New York Journal of Mathematics

New York J. Math. 13 (2007) 423–435.

f-harmonic maps which map the boundary of the domain to one point in the target

Neil Course

Abstract. One considers the class of maps u : D → S^2, which map ∂D to one point in S^2. If u were also harmonic, then it is known that u must be constant. However, if u is instead f-harmonic — a critical point of the energy functional^1_2 R D f(x)|∇u(x)|^2 — then this need not be true. We shall see that there exist functions f : D → (0, ∞) and nonconstant f-harmonic maps u : D → S^2 which map the boundary to one point. We will also see that there exist nonconstant f for which, there is no nonconstant f-harmonic map in this class. Finally, we see that there exists a nonconstant f-harmonic map from the torus to the 2-sphere.

Contents

1. Introduction 423 1.1. Basic definitions 423 1.2. f-harmonic heat flow 425 2. Analogue of a theorem by Lemaire 426 3. The existence of nontrivial f-harmonic maps D → S^2 (∂D → {0}) 432 4. The existance of a nontrivial f-harmonic map T^2 → S^2 433 References 435

1. Introduction

1.1. Basic definitions. Let (M, g) be a compact Riemannian surface (with or without boundary). Let (N , h) be a compact Riemannian manifold without boundary, embedded isometrically in R^N . This embedding is always possible by the Nash Embedding Theorem. Let f : M → (0, ∞) be a smooth function. By compactness, f is bounded above, and below by a strictly positive number, say 0 < A ≤ f(x) ≤ B.

Received August 23, 2006.

Mathematics Subject Classification. 58E20 35J25 53C43.

Key words and phrases. harmonic maps, f-harmonic, boundary, Riemannian surface, constant boundary data.

Research supported by Swiss National Science Foundation grant number 200020-107652/1 and EPSRC award number 00801877.

ISSN 1076-9803/07 423

Definition 1.1 (f-harmonic energy). Let u ∈ W^{1,2}(M; N ). The f-harmonic energy functional is defined to be

(1.1) E_f (u) = 1 2 � M f(x)|∇u|^2dM

where dM = √ gdx^1 ∧dx^2 and √ g denotes � det g_{αβ}

� 1_2 . For consistency of notation, we denote the harmonic energy by E_1.

Definition 1.2 (tubular neighbourhood/nearest point projection). For ρ > 0, define a tubular neighbourhood of N by (1.2) V_ρN := {z ∈ R^N : d(z, N ) < ρ} ⊂ R^N .

Here d(z, N ) denotes of course inf{|z − x|_RN : x ∈ N }. Choosing ρ > 0 sufficiently small, we may let P : V_ρN → N denote “nearest point” projection. P is welldefined and smooth — see e.g., [9, §2.12.3].

Definition 1.3 (admissible variation). An admissible variation of u, is a family of maps u_s := P ∘ (u + sϕ), for some ϕ ∈ C^∞_c (M, R^N ) and for small |s|. Notice that u_0 = u and that u_s ≡ u in a neighbourhood of ∂M.

Remark 1.4. If u ∈ W^{1,2}(M; N ) and ϕ ∈ C^∞_c (M; R^N ), then P ∘ (u + sϕ) ∈ W^{1,2}(M; N ) for sufficiently small |s| [9, §2.2], and ∇P ∘ (u + sϕ) is differentiable with respect to s. Hence E_f (P ∘ (u + sϕ)) is also differentiable. We can then define:

Definition 1.5 (f-harmonic). A map u ∈ W^{1,2}(M; N ) is said to be (weakly) f-harmonic if, for any (admissible) variation u_s, of u, we have that

(1.3) d ds E_f (u_s) � � � �_{s=0} = 0.

Remark 1.6. A harmonic map satisfies this definition as a 1-harmonic map.

