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All Bézier curves are attractors of iterated
function systems
Chand T. John
Abstract. The ﬁelds of computer aided geometric design and fractal geometry have evolved independently of each other over the past several decades.
However, the existence of so-called smooth fractals, i.e., smooth curves or surfaces that have a self-similar nature, is now well-known. Here we describe the
self-aﬃne nature of quadratic Bézier curves in detail and discuss how these
self-aﬃne properties can be extended to other types of polynomial and rational curves. We also show how these properties can be used to control
shape changes in complex fractal shapes by performing simple perturbations
to smooth curves.
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1. Introduction
In the late 1950s, advancements in hardware technology made it possible to eﬃciently manufacture curved 3D shapes out of blocks of wood or steel. It soon became
apparent that the bottleneck in mass production of curved 3D shapes was the lack
of adequate software for designing these shapes. Bézier curves were ﬁrst introduced
in the 1960s independently by two engineers in separate French automotive companies: ﬁrst by Paul de Casteljau at Citroën, and then by Pierre Bézier at Rénault.
De Casteljau never published his results, and so the theory of these curves largely
contains Bézier’s name. However, the algorithm used to compute points on these
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curves bears de Casteljau’s name. The theory quickly extended to more general
Bézier and B-spline surfaces. Computer aided geometric design (CAGD) became
an established ﬁeld of study by 1974. Farin [2] gives a more complete history of
Bézier curves and surfaces.
Benoit Mandelbrot [5] popularized fractals (self-similar sets) as tools for generating images of realistic objects such as mountain ranges and for modeling various
physical phenomena. In 1981, John Hutchinson [3] introduced the current version
of iterated function systems (IFSs) in order to establish a general theory of strictly
self-similar sets. IFSs were popularized by Michael Barnsley in his book Fractals
everywhere [1]. IFSs were shown to be useful for generating images of very complex
real objects such as clouds. Although the problem of using IFSs for image compression and other applications proved to be harder than initially expected, there
are still many interesting problems and approaches in the ongoing research in the
ﬁeld.
Here we demonstrate that these seemingly unrelated mathematical objects actually have a close relationship. Although this relationship has been known to some of
the computer graphics community, applications of this knowledge and extensions
to more general classes of curves and surfaces have been relatively unexplored.
We show how this relationship between the two types of objects may be useful in
modeling and shape control.

2. Quadratic Bézier curves
Throughout this paper, E2 denotes the set of points in the Euclidean plane, while
R denotes the set of vectors in the plane. Let P0 , P1 , . . . , Pn ∈ E2 . Let α0 , α1 ,
. . . , αn ∈ [0, 1] such that
α0 + α1 + · · · + αn = 1.
2

Then the barycenter of the points {Pi }ni=0 with weights {αi }ni=0 is the point
(1)

P =

n


αi Pi .

i=0

Simply put, P is the center of mass (“barycenter”) of the points {Pi }ni=0 with
weights {αi }ni=0 . The process of computing a barycenter using Equation (1) is called
a barycentric combination. Note that although addition and scalar multiplication
are not deﬁned over E2 , Equation (1) is still valid when it is written as
P = P0 +

n


αi (Pi − P0 ),

i=1

since each Pi − P0 is a vector in R2 , where addition and scalar multiplication are
valid operations, and the addition of a point to a vector is also valid operation.
Suppose we are given three distinct, noncollinear points P0 , P1 , and P2 in the
plane. Suppose we are also given a real number t ∈ [0, 1]. The de Casteljau algorithm proceeds as follows. First compute two barycentric combinations to obtain
two intermediate points:
(2)

P01 (t) = (1 − t)P0 + tP1 ,

(3)

P11 (t) = (1 − t)P1 + tP2 .
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Then compute a similar barycentric combination over these intermediate points:
(4)

P02 (t) = (1 − t)P01 (t) + tP11 (t)
= (1 − t)2 P0 + 2t(1 − t)P1 + t2 P2 .

The set of points {P02 (t) : t ∈ [0, 1]} is the quadratic Bézier curve (QBC) with
control points P0 , P1 , and P2 . The triangle P0 P1 P2 is called the control polygon
of the curve. For more on the theory of Bézier curves and surfaces, see [2].

