New York Journal of Mathematics

New York J. Math. 14 (2008) 393–401.

Convexity of the first eigenfunction of the drifting Laplacian operator and its applications

Li Ma and Baiyu Liu

Abstract. In this short note, we prove the convexity of the first eigenfunction of the drifting Laplacian operator with zero Dirichlet boundary value provided a suitable assumption to the drifting term is added. After giving a gradient estimate, we then use the convexity of the first eigenfunction to get a lower bound of the difference of the first and second eigenvalues of the drifting Laplacian.

Contents

1. Introduction 393 2. Convexity of the first eigenfunction 396 3. Gradient estimate for the quotient of eigenfunctions 396 4. Lower bound for the eigenvalue difference 399 References 400

1. Introduction

Given a smooth bounded convex domain Ω ⊂ R^n with smooth boundary and h a smooth function on the closure of Ω. We consider the following Dirichlet eigenvalue problem on the domain Ω ⊂ R^n.

(1) { −Δ_hu = λu, in Ω u = 0, on ∂Ω,

Received January 20, 2008.

Mathematics Subject Classification. 35C44.

Key words and phrases. Convexity, first eigenfunction, drifting Laplacian, warped product.

This research is partially supported by the National Natural Science Foundation of China 10631020 and SRFDP 20060003002.

ISSN 1076-9803/08 393

394 Li Ma and Baiyu Liu

where Δ_h = Δ−∇h·∇ is the drifting Laplacian (also called the h-Laplacian since Δ_hu = e^hdiv(e^{−h}∇u)) and Ω is a convex bounded regular domain in R^n. Here we assume Δu = u^{′′} on the real line R. People may refer to papers of J. Lott [L03] and G. Perelman [P02] for more geometric background of the h-Laplacian. We point out that the problem (1) is closely related to eigenvalue problems on warped product space (see [CM04], [Ma06] and [MZ07]). In fact, associated to the function h, we let

f(x) = 1 4 (2Δh − |∇h|^2).

Then f(x) is the scalar curvature of the metric g_0 + e^{−h}dθ^2 on the product Ω × S^1 with g_0 being the Euclidean metric in the domain Ω. We mention that the modified scalar curvature of a metric g and dilation function h, as introduced by Perelman in [P02, Remark 1.3], is R^m = R + 4f, where R is the scalar curvature of g and f = f(x) was defined above. Just as in the case when h = 0, we need to show the convexity of the first eigenfunction of the h-Laplacian; however, the known results developed by others can not be used directly when h is nontrivial. We find a trick to overcome this difficulty. Once we obtain the required convexity for the first eigenfunction, we can proceed as in [SWYY85] to find the lower bound of the gap between the first eigenvalue and the second eigenvalue of the h-Laplacian.

Let us state these results precisely. Denote the first and second eigenvalues of (1) by λ_1 and λ_2, respectively, and denote the corresponding first and second eigenfunctions by f_1 and f_2.

Following the works of Caffarelli and Spruck [CS82] and Korevaar [K83], who were in turn independently generalizing results of Brascamp and Lieb [BL76], we first show:

Theorem 1. Assume that h is a smooth concave function on the closure of the domain Ω. Assume that f = 1 4 (2Δh − |∇h|^2)

is concave on Ω. Let u_1 = f_1 be the first eigenfunction to the first eigenvalue problem −Δu + ∇h · ∇u = λ_1u, u > 0 in Ω

with the Dirichlet boundary condition u = 0 on ∂Ω. Let v = − log u_1. Then v is convex in Ω.

Note that there are many h’s satisfying the assumptions in Theorem 1. In fact, it is clear that the linear function h(x) = ∑ j a_jx_j , where all a_j are real constants, and the more geometrically natural quadratic function

h(x) = − ∑ j λ_j x^2_j ,

Convexity of first eigenfunction 395

where λ_j > 0 are positive constants, satisfy the assumptions in Theorem 1. The special case when h(x) = −|x|^2 corresponds to the metric

g = dx^2 + exp(|x|^2)dθ^2

with its Riemannian measure dv = exp(|x|^2)dxdθ. Note that when h(r) = 2 log r (r > 0), the assumptions in Theorem 1 are also satisfied and the metric g = dr^2 + e^{−2 log r}dθ^2 = dr^2 + r^{−2}dθ^2 is the dual metric to the flat metric dr^2 + r^2dθ^2.

Another nontrivial example is h(x) = −e^{−x} in the real line. Let u =^{f2}_{f1} and λ = λ_2 − λ_1.

Theorem 2. Let Ω be a smooth, bounded, convex domain in R^n, h and f be as in Theorem 1. Then we have

|∇u|^2 + λ(μ − u)^2 ≤ sup_Ω λ(μ − u)^2,

where μ is a constant no less than sup_Ω u.