Before we proceed, it is worth clearing up any possible confusion with the name “f-harmonic”. Our f-harmonic maps should not be confused with, so-called, F - harmonic maps — critical points of E_F (u) = � M F �_1 2 |∇u|^2 � dM for a nonnegative, strictly increasing, C^2 function F on the interval [0, ∞). Neither should an fharmonic map be confused with a p-harmonic map — a critical point of E_p(u) = 1 p � M |∇u|^pdM. Specifically, in the language of p-harmonic maps, an “ordinary” harmonic map could be referred to as a 2-harmonic map and the associated energy as E_2. In this work, we may refer to harmonic maps as 1-harmonic and denote the harmonic energy by E_1. Of course a 1-harmonic map (our terminology) is also a λ-harmonic map for any constant λ > 0.

Remark 1.7. As said previously, we only consider two-dimensional domains. For dim M ≠ 2, any f-harmonic map (M, g) → (N , h) is a harmonic map

(M, f^{2m−2} g) → (N , h) ([2, §10.20] or [3, §10.20]). However when dim M = 2, a conformal change of metric keeps an f-harmonic map, f-harmonic (for the same f). Moreover, when dim M = 2, we may consider an f-harmonic map M → N as a harmonic map on a certain higher-dimensional manifold — on the warped product M ×_f 2 S^1, perhaps. Thus, an interesting f-harmonic result on a surface may yield an interesting 1- harmonic result on some higher-dimensional manifold.

Suppose now that u is a “classical” f-harmonic map [6] — that is a C^2 map satisfying Definition 1.5. By combining (1.1) and (1.3) we are able [1] to calculate:

Lemma 1.8 (Euler–Lagrange equation for E_f ). Let u ∈ C^2(M; N ). The following are equivalent:

(i) u is f-harmonic.

(ii) fΔ_Mu + fA(u)(∇u, ∇u) + ∇f ∗ ∇u = 0. (iii) The harmonic tension of u is τ_1(u) = −^1_f ∇f ∗ ∇u. (iv) div(f∇u) is perpendicular to T N .

Here the notation ∇f ∗ ∇u denotes � ∇f, ∇u^i

�_∂

∂u^i ∈ TuN . Similarly if u ∈

W^{1,2}(M; N ) then: u is weakly f-harmonic if and only if u satisfies part (ii) above, weakly (with test functions ϕ ∈ C^∞_c (M; R^N )).

Definition 1.9 (domain variation). A domain variation is a map η : M×(−ε, ε) → M for some small ε > 0, which satisfies

(1.4) � η(x, 0) = x on M η(x, s) = x on ∂M.

When the boundary of M is smooth, we are able — by considering convergent sequences of variations — to rely on more general variations. In particular, we shall need the following lemma in the proof of Proposition 2.1.

Lemma 1.10. Let u ∈ C^2(M; N ) be an f-harmonic map. Let {Ω_j } be a finite partition of M such that ∂Ω_j ∈ C^∞ for each j. Suppose that the domain variation η ∈ C^0(M × (−ε, ε); M) satisfies:

(i) η ∈ C^2(Ω_j × (−ε, ε); M) for each j. (ii)^{∂η}_{∂s} ∈ C^0(M × (−ε, ε); T M).

(iii)^{∂η}_{∂s} ∈ C^2(Ω_j × (−ε, ε); T M) for each j. Then d ds E_f (u ∘ η) � � � �_{s=0} = 0.

Again, see [1] for the straightforward proof.

1.2. f-harmonic heat flow. Later, we will need to consider the L^2-gradient flow of the functional E_f — namely the following problem which we call the f-harmonic heat flow:

(1.5) � � � u_t − fΔ_Mu = fA(u)(∇u, ∇u) + ∇f ∗ ∇u u|_{t=0} = u_0 u(·, t)|_{∂M} = u_0|_{∂M}.

As an analogue of Struwe’s result for (1-)harmonic maps, we have the following existence and uniqueness result — the proof [1] is very similar to that for the (1-)harmonic case [10]. Indeed, the compactness of the domain means that the extra terms involving f and its derivatives are easily controlled.

Theorem 1.11 (f-harmonic heat flow). Let u_0 ∈ W^{1,2}(M; N ). If ∂M is nonempty, suppose further that u_0|_{∂M} ∈ C^{2,α}(∂M; N ). There exists a weak solution u : M × [0, ∞) → N of (1.5) with the following properties:

(i) u is smooth on M×(0, ∞) away from finitely many points (x_k, t_k), 1 ≤ k ≤ K, 0 < t_k ≤ ∞.

