New York Journal of Mathematics

New York J. Math. 15 (2009) 245–264.

Local extension of maps

Michael Barr, John F. Kennison and R. Raphael

Abstract. We continue our investigations into absolute CR -epic spaces. Given a continuous function f : X �Y , with X absolute CR -epic, we search for conditions which imply that Y is also absolute CR -epic. We are particularly interested in the cases when X is a dense subset of Y and when f is a quotient mapping. To answer these questions, we consider issues of local extension of continuous functions. The results on this question are of independent interest.

Contents

1. Introduction 245 2. Preliminary results 248 3. A topological interlude 250 4. Spaces satisfying the CEP and CNP 252 4.1. The Egyptian topology on Q 258 5. Subspaces and extensions of EP spaces 259 6. Extensions that satisfy the UEP 261 6.1. Levy’s question 261 6.2. Open questions 262 References 263

1. Introduction

Unless stated otherwise, all spaces in this paper will be assumed Tychonoff, that is, completely regular and Hausdorff. In a series of papers, the current authors and others have developed at some length the notion

Received October 13, 2008.

Mathematics Subject Classification. 18A20, 54C45, 54B30. Key words and phrases. Extending real-valued functions.

The first and third authors would like to thank NSERC of Canada for its support of this research. We would all like to thank McGill and Concordia Universities for partial support of the middle author’s visits to Montreal.

ISSN 1076-9803/09 245

246 Michael Barr, John F. Kennison and R. Raphael

of absolute CR -epic spaces: a Tychonoff space X is absolute CR -epic if for any dense embedding X � � � Y into another Tychonoff space, the induced C(Y ) � C(X) is an epimorphism in the category of commutative rings (see [BBR03, BRW05, BKR07b, BKR09]). In this paper we continue these investigations. We consider a continuous map f : X � Y and search for conditions under which the fact that X is absolute CR -epic implies the same for Y . We are interested in two cases. In the first X is a dense subspace of Y and in the second Y is a quotient of X.

The motivation for this paper came from the study of epimorphisms of commutative rings in which we have uncovered several classes of spaces. The class of Lindelöf absolute CR -epic spaces properly contains the class of Lindelöf CNP spaces. The latter class consists of those spaces that are P-sets in any (and therefore every) compactification. Both of these classes can be defined in terms of the extendibility of continuous functions. Lindelöf absolute CR -epic spaces are precisely those for which continuous functions extend to neighbourhoods in arbitrary compactifications. Lindelöf CNP spaces are exactly those for which a countable sequence of functions can be extended from a point to one of its neighbourhoods in the β-compactification (Theorem 4.3). There is also a new and stronger class of spaces for which a neighbourhood works for extending all functions (the uniform property). In analyzing these classes and in examining their local-global behaviour we were led to the following definitions which discuss the extendibility of continuous functions both locally and globally. They make no reference to epimorphisms. They are general but also contain the key to studying epimorphisms induced by Lindelöf spaces. The study in the non-Lindelöf case uses different methods. See [BKR09] for classes of punctured planks (such as the Dieudonné plank) which are absolute CR -epic.

(1) Extension property (EP): X satisfies the EP if for every dense embedding X � � � Y , every f ∈ C^∗(X) has a continuous extension to a Y -neighbourhood of X.

(2) Local Extension property (LEP): X satisfies the LEP if every point of X has an X-neighbourhood that satisfies the EP.

(3) Countable extension property (CEP): X satisfies the CEP if for every dense embedding X � � � Y and every sequence f_1, f_2, . . . , f_n, . . . of functions in C^∗(X), there is a single Y -neighbourhood of X to which each f_n extends.

(4) Countable local extension property (CLEP): X satisfies the CLEP if every point of X has an X-neighbourhood that satisfies the CEP.

(5) Uniform Extension Property (UEP): X satisfies the UEP if for every dense embedding X ⊆ Y there is a Y -neighbourhood of X to which every f ∈ C^∗(X) extends.

(6) Uniform Local Extension Property (ULEP): X satisfies the ULEP if every point of X has an X-neighbourhood that satisfies the UEP.

Local extension of maps 247

(7) Sequential Bounded Property (SBP): X satisfies the SBP at a point p ∈ X if given any sequence f_1, f_2, . . . , f_n, . . . of functions in C(X), there is an X-neighbourhood of p in which every one of the f_n is bounded. We also say that X satisfies the SBP if it satisfies it at every point.

(8) Countable neighbourhood property (CNP): X satisfies the CNP if for every sequence U_1, U_2, . . . , U_n, . . . of βX-neighbourhoods of X, then � U_n is a βX-neighbourhood of X. Topologists often say that X is a P-set in βX.

Obviously, (1) � (2), (3) � (4), and (5) � (6). The converses to all three are given in 2.4. Clearly (5) � (3) � (1). In [BRW05, Corollary 2.13] it was shown that for Lindelöf spaces (1) � � absolute CR -epic. We will see in Theorem 4.1 that for Lindelöf spaces, (7) � � (8) � (3). In Example 6.5 we will see that the CEP (and even the UEP) does not imply the CNP. Combining these results, we see that a Lindelöf space that satisfies any of the eight conditions defined above is absolute CR -epic.

Remark 1.1. We will often say that “X is an EP space” (or a CEP or CNP space, etc.) as an abbreviation for “X satisfies the EP”.

A compactification X ⊆ K of X is a dense embedding into a compact space K. One readily sees that since every Tychonoff space can be embedded into a compact Hausdorff space, it would be sufficient, in points (1), (3), and (5) above to restrict the spaces Y to being compactifications.

When we are considering the case that X is a dense subspace of Y , it will often, but not always, be the case that Y is a subspace of βX and f is the inclusion map. A typical result is that if X is Lindelöf CNP and A ⊆ X, then X ∪ cl_{βX} (A) is Lindelöf CNP (Theorem 4.6). Another result is that if X is Lindelöf absolute CR -epic and A a zeroset in βX, then X ∪ A is absolute CR -epic (Corollary 2.9).

Until this paper, we knew only that a Lindelöf locally compact subset of βX satisfied the UEP, but that is an immediate consequence of the fact that a locally compact space is open in its β-compactification. In Theorem 6.2 we will find other examples, which will allow us to resolve negatively a question raised by Ronnie Levy in [L80], see 6.1.

For quotients, we had previously seen that a perfect image of an Lindelöf CNP space was Lindelöf CNP, [BKR07b, Theorem 3.5.5]. Here we extend this result to open images, Theorem 4.2, and closed images, Theorem 4.7. We also show that a quotient of a countable sum of compact spaces is CNP, Theorem 4.17. The last result will allow us to answer positively a question we have previously raised and show that the rational numbers with the “Egyptian topology” (induced by the representation of rational numbers as the sum of reciprocals of distinct integers) is CNP, hence absolute CR -epic. One interesting thing about this result is that the rationals with the usual topology is not absolute CR -epic.

