorems for piecewise smooth onesided Bernoulli maps. We provide many new differentiable and holomorphic examples in Section 4, some of which are one-sided Bernoulli and some that are weak Bernoulli but not one-sided Bernoulli, illustrating the results in Sections 2 and 3.

2. Noninvertible Bernoulli maps and the Parry–Walters invariants

We first recall the definition of a one-sided Bernoulli shift.

Definition 2.1. Fix an integer n ≥ 2 and let A = {1, . . . , n} denote a finite state space with the discrete topology. Any vector p = {p_1, . . . , p_n} such that p_k > 0 and � p_k = 1 determines a measure on A, namely p({k}) = p_k.

Let Ω =

�_∞ i=0 A be the product space endowed with the product topology and product measure ρ determined by A and p. The map σ is the one-sided shift to the left, (σx)_i = x_{i+1}. We say σ is a one-sided Bernoulli shift and denote it by (Ω, D, ρ; σ), where D denotes the Borel σ-algebra generated by the cylinder sets, completed with respect to ρ.

2.1. Nonsingular endomorphisms. We shall assume throughout that (X, B, μ) is a Lebesgue probability space; B denotes the σ-algebra of measurable sets and we assume that the measure space is complete. We always assume that T is a surjective nonsingular endomorphism; i.e., T : X → X satisfies: μ(A) = 0 ⇐⇒ μ(T^{−1}A) = 0 for every A ∈ B, and μ(T (X)△X) = 0. If μ(T^{−1}A) = μ(A) for all A ∈ B, we say that T is measure-preserving, or equivalently T preserves μ. We also assume that every point in X has at most countably many preimages under T . Without loss of generality we can assume that T is forward measurable and forward nonsingular; i.e., for all

454 Henk Bruin and Jane Hawkins

measurable sets A, T (A) ∈ B and μ(A) = 0 ⇐⇒ μ(T A) = 0 (see [40]). When we say that a property holds on X (μ mod 0) or μ a.e., we mean that there is a set N ∈ B with μ(N) = 0, (N is possibly the empty set), such that the property holds for all x ∈ X \ N.

Definition 2.2. Let T_1 : (X_1, B_1, μ_1) � and T_2 : (X_2, B_2, μ_2) � be two measure-preserving endomorphisms.

A measurable map φ : X_1 → X_2 is a homomorphism if there exists a set Y_1 ∈ B_1 of full measure and a set Y_2 ∈ B_2 of full measure in X_2 such that φ maps Y_1 onto Y_2.

If there exists a homomorphism φ such that T_1(Y_1) = Y_1, T_2(Y_2) = Y_2, φ ∘ T_1 = T_2 ∘ φ on Y_1, and μ_2(A) = μ_1(φ^{−1}(A)) for all A ∈ B_1, then T_2 is called a factor of T_1 (w.r.t. the measures μ_1 and μ_2), with factor map φ.

If in addition φ is injective on Y_1 we say it is an isomorphism. If T_2 is a factor of T_1 and φ is an isomorphism, then we say that the endomorphisms T_1 and T_2 are isomorphic endomorphisms.

A nonsingular endomorphism T : (X, B, μ) → (X, B, μ) is an automorphism of X if there exists Y ∈ B of full measure such that the restriction of T to Y is bijective (and μT^{−1} ∼ μ, but they are not necessarily equal). If an endomorphism T is not an automorphism, then we say T is noninvertible.

An n-to-one nonsingular endomorphism T on (X, B, μ) is called one-sided Bernoulli if it is isomorphic to some n-state one-sided Bernoulli shift. We usually just say that T is one-sided p = {p_1, . . . , p_n} Bernoulli when we mean it is isomorphic to the noninvertible dynamical system (Ω, D, ρ; σ). Bernoulli endomorphisms inherit well-known properties of Bernoulli shifts, such as ergodicity and exactness.

Definition 2.3. An endomorphism T is ergodic if any B ∈ B with the property that B = T^{−1}B (μ mod 0) has either zero or full measure. It is exact if any B ∈ B with the property that B = T^{−n}T^nB (μ mod 0) for every n ≥ 0 has either zero or full measure.

2.2. Decomposition of a measure with respect to a noninvertible endomorphism. Since the property of being noninvertible depends on the measure and plays a critical role in what follows, we describe that dependence here. For a nonsingular endomorphism T we consider the sub-σ-algebra F ≡ T^{−1}B ⊆ B; for each set A ∈ F there is a set B ∈ B such that A = T^{−1}B (μ mod 0). By a canonical construction given by Rohlin [34], described further in e.g., [6], this sub-σ-algebra determines, up to sets of μ measure 0, a unique measurable decomposition of X and μ as follows. The factor map φ maps X onto a Lebesgue factor space (Y, F) with measure ν defined on F as the restriction of μ; i.e., ν(A) = μ(A) for each A ∈ F. A point in Y is a collection of points in X, namely y = T^{−1}x (ν mod 0). The commutative diagram illustrates the factor map:

One-sided Bernoulli shifts 455

(X, B, μ)^T−→ (X, B, μ)

↓ φ ↓ φ

(Y, T^{−1}B, ν)^T−→ (Y, T^{−1}B, ν)

with ν = μ|_T −1_B.

By construction of the factor, T gives a well-defined factor transformation on Y ν-a.e.: T (y) ≡ φ(T x),

so that φ(T x) = T (φ x) for μ-a.e. x ∈ X. We note that φ is a measurable isomorphism from X to itself if and only if T is a nonsingular automorphism and in this case φ = T^{−1} is the inverse of T on X. Since every proper factor map gives a decomposition of μ over ν we write for each B ∈ B,

(2.1) μ(B) = � Y μ_y(B)dν(y)

where for ν-a.e. y ∈ Y , with y = φ(x), μ_y ≡ μ_T −1_x is a measure on (X, B) that is purely atomic (since T is at most countable-to-one), and its support is a subset of the set of points T^{−1}x. Also, for each fixed B ∈ B, the map y → μ_y(B) is a measurable function on Y .

Definition 2.4. For a nonsingular endomorphism T , the index function, ind_T (x) is defined (μ mod 0) to be the cardinality of the support of μ_T −1_x = μ_{φ(x)} for x ∈ X.

The function ind_T is measurable and defined uniquely up to sets of μ measure 0. It is possible that ind_T (x) = +∞; however, while the cardinality of the set T^{−1}x provides an upper bound for ind_T (x), its value depends on the measure μ. The following example, an endomorphism of [0, 1] with graph shown in Figure 1, illustrates the dependence of ind_T on the measure for a given endomorphism.

Example 2.5. Let T : [0, 1] → [0, 1] be the piecewise linear map defined and shown in Figure 1. Then T is bounded-to-one with respect to Lebesgue measure m (see Section 2.3). The index function takes values 2 on

�_1 2 , 1 � and 4 on � 0,^1_2 � . Because of the uniform expansion, T preserves a measure μ ∼ m (with^{dμ}_{dm} =^4_3 on � 0,^1_2 � and^{dμ}_{dm} =^2_3 on

�_1 2 , 1 � , to be precise), but since ind_T is not constant (m mod 0), T is not one-sided Bernoulli with respect to m. In fact, T preserves a measure μ ∼ m with μ Markov, but not one-sided Bernoulli.

On the other hand, the^{log 2}_{log 3} -dimensional Hausdorff measure γ supported on the middle thirds Cantor set C is also T -invariant. With respect to this measure T is

�_1 2 ,^1_2 � Bernoulli, and ind_T ≡ 2 γ-a.e. Note however, that

456 Henk Bruin and Jane Hawkins

Figure 1. The map T (x) = | min{3x−1, 2−3x}| is boundedto-one w.r.t. m, but 2-to-1 w.r.t. Hausdorff measure supported on the middle thirds Cantor set.

T^{−1}(x) contains 4 points for every x ∈ � 0,^1_2 � ∩ C, but only two of these are atoms of γ_{φ(x)}.

The index of an endomorphism is invariant under isomorphism in the sense that if T_1 and T_2 are isomorphic endomorphisms and φ ∘ T_1 = T_2 ∘ φ for some automorphism φ, then ind_{T1} (x) = ind_{T2} (φx) (μ_1 mod 0) [30]. Therefore, (X, B, μ; T ) can be isomorphic to a one-sided Bernoulli shift on n states only if the index is the constant function n (μ mod 0). However, an invertible two-state Bernoulli shift is isomorphic to a three-state Bernoulli shift if and only if they have the same entropy [29], and this can occur; the index renders the analogous statement false in the case of one-sided shifts, illustrating a subtlety of noninvertible maps.

2.3. Rohlin partitions and factors. Assume that T is a nonsingular endomorphism of (X, B, μ), not necessarily preserving μ. A partition ζ is an ordered countable (possibly finite) disjoint collection of nonempty measurable sets, called atoms, whose union is X (μ mod 0).

By a result of Rohlin [34] we obtain a partition ζ = {A_1, A_2, A_3, . . . } of X into at most countably many atoms and satisfying:

(1) μ(A_i) > 0 for each i.

(2) The restriction of T to each A_i, which we will write as T_i, is one-to-one (μ mod 0).

(3) Each A_i is of maximal measure in X \ ∪_{j<i}A_j with respect to (2). (4) T_1 is one-to-one and onto X (μ mod 0) by numbering the atoms so that μ(T A_i) ≥ μ(T A_{i+1}) for i ∈ N.

We call a partition ζ as defined above a Rohlin partition for T . When we say that an endomorphism T is n-to-one, we mean that every Rohlin partition ζ = {A_1, A_2, A_3, . . . } satisfying (1)–(4) contains precisely n atoms and

One-sided Bernoulli shifts 457

that T_i is one-to-one and onto X (μ mod 0) for each i = 1, . . . , n. Equivalently, for μ-a.e. x ∈ X, we have ind_T (x) = n and the set {T^{−1}x} contains exactly n points which are atoms of μ_T −1_{x)}. If ζ has n atoms with 1 < n < ∞, but T does not necessarily map each A_j onto X, then we say that T is bounded-to-one. Figure 1 shows a bounded-to-one but not n-to-one map with respect to m. Clearly T is invertible if and only if ind_T is the constant function 1 (μ mod 0).

Definition 2.6. We fix a nonsingular endomorphism T of (X, B, μ) as above. Given any partition η, we define the σ-algebra generated by η (under T ), denoted F(η), to be the smallest sub-σ-algebra of B containing:

(2.2) η^∞_0 ≡ � i≥0 T^{−i}(η),

and complete with respect to μ. A partition η is a (one-sided) generating partition if F(η) = B (μ mod 0).