(ii) E_f � u(t) � ≤ E_f � u(s) � for all 0 ≤ s ≤ t.

(iii) u assumes the initial data continuously in W^{1,2}(M, N ).

The solution u is unique in this class.

Furthermore, at a singular (or bubble) point (x, t) ∈ M × (0, ∞], there exist sequences x_m → x, t_m ↗ t, R_m ↘ 0 and a nonconstant harmonic map ~u : R^2 → N with finite (harmonic) energy, such that as m → ∞,

(1.6) u_m(x) := u � exp_{xm} (R_mx), t_m � → ~u

in W^{2,2}_{loc} (R^2; N ). Moreover ~u extends to a smooth harmonic map u : R^2 ∪ {∞} = S^2 → N which we call a ‘bubble’.

There exists a further sequence of times t_m → ∞ such that the sequence of maps u(·, t_m) converges weakly in W^{1,2}(M; N ) to a smooth f-harmonic map u_∞ : M → N , and smoothly away from finitely many points x_k.

2. Analogue of a theorem by Lemaire

The reader is asked now to recall a theorem of Lemaire [5, Theorem 3.2], regarding harmonic maps, which states: “Let M be a compact contractible surface with boundary, and let p be a point in N . Every harmonic map M → N which maps ∂M onto p is constant, and takes value p.” As we will see in Section 3, the direct analogue involving f-harmonic maps is not true; it is for example, possible to find a nontrivial f-harmonic map D → S^2 which maps ∂D to a point.

We do however find a partial analogue of the quoted result — if we place suitable restrictions on f. Presented here is a simple demonstration of a restriction applied to f that denies the existence of any nonconstant f-harmonic maps D → S^2.

Proposition 2.1. Suppose that f : D → (0, ∞) satisfies ∇f(x) · x ≥ 0 for all x ∈ D. Then every smooth f-harmonic map u ∈ C^∞(D; N ) which maps ∂D to a point p, is constant and takes the value p.

The strategy for the proof is as follows: Assuming that there is a nonconstant f-harmonic map, for such an f, we precompose u with a particular rotationally symmetric variation D → D (based on the [0, 1] → [0, 1] map shown in Figure 1 on page 429). The purpose of this is to “squash” the energy away from the boundary (high f) towards the origin (low f). This “should” decrease the overall energy, hence proving that u cannot be f-harmonic. However, the distortion on an annulus close to the boundary (i.e., D_b \ D_a for a < b both close to 1) “may” add enough to the f-energy to cancel out the decrease elsewhere. Fortunately, we are able to rule this possibility out by studying the Hopf differential. The following technical lemma gives this calculation.

Lemma 2.2. Let u ∈ C^∞(D, N ) be an f-harmonic map which maps ∂D to a point. Then, for 0 < a < b < 1 we have that − � b b − a � � D_b \D_a f r � �u_r � �^2 − 1

r^2 � �u_ϕ � �^2 � dxdy

(2.1)

≤ 1 a � − �_{2π} 0 f|u_r|^2 dϕ � � � �_{|z|=1} + ‖∇f‖L^∞ � D\D_a

|∇u|^2 dxdy � . Proof. Consider the Hopf differential ψdz^2, where

ψ(u) = |u_x|^2 − |u_y|^2 − 2i ⟨u_x, u_y⟩

in Cartesian coordinates and ψ(u) =^{z2}_{r2} � |u_r|^2 −^1_{r2} |u_ϕ|^2 −^{2i}_r ⟨u_r, u_ϕ⟩ � in polar coordinates. For this proof, we use the notation z = x + iy to denote coordinates in the two-disc D: � � � � z = x + iy r_x = x/r x_r = x/r x = r cos ϕ r_y = y/r x_ϕ = −y y = r sin ϕ ϕ_x = −y/r^2 y_r = y/r ϕ_y = x/r^2 y_ϕ = x

� � � � .