3. Iterated function systems
An aﬃne map is a transformation w : E2 → E2 such that


 

a b
x
e
(5)
w(x, y) =
+
,
c d
y
f
where a, b, c, d, e and f are real numbers. We may abbreviate Equation (5) with
the notation w(X) = AX + T , where A is a 2 × 2 matrix, X = [ x y ]T and
T = [ e f ]T .
An important fact is that barycentric combinations are invariant with respect
to aﬃne maps. That is, if w is an aﬃne map and P is a barycenter deﬁned as in
Equation (1), then

 n
n


αi Pi =
αi w(Pi ),
(6)
w(P ) = w
i=0

i=0

i.e., w(P ) is still the barycenter of the points {w(Pi )} with weights {αi }. In fact,
aﬃne maps are precisely those maps that preserve barycentric combinations. The
proof of this fact is straightforward — see page 18 in [2].
An iterated function system (IFS) is a set of N aﬃne maps w1 , . . . , wN . Here
we will only focus on IFSs with N = 2, so we shall denote an IFS as a pair
{w1 , w2 } of aﬃne maps. Let H(E2 ) denote the set of nonempty compact subsets
of E2 . Associated with each IFS is a function W : H(E2 ) → H(E2 ) such that
W (K) = w1 (K) ∪ w2 (K), for every K ∈ H(E2 ). Let W ◦n (K) denote the repeated
application of the map W to the set K a total of n times.
A common restriction is to assume that w1 and w2 are contractive maps: that,
for each i = 1, 2,
(7)

wi (X) − wi (Y ) ≤ si · X − Y , ∀X, Y ∈ E2 ,

where 0 ≤ si < 1 is the contractivity factor of wi . Assuming that w1 and w2 are
contractive, then we know from the contraction mapping theorem [1] that w1 and w2
respectively have unique ﬁxed points X1 and X2 , and furthermore, for any X ∈ E2 ,
(8)

lim w1◦n (X) = X1 and lim w2◦n (X) = X2 .

n→∞

n→∞

Convergence for w1 and w2 are with respect to the Euclidean metric. Not only do
w1 and w2 push every point toward their own ﬁxed points, but also W maps every
K ∈ H(E2 ) to its own unique ﬁxed point L = limn→∞ W ◦n (K), called the attractor
of the IFS {w1 , w2 }. Note that we can start with any nonempty compact set K and
end up with the same attractor L, for a ﬁxed IFS. Convergence in H(E2 ) is with
respect to the Hausdorﬀ metric. Formally, an IFS consisting only of contractive
maps is called a hyperbolic IFS. The term “IFS” can be used to refer to an arbitrary
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Figure 1. The de Casteljau algorithm is applied to a quadratic
Bézier curve with control points P0 = (0, 0), P1 = (1/2, 0), and
P2 = (1, 1). This curve is the graph of y = x2 for x ∈ [0, 1].
collection of maps with no condition imposed on the maps. For our purposes, we
will always require an IFS to be composed of aﬃne maps, but they need not be
contractive unless explicitly stated. We shall see below that it is not necessary for
w1 and w2 to be contraction mappings in order for W to converge to the attractor
of its IFS, but simply that w1 and w2 must mimick the general behavior of an IFS
made up of contraction mappings. See [1] for a thorough treatment of IFSs.

4. An IFS with a QBC attractor
We now describe a connection between the two seemingly unrelated mathematical objects introduced above: QBCs and IFSs. Consider the QBC deﬁned by
P0 = (0, 0), P1 = (1/2, 0), and P2 = (1, 1). It is easy to verify that the image of the
function P02 (t) for t ∈ [0, 1] is the graph of y = x2 for x ∈ [0, 1].
Now suppose we were to use the de Casteljau algorithm to compute P02 (u), where
0 < u < 1 is an arbitrary real number. We would compute the points P01 (u), P11 (u),
and P02 (u). Now deﬁne w1 and w2 to be the unique aﬃne transformations satisfying
(9)

w1 (P0 ) = P0

w1 (P1 ) = P01 (u)

w1 (P2 ) = P02 (u)

(10)

w2 (P0 ) = P02 (u)

w2 (P1 ) = P11 (u)

w2 (P2 ) = P2 .

So w1 maps the original control polygon P0 P1 P2 to the polygon
T1 = P0 P01 (u)P02 (u)
and w2 maps the original control polygon to the polygon T2 = P02 (u)P11 (u)P2 . Let
S1 denote the QBC whose control polygon is T1 and let S2 be the QBC whose control
polygon is T2 . It is easy to verify algebraically that S1 and S2 are respectively the
graphs of y = x2 for x ∈ [0, u] and x ∈ [u, 1] respectively. In other words, the maps
w1 and w2 subdivide the original curve into two subcurves that intersect in exactly
one point: P02 (u) = (u, u2 ). The functions also map the original control polygon to
the control polygons that generate each of the two subcurves.
We can compute w1 and w2 by solving a system of linear equations directly from
their deﬁnition. This yields