If T is noninvertible with respect to μ, every Rohlin partition ζ contains at least two atoms and we consider the sub-σ-algebra F(ζ) ≡ F. Since T^{−1}F ⊂ F, we have that each Rohlin partition determines a proper factor map onto a factor space (Z, F, μ|_F ) and T is well-defined on this space. We call this factor a Rohlin factor.

Rohlin partitions are not unique; this is easily shown and was known to Parry and Walters [30]. Moreover in Example 2.7 we give an endomorphism such that some Rohlin partitions ζ are generating and some are not, extending the result to show that the corresponding σ-algebras F(ζ) defined in (2.2) are not unique either.

Example 2.7. We consider the circle S^1 = R/Z and B the σ-algebra of Borel sets. If T : S^1 → S^1, T (x) = 2x is the angle doubling map, then for any t ∈ � 0,^1_2 � , the partition ζ_t = {A_0, A_1} with A_0 = � t, t+^1_2 � , A_1 = � t+^1_2 , t � is a Rohlin partition with respect to many measures, some specified below. The partition ζ_t establishes a coding map π_t : S^1 → {0, 1}^N ≡ Ω given by

π_t(x)_i = � 0 if T^ix ∈ A_0 1 if T^ix ∈ A_1,

with the following properties:

(1) π_t is surjective for every t ∈ � 0,^1_2 � . (For t = 0, there is no point x with π_0(x) = 111 . . . .)

(2) π_t is not injective, except for t = 0.

(3) For every t ≠^1_4 and p ∈ (0, 1) and a.e. ω ∈ Ω with respect to {p, 1−p} Bernoulli measure, π^{−1}_t (ω) consists of a single point.

(4) If t =^1_4 , π_t is a two-to-one map at every point.

458 Henk Bruin and Jane Hawkins

(5) Fixing p =^1_2 and using Lebesgue measure m on S^1, for every t ∈ � 0,^1_2 � , t ≠^1_4 , π_t is a measure-preserving isomorphism; therefore the Rohlin partitions ζ_t, t ∈ � 0,^1_2 � \ �_1 4 � , generate. If t =^1_4 , then (4) implies that F(ζ_{1/4}) ≠ B.

(6) Despite Statement (4), the original map T on (S^1, B, m) and the induced factor map on (Z, F(ζ_{1/4})) are isomorphic to each other since each is isomorphic to a one-sided

�_1 2 ,^1_2 � Bernoulli shift.

These statements come from descriptions of the quadratic Julia set in terms of symbolic dynamics and quadratic laminations; (1) can be derived from work of Bullett and Sentenac [5]. Items (2) and (3) are described in current work of Bruin and Schleicher, in particular [4, Lemma 8.4] for the {^1_2 ,^1_2 } Bernoulli measure, but similar methods work for the general {p, 1−p} Bernoulli measure.

Piecewise affine examples and a proof of Statement (4) using m on S^1 and {p, 1 − p} Bernoulli measures on Ω are discussed in Section 4, Example 4.1 of this paper.

2.4. The Parry Jacobian and Radon–Nikodym derivatives. Assume T is a bounded-to-one nonsingular endomorphism with Rohlin partition ζ.

For x ∈ A_i, define J_{μTi} (x) = dμT_i dμ (x), and for x ∈ X, let

J_{μT} (x) = � i J_{μTi} (x)χ_{Ai} (x),

where χ_A denotes the characteristic function of the set A; this defines J_{μT} (μ mod 0). This is the Jacobian function for T , defined by Parry [30], and is independent of the choice of ζ. To see the independence, let μ_T −1_x denote the conditional measure on the set T^{−1}x as given in Section 2.2, then an equivalent characterization given in [30] is:

J_{μT} (x) = 1 μ_T −1_{(T x)}(x) . Our nonsingularity assumption implies that J_{μT} > 0 μ-a.e. and we then have the following identities holding μ-a.e. ([8], cf. also [12]):

θ_{μT} (x) ≡ dμT^{−1} dμ (x) = � y∈T^{−1}x 1 J_{μT} (y) ,

ω_{μT} (x) ≡ dμ dμT^{−1}

(T x) = 1 θ_{μT} (T x) . The function ω_{μT} is frequently referred to as the Radon–Nikodym derivative

of T since when T is one-to-one, ω_{μT} = dμT dμ .

One-sided Bernoulli shifts 459

In [8] ω_{μT} is characterized (μ mod 0) as the unique T^{−1}B-measurable function satisfying: � X f ∘ T · ω_{μT} dμ = � X f dμ for all f ∈ L^1(X, B, μ).

Clearly ω_{μT} = 1 a.e. if and only if T preserves μ.

If we have an equivalent measure ν ∼ μ, we can write^{dμ}_{dν} = g with g > 0 a.e., and we have

(2.3) J_{μT} (x) = g ∘ T g (x) · J_{νT} (x) a.e.

More generally we use the Jacobian to define the transfer operator L_{μT} acting on the space of measurable functions h : X → R by

L_{μT} h(x) = � y∈T^{−1}x

h(y) J_{μT} (y) . Since many of our examples are maps on bounded subsets of X ⊂ R^k or C, the notation m_k will refer to normalized k-dimensional Lebesgue measure on X. The notation m is used for Lebesgue measure on R or any subset of it unless confusion arises.

Suppose T = (T_1, . . . , T_k) : R^k → R^k is a continuously differentiable map on an open set O. If for every x ∈ O the classical Jacobian, det

�_{∂Ti}

∂x_j � , is nonzero, then T is a diffeomorphism between O and T (O) with J_{mk T} (x) = � �det�^{∂T}i_{∂xj} �(x) � �. For example, if T : R → R is C1, the transfer operator becomes

L_{mT} h(x) = � y∈T^{−1}x

h(y) |T^′(y)| . and if T : C → C is holomorphic the Jacobian with respect to Lebesgue measure on C is J_{m2T} (z) = |T^′(z)|^2.

For differentiable maps in one real variable or holomorphic maps in one complex variable, a variation of Lebesgue measure, called conformal measure is frequently the “best dynamical measure”. For example, for rational maps R : C_∞ → C_∞ the interesting dynamics take place on the Julia set, on which Lebesgue measure typically is not useful; however a natural variant of it is (see the examples in Subsection 4.2). Here, and throughout we use the notation C_∞ = C ∪ {∞} to denote the Riemann sphere, and for a rational map R : C_∞ → C_∞ the Julia set is denoted by J (R). A general introduction to complex dynamics can be found for example in [28].

Notation 2.8. In order to treat the real and complex case together, we let Y denote any of I, R or S^1 (respectively, C or C_∞); I ⊂ R is always a compact interval. We endow Y with B, the σ-algebra of Borel sets. Assume that T is a C^1 (respectively, holomorphic) map on Y and simply call T

460 Henk Bruin and Jane Hawkins

smooth. If X ⊂ Y is such that T (X) = X, then (X, B_X ) has the restricted Borel structure on it.

Definition 2.9. A measure m_α, α > 0, on (X, B_X ) is called α-conformal w.r.t. the smooth map T if the Jacobian J_{mαT} (x) = |T^′(x)|^α m_α-a.e. For instance, Lebesgue measure m is 1-conformal w.r.t. piecewise C^1 maps on the interval or circle.

In the general setting it is easy to see the following classical identities hold (μ mod 0), cf. [12].

Lemma 2.10. Let T be a bounded-to-one endomorphism. Then:

(1) θ_{μT} =^{dμT −1}_{dμ} (x) = L_{μT} 1.

(2) T preserves μ if and only if L_{μT} 1 = 1.

(3) T preserves a measure ν ∼ μ if and only if L_{μT} g = g and dν = gdμ. The next result was proved in [6] and illustrates the roles of Rohlin partitions in this study.

Lemma 2.11. Let T on (X, B, μ) be an n-to-one measure preserving endomorphism and ζ = {A_1, . . . A_n} a Rohlin partition. As in (2.2), we denote by F the associated sub σ-algebra generated by ζ.

(1) Then the induced factor map of T on F, is isomorphic to a measure preserving shift on n states, so with A = {1, 2, , . . . , n} the diagram

(X, B, μ)^T−→ (X, B, μ) ↓ π ↓ π (A^N, C, ν)^σ−→ (A^N, C, ν) commutes, where ν is the factor measure induced by μ.

(2) If in addition there exists a Rohlin partition for T such that the Jacobian J_{μT} (x) =^1_{pi} for all x ∈ A_i, then the induced Rohlin factor (A^N, C, ν) is isomorphic to a one-sided p = {p_1, . . . , p_n} Bernoulli shift (see Definition 2.1).

If ψ : (X_1, B_1, μ_1) → (X_2, B_2, μ_2) is a measure preserving isomorphism, then J_{μ1ψ} = 1, and if T : (X, B, μ) → (X, B, μ) is a measure preserving endomorphism and φ : (X, B, μ) → (X, B, μ) is a nonsingular automorphism, the preceding discussion gives these chain rules: (2.4) ω_{μ(T ∘φ)} = ω_{μT} ∘ φ · ω_{μφ} = J_{μφ}(μ mod 0) and (2.5) ω_{μ(φ∘T )} = ω_{μφ} ∘ T · ω_{μT} = J_{μφ} ∘ T (μ mod 0). Chain rules (2.4) and (2.5) prove the next well-known result.

One-sided Bernoulli shifts 461

Proposition 2.12. If T : (X, B, μ) → (X, B, μ) is an ergodic probability measure preserving endomorphism and φ : (X, B, μ) → (X, B, μ), is a nonsingular automorphism that commutes with T , then φ preserves μ.

Proof. The commuting hypothesis gives that (2.4) is equal to (2.5). Therefore J_{μφ} is a T -invariant measurable function, and the ergodicity of T implies it is the constant function 1 (μ mod 0). □

Clearly every Bernoulli shift is a measure preserving n-to-one endomorphism. As a corollary to Proposition 2.12 we obtain two necessary conditions for an endomorphism to be one-sided Bernoulli shift when the given measure is preserved [30].

Corollary 2.13. Let T be one-sided {p_1, p_2, . . . , p_n} Bernoulli on (X, B, μ) and preserve μ. Then (μ mod 0) we have ind_T (x) = n and the set of values {J_{μT} (y)}_{y∈supp(μT −1 x)} =

�_1

p_1 , 1 p_2 , . . . , 1 p_n � . Proof. Using Definition 2.1, the conjugating isomorphism φ : X → Ω, and the statement preceding (2.4), we have (μ mod 0)

J_{μT} (y) = J_{μ(φ}−1_{σφ)}(y) = J_ρ(σ(φy)) · J_{ρσ} (φy) · J_μ(φy) = J_{ρσ}(φy).