248 Michael Barr, John F. Kennison and R. Raphael

Another theme that has arisen is encompassed in several theorems that say that if X satisfies one of the map extension conditions and A ⊆ βX is a subspace that satisfies some subsidiary condition then X ∪ A or X ∪ cl_{βX} (A) satisfies the same extension condition as X (Theorem 2.8, Corollary 2.9, Theorem 4.6, Theorem 4.12, Theorem 4.13, Theorem 5.4).

Notation and Conventions. If φ : X � Y is a map and A ⊆ X we denote by φ_#(A) the “universal image” of A in Y . To be precise φ_#(A) consists of all y ∈ Y for which φ^{−1}(y) ⊆ A. Another way of defining it is by the formula φ_#(A) = Y − φ(X − A). The properties of φ_# are given in detail in [BKR07b, 2.2]. An important property—evident from the second definition above—is that when φ is a closed mapping, φ_# takes open sets to open sets. If E is an equivalence relation on a space X and A ⊆ X we say that E is A-admissible or A is E-compatible if (A × X) ∩ E = Δ_A. This means that no point of A is E-equivalent to any point of X but itself (See [BKR07b, Proposition 2.5]). In such a case, the map A to its image in X/E is a homeomorphism and we will usually treat A as a subspace of that quotient.

2. Preliminary results

We begin with a pair of known results that we will be using. See [BRW05, 2.13 and 2.14] for the proofs. See also [E89, Problems 1.7.6 and 3.12.25].

Proposition 2.1 (Smirnov’s Theorem). A space X is Lindelöf if and only if in any compactification K of X, every K-neighbourhood of X contains a cozeroset containing X.

Proposition 2.2. A Lindelöf space satisfies the EP if and only for every dense embedding X ⊆ Y and every point p ∈ X every function in C^∗(X) extends to a neighbourhood of p in Y .

The following is proved in detail in [BKR09, 3.1–3.3] and is central to much of this paper. The limit used in the statement is taken over the directed set of all pairs (W, x) for which x ∈ X ∩ W with (W, x) ≤ (W^′, x^′) if and only if W ⊇ W^′. This is, of course, only a directed preorder, but that is all that is required (see [K55, Page 65]).

Theorem 2.3. Suppose X � � � Y is a dense embedding and f ∈ C(X). Then f can be extended continuously to a point p ∈ Y if and only if

lim{f(x) | x ∈ X ∩ W and W is a neighbourhood of p}

exists and that limit is the value of the extension to p. Moreover, the extension of f to all such points is continuous.

Theorem 2.4. LEP (respectively CLEP, ULEP) implies EP (respectively, CEP, UEP).

Local extension of maps 249

Proof. Suppose X satisfies the LEP and is densely embedded in Y . Suppose f ∈ C^∗(X). For each x ∈ X, there is an X-neighbourhood U(x) of x that satisfies the EP. Let V (x) = int_Y (cl_Y (U(x))). Then V (x) is a Y -open set that contains U(x) and in which U(x) is dense. It follows from the EP applied to U(x) that f|U(x) extends to a V (x)-open set W (x), which is evidently also Y -open. The preceding theorem implies that f extends to � x∈X W (x) which is a Y -open set containing X.

The arguments for the CLEP and ULEP are similar. □

Lemma 2.5. Suppose A = Z(f) is a zeroset in βX disjoint from X and E a closed, A-admissible equivalence relation on βX. Then there is an ϵ > 0 such that whenever (p, q) ∈ E with p ≠ q, |f(p)| ∧ |f(q)| > ϵ.

Proof. We may assume, without loss of generality, that f : βX � [0, 1]. If the conclusion fails there is a sequence of points (p_n, q_n) ∈ E such that p_n ≠ q_n and for which the sequence f(p_n) ∧ f(q_n) is not bounded away from 0. Admissibility implies that f(p_n) ∧ f(q_n) is never actually 0. By choosing a subsequence and interchanging p_n with q_n, if necessary, we can suppose that the sequence of f(p_n) is not bounded away from 0. There are two cases, depending on whether the sequence of f(q_n) is bounded away from 0 or not. In the former case, any limit point (p, q) of the sequence (p_n, q_n) belongs to E since E is closed. Clearly p ∈ A and q /∈ A, which contradicts the A-admissibility of E.

If neither of the sequences f(p_n), f(q_n) is bounded away from 0, then, by appropriate choice of subsequences, we can suppose that

f(p_n) ∨ f(q_n) < f(p_{n−1}) ∧ f(q_{n−1}).

Let B_n = f^{−1}[f(p_n) ∧ f(q_n), 1]. Then B_n ⊆ B_{n+1} for all n, both p_n and q_n belong to B_n, while neither p_{n+1} nor q_{n+1} does. Suppose, by induction, that we have found, for all m < n, continuous functions g_m : B_m � [0, 1] such that g_m(p_m) = 0, g_m(q_m) = 1 and g_m|B_k = g_k for all k < m. Now construct g_n : B_n � [0, 1] as follows. Since p_n and q_n lie outside the closed set B_{n−1}, we can extend g_{n−1} to ^g_{n−1} on B_{n−1} ∪ {p_n, q_n} by letting ^g_{n−1}(p_n) = 0 and ^g_{n−1}(q_n) = 1. The extended domain is a closed subspace of the compact set B_n and so ^g_{n−1} can be extended to a continuous function g_n : B_n � [0, 1] as desired. We let g be the function defined on B = coz(f) = � B_n whose restriction to B_n is g_n. To see that g is continuous, we note that g^{−1}(f(p_n) ∧ f(q_n), 1] is open, contained in B_n, and contains B_{n−1} so that B_{n−1} ⊆ int(B_n). Thus B = � int(B_n). Since g|int(B_n) = g_n|int(B_n) is continuous, it follows that g is continuous on B. Since X ⊆ B ⊆ βX, we see that βX = βB and g extends to βX. But any limit point (p, q) of the sequence (p_n, q_n) lies in E ∩ (A × A) = Δ_A, which is impossible since p = q while g(p) = 0 and g(q) = 1. □

Corollary 2.6. Under the same hypotheses, there is an open set U ⊇ A such that E is U-compatible.

250 Michael Barr, John F. Kennison and R. Raphael

Proof. Just take U = f^{−1}[0, ϵ). □

Theorem 2.7. Suppose that {A_α} is a family of zerosets in βX, all disjoint from X and A = � A_α. Then for every A-compatible equivalence relation E on βX, there is a βX-open set U ⊇ A such that U is E-compatible.