 


x
u 0
x
=
(11)
w1
y
0 u2
y
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and
(12)


w2

x
y




=

1−u
0
2u(1 − u) (1 − u)2



x
y




+

u
u2
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Barnsley [1] describes a way to construct an IFS whose attractor is the graph
of a function interpolating a set of points in E2 . Formally, given data points
(x0 , y0 ), (x1 , y1 ), . . . , (xN , yN ) where x0 < x1 < · · · < xN , for some N > 1, deﬁne an IFS {w1 , . . . , wN } satisfying the following conditions:
(13)
(14)
(15)
(16)

xn − xn−1
,
xN − x0
xN xn−1 − x0 xn
en =
,
xN − x0
yn − yn−1 − dn (yN − y0 )
cn =
,
xN − x0
xN yn−1 − x0 yn − dn (xN y0 − x0 yN )
fn =
,
xN − x0

an =

bn = 0, and 0 ≤ dn < 1 for each n ∈ {1, . . . , N }, where the variables are the
coeﬃcients of each wn : wn (x, y) = (an x + bn y + en, cn x + dn y + fn). Then two facts
from [1] hold:
(1) There is a metric d on E2 equivalent to the Euclidean metric, such that the
IFS is hyperbolic with respect to d. There is a unique nonempty compact
set S ∈ E2 such that
N

S=
wn (S).
n=1

(2) Moreover, S is the attractor of this IFS, and S is the graph of a continuous
function f : [x0 , xN ] → R interpolating the original N + 1 data points. f is
called a fractal interpolation function.
We shall set N = 2 and have the data points (0, 0), (u, u2 ), and (1, 1), and set
d1 = u2 and d2 = (1 − u)2 . Note the resulting IFS is {w1 , w2 } where w1 and w2 are
deﬁned as in Equations (11) and (12). Then if we deﬁne W : H(E2 ) → H(E2 ) such
that W (B) = w1 (B) ∪ w2 (B) for all B ∈ H(E2 ), we have from the above facts and
the IFS deﬁnitions that {W ◦n (B)} converges to the QBC above (call it S) with
respect to the metric d, and S is the unique ﬁxed point of W . In summary, we
have shown how to construct a whole family of hyperbolic IFSs (parameterized by
0 < u < 1) whose attractor is a particular QBC: the graph of y = x2 for x ∈ [0, 1].

5. All QBCs are attractors of IFSs
Suppose we are given three points Q0 , Q1 , Q2 ∈ E2 that are distinct and noncollinear. Let T be a QBC with control points Q0 , Q1 , and Q2 . Let 0 < u < 1 be
an arbitrary real number. If we let Q20 (t) denote the point on T with parameter
value t ∈ [0, 1], then deﬁne T1 = {Q20 (t) : t ∈ [0, u]} and T2 = {Q20 (t) : t ∈ [u, 1]}.
Deﬁne an aﬃne map ω : E2 → E2 such that ω(Pi ) = Qi for i = 0, 1, 2. Clearly
this map is unique and invertible. Moreover, since aﬃne maps preserve barycentric
combinations, ω(S) = T , ω(S1 ) = T1 , and ω(S2 ) = T2 . Let v1 and v2 be the unique
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Figure 2. The de Casteljau algorithm is applied to a quadratic
Bézier curve with control points Q0 , Q1 , and Q2 . The behavior of
the aﬃne maps v1 and v2 is analogous to the behavior of w1 and
w2 on y = x2 .
aﬃne maps mapping T to T1 and T2 , respectively. It is easy to see that
(17)

v1 = ω ◦ w1 ◦ ω −1 ,

(18)

v2 = ω ◦ w2 ◦ ω −1 .

Deﬁne V : H(E2 ) → H(E2 ) such that V (B) = v1 (B)∪v2 (B) for all B ∈ E2 . Clearly
V (T ) = v1 (T ) ∪ v2 (T ) = T1 ∪ T2 = T , so T is a ﬁxed point of V . It is easy to see
that V = ω ◦ W ◦ ω −1 , which implies that V ◦n = ω ◦ W ◦n ◦ ω −1 . Now for any
B ∈ H(E2 ), we know ω −1 (B) ∈ H(E2 ), so W ◦n (ω −1 (B)) → S as n → ∞. But since
ω is continuous, V ◦n (B) = ω(W ◦n (ω −1 (B))) → ω(S) = T as n → ∞. Furthermore,
if A1 and A2 are both ﬁxed points of V , then V (A1 ) = A1 and V (A2 ) = A2 , so
ω(W (ω −1 (A1 ))) = A1 and ω(W (ω −1 (A2 ))) = A2 , so W (ω −1 (A1 )) = ω −1 (A1 ) and
W (ω −1 (A2 )) = ω −1 (A2 ), but since W has S as its unique ﬁxed point, it follows
that S = ω −1 (A1 ) = ω −1 (A2 ), so A1 = A2 = T , so V does have a unique ﬁxed
point T to which every sequence {V ◦n (B)} converges.
Here we have proven that, even if v1 and v2 are not contraction mappings in a
conventional sense, they still mimick the behavior of w1 and w2 , and therefore the
IFS {v1 , v2 } still converges to its attractor, the QBC with control points Q0 , Q1 ,
and Q2 . Thus we have given a constructive proof of the following result.
Theorem 1. A quadratic Bézier curve with distinct noncollinear control points P0 ,
P1 , and P2 is the attractor of a family of iterated function systems {w1 , w2 }, where
the family is parameterized by a real number 0 < u < 1.