It is well-known that if u is (1-)harmonic then ∂ψ = 0. For u f-harmonic, we calculate that

∂ψ(u) : = 1 2 � ψ_x + iψ_y � = ⟨u_x − iu_y, τ_1(u)⟩

(2.2) = −1 f � z �u_r r − i u_ϕ r^2 � , f_ru_r + 1 r^2 f_ϕu_ϕ �

= � −z rf � � � f_r|u_r|^2 +^1_{r2} f_ϕ ⟨u_r, u_ϕ⟩ � − i r � f_r ⟨u_r, u_ϕ⟩ +^1_{r2} f_ϕ|u_ϕ|^2 � �

and that

Re [(f_x + if_y)ψz]

(2.3)

= Re � 1 r f_r + i r^2 f_ϕ � z^2z^2 r^2 � |u_r|^2 − 1 r^2

|u_ϕ|^2 − 2i r ⟨u_r, u_ϕ⟩ �

= rf_r � |u_r|^2 − 1 r^2

|u_ϕ|^2 � + 2 1 r f_ϕ ⟨u_r, u_ϕ⟩ .

Notice that by Cauchy–Stokes � |z|=1

fψ(z)z dz − � |z|=r

fψ(z)z dz = � D\D_r f � ∂ψ � z dz ∧ dz

(2.4) + 1 2 � D\D_r

(f_x + if_y)ψ(z)z dz ∧ dz.

By (2.3), we see that

Re ψz^2 = |z|^2 � �u_r � �^2 − � �u_ϕ � �^2.

(2.5)

Therefore, �_{2π} 0 f � r^2 � �u_r � �^2 − � �u_ϕ � �^2 � dϕ � � � �_{|z|=r} = Re

�_{2π} 0 fψ(z)z^2 dϕ � � � �_{|z|=r}

(2.6)

= Im � |z|=r

fψ(z)z dz.

In the case of u harmonic (i.e., f ≡ 1), we could use Im � |z|=r ψ(z)z dz = 0 to

obtain a stronger result [7]. For u f-harmonic, we instead calculate

Q : = − � D_b \D_a f r � �u_r � �^2 − 1

r^2 � �u_ϕ � �^2 � dxdy = − �_b a 1 r^2

�_{2π} 0 f � r^2 � �u_r � �^2 − � �u_ϕ � �^2 � dϕ dr = − �_b a 1 r^2 � Im � |z|=r

fψ(z)z dz � dr

by (2.6). It follows that

Q = −

�_b a 1 r^2 Im � � |z|=1

fψ(z)z dz − � D\D_r f � ∂ψ � z dz ∧ dz − � D\D_r 1 2 (f_x + if_y)ψz dz ∧ dz � dr = − �_b a 1 r^2 dr Re

�_{2π} 0 fψ(z)z^2 dϕ � |z|=1 + �_b a 1 r^2 Im � D\D_r f � ∂ψ � z2i dx ∧ dy � dr

+ �_b a 1 r^2 Im � D\D_r 1 2 (f_x + if_y)ψz2i dx ∧ dy � dr

by (2.4) and then (2.6) again. Here we have used dz ∧ dz = 2idx ∧ dy. Then by (2.2), (2.3) and (2.5), and since u_ϕ|_{|z|=1} = 0, we see that

Q = −

�_b a 1 r^2 dr �_{2π} 0 f|u_r|^2 dϕ � |z|=1 − �_b a 2 r^2 � D\D_r |z| � f_r|u_r|^2 + 1 |z|^2 f_ϕ ⟨u_r, u_ϕ⟩ � dx ∧ dy dr + �_b a 1 r^2 � D\D_r � |z|f_r � |u_r|^2 − 1 |z|^2

|u_ϕ|^2 � + 2 |z| f_ϕ ⟨u_r, u_ϕ⟩ � dx ∧ dy dr = − �_b a 1 r^2 dr �_{2π} 0 f|u_r|^2 dϕ � |z|=1 − �_b a 1 r^2 � D\D_r

|z|f_r|∇u|^2 dx ∧ dy dr.

a a + s 1 R_s

a b 1 r s

Figure 1. The map R_s : [0, 1] → [0, 1].