Using this gradient estimate, we can give a lower bound for the difference of eigenvalues λ.

Theorem 3. Assume the same conditions as in Theorem 1. Then we have

λ_2 − λ_1 ≥ π^2 4d^2 , where d is the diameter of Ω .

We remark that when h = constant, Theorem 3 was obtained by I. M. Singer, Bun Wong, Shing-Tung Yau and Stephen S.-T. Yau in [SWYY85]. Note that, some of our results may be extended to more general divergenceform elliptic operators. For example, let Δ_g denote the Laplace–Beltrami operator associated to a Riemannian metric g on the closure of the domain Ω. Then Theorem 1 should apply with Δ replaced by Δ_g. Theorem 2 should apply as long as the Ricci curvature of g is nonnegative, in which case the well-known Bochner formula for Δ_g|∇u|^2 preserves the necessary inequality in (2) below. The trouble is that it is not easy to formulate the convexity property of the domain. It is not easy to extend our results to the case where a more general divergence-form elliptic operator

Lu = ∑ ij ∂_i(a_{ij} (x)∂_j u)

is used in place of the Laplacian operator. The difficult part is to find a suitable corresponding Bochner formula (see (2) below). We leave these as questions. However, using a trick from the recent work [Y03] of S.-T. Yau, we can extend part of our results here to more general elliptic operators (see [ML08]).

The plan of the paper is as follows: we prove Theorem 1 in Section 2. Theorem 2 will be proved in Section 3, and Theorem 3 will be proved in Section 4.

396 Li Ma and Baiyu Liu

2. Convexity of the first eigenfunction

We shall follow the method introduced by Korevaar [K83], see also [CS82] and [Ka85] for improvements. Their results can not be used directly. So we need a transformation to overcome this difficulty.

Proof of Theorem 1. By direct computation, we have

Δv = ∇h · ∇v + λ_1 + |∇v|^2. Let w = v + h 2 . Then we have Δw = |∇w|^2 + λ_1 + f(x),

where f(x) =^1_4 (2Δh − |∇h|^2) as before. Then by the result of Korevaar (see Theorem 1.3 in [K83] and Lemma 3.2 in [CS82]), we know that w is convex, and then we know that v is convex. □

3. Gradient estimate for the quotient of eigenfunctions

We first set two lemmata to get a gradient estimate for u.

Lemma 1. Let Ω ⊂ R^n be smooth, bounded and convex domain. Then u =^{f2}_{f1} is smooth up to the boundary ∂Ω.

Proof. For ∀p ∈ ∂Ω, choose local coordinates {x_1, x_2, . . . , x_n} on a sufficiently small neighborhood U such that U ∩ ∂Ω = U ∩ {x_1 = 0}. Since { f_1 = 0 on ∂Ω f_1 > 0 in Ω,

by Hopf’s lemma we have^{∂f1}_{∂x1} < 0 on ∂Ω. Using the Malgrange preparation theorem, we have f_1 = g_1x_1 in Ω ∩ U, where g_1 satisfies g_1 ≠ 0 and smooth on Ω ∩ U.

For f_2 = 0 on ∂Ω, we can write f_2 = g_2x_1, where g_2 is smooth on Ω ∩ U. Thus, u =^{f2}_{f1} =^{g2}_{g1} is smooth on Ω ∩ U. □

Lemma 2.

Δ_hu = −λu − 2∇u · ∇ log f_1.

Convexity of first eigenfunction 397

Proof. By direct computation, we have

Δu =

Δf_2 f_1 − 2 ∇f_1 · ∇f_2 f^2_1 − f_2 f^2_1

Δf_1 + 2 f_2 f^3_1

|∇f_1|^2 = 1 f^2_1

(−λ_2f_1f_2 + λ_1f_1f_2) + 1 f^2_1

(f_1∇h · ∇f_2 − f_2∇h · ∇f_1) − 2 ∇f_1 · ∇f_2 f^2_1

+ 2f_2

|∇f_1|^2

f^3_1

= −λu +

∇h · ∇f_2

f_1 − f_2 f^2_1

∇h · ∇f_1 − 2

∇f_1 · ∇f_2 f^2_1

+ 2f_2

|∇f_1|^2 f^3_1 . Because ∇u · ∇ log f_1 =

∇f_1 · ∇f_2

f^2_1

− f_2

|∇f_1|^2 f^3_1 and ∇h · ∇u =

∇h · ∇f_2

f_1 − f_2 f^2_1

∇h · ∇f_1,

we obtain Δu = −λu + ∇h · ∇u − 2∇u · ∇ log f_1, which proves the lemma. □ Proof of Theorem 2. Define a function G by G = |∇u|^2 + λ(μ − u)^2.