Since y ∈ T^{−1}x ⇔ φ(y) ∈ σ^{−1}(φx), the result follows. □

While Corollary 2.13 gives a necessary condition for one-sided Bernoulli, it is not sufficient, as Example 4.1 for t =^1_4 shows. Moreover the next result indicates that the Jacobian condition of Corollary 2.13 is not always possible to verify.

Corollary 2.14. If T on (X, B, μ) preserves ν ∼ μ with g = dν/dμ, and is one-sided {p_1, p_2, . . . , p_n} Bernoulli, then for μ-a.e. x ∈ X and y ∈ T^{−1}(x),

J_{μT} (y) = g(x) g(y) · p_k for some k.

Example 2.15. Consider the modified Boole map

T : R → R, T (x) =^1_2 � x −^1_x � with Lebesgue measure m. For any x_0 ≠ 0 testing the Jacobians

J_{mT} (y) = 1 |T^′(y)| = � � �1 ± x_0 � 1 + x^2_0 � � � at y ∈ T^{−1}x0

would not indicate whether or not this map is isomorphic to the

�_1 2 ,^1_2 � Bernoulli shift (it is, by [3]), or whether this variation is: S(x) = a � x −^1_x � , a ∈ (0, 1) \

�_1 2 � is (it is not, by Theorem 2.21 below). In each case m is not preserved, but equivalent probability measures are, so we are in the setting of Corollary 2.14 and not Corollary 2.13.

462 Henk Bruin and Jane Hawkins

2.5. The weak Bernoulli property. We recall a condition strictly weaker than one-sided Bernoulli for endomorphisms [10], but equivalent to Bernoulli in the invertible case [9].

Definition 2.16. Let T be an endomorphism of X preserving the measure μ. Let ζ = {P_1, P_2, · · · } and η = {Q_1, Q_2, · · · } be partitions. The partition ζ is independent of η if

μ(P_i ∩ Q_j) = μ(P_i)μ(Q_j ) for all i, j.

The partition ζ is ε-independent of η if � i � j |μ(P_i ∩ Q_j) − μ(P_i)μ(Q_j )| ≤ ε.

For an ergodic measure-preserving endomorphism T on (X, B, μ), (invertible or noninvertible) a partition ζ is weak Bernoulli if given ε > 0, there exists N ∈ N such that for all m ≥ 1, m� 0 T^{−i}ζ is ε-independent of

N+m� N T^{−i}ζ.

It was proved by Friedman and Ornstein in [9] that for an invertible transformation T , if there exists a weak Bernoulli partition ζ such that:

ζ^∞_{−∞} ≡ ∞� i=−∞

T^{−i}(ζ)

generates B (note that this is a two-sided generator), then T is isomorphic to an (invertible) Bernoulli shift. The first example of a noninvertible endomorphism with a weak Bernoulli generator in the sense of (2.2) is due to Furstenberg [10]. It is clear that a measure-preserving endomorphism T is one-sided Bernoulli if and only if there exists an independent generating partition.

Definition 2.17. We say that a noninvertible endomorphism T on (X, B, μ) has the weak Bernoulli property or that T is weak Bernoulli if there exists a weak Bernoulli generating partition P for T (in the sense of Definition 2.6 (2.2)).

Definition 2.18. An automorphism ~T is the natural extension of the (noninvertible endomorphism) T if T is a measurable factor of ~T and any other automorphism S which has T as a factor also has ~T as a factor.

It was shown by Rohlin [35] that a unique natural extension exists for every finite measure preserving endomorphism; the construction of the invertible extension leads to a straightforward proof that a weakly Bernoulli endomorphism has a weakly Bernoulli, hence Bernoulli natural extension. This is well-known (see e.g., [1, 21]).

One-sided Bernoulli shifts 463

Weakly Bernoulli endomorphisms exhibit many highly mixing properties and have been well-studied; for example weakly Bernoulli toral endomorphisms were described by Adler [1], Smorodinsky [37] and others in the early 70’s. Conditions under which piecewise smooth bounded-to-one interval maps are weakly Bernoulli were given by Ledrappier in [21]. Haydn [13] showed that rational maps R on the Riemann sphere are weakly Bernoulli with respect to equilibrium measures of Hölder potentials ψ, when the supremum gap holds: P (ψ) > sup{ψ(z) : z ∈ J }, where P is the pressure function and J the Julia set of R. When J is sufficiently far from the critical points of a hyperbolic R, these conditions hold for the potential ψ = − log |R^′|; in this case, R is weakly Bernoulli with respect to the R-invariant measure μ that is equivalent to t-conformal measure (∼ t-dimensional Hausdorff measure) for t = dim_H (J ).

Entropy gives a simple necessary test for one-sided Bernoulli maps. Note that, contrary to two-sided Bernoulli shifts, entropy is not a complete invariant in the setting of one-sided Bernoulli shifts. We give an example showing that many of these weakly Bernoulli maps are not one-sided Bernoulli.

Lemma 2.19. Suppose T : (X, B, μ) → (X, B, μ) is a measure preserving n-to-one endomorphism, and h_μ(T ) > log n. Then T is not isomorphic to a one-sided Bernoulli shift.

Proof. The maximal entropy for an n-state one-sided Bernoulli shift is log n. □ Example 2.20. The map A(x, y) = (3x + y, x + y) (mod 1) on T^2 = R^2/Z^2 gives a two-to-one m_2-preserving map of T^2 with entropy log(2+ √ 2) > log 2.

By Lemma 2.19, A is not one-sided Bernoulli, despite being weakly Bernoulli [1].

2.6. Parry–Walters invariant and commuting automorphisms. Assume T is a measure preserving endomorphism on (X, B, μ), and let β_μ(T ) ≡ β_μ denote the smallest σ-algebra with respect to which J_{μT} is measurable and such that T^{−1}β_μ ⊂ β_μ.

Our starting point is an observation by Walters [41] that if p ∈ (0, 1) and p ≠^1_2 , then β_ρ(σ) = β_ρ = B for the one-sided {p, 1 − p} Bernoulli shift, and if p =^1_2 , then β_ρ = {∅, X}. From this he showed that there are no measure-preserving automorphisms commuting with a {p, 1 − p} Bernoulli shift unless p =^1_2 . In this section we push this result further in order to obtain some differentiable non-Bernoulli maps.

We prove a (slightly stronger) version of a theorem from [30] and [41, Theorem 2], starting with the basic ideas laid out in the original work from the 1970’s. The results in this section provide us with many new examples in later sections.

464 Henk Bruin and Jane Hawkins

Theorem 2.21. Suppose p ≠^1_2 :

(1) Let σ on (Ω, ρ) be the one-sided {p, 1 − p} Bernoulli shift. Then there exists no nontrivial nonsingular automorphism φ : (Ω, ρ) → (Ω, ρ) with φ ∘ σ = σ ∘ φ (μ mod 0).

(2) If T on (X, B, μ) is a one-sided {p, 1 − p} Bernoulli endomorphism, then there is no nontrivial nonsingular commuting automorphism φ : (X, μ) → (X, μ).

Proof. Under the assumption that p ≠^1_2 , we have that β_ρ = D, the entire σ-algebra of Borel sets. Since σ is ergodic, applying Proposition 2.12 it follows that φ preserves ρ. We consider the factor map induced by σ on β_ρ. Two points x ∼_{βρ} y under the factor relation if and only if J_{ρσ}(x) = J_{ρσ}(y), J_{ρσ} (σx) = J_{ρσ} (σy), . . . , and J_{μσ}(σ^nx) = J_{ρσ}(σ^ny) for all n ∈ N. By assumption and the chain rule on J_{ρ(φ∘σ)},

J_{ρ(φ∘σ)}(x) = J_{ρφ}(σx) · J_{ρσ}(x) = J_{ρσ}(x).

Since φ ∘ σ = σ ∘ φ, this is equal to

J_{ρ(σ∘φ)}(x) = J_{ρσ} (φx) · J_{ρφ}(x) = J_{ρσ} (φx).

Therefore x and φ(x) belong to the same atom of β_ρ = D, so x = φ(x) under the factor map induced by β_ρ, which is the identity map. This is a contradiction unless φ is the identity map on a set of full measure.

In the case that T preserves μ, and is isomorphic to σ on (Ω, ρ), it follows immediately that there is no nontrivial automorphism φ on X preserving μ because any such automorphism would result in one on (Ω, ρ). □

The following corollary leads to the construction of examples; the addition here is that we have a checkable condition even if we do not know the precise invariant measure.

Corollary 2.22. [30] Suppose T : (X, B, μ) → (X, B, μ) is a measure preserving two-to-one endomorphism, and h_μ(T ) < log 2. If there exists a nontrivial nonsingular automorphism φ commuting with T , then T is not isomorphic to a one-sided {p, 1 − p} Bernoulli shift.

Proof. Since h_μ(T ) < log 2, we know that T is not isomorphic to the

�_1 2 ,^1_2 � Bernoulli shift. The result follows from Theorem 2.21 (1). □

For a {p_1, p_2, . . . , p_n} one-sided Bernoulli shift, and the resulting product measure ρ, in order to extend Theorem 2.21 one must ask when β_ρ(σ) = D. Of course β_ρ(σ) = {∅, X} if each p_k =^1_n , but neither case above need to occur. For example, if p =

�_1 2 ,^1_6 ,^1_6 ,^1_6 � , β_ρ is neither trivial nor equal to B, but gives rise to a

�_1 2 ,^1_2 � Bernoulli shift factor.

However, we still obtain results for n-to-one Bernoulli shifts and the proof of (1) and (2) is the same as for Theorem 2.21.

One-sided Bernoulli shifts 465

Corollary 2.23. (1) If T on (X, B, μ) is a one-sided Bernoulli endomorphism isomorphic to σ on (Ω, ρ), and β_ρ = D, then there is no nontrivial automorphism φ : (X, μ) → (X, μ) preserving any σ-finite measure equivalent to μ.

(2) If T on (X, B, μ) is a one-sided Bernoulli endomorphism and φ is a μ-preserving automorphism commuting with T , then J_{μT} is constant on orbits of φ (μ mod 0).

(3) If T on (X, B, μ) is measure preserving and n-to-one and has a Rohlin factor that is isomorphic to the

�_1 n ,^1_n , . . . ,^1_n � one-sided Bernoulli shift, then either T is isomorphic to its Rohlin factor or T is not one-sided Bernoulli.