Proof. An A-compatible equivalence relation E is also A_α-compatible and so there is an open U_α ⊇ A_α such that E is also U_α-compatible. Set U = � U_α and then A ⊆ U and E is U-compatible. □

Theorem 2.8. Suppose X is Lindelöf and satisfies the EP and A = � A_α is a union of zerosets in βX. Then X ∪ A satisfies the EP.

Proof. Let K be a compactification of X ∪ A and hence of X since X is dense in X ∪ A. Let f ∈ C^∗(X ∪ A). Since X is absolute CR -epic, there is a K-neighbourhood U of X to which f extends. Since X is Lindelöf we can assume that U is a cozeroset by Smirnov’s Theorem. Let θ : β(X ∪ A) = βX � K be the canonical map and let

E = {(u, v) ∈ βX × βX | θ(u) = θ(v)}

(called its kernel pair). Then V = θ^{−1}(U) is a cozeroset of β(X ∪ A) containing X. The difference of a zeroset and a cozeroset is also a zeroset. Thus A − V = � (A_α − V ) is a union of zerosets disjoint from X. The previous theorem implies there is an E-compatible β(X ∪ A)-neighbourhood W of A − V and then f extends to U ∪ θ(W ). But θ(W ) = θ_#(W ) is a neighbourhood of A − U = θ(A − V ) and hence U ∪ θ(W ) is a neighbourhood of X ∪ θ(A − V ) = X ∪ A. □

Corollary 2.9. Suppose that X is Lindelöf absolute CR -epic and A = � A_n is a union of at most countably many zerosets in βX. Then X ∪A is Lindelöf absolute CR -epic.

Proof. A zeroset is Lindelöf and so is the union of countably many of them. □ 3. A topological interlude

Lemma 3.1. Suppose X and Y are spaces and K and L are compactifications of X and Y , respectively. Suppose

Y L � � �

X

Y θ �

X K � � � K

L φ � is a commutative square with θ a closed surjection. Then for any p ∈ K for which y = φ(p) ∈ Y , we have p ∈ cl_K (θ^{−1}(y)).

Local extension of maps 251

Proof. Let A = θ^{−1}(y). If the conclusion fails, there is a closed K-neigh-bourhood W of p disjoint from A. Since X is dense in K, we can suppose that W = cl_K (X ∩ W ). Then U = X − W is an X-open subset of X such that A ⊆ U and U ∩ W = ∅. Thus θ_#(U) is an open neighbourhood of φ(p) = θ_#(A) in Y . Since θ_#(U) ∩ θ(W ∩ X) = ∅, we have

φ(p) /∈ cl_L(θ(W ∩ X)) = cl_L(φ(W ∩ X)) ⊇ φ(cl_K (W ∩ X)) = φ(W )

which is a contradiction. □

The following is well-known when A and B are disjoint and, in fact, characterizes normal spaces. This more general case must be known, but we have not found it in standard references.

Lemma 3.2. Let X be a normal space and A and B two closed subsets of X. Then cl_{βX} (A ∩ B) = cl_{βX} (A) ∩ cl_{βX} (B).

Proof. Clearly cl_{βX} (A ∩ B) ⊆ cl_{βX} (A) ∩ cl_{βX} (B). So let p ∈ cl_{βX} (A) ∩ cl_{βX} (B) and suppose that p /∈ cl_{βX} (A ∩ B). Then there is a closed neighbourhood U of p in βX such that U ∩ A ∩ B = ∅. Obviously p ∈ cl_{βX} (U ∩ A) and similarly p ∈ cl_{βX} (U ∩ B) which contradicts the special case of disjoint closed sets. □

The following is true for abstract sets. We omit the easy proof.

Lemma 3.3. Suppose θ : T � S is a function, A ⊆ S, and B ⊆ T . Then θ(B ∩ θ^{−1}(A)) = θ(B) ∩ A. □

Lemma 3.4. Let φ : K � L be a continuous map of compact spaces. Let Y ⊆ L and X = φ^{−1}(Y ). Then θ = φ|X is closed.

Proof. Suppose that A is a closed subset of X. Then A = cl_K (A) ∩ X and then θ(A) = φ(A) = φ(cl_K A ∩ φ^{−1}(Y )) = φ(cl_K (A)) ∩ Y , which is the intersection of a compact set with Y and is therefore closed in Y . □

A commutative square

Z T ρ �

X

Z τ �

X Y σ � Y

T θ � of not necessarily Tychonoff spaces is called a pushout in Top, provided that, given any space W and continuous maps μ : Y � W and ν : Z � W such that μσ = ντ, there is a unique ω : T � Z such that ωθ = μ and ωρ = ν. Even if σ and τ are subspace inclusions, θ and ρ need not be. If all four maps are subspace inclusions, then a necessary and sufficient condition that the square be a pushout is that X = Y ∩Z and that a subset of T is closed if and only its intersection with each of Y and Z is. In general, if X, Y , and Z

252 Michael Barr, John F. Kennison and R. Raphael

are Tychonoff spaces, it does not follow that T is. However in the following lemma, the corresponding space is given as a subspace of a Tychonoff space and therefore is one as well.

Lemma 3.5. Suppose X is normal and A ⊆ X. Then the square

cl_{βX} (A) cl_{βX} (A) ∪ X �

X ∩ cl_{βX} (A)

cl_{βX} (A) �

X ∩ cl_{βX} (A) X� X

cl_{βX} (A) ∪ X � is a pushout of topological spaces.

Proof. We may as well suppose that A is closed in X in which case we can identity cl_{βX} (A) with βA and X ∩ cl_{βX} (A) = cl_X (A) = A. Let Y = βA ∪ X. Then the square in question is

βA Y .�

A

βA �

A X� X

Y . � From the remarks preceding, it suffices to show that for any B ⊆ Y , if B ∩ βA is compact and B ∩ X is closed in X, then B is closed in Y . So let B be such a set. We have that

cl_Y (B) = cl_Y ((B ∩ βA) ∪ (B ∩ X)) = cl_Y (B ∩ βA) ∪ cl_Y (B ∩ X). Since B ∩ βA is compact, the first term is just B ∩ βA ⊆ B. As for the second term, we have that X ∩ cl_Y (B ∩ X) = cl_X (B ∩ X) = B ∩ X ⊆ B, while by 3.2, βA ∩ cl_Y (B ∩ X) = cl_{βX} (A) ∩ cl_{βX} (B ∩ X) ∩ Y = cl_{βX} (A ∩ B ∩ X) ∩ Y = cl_{βX} (A ∩ B) = cl_{βA}(A ∩ B) ⊆ cl_{βA}(βA ∩ B) = βA ∩ B ⊆ B and so cl_Y (B) ⊆ B. □

4. Spaces satisfying the CEP and CNP

Theorem 4.1. For any Lindelöf space X, the conditions SBP and CNP are equivalent and imply the CEP.