6. Controlling fractals with Bézier curves
In computer graphics, there is a need for succinct description of a complex object’s geometry and an eﬃcient way to vary the geometry of an object to make
movies. Here we show how a small number of QBCs can be used to represent a
complex fractal. We also demonstrate two simple ways of continuously varying such
a fractal’s shape.
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Figure 3. Each picture in the left column shows two curves, one
with control points (−5, 5), (p, 0), and (5, −5), and another with
control points (−5, −5), (−p, 0), (5, 5), as p varies. For both curves,
u = 0.5. Each picture in the right column shows the fractal that
results from combining IFSs for the two curves in the picture next
to it. The ﬁrst row shows the QBCs and corresponding combined
IFS’s attractor when p = 1. The second row shows the case where
p = 3 and the third row shows the case where p = 5.
We have developed a method for ﬁnding an IFS whose attractor is a given QBC.
Suppose we have several such QBCs S1 , S2 , . . . , Sn . Suppose that we have constructed an IFS Ii = {w2i−1 , w2i } whose attractor is the curve Si , for i = 1, 2, . . . , n.
Then we can combine all the wj into one IFS I = {w1 , w2 , . . . , w2n } whose attractor is a dusty cloud-like fractal. We can move control points of the curves Si in a
smooth fashion and recalculate the attractor of the aggregate IFS I to produce an
animation that shows the original fractal being deformed smoothly. We would also
have chosen arbitrary constraints ui for each IFS Ii , and these values can also be
varied to smoothly deform the attractor of I.
Suppose we have two QBCs, one with control points (−5, 5), (1, 0), (5, −5) and
another with control points (−5, −5), (−1, 0), (5, 5). For both curves, let u = 0.5.
Let the aﬃne maps for the ﬁrst QBC’s generating IFS be w1 and w2 , and let the
aﬃne maps for the second QBC be w3 and w4 . Let I = {w1 , w2 , w3 , w4 } denote the
combined IFS of the two curves. Now if we continuously move the middle control
points of both curves and recompute the IFS I and its attractor, we will see that the
attactor’s shape also changes continuously, and in a way that bears some geometric
resemblance to how the curves’ shapes are changing. In fact, Barnsley [1] proves
that if the coeﬃcients of an IFS are varied continuously, then the attractor of the
IFS also varies its shape continuously in H(E2 ). Since the coeﬃcients of I are
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continuous functions of the control point coordinates of the two curves, it follows
then that continuous changes to the control point coordinates cause continuous
changes to the attractor of I. See Figure 3 for the variations in the shape of the
attractor of I as the middle control points’ x-coordinates are varied.
Suppose we now ﬁx p = 1, allow u to vary for both curves equally, and recompute
the corresponding IFSs for each curve, and render the resulting fractal generated by
the curves’ combined IFS. Figure 4 shows the fractal shapes that can be generated
by these varying IFSs. This demonstrates the second way that we can vary fractal
shapes generated by QBCs.

Figure 4. Each picture shows the attractor of the combined IFS
obtained from two QBCs with control points (−5, 5), (1, 0), (5, −5)
and (−5, −5), (−1, 0), (5, 5), as the parameter u is varied for both
curves. From left to right, the images show the attractor generated
by the IFS when both curves have u equal to 0.1, 0.3, 0.5, 0.7, and
0.9.

7. Conclusion and future work
We have shown that all quadratic Bézier curves are attractors of iterated function
systems. We demonstrated a potential application of this result to shape representation and animation for computer graphics. We can generalize the self-aﬃneness
results beyond quadratic curves to all polynomial Bézier curves using aﬃne maps
in higher dimensions. We can parameterize a family of IFSs converging to a single
curve by multiple real knots 0 < u1 < · · · < uk < 1. We can go further to characterize all rational Bézier curves as attractors of IFSs that contain more general
projective maps instead of aﬃne maps. It is also known that projective maps transform algebraic curves into other algebraic curves. What kinds of algebraic curves
(beyond rational curves) can be characterized as attractors of IFSs consisting of
projective maps, if any? And, how can these results be extended to polynomial,
rational, and algebraic surfaces? These questions are natural extensions of the work
presented here. In addition, there is potential for these methods to be applied to
geometric modeling.
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