Proof. Corollary 2.11 shows that the assumption on the Rohlin factor is a shift factor of T such that h_ν (σ) = log n; hence h_μ(T ) ≥ log n. By Lemma 2.19, h_μ(T ) > log n implies the result, and if h_μ(T ) = log n, either T is not Bernoulli or is isomorphic to its Rohlin factor. □

3. Rigidity of piecewise smooth noninvertible Bernoulli interval maps

In this section we prove a series of results showing the rigidity of a smooth one-sided Bernoulli interval map. In particular, each such map is conjugate to a piecewise linear map via a conjugating map which is as differentiable as can be hoped for, depending on the setting.

3.1. Radon–Nikodym derivatives of interval maps. We begin a version of the so-called Folklore Theorem which we apply to obtain continuity of Radon–Nikodym derivatives, following the exposition given in [24, Theorem III.1.3].

Theorem 3.1 (Folklore Theorem). Let (X, B, μ) be a probability space equipped with a metric d. Suppose the map T : X → X satisfies:

(1) There is a finite or countable partition P of X, i.e., X = ∪_{P ∈P} P (mod μ) and μ(P ∩ Q) = 0 for distinct P, Q ∈ P.

(2) T |_P : P → X is one-to-one and onto for each P ∈ P. (3) There exists λ > 1 and N ≥ 1 such that

d(T^N x, T^N y) ≥ λ d(x, y)

if x, y belong to the same atom of

�_{N−1} i=0 T^{−i}(P).

(4) There are γ, C_0 > 0, such that distortion of the Jacobian satisfies: � � J^{μT} (x) J_{μT} (y) − 1 � � ≤ C_0d(T x, T y)^γ

for all x, y in the same atom of P.

Then there is a T -invariant measure ν ≪ μ and:

466 Henk Bruin and Jane Hawkins

•^{dν}_{dμ} is Hölder continuous (with exponent γ), bounded and bounded away from 0.

• T is exact with respect to μ.

• ν(A) = lim_{n→∞} μ(T^{−n}(A)) for every A ∈ B.

We next apply the Folklore Theorem to first return maps for C^2 interval maps to prove continuity of some Radon–Nikodym derivatives. The notation acip stands for absolutely continuous (w.r.t. Lebesgue) invariant probability measure in what follows. Let orb(A) = ∪_{n≥0}T^n(A) be the (forward) orbit of the set (or point) A, and let Crit denote the set of critical points of T , i.e., the points c where T^′(c) = 0. The following proposition is useful only when orb(Crit) is not dense. As in 2.8, I is compact.

Proposition 3.2. Let T : I → I be a C^2 interval map with an acip μ ≪ m. Then the Radon–Nikodym derivative g =^{dμ}_{dm} is continuous at every point in I \ orb(Crit).

Proof. Every acip has at most #Crit ergodic components, whose supports have pairwise disjoint interiors. So we restrict our attention to a single ergodic component with acip μ; its support is a finite union of intervals I_k, k = 1, . . . , N which are permuted cyclically under the map, and μ-a.e. x ∈ supp(μ) has a dense orbit in supp(μ). In particular, supp(μ) contains no periodic attractors or periodic intervals of period ≠ N. Therefore supp(μ) has a dense set of periodic orbits. These facts can be found e.g., in [38]; the monograph [26] covers the unimodal case.

Take t ∈ supp(μ) \ orb(Crit). We show that^{dμ}_{dm} is continuous at t. Let V^′ be the component of supp(μ) \ orb(Crit) containing t and let V be a neighborhood of t, compactly contained in V^′, such that orb(∂V ) ∩ V^∘ = ∅. Because the set of periodic points is dense in supp(μ), we can find such a V^′ by giving it periodic boundary points.

For x ∈ V , let τ(x) := min{n ≥ 1 : T^n(x) ∈ V } be the first return time, and let V_∗ = {x ∈ V : τ(x) is well-defined}. Then

F : V_∗ → V, F : x → T^{τ (x)}(x).

is the first return map. If x ∈ V_∗, let U^′_x be the maximal neighborhood of x on which T^{τ (x)} is monotone. Since T^{τ (x)}(∂U^′_x) ⊂ orb(Crit), T^{τ (x)}(U^′_x) ⊂ V^′ and hence there is a smaller neighborhood U_x such that T^{τ (x)} maps U_x monotonically onto V . Moreover, T^i(U_x) ∩ V = ∅ for every 0 < i < τ(x). Indeed, if T^i(U_x) ⊂ V , then τ(x) is not the first return time to V , and if T^i(U_x) ∩ ∂V ≠ ∅, then V ⊂ T^{τ (x)−i}(∂V ) contradicting the definition of V . Hence τ(x) = τ(y) for all y ∈ U_x.

This means that the domain V_∗ consists of a countable union of disjoint intervals, which we can renumber as {U_i}_{i∈N}. We noted above that μ-a.e. x ∈ supp(μ) has a dense orbit in supp(μ), so V_∗ = ∪_iU_i has full Lebesgue

One-sided Bernoulli shifts 467

measure in V , and the same holds for V_∞ = � i≥0 F^{−i}(V_∗), the set on which all iterates of F are well-defined.

The Koebe Principle [26, Chapter IV.1] guarantees that the distortion condition (4) of the Folklore Theorem 3.1 holds for C_0 = C_0(V^′, V ) and γ = 1. One can extend these arguments to show that the same distortion bound holds uniformly over all iterates of F , and due to the absence of periodic attractors, there is some iterate F^N such that |(F^N )^′(x)| ≥ 2 for all x ∈ V_∞.

The Folklore Theorem 3.1 gives an F -invariant measure ν on V with^{dν}_{dm} continuous and bounded away from 0. On I, the measure defined by

(3.1) μ_0(A) = � i τ_i−1�

j=0 ν(T^{−j}(A) ∩ U_i)

can be checked to be absolutely continuous, σ-finite and T -invariant. Therefore μ_0 ∼ μ, and since μ is a probability measure, dμ = Cdμ_0 for some C ∈ (0, ∞).

For each A ⊂ V , Equation (3.1) gives that μ_0 = � i ν(A ∩ U_i) = ν(A), so dμ dm = C^{dμ0}_{dm} = C^{dν}_{dm} is indeed continuous at t. □

Remark 3.3. The Folklore Theorem implies that^{dμ}_{dm} is bounded away from 0 on each U_i above. Moreover, for any fixed U_i, there exists an N such that �_N

k=0 T^k(U_i) ⊃ supp(μ). From this it is not hard to derive that^{dμ}_{dm} is bounded away from 0 on supp(μ), cf. [19, Theorem 1(3)].

3.2. Rigidity of smooth Bernoulli maps. We now turn to some results regarding one-sided Bernoulli differentiable maps of the interval and circle.

Definition 3.4. Suppose we have two interval maps T, S : I → I.

• We say S and T are C^0-conjugate, or topologically conjugate if there exists a homeomorphism ψ : I → I such that S = ψ ∘ T ∘ ψ^{−1}.

• If ψ above is a C^k diffeomorphism (with a C^k inverse), we say T and S are C^k-conjugate.

Theorem 3.5. Let T : I → I be a piecewise C^2 n-to-1 interval map preserving a probability measure μ equivalent to Lebesgue measure m such that the Radon–Nikodym derivative g(x) =^{dμ}_{dm} is continuous and bounded away from 0. Then T is one-sided Bernoulli on (I, B, μ) if and only if T is C^1- conjugate to a map S : I → I whose graph consists of n linear pieces, with slopes ±^1_{pi} such that h_μ(T ) = −

�_n i=1 p_i log p_i.

Proof. (⇐): The map S is clearly one-sided Bernoulli with respect to the invariant measure m, with h_m(S) = −

�_n

i=1 p_i log p_i. Under the assumption that S is C^1-conjugate to T , this implication follows immediately.

(⇒): Define ψ : I → I by ψ(x) = μ([0, x]). Since g is positive and continuous, ψ is a C^1 diffeomorphism and ψ^′(x) = g(x) > 0, so ψ^{−1} is C^1 as well. Furthermore the map S := ψ ∘ T ∘ ψ^{−1} preserves m.

468 Henk Bruin and Jane Hawkins

It remains to show that S is piecewise linear or equivalently it suffices to show that S^′ is piecewise constant. By construction, S is topologically conjugate to T , so h_m(S) = h_ν (T ). We differentiate both sides of S ∘ ψ = ψ ∘ T , and write φ := log ψ^′ to obtain

(3.2) log |T^′| + φ ∘ T − φ = log |S^′| ∘ ψ.

The left-hand side is defined and continuous except at the set C of discontinuities of T^′. Therefore S^′ is continuous, except at ψ(C), (where possibly C = ∅). Let π : I → A^N be the isomorphism between (I, B, μ; T ) and a onesided p = {p_1, . . . , p_n} Bernoulli shift σ. Then Ψ := ψ ∘ π^{−1} is an isomorphism between (I, B, m; S) and the Bernoulli shift (Ω, D, ρ; σ), see Figure 2. It follows that for m-a.e. x, the Jacobian functions J_{mS} (y_j) at the n preim-

� (A^N, ρ) (A^N, ρ) σ

� �

Ψ Ψ = ψ ∘ π^{−1} � (I, μ) (I, μ) T � � � � � � π π

� � � � � � ψ ψ � (I, m) (I, m) S Figure 2. Commutative diagram to construct Ψ = ψ ∘ π^{−1}.

ages y_1, . . . , y_n of x take the values^1_{p1} , . . . ,^1_{pn} since J_{mS} (y) = J_{ρσ} (Ψ^{−1}y). But since m is Lebesgue measure, the Jacobian of S coincides with the absolute value of the derivative, and the derivative is piecewise continuous. It follows that S^′ is piecewise constant as asserted. □

Corollary 3.6. Let T : I → I be a piecewise C^2 expanding n-to-1 map. Then T is one-sided Bernoulli on (I, B, m) if and only if T is C^1-conjugate to a map S : I → I whose graph consists of n linear pieces, with slopes ±^1_{pi} such that h_μ(T ) = −

�_n i=1 p_i log p_i.

Proof. The Folklore Theorem 3.1 gives an invariant probability measure μ such that g =^{dμ}_{dm} is continuous and bounded away from 0 and ∞. Hence Theorem 3.5 applies. □

Remarks 3.7. (1) The partition P = {P_1, . . . , P_n} into intervals such that T : P_i → (0, 1) is C^2 onto generates B. The coding map

π : I → Ω = ∞� 0 {1, . . . , n}

One-sided Bernoulli shifts 469

gives the isomorphism with the Bernoulli shift (Ω, D, ρ; σ). (2) Theorem 3.5 shows that one-sided Bernoulli interval maps are rare, the property is quite rigid, as the C^1-conjugacy implies that multipliers of all periodic points of T are the same as the multipliers of the corresponding periodic points of the piecewise linear map S, see Corollary 3.14.