Proof. We showed in [BKR09, Theorem 7.4] that X satisfies CNP if and only if it satisfies the SBP at every point. Here we will show that CNP � CEP. Suppose that X satisfies the CNP and is densely embedded in a space Y . Let f_1, f_2, . . . , f_n, . . . be a sequence of functions in C^∗(X). The CNP implies that each f_n extends to a Y -neighbourhood U_n of X, [BKR07b,

Local extension of maps 253

Corollary 3.4]. The CNP also implies that U = � U_n is a Y -neighbourhood of X (and hence of each of its points) to which each f_n extends. □

The following is an application of the equivalence of the CNP and SBP.

Theorem 4.2. An open image of a Lindelöf CNP space is also Lindelöf CNP.

Proof. We will show that the SBP is preserved under open surjections. Suppose θ : X � Y is an open surjection and X satisfies the SBP. Given any sequence f_1, f_2, . . . , f_n, . . . ∈ C(Y ) and any y ∈ Y , let x ∈ θ^{−1}(y). Since X satisfies SBP, there is an open neighbourhood U of x on which each term of the sequence f_1θ, f_2θ, . . . , f_nθ, . . . is bounded. Then θ(U) is the desired open neighbourhood of y. □

See Example 6.5 below for a space that satisfies the CEP (in fact, the UEP) but not the CNP. Here is a result that highlights the difference between them. The equivalence of the CEP and CLEP implies that when the CEP is satisfied by a space X then for each countable sequence f_1, f_2, . . . , f_n, . . . in C^∗(X) and each point p ∈ X there is a βX-neighbourhood of p to which each f_n extends. If we replace C^∗(X) by C(X) we get the following:

Theorem 4.3. A Lindelöf space X satisfies CNP if and only if there is a compactification K of X with the property that for each countable sequence f_1, f_2, . . . , f_n, . . . of functions in C(X) and each point x ∈ X there is a Kopen set containing X to which each f_n extends. Moreover, if this condition is satisfied by any compactification of X it is satisfied by all of them.

Proof. We know from Theorem 4.1 that CNP implies CEP, which implies the extendability of a sequence of bounded functions to some open subset of K that contains X. If f : X � R is continuous, then f/(1 + |f|) is bounded and if it extends to an open set U ⊇ X, then the only obstacle to extending f is that it might take on infinite values. Thus f extends to the one-point compactification R∪{∞} of R and, since R is open in its one-point compactification, we see that f extends to an R-valued function on an open set. Since X is a P-set in K, the conclusion follows for a countable sequence of functions.

For the other direction, suppose {V_n} is countable family of K-open sets containing X. Since X is Lindelöf, each V_n contains a cozeroset coz(f_n) that contains X. We can suppose that f_n : βX �[0, 1]. Since 1/f_n is continuous on coz(f_n), there is, for each x ∈ X, a K-neighbourhood U(x) to which every 1/f_n extends. This implies that for all n ∈ N, U(x) ⊆ coz(f_n) ⊆ V_n, whence U(x) ⊆ � n∈N V_n. Then � x∈X U(x) ⊆ � n∈N V_n and the former is a K-open set containing X. Thus X is a P-set in K, which implies the CNP and that X is a P-set in any compactification ([BKR07b, Theorem 3.3]). □

254 Michael Barr, John F. Kennison and R. Raphael

Corollary 4.4. Suppose that {X_n} is a finite or countable family of subsets of the compact set K such that each X_n is dense in K and is Lindelöf CNP. Then � X_n is Lindelöf CNP.

Proof. For any sequence of functions f_1, f_2, . . . , f_m, . . ., there is, for each n, a K-open set U_n containing X_n to which each f_m extends. But then U = � U_n is a K-open set containing � X_n to which each f_m extends. □

The following is an obvious reformulation of the CNP.

Proposition 4.5. A space X has CNP if and only if for every countable sequence K_1, K_2, . . . , K_n, . . . of compact sets in βX − X, we have cl_{βX} ( � K_n) ⊆ βX − X. □

The proof of the following theorem is a substantial simplification of our original one and we thank Ronnie Levy for suggesting it.

Theorem 4.6. If X is Lindelöf CNP and A ⊆ X, then X ∪ cl_{βX} (A) is also Lindelöf CNP.

Proof. Since cl_{βX} (A) = cl_{βX} (cl_X (A)), we can suppose, without loss of generality, that A is closed in X and therefore Lindelöf. Let {K_n} be a sequence of compact subsets of βX − X − cl_{βX} (A) and B = � K_n. Then Y = X ∪ B is Lindelöf and hence normal ([K55, Lemma 4.1]). Since B is disjoint from cl_{βX} (A) and A is closed in X, it follows that A is closed in Y . Since B is a countable union of closed sets disjoint from X, the CNP hypothesis implies that cl_Y (B) is also disjoint from X. Hence A and cl_Y (B) are disjoint closed sets in a normal space and therefore cl_{βX} (A) is disjoint from cl_{βX} (B) and hence so is X ∪ cl_{βX} (A). □

Theorem 4.7. A closed image of a Lindelöf CNP space is also Lindelöf CNP.

Proof. Let θ : X � Y be a closed surjection and suppose X is Lindelöf CNP. The space Y is clearly Lindelöf. Write φ = β(θ) : βX � βY . Let {L_n} be a sequence of compact subsets of βY − Y . Let K_n = φ^{−1}(L_n) and K = cl_{βX} ( � K_n). We claim that L = φ(K) is contained in βY − Y . If not, there exists p ∈ K for which y = φ(p) ∈ Y so, by Lemma 3.1, we see p ∈ cl_{βX} (θ^{−1}(y)). By Theorem 4.6, X ∪ cl_{βX} (θ^{−1}(p)) satisfies the CNP and hence cl_{βX} (θ^{−1}(y)) is disjoint from cl_{βX} ( � K_n), which is a contradiction. □

Compare this with [BKR07b, 3.5.5] where we require a perfect surjection to draw that conclusion.

It is an easy consequence that if you form a quotient space of a Lindelöf (hence normal) CNP space by collapsing a closed subspace to a point (or by collapsing any finite number of disjoint closed subspaces to points) the resultant space is Lindelöf CNP. As an example of how that can be applied, we have:

Local extension of maps 255

Corollary 4.8. Let X be Lindelöf CNP and A ⊆ X be a subspace. If f_1, f_2, . . . , f_n, . . . is a sequence of real-valued functions on X, each one bounded on A, then there is a single neighbourhood of A on which each one is bounded.