Since u is smooth by Lemma 1, so is G. Now, we compute

G_i = 2 n∑ j=1 u_ju_{ji} − 2λ(μ − u)u_i,

ΔG = 2|D^2u|^2 + 2∇u · ∇Δu − 2λ(μ − u)Δu + 2λ|∇u|^2 (2) = 2|D^2u|^2 + 2∇u · ∇(−λu + ∇h · ∇u − 2∇u · ∇ log f_1) − 2λ(μ − u)(−λu + ∇h · ∇u − 2∇u · ∇ log f_1) + 2λ|∇u|^2 = 2|D^2u|^2 − 2λ|∇u|^2 + 2∇u · ∇(∇h · ∇u)

− 4∇u · ∇(∇u · ∇ log f_1) + 2λ^2(μ − u)u − 2λ(μ − u)∇h · ∇u + 4λ(μ − u)∇u · ∇ log f_1 + 2λ|∇u|^2.

Let G(p) = max_{x∈Ω} G(x). All we need to prove is |∇u|(p) = 0. Suppose |∇u|(p) ≠ 0.

If p ∈ Ω, then we can choose coordinates such that u_1(p) ≠ 0, u_i(p) = 0, for 2 ≤ i ≤ n.

398 Li Ma and Baiyu Liu

Applying the maximum principle, we have (3) ∇G(p) = 0, ΔG(p) ≤ 0.

We now have 0 = G_i(p) = 2(u_1u_{1i} − λ(μ − u)u_i)(p), and u_{11}(p) = λ(μ − u(p)), u_{1i}(p) = 0, for 2 ≤ i ≤ n.

Therefore, at the point p,

(∇u · ∇ log f_1)_1 = u_{11}(∇ log f_1)_1 + u_1(∇ log f_1)_{11} (4) = λ(μ − u)(∇ log f_1)_1 + u_1(∇ log f_1)_{11}, and (∇h · ∇u)_1 = h_{11}u_1 + h_1u_{11} (5) = u_1h_{11} + h_1λ(μ − u).

A computation that uses (2), (3), (4), (5) yields

0 ≥ ΔG(p) (6) = 2|D^2u| + 2λ^2(μ − u)u

+ 2u_1(∇h · ∇u)_1 − 2λ(μ − u)u_1h_1 + 4λ(μ − u)u_1(∇ log f_1)_1 − 4u_1(∇u · ∇ log f_1)_1 = 2(u^2_{11} + λ^2(μ − u)u) + 2u^2_1(h_{11} − 2(log f_1)_{11}) ≥ 2((λ(μ − u))^2 + λ^2(μ − u)u) = 2λ^2μ(μ − u), where we have used the fact that h − 2 log f_1 is convex (see the proof of Theorem 1). For μ ≥ sup_Ω u > 0, (6) gives rise to a contradiction.

Else, i.e., p ∈ ∂Ω, we can choose an orthonormal frame {l_1, . . . , l_n} around p such that^∂_{∂x1} = l_1|_{∂Ω} is the outward normal vector. By computation, we have (7) ∂G ∂x_1

(p) = 2u_1u_{11}(p) + 2 n∑ j=2 u_ju_{j1}(p) − 2λ(μ − u)u_1(p) ≥ 0.

Consider (8) Δu = −λu + ∇h · ∇u − 2∇u · ∇ log f_1, where Δu, u, ∇h · ∇u are smooth up to the boundary and achieves finite values on ∂Ω. Therefore, ∇u · ∇ log f_1 =^{u1(f1)1}_{f1} +

P_n i=2 u_i(f_1)_i f_1 also attains

Convexity of first eigenfunction 399 finite values on ∂Ω. For f_1 = 0, on ∂Ω, we have (f_1)_i = 0, 2 ≤ i ≤ n. Then, on ∂Ω,

0 = f_1(∇u · ∇ log f_1) = u_1(f_1)_1 + n∑ i=2 u_i(f_1)_i = u_1(f_1)_1.

Therefore, u_1(f_1)_1 = 0 on ∂Ω. Since (f_1)_1 ≠ 0 on ∂Ω by Hopf’s lemma and f_1 = 0 on ∂Ω, we get u_1 = 0 on ∂Ω. (7) is simplified to ∂G ∂x_1

(p) = 2 n∑ j=2 u_j u_{j1}(p) ≥ 0.

The definition of Hessian gives us that u_{j1} = l_jl_1u − (∇_{lj} l_1)u.

Since u_1 = 0 on ∂Ω, we have u_{j1} = −(∇_{lj} l_1)u.