Example 3.8. Chebyshev polynomials form a well-known collection of onesided Bernoulli maps. Scaled to [0, 1], the Chebyshev polynomial Q_n of degree n can be defined by Q_n = ψ ∘ S_n ∘ ψ^{−1}, where ψ(x) =^2_π arcsin √ x and S_n : I → I is the continuous map with n linear branches of slope ±n and S_n(0) = 0. For example, Q_2(x) = 4x(1 − x) and Q_3(x) = 9x − 24x^2 + 16x^3. Clearly (I, B, m; S_n) is

�_1 n , . . . ,^1_n � Bernoulli, and so is (I, B, μ; Q_n) with invariant measure μ = m ∘ ψ. A straightforward computation shows that the Radon–Nikodym derivative

g(x) = dμ dm (x) = 1 π � x(1 − x)

for each n. Since g(x) → ∞ as x → 0 or 1, the hypotheses of Theorem 3.5 are not met, and indeed ψ has infinite derivative at these points. The following corollary shows how Theorem 3.5 can be rephrased and extended to include this (and similar) examples.

Corollary 3.9. Let (I, B, m; T ) be as in Theorem 3.5, and assume that the Radon–Nikodym derivative g(x) =^{dμ}_{dm} is continuous and positive on (0, 1). Then T is one-sided Bernoulli on (I, B, m) if and only if T is topologically conjugate to a map S : I → I whose graph consists of n linear pieces, with slopes ±^1_{pi} such that h_μ(T ) = −

�_n i=1 p_i log p_i. In this case the conjugacy ψ is C^1 on (0, 1) and it has a C^1 inverse.

Proof. (⇐): The system (I, B, m; S) is one-sided Bernoulli as in the proof of Theorem 3.5. As ψ is C^1 on (0, 1), it is still absolutely continuous on I, so T is one-sided Bernoulli as well.

(⇒): Following the proof of Theorem 3.5, we see that ψ^′(x) = g(x), except that ψ^′ need not be defined (or be infinite) at x = 0, 1. The points 0 and 1 and T^{−1}({0, 1}) should be added to the set C because φ or φ ∘ T are undefined at those points. Therefore ψ(C) ⊂ {0, 1} ∪ S^{−1}({0, 1}) as well. But this has no further effect on the conclusion that S^′ is piecewise constant. □

Corollary 3.10. Let T : I → I be a C^2 n-to-1 map with T (∂I) ⊂ ∂I and whose critical points map into ∂I. Assume also that all periodic points of T are repelling and that all critical points are nonflat (i.e., some derivative D^nT (c) ≠ 0). Then T is one-sided Bernoulli on (I, B, m) if and only if T is topologically conjugate to a map S : I → I whose graph consists of n linear

470 Henk Bruin and Jane Hawkins

pieces, with slopes ±^1_{pi} such that h_μ(T ) = −

�_n i=1 p_i log p_i. Moreover the conjugacy is C^1 on (0, 1).

Proof. The conditions (including the nonflatness of critical points) guarantee the existence of an invariant probability measure μ ≪ m, see [26, Chapter V.3]. In this case, the Radon–Nikodym derivative is unbounded at ∂I, but by Proposition 3.2, g(x) is continuous and positive elsewhere. Thus Corollary 3.9 applies. □

The following corollary gives a version of the Theorem 3.5 in the case of smooth circle maps; related results appear in [36] and [16].

Corollary 3.11. If T : S^1 → S^1 is an expanding C^2 degree n ≥ 2 circle map and T (0) = 0, then T is one-sided Bernoulli if and only if it is C^1-conjugate to x → nx (mod 1).

Proof. (⇐): As in Theorem 3.5.

(⇒): T is an expanding C^2 n-to-one (degree n) circle map if and only if there is a C^2 covering map ~T : R → R such that ~T (x + 1) = T (x) + n and ~T ′(x) = T ′(x) > 1 for x ∈ [0, 1). Therefore T has exactly n − 1 fixed points. Let 0 be one of them. We cut the circle at 0 to obtain an interval, and then T can be extended to a C^2 n-to-one on this interval. Now the proof of Theorem 3.5 applies; it actually gives that the set C = ∅, because T^′ has no discontinuities. Therefore S^′ is constant, and after gluing the interval back to a circle, the map S becomes a linear degree n circle map. There is only one such map: x → nx (mod 1). □

Corollary 3.12. There are no C^2 expanding n-to-one one-sided Bernoulli maps on (S^1, B, m) that are {p_1, . . . , p_n} Bernoulli unless p_i =^1_n for each i.

Proof. If p_i ≠^1_n for some i, then S^′ would have to have at least one discontinuity which is impossible as shown in the proof of Corollary 3.11. □

The next two results on conformal measures show how the one-sided Bernoulli property imposes rigidity results on the multipliers of periodic points. Let Y and X ⊂ Y , T be as in Section 2.9 and let m_α denote a conformal measure on X. If f : X → R is piecewise constant then X = ∪^k_{j=1}F_j such that the F_j ’s are disjoint, open and closed sets, and f is constant on F_j , j = 1, . . . , k.

Proposition 3.13. Let T be a C^1 n-to-one map on (X, B_X , m_α) preserving a measure μ ∼ m_α and assume that the Radon–Nikodym derivative g(x) := dμ dm_α is continuous and bounded away from 0. If T has no critical points on X

and is one-sided {p_1, . . . , p_n} Bernoulli, then J_{μT} is continuous everywhere on X. Moreover J_{μT} is constant on components of X; if X is connected, J_{μT} is constant on X.

One-sided Bernoulli shifts 471

Proof. As T is one-sided {p_1, . . . , p_n} Bernoulli, J_{μT} (x) ∈

�_1

p_1 , . . . , 1 p_n � for μ-a.e. x. By (2.3) we have for each x ∈ X

(3.3) J_{μT} (x) = dμ dm_α

(T x) · J_{mαT} (x) · � dμ dm_α (x) �_{−1} = g(T x) g(x)

|T^′(x)|^α;

the hypotheses imply that the right-hand side of the equality is the product of continuous nonzero functions and hence J_{μT} is continuous and finite valued. If X is connected, the only finite-valued continuous functions are constants. Therefore J_{μT} must be piecewise constant with F_j = J^{−1}_{μT} (p_k); each component of X must be contained in a single F_j by continuity. □

Corollary 3.14. Suppose T is a C^1 n-to-one map on (X, B_X , m_α) preserving μ ∼ m_α with g(x) :=^{dμ}_{dmα} continuous and bounded away from 0. Assume T has no critical points on X and is one-sided Bernoulli. Then for every k-periodic point q, the multiplier |(T^k)^′(q)|^α is a k-fold product of numbers 1 p_i .

Proof. Apply (3.3) to the k-fold Jacobian J_{μT} k (q) to see that

J_{μT} k (q) = g(T^kq) g(T^{k−1}q)

|T^′(T^{k−1}q)|^α · g(T^{k−1}q) g(T^{k−2}q)

|T^′(T^{k−2}q)|^α

· · · g(T q) g(q)

|T^′(q)|^α

= |(T^k)^′(q)|^α.

By Proposition 3.13 the left-hand side is a product of numbers^1_{pi} . □

4. Examples of non-Bernoulli n-to-one maps

4.1. Maps in one real dimension. We first give a basic example illustrating Theorem 2.21.

Example 4.1 (Piecewise affine maps). Fix p, q ∈ (0, 1) with p + q = 1. A dynamical system well-known to be isomorphic to the one-sided {p, q} Bernoulli shift is (S^1, B, m; T_{p,0}), where

T_{p,0}(x) = � � � 1 q x for x ∈ [0, q) = A_2 1 p (x − 1) + 1 for x ∈ [q, 1) = A_1,

and B is the σ-algebra of Lebesgue measurable sets. The coding map with respect to the partition ζ = {A_1, A_2} is the isomorphism.

472 Henk Bruin and Jane Hawkins

The following variant is no longer one-sided Bernoulli (unless p = q =^1_2 ): Let T_{p,} 1_4 : S^1 → S^1 = R/Z be given by

T_{p,} 1_4 (x) =

� � � � �

1 p x if x ∈ � 0,^p_2 � 1 q � x −^p_2 � +^1_2 if x ∈

�_p 2 ,^1_2 � 1 q � x −^1_2 � if x ∈

�_1 2 ,^{1+q}_2 � 1 p � x −^{1+q}_2 � +^1_2 if x ∈

�_{1+q}

2 , 1 � (see Figure 3). The map T_{p,} 1_4 also preserves Lebesgue measure m and com-

� � � � �

� � � � �

� � � � �

� � � � � 2t

1 2 � � �

� � � � � � � � � �

� � � � � � �_{2t}

q + 2t(p − q)

Figure 3. The map T_{p,t} is not one-sided Bernoulli for t =^1_4 (left) but it is for e.g., t =^3_{20} (right).

mutes with the automorphism φ(x) = 1−x. Theorem 2.21 implies that T_{p,} 1_4

cannot be one-sided Bernoulli. Let A_1 = � 0,^p_2 � ∪ �_{1+q} 2 , 1 � and A_2 =

�_p 2 ,^{1+q}_2 � . Then ζ = {A_1, A_2} is a Rohlin partition, and φ interchanges A_i, i = 1, 2. Because of this, the coding map π : S^1 → {1, 2}^N with respect to ζ = {A_1, A_2} is 2-to-1; so ζ is not generating. If x ≠ y ≠ φ(x), then π(x) ≠ π(y). This can be seen by the fact that T_{p,} 1_4 is expanding, and the atoms in

ζ_n :=

�_{n−1}

i=0 T^{−i}_{p, 14} (ζ) are unions of two intervals (symmetric under φ), and

each of these intervals has length^1_2 p^kq^{n−k}, where k denotes the number of 1’s in the first n entries of the coding under π.

Since m is Lebesgue measure, J_{mT} = |T^′|, hence J_{mT} |_{A1} =^1_p and

J_{μT} |_{A2} =^1_q . It follows from Lemma 2.11 that π is a 2-to-1 factor map onto the {p, 1 − p} Bernoulli shift. This proves statement (4) in Example 2.7.

The above examples are special cases (namely t = 0 and t =^1_4 ) of the family T_{p,t} : S^1 → S^1 with t ∈ � 0,^1_2 � , p + q = 1 and

T_{p,t}(x) =

� � � � �

1 p x if x ∈ [0, 2tp) 1 q (x − 2tp) + 2t if x ∈ [2tp, q + 2t(p − q)) 1 q (x − q − 2t(p − q)) if x ∈ [q + 2t(p − q), q + 2tp) 1 p (x − 1) + 1 if x ∈ [q + 2tp, 1).