Finally, we estimate the second integral to see

Q ≤ − � b − a ab � �_{2π} 0 f|u_r|^2 dϕ � |z|=1

+ ‖∇f‖_L∞ � b − a ab � � D\D_a

|∇u|^2 dx ∧ dy. □

To ensure that an f-harmonic map cannot be constant in some regions and nonconstant elsewhere, we need the result:

Lemma 2.3. Let u and v be two f-harmonic maps M → N . If they agree on an open subset, then they are identical. In particular if an f-harmonic map is constant on an open subset, then it is a constant map.

This lemma is the f-harmonic analogue of [8, Theorem 2], and the proof is almost identical — the extra term in the f-harmonic equation (∇f ∗ ∇u) can easily be absorbed into the estimate |Δu^i| ≤ C[ � α,j |u^j_α| + � j |u^j |] in Sampson’s proof.

Note that we are implicitly assuming that M is connected.

We are now ready to prove Proposition 2.1:

Proof of Proposition 2.1. If f is a constant function, then u is harmonic and we are done. Suppose instead that f is nonconstant. We must then have ∇f(x) · x > 0 on at least one point in D, and hence on some open set Ω. Suppose that u : D → N is a f-harmonic map, mapping ∂D to a point and suppose that u is nonconstant on Ω.

Define R_s : [0, 1] → [0, 1] by (see Figure 1)

(2.7) R_s(r) = � � � (1 +^s_a )r r ∈ [0, a), (r − a)(1 −^s_{b−a} ) + a + s r ∈ [a, b), r r ∈ [b, 1], for 0 < a < b < 1, where (1 − a) is small. Consider the variation u_s(x) := u(y_s) where in polar coordinates x = (r, ϕ) and y_s = (R_s, ϕ). We will omit the “_s” notation on y_s and R_s.

Recall that while this variation is not admissible: we may, by Lemma 1.10 on page 425, use it for our purposes.

Suppose now (until after (2.8)) that r ∈ [a, b). Then r = R −^{sb}_{b−a} 1 −^s_{b−a} . So dr dR = 1 1 −^s_{b−a} and the volume elements dx and dy satisfy

dx = rdrdϕ = r dr dR dRdϕ =

R −^{sb}_{b−a} (1 −^s_{b−a} )^2 dRdϕ = 1 R R −^{sb}_{b−a} (1 −^s_{b−a} )^2 dy. Moreover

∇u_s(x) = r̂

∂u_s ∂r (x) + 1 r ϕ̂ ∂u^s ∂ϕ (x) = r̂ ∂u ∂R (y) ∂R ∂r (x) + 1 r ϕ̂ ∂u ∂ϕ (y) = r̂ ∂u ∂R (y) � 1 − s b − a � + 1 −^s_{b−a} R −^{sb}_{b−a} ϕ̂ ∂u ∂ϕ (y)

= R 1 −^s_{b−a} R −^{sb}_{b−a} � R −^{sb}_{b−a} R R̂ ∂u ∂R + 1 R ϕ̂ ∂u ∂ϕ � (y) = R 1 −^s_{b−a} R −^{sb}_{b−a} � ∇u − sb R(b − a)

R̂ ∂u ∂R � (y) where r̂ and ϕ̂ are unit vectors in the directions of increasing r and ϕ respectively. So |∇u_s(x)|^2

(2.8)

= R^2 � 1 −^s_{b−a} R −^{sb}_{b−a}

�_2 � |∇u|^2 − 2sb R(b − a) � � � ∂u ∂R � � � 2 + � sb R(b − a)

�_2 � � � ∂u ∂R � � � 2 � (y).

We may then calculate that

E_f (u_s) = 1 2 � D_a

f (x) |∇u_s(x)|^2 dx + 1 2 � D_b \D_a

f (x) |∇u_s(x)|^2 dx

+ E_f (u_s; D \ D_b) = 1 2 � D_{a+s} f � y � 1 1 +^s_a � |∇u|^2 dy

+ 1 2 � D_b \D_{a+s} f � y 1 |y| � |y| −^{sb}_{b−a} 1 −^s_{b−a} � R R −^{sb}_{b−a} � · · · � dy + E_f (u; D \ D_b) where the notation “ � · · · � ” refers to the contents of the square parentheses in (2.8).