Proof. By replacing A by cl_X A (on which each f_n will continue to be bounded), we can suppose that A is closed. By replacing each f_n by |f_n| we can suppose that the values of the f_n are nonnegative. If b_n is an upper bound of f_n on A, then we can replace f_n by f_n ∨ b_n and suppose that each f_n is constant on A. The quotient mapping θ : X � X/A, gotten by identifying the points of A to a single point, is closed and Theorem 4.7 implies that X/A is CNP. Evidently all the functions f_n, being constant on A, descend to the quotient. Thus there is a single neighbourhood U of the point {A} on which each f_n is bounded and then θ^{−1}(U) is the required neighbourhood of A. □

The following strengthens one of the cases of [BKR09, Lemma 6.9].

Theorem 4.9. Suppose X and Y are Tychonoff spaces with a common subspace A. Suppose that A is closed in X and that X is normal. Then the amalgamated sum X +_A Y is Tychonoff.

Proof. The amalgamated sum is the pushout (for the definition of pushout, see the proof of 3.4) in the square

Y X +_A Y . �

A

Y �

A X� X

X +_A Y . � A subset B ⊆ X +_A Y is closed if and only if B ∩ X and B ∩ Y are closed in X and Y , respectively. Points clearly have that property, so we need only show that the amalgamated space is completely regular. So let B be closed and p /∈ B. We first consider the case that p ∈ X − A. Then p /∈ A ∪ (B ∩ X) and the latter is a closed subset of X. There is a continuous function f : X � [0, 1] for which f(p) = 1, while f vanishes on A ∪ (B ∩ X). Let g be the constant function 0 on Y . Then f|A = g|A and therefore there is an h : X +_A Y � [0, 1] whose restrictions to X and Y are f and g, respectively. Evidently, h(p) = 1, while h vanishes on B.

For the case that p ∈ Y begin with a function g : Y � [0, 1] such that g(p) = 1, while g vanishes on B ∩ Y . The function that is g on A and 0 on B ∩ X is continuous on A ∪ (B ∩ X) since it is continuous on each of two closed subsets of X and agrees on the overlap. This function then extends, by normality, to a continuous function f : X � [0, 1]. Since f|A = g|A we get the function h as required. □

256 Michael Barr, John F. Kennison and R. Raphael

Theorem 4.10. Suppose that X and Y are CNP spaces with a common subspace A that is closed in each and that at least one of X and Y is normal. Then the amalgamated sum X +_A Y also satisfies the CNP.

Proof. The canonical map θ : X + Y � X +_A Y is a closed (even perfect) surjection since if B is closed in X then θ^{−1}θ(B) = B + (B ∩ A). □

Theorem 4.11. Let X be normal CNP, A ⊆ X be a closed subspace and K be a compactification of A. Then X +_A K is CNP.

Proof. Since A is closed in X, it is known that βA is embedded in βX. Let K = (βA)/E and F = E ∪ Δ_{βX} , which is a compact X-compatible equivalence relation on βX. We thus get a map φ : βX � βX/F for which φ^{−1}(X) = X and φ^{−1}(K) = cl_{βX} (A). The fact (from Lemma 3.5) that

cl_{βX} (A) X ∪ cl_{βX} (A) �

A

cl_{βX} (A) �

A X� X

X ∪ cl_{βX} (A) � is a pushout implies that θ : X ∪ cl_{βX} (A) � X ∪ K is continuous. The fact that X ∪ K has the pushout topology embeds it into βX/F . Then 3.4 implies that θ is closed and then the result follows from Theorem 4.7. □

Here is an application of Theorem 4.11. By contrast, see 4.14.

Theorem 4.12. Suppose that X is normal CNP and that A ⊆ βX is a locally compact set such that A ⊆ cl_{βX} (A ∩ X). Then X ∪ A is CNP.

Proof. Let K = cl_{βX} (A). Since A is locally compact it is open in K. Since X ∩ A is dense in A by hypothesis and A is evidently dense in K we can conclude that K is a compactification of X ∩ K. In particular, for any K-open set U ⊆ K we have that U ⊆ cl_K (X ∩ U). By hypothesis, every point p ∈ A has a compact K-neighbourhood V_p. Let U_p = int_K V_p so that U_p is a K-open set containing p. Clearly, cl_K U_p ⊆ V_p and is a compact neighbourhood of p. Thus we may replace V_p by cl_K U_p and assume that V_p is a regular closed set. Since U_p ⊆ cl_K (X ∩ V_p) ⊆ V_p it follows immediately that V_p = cl_K (X ∩ V_p). The preceding theorem implies that X +_{X∩Vp} V_p is CNP and it follows from Lemma 3.5 that that space can be identified with X ∪ V_p. Suppose now that {W_n} is a countable sequence of open sets of βX, all containing X ∪ A. Then int_{βX} ( � W_n) contains each X ∪ V_p and hence contains their union, which is X ∪ A. □

Theorem 4.13. Let X be Lindelöf CNP and A ⊆ βX such that A itself is Lindelöf CNP and A ⊆ cl_{βX} (A ∩ X). Then X ∪ A is Lindelöf CNP.

Proof. Let K = cl_{βX} A. As above K is a compactification of both X∩A and X ∩ K. Let f_1, f_2, . . . , f_n, . . . be a sequence of functions in C(X ∪ A). Since

Local extension of maps 257

A is CNP and K is a compactification of A, it follows from Theorem 4.3 that there is a K-open set U ⊆ K that includes A and to which each f_n extends. Since U is open in K, it follows that U ⊆ cl_K (X ∩U) = cl_{βX} (X ∩U) and is also locally compact so that by 4.12 X ∪ U is CNP. It follows from Theorem 4.3 that there is a βX-neighbourhood of X ∪ U to which each f_n extends. The conclusion now follows from the converse part of the same theorem. □

Example 4.14. We give an example of a compactification K of an Lindelöf CNP space X and a closed subspace A ⊆ X for which X ∪ cl_K (A) is not absolute CR -epic.

We take X = N. It is known that there is a compactification K of N for which K − N is the unit interval I = [0, 1], see [C76, Theorem 7.8]. Take an open interval U ⊆ I and a point p ∈ I not in cl_I (U). Since cl_I (U) is compact, it is also closed in K. Thus there is a function f : K � [0, 1] such that f(p) = 1, while f vanishes on cl(U). The set V = f^{−1}[0, 1/2) is open and contains cl(U). If A = V ∩ N, then U ⊆ V ⊆ cl_K (A) ⊆ f^{−1}[0, 1/2]. It follows that p /∈ cl_K (A) so that cl_K (A) ∩ I is a closed subset that is neither empty nor all of I. We claim that B = N ∪ cl_K (A) does not satisfy CNP. In fact, K − B is an open subset of I and therefore a countable union of open intervals, each of which is σ-compact and hence K − B is also σ-compact. It is, in particular, an F_σ and its complement B is a G_δ . A G_δ that satisfies the CNP is open. But if B were open, B ∩ I would be clopen in I and different from ∅ and I. Thus B does not satisfy the CNP.