One-sided Bernoulli shifts 473

The maps T_{p,t} are piecewise affine, and the derivative has two discontinuities, namely at T^{−1}_{p,t} (2t), see Figure 3. Again, Lebesgue measure is T_{p,t}-invariant. This family can be thought of as a “{p, q} version” of Example 2.7 in the sense that for every p ∈ (0, 1) and t ∈ � 0,^1_2 � , the system (S^1, B, m; T_{p,t}) is isomorphic to (or if t =^1_4 , is a two-point extension of) the {p, q} Bernoulli shift, and the coding map with respect to the partition ζ_{p,t} defined below implements the isomorphism (respectively, factor map).

Let ζ_{p,t} = {A_1, A_2} for A_1 = [0, 2tp) ∪ [q + 2tp, 1) and A_2 = [2tp, q + 2tp); it is obviously a Rohlin partition. The map T_{p,t} maps both A_1 and A_2 onto S^1. From this it follows that the coding map π_{p,t} is surjective unless t = 0, when there is no point x with π_{p,0}(x) = 111 . . . . Furthermore, π_{p,t} is not injective unless t = 0. However, unless t =^1_4 , ζ_{p,t} is generating (so the coding map is injective m-a.e.). One can show by induction that for any n, the atoms of

�_{n−1} i=0 T^{−i}ζ_{p,t} are unions of intervals whose combined Lebesgue measure is p^kq^{n−k}, where k denotes the number of 1’s in the first n entries of the coding under π_{p,t}. By the Kolmogorov extension theorem, this means that π_{p,t} is an isomorphism.

Although the Jacobian J_{mTp,t} takes values^1_p or^1_q at every point except two, and in particular at every periodic point, the Jacobian may fail to be invariant under the isomorphism on a set of m measure 0, which could include some periodic points.

For example, if t is close to^1_4 , then there is a periodic point x = 1 p � q 1 + q

+ 2t(p − q) �

whose period 2 orbit belongs to A_2, so J_{mTp,t} (x) = J_{mTp,t} (T_{p,t}x) =^1_q . Thus π_{p,t}(x) is fixed (not period 2) under σ; moreover the period 2 point y = 212121 . . . of the Bernoulli shift has J_{ρσ} (y) =^1_q and J_{ρσ}(σ(y)) =^1_p .

This phenomenon needs to be taken into account in the proofs of Propositions 4.5 and 4.10. It also demonstrates the importance of the smoothness assumption in Theorem 3.5 because the map T_{p,t} is in general not C^1-conjugate to T_{p,0}; the multipliers at corresponding periodic points do not agree.

Example 4.2. Using Corollaries 3.11 and 3.12 one can construct a C^∞ expanding two-to-one non-Bernoulli circle map. Define

T (x) = 2x + ε sin 4πx

for |ε| <^1_{4π} . For each such ε, T is a C^∞ two-to-one expanding map of S^1 = R/Z, it is topologically conjugate to S(x) = 2x (mod 1) [36], and there is an invariant probability measure μ ∼ m (with μ ≠ m for ε ≠ 0). However, the derivative at the fixed point 0 is 2+4πε and not 2, and therefore T is not one-sided Bernoulli by Corollary 3.6 and the subsequent remarks. By [21], T is weakly Bernoulli with weak Bernoulli partition � 0,^1_2 � , �_1 2 , 1 � .

474 Henk Bruin and Jane Hawkins

Figure 4. Non-Bernoulli example and the one-sided

�_1 2 ,^1_2 � Bernoulli (dotted line).

Figure 5. The graph of a non-Bernoulli unimodal map R_a.

Example 4.3. Blaschke products on the circle. In [3] the following family of degree two rational maps is studied: for a ∈ (0, 1), define:

B_a(z) = z(2 √ a − 1 + z) 1 + (2 √ a − 1)z , with a ∈ (0, 1).

Each of these maps takes the unit disk to itself and J (B_a) = S^1; Moreover each is a degree 2 expanding map and a =^1_4 if and only if B_a is isomorphic to the

�_1 2 ,^1_2 � Bernoulli shift [3]. Then by Corollary 3.12 we have that for all other values of a ∈ (0, 1), B_a : S^1 → S^1 is weakly Bernoulli but not one-sided Bernoulli with respect to m.

Example 4.4. We consider the following family of unimodal maps on I = [−2, 2], for a ∈ (0, 1):

R_a(x) =

−8 + (2 + 8a)x^2 4 + (−1 + 4a)x^2 . We obtain the Chebyshev polynomial when a =^1_4 . Otherwise there are no polynomial maps in the family. From [3] we have the following easily shown properties and we see the graph of a typical map in Figure 5.

• R_a(−2) = R_a(2) = 2, R_a(0) = −2, and R_a has one critical point at x = 0, is strictly decreasing on [−2, 0) and strictly increasing on (0, 2].

• R_a[−2, 2] = R^{−1}_a [−2, 2] = [−2, 2].

One-sided Bernoulli shifts 475

• R^′_a(−2) = −^1_a and R^′_a(2) =^1_a , so x = 2 is a repelling fixed point. • Each R_a is finite postcritical (has a finite forward critical orbit). • There is one other fixed point in [−2, 2], namely p = −2 1 + 2 √ a ∈ � −2, −^2_3 � , with derivative R^′(p) = −(1 + 2 √ a). That is, p is always repelling.

• The Schwarzian derivative of R_a,

S(R_a) :=

R^{′′′}_a R^′_a − 3 2 � R^{′′}_a R^′_a

�_2 = −3 2z^2 . These properties imply the existence of an invariant probability measure μ_a ∼ m, and by [21] these maps are weakly Bernoulli. We show that except for the

�_1 2 ,^1_2 � Bernoulli Chebyshev case, R_a cannot be one-sided Bernoulli.

Proposition 4.5. The map R_a is not one-sided Bernoulli w.r.t. m except if a =^1_4 , the Chebyshev polynomial.

Proof. Using Corollary 3.14 if R_a were {p, 1 − p} Bernoulli, then at each fixed point x_0 not on a critical orbit, |R^′(x_0)| =^1_p or^1_{1−p} and at each period two cycle {y_1, y_2}, we have that |(R^2_a)^′(y_i)| =^1_{p2} ,^1_{p(1−p)} , or^1_{(1−p)2} .

We calculate directly using the conformally conjugate map:

f_a(x) = a � x +^1_x + 2 � = a (x + 1)^2 x (cf. [3]). The unique fixed point not in a critical orbit is x_0 = −1 +^1_{1+}^√_a with derivative −1 − 2 √ a, so J_{mfa} (x_0) = 1 + 2 √ a > 1. Then p =^1_{1+2}^√_a , so 1 − p =^2 √ a 1+2 √ a with associated Jacobian^{1+2} √ a 2 √ a > 1.

Moving to period two points, setting y_1 =^− √ 1+a−1 √ 1+a , and y_2 =^− √ 1+a+1 √ 1+a , we first note that y_1y_2 =^a_{1+a} and that (y_i + 1)^2 =^1_{1+a} . Hence

f_a(y_1) = a(y_1 + 1)^2

y_1 = a (a + 1)y_1 = y_1y_2 y_1

= y_2,

and similarly f_a(y_2) = y_1. Using that f^′_a(x) = a � 1 −^1_{x2} � , we compute that |(f^2_a )^′(y_i)| = 3 + 4a, i = 1, 2.

Setting^1_{p2} = 3 + 4a gives

(1 + 2 √ a)^2 = 1 + 4 √ a + 4a = 3 + 4a,

which implies that √ a =^1_2 , giving only the solution a =^1_4 in the interval.

Similarly, if^1_{(1−p)2} = 3 + 4a, we have

1 + 4 √ a + 4a 4a = 3 + 4a,

476 Henk Bruin and Jane Hawkins

or equivalently, 16a^2 + 8a − 4 √ a − 1 = 0. Treating this as a degree 4 polynomial in u = √ a and factoring out the known solution u =^1_2 , we again obtain using basic calculus on the cubic polynomial 1 + 6u + 4u^2 + 8u^3 that u =^1_2 or a =^1_4 is the only solution in the interval (0, 1).

Finally we suppose that 1 p · 1 1 − p = (1 + 2 √ a)^2 2 √ a = 3 + 4a.

This yields the polynomial equation 8a^32 − 4a + 2a^12 + 1 = 0, and basic calculus as above gives that a =^1_4 is the only solution. □

Remark 4.6. Although R_a is a symmetric map (i.e., R_a(−x) = R_a(x)) with a symmetric critical orbit, a =^1_4 is the only parameter for which the Radon–Nikodym derivative^{dμa}_{dm} is symmetric. At a =^1_4 , R_a reduces to x → x^2 − 2, with^{dμ1/4}_{dm} =^1_π^√_{4−x2} . For general a ∈ (0, 1),^{dμa}_{dm} is continuous on (−2, 2) by Proposition 3.2, and by Lemma 2.10 (3) it is a fixed point of the transfer operator

L_{mRa} h(x) = � y∈R^{−1}_a (x)

h(y) |R^′_a(y)| .

Inserting h =^{dμa}_{dm} at the fixed point p, we find h(p) =^{h(p)+h(−p)}_{1+2}^√_a . If h were symmetric (and hence h(p) = h(−p)), then this would reduce to 1+2 √ a = 2, so a =^1_4 .

4.2. Examples on the Riemann sphere. Recall that C_∞ denotes the Riemann sphere. Sullivan showed in [39, Theorem 3] that every rational map R : C_∞ → C_∞ of degree d ≥ 2 has a conformal measure for some α ∈ (0, 2], but the question as to whether m_α is unique and/or nonatomic is not entirely resolved. Under certain conditions (see [11] for extensive results in this direction), there is a minimal α_∗ ∈ (0, 2], for which the Julia set supports a unique ergodic nonatomic α_∗-conformal measure with respect to which R is d-to-one, whereas for α ∈ (α_∗, 2], only atomic α-conformal measures (supported on backward orbits of critical and neutral periodic points) exist. Moreover, α_∗ is the Hausdorff dimension of the Julia set.

Definition 4.7. Let R : C_∞ → C_∞ be a rational map of degree d ≥ 2. R is hyperbolic if the closure of the orbits of all critical points is disjoint from Julia set J (R) and subhyperbolic if all critical points in J (R) have finite forward orbits and the closure of the set of orbits of all critical points in the Fatou set is disjoint from the Julia set J (R).