We may then calculate d ds E_f (u_s) � � � �_{s=0} = 1 2 � D_a

∇f · y � −1 a � |∇u|^2 dy + 1 2 � D_b \D_a

∇f · y |y| � |y| − b b − a � |∇u|^2 dy + 1 2 � D_b \D_a

f(y) 1 R � b b − a � |∇u|^2 dy + 1 2 � D_b \D_a

f(y) � −2b R(b − a) � � � � ∂u ∂R � � � � 2 dy = − 1 2a � D_a

∇f · y|∇u|^2 dy − 1 2 � D_b \D_a

∇f · y |y| � b − |y| b − a � |∇u|^2 dy

− 1 2 � D_b \D_a

f(y) � b b − a � 1 R � � � ∂u ∂R � � �^2 − 1 R^2 � � � ∂u ∂ϕ � � �^2 � dy. The reader should notice that the two boundary derivatives — i.e., the two integrals over |z| = a + s — cancel when s = 0.

It follows by Lemma 2.2 that d ds E_f (u_s) � � �_{s=0} ≤ − 1 2a � D_a

∇f · y|∇u|^2 dy

(2.9) − 1 2 � D_b \D_a

∇f · y |y| � b − |y| b − a � |∇u|^2 dy − 1 2a �_{2π} 0 f|u_r|^2 dϕ � |z|=1 + 1 2a ‖∇f‖_L∞ � D\D_a

|∇u|^2 dy < 0 for a sufficiently close to 1, contradicting u being f-harmonic. Therefore u must be constant on the open set Ω and thus, by Lemma 2.3, be a constant map. □

Remark 2.4. The previous lemma has the hypothesis ∇f(x) · x ≥ 0. One would expect this result to also hold with an alternate hypothesis of f being a convex function — that is if for all x, y ∈ D, x ≠ y, and all λ ∈ (0, 1) there holds

f(λx + (1 − λ)y) < λf(x) + (1 − λ)f(y).

Certainly if f has minimum at x_0 in the interior of D then ∇f(x) · (x − x_0) ≥ 0 and so such a proof should be possible by distorting about x_0, instead of about 0 as we did above.

Remark 2.5. Proposition 2.1 appeared in [1] with the alternate hypothesis “∇f · ∇x > 0 almost everywhere”.

3. The existence of nontrivial f-harmonic maps from the disc to the two sphere which map the boundary of the domain to one point

We show now that the quoted result of Lemaire does not extend directly to f-harmonic maps:

Lemma 3.1. There exist an f and a smooth nonconstant, f-harmonic map from the disc to the 2-sphere which maps ∂D to a point.

To prove this lemma, we will construct such an f-harmonic map. A first guess, given Proposition 2.1, is that a convex f is of no use to use here. Instead, one would perhaps guess that we would require an f with a maximum at the origin.

In order to simplify our calculations we introduce so-called “longitudinally symmetric maps”. We say that the function f : D → (0, ∞) is rotationally symmetric if we can write f(x) = f_1(|x|) for some f_1 : [0, 1] → (0, ∞). For α ∈ C^∞([0, 1], R) such that α(0) = 0, define U_α : D → S^2 ⊂ R^3 by

U_α(x) = � x |x| sin α(|x|), cos α(|x|) � . The map u : D → S^2 is said to be longitudinally symmetric if u(x) = U_θ(x) for some θ : [0, 1] → R.

Throughout the rest of this section, we use polar coordinates (r, ϕ) and (ϕ, θ) on D and S^2 respectively. In these coordinates, we may easily calculate the Euler– Lagrange equation for longitudinally symmetric maps:

Lemma 3.2. Let f : D → (0, ∞) depend only on r. Suppose that the map u : D → S^2 is of the form (r, ϕ) → (ϕ, θ(r)) (i.e., u is longitudinally symmetric), that θ(0) = 0 and that θ(1) = π. Then u is f-harmonic if and only if

(3.1) r^2θ_{rr} + θ_r � r + r^2 f_r f � = sin θ cos θ.