To see that B is not even absolute CR -epic, we begin by observing that every point of K is a G_δ. For N this is obvious. If p ∈ K − N, there is a function f : K − N � [0, 1] that vanishes only at p. This function extends to K. Since N is Lindelöf and open in K, there is a function g : L � [0, 1] with coz(g) = N and then we see that f + g vanishes only at p, which is thereby a G_δ . Since B is Lindelöf and not CNP, it is not locally compact. It follows from [BRW05, Theorem 4.2] that K is first countable at every point. Then the condition 2 of [BRW05, Theorem 4.3] applies, from which we conclude that B is not absolute CR -epic.

Definition 4.15. Let θ : X � Y be continuous. We say that θ has local sections if for all p ∈ Y there is a neighbourhood U of p and a map φ : U �X such that θφ is the inclusion U � � � Y . Theorem 4.16. Suppose that θ : X � Y has local sections. If X is CNP so is Y .

Proof. Suppose that p ∈ Y . Choose a neighbourhood U of p on which there is a section φ. We can choose U open, in which case θ^{−1}(U) will also be open and hence satisfy the CNP (see [BKR07b, Theorem 3.5.4]). Clearly the image of φ is contained in θ^{−1}(U) and hence U is a retract of θ^{−1}(U). A retract in a Hausdorff space is closed and hence φ(U) is also CNP (Theorem

258 Michael Barr, John F. Kennison and R. Raphael

3.4.1, op. cit.). Since φ(U) ≡ U, it follows that each point of Y has a CNP neighbourhood and thus Y is CNP (Theorem 3.4.2, op.cit.). □

4.1. The Egyptian topology on Q. There is a topology on the rational numbers Q that is derived from the representation of rationals as Egyptian fractions. The easiest way to describe this is to let N^{+∗} denote the one point compactification of the positive integers and let X =

�_∞ k=1(N^{+∗})^k.

Map f : {0, 1} × X � Q by letting

f(n_0, n_1, n_2, . . . , n_k) = (−1)^{n0} � 1 n_1 + 1 n_1 + n_2

+ · · · + 1 n_1 + · · · + n_k � . This is surjective since every rational number has at least one (actually infinitely many) representations as a sum of distinct unit—or Egyptian— fractions. Of course, any term with ∞ in the denominator is 0. The Egyptian topology on Q is the quotient topology induced by f. The resultant space is obviously Hausdorff since the topology is finer than the usual topology on Q. For several years we have been wondering whether Q with the Egyptian topology was absolute CR -epic. The following theorem gives a positive answer to the question. One of the implications is that the Egyptian topology on Q is finer than the usual topology since the latter is not absolute CR -epic ([BRW05, Example 1.3.12]).

Theorem 4.17. Suppose the Hausdorff space X = � n∈N K_n is a union of compact sets and has the quotient topology from � n∈N K_n. Then X is Tychonoff and Lindelöf CNP.

Proof. We begin by showing X is Tychonoff. The inverse image of a point in � K_n consists of at most one point in each summand and is therefore closed.

We can assume, without loss of generality that K_1 ⊆ K_2 ⊆ · · · . Let A ⊆ X be closed and p /∈ A. We will construct a series of continuous functions f_n : K_n �[0, 1] each extending the previous one and let f : X �[0, 1] be the unique function whose restriction to K_n is f_n. The quotient topology is such that a function is continuous if its restriction to each K_n is. We may assume without loss of generality that p ∈ K_1. Begin by letting f_1 : K_1 � [0, 1] be any function for which f_1(p) = 0 and f_1(A ∩ K_1) = 1. First extend this to K_1 ∪ (A ∩ K_2) by letting the extended function be 1 on A ∩ K_2. Since K_1 ∪ (A ∩ K_2) is compact, it is C-embedded in K_2 and hence may be extended to a function f_2 : K_2 � [0, 1]. Continue the obvious induction to get the required function f.

From Lemma 4.5, to show CNP, it is (necessary and) sufficient to show that if L_1, L_2, . . . is a countable family of compact subsets of βX − X, and L = � L_n, then cl_{βX} L is disjoint from X. So assume we are given such a family and assume that p ∈ X. We will show that there is a neighbourhood V of L and a function f : X � [0, 1] such that f(p) = 0 and f(V ∩ X) = 1. Finding such a V and f will suffice since from L ⊆ int_{βX} (V ) ⊆

Local extension of maps 259

cl_{βX} (int_{βX} (V ) ∩ X), it will follow that f(p) = 0, while f(L) = 1 and hence that p /∈ cl_{βX} (L). Since p was an arbitrary point of X, it therefore follows that X ∩cl_{βX} (L) = ∅. To construct this function, we again suppose that the K_n are nested and that p ∈ K_1. Begin by choosing a closed (hence compact) neighbourhood V_1 of L_1 that misses p. There is a function f_1 : K_1 � [0, 1] with f_1(p) = 0 and f_1(V_1 ∩ K_1) = 1. The next step is to choose a closed neighbourhood V_2 of L_2 that is disjoint from K_1. This is possible because K_1 is a compact set inside X and L_2 is a compact set disjoint from X. First extend f_1 to the set K_1 ∪ ((V_1 ∪ V_2) ∩ K_2) by letting it be 1 on (V_1 ∪ V_2) ∩ K_2. This works because (V_1 ∪V_2)∩K_2 ∩K_1 = (V_1 ∪V_2)∩K_1 = V_1 ∩K_1 since V_2 is disjoint from K_1. Then let f_2 be a further extension of f_1 to all of K_2, with f_2 = 0 on (V_1 ∪ V_2) ∩ K_2. Continue by induction to finally get f. Again, the restriction to each K_n is continuous and therefore f is continuous in the quotient topology. That X is Lindelöf is obvious. □

Example 4.18. Let N^∗ denote the one-point compactification of N. Map

the space N×N^{∗ θ} �Q by enumerating the rationals in a sequence q_1, q_2, . . . , q_n, . . . and defining θ(k, m) = q_k +1/m while θ(k, ∞) = q_k. This is obviously continuous, but cannot be a quotient mapping since Q is not even absolute CR -epic, let alone CNP. We conclude that there must exist a discontinuous

function f : Q � R that nonetheless satisfies lim_m �_∞ f(q + 1/m) = f(q) for all q ∈ Q. After we mentioned the existence of such a function to Alan Dow, he sent us a simple construction of an explicit one that is nowhere continuous, in fact, unbounded in every interval of rationals.

Example 4.19. On the other hand, the countability in Theorem 4.17 is crucial. Let S ⊆ Q^{N∗} denote the set of convergent sequences with their limits. Give S the discrete topology and consider the evaluation map

S × N^∗ � Q.

This is clearly a quotient mapping since a map on Q that preserves the limits of all convergent sequences is continuous. But Q does not satisfy the CNP; it is not even absolute CR -epic.