Sullivan [39, Theorem 4] showed that for hyperbolic maps, α_∗ is the Hausdorff dimension of the Julia set, and the normalized α_∗-dimensional Hausdorff measure is α_∗-conformal; the corresponding result for subhyperbolic

One-sided Bernoulli shifts 477

maps was proved in [7] and this covers most of the examples in this subsection.

It is known that for hyperbolic and subhyperbolic maps there is an invariant probability measure μ equivalent to the α_∗-conformal measure above [7, 11] and it exhibits highly chaotic behavior (e.g., ergodic, exact, positive Lyapunov exponents). The next result gives a large class of examples for which the measure μ cannot be one-sided Bernoulli.

Theorem 4.8. If R is a hyperbolic rational map of degree d ≥ 2 on C_∞, and if J (R) is connected, then R is not one-sided Bernoulli with respect to μ ∼ m_α unless R conformally conjugate to z → z^{±d}.

Proof. The hypotheses imply that R is uniformly expanding on J (R) with respect to a smooth Riemannian metric. Therefore by the Folklore Theorem 3.1, we see that if g =^{dμ}_{dmα} , then g is continuous on J (R).

If R is one-sided {p_1, . . . , p_n} Bernoulli, J_{μR}(z) ∈

�_1

p_1 , . . . , 1 p_n � for μ-a.e.

z. By (2.3) we have

J_{μR}(z) = g(T z) · J_{mαT} (z) · g(z)^{−1} = g(T z) g(z)

|R^′(z)|^α,

so J_{μR} is continuous everywhere on J (R) as |R^′(z)|^α and g(z) are defined and nonzero. A continuous function taking values from a finite set is constant on a connected space. Therefore J_{μR}(z) must take the value^1_d everywhere by Lemma 2.10, and hence μ is the unique measure of maximal entropy, which is only equivalent to conformal measure m_α for maps conformally conjugate to z → z^{±d} when R is hyperbolic by [42]. □

Example 4.9. Consider quadratic polynomials of the form f_c(z) = z^2 + c. If c belongs to the interior of a hyperbolic component of the Mandelbrot set M (which is the same as the interior of M provided the conjecture that M is locally connected is true), then f_c has a connected hyperbolic Julia set J_c. Hence Theorem 4.8 implies that (J_c, μ_c; f_c) is not one-sided Bernoulli.

We now assume that c does not belong to the Mandelbrot set M, so f_c has a hyperbolic Cantor Julia set J_c ⊂ C, supporting an α-conformal measure m_α for α = dim_H (J_c). Clearly, there is a Rohlin partition of J_c into two atoms such that f_c maps each atom onto J_c. Moreover, f^N_c is uniformly expanding on J_c for some N ≥ 1, hence by the Folklore Theorem 3.1, J_c supports an invariant measure μ_c ∼ m_α, and its Radon–Nikodym derivative g =^{dμc}_{dmα} is continuous, bounded and bounded away from 0.

Proposition 4.10. Let c ∈ C \ M. If in addition

(i) c /∈ (^1_4 , ∞), (ii) Re c ≠ −^1_2 , (iii) 2|1 + c| ≠ � �1 − 2c ± √1 − 4c � �, then (J_c, μ_c; f_c) is not one-sided Bernoulli.

478 Henk Bruin and Jane Hawkins

Proof. The map f_c has two fixed points

x_± = 1 ± √ 1 − 4c 2 with f^′_c(x_±) = 1 ± √ 1 − 4c.

and one periodic orbit of period 2 consisting of the points

y_± =

−1 ± � 1 − 4(1 + c) 2 . Assume by contradiction that f_c is one-sided {p, 1 − p} Bernoulli. Apply Corollary 3.14 to the fixed points to get

|f^′_c(x_±)|^α = |1 ± √ 1 − 4c|^α ∈ � 1 p , 1 1 − p � . Condition (i) implies that |f^′_c(x_+)| ≠ |f^′_c(x_−)|. So we can assume that |f^′_c(x_+)|^α =^1_p and |f^′_c(x_−)|^α =^1_{1−p} . Multiplying these two and taking logarithms gives (4.1) α log |f^′_c(x_+) · f^′_c(x_−)| = − log p − log(1 − p). Corollary 3.14 applied to the period 2 orbit gives

(4.2) |(f^2_c )^′(y_±)|^α = |4(1 + c)|^α ∈ � 1 p(1 − p) , 1 p^2 , 1 (1 − p)^2 � . If the left-hand side is^1_{p(1−p)} , we can combine it with (4.1) to derive

α log |f^′_c(y_+) · f^′_c(y_−)| = α log |f^′_c(x_+) · f^′_c(x_−)|, whence log |4c| = log |4(1 + c)|. But this is only true when Re c = −^1_2 , violating condition (ii). If the left-hand side in (4.2) is^1_{p2} , then we get

|4(1 + c)|^α = |(f^2_c )^′(y_±)|^α = |(f^′_c)(x_+)|^{2α} = |2 − 4c + 2 √ 1 − 4c|, so 2|1 + c| = |1 − 2c + √ 1 − 4c|, contrary to condition (iii). Finally, the left-hand side in (4.2) equal to^1_{(1−p)2} leads to 2|1 + c| = |1 − 2c − √ 1 − 4c| which is again excluded by condition (iii). □ We continue with some examples of rational maps with commuting automorphisms to which Theorem 2.21 applies.

Example 4.11. We define a family of quadratic rational maps of the Riemann sphere by: R_λ(z) = λ � z +^1_z � , for any nonzero λ ∈ C. It is easy to see that the critical points are c = ±1, and the forward orbits of the two critical values are negatives of each other so there is basically one critical orbit to follow. It is well-known from the general theory of complex dynamics that h_{top}(R_λ) = log 2 and that there exists a unique measure of maximal entropy for each value of λ. In [20] it is shown that if λ = ±^i_2 , then J (R_λ) = C_∞ and R_λ is isomorphic to the

�_1 2 ,^1_2 � Bernoulli shift. When λ =^1_2 , we have the degree two Chebyshev polynomial

One-sided Bernoulli shifts 479

which is also one-sided Bernoulli. In all other cases, it was shown in [42] that the measure of maximal entropy is singular with respect to conformal measure on C_∞.

The automorphism φ(z) = −z commutes with R_λ for each λ. Endowed with the standard Riemannian volume form m_2 (locally two-dimensional Lebesgue measure or standard surface area on the sphere), it is clear that φ preserves m_2.

There are many examples of critically finite maps in this family which then preserve a probability measure equivalent to ν ∼ m_2 and J (R_λ) = C_∞. However, since h_ν < log 2, such maps are not one-sided Bernoulli. For example, setting λ = ±^1_2 √ −1 ± 2i gives four values with the property that ±1 → ±2λ → ±i → 0 → ∞,

and ∞ is a repelling fixed point with multiplier^1_λ of modulus^2_{51/4} > 1.

Since R_λ(i) = 0 for every value of λ, any critical orbit landing on i leads to a postcritically finite map, which is m_2 ergodic, preserves a measure equivalent to m_2 but is not one-sided Bernoulli (apart from λ = ±^i_2 discussed above).

Applying a result of Rees [33], it can be shown that there is a set of parameters of positive measure (no longer critically finite) with these properties, obtained by pushing off from the postcritically finite parameters. It was shown by Milnor ([27, Theorem 5.1]) that this family of maps is the only quadratic family of maps with nontrivial commuting automorphisms up to conformal conjugacy so this is the only family of quadratic maps to which Theorem 2.21 applies.

If λ = −^1_2 then the automorphism group G of R_λ is nonabelian of order 6. To see this, one can show that R_{−1/2} is conformally conjugate to the map z →^1_{z2} , and this map commutes with the automorphisms generated by z → −z, z → z, and z → e^{2πi/3}z. The Julia set of R_{−1/2} is the imaginary axis and the two critical points, ±1 form a superattracting period 2 orbit. From this we deduce it is not a parabolic example, so it is non-Bernoulli with respect to the invariant probability measure equivalent to one-dimensional Lebesgue measure m on J_{R−1/2} .

We summarize this family of examples with the following result.

Proposition 4.12. For quadratic rational maps of the form

R_λ(z) = λ � z +^1_z � , λ ∈ C \ {0}, we have:

(1) For all |λ| > 1, and whenever |λ| < 1 corresponds to a hyperbolic or subhyperbolic map with respect to conformal measure m_α, R_λ is not one-sided Bernoulli.

(2) There exists a set E ⊂ {λ : |λ| < 1}, m_2(E) > 0, yielding (nonhyperbolic) maps with J (R_λ) = C_∞, such that with respect to m_2, R_λ is not one-sided Bernoulli.

480 Henk Bruin and Jane Hawkins

Proof. When |λ| > 1, the map is well-known to be hyperbolic with a Cantor Julia set (see e.g., [27]). For each map R_λ, λ ≠ 0, we have a nontrivial group of automorphisms commuting with R_λ and leaving the corresponding Jacobian for the conformal measure invariant. Applying Theorem 2.21 we have the result for (1). In the second case, using the parameters coming from the results of Rees [33], we have the result for m_2. □

Figure 6. The Julia set separating basins of superattracting fixed points for the rational function of Newton’s root-finding algorithm for z^3 − 1.

Example 4.13. Let N_d : C → C be the rational map associated the Newton algorithm for finding the roots of the equation z^d − 1 = 0. The root basins and J (N_d) ≡ J are shown in Figure 6, and N_d is given by:

N_d(z) = z − z^d − 1 dz^{d−1} = (d − 1)z^d + 1 dz^{d−1} . The map N_d has d super-attracting fixed points at the d-th roots of unity, as well as a critical point of order d − 1 at the origin. This point maps to ∞ which is a repelling fixed point with derivative^d_{d−1} in the spherical metric.

The point 0 is the only critical point in J , and N_d(0) = ∞ = N_d(∞). Therefore N_d is subhyperbolic and preserves a measure μ ∼ m_α, but does not satisfy the hypotheses of Theorem 4.8. However one can show that g =^{dμ}_{dmα} is continuous and bounded away from 0 on J \{∞}. Since J \{0, ∞} consists of d connected components, say A_1, . . . , A_d, it follows as in Theorem 4.8 that J_{μNd} is constant on each A_i. Moreover one can show that the sets A_1, . . . , A_d form a Rohlin partition for N_d (μ mod 0).

The dihedral group G generated by z → e^{2πi/d}z and z → z is the group of symmetries of J , and G transitively permutes the sets A_1, . . . , A_d. More precisely, N_d ∘φ = φ∘N_d for each φ ∈ G and clearly φ ∈ G is also nonsingular respect to the invariant measure μ.