Notice that, for a fixed odd function θ : [0, 1] → [0, π] satisfying θ(0) = 0, θ(1) = π and θ_r(0) ≠ 0, we could rearrange (3.1) to obtain a formula for f : [0, 1] → (0, ∞).

Indeed this is what we do: Define f : D → (0, ∞) and θ : [0, 1] → [0, π] by

(3.2) f(r) := exp

� � r 0 −πs + cos(πs) sin(πs) πs^2 ds � , θ(r) := πr.

Then θ and f satisfy (3.1); so u : (r, ϕ) → (ϕ, πr) is a nontrivial f-harmonic map, which maps the boundary of the domain to a point in the target. We remark that f is smooth and that for small r, f(r) ≈ e^{− 12 π2r2} .

Remark 3.3. The reader should not assume here that, given a general odd function θ, the f constructed in this way, that is defined by

(3.3) f(r) := exp

� � r 0 � sin θ(s) cos θ(s)

s^2θ_r(s) − 1 r − θ_{rr}(s) θ_r(s) � ds � , will always have a maximum at the origin — our earlier intuition was false. Indeed, consider the odd function θ(r) := ar + br^3 + (π − a − b)r^5. One may check that if (a, b) = (1.5, −1.5), then f has a local minimum at 0. Moreover, if (a, b) = (1.5, −4.5), then f achieves it’s minimum over the whole disc D, at the origin.

4. The existance of a nontrivial f-harmonic map from the square torus to S^2

There is result by Eells–Wood [4] which states that: There does not exist a harmonic map of degree 1, from the torus to the 2-sphere. However:

Lemma 4.1. There exist f : T^2 → (0, ∞) and a smooth degree 1, f-harmonic map from the square torus to the 2-sphere.

Our strategy is as follows: We first construct an f with maxima at two particular points, and a certain symmetry. By careful choice of initial map u_0, we find that; if the f-harmonic heat flow (with u(0) = u_0) bubbles, then it must bubble at a maximum of f. We argue this bubbling would “use up” too much energy and is hence impossible. Thus the flow converges smoothly to the asserted map.

Proof. Consider T^2 = R^2/Z^2. Let δ ∈ (0,^1_{100} ) be chosen later. Take an f with f ≡ 1 on T^2 \ [B_δ (0) ∪ B_δ (^1_2 ,^1_2 )] , f(0) = f(^1_2 ,^1_2 ) = 2, and 1 < f(x) < 2 otherwise. Suppose further that f is invariant under isometries T^2 → T^2 which fix 0. Such isometries form a subset Φ, of the set of all isometries R^2 → R^2. So Φ must be {e, R, R^2, R^3, r_{x1 =0}, r_{x2=0}, r_{x1 =x2} , r_{x1=−x2} }, where e, R and r_{x1 =x2} denote respectively; the identity, anticlockwise rotation by^1_2 π about (^1_2 ,^1_2 ) (or equivalently about (0, 0)), and reflection in the line x_1 = x_2. Here we use the notaion x = (x_1, x_2) ∈ R^2. Note that the only points fixed by every element of Φ are 0 and (^1_2 ,^1_2 ).

Now consider an initial map u_0 : T^2 → S^2 which, for small ε, maps T^2 \ B_ε(0) onto a small neighbourhood of the “south pole” and maps B_ε(0) once around the remainder of S^2. So u_0 is of degree 1. We suppose further that u_0 has the “same” symmetry as f. Precisely, we suppose that for each ϕ ∈ Φ, the initial map u_0 satisfies u_0 ∘ ϕ = ϕ ∘ u_0, where the action of the group Φ on the target S^2 is defined in the obvious way. It is known that we may define such a u_0, with the following

0

(^1_2 ,^1_2 )

Figure 2. The flat-square torus T^2 = R^2/Z^2. The small balls B_δ (0) and B_δ(^1_2 ,^1_2 ) are indicated.

additional property: the (1-)harmonic energy satisfies E_1(u_0) < 6π. Now choose δ sufficiently small so that we have E_f (u_0) < 7π.

We now study the heat flow u : T^2 × [0, ∞) → S^2,

(4.1) � u_t − fΔu = fu|∇u|^2 + ∇f ∗ ∇u u|_{t=0} = u_0.