5. Subspaces and extensions of EP spaces

Theorem 5.1. A closed C^∗-embedded subspace of an EP space is also an EP space.

Proof. Let X satisfy the EP and A be a closed C^∗-embedded subspace. It is sufficient to show that in any compactification K of A, every function in C^∗(A) extends to a K-neighbourhood of A. In [BKR07b, 6.1–6.3], we showed that the amalgamated sum X +_A K has enough real-valued functions to separate points and thus maps injectively to its associated Tychonoff space

260 Michael Barr, John F. Kennison and R. Raphael

that we will denote Z. Thus the diagram

K Z φ �

A

K �

A X� X

Z θ � is a pushout in the category of Tychonoff spaces (although not necessarily in Top). We also showed that θ is a topological embedding. We claim that θ is a dense embedding. In fact, if W = cl_Z (θ(X)), then φ^{−1}(W ) is a closed subspace of K containing A, which means that φ^{−1}(W ) = K. But then φ and θ both factor through W , which is impossible for W ≠ Z. Then any f ∈ C^∗(A) extends to X and then to a Z-neighbourhood U of θ(X). It follows that φ^{−1}(U) is a K-neighbourhood of A. □

Theorem 5.2. An open subspace of a normal EP space is also an EP space.

Proof. Let X be a normal EP space and U an open subset. For each x ∈ X there is a closed neighbourhood V (x) of x contained in U. Since V (x) is closed and embedded in the normal space X, it is C^∗-embedded. By the preceding theorem, V (x) is an EP space. Now apply Theorem 2.4. □

Theorem 5.3. Suppose X is a Lindelöf EP space and A ⊆ X. Then X ∪ cl_{βX} (A) is also Lindelöf and EP (and is therefore absolute CR -epic).

Proof. Let Y = X ∪cl_{βX} (A). We must show that whenever K is a compactification of Y (and hence of X, since X is dense in Y ), then every f ∈ C^∗(Y ) extends to a neighbourhood of Y in K. Let f be such a function. Since X is absolute CR -epic, the maximum extension of f|X in K (implicit in 2.3) includes a cozeroset U ⊇ X and also includes cl_{βX} (A), so that it includes W = U ∪ cl_{βX} (A). Let θ : βX � K be the canonical map and V = θ^{−1}(U). Clearly V is a cozeroset in βX that contains X. A cozeroset in a compact space is locally compact and Lindelöf and hence CNP ([BKR07b, Example 5.1]).

Now let Z = V ∪ cl_{βX} (A). Since A ⊆ X ⊆ V , it follows from Theorem 4.6 that Z is Lindelöf CNP. Since K is a compactification of X ∪ cl_{βX} (A), it follows that θ maps cl_{βX} (A) homeomorphically on its image in K. Thus θ^{−1}(U ∪ cl_{βX} (A)) = V ∪ cl_{βX} (A) and it follows from 3.4 that θ|Z is closed. From 4.7, we see that W = θ(Z) is CNP. Since it is obviously Lindelöf, it is absolute CR -epic and the map f that we started with extends to an open subset of K that contains W and, a fortiori, X ∪ cl_{βX} (A). □

Theorem 5.4. Suppose X is Lindelöf absolute CR -epic and A ⊆ βX is either a zero-set or a cozero-set. Then X ∪ A is Lindelöf absolute CR -epic.

Proof. The case of a zeroset is already covered in 2.9. A cozero-set is the union of zero-sets and the result follows from 2.8. □

Local extension of maps 261

6. Extensions that satisfy the UEP

Lemma 6.1. A space X satisfies the UEP if and only if for every closed X-admissible equivalence relation E on βX, there is an E-compatible βXneighbourhood of X.

Proof. Suppose X satisfies the UEP. Suppose that E is a closed X-ad-missible equivalence relation on βX and K = βX/E with canonical map θ : βX �K. Let V be a K-neighbourhood of X such that every f ∈ C^∗(X) extends to V . Clearly U = θ^{−1}(V ) is a neighbourhood of X. Suppose E is not U-admissible. Then there is a point p ∈ U and a point q ∈ βX (the latter might or might not belong to U) such that p ≠ q, but (p, q) ∈ E. There is an f ∈ C(βX) such that f(p) = 0 and f(q) = 1. Then it is obvious that f|X has no extension to U.

For the converse, let K be a compactification of X and let θ : βX � K be the canonical map. If E is the kernel pair of θ, then E is X-admissible, hence there is an E-compatible U ⊇ X. Since every f ∈ C^∗(X) extends to βX, it follows immediately that every such f extends to U. □

Theorem 6.2. Suppose X satisfies the UEP and {A_α} is a family of zerosets in βX, each disjoint from X. Then if A = � A_α, X ∪ A satisfies the UEP.

Proof. Let K be a compactification of X ∪ A, and E be the kernel pair of the canonical map βX � K. Since X satisfies the UEP, there is a βX-open set U containing X such that E is also U-admissible. Theorem 2.7 supplies an open set V ⊇ A such that every A-admissible equivalence relation is V - admissible and hence every (X ∪ A)-admissible equivalence relation is also (U ∪ V )-admissible. The conclusion now follows from Lemma 6.1. □

Corollary 6.3. Suppose X is Lindelöf. Then the conclusion of the preceding theorem is true without the assumption that the A_α are disjoint from X.

Proof. Let K be a compactification of X ∪ A. Let E be the kernel pair of the canonical map θ : βX � K and let U be an E-admissible βXneighbourhood of X. Since X is Lindelöf, Smirnov’s Theorem implies that we may take U to be a cozeroset. But then U is locally compact Lindelöf and has the UEP. For each α, A_α − U is then a zeroset and the preceding theorem implies that U ∪ (A − U) = U ∪ A satisfies the UEP. Thus there is an E-admissible open set V ⊇ A. It follows that U ∪ V is an E-admissible open set containing X ∪ A. □

Corollary 6.4. If X is Lindelöf and satisfies the UEP and U is an open set in βX, then X ∪ U satisfies the UEP.

Proof. An open set in a Tychonoff space is a union of cozerosets and every cozeroset is a (countable) union of zerosets. □

6.1. Levy’s question. Ronnie Levy has shown that any Tychonoff space X that is not pseudocompact can be densely and properly embedded into a

262 Michael Barr, John F. Kennison and R. Raphael

space Y with the property that for any p ∈ Y − X there is an f ∈ C^∗(X) that cannot be extended to p, [L80, Corollary 6.2]. He further raised the question of whether Y could be taken as pseudocompact or even compact. Here we use the preceding corollary to provide a negative answer to this question.