One-sided Bernoulli shifts 481

The proof of Theorem 2.21 shows that J_{μNd} (z) = J_{μNd} (φz) for all φ ∈ G, so J_{μNd} is constant μ-a.e. On the other hand, it follows from [42] and [7] that μ is not the measure of maximal entropy. Therefore Corollary 2.23 (2) implies that (J, B, μ; N_d) is not one-sided Bernoulli.

References

[1] Adler, Roy L. F -expansions revisited. Recent advances in topological dynamics (Proc. Conf., Yale Univ., New Haven, Conn., 1972; in honor of Gustav Arnold Hedlund), 1–5. Lecture Notes in Math., 318. Springer, Berlin, 1973. MR0389825 (52 #10655), Zbl 0257.28012.

[2] Ashley, Jonathan; Marcus, Brian; Tuncel, Selim. The classification of onesided Markov chains. Erg. Th. and Dynam. Sys. 17 (1997) 269–295. MR1444053 (98k:28021), Zbl 0880.60067.

[3] Barnes, Julia; Hawkins, Jane. Families of ergodic and exact one-dimensional maps. Dyn. Sys.: An Intl. Jour. 22 (2007) 203–217. MR2327993 (2008k:37088), Zbl 1134.37013.

[4] Bruin, Henk; Schleicher, Dierk. Symbolic dynamics of quadratic polynomials. Preprint #7 (2002) of the Mittag-Leffler Institute, http://www.mittagleffler.se/preprints/meta/BruinThu Jun 13 13 59 29.rdf.html.

[5] Bullett, Shaun; Sentenac, Pierrette. Ordered orbits of the shift, square roots, and the devil’s staircase. Math. Proc. Cambridge Philos. Soc. 115 (1994) 451–481. MR1269932 (95j:58043), Zbl 0823.58012.

[6] Dajani, Karma; Hawkins, Jane. Rohlin factors, product factors, and joinings for n-to-one maps. Indiana Univ. Math. J.42 (1993) 237–258. MR1218714 (94h:28012), Zbl 0805.28010.

[7] Denker, M; Urbański, M. Hausdorff measures on Julia sets of subexpanding rational maps. Israel J. Math. 76 (1991) 193–214. MR1177340 (93g:58078), Zbl 0763.30008.

[8] Dowker, Yael Naim. A new proof of the general ergodic theorem. Acta Sci. Math.

Szeged 12 B (1950) 162-166. MR0034968 (11,671a), Zbl 0035.36001. [9] Friedman, N; Ornstein, D. On isomorphism of weak Bernoulli transformations.

Adv. in Math 5 (1970) 365–394. MR0274718 (43 #478c), Zbl 0203.05801. [10] Furstenberg, Harry. Disjointness in ergodic theory, minimal sets, and a problem in Diophantine approximation. Math. Sys. Theory 1 (1967) 1-49. MR0213508 (35 #4369), Zbl 0146.28502.

[11] Graczyk, Jacek; Smirnov, Stanislav. Nonuniform hyperbolicity in complex dynamics. Invent. Math. 175 (2009) 335–415. MR2470110 [12] Hawkins, Jane. Amenable relations for endomorphisms. Trans. Amer. Math. Soc.

343 (1994) 169–191. MR1179396 (94g:28027), Zbl 0828.28005.

[13] Haydn, Nicolai. Statistical properties of equilibrium states for rational maps.

Ergodic Theory Dynam. Systems 20 (2000) 1371–1390. MR1786719 (2001i:37069), Zbl 0991.37026.

[14] Heicklen, Deborah; Hoffman, Christopher. Rational maps are d-adic Bernoulli.

Ann. of Math. (2) 156 (2002) 103–114. MR1935842 (2003h:37067), Zbl 1017.37020. [15] Hoffman, Christopher; Rudolph, Daniel. Uniform endomorphisms which are isomorphic to a Bernoulli shift. Ann. of Math. (2) 156 (2002) 79–101. MR1935841 (2003i:37007), Zbl 1017.37005.

[16] Johnson, Aimee S.A.; Rudolph, Daniel J. Commuting endomorphisms of the circle. Erg. Th. and Dynam. Sys. 12 (1992) 743–748. MR1200341 (93k:58135), Zbl 0787.58027.

482 Henk Bruin and Jane Hawkins

[17] Jong, Peter. On the Isomorhism Problem of p-endomorphisms. Ph.D. Thesis, Univ.

of Toronto, 2003. arXiv:Math.DS/0304054v1/4Apr2003.

[18] del Junco, Andrés. Bernoulli shifts of the same entropy are finitarily and unilaterally isomorphic. Erg. Th. and Dynam. Sys. 10 (1990) 687–715. MR1091422 (91m:28020), Zbl 0697.58032.

[19] Keller, Gerhard. Exponents, attractors and Hopf decompositions for interval maps. Erg. Th. and Dynam. Sys. 10 (1990) 717–744. MR1091423 (92e:58118), Zbl 0715.58020.

[20] Koss, Lorelei. Ergodic and Bernoulli properties of analytic maps of complex projective space. Trans. Amer. Math. Soc. 354 (2002) 2417–2459. MR1885659 (2002m:37061), Zbl 1038.37006.

[21] Ledrappier, François. Some properties of absolutely continuous invariant measures on an interval. Erg. Th. and Dynam. Sys. 1 (1981) 77–93. MR0627788 (82k:28018), Zbl 0487.28015.

[22] Ledrappier, François. Quelques proprietés ergodiques des applications rationnelles. C. R. Acad. Sci. Ser. I Math. 299 (1984) 37–40. MR0756305 (86c:58091), Zbl 0567.58016.

[23] Lyubich, M. Yu. Entropy properties of rational endomorphisms of the Riemann sphere. Erg. Th. and Dynam. Sys. 3 (1983) 351–385. MR0741393 (85k:58049), Zbl 0537.58035.

[24] Mañé, Ricardo. Ergodic theory and differentiable dynamics. Translated from the Portuguese by Silvio Levy. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 8. Springer-Verlag, Berlin, 1987. MR0889254 (88c:58040), Zbl 0616.28007.

[25] Mañé, Ricardo. On the Bernoulli property for rational maps. Erg. Th. and Dynam.

Sys. 5 (1985) 71–88. MR0782789 (86i:58082), Zbl 0605.28011.

[26] de Melo, Welington; van Strien, Sebastian. One-dimensional dynamics. Ergebnisse der Mathematik und ihrer Grenzgebiete, 25 Springer-Verlag, Berlin, 1993. MR1239171 (95a:58035), Zbl 0791.58003.

[27] Milnor, John. Geometry and dynamics of quadratic rational maps (with an appendix by J. Milnor and Tan Lei). Experiment. Math. 2 (1993) 37–83. MR1246482 (96b:58094), Zbl 0922.58062.

[28] Milnor, J. Dynamics in one complex variable. Introductory lectures. Friedr. Vieweg & Sohn, Verlagsgesellschaft mbH., Wiesbaden, 1999. MR1721240 (2002i:37057), Zbl 0946.30013.

[29] Ornstein, Donald S. Ergodic theory, randomness and dynamical systems. James K. Whittemore Lectures in Mathematics given at Yale University. Yale Mathematical Monographs, 5. Yale Univ. Press, New Haven, 1974. MR0447525 (56 #5836), Zbl 0946.30013.

[30] Parry, William; Walters, Peter. Endomorphisms of a Lebesgue space. Bull.

Amer. Math. Soc. 78 (1972) 272–276. MR0294604 (45 #3674), Zbl 0232.28013. [31] Parry, William. Ergodic properties of a one-parameter family of skew-products.

Nonlinearity 8 (1995) 821–825. MR1355044 (96i:28019), Zbl 0836.58028. [32] Parry, William. Automorphisms of the Bernoulli endomorphism and a class of skew-products. Erg. Th. and Dynam. Sys. 16 (1996) 519–529. MR1395050 (97h:28006), Zbl 0851.58030.

[33] Rees, Mary. Positive measure sets of ergodic rational maps. Ann. Scient. Ec. Norm.

Sup. 4^e serie 19 (1986) 383–407. MR0870689 (88g:58100), Zbl 0611.58038. [34] Rohlin, V. A. On the fundamental ideas of measure theory. Transl. Amer. Math.

Soc. 71 (1952) 1–54. MR0047744 (13,924e).

[35] Rohlin, V. A. Exact endomorphisms of a Lebesgue space. Transl. Amer. Math. Soc.

Ser. 2 39 (1963), 1–36. MR0143873 (26 #1423), Zbl 0154.15703.

One-sided Bernoulli shifts 483

[36] Shub, Michael. Endomorphisms of compact differentiable manifolds. Amer. J.

Math. 91 (1969) 175–199. MR0240824 (39 #2169), Zbl 0201.56305. [37] Smorodinsky, M. β-automorphisms are Bernoulli shifts. Acta Math. Acad. Sci. Hungar. 24 (1973), 273–278. MR0346133 (49 #10859), Zbl 0268.28007.

[38] van Strien, Sebastian; Vargas, Edson. Real bounds, ergodicity and negative Schwarzian for multimodal maps. J. Amer. Math. Soc. 17 (2004) 749–782. MR2083467 (2005i:37043), Zbl 1073.37043.

[39] Sullivan, Dennis. Conformal dynamical systems. Geometric dynamics (Rio de Janeiro, 1981), 725–752. Lecture Notes in Math., 1007. Springer, Berlin, 1983. MR0730296 (85m:58112), Zbl 0524.58024.

[40] Walters, Peter. Roots of n:1 measure-preserving transformations. J. London Math.

Soc. 44 (1969) 7–14. MR0232913 (38 #1236), Zbl 0159.07701.

[41] Walters, Peter. Some results on the classificiation of noninvertible measurepreserving transformations. Recent Advances in Topological Dynamics (Proc. Conf. Topological Dynamics, Yale Univ., New Haven, Conn., 1972; in honor of Gustav Arnold Hedlund), 266–276. Lecture Notes in Math., 318. Springer, Berlin, 1972. MR0393424 (52 #14234).

[42] Zdunik, Anna. Parabolic orbifolds and the dimension of the maximal measure for rational maps. Invent. Math. 99 (1990) 627–649. MR1032883, Zbl 0820.58038.

Department of Mathematics, University of Surrey, Guildford Surrey, GU2 7XH United Kingdom h.bruin@surrey.ac.uk

Department of Mathematics, University of North Carolina at Chapel Hill, CB #3250, Chapel Hill, North Carolina 27599-3250 jmh@math.unc.edu

This paper is available via http://nyjm.albany.edu/j/2009/15-26.html.