Using the second fundamental form (I_{ij} ) of the hypersurface ∂Ω in R^n, we have u_{i1} = − n∑ j=2 I_{ij}u_j , i ≠ 1.

Then we obtain ∂G ∂x_1

(p) = −2 n∑ i,j=2

u_j I_{ij} u_j(p) ≥ 0.

From the convexity of ∂Ω and u_1(p) = 0, we get |∇u|(p) = 0. □ Remark. Since we only need the convexity of h − 2 log f_1, we can use it to replace the assumption that h is concave from the assumptions of Theorem 2 and Theorem 3.

4. Lower bound for the eigenvalue difference

We follow the method used in [SWYY85] to prove Theorem 3. Proof of Theorem 3. Choosing μ = sup_Ω u in Theorem 2, we have (9) √ λ ≥ |∇u| √ (sup u − inf u)^2 − (sup u − u)^2 . Let A = sup u − inf u and W = sup u − u, (9) can be written as (10) √ λ ≥ |∇W | √ A^2 − W^2 .

400 Li Ma and Baiyu Liu

Let u(q_1) = sup_Ω u, u(q_2) = inf_Ω u. For the convexity of Ω, q_1 and q_2 can be connected by a line σ ⊂ Ω. Integrate (10) along σ from q_1 to q_2, we obtain ∫_A 0 |dW | √ A^2 − W^2 ≥ √ λds.

By calculation, we have π 2 ≤ √ λl(σ) ≤ √ λd, where l(σ) is the length of σ, d is the diameter of Ω.

Then we get λ_2 − λ_1 = λ ≥^{π2}_{4d2} . □

Acknowledgements. We thank the unknown referee very much for helpful suggestions which improved the original manuscript.

References

[BL76] Brascamp, Herm Jan; Lieb, Elliott H. On extensions of the Brunn– Minkowski and Prékopa–Leindler theorems, including inequalities for log concave functions, and with an application to the diffusion equation. J. Functional Analysis 22 (1976), no.4, 366–389. MR0450480 (56 #8774), Zbl 0334.26009.

[CS82] Caffarelli, Luis A.; Spruck, Joel. Convexity properties of solutions to some classical variational problems. Comm. Partial Differential Equations 7 (1982), no.11, 1337–1379. MR0678504 (85f:49062), Zbl 0508.49013.

[CM04] Colding, Tobias H.; Minicozzi, William P., II. Excursion on geometric analysis. Preprint, 2004.

[K83] Korevaar, Nicholas J. Convex solutions to nonlinear elliptic and parabolic boundary value problems. Indiana University Math. J. 32 (1983) 603–614. MR0703287 (85c:35026), Zbl 0481.35024.

[Ka85] Kawohl, Bernhard. When are solutions to nonlinear elliptic boundary value problems convex? Comm. Partial Differential Equations 10 (1985) 1213–1225. MR0806439 (87b:35062), Zbl 0587.35026.

[L03] Lott, John. Some geometric properties of the Bakry–Émery Ricci tensor. Comment. Math. Helv. 78 (2003) 865–883. MR2016700 (2004i:53044), Zbl 1038.53041.

[Ma06] Ma, Li. B-sub-manifolds and their stability. Math. Nachr. 279 (2006) 1597– 1601. MR2269257 (2007g:53073).

[ML08] Ma, Li; Liu, Baiyu. Convex eigenfunction of a drifting Laplacian operator and the fundamental gap. Preprint, 2008.

[MZ07] Ma, Li; Zhu, Anqiang. Eigenvalues and lambda constants on Riemannian submersions. Geometriae Dedicata 129 (2007) 73–82. MR2353983.

[P02] Perelman, Grisha. The entropy formula for the Ricci flow and its geometric applications. arXiv:math.DG/0211159.

[SWYY85] Singer, I. M.; Wong, Bun; Yau, Shing-Tung; Yau, Stephen S.-T. An estimate of the gap of the first two eigenvalues in the Schrödinger operator. Annali della Scuola Normale Superiore di Pisa Cl. Sci. (4) 12 (1985) 319–333. MR0829055 (87j:35280), Zbl 0603.35070.

Convexity of first eigenfunction 401

[Y03] Yau, Shing-Tung. An estimate of the gap of the first two eigenvalues in the Schrödinger operator. Lectures on partial diffrential equations, 223–235, New Stud. Adv. Math., 2, Int. Press, Somerville, MA, 2003. MR2055851 (2005c:35219), Zbl 1050.35057.

Department of Mathematical Sciences, Tsinghua University, Beijing 100084, China lma@math.tsinghua.edu.cn liuby05@mails.tsinghua.edu.cn

This paper is available via http://nyjm.albany.edu/j/2008/14-18.html.