Our counter-example uses the space X of [BKR09, 6.1–6.4]. Begin with a countable family {X_n}. For this example, we will suppose the X_n are locally compact, noncompact, and Lindelöf (and therefore not pseudocompact). The space β( � X_n) can be viewed as the union of three disjoint subsets:

A = β( � X_n) − � (βX_n), B = � (X_n), and C = � (βX_n − X_n), which can be pictured:

B = � X_n C = � (βX_n − X_n)

A = β( � X_n) − � βX_n

We let f : β( � X_n) �[0, 1] be the continuous extension of the map on � X_n that takes every element of X_n to 1/n. It is clear that f is identically 1/n on all of βX_n and hence the zeroset of f is exactly A. We let X = A ∪ B, which is Lindelöf. Now let X � Y be a dense embedding of X into a pseudocompact space. Then K = βY is a compactification of X which means it is quotient of βX. For each n, the set X_n is clopen in B. If it were clopen in Y , Y could not be pseudocompact. In fact, let θ : A ∪ B ∪ C � K be the canonical surjection and Z = θ^{−1}(Y ). A clopen set is C-embedded and, since X_n is not pseudocompact, there is an unbounded function on X_n. Since X_n is open, it cannot be closed, which means that some point of its frontier βX_n − X_n meets Z. But for sufficiently large n, every bounded function on A ∪ B extends to all of βX_n − X_n. This is inconsistent with a positive answer to Levy’s question.

We note that the same argument shows that we cannot ensure that Levy’s space is connected since if there were no point of βX_n − X_n in Y , X_n would be a clopen subset of Y .

Example 6.5. We have just seen that the space X above satisfies the UEP (and therefore the CEP), but it was shown in [BKR09, 6.1–6.4] that it did not satisfy the CNP. This demonstrates that CNP is stronger than the CEP (and independent of the UEP). Added in proof: The one-point Lindelöfization of an uncountable discrete space provides an example of a space that satisfies the CNP and not the UEP.

6.2. Open questions.

1. Are finite products of Lindelöf CNP spaces either Lindelöf or CNP?

Local extension of maps 263

2. Since both open and closed images of Lindelöf CNP spaces are Lindelöf CNP, it is natural to ask about general quotient maps. Note that if X � Y is a quotient map that factors into a finite sequence of alternately open and closed maps and X is Lindelöf CNP, so is Y .

3. The results on the Egyptian topology on Q suggest the question of which countable spaces are absolute CR -epic. Such spaces, if Tychonoff, are necessarily totally disconnected, and we can start by considering the extremely disconnected case. (There is a countable extremally disconnected space in βQ − Q that has no isolated points and is not absolute CR -epic (see [BRW05, 4.4]. On the other hand assuming that there are P-points in βN − N, there is a countable extremally disconnected Lindelöf CNP space without isolated points constructed in [DGS88].)

References

[BBR03] Barr, Michael; Burgess, W. D.; Raphael, R., Ring epimorphisms and C(X). Theory Appl. Categories 11 (2003) 283–308. MR1988400 (2004f:54018), Zbl 1042.54007. ftp://ftp.math.mcgill.ca/pub/barr/pdffiles/bbr.pdf [BKR07a] Barr, Michael; Kennison, John F.; Raphael, R. On productively Lindelöf spaces. Scient. Math. Japon. 65 (2007) 23–36. MR2328213 (2008h:54028), Zbl 1146.54013. ftp://ftp.math.mcgill.ca/pub/barr/pdffiles/alster.pdf [BKR07b] Barr, Michael; Kennison, John F.; Raphael, R. Searching for absolute CR -epic spaces. Canad. J. Math. 59 (2007) 465–487. MR2319155 (2008f:18002),

Zbl 1140.18001. ftp://ftp.math.mcgill.ca/pub/barr/pdffiles/bkr.pdf [BKR09] Barr, Michael; Kennison, John F.; Raphael, R. Searching for more absolute CR -epic spaces. Theory Appl. Categories 22 (2009) 54–76.

ftp://ftp.math.mcgill.ca/pub/barr/pdffiles/bkrx.pdf

[BRW05] Barr, Michael; Raphael, R.; Woods, R. G. On CR-epic embeddings and absolute CR-epic spaces. Canad. J. Math 57 (2005) 1121–1138. MR2178554 (2006h:54011), Zbl 1103.18003.

ftp://ftp.math.mcgill.ca/pub/barr/pdffiles/brw.pdf

[C76] Chandler, Richard E. Hausdorff compactifications. Lecture Notes in Pure and Applied Mathematics, 23. Marcel Dekker, Inc., New York-Basel, 1976. vii+146 pp. MR0515002 (58 #24191), Zbl 0338.54001.

[DGS88] Dow, A.; Gubbi, A. V.; Szymanski, A. Rigid Stone spaces within ZFC.

Proc. Amer. Math. Soc. 102 (1988) 745–748. MR0929014 (89d:54028), Zbl 0647.54033.

[E89] Engelking, Ryszard. General topology. Second edition. Sigma Series in Pure Mathematics, 6. Heldermann Verlag, Berlin, 1989. viii+529 pp. ISBN: 3-88538- 006-4. MR1039321 (91c:54001), Zbl 0684.54001.

[FGL65] Fine, N. J.; Gillman, L.; Lambek, J. Rings of quotients of rings of functions.

McGill University Press, Montreal, 1966. v+97 pp. MR0200747 (34 #635), Zbl 0143.35704. ftp.math.mcgill.ca/pub/barr/pdffiles/fgl.pdf [GJ60] Gillman, Leonard; Jerison, Meyer. Rings of continuous functions. University Series in Higher Mathematics. D. Van Nostrand Co., Princeton-Toronto- London-New York, 1960. ix+300 pp. MR0116199 (22 #6994), Zbl 0093.30001.

[K55] Kelley, John L. General topology. The University Series in Higher Mathematics. D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto-London-New York, 1955. xiv+298 pp. MR0070144 (16,1136c), Zbl 0066.16604.

264 Michael Barr, John F. Kennison and R. Raphael

[L80] Levy, Ronnie. Nonextendability of bounded continuous functions. Canad. J.

Math. 32 (1980) 867–879. MR0590650 (82f:54016), Zbl 0447.54019. [PW88] Porter, Jack R.; Woods, R. Grant. Extensions and absolutes of Hausdorff spaces. Springer-Verlag, New York, 1988. xiv+856 pp. ISBN: 0-387-96212-3. MR0918341 (89b:54003), Zbl 0652.54016.

Department of Mathematics and Statistics, McGill University, Montreal, QC, H3A 2K6 barr@math.mcgill.ca

Department of Mathematics and Computer Science, Clark University, Worcester, MA 01610 jkennison@clarku.edu

Department of Mathematics and Statistics, Concordia University, Montreal, QC, H4B 1R6 raphael@alcor.concordia.ca

This paper is available via http://nyjm.albany.edu/j/2009/15-13.html.