We know from the f-harmonic heat flow theorem (Theorem 1.11), that away from bubble points (z_0, t_0) ∈ T^2 × (0, ∞], the map u is smooth and u(·, t_n) converges smoothly to an f-harmonic map, u_∞ say, as t_n → ∞ (for some suitable sequence t_n). If we can show that there can be no bubbling in this flow, then we would have the existence of a degree 1, f-harmonic map T^2 → S^2.

Because E_f (u_0) < 7π, and because the “energy lost in a bubble” at z_0 is 4πf(z_0) ≥ 4π (if f ≡ 1, it is well-known that the energy lost due to bubbling would be a multiple of 4π), there can be at most one bubble in this heat flow. Now suppose that a bubble does indeed form. Suppose a bubble forms at the point and time (z_0, t_0). By z_0, we mean z_0 + Z^2 where z_0 ∈ [0, 1)^2. Due to the symmetry that we started with, if we have a bubble at z_0 then we must also have one at ϕ(z_0) for any isometry ϕ ∈ Φ. As noted previously, the only points fixed under such isometries are 0 and (^1_2 ,^1_2 ), and because we can have at most one bubble, these are the only places where a bubble could possibly form.

f-harmonic maps which map the boundary to one point 435

However, the “energy lost” if a bubble formed at either one of these points would be 4πf(z_0) = 8π — greater than the amount of energy that we started with. Therefore there can be no bubbling. So there exists a smooth degree 1, f-harmonic map u_∞ : T^2 → S^2. □

References

[1] Course, Neil. f-harmonic maps. Ph.D. Thesis, University of Warwick, Coventry, CV4 7AL, UK, 2004. http://www.neilcourse.co.uk/thesis.

[2] Eells, James; Lemaire, Luc. A report on harmonic maps. Bull. London Math. Soc. 10, (1978) 1–68. MR0495450 (82b:58033), Zbl 0401.58003.

[3] Eells, James; Lemaire, Luc. Two reports on harmonic maps. World Scientific, Singapore, 1995. MR1363513 (96f:58044), Zbl 0836.58012.

[4] Eells, J.; Wood, J. C. The existence and construction of certain harmonic maps. Symposia Mathematica, Vol. XXVI (Rome 1980), Academic Press, London, 1982, 123–138. MR0663028 (83i:58032), Zbl 0488.58008.

[5] Lemaire, Luc. Applications harmoniques de surfaces riemanniennes. J. Differential Geom.

13 (1978) 51–78. MR0520601 (80h:58024), Zbl 0388.58003.

[6] Lichnerowicz, André. Applications harmoniques et variétés Kähleriennes. Symposia Mathematica, Vol. III (INDAM, Rome, 1968/69), Academic Press, London, 1970, 341–402. MR0262993 (41 #7598), Zbl 0193.50101.

[7] Sacks, J.; Uhlenbeck, K. The existence of minimal immersions of 2-spheres. Ann. of Math.

(2) 113 (1981) 1–24. MR0604040 (82f:58035), Zbl 0462.58014.

[8] Sampson, J. H. Some properties and applications of harmonic mappings. Ann. Sci. École Norm. Sup. (4) 11 (1978) 211-228. MR0510549 (80b:58031), Zbl 0392.31009.

[9] Simon, Leon. Theorems on regularity and singularities of energy minimizing maps. Based on lecture notes by Norbert Hungerbühler. Lectures in Mathematics ETH Zürich. Birkhäuser Verlag, Basel, 1991. MR1399562 (98c:58042), Zbl 0864.58015.

[10] Struwe, Michael. Variational methods. Applications to nonlinear partial differential equations and Hamiltonian systems. Second edition. Ergebnisse der Mathematik und ihrer Grenzgebiete, 34. Springer, Berlin, 1996. MR1411681 (98f:49002), Zbl 0864.49001.

Département de Mathématiques, Université de Fribourg, Pérolles, CH-1700 Fribourg, Switzerland neil.course@unifr.ch http://www.neilcourse.co.uk

This paper is available via http://nyjm.albany.edu/j/2007/13-18.html.